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Abstract

We study the long time behavior of some continuous population
systems in the stationary random medium. The main results are stated
in terms of density of the corresponding population. The quenched
and annealed asymptotic analysis is given for the particles field as
time tends to infinity. We show the difference in asymptotics for a
non-local and local Anderson operators.
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1 Introduction
The central result of our previous paper [5] is the statement about the ab-
sence of a limiting ergodic state for some classes of population models in time
independent random environments. It was proven that under the mild con-
ditions such a population either asymptotically degenerates or exponentially
grows. In this situation, it is of interest to give an asymptotic analysis of the
particles field for t→∞.
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In the present paper we investigate the long time behavior of some con-
tinuous population systems in a random medium. The time evolution trans-
forms the initial point field into a configuration (integer valued measure)
on the probability space (Ωm,Fm, Pm) × (Ω,F , P )m, where (Ωm,Fm, Pm) is
related to the stationary in space random environment, which includes the
description of branching and mortality mechanisms. For a fixed environment
ωm the conditional probability space (Ω,F , P )m contains information about
random motion of the particles and their “reactions” (annihilation, splitting,
etc). Our attention in this paper will be mainly concentrated on the study of
the so-called first moment of the system (the density of a population). It is
known that for a fixed environment ωm ∈ Ωm the density ρ(t, x, ωm), t ≥ 0,
x ∈ Rd will be solution to the following parabolic Anderson problem

∂ρ(t, x, ωm)

∂t
= Lρ(t, x, ωm) + V (x, ωm)ρ(t, x, ωm), ρ(0, x, ωm) ≡ ρ0. (1)

Here L is the generator of the underlying Markov process x(s), s ≥ 0 ap-
pearing effectively from the evolution of individuals and

V (x, ωm) = b(x, ωm)−m(x, ωm),

where b(x, ωm) is the rate of production of new particles and m(x, ωm) is
the mortality rate (see [5] and details therein). The density of the initial
population of particles ρ0 is given by

ρ0 =
1

|A|
E[n(0, A, ωm)], A ∈ B(Rd).

Here |A| denotes the Lebesgue measure of A, the symbol E stands for the
mathematical expectation with respect to (Ω,F , P )m for a fixed random
environment ωm, and n(0, A, ωm) is the number of particles in the set A at
the moment of time t = 0.

The asymptotic analysis of the equation (1) as t → ∞ will be the main
task of our investigation in this paper. The quenched and annealed asymp-
totics for ρ(t, x, ωm) in the case of the local generator L (e.g. Laplacian
4, generating the Brownian motion b(s), s ≥ 0 in Rd or the lattice Lapla-
cian, generating the symmetric random walk on Zd with continuous time)
are widely discussed in the literature, see e.g [1, 7, 9] and references therein
forming almost complete bibliography of this problem up to now.

We would like to mention below two groups of results related to the
continuous Anderson Hamiltonian H = −(∆− V (·, ωm)), V ≥ 0.

I. Assume that
V (x, ωm) =

∑
y∈ωm

ϕ(x− y),
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where ϕ is a positive elementary potential and the points of configuration
ωm are Poisson distributed with intensity λ. It is clear that such a situation
corresponds to zero birth rate. Let ρ(t, x) be the solution to the equation

∂ρ

∂t
= ∆ρ− V ρ, ρ(0, x) = ρ0.

It is well-known that this solution is a homogeneous field which can be rep-
resented by the Feynman-Kac formula

ρ(t, x, ω) =Ex

[
exp

(
−
∫ t

0

V (b(s), ωm)ds

)]
=E0

[
exp

(
−
∫ t

0

V (x+ b(s), ωm)ds

)]
.

Here and subsequently, Ex denotes the integration over the distribution of
the underlying process x(s), s ≥ 0, x(0) = x ∈ Rd (in the situation described
above, it is integration over the Brownian motion b) and the symbol 〈·〉 stands
for the integration over the environment law.

The following result is proved under some mild conditions in the case of
L = 4.

Theorem 1.1 (Donsker-Varadhan, [2]).

ln〈ρ(t, 0, ωm)〉 v −c(d)t
d
d+2 , t→∞,

where c(d) is a particular constant which is independent of the elementary
potential ϕ.

This kind of moment asymptotics is called annealed. The almost sure
(a.s.) asymptotics (quenched) is established in the next theorem.

Theorem 1.2 (Sznitman, [9]).

ln ρ(t, 0, ωm) v c1(d)
t

ln2/d(t)
, t→∞, Pm - a.s.,

where c1(d) is a particular constant which is independent of the elementary
potential ϕ.

Remark 1.3. This Poissonian model, which is going back to Smolukhowski,
describes the absorption process. Note that for a periodic absorption potential

V (x) =
∑
→
n∈Zd

ϕ
(
x− →n

)
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the concentration ρ(t, ·) is decreasing exponentially:

ln ρ(t, ·) v −c2(ϕ)t, c2(ϕ) > 0

and the constant c2(ϕ) is the ground energy of −∆ + ϕ on the cell of peri-
odicity. It is worth pointing out that absorption in a random environment is
“slowing down” for t → ∞. The difference between annealed and quenched
asymptotics is significant in this case. The deviation from the exponential
decay of ρ(t, ·) is related to the presence of “large clearings” in the realization
of the potential V (·) (i.e. areas where V = 0).

II. Two other quenched and annealed asymptotics describe the case of
the Gaussian potential where the density is increasing super-exponentially.

Let V (x, ωm) be the homogeneous Gaussian field,

〈V (x, ·)〉 = 0, 〈V (x)V (y)〉 = B(x− y) and B ∈ C4+δ(Rd), δ > 0.

Then, according to [1], the realization of V (·, ωm) ∈ C2+δ
loc and

max
|x|≤R

V (x, ωm) v
√

2dB(0) lnR, R→∞, Pm − a.s.

Moreover, one can give a precise description of all “high peaks” of the poten-
tial. The annealed asymptotics in this case is described in the next theorem.

Theorem 1.4 (Carmona-Molchanov, [1]; Gärtner-Molchanov, [3]).
For any p ≥ 1

ln〈ρ p(t, 0, ωm)〉 =
B(0)p2t2

2
− c1(p, d)t+ o(t), t→∞.

Let us stress that the moments increase progressively

〈ρ2(t, 0)〉
〈ρ(t, 0)〉2

∼ ect
2

, t→∞.

The last fact is the manifestation of “intermittency” (high irregularity of the
density field), see [3], [7], [4].

Theorem 1.5 (Carmona-Molchanov, [1]).

ln ρ(t, 0, ·) = c1t
√

ln t− c2
t√
ln t

+ o

(
t√
ln t

)
, t→∞, Pm − a.s.
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The goal of the present paper is to prove results similar to Theorems 1.1,
1.2, 1.4, and 1.5 for a non-local basic Hamiltonian. Instead of the Laplacian
4 we will deal with the generator L of jump process x(s), s ≥ 0:

Lf(x) = κ

∫
Rd

[f(x+ z)− f(x)]a(z)dz. (2)

The process x(s) has the following description. It spends random time τ0 at
the initial point x0 with the exponential law Exp(κ); at the moment of time
τ0 +0 it jumps from x0 to x0 +z+dz with the probability a(z)dz and spends
at x1 = x0 + z the time τ1 with the law Exp(k), etc. We will assume that the
distribution density a of the single jumps satisfies the following conditions

1. a(z) = a(|z|) (it implies L = L∗);

2. a(z) v C
|z|d+α , as z →∞, α > 0.

We would like to emphasize that it is not necessary to assume that α < 2,
i.e., the random walk whose jumps are distributed according to a(z) can be
in the domain of attraction of a stable isotropic processes in Rd (for α < 2)
or in the domain of attraction of Brownian motion (for α ≥ 2). Later, we
will use this fact, discussing Vlasov scaling for population models.

The lattice model with long jumps was studied recently in [8]. In the
next two subsections we study Poisson and Gaussian environments for jump
evolution. About the contact model, closely related to the operator (2), see
[6] and our previous paper [5].

2 Jumps with birth and death

2.1 Poisson environment

Let us fix an arbitrary function ϕ : Rd → R+ such that

1. ϕ(x) = 0, |x| ≥ r0 for some r0 > 0;

2. maxx∈Rd ϕ(x) = ϕ(0);

3. ϕ ∈ C2(Rd) and |det(Hessϕ(0))| > 0.

In this subsection we study the following parabolic problem for ωm ∈ Ωm

∂u(t, x, ωm)

∂t
= Lu(t, x, ωm) + V (x, ωm)u(t, x, ωm), t ≥ 0, x ∈ Rd (3)

u(0, x) ≡ ρ0. (4)
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Here L is a convolution operator given by (2) and

V (x, ωm) =
∑
y∈ωm

ϕ(x− y).

Noteworthy that ωm is locally finite subset (configuration) of Rd. Its points
are distributed by Poisson with intensity λ > 0.

The solution to the problem (4) can be represented by the Feynman-Kac
formula. Namely,

u(t, x, ωm) = ρ0 Ex

[
e

R t
0 V (x(s), ωm)ds

]
,

where x(s), s ≥ 0 is a jump process with the generator L.

Annealed asymptotics.
Upper estimate. Let us consider the mean of u(t, x, ωm) with respect to Pm:

〈u(t, x, ωm)〉 = ρ0

〈
Ex

[
e

1
t

R t
0 t V (x(s), ωm)ds

]〉
.

Using the Jensen inequality the latter expression can be estimated by

ρ0

t
E0

[∫ t

0

〈
etV (x(s)+x, ωm)

〉
ds

]
= ρ0〈etV (0, ωm)〉.

Note, that 〈etV (0, ωm)〉 is the Lapace transform of the Poisson measure. Hence,

〈etV (0, ωm)〉 =

∫
Ωm

exp

{
t
∑
x∈ωm

ϕ(x)

}
dPm(ωm) = exp

{
κ

∫
Rd

(etϕ(x) − 1)dx

}
.

Using Laplace method for integrals and taking into account the properties of
ϕ we obtain ∫

Rd

(etϕ(x) − 1)dx

=

∫
|x|≤a

(etϕ(x) − 1)dx ∼ etϕ(0)

td/2

[
(2π)d

|det(Hessϕ(0))|

] 1
2

, t→∞.

Hence,

ln〈u(t, x, ωm)〉 . ln ρ0 + κ
etϕ(0)

td/2

[
(2π)d

det(Hessϕ(0))

] 1
2

, t→∞.
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Lower estimate. To prove the estimate below it is enough to see that

〈u(t, x, ωm)〉 ≥ ρ0

〈
Ex

[
e

R t
0 V (x(s), ωm)ds · I{x(s)≡x, s∈[0, t]}

]〉
= ρ0〈etV (x, ωm)Px[x(s) ≡ x, s ∈ [0, t]]〉 = ρ0 e

−κt〈etV (0, ωm)〉.
As a result, there exists C > 0 such that

ln〈u(t, x, ωm)〉 & zC
etϕ(0)

td/2
− κt, t→∞.

Quenched asymptotics.
Lower estimate. According to [1]

max
|x|≤R

V (x, ωm) ∼ dϕ(0) lnR

ln lnR
, R→∞, Pm − a.s..

Moreover, near the point of maximum x0(R), for any δ > 0 there exists
ε(δ) > 0 such that for R > R0(ωm) and any x : |x− x0(R)| ≤ ε(δ)

V (x, ωm) ≥ (1− δ)dϕ(0) lnR

ln lnR
.

Consider the following strategy (Et ⊂ Ω): the random walk spends time
τ0 ≤ 1 at the initial point x0 = 0 and then jumps to the ε = ε(δ) neighbor-
hood of the point x0(R). After that it stays in the neighborhood of x0(R)
until the moment t.

It is obvious that

u(t, 0, ωm) ≥ E0

[
e

R t
0 V (x(s), ωm)dsIEt

]
.

Now, we calculate the probabilities of all events which take place in Et during
the time t. The probability to spend the time less then 1 at zero P [τ0 < 1] =
1−e−κ. In its turn, the probability to jump from zero to the ball Bε(δ)(x0(R))

is equal asymptotically κCεd

Rd+α
, as R→∞. Hence

u(t, 0, ωm) ≥ κ(1− e−κ)Cεd

Rd+α
eV (0, ωm)

[
e(1−δ) dϕ(0) lnR

ln lnR
(t−1)

]
≥ (1− e−κ)κCεde−(d+α) lnR

[
e(1−δ) dϕ(0) lnR

ln lnR
t
]

The parameter R can be used for optimization. A trivial computation shows
that there exists c > 0 such that

u(t, 0, ωm) ≥ (1− e−κ)κCεde−ct+ect/ct
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and consequently

u(t, 0, ωm) & const e−ct+e
ct/ct, t→∞

(double exponential growth in time of the quenched first moment).

Let us stress that the annealed moment also has the double-exponential
growth, which is remarkable if one compares with the similar results for
the Gaussian potential (see Theorems 1.4 and 1.5).

2.2 Gaussian environment

In this subsection we will study the Gaussian case, i.e. the equations

∂u

∂t
= Lu+ V (x, ωm)u, u(0, x) = ρ0

u(t, x, ωm) = ρ0 Ex

[
exp

(∫ t

0

V (x(s), ωm)ds

)]
where V (x, ωm) is the Gaussian field with correlation B(x−y) = 〈V (x)V (y)〉,
〈V 〉 = 0. To control the high peaks we will assume as in [1] that B ∈ C4+δ

and V (·, ωm) ∈ C2+δ1 Pm - a.s.

Theorem 2.1. For any p ∈ N

〈up(t, 0, ωm)〉 =
B(0)t2p2

2
− pκt+ o(t).

Proof. Lower estimate.

u(t, 0, ωm) = ρ0 E0

[
exp

(∫ t

0

V (x(s), ωm)ds

)]
≥ ρ0 E0

[
exp

(∫ t

0

V (x(s), ωm)ds

)
Ix(s)≡0,s≤t

]
= ρ0 exp (tV (0, ωm)) · P [x(s) = 0, s ≤ t] = ρ0 exp (tV (0, ωm)) e−κt

Now we apply to both parts of the inequality the averaging 〈·〉 over the
potential V :

〈u(t, 0, ωm)〉 ≥ ρ0e
−κte

1
2
B(0)t2 .

For the higher moments one can use the standard trick:

up(t, 0, ωm) = ρ p0 E0 exp

(∫ t

0

[V (x1(s), ωm) + · · ·+ V (xp(s), ωm)]ds

)
(5)
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where x1(s), . . . , xp(s) are independent copies of the random walk x(s). Then

〈up(t, 0, ωm)〉 ≥ ρ p0 〈etpV (0, ωm)〉P [{x1(s) ≡ · · · ≡ xp(s) ≡ 0, s ∈ [0, t]}]

= ρ p0 e
B(0)p2t2

2 e−pκt.

Upper estimate. We will use here the Jensen inequality and start from the
rough bound

u(t, 0, ωm) = ρ0E0

[
exp

(
1

t

∫ t

0

tV (x(s), ωm)ds

)]
≤ ρ0

1

t

∫ t

0

E0 [exp (tV (x(s), ωm))] ds.

As result

〈u(t, 0, ωm)〉 ≤ ρ0
1

t

∫ t

0

exp

(
t2B(0)

2

)
ds = ρ0e

t2B(0)
2 .

Similarly, from the representation (5) we will get

〈up(t, 0, ωm)〉 ≤ ρ0
p exp

(
B(0)p2t2

2

)
.

We have already proved that

ln〈up(t, 0, ωm)〉 v
p2t2

2
, t→∞.

The proof of the sharper estimate (mentioned in Theorem 2.1):

ln 〈up(t, 0, ωm)〉 =
p2t2

2
− pkt+ o(t), t→∞

is much more difficult. We will discuss in detail only the case p = 1. Transi-
tion to the general case p ≥ 2 requires to introduce, instead of one trajectory
x(s), s ∈ [0, t], p independent copies of such trajectories. Since for any fixed
piece-wise continuous trajectory γ(s), s ∈ [0, t]∫ t

0

V (γ(s))ds ∼ N

(
0,

∫ t

0

∫ t

0

B(γ(s1)− γ(s2))ds1ds2

)
we have〈

E0

[
exp

(∫ t

0

V (x(s))ds

)]〉
= E0

[
e

1
2

R t
0

R t
0 B(x(s1)−x(s2))ds1ds2

]
.
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The number νt of jumps of x(s), s ∈ [0, t] has a Poissonian law with param-
eter κt > 0, i.e.

P [{νt = m}] = (κt)me−κt, m ≥ 0.

Then
I(t) := E0

[
e

1
2

R t
0

R t
0 B(x(s1)−x(s2))ds1ds2

]
= exp

{
B(0)t2

2
− 1

2

∫ t

0

∫ t

0

B̃(x(s1)− x(s2))ds1ds2

}
.

Here B̃(z) = B(0) − B(z) ≥ 0. It is easy to see that B̃(z) ≥ c0 > 0 if
|z| ≥ 1 and B(z) ≥ c1|z|2, if |z| ≤ 1. Using total expectation formula for the
hypothesis Hr = {νt = r}, r ≥ 0 we get

I(t) =
∞∑
r=0

e−κt(κt)r

r!
E0

[
e

1
2

R t
0

R t
0 B̃(x(s1)−x(s2))ds1ds2 | νt = r

]
=
∞∑
r=0

Ir(t).

It is worth pointing out that I0(t) = e−κt. Hence, the statement of our
theorem will be proved once we check that

∞∑
r=1

Ir(t) = o(e−κt).

Due to the well-known property of the Poisson process

Ir(t) = e−κt
(κt)r

r!

r!

tr

∫
· · ·
∫

s1+···+sr+1=t

e
1
2

R t
0

R t
0 B̃(x(s1)−x(s2))ds1ds2dσr =

e−κtκr
∫
· · ·
∫

s1+···+sr+1=t

e
1
2

R t
0

R t
0 B̃(x(s1)−x(s2))ds1ds2dσr,

where dσr is the volume element on the tetrahedron s1 + · · ·+ sr+1 = t and

1

2

∫ t

0

∫ t

0

B̃(x(s1)− x(s2))ds1ds2 = s1s2B(x1)+s1s3B(x1+x2)+. . . s1sr+1B(x1+. . .+xr)

+s2s3B(x1 + x2) + . . .+ s2sr+1B(x1 + . . .+ xr)

+ . . .+ srsr+1B(x1 + . . .+ xr),

where x1, . . . , xr are i.i.d. random variables with the density a(z). The
number of terms in the sum above is equal to A(r) = r(r+1)

2
. Using the

inequality
A(r)∏
i=1

ai ≤
∑A(r)

i=1 a
A(r)
i

A(r)
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we obtain

Ĩr(t) := eκtκ−rIr(t) ≤
∫
· · ·
∫

s1+···+sr+1=t

1

A(r)

∑
i<j

e−A(r)sisjB(xi−xj)dσr.

Assume that α = maxz∈Rd a(z). Then for any r the density ar(z) of the sum
x1 + . . .+ xr has the same estimate ar(z) ≤ α. Then

Ĩr(t) ≤
1

A(r)

∑
i<j

∫
· · ·
∫

s1+···+sr+1=t

dσr

[
α

∫
|z|≤1

e−A(r)c1sisj |z|2dz

+

∫
|z|>1

a(z)dze−A(r)c0sisj

]
. (6)

The summands in the first term of (6) are the same for different i < j, i.e.

Ĩr(t) ≤
∫∫

s1+s2≤t

dσ3
(t− s1 − s2)r−1

(r − 1)!

[
α

∫
|z|≤1

e−A(r)c1s1s1|z|2dz

+

∫∫
s1+s2≤t

dσ3
(t− s1 − s2)r−1

(r − 1)!
e−A(r)c0s1s2


≤ tr−1

(r − 1)!

 ∫∫
s1+s2≤t

e−A(r)c0s1s2ds1ds2+

∫∫
s1+s2≤t

ds1ds2

∫
|z|≤1

e−A(r)c1s1s1|z|2dz

 .
It follows from either the Laplace method or direct calculation that the ex-
pression in the square brackets is o(t) if r →∞ which implies that∑

r≥1

Ir(t) = o(e−κt).

Let us find the quenched asymptotics in the same Gaussian model. Ac-
cording to [1] we have

max
|x|≤R

V (x) ∼
√

2dB(0) lnR, R→∞, Pm − a.s.
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Moreover, near the point of maximum x0(R) the potential has second deriva-
tives of the order

√
lnR, i.e. there exists ε(δ) > 0 such that for R > R0(ωm)

and any x : |x− x0| ≤ ε(δ)

V (x) ≥ (1− δ)
√

2dB(0) lnR.

Consider the following strategy: the random walk spends time (less 1) at the
initial point x0 = 0 and jumps to the ε(δ) neighborhood of the point x0(R).
After that it stays at x0(R) until the moment t. The parameter R can be
used for optimization. As a result, using equality P [{τ0 < 1}] = 1− e−k we
obtain

u(t, 0, ωm) ≥ (1− e−k) max
R

[
e(1−δ)

√
2dB(0) lnR(t−1) c1ε

d

Rd+α

]
.

A trivial computation shows that

u(t, 0, ωm) ≥ e
(1−δ)2t2
4(d+α)

and consequently
lnu(t, 0, ωm) ≥ c(α)t2.

It is worth noting (in contrast to [1], [3]) that ln 〈u(t, 0)〉 and lnu(t, 0, ωm)
have Pm - a.s. the scale O(t2). We will see later that it is the general
property of the jump operators with heavy tails. Let us stress that α > 0 is
an arbitrary positive constant. In particular, it is possible that α > 2, i.e.∫
Rd
z2a(z)dz <∞. In this situation the process x(s), s ≥ 0 after rescaling

xt(s) =
x(st)

σ
√
t
, t→∞

on each interval s ∈ [0, s] converges weakly in C([0, s]) to the standart brow-
nian motion (for the appropriate σ > 0).

In the so-called Vlasov limit one can try to approximate our initial prob-
lem (with the jumping process in the underground) by the problem with
Brownian diffusion instead of jumping. The previous arguments indicate
that this approximation gives wrong results in the large deviation region
(that fact one could expect in advance).

3 Jump process with pure annihilation
In this part we will study the absorption phenomena with underlying jumping
process. Our particular goal is the quenched and annealed asymptotics for

12



the parabolic problem

∂u(t, x, ωm)

∂t
= Lu(t, x, ωm)− V (x, ωm)u(t, x, ωm), u(0, x) ≡ 1,

where
Lf(x) =

∫
Rd

a(z)(f(x+ z)− f(x))dz

and a(−z) = a(z) ∼ C0

|z|d+α , |z| → ∞, α < 2 (cf. the previous subsection).
The potential (−V )(x) is non-positive, i.e. there is no birth of new particles,
only annihilation. Let

V (x, ωm) =
∑
y∈ωm

ϕ(x− y)

Suppose that points of the configuration ωm form the Poisson point field with
the intensity λ and the function ϕ ≥ 0 is compactly supported on the ball of
the radius a.

3.1 Annealed asymptotics

The following lemma is related to the fact that the random variable xj ∈ Rd

belong to the domain of attraction of the isotropic stable process with the
parameters α < 2 and the generator −(−4)α/2 = Lα

Lemma 3.1. Consider the spectral problem

−Lαψ = Eψ, x ∈ Br(0) = {x | |x| ≤ r},

ψ(x) ≡ 0, |x| > r.

then the principal (minimal) eigenvalue E0 = E0(r) has the asymptotics
E0(r) ∼ Cd,α

rα
, r → +∞ (see [5]).

Now we will deduce from Lemma 3.1 the following result.

Theorem 3.2. Consider the following parabolic Anderson problem

∂u(t, x, ωm)

∂t
= −Lαu(t, x, ωm)− V (x, ωm)u(t, x, ωm), u(0, x) ≡ 1.

The solution to this problem has the following asymptotics

ln 〈up(t, 0, ωm)〉 � −(pt)
d

d+α , t→∞.
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Proof. We give below only the idea of the proof.
Below estimate. As the first step we consider the case p = 1. Then

〈u(t, 0)〉 = E0〈e−
R t
0 V (x(s))ds〉 ≥ E0〈e−

R t
0 V (x(s))dsI{#(ωm∩Br+a(0))=0}I{|x(s)|≤r, s∈[0,t]}〉

= P0 [|x(s)| ≤ r, s ∈ [0, t]]Pm [#(ωm ∩Br+a(0)) = 0]

∼ e−
cα
rα
te−λ(r+a)dc̃d ∼ e−

cα
rα
t−λrd , r →∞.

The optimization of the exponent over parameter r gives

〈u(t, 0)〉 & e−c̃(α,d,λ)t
d

d+α
, t→∞.

The optimal r = r(t) ∼ C̃1t
1

d+α , t→∞.
To estimate 〈up(t, 0)〉 we have to consider p-independent copies of x(s).

The same calculations as above lead to the following inequality

〈up(t, 0)〉 & e−c̃(α,d,λ)(pt)
d

d+α

Upper estimate. Upper estimation is the direct repetition of the large-
deviation approach by Donsker-Varadhan (see [2]). The central moment in
the construction of the action functional in [2] is an analog of Lemma 1
introduced above (stated for the case of the underlying brownian motion, i.e.
for 4 instead of L) which leads to E0(r) ∼ Cd

r2
.

In the case of jump process with heavy tails one can expect (the rigorous
proof is omitted in this paper) the following result.

Theorem 3.3. For α < 2

ln 〈u(t, 0, ωm)〉 ∼ c̃(α, d, λ)t
d

d+α , t→∞.

Note that the proof of the annealed result is based only on the self-
similarity arguments and it uses the "heavy tails" of a only implicitly.

3.2 Quenched asymptotics

The situation with the quenched asymptotics is described in the following
theorem.

Theorem 3.4.
lnu(t, 0, ωm) � −t

d
d+α ,

i.e. for appropriate constants C+, C− > 0

C−t
d

d+α ≤ − lnu(t, 0, ωm) ≤ C+t
d

d+α
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Proof. Note that u(t, 0, ωm) is a non-increasing function of t. Then for dis-
crete moments of time t = l ∈ N and any δ > 0 the Chebyshev inequality
implies

Pm
[
u(l, 0, ωm) > 〈u(l, 0, ωm)〉1−δ

]
≤ 〈u(l, 0, ωm)〉
〈u(l, 0, ωm)〉1−δ

≤ e−δCl
d

d+α
. (7)

In the last inequality we have used the annealed asymptotics. The sum of
all probabilities (7) is finite and Borel-Cantelli lemma gives

− ln (u(t, 0, ωm)) ≤ (1 + δ)c̃(α, d, λ)t
d

d+α

for t ≥ t0(ωm).
To prove the lower estimate we will start from the following technical

lemma.

Lemma 3.5. (existence of big clearings). Let γ > 1 be arbitrary and fixed.
Consider the following partition of Rd:

R
d =

∞⋃
n=0

Dn, D0 = {x | |x|∞ ≤ 1},

Dn = {x | γn−1 < |x|∞ ≤ γn}, |Dn| = 2dγ(n−1)d(γd − 1) n ≥ 1.

Let ωm be the Poisson point field with the intensity λ > 0. Then one can find
a constant c̃ = c̃(λ, d, γ) > 0 and a finite random variable n0(ωm) such that
Pm - almost surely for any n ≥ n0(ωm) there exist a ball BRn(xn) ⊂ Dn of
radius Rn = c̃n1/d + a where V (x, ωm) = 0.

Proof. Consider the maximal family of disjoint balls of the radius Rn inside
the ring Dn. The volume of such a ball is equal to c(d)Rd

n. The cardinality
of such a family

Nn ≥
|Dn|
c(d)Rd

n

≥ c1(d, γ)
(2γ)nd

Rd
n

.

Consider the following event:
An = {ωm : all balls in this family contain at least one Poisson point of ωm}.
Then

P (An) ≤
(

1− e−λc(d)Rdn

)Nn
≤ e

−c1 (2γ)nd

Rdn
e−λc(d)R

d
n

≤ e
− c2
c̃dn

h
(2γ)de−λc(d)c̃

d
in
.

One can select now sufficiently small c̃ = c̃(λ, d, γ) from the condition

(2γ)de−λc(d)c̃d > 1.

Then,
∑

n P (An) < ∞. The application of Borel-Cantelli lemma completes
the proof.
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Let us denote by BRn(xn)(ωm) one of the empty balls in the set Dn, which
exists for n ≥ n0(ωm). We consider the following strategy (the event Et):
the chain x(t) spends time τ1 ≤ 1 in the initial point x0 = 0 and jumps to
the central part of the ball BRn(xn), given by |x− xn| ≤ Rn/2, and stays in
BRn(xn) at the time interval [1, t]. The number n = n(t) is selected from the
condition of maximization of the expression

1

γn(d+α)
e
− c1t

c̃nα/d = e
−n ln γ(d+α)− c1t

c̃nα/d .

Elementary calculations give

min
n

[
nc2 −

c3

nα/d

]
= c4(d, λ, γ)t

d
d+α .

But
u(t, 0, ωm) ≥ E0

[
e−

R t
0 V (x(s))dsIEt

]
≥ c5e

−c4t
d

d+α
.

This finishes the proof of Theorem 3.4.
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