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Abstract

We prove an upper bound for the number Neg (H) of negative eigenvalues of the
Schrédinger operator H = —A — V in R?, in terms of a weighted LP-norm of the
potential V| for any 1 < p < oo. This estimate scales correctly (linearly) in « under
the transformation V' — aV of the potential. In R™, n > 3, an upper estimate of
Neg (H) with a correct scaling in o has been known since 1970s and is due to Cwickel-

Lieb-Rosenblum.
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1 Introduction

1

loe function V' (x) on R?, consider the Schrédinger type operator

Given a non-negative L

Hy=-A-V
where 52 o
A= — 4+ — 1.1
856% + 81‘% ( )

is the classical Laplace operator. More precisely, Hy is defined as a form sum of —A
and —V/, so that, under certain assumptions about V', the operator Hy is self-adjoint in
L? (R?). If its spectrum in (—o0,0] is discrete, then denote by Neg (Hy ) the number of
non-negative eigenvalues of Hy , counted with multiplicity.

Our main result is the following theorem.

Theorem 1.1 Fiz p > 1 and assume that W (r) is a positive monotone increasing func-
tion on (0,400) that satisfies the following Dini type condition both at 0 and at 0o:

D

[e’e] 1 —1

/ rllogrir—tdr (12)
0 W (r)r=1

Then, for any potential V in R?, such that
/ VP ()W (|2]) d < oo, (1.3)
R2

the operator Hy is well-defined as a self-adjoint operator in L> (RQ), its spectrum in
(—o00,0] is discrete, and

1/p
Neg (Hy) <1+ C </ pr (:E)W(\:n|)d1:> , (1.4)
R2
where the constant C' depends on p and W.

This result extends standardly to signed potentials V', using in the integrals (1.3) and
(1.4) instead of function V its positive part V. Hence, we restrict ourself to the case
vV >0.

Here is an example of a weight function W (r) that satisfies (1.2):

W (r) = p2=1) (log7)?P~ logP~ 1= (log 1), (1.5)
where € > 0 and (-) = 2 + || . In particular, for p = 2, we obtain the following estimate:

1/2
Neg (Hy) <1+C (/}1@2 V2 () |z|* (log |x])® log' e (log ]x\)da:) . (1.6)

More generally, if a monotone increasing function W (r) satisfies the relations



W) > r2(P=1) (log r)2p—1 (loglog r)p_HE, > 1,
— ] 2D (log %)2p_1 (loglog %)p_He, r <1,

where € > 0, then W (r) satisfies (1.2).

Note that the value of € in (1.5) (or (1.6)) cannot be taken to be negative (see Section
2.2). The estimate (1.4) is not valid with p = 1, no matter which weight function to
choose. In fact, in the case p = 1 the following opposite inequality is known:

Neg (Hy) >c | V(x)dx (1.7)
R2
(see [6]).
An important feature of our estimate (1.4), that distinguishes it from other known
results in R? is that the right hand side of (1.4) scales linearly in a scalar parameter o — oo
under the transformation V — «V, which agrees with the semi-classical asymptotics

Neg (Hay) ~ o™? as a — oo,

known to be true in R" for all n > 1 (cf. [1]). For the operator Hy in R" with n > 3 a
celebrated inequality of Cwikel-Lieb-Rozenblum says that

Neg (Hy) < Cy, |V (2)"? da, (1.8)
Rn

where the right hand side scales correctly as a”/2. This estimate was proved independently
by the above named authors in 1972-1977 (see [3], [12], [16]), and the question of obtaining
a similar estimate in R? was open since that time (cf. [15]). We hope that our result fills
this gap.

The additive term 1 in (1.4) reflects a special feature of R?: for any non-trivial potential
V', there is at least 1 negative eigenvalue of Hy, no matter how small is the integral in
(1.4). In R™ with n > 3, Neg (Hy) can be 0 provided the integral in (1.8) is small enough.

Let us recall that a crucial role in the proof of Lieb is played by the heat kernel p; (z,y)
of the Laplace operator A. Namely, one uses the long time estimate p; (x, ) < const t—n/2
and the fact that n/2 > 1, which allows to define the function

S /Oopt (z,z) dt, (1.9)

that determines the shape of the upper bound (1.8) (see [7], [9], [10], [11], [12], [13]). In
the case n = 2 the integral (1.9) diverges, which makes this method (and other known
methods) not applicable.

To circumvent this difficulty, Molchanov and Vainberg [13] represented Hy in the form

Hy = (-A+ V) — (V+ V)

and regarded Hy not as perturbation of —A, but as that of —A 4+ Vj, where Vy # 0 is
a fixed non-negative compactly supported function. One can show that the heat kernel
pt (z,z) of the operator —A + Vj has the following long time asymptotics

log? (2 + |)
T,x) ¥ ——————
P (,2) tlog?t



(cf. [5], [13], [14]), so that the integral (1.9) converges. Applying Lieb’s general approach
to this heat kernel, Molchanov and Vainberg [13] obtained the following estimate in R?:

Neg (Hy) < 1+C/R2V(a:)log2 (2+\x|)dm+C’/RZV(:U)log (2+V(x) (1+|x!2))d:c.

(1.10)
However, this estimate fails to scale linearly with respect to the transformation V +— oV,
as one can see from the second integral in (1.10).
In the case when V (z) is a radial function, that is, V (z) = V (|z|), a sharp upper
bound for Neg (Hy ) in R? was obtained in [2] and [8]:

Neg (Hy) <1+ /OOO V (r) (log r)rdr. (1.11)

However, the method of (1.11) is essentially one dimensional and cannot handle non-radial
potential.

Our method of the proof of Theorem 1.1 is significantly different from other existing
methods of estimating Neg (Hy ) and uses the advantages of R? such as the presence of a
large class of conformal mappings preserving the Dirichlet integral. Let us briefly describe
the structure of the proof that is reflected in the structure of the paper.

In Section 2 we define the quantity Neg (V, ) as the Morse index of the quadratic

form [, (|Vu\2 — Vu2) dr, and prove its various properties including subadditivity and
the behavior under conformal and bilipschitz mappings.

The main result of Section 3 is Lemma 3.3 that provides the following estimate for a
unit square Q:

Neg (V,Q) < 1+C [Vl - (1.12)

The proof involves a careful partitioning of @ into pieces 1, ..., 2x with small enough
IVl e (q,,) so that Neg (V,€,) = 1. The main difficulty is to control the number N of the
elements of the partition, which yields then (1.12). While the number of those €2,, where
IVl ze(q,,) admits a certain lower bound can be controlled via [[V| ), the pieces Oy
with very small values of [|V[| 5, ) are controlled inductively using special features of the
partitioning.

The main result of Section 4 is Proposition 4.4 that claims that Neg (V, RQ) =1
provided the following quantity is small enough:

1
/ log (z) V (z) dx + sup / log, ——V (z) dz. (1.13)
R2 yeR2 JR2 ‘.f - y’

The proof uses the estimate (4.6) of the Green function of the operator —A + Vj, that was
obtained in [5]. Using the Holder inequality, one obtains from Proposition 4.4 a particular
case of Theorem 1.1 when the integral in (1.4) is small enough (Proposition 4.7). It is
tempting to think that the quantity (1.13) could be used to bound Neg (V, ]RQ) also in
general, but this is not the case as it is shown in Section 2.2.

Section 5 contains the proof of Theorem 1.1 for a particular weight function

rd, r <1,

R (1.14)

W ={

where 0 < ¢ < 2(p—1) and ¢’ > 2(p — 1) (Proposition 5.3). We use the estimate (1.12)
in a sector A, = {z € C:|z| < 1,0 < argz < ma} and a biholomorphic mapping z + 2



from a half-disk onto A, which results in a weighted LP-estimate in the half-disk, where
the weight function arrises from the Jacobian of the mapping. Using then the inversion
Z %, one obtains an estimate of Neg (V) in the exterior of the disk and then in the
entire R?.

Although the method of the proof of Theorem 1.1 in full generality does not use this
particular case and, moreover, is based on a different approach, the proof in the particular
case of a power weight function (1.14) seems to be interesting on its own merit.

Section 6 contains the proof of Theorem 1.1 in full generality. We use the mappings
Z 1n% and z — In z to map respectively a half-disk and a half of the exterior of a disk
onto a strip S = {#€C:Rez>0, 0<Imz <} and then to pull back the estimate of
Neg(V, S). Estimating of Neg(V, S) is itself a multistage procedure that requires a careful
partitioning of a strip into rectangles and considering two types of potentials: sparse and
dense, which is done in Lemma 6.6.

ACKNOWLEDGMENTS. The first named author thanks Stanislav Molchanov for bring-
ing this problem to his attention and for fruitful discussions. This work was done during
a visit of the second named author to University of Bielefeld. The support of SFB 701 is
gratefully acknowledged.

2 Generalities of negative eigenvalues

2.1 Index of quadratic forms

By a potential in an open set 2 C R” we mean always a non-negative function from
Li (). Given a potential V in €2, define the energy form for functions on € by

loc

Eva (f):/Q|Vf|2dac—/QVf2da: (2.1)

in the domain
Fya= {f €Ll (Q): / V2 da < oo, / Vfida < oo} .
Q Q

Clearly, Fy,q is a linear space. Let us emphasize that Fy.q is not a subspace of L? (),
but that of L2 ().

Set

Neg (V,Q) :==sup{dimV:V < Fyq : Eyva (f) <0 for all f € V}, (2.2)

where V < Fy o means that V is a linear subspace of Fy o, and the supremum of dim V is
taken over all subspaces V such that €yq (-) < 0 on V. In other words, Neg (V, ) is the
Morse index of the quadratic form Ey.q in Fyn.

If Q = R"™ then we use the abbreviations

& =&vprn, Fv =Fyrn, Neg(V)=Neg(V.R").

The operator
Hy=—-A-V

is defined as a self-adjoint operator in L? (R") using the following standard procedure.
First observe that the quadratic form

£ (u) = / IVl dz

5



is closed in the Sobolev space W12, and the quadratic form

T Vu?dz
]Rn
associated with the multiplication operator u — Vu, is closed in the domain L? (dz) N
L? (Vdz) . Clearly, the form £y is well-defined in the domain

Dy = Wh? N L? (Vdz),

that is a subspace of Fy,. Under certain assumptions about V' (in particular, if V' satisfies
(1.3)), the form (Ey,Dy) is closed in L? (and, in fact, Dy = W12). Consequently, its
generator, denoted by Hy, is a self-adjoint, semi-bounded below operator in L?, whose
domain is a subspace of Dy .

For any self-adjoint operator A, denote by Neg (A) the number of non-positive eigen-
values of A counted with multiplicities. If the spectrum of A in (—o0,0] has a continuous
component then set Neg (A) := oo.

Lemma 2.1 If the form (&, Dy ) is closed and, hence, Hy is well-defined, then
Neg (Hy) < Neg (V). (2.3)
Proof. It is well-known that
Neg (Hy) =sup{dimV:V <Dy and & (f) <OVf eV}

(cf. [6, Lemma 2.7]). Since Dy C Fy, (2.3) holds by monotonicity argument. m

In the proof of Theorem 1.1 (cf. Section 6.3), we obtain the upper bound for Neg (V),
which implies then by Lemma 2.1 the same bound for Neg (Hy ). If this method were
engaged in R™ with n > 3 then the resulting estimate would not have been satisfactory,
because Neg (Hy ) can be 0 (as follows, for example, from (1.8)), whereas Neg (V) > 1
for all potentials V € L' (R?). Indeed, the latter follows from 1 € Fy and &y (1) < 0.
However, our aim is R?, where Neg (Hy/) > 1 for non-zero V, so that we do not loose 1 in
the estimate.

In the rest of this section we prove some general properties of Neg (V, ) that will be
used in the next sections. For bounded domains €2, the form &y o could be associated with
the operator A+V in € with the Neumann boundary condition on 9€2. This understanding
helps the intuition, but technically we never need this operator itself. Nor the closability
of the form £y is needed, except for Lemma 2.1.

Lemma 2.2 Let Q be any open subset of R™, and K be a closed subset of R™ of measure
0. Set Q' =Q\ K. Then we have

Neg (V, Q) < Neg (V, ') . (2.4)
Moreover, if n > 2 and K is a singe point set, then
Neg (V, Q) = Neg (V, ') . (2.5)

Proof. Every function u € Fy,n can be considered as an element of Fy o/ simply by
restriction of u to €. Since the difference © \ € has measure 0, we obtain &y (u) =
Evo (u). Then Lemma 2.5 implies (2.4).

Let K be a single point set. If v and Vu belong to LIQO . (&) then they both belong also
to L? () because K is a polar set. It follows that the spaces Fv and Fy o coincide,

loc
whence the claim follows. m



Definition 2.3 We say that a sequence {€} of open sets Q; C R"™ is a partition of an
open set ) C R™ if all the sets Qj, are disjoint, €25, C , and Q \ |J,, Q% has measure 0.

Lemma 2.4 If {Q} is a partition of 2, then

Neg (V,€2) < 3 Neg (V.) (26)
k

Proof. Set ) = U Q% and K = 0\ Q. Since K is closed, has measure 0 and © = Q\ K,
we obtain by Lemma 2.2 that

Neg (V, ) < Neg(V, Q).

Next, we claim that
Neg(V,Q) <) Neg (V, Q). (2.7)
k

Denoting Fj, = Fy,q, and F = F|, 5 we see that F = @fk and, for all fr € Fr and
f=>_ fr we have
5V,ﬁ (f) = ZgV,Qk (fr)-
k

Let V be a finite dimensional subspace of F where £, 5 < 0. Denote by V. the projection of

V onto F, and set U = @ Vi, so that V C U. The quadratic form Eyq, is diagonalizable
on the finite dimensional space Vj, and the number IN; of the non-positive terms in the
signature of &y, on Vj is clearly bounded by Neg (V, ;). Hence, the number N of the
non-positive terms in the signature of 5‘/,?) on U is bounded as follows:

N=> Ny<> Neg(V, ).

k k

If dimV > N then V intersects the subspace of U where £, & is positive definite, which
contradicts the definition of V. Therefore, dim ¥V < N, whence (2.7) follows. =

It is easy to see that in (2.7) also the opposite inequality is true, but we do not use
this.

Lemma 2.5 Let Q,(~2 be open subsets of R™ and V and V be potentials in Q and (NZ,
respectively. Let L : Fyo — Fy g be a linear injective mapping.

(a) If Ev.a (u) <0 implies &g (u) <0 for u= L (u) then
Neg (V. ) < Neg(V, Q). (2.8)

(b) Assume that there are positive constants ci,ca, such that, for any u € Fyq, the
function u = L (u) satisfies

/~ \Va|? da < cl/ \Vul? da (2.9)
Q Q
and
/~‘7172d:1c > 02/ Vulda. (2.10)
Q Q
Then
Neg (V, ) < Neg (%f/ ﬁ) . (2.11)
2



Proof. Let V be a finitely dimensional linear subspace of Fy.q where £y, < 0. Then
V= L (V) is a linear subspace of Fj; 5 of the same dimension.

(a) For any & € V we have &g (W) < 0, which implies dimV < Neg(V,€). Since

dimV = dim V, we have also dimV < Neg(V, ), whence (2.8) follows.
(b) Observe that, for any u € V, there is u € V such that (2.9) and (2.10) are satisfied.
It follows that

Eapgm) = /~ Val? de — /~ Vilde
ez’ Q 2 JQ
< 61/ |Vu\2 dr —c; / Vuldr = c1éva (u) <0.
Q
Applying part (a) with z—;‘N/ instead of V, we obtain (2.11). m

2.2 Examples

We give here two examples to show that the weight function W (z) in (1.5) is optimal in
the following sense: p > 1 cannot be replaced by p = 1 and € > 0 cannot be replaced by
e < 0, without violating the estimate (1.4).

Example 2.6 Fix some R > 10 and consider the following potential on R?

0, otherwise.

1
V(z) = { ey 1O <l < B,

The following function
1
f (z) = \/log |z|sin (5 log log :c|>

satisfies in the region {9 < |z| < R} the differential equation

Af+V (z)f=0. (2.12)
Indeed, in the polar coordinates r = |x| this equation becomes
£10) 0+ e ] () =0
T 2r2log? r ’

and that f satisfies it can be verified by a direct computation. Another proof of the latter,
using the Liouville transformation of this equation, can be found in [2].

The function f (x) is sign changing. More precisely, for any positive integer k, function
f has constant sign in the ring

Ay ={z e R? : 21k < loglog |z| < 27 (k+ 1)},

and vanishes on 0 Ay, assuming that Ay C {9 < |z| < R} . Integrating (2.12) over Ay, yields

/ ny|2de/ V f2dzx.
Ag, A

Hence, if N is the number of the rings Ay inside {9 < |z| < R} then, using the space V
spanned by the functions f1,,, we obtain Neg (V') > N. Clearly, we have N > cloglog R,
whence it follows that

Neg (V') > cloglog R. (2.13)



Consider now a monotone increasing function W (r) such that
W (r) = r?P=Y (log )P~ (log log )P~ +¢ (2.14)
for r > 9. For this function we have

R 2(p—1) 1 2p—1 log1 p—1l+e
/ VP ()W (|z])dx = 27r/ ! (log Tlp ngg og 1) rdr
R2 9 2P log®P r

R p—1+e
— o / (loglogr) dr
9 rlogr
< C(loglog R)"®

so that 1y
p
</ Vp(a:)W(|33|)dx> < C (loglog R)* /7 .
R2

Comparing with (2.13), we see that, for £ < 0, the inequality (1.4) of Theorem 1.1 breaks
down for large R.

The question whether (1.4) remains true for ¢ = 0 remains still open. We conjecture
that there exists a counterexample — perhaps, some elaboration of the above one.

Example 2.7 Let us show that, for p = 1, no estimate of the type

Neg (V) < const+/ VWdx
R2

can be true, provided a weight function W is bounded in a neighborhood of at least
one point. Indeed, assume without loss of generality that W (z) < C for |z| < e. We will
construct a potential V supported in {|z| < e} such that [, Vdz < co while Neg (V) = oc.

It will be easier to construct V' as a measure but then it can be routinely approximated
by a L}, -function. For any r > 0, let S, be the circle {|z| = r}. We will use the measure
Js, supported on S,. Given two sequences {ay} and {b,} of reals such that 0 < a,, < by,
consider the (generalized) functions

1
Vo = 705,
apIn =
and test functions
1, x| < an,
ln%"‘
Pn (.%') - ln_b—"’ QAp S ‘J}‘ S bna (215)
0, ! |z| > by,
An easy computation shows that
2
/ VP de = — (2.16)
R2 In =
and )
/ G2Vpdz = | Vyde = ——,
R2 In

whence it follows that vy, (¢,,) = 0.



Let us now specify a,, = 4~ "* and b, = 2~"". Consider also the following sequence of
points in R?: y,, = (47",0). Then all disks Dy, (y,,) with large enough n are disjoint and

. or
> T < 00 (2.17)

nlln

Consider the generalized function
V= > V(- (2.18)
n=N

The functions v, = ¢, (- — yn) have disjoint supports and satisfy &y (¢,,) = 0 for all
n > N, whence it follows that Neg (V) = co. On the other hand, by (2.17) we have

/ Vdr < co.
]R2

By taking N large enough, one can make fR2 Vdzx arbitrarily small and supp V' to be
located in an arbitrarily small neighborhood of the origin, while still having Neg (V') = oo.
One can also show that for this V'

JR— S Bl <o
sup In V (x) dx < const = —
R2 " |z —y| 1 2

yER? In —ZL

(cf. Remark 4.5 below).

2.3 Transformation of potentials and weights

Given a 2 x 2 matrix A = (a;;), denote by [|A|| the norm of A as an linear operator in R?
with the Euclidean norm. Denote also

[Ally == 1\/af, + afy + a3; + a3,

It is easy to see that

1
7 [Ally < [lA[F < 1Al

Assuming further that A is non-singular, define the quantities

| AJI?
det A

1Al

M(A) =
(4) det A

and My (A) :=

For example, if A is a conformal matrix, that is, a B or [ ¢ B , then
-8 «a B —a

det A=a?+ %= ||A|?,

whence M (A) = 1.
For a general non-singular matrix A, the following identity holds:

My (A) = My (A7) (2.19)

10



Indeed, denoting a = det A, we obtain
a1 < aze —aig >
a \ G21 an ’

whence HA_1H§ =14 |A|3, which implies (2.19). Consequently, we obtain that, for any
non-singular matrix A,

%M (A) < M (A7Y) <2M (A). (2.20)

Let Q and Q be two open subsets of R and @ : Q — Qbea C'-diffeomorphism.
Denote by @' its Jacobi matrix and by Jg - its Jacobian, that it Jp = det ®’. Set
@ (z)|
Mg :=sup M (@ (z)) = sup M
e ze o (2)|
We will use two types of mappings @ : bilipschitz and conformal. If ® is conformal
then we have Mg = 1. Moreover, if ® is holomorphic then

2
Jo (2) = |®' (2)|", (2.21)
where now ¢’ = % is a complex derivative in z € C.
If ® is bilipschitz and with bilipschitz constant L then an easy calculation shows that
|® (z)||* < 4L and that both |Jp| and |Jp-1| are bounded by 2L? whence Mg < 8L*.
By (2.20), we always have

1
5 Mo < My-1 < 2Ms (2.22)

Given a domain  C R?, one can ask for which weight function W, the index Neg (V, Q)
can be estimated via fQ VPWdxz. The next lemma establishes the behavior of such esti-
mates under transformations of Q2.

Lemma 2.8 Assume that, for any potential V in a domain Q C R?,

Neg(V,Q) < F (/@ V()P W () dy> , (2.23)

where F : [0,+00) — [0,+00] is a monotone increasing function and W is some weight
on Q. Let _
vV:Q -0

be a Ct diffeomorphism with a finite My. Then, for any potential V in ,

Neg (V,Q) < F </Q V (z)! W (x) d.fC) , (2.24)

where
W (z) = ML_,W (¥ (2)) ]y ()7 (2.25)

11



We say that the weight W (z) defined by (2.25) is a pullback of W under the mapping
V. The pullback weight exists whenever My is finite. For holomorphic ¥ the pullback
weight (2.25) can be rewritten in the form

R4 15)

()P >

_ Proof. Set ¢ = U~! and, for a given potential V on €, defined a pullback potential
V on Q by N
Vi(y) = MaV (@ (y)) | T2 (y)]- (2.27)

Let us prove that L
Neg (V, ) < Neg(V, Q). (2.28)

Let V be a subspace of Fy.q as in (2.2). Define V as the pullback of V under the mapping
®, that is, any function f € V has the form

Fy)=f(®(y))

for some f € V. Let us show that f € Fy o Indeed, using the change y = W () (or
x = ®(y)), we obtain

Lol vwa = [ |Fol Vo e
Q Q
= [ 1@ MoV () o ()] u (0)]

= M¢,/ |f (@)]*V (z) dz. (2.29)
Q
Similarly, we have

LIVfw]'ay =[5 @2 o[ a
Q Q
9 @ 19412 @ ) dy

Ma /Q e V112 (@ (4)) dy

IN

IN

_ Mq>/ﬂyw(x)\2d:c. (2.30)

It follows that ]? € .7:‘7,5. The mapping f +— fis obviously a linear injective mapping from
Fva to 7 5. By Lemma 2.5, (2.29) and (2.30) imply (2.28).

By hypothesis, we have (2.23). Using the change y = ¥ (z) in the integral in (2.23),
we obtain

/ﬁwW(y) dy = /Q V(W (@) W (¥ (2)) | Ty (2)] da

Q
W(x) — |J\I/ (l‘)‘d$

/Q(McbV(iU)U@ @) W

- / V(@) W (x) da. (2.31)
Q

Combining (2.23), (2.28), and (2.31), we obtain (2.24). =

12



Remark 2.9 It follows from the proof that if ¥ is conformal then
Neg (V, Q) = Neg(V,Q), (2.32)

where _

V) =V(®(y)|Je ()]
Furthermore, if ¥ is holomorphic then

= 2

Viz)=V(®(2)) ‘Cb’ (z)| .
For comparison let us rewrite (2.26) in this case in the form

W~ V@)
" farpe

3 [P-estimate in bounded domains

Let © be a domain in R™ and V be a potential in Q such that V € L' (Q). Then 1 € Fyq
and &y (1) <0, whence it follows that Neg (V, ) > 1.

In this section we obtain upper bound for Neg (V, ) for certain bounded domains in
R2.
3.1 One negative eigenvalue in a disc

Denote by D the unit open disk in R?, that is,
D={zeR*:|z| <1},
and by D, the disk of radius r, that is,
D,={zeR*:|z| <r}.
Lemma 3.1 For any p > 1 there is € > 0 such that, for any potential V in D,
HVHLP(D) <e=Neg(V,D) =1

Proof. As was mentioned above, we have always Neg (V, D) > 1. Hence, we need to
prove that Neg (V, D) < 1.
Given a function u € Fy,p, extend u to the entire R? using the inversion ® (z) = #:
for any |x| > 1, set
u(z) :=u(P(z)).

Choose a cutoff function ¢ such that ¢|p, =1, ¢|r2\p, = 0 and ¢ = ¢ (|z]) is linear in ||
in D3\ Dj. Define a function u* by

ut = up.

Clearly, we have u* € W12 (R2) and u* is supported in Dy4. Let us prove some integral
estimates for the function u*.

CLAIM 1.. We have

/ \Vu*|? da §4/ \Vu]2dx+162/ uldz. (3.1)
D4 D D
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Indeed, since Vu* = pVu 4+ uVp, we have

/ |Vu*|*de < 2/ goQ\Vu]Qdm—i—Q/ u? |Vo|? da
Dy Dy Dy

< 2/ |Vu]2da:—|—2/ u?dz,
R2 D3\D>

where we have used that |[Vy| = 1in D3\ Dy and Vi = 0 otherwise. Next, use the change
y = ®(z) to map D3\ Dz to Dyj3 \ Dy/3. Since |Jp-1 (y)| = ﬁ, we obtain

1
/ u? (z) dx = / u? (y) —dy < 34/ u?dy.
D3\ D2 Dy yo\D1y3 |y D

Using also the conformal invariance of the Dirichlet integral

/ |Vu]2dx:/ \Vul? de,
R2\D D

and combining the above estimates, we obtain (3.1).
Given a potential V in D, extend V to entire R? by setting V (z) = 0 for all |z| > 1.

Cram 2.. Ifull in L* (D) and Ev,p (u) < 0 then

/ |Vu*\2dx§C'/ Vuldz, (3.2)
Dy D

with some absolute constant C.

Indeed, the assumption w11 implies by the Poincaré inequality

/ uldr < c/ |Vu|? dz,
D D

which together with (3.1) yields
/ |Vu**de < (4 + 1620)/ \Vul? da.
Dy D

Combining this with the hypothesis &y (u) < 0, that is,

/ |Vu|? dz < / Vuldz, (3.3)
D D
we obtain (3.2).

Applying the Holder inequality to the right hand side of (3.2), we obtain

1/p 2p 1-1/p 1/p 2p 1-1/p
/Vu%zxg (/ Vpdx> (/ lu| =1 d:c) < </ Vpdx> </ |u*|p-1 da:) .
D D D D Dy

(3.4)
Next, let us use Sobolev inequality for functions f € Wil (]R2) supported in Dy:

(/D4\f\“dx>l/a < c/mwﬂdx

14



where a € (1,2] is arbitrary and C' = C (a) . Replacing f by f° (where 3 > 1), we obtain

1/a 1/2 1/2
of B-1 2 2(8-1)

Choosing 3 to satisfy the identity a8 = 2(8 — 1), that is, § = ﬁ (for that assume
a < 2), we obtain

—

(/ Nz d:v) <o |ViPde (3.5)
Dy Dy
Choosing o = 2;—31, we obtain i—aa = pQTpl and 2TTO‘ =1- :711‘ Applying (3.5) with this «

for f = u* we obtain

2p 171/]7 9
(/ |u*| =T dx) <C |Vu*|* dz,
Dy Dy

which together with (3.2), (3.4) yields

1/p
/ Vu*|? de < C (/ Vpdx> / \Vu*|? da. (3.6)
D4 D D4

1
BYok
we see that (3.6) is only possible if u* = const . Since ul1 in L? (D), it follows that u = 0.

Hence, &y, p (u) <0 and uLl1 imply v = 0, whence Neg (V, D) <1 follows. m

Assuming that

”VHLP(D) <er= (3.7)

Corollary 3.2 Let Q be a bounded domain in R? and ® : D — Q be a C'-diffeomorphism
with finite Mg and sup |Jo|. Then there is eq > 0 such that

Vo) < 0 = Neg(V,Q) =1,

where eq depends on p, Mg and sup |Jg|.
Consequently, if Q is bilipschitz equivalent to D, then

IVl oy < er®P72 = Neg (V,Q) = 1 (3.8)
where ¢ > 0 depends on p and on the bilipschitz constant of mapping between D, and ).

We say will that an open set Q C R? has the size r if it is bilipschitz equivalent to D,
with some fixed bound on the bilipschitz constant.
Proof. By the proof of Lemma 2.8, we have

Neg (V, Q) < Neg(V, D),
where V is given by (2.27). By Lemma 3.1,

<e= Neg(V,D) =1.

700

Using the notation of Lemma 2.8, set ¥ = ®~!, W = 1 and define a function W () on Q
by (2.25), that is,
W () = M5 | Jy ()| P < M sup | Jo[P~" .

15



Then by (2.31) we have

UV (1P do) — P D p—1 P
/DV(y) dy—/QV(a;) W () dx < Mg sup |Jo| /QV(a;) dzx,

whence B -
17,0 < M0 10l 1V o)

Therefore, if
€
HVHLF(Q) <eéeqi= p—1° (3.9)

Mg sup |Jp| »

(D) < e, which implies by the above argument Neg (V, Q) = 1.
P

Let Q = D,. Then, for the mapping ® (z) = rz. we have Mg = 1 and |Jg| = r?
whence we obtain

then 7]

ep, = er?/P72, (3.10)

More generally, let € be of size r, that is, there is a bilipschitz mapping ® : D, — € with
a bilipschitz constant L. Arguing as in the first part of the proof but using D, instead of
D, we obtain similarly to (3.9) that g can be determined by

€D,

eq = > er?/P=2,

Mg sup |Jo|

=1
where ¢ > 0 depends on p and L, which was to be proved. m
3.2 Negative eigenvalues in a square
Denote by Q the unit square in R?, that is,
Q:{(x17$2)€R2:0<:E1 <1,0<x2<1}.

Lemma 3.3 (1st Main Lemma) For any p > 1 and for any potential V in Q,

Neg (V.Q) <1+ C |Vl (3.11)
where C' depends only on p.

Proof. It suffices to construct a partition P of ) into a family of N disjoint subsets
such that

L [V 1pq) < eq for any © € P;

2. N<1+4+C HVHLP(Q) .
Indeed, if such a partition exists then we obtain by Lemma 2.4 and Corollary 3.2

Neg (V,Q) < 3 Neg (V,2) = N, (3.12)
Qep

and (3.11) follows from the above bound of N.
The elements of a partition will be of two shapes: it is either a square of the side length
0 <1 <1ora step, that is, a set of the form Q@ = A\ B where A is a square of the side

16



<I/2

Figure 1: A square and a step of size [

length [, and B is a square of the side length < [/2 that is attached to one of corners of
A (see Fig. 1).

In the both cases we refer to [ as the size of 2. By Corollary 3.2, the condition 1 for
such a set 2 will follow from

/ VPdx < cl>7%, (3.13)
Q

with some constant ¢ > 0.
Apart from the shape, we will distinguish also the type of a set Q € P of size [ as
follows: we say that

e () is of a large type, if
/ VPdx > cl?7?P,
Q

e () is of a medium type if

JIP7%P < / VPdx < cl*7%, (3.14)
Q

e and (Q is of small type if
/ VPdr < 1277, (3.15)
Q

Here c is the constant from (3.13) and ¢’ € (0,¢) is to be chosen below.

The construction of the partition P will be done by induction. At each step ¢ > 1 of
induction we will have a partition P of @ such that

1. each Q € PU is either a square or a step;

2. If Q € P is a step then Q is of a medium type.

At step 1 we have just one set: P1) = {Q}. At any step i > 1, partition PltD) g
obtained from P as follows. If Q € P is of small or medium type then € becomes one
of the elements of the partition POt . If Q € PO is of large type, then it is a square, and
it will be further partitioned into a few smaller sets that will become elements of PU+1).
Denoting by [ the side length of the square €2, let us first split €2 into four equal squares
01, Q9, Q3,4 of side length 1/2 and consider the following cases (see Fig. 2).

Case 1. If among 1, ..., 24 the number of small type squares is not equal to 3, then
all sets €21, ..., 24 become elements of plitl) (as we will see below, in this case the number
of small type squares among €1, ..., {4 is at most 2).

17



small small

medium
small

Figure 2: Various possibilities of partitioning of a square € (the shaded shapes are of
medium or large type, the hatched shape 2; can be of any type)

Case 2. If among )y, ..., Q4 there are exactly 3 small type squares, say, {9, {13, 4, then

l 2—2p
/ VPdx = / VPdx < 3¢ (—>
O\ QU030 2

/ VPdx > cl?>~?P.
Q

we have

whereas

Choose ¢’ so that 3¢/2%7=2 < ¢. Then by reducing the size of Q; (but keeping Q; attached
to the corner of ) one can achieve the equality

/ VPdx = cl>72P.
O\

Hence, we obtain a partition of © into two sets Q1 and Q \ Qy, where the step Q \ Q; is
of medium type, while the square €7 can be of any type. Both 7 and €\ €7 become
elements of P+1),

As we see from construction, at each step i only large type squares get partitioned
further, and the size of the large type squares in PU+D reduces at least by a factor 2. If
the size of a square is small enough then it is necessarily of small type, because the right
hand side of (3.15) goes to oo as [ — 0. Hence, the process will stop after finitely many
steps. After sufficiently many steps we obtain a partition P where all elements are either
of small or medium types (see Fig. 3).

Let N be a number of elements of P. We need to show that

N <14+C Vi) - (3.16)

Let us come back to the case 1 in the induction step and show that the case when all
Qq, ...,y are small cannot occur. Indeed, in this case we would have

4 1\ 272
VPdx = / VPdx < 4¢ <—) )
/Q ,; Q. 2

Let us choose ¢ so small that 4¢/2%?=2 < ¢. Then the above estimate contradicts the
assumption that € is of large type.

Combining with the case 2, we see that at each step of partitioning of a large square
), we obtain

1. either 4 squares where at most 2 squares are small;

18
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Figure 3: An example of a final partition P. The shaded shapes are of medium type, the
white squares are of small type.

2. or 1 square and 1 step, where the latter is of medium type (in particular, at most 1
small set is obtained).

At each step of construction, denote by L the number of large elements, by M the
number of medium elements, and by S the number of small elements, and let us show that
the quantity 2L +3M — S is non-decreasing during the construction. Indeed, at each step
we split one large square €2, so that by removing this square, L decreases by 1. However,
we add new elements of partitions, which contribute to the quantity 2L + 3M — S as
follows.

1. If Q is split into s < 2 small and 4 — s medium/large squares then the value of
2L + 3M — S has the increment at least

—24+2(4—-5)—s=6—-35s>0.
2. If Q is split into 1 square and 1 step, then one obtains at least 1 medium set and at
most 1 small, so that 2L 4+ 3M — S has the increment at least
—-24+3-1=0.

(Note that we have avoided situations when € is split into > 3 small and < 1 large
squares. In that case L and M would not have increased, whereas S would have increased
at least by 3, so that no quantity of the type C1L 4+ CoM — S would have been monotone
increasing).

Since for the partition P() we have 2L + 3M — S > —1, this inequality will remain

true at all steps of construction and, in particular, it is satisfied for the final partition P.
For the final partition we have L = 0, whence it follows that S < 1+ 3M and, hence,

N=S+M<1+4M. (3.17)

Let us estimate M. Let Qq,..., Qs be the medium type elements of P and let [ be
the size of Q. Then each ) satisfies (3.14). If all i were squares, we would have

M
Y <t
k=1
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However, some €, may be steps. In all cases, there is a square Q) C €, of the size l;/2,
and all squares {92}2421 are disjoint, which implies that

M
Y <4 (3.18)
k=1
Using the Holder inequality, (3.18) and (3.14), we obtain
-3 3
Moo= ST
k=1

IN IN
N —
S M=
M= =
~ =
iy =
L SN——
~ =
—_ =
g/—\
[]=
eI
~_
Z
’E\

k=1
M 1/p
< C’<Z/ Vpdx>
k=17 %
< ClVlieg) -

Combining this with (3.17), we obtain (3.16), thus finishing the proof. m
Corollary 3.4 If Q) is bilipschitz equivalent to @, then

Neg (V,2) <1+ C [Vl - (3.19)
where the constant C depends on p and on the bilipschitz constant.

Proof. Indeed, 2 is bilipschitz equivalent to @, so that (3.19) follows from (3.11) and
Lemma 2.8. m

Corollary 3.5 Let R be a rectangle in R? with the side lengths a,b where a > b. Then
Neg (V. R) < 1+C (a® 57 ) 7|Vl iy
Proof. Without loss of generality, we can assume that
R:{(xl,x2)6R2:0<x1<a, 0<m2<b}.
Consider a mapping

bonei = (2.3

that maps R onto the unit square (). We have

e-(2 )

whence || V'] = %, Jy = %, and My = %. Using the estimate (3.11) in @, we obtain by
Lemma 2.8 with W =1 that

Neg (V,R) < 1+ CMy|Jg|"/?? VI o (r)
— 1@ )PV -

which was to be proved. m
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4  One negative eigenvalue in R?

4.1 Weighted L'-estimate

Let us show that, for any potential V in R?, Neg (V) > 1. If V € L' then it follows from
1 € Fy and &y (1) < 0. For a general non-zero potential we argue as follows. There is a
sequence of non-negative Lipschitz functions ¢, on R? with compact supports such that
¢, T1asn— oo and

/ Vi, 2 da — 0. (A1)
R2
For example, one can take ¢,, as in (2.15) with a,, = n and b, = n?, that is,
. 1 n?
¢, () = min (1, o Iny m) . (4.2)

Clearly, ¢,, € Fy. By (2.16) we have
2
/ IV, | de = T L 0asn— 0.
R2 Inn

If n is large enough then ng V2 dx is positive and it is increasing with n. It follows from
(4.1) that, for large enough n,

/|V<pn|2d:c</ V@idm, (4.3)
R2 R2

whence Neg (V) > 1. If the operator Hy is well-defined then (4.3) implies that also
Neg (Hy) > 1 since ¢,, belongs to the domain Dy of the quadratic form of Hy .
On the other hand, the following is true.

Lemma 4.1 There exists non-negative non-zero function Vo € C§° (Rz) such that
Neg (Vp) = 1.

Proof. Choose Vj to be supported in the unit disk D and such that [|Vo|| s (p) is small
enough as in Lemma 3.1. By that Lemma, we have Neg (1, D) = 1. Let us show that also
Neg (Vp) = 1. Indeed, if Neg (Vj) > 2 then there is a non-zero function u € Fy; such that
Evy (u) <0 and ull in L? (D). Then also v, p (u) < 0, whence by the proof of Lemma
3.1, we have v = 0 in D. Then

Eve () :/ IVl dz < 0
R2\D

implies that Vu = 0 in R?\ D and, hence, u = const in R?\ D. Since Vu € LlQOC, it follows
that v = 0 in R2. This contradiction proves that Neg (Vp) = 1. =

From now on let us fix a potential V as in Lemma 4.1, and consider the quadratic
form &

fow)i= [ [Vufdot [ Vulds =€y, (w),
R2 R?2
defined on the space

Fo = {u €Ly, (R?): / \Vu|? dz < oo} = Fy,.
R2

Note that fRQ Vou?dz is finite automatically for any u € Fy because Vy € L. It follows
that Fy C Fy for any potential V.
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Lemma 4.2 If, for all u € Fy,

Eo(u) >2 [ Vulde, (4.4)
R2

then Neg (V) = 1.

Proof. If & (u) < 0 that is, if

/]Vuﬁdxﬁ/ Vuldz,
R2 R2

then, combining this with (4.4), we obtain

/ \Vu]Qda:—i—/ VbquxZQ/ IVul|® de
R? R? R?

|Vu|2da:§/ Vouldz,
R2 R2

whence

that is, &y, (u) < 0. By Lemma 2.5 this implies Neg (V) < Neg (Vp), whence the claim
follows. m

Lemma 4.2 provides the following method of proving that Neg (V) = 1: it suffices to
prove the inequality (4.4) for all u € Fy . For the latter, we will use the Green function of

the operator
Hy=-A+1V,.

It was shown in [5, Example 10.14] that the operator Hj has a symmetric positive Green
function g (x,y) and that the Green function satisfies the following estimate

log(y)
log(z)

g (xvy) = 10g<y> + Ong |a7 _ y‘ if |y‘ S ‘CC‘ ’ (45)
and a symmetric estimate if |y| > |z|, where we use the notation
(x) =2+ |z|.

It follows that, for all z,y € R?,
1
g(z,y) <C <103<y> + log, m) - (4.6)

For comparison, let us recall that the operator —A in R? has no positive Green function,
so that adding a small perturbation V changes this property.
Consider a measure v on R? given by

dv = Vdzx,

and the integral operator G on functions from L2 (RQ, 1/) that acts by the rule

Gf(x)ZAQQ(x,y)f(y)dV(y)-
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Lemma 4.3 Assume that V > 0 and, moreover, that %, € Llloc (R2). Assume also, that G
is a bounded operator in L? (v) , and denote by ||G|| its norm. Then the following inequality

holds for all uw € Fy :
1

> —— [ Viuldr. (4.7)
G| Jre

&o (u)

Proof. Consider first the case u € Cg° (RQ) . Set f = %/Hou so that Hou = fV. Then
function u can be recovered using the Green function as follows:

w@) = [ 9@ F)Vw)dy=Gf @),

Observe that f € L? (v) because

Hou)? 1
fdv = / Mdm < sup |Houl? —dx < 0.
R2 R2 Vv supp u
It follows that
&o (u) = (Hou,u)Lg(dI) =(fV, Gf)m(dx) = ([, Gf)Lz(l,) (4.8)

and

[ viide = ()2 = (GF.GF) 1o
R2
Inequality (4.7) will follows if we prove that, for all f € L?(v),

(f.Gf) > |_1|| (G1.GT), (4.9)

where both inner products are in L? (v).

Recall that G is a bounded symmetric (hence, self-adjoint) operator in L? (v). Observe
that G is non-negative definite. Indeed, if f € C§° (RQ) then, setting u = G f, we obtain
the identities (4.8) so that

(f,Gf) =& (u) > 0.

Then (f,Gf) > 0 follows from the fact that C§° (R?) is dense in L? (v).
Now, let us prove (4.9). For non-negative definite self-adjoint operators the following
inequality holds, for all f, h € L?(v):

(Gf,h)* < (G, f) (Gh,h).
Setting h = G f, we obtain
(Gf,GI)? < (GF, N IGIRI® = IGI(GF, ) (Gf,Gf).

Dividing by (Gf,Gf), we obtain (4.9).

Hence, we have proved (4.7) for v € C§° (RQ) . Let us extend this inequality to all
u € Fy. If u € Fy has a compact support then u can be approximated by a sequence of
functions w, = u* ¢, € C§° (R2) where ¢, is an approximation of identity. Since (4.7)
holds for u,, and all the terms with w,, converge as n — oo to the corresponding terms
with u, we obtain (4.7) for w.
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Let a function u € Fy be essentially bounded. Consider the sequence {¢p,, } of functions
defined by (4.2). Since (4.7) holds for the functions u, = u¢p,, with compact support, it
suffices to show that passing to the limit as n — oo, we obtain (4.7) for the function w.
The terms [ VouZdz and [ Vu2dz are obviously survive under the monotone limit. We
are left to prove that

/|Vun|2dxﬂ/ \Vul|? da. (4.10)
R2 R2

We have

/ |V (ucpn)\Zda::/ |Vu\2g0%da:+2/ <Vu,chn>ug0nda:+/ u2|V<pn|2d:1:.
R2 R2 R2 R2

Observe that
/ u? |V, |* do < HuH%Oc / Ve, |>dz — 0 as n — oco.
R2 R2

The middle term admits the estimate

1/2
< </ |Vu|? gpidm) </ u? |Vg0n\2dx> —0
R2 R2

as n — oo. Combining the above three lines together, we obtain (4.10).
For a general function u € Fy/, consider an approximating sequence

/]1@2 (Vu, Vo, Yup,dx

U, = max (min (u,n), —n).

The function u,, is bounded so that (4.7) holds for u,. Letting n — oo, we obtain (4.7)
foru. m
Now we can prove the main result of this section.

Proposition 4.4 Consider the following function on R? x R? \ {diag}

1
K (z,y) = log(x) + log r—. (4.11)

Then, for any potential V' and for all uw € Fy,
c 2
Eo (u) > - Vu“der, (4.12)
b Jr2
where ¢ > 0 18 an absolute constant and

b:= sup K (z,y)V (z)dx.
yE]R2 R2

Consequently, there is a constant € > 0 such that

sup K (z,y)V (z)dx < e = Neg (V) = 1.
yER2 R2
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Proof. Let us first show that

Eo (u) > = / Vuldz, (4.13)
R2

a

where

a= sup/ g(z,y)V (y) dy.
z€R2 JR2

Assume first that % € L}, (R?) so that Lemma 4.3 applies. Then (4.13) follows from
(4.7) and the well-known fact that [|G][;2(,) < a.

Let us show that (4.13) holds also for an arbitrary potential V', without the assumption
+ € L},.. Fix some function u € Fy and define a function ¢ (r) on (0, +00) to be piecewise
constant on intervals [n,n + 1) for integer values of n and to satisfy

0<e@(r)<e™ and ¢ (n)/ wlde < e,
{n<|z|<n+1}

which implies
/ u? (z) ¢ (|z|) dz < oo.
R2

For any € > 0, consider the potential

Ve(z) =V (x) +ep(lz]).

1

By construction we have v € Fy. and VLE € L.

conclude that

Hence, by the above argument, we

1
Eo (u) > — Vou?de, (4.14)
s JR2
where
o= sup [ g(e.)Vely) dy
z€R2 JR2

Using (4.6) we obtain

a: <a+e sup/ g(:n,y)e_‘y|dy—>aass—>0.
x€R2 JR2

Hence, passing to the limit in (4.14) as € — 0, we obtain (4.13).
The upper bound (4.6) of the Green function that can be rewritten in the form

9(z,y) <CK (y,2),

for all x,y € R% which implies a < Cb. Substituting into (4.13) we obtain (4.12) with
c=C"1

Finally, set € = 1c. If b < ¢ then (4.12) implies (4.4), whence Neg (V) = 1 by Lemma
42. m

Remark 4.5 In the view of Proposition 4.4 one could have hoped to estimate Neg (V') in
terms of the quantity

sup K (z,y)V (z)dx.
y€eR2 JRR2

However, this is not the case: as it was mentioned in Example 2.7, this quantity could be
finite while Neg (V') = oc.
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4.2 Weighted L'-estimate in half-plane

Let Hy = {(ml,xg) eR?: 29 > 0} be an upper half-plane.

Corollary 4.6 We have

sup K (z,y)V (z)dx < ‘s Neg (V.Hy) = 1.
e, JH, 2

Proof. Any function u € Fy,p, can be extended to a function u* € Fy by the axial
symmetry, that is, by

. | u(z,22),  x2>0,
u (2) = { u(xy, —xe), w2 <O0.

Indeed, the resulting function u* has a weak gradient in R?, whose restrictions to the do-
mains {z2 > 0} and {z2 < 0} coincide with the weak gradient of u (z1,x2) and u (1, —z2),
respectively. It follows that

|V |? do = 2/ \Vul|? de.
R2 Hy
Extending V' to the domain {z2 < 0} by setting V' = 0, we obtain

V(u*)2dw:/ Vulde.
Hy

R2
By Lemma 2.5 we conclude that
Neg (V, H) < Neg (2V,R?).

By Proposition 4.4 we obtain Neg (2V, R2) =1, whence the claim follows. =
4.3 Weighted LP-estimate
Proposition 4.7 Let W (r) be as in Theorem 1.1.

(a) There is € > 0 depending only on p and W, such that

/R2 VP ()W (|2) dz < & = Neg (V) = 1.

(b) If
/RQ VP ()W (|2]) d < oo, (4.15)

then the form (EV, WLQ) is closed in L? (RQ) . Consequently, its generator Hy is a
self-adjoint, semi-bounded below operator in L? (RQ).

Proof. (a) By Proposition 4.4, it suffices to show that

1/p
sup K(z,y)V(z)de <C ( VP ()W (|z]) da:> , (4.16)

yeR2 JR2 R2

where C'is a constant depending only on p and W.
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For any y € R?, we have by the Holder inequality

: 1/p y da 1/p'
[ Kenv@ds ([ v@wida) <R2K<x,y> W> ,

where p/ = z% is the Holder conjugate of p. It suffices to show that the last integral is
bounded by constant uniformly in y € R2. We have by (4.11)
/ d 1
K(z,y) ——— < C o8’ <$>
R? W (lz[)7=1 22 W ([a]) 7T
1

;1
+C — log,
R2 W (|z|)7-T [z =yl

(4.17)

(4.18)

The integral in the right hand side of (4.17) is equal to
D
* logr-T (2
W(r)r=t

where the finiteness follows from (1.2).
By the rearrangement inequality, the integral (4.18) as a function of y takes the max-
imal value at y = 0. At y = 0 it is equal to

1 1 L (log +)7*
/ ——log? —dx = 27r/ %rdr < 00,
<y W (|z)71 1 0 W(r)iT

where the finiteness follows from (1.2). Combining all the above estimates, we obtain
(4.16).
(b) It follows from (4.15) that V can be represented as a sum of two potentials V' =

V1 + V5 where
/ VP ()W (Jz])dx < e

and V5 € L™ (R?). If € is sufficiently small (as in (a)), then it follows from (4.12) and
(4.16) that,

c 2 2
Eo(u)zm R2V1u dx > 2 R2V1u dx.

/Vqux = /Vlqux+/ Vou?dx
R2 R2 R2

1
< 580 (W) + [ Vall oo Jlull7

It follows that

1
< SE@+K uls,

where

E(w)= [ |Vul|*dz
R2

and
= HVOHLoo + HVQHLoo < 0.

Since (£,W?) is a closed form in L? (R?), we conclude by [4, Theorem 1.8.2] that the
perturbed form &, = £ — V with domain W2 is closed and semi-bounded below. m
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5 [LP-estimate with a power weight

In this section we prove a particular case of Theorem 1.1 — Proposition 5.3, with a power
weight function. This result is not used in consequent sections. In particular, the proof
of Theorem 1.1 in full generality is independent of Proposition 5.3 and uses different
argument. However, we feel that a simple argument in the proof of Proposition 5.3 deserves
a publication on its own merit.

Denote by D, the upper half unit disk, that is,

Dy ={(z1,22) ER*: |z < 1, 20 > 0} .

Lemma 5.1 Foranyp>1 and 0 < g < 2p — 2, we have

1/p
Neg (V, Dy) < 1+c( vp|w|qu) ,

Dy
where C' = C (p,q) .

Proof. We identify R? with C and use the notation of theory of complex variables. In
particular, a point on R? will be denoted by z, so that

Dy ={ze€C:0<z|<1, 0<argz<m}.
For any a € (0, 1) define a sector
Ay ={z€C:0<|z| <1, 0 <argz < ma}

and consider a biholomorphic mapping ¥ : Dy — A, given by ¥ (z) = 2% (see Fig. 4).

A

1

Figure 4: The mapping z — 2%

The sector A, is bilipschitz equivalent to the unit square, so that the estimate (3.19)
applies to A,, with the constant C' depending on «. Hence, the hypothesis (2.23) of
Lemma 2.8 is satisfied for Q = A, with W=1. By Lemma 2.8, we obtain for {2 = D, the
following estimate:

1/p
Neg (V. Dy) <1+ C ( [ wwri <y>rl—pdy) .

+

200—2

Evaluating Jy by (2.21), we obtain Jy (y) = o2 |y| , whence

1/p
Neg(V,Dy) 1+C ( [ v P dy) .
D

+
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We are left to choose « from the equation
2(l-a)(p—-1)=g¢.
Clearly, we have 0 < a < lifand only if 0 < ¢ <2p—2. m

Corollary 5.2 For any p > 1 and q < 2p — 2, we have

1/p
Neg (V,D)<2+C (/ VP |x|qdaz> (5.1)
D

where C' = C (p,q) .
Proof. Indeed, partitioning the disk D into upper half D, and lower half D_ applying
Neg (V, D) < Neg(V,Dy) 4+ Neg (V,D-)
and estimating each term on the right hand side by Lemma 5.1, we obtain (5.1) m

Proposition 5.3 Fiz p > 1 and choose 0 < q¢<2(p—1) and ¢ >2(p—1). Then

1/p
Neg(V)<1+C </ VPW () d:c> (5.2)
RZ
where | |q 2]
T x| <1
w = ; -
@={ . o

and the constant C depends only on p,q,q’.

Proof. It suffices to prove this with ¢' < 4 (p — 1), which will be assumed in what
follows. Let E be the (open) exterior of the unit disk D. Then {D, E} is a partition of
R2, and by (2.6) we have

Neg (V,R?) < Neg (V, D) + Neg (V, E).
Using (5.1), let us prove that
, 1/p
Neg (V. ) < 2+ C (/ e da:) . (5.3)
E
Using again notation from complex variables, consider the biholomorphic mapping ¥ :

E — D' := D\ {0} given by ¥ (z) = 1. Since in D’ we have by (2.5) and (5.1) the
estimate

- . _ _ 1/p
Neg(V,D’>=Neg<v,D><2+c( / v<:c>p|:c|qczx) ,
D

for any § < 2 (p — 1), the hypotheses of Lemma 2.8 is satisfied in Q = D’ with W (z) = |z|7.
Using Lemma 2.8 and Jy (y) = ﬁ, we obtain for 2 = E the estimate

Neg (V,E) < 2+C</Ev(y)p‘q,(y)|§‘qu (y)ll_pdyy/p
= 2+4C (/Ev(y)p |y|4(p—1)—§dy>1/p.
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Choosing ¢ =4 (p — 1) — ¢/, we obtain (5.3). Combining it with (5.1), we obtain

Neg (V) <4+ C < /R VW () dw) " (5.4)

Combining (5.4) with Proposition 4.7 and adjusting the value of C, we obtain (5.2). =

6 Weighted LP-estimate

6.1 Sparse potentials in strips

The main result of this section is Proposition 6.5 below.

Lemma 6.1 Consider a strip
S:{(ml,xQ)GRQ:xl ER, 0<x2<1}

and a potential V' in S. There is a positive constant n such that if

1
/SV (x) (z) dx + 21612/51/ (x)log, Hdw <n (6.1)

then Neg (V,S) = 1.

Proof. For the sake of the proof it will be convenient to consider a strip of the width
m rather than 1:
S:{(xl,x2)€R2:x1 € R, 0<x2<7r},

which will only affect the value of 7. Consider the function ¥ (z) = e* on S. Clearly,
¥ is a biholomorphic mapping from S onto H, where H, is the upper half-plane. Set
® = U~! 50 that ® (z) = Inz. Using the argument in the proof of Lemma 2.8, we obtain
that

Neg (V, S) < Neg(V, H,)

where
V() =V (®(2)]® ()]

On the other hand, we have

provided
Applying this with s
Wi (z) =log (z),
we obtain, for any z € S,
Wi (z) =log (2 +[e]) <2+ |z = (2).
Applying this with

— 1
Wa (z,y) = log, =gl
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where y € R?, we obtain, denoting w = ® (y) € S,
W (zw) = 1 !
zy,w) = log, ———
2\~ g+ |€Z — €w|
1
S C+‘Z|+10g+m
In the last line we have used the following inequality

z

le* — €| > ce 1l min (1, ]z — w|) for all z,w € S,

that holds with the constant

) . . _ le* — 1]
¢ = min inf |e*—1|, inf > 0.
{z€8:|z|>1} {z€8:)z|<1} |Z|

It follows that

/ V (2) Wi (2) dz + sup / V (2) Wa (2, w) d=
S weS J S

1
< C’/V(z) <z)dz—|—sup/V(z)log+—dz,
S weS JS |z — wl

If 7 is small enough, then (6.1) implies that
/ V()W (=) dz + Sup/ V (2) W (2,w) dz <
S weS J S
where ¢ is the constant from Corollary 4.6, whence also

/ V (2) Wy (x) dz + sup / V (2) Wy (,y) da <
Hy yeHy JHy

| ™

By Corollary 4.6 we conclude that Neg(f/, Hy) =1, whence also Neg (V,S)=1. =
Let B (z,r) be a disk in R? of the radius r centered at a point = € R2.

Definition 6.2 Fix p > 1. We say that a potential V in a domain €2 is sparse if, for any
y€Q,

/ VP (z)dx <4, (6.2)
B(y,1)NQ

where § is a small enough positive constant, depending only on p that will be specified
below (cf. (6.6)).

For any a € R, denote
SQZ{(x1,$2)€R2:x1>a, O<a:2<1}. (6.3)

Corollary 6.3 There is a constant n; > 0 such that if

1
V (x) z1dz + sup / V (z)log, ——dxz < (6.4)
S1 yeS1 J S |'/L‘ - y|

then Neg (V, S1) = 0. Moreover, if V' is a sparse potential in S then

/ V(x) z1dr < % = Neg (V,51) = 1.
S1
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Proof. It will be convenient to prove the first claim for the strip Sy instead of S7. In
this case the term z; in (6.4) should be replaced by 1+ z1. Since 1+ 1 =~ (x), it suffices
to prove the following: if

1
/ V (z) (z) dx + sup / V (x)log, ——dx <1, (6.5)
So y€So J So |z —y|

then Neg (V, Sp) = 1. Any function u € Fy,g, can be symmetrically extended to a function
u* in the unbounded strip

S:{(xl,xQ)ERz:xleR, 0<$2<1}.

Extending also V (z) for x; < 0 by zero, we obtain

/]Vu*|2da::2/ |Vul>dz  and /V(u*)Qdm:/ Vuldz,
S SO S SO

whence by Lemma 2.5
Neg (V, Sp) < Neg (2V, S).

If ny in (6.5) is sufficiently small then 2V satisfies the condition of Lemma 6.1 whence
Neg (2V,S) = 1 follows.
Let us prove the second claim. It follows from (6.2) that

1 1/p
/ V(z)log, ——dz < / VP (x)dx
S1 |z — y| B(y,1)NS1
1/p'

1\
X log —) dx ,
/B(y,l) ( - |JI - y|

where p’ is the Holder conjugate to p. The last integral is equal to a finite constant that
is independent of y. Denoting it by C' and assuming that the constant ¢ in (6.2) satisfies

the bound n \P
1
§ < (—20) : (6.6)

we obtain that, for a sparse potential V,

1
sup / V(xz)log, ——dx < Uy
y€S1 J B(y,1)NS1 |$ - y| 2

Hence, the hypothesis | s,V (z) zrda < 2 implies that V satisfies (6.4), whence Neg (V, S1) =
1. m
For any r > 2 denote by P, be the rectangle

Pr;:{(xlij)eRQ: 1<z <, 0<x2<1}.

Corollary 6.4 There exists a positive constant ¢, such that, for any r > 2 and for any
sparse potential V in Py,

V (z)x1der < c= Neg(V,P,) = 1.
P
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Proof. Consider a slightly modified domain
ﬁT:{(xl,xg)ERz: x1 >0, |z|<r, 0<x2<1}.

Since P, and ]Br are obviously bilipschitz equivalent uniformly in 7 > 2, by Lemma 2.8 it
suffices to prove the claim for P, instead of P, that is,

/15 V(z) (14 z1)dx < ¢ = Neg (V,ﬁr> =1.

Extend V' to the strip Sy by setting V' = 0 outside Sp \ P,. If ¢ is small enough then by
Corollary 6.3 we have Neg (2V, Sp) = 1.

Consider the inversion ® in the circle of radius r: @ (z) = r# (see Fig. 5). Clearly,
x €50\ ﬁr implies @ (z) € ]57, so that we can extend any function f € F, 5 to Sp\ ]Br by

setting
f(z)=f(®(x)) forallzeSy\P,.

X2

e ®X

>

X1

Figure 5: Extension of function f from ]?’r to Sp (the dark shaded area is the image of
So \ Pr under the inversion )

Since the inversion ® preserves the Dirichlet integral, we obtain
IV f|? da < 2/~ IV f|? da.
So Py
By Lemma 2.5, we conclude that
Neg (v, ﬁr) < Neg (2V; Sp) .
whence the claim follows. m

Proposition 6.5 (Bargmann type estimate) Let V' be a sparse potential in §, where Q
is either S1 or P.. Then

Neg (V,Q) <1+ C’/Q V (z) z1dx, (6.7)

where the constant C' depends only on p
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Proof. Assume for certainty that Q = S;. Choose some increasing sequence {r},-,
such that 7y = 1 and 7, — oo (where r;, = oo is also allowed), and partition S; into a
sequence of rectangles

Ry = {(w1,22) g < a1 <7py1, 0<mp <1},

The rectangle Ry is congruent to P, 41 (or to the strip Sy if rp41 = oo) and is
obtained from the latter by shifting by r, — 1 along the axis zi. If

Tkl — T > 1 (6.8)
and
/ V(@) (1 — 1 +1) do < ¢ (6.9)
Ry
then it follows from Corollaries 6.3 and 6.4 that
Neg (V. Ry) = 1.

Let us show how to define the sequence {r} inductively so that (6.8) and (6.9) are satisfied.
Namely, if r; is already constructed, then choose ;1 to be the maximal possible value
(including co) so that (6.9) is satisfied. Let us show that (6.8) is then also satisfied. Indeed,
if rg11 — rp < 1 then, using the equality in (6.9) (that holds by the maximality of r441),

we obtain
/ V (z)dz >
Ry

It follows by the Holder inequality that also

1/p
</ Vpd:c> >
Ry

However, if the constant ¢ in the definition (6.2) of a space potential is small enough, then,
noticing that Ry is covered by a unit square and, hence, by a unit disk, we obtain that
(6.10) and (6.2) contradict each other, which proves (6.8).

As was already mentioned, by the maximality of 7,1 we always have equality in (6.9)
except for the case rgr1 = 00. So, if rp41 < oo then we have

N o

. (6.10)

oo

V(x)z1dx > c.
Ry,

Assuming that

I:= V (z) z1dx < o0,
S1

we see that the total number of bounded rectangles in our construction is bounded by I/c.
Since an unbounded rectangle (a strip) can occur only once, the total number of elements
of the partition { Ry} is bounded by 1 + I/c. It follows that

Neg (V,51) <Y Neg(V,Ry) <1+ 1I/c,
k

which finishes the proof of (6.7). m
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6.2 Negative eigenvalues in a strip

We continue using the notation (6.3) for strips in R2. As before, p > 1 is fixed.

Lemma 6.6 (2nd Main Lemma) Let VNV(T) be a positive monotone increasing function

on [1,4+00) such that

P

00 p—1d

/ S (6.11)
W (r)r—1

Then, for any potential V in the strip S1, we have

_ 1/p
Neg (V,S1) <1+ C (/S VP () W (1) dx) , (6.12)

1

where the constant C depends only on p and W.

In particular, if for large r

W (r) = r# logP~ e,

where & > 0, then W satisfies (6.11).

Proof. Let us extend the function W (r) to (0,400) be setting W (r) = W (1) for
r < 1, which preserves the monotonicity of W.

For any subset 2 C 51, set

I = /QVp(x)d:L"
Q) = /va(x)mxl)dx

and )
P
Ty

w@) = | — g,
© /QVNV(M)M
p

where p/ = = is the Holder conjugate of p. In particular, for a rectangle

R={(z1,22) :a<z; <b, 0<uzo<1}

w(R):/ab%.

The hypothesis (6.11) implies, in particular, that w (Sl /2) < 0o. We will prove that

we have

Neg (V;81) < 1+ CJ ($1) /7w (81) "7,

where C' is a constant depending only on p, which will then imply (6.12).
Let us partition S into a sequence of rectangles

Rn: {(.Tl,l’Q) ERQZQn < < 2n+170<x2 < 1}7
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where n = 0,1,2,.... Clearly, we have

W (2" I (Ry) < J (Rn) <W (2" I (Ry). (6.13)
By Corollary 3.5, we have
1/p 1/p
Neg (V,R,) <1+ C <(2")2p1/ Vpdx> =1+C (2”<2p—1>1 (Rn)) . (6.14)
We say that the rectangle R, is saturated if
nCr=U1(R,) > ¢ (6.15)

where c is a positive constant whose value will be determined below. Denote by o the set
of all indices n for which R, is saturated. For any n € o we obtain, by adjusting the value
of the constant C' in (6.14) and by using (6.13), that

1
Neg(V,R,) < € (2@ V1(R,))"

1/p
on(2p—1)
< CJ(R)YP | =
W (27)
2n21’*11 1/p'
=
< CJ(R)VP [ = >
W (27)p—1
n _ 1/p
1 2 re-t
< CJ(Ry)Y? 2/ —dr
2n=1 W (r) p—1
= C'J(Ra)YPw (Ru_1)Y? . (6.16)
For any n € o denote by m the maximal element of ¢ preceding n (if n is the smallest
element of o then set m = —1) and consider the rectangle
Py = {(z1,22) : 2™ <2y <2",0 <29 < 1} (6.17)
(see Fig. 6).
A
X2
1 -— —
Rm Pn Rn
0 1 2 T m m1 N ntl 1og;<1

Figure 6: Saturated rectangles R,, and R,, and a rectangle P, where the potential V is
sparse.

In particular, P, is empty if R,,_1 is also saturated. Similarly, define P.: choose the
maximal element m from o (or m = —1 if o is empty) and set

P = {(3617902) coml <z <00,0< a9 < 1}.
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If the set o is infinite, that is, ¢ does not have the maximal element, then set Py, = (. If
o is empty then we have Py, = S].

Clearly, we obtain a partition of Si into the following sets: {Py, Rn},c, and Px
(where some of P, may be empty). By construction, the rectangle P, from (6.17) admits
a partition into non-saturated rectangles R with & = m + 1,...,n — 1, which implies
that the potential V is sparse in P, (assuming that the constant ¢ in (6.15) small enough
compared to § from (6.2)). In the same way, V is sparse in Ps. By Proposition 6.5, we
have

Neg(V,P,) < 1+4+C [ V(x)zidx

Py
_ 1/p 2 /v’
n n W ($1)p_1
= 1+ CJ(P)YPw(P)/7. (6.18)

Renaming the constant C’ in (6.16) by C' and combining this inequality with with (6.18),
we obtain

Neg (V; Ry) + Neg (V, P,)

IN

CJ (Ra) P w (Roet) ¥+ 14 CT (P) P (P) 7|
< 20 [J(Ba)Pw (Ra)'7 4 T (P70 (P)7]

where we have used that /
CJ (R)YPw (R,_1)Y? > 1.

Renaming in what follows 2C back to C, we obtain

Neg(V,S1) < > [Neg(V,P,) + Neg(V, Ry)] + Neg (V, Py

neo

< O[T R) P w (Rya)' 4 T (P ()]

neo

FCJ (Ps)YPw (Po) VP 4 1.
Applying the Holder inequality to the sum, we obtain

1/p
Neg(V,81) < 1+C (Z [ (Rp) +J (Po)] + J (Poo)>

neo

1/p
x (Z [w (Rn-1) +w (Fa)] + w (Poo)>

neo
/

< 14207 (S)YPw (Sy)"7

which was to be proved. m

6.3 Negative eigenvalues in R?

Finally, we can prove the main result of this paper.
Proof of Theorem 1.1. Consider the upper half of the disk exterior

Ei={z€C:|z|>1, Imz> 0},
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and the function ¥ (z) = Inz in Ey that is a biholomorphic mapping from E onto the
strip

S:{(xl,x2)€R22$1>0, 0<a:2<7r}

(see Fig. 7).
E.
Inz n

v -
1 N S

1

/ D. Inz

O > 0 >

Figure 7: Conformal mappings from F, and D4 to S

Since the strips S and S are bilipschitz equivalent, the estimate (6.12) of Lemma 6.6
holds also for S, that is,

Neg(V,5) <1+C ( /g VP ()W (21) dx) Up, (6.19)

provided )7\7(7“) is any positive monotone increasing function on [0,+o00) that satisfies
(6.11). Define function W (r) for r > 0 by

W (r) =W (e") e 2=,

where W is a given function that satisfies (1.2). A change r = €! in (1.2) yields

_p_ _p_ _p_
/°° r(logr)»—Tdr /°° e?tr=1dt _/°° tr=1dt
oW Jo o wener Jo Wer
Hence, the hypothesis (1.2) implies that W satisfies (6.11) so that by Lemma 6.6 we obtain
(6.19).
Denoting W (z) = W (Re z) and observing that Jy = |¥’ (2)|* = #, we obtain from
(6.19) and Lemma 2.8 that

1/p
Neg(V,E;) <1+4+C ( VP (z) W (x) dx) ,

Ey

where

W(z) = W((2)|Je(2)]" 7 =W (Inz)|o[**
= VNV(Relnz) |z|2(p*1) = W(ln\zb |Z|2(p71) =W(|2]).

In other words, we have proved (1.4) for E instead of R2.
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Similarly, consider the upper half-disk

D,={zeC:|z] <1, Imz >0}

and the biholomorphic mapping ¥ (z) = ln% from D, onto S. Define the weight function
for r > 0 by

W(T) =W (™) 2= 1r,

Changing r = e~ yields

/1rylogr\p'ﬁ dr_/oo 24771 dt _/°° t7-1 dt
o WwEET o wienrr S wwrr

so that W satisfies (6.11). By Lemma 6.6, we obtain

Neg(V:Dy) <1+0C (/D VP (@)W (x) dx)l/p’

+

where

Wi(z) = W<1n1> |22~
2

w (Reln %) 122D =W <ln %) 122P7D = W (|z2]).

Similar estimates hold for the lower half-disk D_ and lower half of the disk exterior F_.
Partitioning R? into four domains D, D_, E., E_, we obtain by Lemma 2.4

Neg(V)<4+C (/R? %4 (:E)W(|x\)dx)l/p.

Finally, combining this estimate with Proposition 4.7 and adjusting the constant C, we
can replace 4 here by 1, that is

Neg(V)<1+C </R2 1% (m)W(|x\)dm)1/p.

By Proposition 4.7, the form (5‘/, W1’2) is closed, and, hence, its generator Hy is well-
defined as a self-adjoint operator in L?. By Lemma 2.1, Neg (Hy) < Neg (V), whence

(1.4) follows. m
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