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Abstract

The evolution of an individual-based spatial ecological model with dis-
persion and competition is studied. In the model, an infinite number of
individuals — point particles in R? — reproduce themselves, compete, and
die at random. These events are described by a Markov generator, which
determines the evolution of states understood as probability measures on
the space of particle configurations. The main result is a statement that
the corresponding correlation functions evolve in a scale of Banach spaces
and remain sub-Poissonian, and hence no clustering occurs, if the disper-
sion is subordinate to the competition.
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1 Introduction and Overview

1.1 Introduction

Individual-based models of large ecological systems evolving in continuous space
and time attract considerable attention of both mathematicians and theoretical
biologists, see, e.g., [L5-17] and [4-8,24], respectively. In this paper, we study
the model introduced and discussed in [5-8,24] which describes a population
of individuals (e.g., perennial plants) distributed over an infinite habitat, R?
in our case. The individuals are point particles which reproduce themselves,
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compete, and die at random, independently with constant (density-independent)
mortality rate m > 0. The reproduction consists in random (independent)
sending by a particle located at = a seed to point y, which immediately after
that becomes a population member. This process is described by a dispersal
kernel, ay(x,y) > 0. In addition to the independent death each particle can
die under the influence of the rest of population, so called density dependent
mortality. This process is described by a competition kernel, a_(x,y) > 0. The
kernels a1 determine the corresponding rates in an additive way. For instance,
for the particle located at x, the overall density dependent mortality rate is
Zy a—_(x,y), where the sum is taken over all other population members.

In theoretical biology, the mentioned model has appeared in the form of
‘spatial moment equations’, see [5,6]. These are chains of (linear) differential
equations describing the time evolution of densities and higher order moments',
representing ‘spatial covariances’. These equations involve the dispersal and
mortality rates just mentioned. The main difficulty encountered by the au-
thors of those and similar works is that the mentioned chains are not closed,
e.g., the time derivative of the density is expressed through the two-point mo-
ment, whereas the time derivative of the two-point moment is expressed through
the moments of higher order, etc. Typically, this difficulty is circumvented by
means of a ‘moment closure’ ansatz, in which one approximates moments of
order higher than a certain value by the products of lower order moments, e.g.,
the two-point moment is set to be the product of two densities, and thus the
two-point covariances are neglected. The equations obtained in this way are
closed but nonlinear. An example can be the Lotka—Volterra equations with
spatial dependence derived in [6]. At the same time, dozens of such equations of
population biology are introduced heuristically, without employing individual-
based models, see, e.g., Chapter 9 in [31] or [11], where nonlocal models of this
type are considered. As is well-understood now, such equations play here the
role of kinetic equations known in the statistical theory of Hamiltonian dynam-
ical systems. Nowadays, for Hamiltonian systems such equations are derived
from microscopic equations by means of a scaling procedure, see the discussion
in [9] for more detail. We believe that also in population biology, the use of
individual-based models in the appropriate mathematical framework will pro-
vide a more reliable theory of considered systems, and hence will result in deeper
understanding their behavior. In that we mean the following program realized
in part in the present paper. The model dynamics is described on micro- and
mesoscopic levels. On the microscopic level, the dynamics is described as the
evolution of states understood as probability measures on the corresponding
phase space. As in the case of Hamiltonian systems, this evolution can be con-
structed indirectly as the evolution of the corresponding correlation functions.
The mesoscopic description is then obtained by a scaling procedure, in which the
correlation functions converge to ‘mesoscopic’ correlation functions. By virtue
of the scaling procedure, the evolution of the latter functions ‘preserves chaos’,
which means that, at each moment of time, such functions are the products of

1 These moments correspond to correlation functions used in this article.



density functions if the initial correlation functions possess this property. The
corresponding kinetic equation is the equation for the density function. Typi-
cally, this is a nonlinear and nonlocal equation. We refer the reader to [12,14]
for more detail. Generally speaking, the aim of the present paper is to go fur-
ther in developing the microscopic description of the model mentioned above
comparing to what was done in [13,15]. A more specific presentation of our
aims and the results obtained in this article is given in the next subsection, see
also the concluding remarks in Section 6.

As was suggested already in [5], the right mathematical context for studying
individual-based models of ecological systems is the theory of random point
fields in R?. Herein, populations appear as particle configurations constituting
the configuration space

I =T(RY) :={y c R?: |yN K| < oo for any compact K C R }, (1.1)

where |A| stands for the cardinality of A. In the terminology used in the theory
of dynamical systems, I' is a phase space. Noteworthy, along with finite ones I'
contains also infinite configurations, which allows for describing ‘bulk’ properties
of the model ignoring boundary and size effects. If the initial configuration g
is fixed, the system dynamics might be described as a map t — v, € I', which
in view of the random character of the events mentioned above ought to be
a random process. However, for the model considered here this way can be
realized only if ~y is finite. [17] In the present article, we follow the way known
in the statistical theory of large systems [9] in which the system states are
described in terms of probability measures rather than point-wise. Thus, in our
case the states are probability measures on I'. To characterize them one employs
observables, which are appropriate functions F' : I' — R. The quantity

(F, ) = / Fy)(dy)

is called the value of observable I in state p. Then the system evolution might
be described as the evolution of observables obtained from the Kolmogorov
equation

d
7t =L, Fili=0 = Fo, t>0, (1.2)

where the ‘generator’ L specifies the model. The evolution of states is obtained
from the Fokker—Planck equation

== LF o= 1.3
dtut e, ,Ut|t_0 Ho, ( )

related to (1.2) by the duality

<<F0’ Mt>> = <<Fta :u0>>'

However, for the model considered in this article, even the mere definition of
equations (1.2) and (1.3) in appropriate spaces is rather impossible as the phase



space I' contains infinite configurations. Following classical works on the Hamil-
tonian dynamics [3,9,28] one can try to study the evolution po — p; via the
evolution of the corresponding correlation functions. For a measure p and a
bounded measurable A C R, the probability that in state p there is m particles
in A can be expressed through the n-point correlation functions kﬁn) with n > m,
see, e.g., [27]. In particular, for the Poisson measure 7,,, see subsection 2.1.2
below, kgfi)(xl, e, Ty) = 3" for all n € Ny.

In general, the correlation function &, is a collection of symmetric functions
kﬁn) : (RH™ — R, n € Ny, and k,(}) is the particle density. The evolution
ko +— k; is obtained from the equation

d

—k, = L?k kilieo = k 1.4
dt t ty t|t—0 0, ( )

which, in fact, is a chain of equations? for particular k:t("). Here L? is constructed
from L as in (1.2) by a certain procedure. According to our program, the
microscopic description consists in proving the existence of solutions of (1.4) in
appropriate Banach spaces, and in studying their properties. The next step is
to show that these solutions are correlation functions, i.e., are positive definite
in a certain sense, see Proposition 2.1. An important property of k; is being
sub-Poissonian, which means that, for some C' > 0, each kt(n) is bounded by
C™. This property can be guaranteed by the appropriate choice of the Banach
space where one solves (1.4). Note that the increase of kt(") with n as n! (see
(1.7) below), would correspond to the cluster formation due to dispersion. In
the present article, we especially address the question concerning the role of the
competition in preventing such clustering.

1.2 The overview

For the considered model, the ‘generator’ in (1.2) reads

(LE)(y) = Y [m+E (z,y\2)] [F(y\z) - F(7)] (1.5)

rey

+ /. ET(y,7) [F(yUy) — F(v)]dy,

where

Ei('r77) ::Zai('rvy)' (16)

yeY

This is a typical ‘birth-and-death’ generator, in which the first term corresponds
to the death of the particle located at x occurring (a) independently with rate
m > 0, and (b) under the influence of the other particles in vy with rate E~ (x, v\
x) > 0. Here and in the sequel in the corresponding context, we treat each
x € R? also as a single-point configuration {z}. Note that E~(z,~\z) describes

2In the Hamiltonian dynamics, the analog of (1.4) is known as the BBGKY hierarchy.



the interparticle competition. The second term in (1.5) describes the birth of a
particle at y € R? given by the whole configuration v with rate E*(y,v) > 0.
In this article, the model described by (1.5) will be called a spatial ecological
model (SEM). A particular case of SEM is the continuous contact model [22,23]
where a_ = 0, and hence the competition is absent, see also [15].

As was mentioned above, the definition of L as an operator in an appropriate
Banach space cannot be done directly. This, however, can be done for L?
which appears in (1.4). Thus, the basic equation by means of which we study
the dynamics of our model is the Cauchy problem (1.4) in the corresponding
Banach spaces. The main characteristic feature of such spaces is that they
contain only sub-Poissonian correlation functions. Note that for the contact
model, mentioned above, it is known that, [15]

const - nl ¢} < kg") (1,...,25n) < const -nl C}, (1.7)

where the left-hand inequality holds if all z; belong to a ball of small enough
radius. Hence, in spite of the fact that C; — 0 as t — +oo if the mortal-
ity dominates the dispersion (as in (5.11) below), k; are definitely not sub-
Poissonian if a_ = 0. According to Theorem 4.2 below, if, for some 6 > 0, we
have that ay < fa_ pointwise, cf. (3.12), then (1.4) has a unique (classical)
sub-Poissonian solution on a bounded time interval. A solution of (1.4) is the
correlation function of a unique probability measure on I" if it possesses a cer-
tain positivity property. In Theorem 5.4, we show that the solution k;, existing
according to Theorem 4.2, has this property if m dominates ay in the sense of
(5.11).

The rest of the paper is organized as follows. In Section 2, we introduce a
necessary mathematical framework and give a formal definition of the model.
The evolution of correlation functions is studied in Section 4. It is, however, pre-
ceded by the study of certain auxiliary objects, quasi-observables, the evolution
of which is generated by L whose dual, in the sense of (2.25), is L. This is done
in Section 3, where we use a combination of Cy-semigroup techniques in ordered
Banach spaces with an Ovcyannikov-type method, which yields the evolution
of quasi-observables in a scale of Banach spaces on a bounded time-interval, see
Theorem 3.4. The main peculiarity of the evolution ky — k; described in The-
orem 4.2 is that the corresponding Banach spaces are of L>°-type, which forced
us to use a combination of Cy-semigroups, sun-dual to those from Section 3,
with Ovcyannikov’s method. In Section 4, in addition to the classical solutions
of the Cauchy problem for correlation functions and quasi-observables, we also
study the dual evolutions defined in (4.22) and (4.23). Similarly to the usual
Cy-semigroup framework, we obtain that the classical evolution of correlation
functions coincides with the evolution which is dual to the evolution of quasi-
observables, see Proposition 5.6. The results of Section 4 are used for proving
Theorem 5.4 concerning the dynamics of states. Another ingredient of our study
of the dynamics of states is Lemma 5.1 where the dynamics of local densities
is described. Note that the latter evolution might be extended to the evolution
of states supported on finite configurations, that provides an alternative way of



constructing the evolution ~y +— = mentioned above. We expect to realize this
approach in the forthcoming paper. The concluding remark are presented in
Section 6.

2 The Basic Notions and the Model

2.1 The notions

All the details of the mathematical framework of this paper can be found in
[2,15,16, 18,20, 22,23, 25]. Recall that we consider an infinite system of point
particles distributed over R?, d > 1. By B(R¢) and By, (R?) we denote the set of
all Borel and all bounded Borel subsets of R?, respectively.

2.1.1 The configuration spaces

The configuration space I" has been defined in (1.1). Any v € T can be identified
with the following positive integer-valued Radon measure

y(dz) = 6,(dz) € M(R?),

yey

where 4, is the Dirac measure centered at y, and M(R?) stands for the set of all
positive Radon measures on B(R?). This allows us to consider I' as the subset
of M(R?), and hence to endow it with the vague topology. By definition, the
vague topology is the weakest topology in which all the maps

Poym [ fendn) =Y f@), feCo®?,

rey

are continuous. Here Cy(RY) stands for the set of all continuous functions
f : R? — R which have compact supports. The vague topology on I' admits a
metrization which turns it into a complete and separable metric (Polish) space,
see, e.g., Theorem 3.5 in [20]. By B(I') we denote the corresponding Borel
o-algebra.

The set of n-particle configurations in R, n € Ny := NU {0}, is

rO—{0y, TW={ncX:lg=n}, neN
For n > 2, T(™) can be identified with the symmetrization of the set
{(xl, ceyXp) € (Rd)n tx; # xj, ford ;éj} ,

which allows one to introduce the corresponding topology on I'™ and hence
the Borel g-algebra B(I'™)). The set of finite configurations Iy is the disjoint
union of '™ that is,

Io= || .

n&eNp



We endow I'g with the topology of the disjoint union and hence with the Borel o-
algebra B(T'g). Obviously, I'g can also be considered as a subset of I'. However,
the topology just mentioned and that induced on I'g from I' do not coincide.

In the sequel, A C R? will always denote a bounded measurable subset, i.e.,
A € By(RY). For such A, we set

Fh={yeTl:y=yNA}
Clearly, ' is a measurable subset of I'y and the following holds

o= [, =1,

n&eNp

which allows one to equip I'y with the topology induced by that of I'y. Let
B(Tp) be the corresponding Borel o-algebra. It can be proven, see Lemma 1.1
and Proposition 1.3 in [25], that

B(FA) = {FA NY:T e B(F)}
Next, we define the projection
ISy pa(y) =74 :=7NA, A € B,(R?). (2.1)

It is known, cf. page 451 in [2], that B(T') is the smallest o-algebra of subsets
of T such that the maps py with all A € B,(R?) are B(I')/B(I'y) measur-
able. This means that (I, B(I")) is the projective limit of the measurable spaces
(Ta,B(TA)), A € By(R?).

2.1.2 Measures and functions on configuration spaces

The basic examples of measures on I' and I'y are the Poisson measure 7 and the
Lebesgue—Poisson measure A, respectively, cf. Section 2.2 in [2].

The image of the Lebesgue product measure dzidzy - - - da,, in (I'), B(T(M))
is denoted by ¢(™. For s > 0, the Lebesgue-Poisson measure on (T'g, B(Ty)) is

n

DY %0("). (2.2)
n=1 :

For A € By, (RY), the restriction of A, to 'y will be denoted by A2. However, we
shall drop the superscript if no ambiguity arises. Clearly, A2 is a finite measure
on B(T'y) such that AA(T'y) = >N where £(A) is the Lebesgue measure of A.
Then

7= exp(—xl(A))NA (2.3)

el

is a probability measure on B(I's). It can be shown [2] that the family {72} scp, R4
is consistent, and hence there exists a unique probability measure, m,,, on B(T")
such that

™ =m,opyt, A€ By(RY),



where py is as in (2.1). This 7,, is called the Poisson measure with intensity
2 > 0. If 3¢ =1 we shall drop the subscript and consider the Lebesgue—Poisson
measure A and the Poisson measure .

Now we turn to functions on I'g and I'. In fact, any measurable G : Ty —
R is a sequence of measurable symmetric functions G : (RH)® — R. A
measurable F' : I' — R is called a cylinder function if there exist A € By, (R?)
and a measurable G : 'y — R such that, cf. (2.1), F(y) = G(va) for all y € T
By Fey1(I') we denote the set of all cylinder functions.

A set T € B(Ty) is said to be bounded if

N
Tc||r (2.4)

n=0

for some A € By (R%) and N € N. By By,s(I'g) we denote the set of all bounded
measurable functions G : 'y — R, which have bounded supports. That is, each
such G is the zero function on I\ T for some bounded Y. For v € T', by writing
7 € v we mean that n C v and 7 is finite, i.e., n € T'y. For G € Bys(Ty), we set

(KG)(7) =) Gn), ~el. (2.5)

ney

Obviously, K is a linear and positivity preserving map, which maps Byps(T'o)
into Feyi(I'), see, e.g., [18]. In the sequel, we use the following set

Bl (Tg) :=={G € Bys(I'g) : KG#0, (KG)(y)>0 for all yeTI'}. (2.6)

By M} (') we denote the set of all probability measures on B(I') that have
finite local moments, that is, for which

/ [val™p(dy) < oo, for all n € N and A € By, (R%).
r

A measure p € M} (T) is said to be locally absolutely continuous with respect
to the Poisson measure 7 if, for every A € By(R?), u® := po le is absolutely
continuous with respect to 7, cf. (2.3). A measure p on (I'g, B(I'y)) is said to be
locally finite if p(T) < oo for every bounded YT C T'g. By My¢(I'g) we denote the
set of all such measures. For a bounded Y C I'g, let Iy be its indicator function.
Then Iy is in Bps(I'o) and hence one can apply (2.5). For u € M} (T'), the
representation

pu(T) = / (KTx) () () (2.7)

determines a unique measure p,, € Mj¢(I')). It is called the correlation measure
for pr. Then (2.7) defines the map K* : M} (T') — My¢(T) such that K*p = p,,.
In particular, K*m = X. It is known, see Proposition 4.14 in [18], that p, is
absolutely continuous with respect to \ if u is locally absolutely continuous with



respect to 7. In this case, for any A € By,(R?), we have that

A

b =) = [ Frmunmia (28)
A

= [ Fxmuaa. (29

The Radon-Nikodym derivative k,, is called the correlation function correspond-
ing to the measure p. In the sequel, A will be the basic measure on B(I'g), and
we shall tacitly assume that the equalities or inequalities, like (2.9) or (2.11),
hold for A-almost all n € T'y. The following fact is known, see Theorems 6.1 and
6.2 and Remark 6.3 in [18].

Proposition 2.1. Let p € My¢(T'g) have the following properties:

p(0) =1, / G(n)p(dn) >0 for all G € B/ (Ty). (2.10)
o
Then there exist p € Mt (T) such that K*p = p. Such p is unique if
d
Sm<[[c@, ner, (2.11)
zen

for some locally integrable C : R — R .

Here and below we use the conventions

Zqﬁa =0, H’(/Ja = 1.

ach acl
Finally, we mention the following integration rule, see, e.g., [15],
[ Saenemnan = [ [ Hennuoraora.  (212)
To tn Ty JTg

which holds for any appropriate function H if both sides are finite.

2.2 The model

An informal generator corresponding to the SEM is given in (1.5). The com-
petition and dispersion rates E*(z,v) are supposed to be additive, and the
corresponding kernels a4 are translation invariant, see [5]. In view of the latter
assumption, we write them as

ax(z,y) = a*(z —y),

and hence, cf. (1.6),
Ef(z,7) = Zai(m —y). (2.13)

yeY



We suppose that
ot e LY(RY) N L=(RY), at(x) = a®(—z) >0,

and thus set

@)= [ at@n, ] = espa* (o)
R4 zER4

and

EX(n) =Y EF(wn\2)=Y_ > a“(z—y), neTo

TEN TzEN yen\z

By (2.14), we have
E=(n) < la*[lnf*.

For the sake of brevity, we also denote

E(m) =Y (m+E (z,n\2)) =mn| + E(n),

xTEN

where m is the same as in (1.5).

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

Following the general scheme developed in [21] one constructs the evolution
of correlation functions as a dual evolution to that of quasi-observables, which
are functions G : I'g — R. This latter evolution is obtained from the following

Cauchy problem
d ~
%Gt(n) = LGy(n), Gili=0 = Go,

where R
L=K'LK

is the so called symbol of L, which has the form, cf. [15],

L=A+B
with
A=A + A,
(A1G)(n) = —E(m)G(n), (A:G)(n) = RdE+(y7n)G(nUy)dy7
and
B = Bj+ By,
(BiG)(n) = Y _E (z,n\x)G(n\ =),
B = [ L aslo G2

10

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)



Clearly, the action of LonGec Bus(To) is well-defined. Its extension to wider
classes of G will be done in Section 3 below.
For a measurable locally integrable function k : Ty — R and G € By,s(Ty),

we define

(G.k) = g G(n)k(n)A(dn). (2.25)

0

This pairing can be extended to appropriate classes of G and k. Then the
Cauchy problem ‘dual’ to (2.19) takes the form

dky

== L%y,  kily—o = ko, (2.26)

where the action of L? is obtained by means of (2.12) according to the rule
(LG, k) = (G, L™K),

as well as from (2.25) and (2.21)—(2.24). It thus has the form, cf. [15],

LA = A% + B2 (2.27)

with
AR = AD + AD (2.28)

(Aik)(n) = —Emk(m),  (Ak)(n) = > E*(z,n\ 2)k(n\ z),

and

BA = B+ B, (2.29)
B0 = - [ B Gmkauyd
Rd

@0 = [ Stk Ugdn

xen

Of course, like L the above introduced L2 is well-defined only for ‘good enough’
k. In the next sections, we define both operators in the corresponding Banach
spaces.

3 The Evolution of Quasi-observables

3.1 Setting

For oo € R and the measure A as in (2.2), we consider the Banach space

Go := LY (Do, e~ IaN), (3.1)

11



in which the norm is

1Glla = g |G ()] exp(—aln|)A(dn).

Clearly, ||Gllos < ||G|la for o' < s hence, we have that
go// — go/7 fOI‘ O// < O/v (32)

where the embedding is dense and continuous. Now we fix @ € R and turn to
the definition of L in G,, see (2.21)—(2.24). Set

D(A1) = {GeG.:E()G() € Ga},
D(Ay) = {G€eGa:ET()G() € Gal,

where E*(n) are as in (2.16). As a multiplication operator, A; with Dom(4;) =
D(A;) is closed. By (2.12), for an appropriate G, we get

10:6le < [ [ B walGaule ) (33)

= e [ |Gm)le (ZEﬂx,n\x)) A(dn)

Lo TEN
= e |ET()G()la-
Hence, Az with Dom(As) = D(As) is well-defined. Further, we set
D(B)={G € Gy : | |G() € Gu}

Like in (3.3), for an appropriate G, we obtain

HBlG”a

IN

/F S B (2,1 2)|G(n \ 2)le A (dn) (3.4)

0 xzen

e [ (L ) Gl

e a”) g |G (m)le=" A\ (dn),

where we have used (2.15). In a similar way, we get

1B2Glla < (a™) / [9l|G ()l A(d). (3.5)

Thus, the operator B as in (2.24) with Dom(B) = D(B) is also well-defined.
Thereafter, we set

~

Dom(L) = D(A;) N D(As) N D(B). (3.6)

12



For »» > 0 and any n € T'g, we have that
2

1 2
el e < (2 (3.7

ex ex

Then by (3.4) and (3.5)
+ —\,—«
IBG|la < {af) +{a7)e™™
e(a— o)

which holds for any o < a. By the second estimate in (3.7), and by (2.17) and
(2.18), we also get

1Gllar, (3-8)

esssup E(n) exp(—lnl) < M'/%, esssup E*(n) exp(—selnl) < M /2,
nelo nelo
(3.9)

which holds for any » > 0 and some positive M’ and M"”. Thus, we have proven
the following

Lemma 3.1. For each o/ < «, the expressions (2.21)—(2.24) define a bounded
linear operator acting from G, into G, which we also denote by L, such that
the corresponding operator norm obeys the estimate

IZ e < M/(a - a')?, (3.10)

for some M > 0. Furthermore, the same expressions and (3.6) define an un-
bounded operator on G, such that, for any o < a,

~

Gor C Dom(L). (3.11)

Definition 3.2. By a classical solution of the problem (2.19), in the space
G, and on the time interval [0,7), we understand a map [0,7) 3t — G; €

~

Dom(L) C G, continuous on [0,7") and continuously differentiable on (0,T),
such that (2.19) is satisfied for ¢ € [0,T).

~

Remark 3.3. In view of (3.11), the condition G; € Dom(L) can be verified by
showing that the solution G; belongs to G,, for some oy < a.

3.2 The statement

The basic assumption regarding the model properties which we need is the
following: there exists # > 0 such that, for almost all z € R?,

at(x) < fa” (z). (3.12)
For o* € R and a, < o, we set

(@) + (oo

(3.13)

* —

13



Theorem 3.4. Let (3.12) be satisfied. Then, for every o € R such that
e <1, (3.14)

and any a,. < «F, the problem (2.19) with Gy € G,, has a unique classical
solution in Go~ on the time interval [0,T.) with T, given in (3.13).

The main idea of the proof is to obtain the solution as the limit in G, of

the sequence {Gg")}neNO which we obtain recursively by solving the following
Cauchy problems

d n n n— n
%GE V= AG™M +BG"Y, G imo = Go, neN, (3.15)

and J
%Ggm =AGY", G =G, (3.16)

where A and B are given in (2.22) and (2.24), respectively. The reason to split L
as in (2.21) is the following. In view of (3.8), B acts continuously from a smaller
Go» into a bigger G, cf. (3.2). The fact that the denominator in (3.8) contains
the difference oo — @’ in the power one allows us to employ Ovcyannikov’s type
arguments, see e.g., [30]. However, this is true only for B but not for A, cf. (3.9)
and (3.10). In Lemma 3.6 below, we prove that, under the assumption (3.14),
A is the generator of a substochastic analytic semigroup®. Combining these
facts and employing standard results of the theory of inhomogeneous differential
equations in Banach spaces, we prove the existence of ng), n € Ny, and then
the convergence G,E”) — G4. The uniqueness is proven by showing that the only
classical solution of the problem (2.19) with the zero initial condition is G; = 0.

In the proof of Lemma 3.6 below we employ the perturbation theory for
positive semigroups of operators in ordered Banach spaces developed in [29].
Before stating this lemma we present the relevant fragments of this theory in
the special case of spaces of integrable functions. Let E be a measurable space
with a o-finite measure v, and X := L' (E — R, dv) be the Banach space of
v-integrable real-valued functions on X with norm ||||. Let X be the cone
in X consisting of all v-a.e. nonnegative functions on E. Clearly, ||f + g|| =
Il fIl + [lg|| for any f,g € X+, and this cone is generating, that is, X = X+ —
X*. Recall that a Cp-semigroup {S(t)}+>0 of bounded linear operators on X
is called positive if S(t)f € XT for all f € XT. A positive semigroup is called
substochastic (corr., stochastic) if ||S#)f| < ||fIl (corr., |[S@)fIl = ||f|]) for
all f € XT. Let (Ao, D(Ap)) be the generator of a positive Cy -semigroup
{So (t)}+>0 on X. Set DT (Ag) = D(Ap) N XT. Then D(Ay) is dense in X, and
DT (Ap) is dense in X*. Let P : D(Ag) — X be a positive linear operator,
namely, Pf € X+ for all f € DT (Ag). The next statement is an adaptation of
Theorem 2.2 in [29].

3Which is the only reason of imposing (3.14).
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Proposition 3.5. Suppose that, for any f € DT (Ay),

[ ((a+P)1) @) () <o (3.17)

Then, for all v € [0,1), the operator (AO + rP,D(AO)) is the generator of a
substochastic Cy-semigroup in X .

Now we apply Proposition 3.5 to the operator (2.22).

Lemma 3.6. Let 6 and o* be as in (3.12) and (3.14). Then, for any a < o,
the operator A given by (2.22) with Dom(A) = D(Ay1), is the generator of a
substochastic analytic semigroup {S(t)}i>0 in Ga.

Proof. We apply Proposition 3.5 with E =Ty, X = G, asin (3.1), and Ag = A4;.
For r > 0 and Ay as in (2.23), we set P = r~1Ay. The cone G contains all
nonnegative elements of G,. For such Ay and P, and for G € G N D(A;), the
left-hand side of (3.17) takes the form, cf. (3.3),

— | En)G(n)exp(—aln|)A(dn)

To

[ ] B G ug) esp(-alal)ds(an)
0 a

- / (=E(n) + e B* (1)) G () exp(—alnl)A(dn).

For a fixed a < o*, pick 7 € (0,1) such that r—te*§ < 1, cf. (3.14). Then, for
such « and r, we have

/F (=E(n) + L E* (1)) G(n) exp(—aln))A(dn) <0,

which holds in view of (3.12) and (2.16), (2.18). By (3.3) and (3.12), we have
|A2G |0 < e¥0)|A1G||w- (3.18)

This means that r=1A,; : D(A;) — G,. Since r~1Aj is a positive operator,
cf. (2.23), by Proposition 3.5 we have that A = A; + Ay = Ay + r(r~14y)
generates a substochastic semigroup {S(t)};>0. Let us prove that this semigroup
is analytic.

For an appropriate ¢ € C and the resolvents of A and A;, we have

R(¢, A) = R((, Ar) Z Q" (<), Q(C) == A2R(C, Ar). (3.19)
n=0
For G € G,

Qa0 = | B {y.n)

— 27 G dy.
i CFE(qUy) C I
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Thus, for Re¢ =: ¢ > 0, by (2.12) we obtain

Qe = [ [ 660 e

= [ﬂ%exp —aln| + @) <2E+$77\ > A(dn)

xren

o [ IGwl
< g [ B esp(al) )

IN

0e(|Gla

where we have taken into account (2.16) and (3.12). Note that the latter esti-
mate is uniform in ¢. We use it in (3.19) and obtain
1

IR(¢, A < = IR, Al (3.20)
For ( = o +ir with ¢ > 0 and 7 # 0, readily ||R(¢, 41)G|la < |7|7Y|G]la-
Employing this estimate and (3.20) we get

1

) «c 1
|R(o +ir, A)|| < T = en)

Then we apply Theorem 4.6 of [10] page 101, and obtain the analyticity of
{S(t)}+>0, which completes the proof. O

As a corollary, we immediately get the solution of the problem (3.16) in the
form
G =8t)Gy, t>0,

from which we see that G,EO) € G,, since Gg € G,,, and the map t — G§°) is
continuously differentiable on (0, +00).

Proof of Theorem 3.4. Let a, and a* be as in the statement of the theorem, and
then let T, be as in (3.13). Now we fix n € N in (3.15) and take a € (a*, ).
Set

O — Oy
T:

T, = (o — ax)/n, —antle, 1=0,...,n. (3.21
P p—— e=(a—ay)/n ap = oy + e n. (3.21)
By (3.8), we have

n
||BHOZL—104Z < Ea
where || B||a,_; o, stands for the norm in the space of all bounded linear operators
from G,,_, to G,,. For Il =1,...,n, let us consider the Cauchy problem (3.15)

in Go,, ie.,

I=1,...,n, (3.22)

ic“ AGY + BGIY G0 = Go. (3.23)
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Assume that G,gl*l) € Ga,_, is continuously differentiable on (0,+00). Note

that this assumption holds true for [ = 1. Then, by (3.22), BGgl_l) € Gy, is
continuously differentiable, and hence locally Holder continuous on (0, +00) and
integrable on [0, 7], for any 7 > 0. By our Lemma 3.6 and Corollary 3.3, page
113 in [26], this yields that the problem (3.23) on the time interval [0, +00) has
a unique classical solution in G,,, given by the formula

t
GV = S(t)Gy + / S(t — s)BGUVds. (3.24)
0

By the very definition of a classical solution, it is continuously differentiable on
(0,400), and hence we can proceed until [ = n. Reiterating (3.24) we obtain

n t s ti—1
o = S(t)Go-i-Z/ / / S(t—t1)B (3.25)
= Jo Jo 0

XS(tl — tQ)B s S(tl_l — tl)BS(tl)Godtl s dtl.

Note that Gg") € Gy and o = an, o, = g, see (3.21). From the latter
representation we readily obtain

t t1 thn—1
n n—1
16 — G Ve < [Golla. / / / IBllogar  (3.26)

X1 Bllavas - | Blla,_ya, dt1 - - dtn

L onym (t\"

— (= = G

1) (7) e
where we have used (3.22) and the fact that ||S(¢)]] < 1 for all ¢ > 0, see
Lemma 3.6. For any t € [0,T), the right-hand side of the latter estimate is
summable in n; hence, {ng)}neNO is a Cauchy sequence in G,. Its limit G; is

an analytic function of ¢ on the disc {¢t € C: |t| < T'}, and thus is continuously
differentiable there. Since G; € G, we have

Ay

~

Gt € DOHI(L) - ga*a

see (3.6), (3.11), and also (3.18). For any o’ € (a, a*], by (3.15) the sequence
{ngn)/dt}neNo converges in G, to LGy, where we consider L as a bounded
operator from G, to G,, cf. Lemma 3.1. Thus, G; is a classical solution of
(2.19).

Now we prove the stated uniqueness. Let ét € Go+ be another solution of
the problem (2.19) with the same initial Gy € G,,, which has the properties
stated in the theorem, i.e., which exists for every a* > a. on the corresponding
time interval. Then, as above, one can show that G; is analytic at ¢t = 0, and

dn

~ dn -
- = — _o=L" -
pTm Gili=o prm Gili=o Go € Gar,
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where L" is considered as a bounded operator from G,, to G,+, the norm of
which can be estimated by (3.10). Since the above holds for all n € N, both

solutions ét and G; coincide. O

Remark 3.7. From the proof given above one readily concludes that the evolu-
tion described by the problem (2.19) takes place in the scale of spaces {Ga }ac[a. o]
in the following sense. For every t € (0,7 ), there exists a; € (., a*) such that
the solution G lies in G, C Gox.

4 The Evolution of Correlation Functions

4.1 Setting
For the Banach space G, (3.1), the dual space with respect to (2.25) is

Ko ={k:To—=R:|klla <0}, (4.1)
with the norm, see (2.25),

k]l = esssup |k(n)| exp(aln]). (4.2)
n

€l

For o < o/, we have ||k||or < ||k|los ; and hence, cf. (3.2),
Ko = Ko, for o” < o'. (4.3)

The above embedding is continuous but not dense. In the sequel, we always
suppose that (3.12) and (3.14) hold, and tacitly assume that oo < o* for each «
we are dealing with. For such an «a, let A be defined on G, by (2.22), and let
A* be its adjoint in I, with

Dom(A*) = {k € Ko : Ik € Ko VG € D(A) (AG, k) = (G, k)}.
Then, for A* and A defined by (2.28), we have
Ak = A%k = ADk + A5k,

which holds for all £ € K, such that both AlA and AQA map into K. Let Q,
stand for the closure of Dom(A*) in || - ||o. Then, cf. (3.11),

Q, := Dom(A4*) D Dom(4*) D Ky, for any o/ > a. (4.4)

The latter inclusion in (4.4) follows from (3.9) and the next obvious estimates:

|ADElo < |lkllar esssup E(n) exp (—(o/ — a)lnl) , (4.5)
nelo
|ASklla < esssupe Y " EF(z,n\ 2)|k(n \ 2)]
nelo TEN

IN

[E]lare® esssup B (n) exp (—(a’ = a)ln]) .
n€lo
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Noteworthy, 9, is a proper subspace of K.

Let {S(¢)}t>0 be the semigroup as in Lemma 3.6. For every ¢ > 0, let
S©(t) denote the restriction of S(t)* to Q,. Since {S(t)}+>0 is the semigroup
of contractions, for k € Q, we have that, for all ¢ > 0,

ISC @)kl = 115" (O)klla < lIka- (4.6)

For any o/ > « and t > 0, in view of (4.3) we can consider S®(t) as a bounded
operator from K, to K, for which by (4.6) we have

1S9 lara <1, t>0. (4.7)
Proposition 4.1. For every o' > « and any k € K+, the map

[0,4+00) Dt SO(t)k € Kq
18 continuous.

Proof. By Theorem 10.4, page 39 in [26], the collection {S®(t)}:>0 constitutes
a Cp-semigroup on Q,, which in view of (4.4) yields the proof. O

By Theorem 10.4, page 39 in [26], the generator of the semigroup {S®(¢)}+>0
is the part of A* in Q,, which we denote by A®. Hence, by Definition 10.3,
page 39 in [26], A® is the restriction of A* to the set

Dom(A®) := {k € Dom(A*) : A*k € Q,}. (4.8)
For o/ > «, we take o € (a,a’) and obtain by (4.5) that
A Ko — Karr.

Hence, for any o’ > a,
Dom(A®) D K. (4.9)

We recall that each k£ may be identified with a sequence {k(") Fnen, of symmetric
k™ e L (RY™), k@ € R. Put ¢ = [[k™)]| Lo (gnay, ¢© = [k(O]. Then
(4.2) can be rewritten in the form

lk||o = sup qg™Mene.
n€eNg
Set, cf. (2.29),

D(BA) ={k e K, : sup ng™e*™ < oo}
nENp

Then, see (2.13),

1Bkl

IN

sup ¢ Ve sup / E™(y,n)dy
n€Ny ner) JRd

= (a”) sup ng" Ve < e(a”) sup ng™e ™,

n€Ng n€Np
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| BSk||lo can be estimated in the same way, which then yields

1Bk < (<a+> + <a*>e*a) sup ng™eo™. (4.10)

neNp

Hence, B2 maps D(B?) into K. Let (B*, Dom(B*)) be the adjoint operator
to (B,Dom(B)). Then B*k = B2k for k € D(B*), and

Dom(B*) D D(B*) D Ky, for any o > a. (4.11)
The latter inclusion follows from the estimate, cf. (3.8) and (3.22),

(@) +(a")e®

BYlaa <
|| HOZD& — 6(0/—06)

, (4.12)
which can easily be obtained from (4.10). Now we can define L> as an operator
in IC,. Namely, we set
LA = A®4 B2, (4.13)
Dom(L?) = Dom(A®)ND(B?).
By (4.9) and (4.11), for any o’/ > a we have
Dom(L?) D Ky

4.2 The statement

Theorem 4.2. Let 0, a,, a*, and Ty be as in Theorem 3.4. Then for every
ko € Ko, the problem (2.26) has a unique classical solution in K, on the time
interval [0,T}).

Proof. Let kg € Ko+, o € (s, ), n € Ny and [ = 1,...,n be fixed. Consider

Kl(tﬂfh e ,tl) = SQ(t - tl)B*SQ(tl - tQ)B* T Se(tl,1 - tl)B*SQ(tl)ko,
(4.14)
where the arguments (¢,¢1,...,%) belong to the set

To={(tt1,...,t1): 0< < -+ <ty <t} (4.15)
In (4.14), we mean that the operators act in the following spaces, cf. (4.7),
SOM) 1 Kag = Kayy  SO(ti—s — tist1) : Kagy = Kaperrr s=1,...,1,

and, cf. (4.12),
B*: Koy, , 7> Kooy s=1,...,L (4.16)

Here, for a positive § < a* — «, we set

s = af — H_%(S — s€, e=(a" —a—10)/l, (4.17)
1
Q2541 = O‘*fj_tlé*sea 510,1, al



Note that ap = o* and a9 11 = a, and hence K;(t,t1,...,t) € Kq. In view of
Proposition 4.1 and (4.12), K] is a continuous function of each of its variables on
(4.15). Furthermore, it is differentiable in ¢ € (0, +00) in every K./, & € (., @),
and the following holds, cf. (4.8) and (4.9),

d
aKl(tvtlv s 7tl) = AQKl(t7t17 s 7tl)'

Now we set

n t  pty ti—1
™ = 59 (t)ko + Z/ / Ki(t,t, ... t))dty - dt. (4.18)
= Jo Jo 0

For
Ts = ——T,, (4.19)

the function [0,7T5) > t — kt(") € K, is continuous, whereas (0,T5) > ¢t — kt(n) €
Ko is differentiable, and the following holds, cf. (3.23),

d n n x7.(n—1 n
kM = Ak + BV, k"o = ko. (4.20)

For T < T, let us show that there exists @ € (as, a*) such that the sequence
{kﬁ")}neN converges in K, uniformly on [0, T]. For this T', we pick o € (., o)
and a positive § < o — « such that also T' < Ty, see (4.19). As in (3.26), for

t € [0,7] we get
t pty tn—1
/ / / 1Kot tr, . tn)||adty - - dty
0o Jo 0

™" n
Mo llar TT 1B s
’ s=1

15 = ko

IA

where we have taken into account (4.7) and (4.16), (4.17) with I = n. Then by
means of (4.12) we obtain

_ T rn\™ o —« "
() _ p(n=1) N (7) e S kol o+ 4.21
Y =k < () (e ) Moo (421

- 2 (%" (%) 1ol

which certainly yields the convergence to be proven. Now we take o' € [a, @)
and obtain the convergence of both sides of (4.20) in K, where both operators
are considered as bounded operators acting from K, to K, see (4.7) and (4.12).
This yields that the limit k, € Ky, of the sequence {k,gn)}neN solves (2.26) with
LA given by (4.13). O

IN
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Remark 4.3. From the proof given above one concludes that the evolution de-
scribed by the problem (2.26) takes place in the scale of spaces {Ka}ae[a*’m]
in the sense that, for every ¢t € (0,7%), there exists a; € (a, @) such that the
solution k; lies in IC,,, C Kq,.

4.3 The dual evolutions

Recall that the duality between correlation functions and quasi-observables is
established by the relation (2.25).

Definition 4.4. Let ., o, T, be as in Theorem 3.4, and for Gy € G,,, let G
be the solution of the problem (2.19). For a given kg € K+, the dual evolution
ko +— kP is the weak*-continuous map [0,7%) > t — kP € K,, such that, for
every t € [0,T%), the following holds

(Gt ko) = (Go, kD). (4.22)

Likewise, for kg € K.+, let k; be the solution of the problem (2.26), see The-
orem 4.2. For a given Gy € G,,, the dual evolution Gy + GP is the weak-
continuous map [0,7}) > t — GP € G, such that, for every ¢t € [0,T), the
following holds

(Go, k) = (GP, ko)) (4.23)

Note that the solution of (2.26) need not coincide with k2, and similarly, the
solution of (2.19) need not be the same as GP. It is even not obvious whether
such dual evolutions exist since the topological dual to K, is not G,,.

Theorem 4.5. For any Gy € G,, and any kg € Ku+, the dual evolutions
ko — kP and Gy — GP exist and are norm-continuous.

Proof. First we prove the existence of k. For a given kg € K,- and a fixed
n € N, let a, 4, and [ be as in the proof of Theorem 4.2. Set

KP(t,t1,...,t)) = SOt)B*S®(t;_1 —t;)B*---S®(t; — to)B* (4.24)
xSO(t — t1)ky,
where the above operators act in the following spaces
SO(ts —tey1) 1 Koy, = Kagoyyr  s=0,1,...,0—1,
SOt —t1) : Koy = Kays SO(t) : Koy = Kagis s

and B* act as in (4.16). The numbers «; are given by (4.17). Then we set, cf.
(4.18),

ti—1

n t t1
kD™ = SO ko + Z/ / KP(t,ty, ... t)dty---dt;.  (4.25)
=1 70 JO 0
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Exactly as in the proof of Theorem 4.2 we obtain, cf. (4.21),

1 /nNn /[ T\"
D.n Dn—1
e N (T5> kollar

which yields that the sequence {k }neN converges in IC, uniformly on [0, 7.
Hence its limit, which we denote by k[, is a norm-continuous function from
[0,T%) to Ky, and K, — K,,.. Note that kP € K., where oy € (s, a®), cf.
Remark 4.3.

For every G € G,,, the map K,, 3 k — (G,k)) € R is continuous. Since
each K in (4.25) is in K,,, we have, cf. (4.24),

<<Go,/0t /Otl .../Otl_lKlD(t,tl,...,tl)dtl...dtl>> (4.26)
/ / / (Go, KP (t,t1,...,t)))dty - dt
/ / / S(t —t1)BS(t1 — t2)B

- X S(tl,1 — tl)BS(tl)GQ, k‘o»dtl s dtl.

Thereafter, by (4.25) we obtain, cf. (3.25),
(G, k™) = (G ko),

which holds for all ¢ € [0,T,) and n € N. Passing here to the limit n — oo and
taking into account the norm convergences ng) — Gy, see Theorem 3.4, and

kP — kD established above, we arrive at (4.22).
To prove (4.23), for t € [0,7T%) and n € N, we consider, cf. (4.24),

n t  pt1 ti—1
GP™ = S(H)Gy + // /
: o> [ [

XS(tl,1 — tl)B s S(tl — tg)BS(t — tl)Gthl s dtl.

As in the proof of Theorem 3.4, we show that the sequence of G?’", n €N,
converges in G+, uniformly on compact subsets of [0,7%). Let GP be its limit.
By the very construction, and due to the possibility of interchanging the inte-
grations as in (4.26), we get

(GP™ ko) = (Go, k™),

where kt(") is the same as in (4.18). Passing here to the limit n — oo we arrive
at (4.23). O

Remark 4.6. As in Remark 4.3, from the above proof we conclude that, for each
€ (0,T.), there exists oy € (v, a*) such that GP € G,, C Gor.
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5 The Evolution of States

Theorem 4.2 does not ensure that the solutions k; are correlation functions.
Below we prove this holds under the condition (5.11). Recall that we also
assume (3.12).

5.1 The evolution of local densities

Let a measure u € M} (T') be locally absolutely continuous with respect to the
Poisson measure 7. In that, for each A € By,(R?), the projection u” is absolutely
continuous with respect to 7, and hence to A*, cf. (2.3). Consider

dp

W(U), n € L. (5.1)

RM(n) :==1r, (n)

Clearly, R" is a positive element of the Banach space L'(T'g,d)\) of unit norm.
We call it a local density. The measure p is characterized by the correlation
measure (2.7), and thus by the correlation function (2.8) which can be written
in the form (2.9), cf. Proposition 4.2 in [18],

KA () = k(n)l, () = / RMyUENdE), el (5.2)

Note that k* = kM, .

As in [19], we say that a probability measure u on B(T") obeys Dobrushin’s
exponential bound with a given a > 0, if for any A € B, (R?), there exists
CA > 0 such that

/F exp(aln])u® (di) < Ca. (5.3)

For o > 0, we set
ba(n) = exp(aln]),  n€To. (5.4)
Clearly, if 1 obeys (5.3) with a given a > 0, then, for all A € By, (R?),
RM € Ry := LY(Tg, bad)). (5.5)

In this subsection, we study the evolution of local densities in the space R.
As was mentioned above, we cannot define L as given in (1.5) on any space

of functions F' : I' — R. However, it is possible to do in the case of bounded

measurable functions F : T’y — R, i.e., on the space L> (T, d)\). Set

E(n) = E(n) + (a*)nl,  n €T (5.6)

Then we rewrite (1.5) in the following form

(LF)(n) = -EmFMm)+> (m+E (z,n\z))F (n\x)

xren

—|—/ Et(z,n)F(nUz)dx, n €. (5.7)
R

d
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Let R € L' (T'g,d)\) be such that ZR € L' (I'g,d\). For such R and for any
F € L™ (Ty,d\), by (2.12) we get

/ (LF) (n) R(n)dA(n) = */ = (n) F (n) R (n) dX (n)
To To
+/F /Rd(m+Ei(l’,n))F(T})R(nUx)dsz (77)

+ [ DY Ef(zn\z)F () R(n\x)dA(n).

Lo TEN

Next, we define the following operator in L (T, d)\)
(L'R)(m) = (AoR)(n) + (BR)(n) := ~E(n)R(n) (5.8)

+ /Rd(m +E~(y,n)R(nUy)dy + Y E*(x,n\ 2)R(n\ ),

xeEN

with
Dom(L') = {R € L'(Ty,d)\) : ER € L' (T'o,d\) }. (5.9)

Then, for any F' € L>® (T, d\), we have
/ LF-Rd\= [ F-L'Rd. (5.10)
To To

Lemma 5.1. Suppose that the following condition be satisfied
m > (a™). (5.11)

Then the closure of LT given in (5.8) and (5.9) is the generator of a stochastic
Co-semigroup {ST(t)}+>0 of bounded linear operators in L*(T'y,d\), which leave
invariant each R, with a < logm—log(a®). Moreover, the restrictions S}, (t) :=
St(t)|r., t >0, constitute a positive Cy-semigroup in R, the generator Ll of
which is the restriction of (LT,Dom(LT)).

As in Section 3, we employ the perturbation theory for positive semigroups
developed in [29]. To proceed further, we need some facts in addition to those
preceding Proposition 3.5. Recall that X stands for L'(E, dv).

Let p € Ll (FE,dv) be such that p := essinf,ep p(x) > 0. We consider
the Banach X, := L' (E,pdv) with norm [, Clearly, X, — X, where
the embedding is dense and continuous. The latter follows from the fact that
IfI <p~ "I £, for all f € X,. Next, for X := X, N X* we have that X is
dense in Xt and X, = X — X . Note that, [|f +gll, = [fl, + [lg]l,, for any
fge X,

Let (Ao, D(Ap)) be the generator of a positive Co-semigroup {So(t)}i>0 of
contractions on X. Then we set Sp (t) = So(t)|x,, t > 0, and assume that the
following holds:
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(a) The operators Sy (t), t > 0, leave X, invariant.
(b) {So (t)}+>0 is a Co-semigroup on X,.

By Proposition 11.2.3 of [}O], the generator Ay of the semigroup {Sp (t)}¢>0 is
the part of Ag. Namely, Agf = Apf on the domain

D(Ag) ={feD(A)NX,: Aof € X,,}.

Set D (Ag) = D(Ay) N X, . The next statement is an adaptation of Proposi-
tion 2.6 and Theorem 2.7 of [29].

Proposition 5.2. Let conditions (a) and (b) above hold, and —Aq be a positive
linear operator in X. Suppose also that, cf. (3.17),

/E((Ao +P)f) (z) v (dz) =0,

where P is such that P (D(/lo)) C X,. Finally, assume that there exist ¢ >
0,e > 0 such that, for all f € DT (Ay), the following estimate holds

[P sy @p@vian <c [ 1@ p@ v +e [ (dof (2)w(do).
E E E

Then the closure (A,D(A)) of the operator (Ao + P, D (AO)) is the generator
of a stochastic semigroup {S (t)}+>0 on X. This semigroup leaves the space

X, invariant and induces a positive Co-semigroup, S (t), on X, with generator
(A, D(A)), which is the restriction of (Ao + P, D (Ag)) on X,. Moreover, the
operator (A, D(A)) is the closure of (A, D(A)) in X.

We shall use the version of Proposition 5.2 in which Ag is a multiplication
operator. Let a : E — Ry be a measurable nonnegative function on E. Set

(Aof) (@) = —a(a) f(z), z€B, D(Ag):={f€X:af€X}.

Clearly, —Ajg is a positive operator in X. Then, by, e.g., Lemma I1.2.9 in [10],
(AO,D (Ao)) is the generator of the Cy-semigroup composed by the (positive)
multiplication operators Sy (t) = exp {—ta (z)}, t > 0. For any f € X,, we have
1S0(t) fllp < || f|lp; hence, Sy (t) leaves X, invariant. By, e.g., Proposition 1.4.12
and Lemma I1.2.9 in [10], the restrictions Sy (¢) := So(t)|x,, t > 0, constitute a
Co-semigroup in X, with generator Ay which acts as Agf = Ao f on the domain

D(Ag) ={fe€X,:af € X,} C D(Ap).

Lemma 5.3. Let P: D(Ag) — X be a positive linear operator such that

/ (PF) (2) v (dx) = / a(e) f(@)v(dz), feD*(A).
E

E
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Suppose also that there exist ¢ > 0, > 0 such that, for all f € Dt (Ay), the
following holds

/ (PS) (@) p () v (dx) < / (c+a(@)) f () p () v (de)
FE

E

- a/Ea(x) F(2)v (dz). (5.12)

Then the statements of Proposition 5.2 hold.

Proof. To apply Proposition 5.2 we should only show that P (D(Ao)) C X,.
Let us show that it follows from (5.12). Indeed, for f € D(Ag), we have that
both f and af are in X,. Set f* = max{f;0}, f~ = —min{f;0}. Then
[t e X and |f%] < |f|, which yields af* € X,. Hence, f* € D*(4), and
therefore, by (5.12),

[ (5 @ p @y ) < o 613

Since f = fT — f~ and P is positive, we have by (5.13)

IPfls, = [IPFO@) - (P @]y (o)
L@@l + 1) @l)p @)

[ (@) @)+ (P17 @) ) ) < o

IN

Proof of Lemma 5.1. For any R € Dom(L"), by (2.12), we have

(BR) ()| \(dn) < / / (m+ E~(z,1)) |R (n U )| dA (dn)
Ty Ty JRE

+ | D ET (@ \2) R\ )| A(dn)

Lo TEN

/F = () |R ()| A (dn) < oo.

Then B : Dom(L") — L (Ty,d)). Clearly, B is positive, and by (5.10) we have
that, for any positive R € D (Ap),

[ @m = [ @ romaan =o

To

and hence,

/ (BR) (n) A (dn) = / = () R (n) A (d) .
T'o

o
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Now we apply Lemma 5.3 with P = B and p = by > 1, cf. (5.4). Recall, that
Ay is given by (AgR) (n) = —E () R (n) on the domain

D(Ag) ={R € L' (Tg,bad)) : ER € L' (T, bo d\) } .

Then, for any 0 < R € D(Ay), we have
[ R )b ) M)
= /F (L'R) (1) ba (1) A (dn) + / Z(n) R () ba (0) X (dn)

Lo

= [ R(m) (Lha) (m) A (dn) + / = (1) R (1) be () A (d)

o To

where we have used (5.10) both sides of which are finite, see (5.14) below.
According to Lemma 5.3, we have to pick positive ¢ and ¢ such that

/F (Lba) () R () A (dn) < / (cbo () —<E(M] R A(dm),  (5.14)

To
holding for any positive R € D(4g). By (5.7) and (2.18), we get
(Lba) (n) = =E(n)e" + e E (1) + e (™) n].
Hence, (5.14) holds if, for (A-almost) all n € T'y, we have that
el () + e le ()] < (e 2 ) e —e2(0),
which is equivalent to
eE(m) e M+ (¢* = 1)((aF)n] — e “E(n)) < e (5.15)

For a given o > 0 and any ¢ > 0, by (5.6), (2.18), (2.17), and (3.7), it follows
that
e2(me M <e,  mely,

for some € > 0. Next, by (2.18) the second term in the left-hand side of (5.15)
is non-positive whenever (a*) < e~*m, which holds for sufficiently small o > 0
in view of (5.11). O

5.2 Dual local evolution

Our aim now is to construct the evolution dual to that of R* — S (t)RA
obtained in Lemma 5.1. Let F, be the dual space to R, as in (5.5). It is a
weighted L> space on I'g with measure A and norm

[ F'l|o = esssup [F'(n)|exp(—aln|). (5.16)
nelo
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Let EL be the operator dual to Lf = Lf|z_ as in Lemma 5.1. Then the action
of L, is described in (1.5). Let us show that, for any o’ < a,

For C Dom(L}). (5.17)
By (5.16) we have that [F'(n)| < || F||o exp(c/|n]). Then

ILLF o < IIFIIafesseSfu (E(n) + (a®)Inl) exp (—(a = a')In])
nelo

+e" " ||F||ar esssup E(n) exp (—(a — ') |n])
nelo

+ e || Fllar esssup(a™) [n] exp (—(a — a)|n]),
n€lo

which can be rewritten in the form
ILLF o < [[Fllar (14 ) Ay (@ = o) + [[Fllar (1 +e™)A_(a —a/), (5.18)

where, for 5 > 0,

Ay (B) = esssup(ay)lnle M,
nelo

A_(B) = esssupE(n)e P,
nelo

Let L, stand for the closure of Dom(i];) in F,. Note that £, is a proper
subspace of F,. Set

L9 ={F eDom(L}): LI F e £,}.

For ¢ > 0, let 59 (t) be the restriction, to L, of the operator dual to S (¢). By
Theorem 10.4 in [26], the operators 553 (t), t > 0, constitute a Cp-semigroup on
L., generated by ZL\LQ. The latter operator, which is the part of ZL in Lg,
will be denoted by L2. Note that, in view of (5.17) and (5.18), for any o/ < a,
the action of L on F € F,/ is given by (1.5). Moreover, for any o/ < o/ < a,
L2 acts from Fov to Far, both considered as subsets of £2.

For o/ < a and Fy € F,r, we set

F, = S9(t) Fo, t>0. (5.19)

Then, see, e.g., page 5 in [26],

t
F,=F, +/ LOF,ds. (5.20)
0
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5.3 The main statement

We recall that any k € K, is in fact a sequence of k(™ e L>®((R%)"), n € N,
such that

sug eo‘"||k(")||Loo((Rd)n) < 00, a €R,
ne

see (4.1) and (4.2). By Proposition 2.1, such k € K, is a correlation function of
a unique g € M}, (T') whenever k() = 1 and

(G, k) >0, for all G e Bl (Iy), (5.21)
see (2.6) and (2.10). For a € R, we set
Ma(T) = {1 € My, (T) : Ky € K},
where p and k, are as in (2.8).

Theorem 5.4. Let 0, a., o, and T, be as in Theorem 3.4. Let also (5.11)
hold, and let kg € Ko+ be the correlation function of ug, and k; be the solution
of (2.26) with ki|t=o = ko, as in Theorem 4.2. Then, there exists pu; € Mg, (T)
such that k,, = k¢. In other words, the evolution ko — k; uniquely determines
the evolution of the corresponding states

M- (T) 3 o = 1y € Mo, (T),  ¢>0.

Proof. The main idea of the proof is to show that k; can be approximated in
a certain sense by a sequence of ‘correlation functions’, for which (5.21) holds.
To this end we use two sequences {A,, }nen C Bp(RY) and {N;}ieny € N. Both
are increasing, and {A, },en is exhausting, which means that each A € By, (R?)
is contained in A,, with big enough n.

Given pog € Mgy-, let kg € Ko+ be such that k,, = ko. Recall that this
means that the projections p are absolutely continuous with respect to \, see
(2.8) and (5.1). For this pg, and for A, and N; as above, we set

Ry (n) = RY™ () In, (1), (5.22)

where R)™ is the local density as in (5.1), and

Lo it g <N
In(n) == (5.23)
0, otherwise.
N A'ruNl 3 L 1 3 An7Nl
oteworthy, R, is a positive element of L' (I'g, dA) with ||Ry™ ™ || 1(ry,an) <

1, and Rg"’Nl € R, for any a > 0. Indeed, cf. (5.5),

Ny

_ "m am — An, Ny (m)’
- mz e“™, T - H(RO )

m!
=0

An,Ni
|78
L1 (R""d)
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Then, for any o > 0 and any ¢ > 0, we can apply S} (¢), as in Theorem 5.1, and
obtain
RN = STRY ™M e R} .= {Re R, : R >0}, (5.24)

which yields, cf. (5.20),
t
RN e +/ L RN g,
0

For Gy € B ('), see (2.6), let us consider
Fo(n) =Y _ Go(&)- (5.25)
£Cn

Since Go(€) = 0 for all £ such that |£| exceeds some N(Gp), see (2.4), we have
that
[Fo(n)] < (1+ )N C(Go), (5.26)

for some C(Gp) > 0, and hence Fy € F, for any a > 0. Therefore, the map
Ra D R— ((Fp, R)) is continuous, and thus we can write, see (5.18),

Far) = (Far)+ [ (R, LLRM ds (5.27)

t
— (R B} + [ (T Fo RE)ds.
0
Now we set, cf. (5.2),

s = | RSN UONS), =0 (5.28)

For Gy € B! (I'g) and any ¢ > 0, by (2.12) and (5.25) we have

q

(Go i) = /F g Go(m) R ™ (nUOAAEA(dn) (529

= [ (G0 r i

€Cn
= (Fo, BN,
which in view of (2.6) and (5.24) yields
(Go, g™ > 0. (5.30)
Applying again (2.12), for a > 0 we obtain, cf. (5.29),

/FO e Mgl N () A(dn) /FO ( > 6“5> RN () A(dn)

£Cn

_ / (1+ )" RN () A(dn).
Lo
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Since both th’“Nl and R?"’Nl are positive and R?"’Nl is in Ry for any o > 0,
the latter yields that, for any o > 0 and ¢ > 0,

A, N
¢ € Ra.

. . . Ay, N,
As was already mentioned, our aim is to show that, in a weak sense, ¢, """

converges to k; as in Theorems 4.2. Note that k; belongs to K,,, which is a
completely different space than R, , see (4.1).

To proceed further, we need to define the action of powers of L as in (2.21)
on suitable sets of functions, which include Byps(T'g). Recall that any function
h: Ty — R is a sequence of symmetric functions (™ : (RY)" — R, n € Ny,
where h(9 is a constant function. Let Mg, be the set of measurable h : Ty — R,
for each of which there exists N (h) € Ny such that h(™) = 0 whenever n > N (h).
Then we set

Hin = {h€Han: ™ e L (RY"), for n < N(h)}, (5.31)
HE = {h€Hpn:h™ € L= (RY"), for n< N(h)}.
Note that
Bis(To) C Hi, NHE, (5.32)

and, for any @ > 0 and o/ € R,
Hi C Ra, HE C Ko (5.33)
Furthermore, cf. (2.5) and (5.26), for any a > 0,
K :HE, — Fa. (5.34)

Let A and B be as in (2.21) and (2.22), (2.24). Then, for G € Hi NHE and
n € Ny, we have, see (2.15),

||(AG)(n)HL°°((Rd)") < (nm+n2||a_H)HG(n)HLOO((]Rd)n)

+n(ah)[|G n+1)HL°°((]Rd) ny

IBE) N gy < =Dl MGV gy
+>||G(n)||L°°((]Rd)")’
|(AG) )™ HLI((Rd)") < (nmA+n®lla”|) HG(n)HLl((Rd>")
+lla G s gy
1B s < 1@ ME o qaare

+allat |G (Rd)m)"

32



Thus, L given in (2.21) can be defined on both sets (5.31) and
N(LG)=N(G)+1,  L:HL NHT — HL NHE. (5.35)
Now we fix A,, and N;, and let pg be in My+(I'). Then for n € T'p,, ko(n) is
given by (2.8), and hence, see (5.28), (5.22), and (5.2),
An,N Ar,
N < [ R GUONI) =R meTa. (530
0

which can readily be extended to all n € T'y. Thus, qé\"’N’ € Ko+ Fort € 0,Ty),
let k™ be the solution of the problem (2.26) with k*™V|,_y = qg”’N’, as in
Theorem 4.2. Then, for ¢t € (0,T}),

t
An,N An,N "
k= g™ l+/ LAk Nids,
0

where L is defined in (4.13). In view of (5.33), for any G € HL NH, we
then have

t
(G kM) = (Ggy™™) +/ (LG, kN ds. (5.37)
0
At the same time, for such G, we have that KG is in each F,, a > 0, cf. (5.34),
and hence, see (5.27) and (5.29),

(G ™) = (G, gty + / (ELKG, RM™N0)ds,

As was mentioned at the beginning of Subsection 5.2, the action of EL is de-
scribed in (1.5). Thus, by (2.20) we obtain from the latter

(Goa ™) = (Goay™ ™) + /O (LG, g ds. (5.38)

For G as in (5.37) and (5.38), we set
o(t, G) = (G, k") = (G ™). (5.39)
Then .
o(t,G) = / o(s,LQ)ds,  ¢(0,G) = 0.
0
For any n € N, the latter yields
ar ~
—o(t = ¢(t, L"G). A4
CH0(1,G) = 0(t,1"G) (5.40)
In view of (5.35), ¢(t, G) is infinitely differentiable on (0,T}), and

dn
@Q/)(O, G) =0, for all n € Ng.
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Thus, ¢(t,G) = 0, and hence, for all Gy € B; (o), we have, see (5.30) and
(5.32),

(Go,a™) = (Go. k™) > 0. (5.41)
Now let k; be the solution of (2.26) with k¢|;—o = ko. In Appendix, we prove
that, for any G € Bps(Iy),

(G k) = lim lim (G, kN, (5.42)

n—00 [—oo

point-wise on [0, 7). Then by (5.41) we get that, for each ¢ € (0,7%) and any
G € Bk—)i_s (FO)a

(G, k) = 0,
which together with the fact that k; € K, by Proposition 2.1 yields that k; is
the correlation function for a certain unique p; € M, (T). O

Remark 5.5. Theorem 5.4 holds true for m = 0 and a™ = 0, which can be seen
from (5.15).

Proposition 5.6. Let the conditions of Theorem 5.4 hold. Then ki, as in
Theorem 4.2, and kP, as in Theorem 4.5, coincide for all t € [0,T.), whenever
kY = k.

Proof. As in the proof of Theorem 5.4, we are going to show that kP can
be approximated by the same sequence of ‘correlation functions’ (5.28). For
Go € Bps(T'g), let Fy be as in (5.25). Since Fp is polynomially bounded, see
(5.26), we have that Fy € F, for any o < «, where « is as in Theorem 5.1.
Then we can apply (5.19) and obtain (5.20). For fixed A,, and Ny, Rf)\"’N" is in
any R, and hence the map

Fo 3 F s (F,R)M) eR
is continuous. Since the Bochner integral in (5.20) is in F,, we have
t
(P Ry ™) = (Fo R + [ (PLELRS)ds. (543
0
On the other hand,

Gi(n) =Y (1M F(¢)

£Cn

is in Fg, 8 =log(1l + e%). Thus, we can rewrite (5.43) in the form

(o™ = (Gogt ™) + / (Co LA Nyds.  (5.44)

For the evolution Gy — G € G4+ described by Theorem 3.4, in a similar way
we have

(Gor gt ™) = (Go, gy + / (Gu LAgNyds.  (5.45)
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It is easy to see that N(g)™™M) = Ny and, for any m < Ny, cf. (5.36),

H(qé\n,Nl)(m)H

IN

(m)
Loo (Rmd) HkO HLoo(Rmd)a

An, Ny (m)’
H (%0™™") Li(A™)

" L[y (ms)
> i)

Lt (R""d)

Hence, AN .
n 4V o0
’0) € %ﬁn N Hﬁn'

Similarly as in (5.35), one can show that
LA HE NHS — HL NHE.
Now, for h € Hi NHZ, we introduce, cf. (5.39),
(t,h) = (Gi,h) — (G, b)),
for which by (5.45) and (5.44) we get

p(t,h) = /Ot é(s, LAh)ds, #(0,h) = 0.
Employing the same arguments as in (5.40), (5.41) we then obtain
(Gryap™ ™) = (Grrgo™ ™). (5.46)
On the other hand, by (4.22) we have
(Grrap™ ™) = (Go, k™M),

where the evolution q([)\ N IZ:? =Nt ig described by Theorem 4.5. At the same
time, see (5.29),

(Cray™™) = (FRYN) = (Fo, RN
= <<G0> Q?"’Nl >>,
where qé\n’Nl is the same as in (5.28) and (5.41). Then (5.46) can be rewritten

(Go, g1y,

which holds for all Gy € Bps(Tg). Then, by (5.41) we have that, for all Gy €
Bys(To),

(Go, k™)

(Go, kM) = (Go, kM),

and, for Go € B (),
(Go, ki) > 0.
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At the same time, by (4.22) we have
(o, kP — (G, K2 = (G ko) — (G ™)

= \ Gi(n)ko(n)(1 —Ir,, (n))X(dn)

+/F G:(n) [kio(n)ﬂnn (m) —gom ™ (U)})‘(dn)'

Then exactly as in (5.42) we obtain

(Go,kP) = lim lim (Go,q ™) = lim lim (Go, k™)),

n—00 [— oo n—00 [—00

which holds for any Go € Bys(To). Thus, for all Gy € B (T),
(a) VGo € Bus(To) (Go, kD) = (Go, kr)),
(b) VGo € B (To) (Gokf) = 0.

The latter property yields that kP is a correlation function. To complete the
proof we have to show that (a) implies k; = kP. In the topology induced
from T', each Ty, A € By(R?), is a Polish space. Let Cy be the set of all
bounded continuous G : I'y — R. Since (a) holds for all G € Cx N Bys(To),
the projections of the correlation measures (2.7) corresponding to k; and kP on
each B(T'y) coincide, see e.g. Proposition 1.3.27 in [1]. This yields k; = kP, and
hence completes the proof. O

6 Concluding Remarks

In Theorem 3.4, we have shown that the evolution of quasi-observables exists
with the only condition that (3.12) holds. However, this evolution is restricted
in time and takes place in the scale of Banach spaces (3.1), (3.2). In [15],
the analytic semigroup that defines the evolution of quasi-observables was con-
structed. Thus, the evolution Gy — G; defined by this semigroup takes place
in one space G, for all ¢t > 0. However, this result was obtained under the
additional condition that in our notations takes the form

m > 4({a”)e"* + (a')), (6.1)

by which the constant mortality should dominate not only the dispersion but
also the competition. In our Theorem 3.4 the value of m can be arbitrary and
even equal to zero.

As was shown in [13], under conditions similar to (3.12) and (6.1) the cor-
responding semigroup evolution ky — k; exists in a proper Banach subspace
of Ky, cf. (4.1). In our Theorem 4.2, we construct the evolution kg — k; in
the scale of spaces (4.3), restricted in time, but under the condition of (3.12)
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only. Hence, it holds for any m > 0. Note that the problem of whether k; for
t > 0 are correlation functions of probability measures on B(T"), provided ky is,
has not been studied yet in the literature. In our Theorem 5.4, we prove that
this evolution corresponds to the evolution of probability measures if m > (a™)
holds in addition to (3.12), cf. Remark 5.5.

A Proof of (5.42)
For fixed ¢t € (0,Ty) and Gy € Bps(I'o), by (4.23) we have
(Goske) = (Goo k™) = (GP ko) = (GPLa) ™) =0 +Z8), (A1)

where we set

LY = | G2k (1~ Iny, (m)A(dn),
it = | P [k, o) — g™ ()| Atdn).

Let us prove that, for an arbitrary € > 0,
Iz < /2, (A.2)

for sufficiently big A,. Recall that kg is a correlation function, and hence is
positive. Taking into account that

Ir, (77) - H HA(x)a

xen
we have
20 < [ 1GPm] ko)1~ Try, (M)A (A.3)
=1
S 7/ (@YD @y, )| P (@1, )

p=1 b J(rayr
XJp, (@1, xp)dzy - - - dap,

where

JA(ajlw"axp) = 17]1/\(1’1)"']1/\(1'13)

= Iac(z1)Ia(z2) - - Ia(zp) + DIac(z2)Ia(23) - - - Ia(zp)

+ o+ Iae(zp-1)Ia(@p) + Lac (),

< (e, (A.4)
s=1
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and A¢ := R%\ A. Taking into account that kg € Ko-, cf. (4.1) and (4.2), by
(A.4) we obtain in (A.3)

p_
Z ap/C/Rd)pl

For t as in (A.1), one finds @ < o* such that GP € G,, see Remark 4.6. For
this o and € as in (A.2), we pick p € N such that

(GPYP (xy, . ay)|day - - dxy. (AL5)

ce(a* —a)
4||k0 a*

(GPYP) (a1, . mp)]dxl-.-dxp < (A.6)

p= p+1 (R)
Then we apply (A.6) and the following evident estimate
pe P < e e(a* — ),

and obtain in (A.5) the following

|I(1)| < HkOHa e p/ /
n e(a* — o J(Rayp—1

Here the first term contains a finite number of summands, in each of which
(GPY®) is in L'((R?)P). Hence, it can be made strictly smaller than /4 by
picking big enough A,,, which yields (A.2).

Let us show the same for the second integral in (A.1). Write, see (5.2),
(5.28), (5.22), and (5.23),

(GPYP) (.. ap)| dxy - - day +

€
T

1 = [ 6P [ B GUO - InimU O NdmAae)
Iy Ty
- / Fi(n) R (n) [1 — L, ()] A(d)

m)

= Z RA" xl,...,xm)Ft(m)(xl,...wm)dml o dT,,
m=Ni+1 A
where
= GP©
§Cn
and hence

FI (e, am) = 3 G2V @iy, i) (AT)

=0 {i1,eis b {1y}

By (5.2), for ¢; € A, i =1,...,m, we have

(oo}
kém)(‘%‘l? Z/A (m+3)('r177xmay17ys)dy1dysa

s=0

38



from which we immediately get that
(Ré\”)(m)(xl, cey Ty) < kém) (1, xm) < e*a*mHkOHQ*,
since kg € Ko+. Now let A, be such that (A.2) holds. Then we can have
1z < &/2, (A.8)

holding for big enough N; if e~ I'|F} is in L'(A,,d)). By (A.7),

oo

1 .
Z?‘fa p/ |F®) (... ap)|dey - - - da,
=0 V" AR
>~ P
1 ot (s) o (p—s s
< a*s GD a(pé)fAnpé
= ZZ Sy(pfs)!e (GY) Ll(F07d)\)e [€(An)]

=IG7]

ar €Xp (e*a*ﬁ(/\n)> ,

where ¢(A,,) is the Lebesgue measure of A,. This yields (A.8) and thereby also
(5.42).
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