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Abstract

In this paper connections between different gauge-theoretical problems in high
and low dimensions are established. In particular it is shown that higher dimensional
anti-self-duality equations on total spaces of spinor bundles over low dimensional
manifolds can be interpreted as Taubes-Pidstrygach’s generalization of the Seiberg-
Witten equations. By collapsing each fibre of the spinor bundle to a point, solutions
of the Taubes-Pidstrygach equations are related to generalized harmonic spinors.
This approach is also generalized for arbitrary fibrations (without singular fibres)
compatible with an appropriate calibration.

1 Introduction

The basic set-up of low dimensional gauge theory have been generalized to higher di-
mensions by Donaldson and Thomas [DT]. Such generalization requires a suitable geo-
metric structure on the base higher dimensional manifold, e.g., a metric with holonomy
Go, Spin(7) or SU(n). In this paper we consider gauge theory based on the Spin(7)-
structure mainly because of applications we keep in mind, but we could equally well start
with Go— or SU(n)-structures.

A Riemannian eight-manifold W with holonomy Spin(7) is endowed with a particular
closed 4-form € called Cayley form, which is a calibration [HL]. Vice versa, a Cayley cal-
ibration determines a metric with holonomy Spin(7). The 4-form 2 induces the splitting
of A*T*W into two subbundles AZT*W and A2T*W of rank 7 and 21 respectively. We
say that a connection A is anti-self-dual (or that A is a Spin(7)-instanton) if the self-dual
part of the curvature F'{ vanishes.

A particularly important role in our approach is played by eight-manifolds with a
structure of a Cayley fibration, i.e. a map p: W?® — X* such that each fibre of p is an
-calibrated submanifold of W. The first nontrivial example of a Cayley fibration has
been constructed in [BS]. In the construction of Bryant and Salamon W is the total space
of the spinor bundle over the sphere S* = X and p is the natural projection. If X is an
arbitrary spin manifold, then on the total space of the spinor bundle the Cayley 4-form
Q) still exists, but it is not closed in general. Nevertheless, the asd condition still makes
sense and gives rise to an elliptic problem.
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One motivation to study the equations on the total spaces of spinor bundles over
general four-manifolds is as follows. Recall that the key ingredients in Tian’s construction
of the compactified moduli space of higher dimensional instantons are (possibly singular)
calibrated submanifolds. Assume X* < W? is a smooth calibrated submanifold (Cayley
submanifold). Then, by the result of McLean [McL], the normal bundle of X is isomorphic
to the (twisted) spinor bundle of X . Therefore we hope that our computation will be useful
in a detailed study of the boundary of the compactified moduli space. We refer to [DS,
Section 6] for more details on this issue.

Another motivation comes from low dimensional topology. Suppose we are granted
a construction that associates a Spin(7)-manifold W% to each smooth four-manifold X
(possibly equipped with an additional structure). Then, by counting Spin(7)-instantons
on Wx we should get an invariant of X. For instance, we can associate to each spin
four-manifold the total space of its spinor bundle as mentioned above. Then Theorem [4.§
(the main result of this paper) essentially states that counting instantons on the spinor
bundle of X is equivalent to counting Taubes-Pidstrygach monopoles [Tau2l, [Pid2] on X.

There are a few problems with the above approach. One is that the Cayley form §2
on Wy is not always closed as already mentioned above. However, the theory of the asd
equations can still be developed if the closedness condition of €2 is suitably weakened, see
for example [Tia, Thm.6.1.3] and [DS, Sect.3]. In any case, the closedness of € is not
essential for our computations.

Another problem is as follows. The main idea of the Taubes-Pidstrygach generalization
of the Seiberg-Witten equations is to replace the fibre C? of the spinor bundle with an
arbitrary hyperKahler manifold M equipped with suitable symmetries. In our case M
happens to be infinite-dimensional. There is however some evidence that the resulting
low-dimensional gauge theory can be phrased in terms of finite-dimensional target spaces.
This issue is briefly discussed in Section

The paper is organized as follows. In introductory Section 2l main ideas in the simplest
case of the flat base space are briefly sketched. In Section [3] some basic definitions are
recalled and the construction of the Bryant-Salamon precalibration [BS] on the total space
of the spinor bundle W over a four-manifold X is reviewed.

Section [ is the core of the paper. In subsection [4.1] we study formal aspects of the
adiabatic limit for Taubes-Pidstrygach monopoles. In subsection we show that asd
equations on W can be interpreted as Taubes-Pidstrygach equations for a suitable choice
of the target space M (Theorem [L])). By collapsing each fibre of W+ to a point we show
that the moduli space of Spin(7)-instantons corresponds to the space of generalized har-
monic spinors [Hay2], whose target space is the moduli space of framed four-dimensional
instantons (Corollary F9). This is a variant of the adiabatic limit reduction outlined
in [DT]. Tt is worth to note that Corollary L9 can be proven without the Taubes-Pidstry-
gach construction, but in the authors opinion this statement is best understood from this
more abstract point of view at least if one is interested in applications to low dimensional
topology.

We do not discuss analytic aspects of the adiabatic limit in this paper for several
reasons. The major reason is that a prerequisite for the analytic part of the proof is a
completion of the space of nonlinear harmonic spinors, which is yet to be constructed.
This problem also arises in the recent paper [HNS|. The case of the Cartesian product of
two hyperKéhler four-manifolds have been studied in [Che].
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In Section [B] we show how our previous results modify in the case of an arbitrary
Cayley fibration without singular fibres.

2 A toy model

In this section basic ideas in the simplest case of the flat space are outlined. More details
on computations are given in the subsequent sections.

Think of the flat space R® equipped with a translation-invariant Cayley 4-form
(see () as the spinor bundle of the flat four-manifold X = R*: R® = X x W+*. A
connection A invariant with respect to the W*-directions on the trivial G-bundle consists
of a connection @ on G — X and a Higgs field ®, which is a section of the trivial bundle
with fibres W+ & gc, where g = Lie(G). Donaldson and Thomas [DT] observe that A is
a Spin(7)-instanton iff the following equations hold

D, ®=0, F=][d 0. (1)

Here D, is the Dirac operator on X coupled to the connection a, the bracket in the
second equation is a combination of the Lie-bracket and the map W+ @ W+ — AT X.
It is worth pointing out the striking similarity between equations () and the renowned
Seiberg-Witten equations.

It turns out that the above observation fits into a much wider picture. Namely, let
V' denote the tangent space of X at a fixed point (the origin, say). Observe that both
V and W are equipped with the quaternionic structures and therefore we can naturally
identify both A2 V* and A3 (W*)* with R®. Decompose a 2-form w on X x W into its
Kiinneth-type components, w = wa o + w1 1 + wo 2, and think of w,, as a function on R®
with values in APV* ® A9(WT)*. Then a computation shows that w™ = 1(w — *(Q A w))
vanishes iff

Cllw11) =0 and wjy = wys. (2)

Here Cl: V* @ (WH)* 2 V@ Wt — W~ is the standard Clifford multiplication in
dimension four, w3, € C*(R®% A7 V*) = C*(R% R?), and w(, is interpreted similarly.

Likewise, decompose a connection A on the trivial G-bundle into its Kiinneth-type
components:

A=a+b acC®[R% (W) ®g), be C*(R%; V' ®yg).
Then it follows from (2) that A is a Spin(7)-instanton iff the following equations hold
Cl(dxa+ dw+b+ [b,a]) =0, Ff=F (3)

where a and b can be thought of as families of connections on trivial G-bundles over W+
and X respectively.

Putting away Spin(7)-instantons for a while, we describe the generalization of the
Seiberg-Witten equations due to Taubes [Tau2] and Pidstrygach [Pid2] in a special case.
Namely, for a quaternion Hermitian vector space E assume an action of a Lie group G
preserving its quaternion Hermitian structure is given. Denote by u: E — Lie(G) @ R3
the corresponding momentum map. Recall that with suitable identifications the Clifford
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multiplication in dimension four is the map Heg H — H, 2 ®y — zy. Hence, identifying
V* with H we get a variant of the Clifford multiplication Cl: V* @ E — E. Let b be
a connection on the trivial G-bundle, i.e. b € QY(X; Lie(G)), and v € C*(X; E) be a
spinor. The following equations for (b, u)

Dyu = Cl(Vu) =0, F+ p(u) =0,

are called Taubes-Pidstrygach equations.
For a real parameter ¢ consider the following perturbation

Dy, u. = CU(V*u.) =0, eF" + p(u:) = 0. (4)

Let (ug,bo) be a solution for ¢ = 0. Assuming that the hyperKéahler reduction E//G =
©~1(0)/G is smooth, a little thought shows that the map vy: R* -2 p~'(0) — E//G
satisfies the Fueter equation

. 8’00 8’00 8’00 8’00 .
Cl(dXvo) = 8350 — Ila$1 — 128372 — Igax?’ = 0.

Here [; are complex structures on E//G and z; are coordinates on R4,

Consider now the special case when E consists of all a € QYW™;g) satisfying a
suitable asymptotic condition at infinity. Here Q'(W™; g) is equipped with the Ly-scalar
product and the complex structures are induced from W*. Let G° denote the group of
all gauge transformations based at infinity. Then the action of G° is compatible with the
quaternion Hermitian structure and the moment map is pu(a) = F;f. A straightforward
computation shows that for our choice of E the Taubes-Pidstrygach equations for a pair
(b,u) = (b, a) are exactly equations (3)). Moreover, the hyperKahler reduction E /J/G° is the
moduli space of framed asd connections MY, which is smooth. Then the perturbation
of the form (@) corresponds to a scaling of the metric on W and leads to the Fueter
maps from R* to M?

asd*

3 Preliminaries

3.1 Differential forms on fibre bundles

Let X be a manifold and H be a Lie group. Let M be another manifold endowed with an
action of the group H. Pick a principal H-bundle 7 : ) — X equipped with a connection
¢ and denote by M £+ X the associated fibre bundle: M = Q xz M. The connection ¢
determines a splitting TM = H,,&V),, into horizontal and vertical subbundles and therefore
the space of differential forms om M is bigraded with QP9(M) = I'(APH};, @ ATV}).

In the sequel, we will often make use of a construction called a “change of fibre”. We
illustrate this with the following example. The infinite dimensional graded vector space
Q(M) inherits an action of H and therefore we have the associated vector bundle & — X
of infinite rank: & = @ xy Q(M). One can think of £ as the fibre bundle obtained by
replacing each fibre M, = M by Q(M,).

The connection ¢ induces the covariant derivative V#: T'(£) — Q!(&), which ex-
tends to the map d,: QP(E) — QPT(E). Identifying QF(£9) with QP4(M) we see that
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dy: QM) — Q(M) is a homomorphism of bidegree (1,0). On the other hand, the exte-
rior derivative d: Q(M) — Q(M) is H-invariant and therefore induces a homomorphism
dy: QM) — Q(M) of bidegree (0,1). Unlike in the case of the Cartesian product, the
exterior derivative on M has one more component, which we describe next.

Let K¢ denote the Killing vector field of the H-action on M corresponding to £ € h =
Lie(H). The contraction b @ Q(M) — Q(M), £ ® w + 1w defines a homomorphism of
vector bundles ad Q ® & — £. Then the curvature form & of the connection ¢ induces
the map 1: QF(E7) — QPT2(£971) via a combination of wedging and contraction.

Theorem 3.1 ([BL]). The exterior derivative dy,: QM) — Q(M) decomposes as follows:
dy = dy + d, — 10,

Let P — M be a principal G-bundle. We assume that a lift of the H-action to P
is provided such that the actions of G and H commute. Then the associated bundle
P =@ xpy P yields a principal G-bundle over M:

QxP —s P

! !

QxM —s M.

Denote by £°(ad P) (respectively A) the fibre bundle obtained by replacing each fibre
M, by Q°(M,; adP) (respectively A(iiP)), where i,: M, < M is the inclusion. The
connection ¢ determines the covariant derivatives on both £%(ad P) and A as well as the
inclusions *: Q'(E%ad P)) < QY(M;adP) and *: T'(A) < A(P). The letter inclusion is
best seen by thinking of connections as 1-forms on the corresponding principal bundles.
For any a € T'(A),b € Q'(£%ad P)) the sum A = @+ b is a connection on P. Vice versa,
any connection A on P can be decomposed as a + b for some a,b as above.

The proof of the following Proposition can be obtained, for instance, by a straight-
forward application of Theorem [3.1] to the local representations of connection forms. We
omit the details.

Proposition 3.2. For a connection A = a + b the components of the curvature Fy €
O%(M; adP) are given by the following formulae:

FBQ = Fu; (5)
Fit = V¥%a + Vb (6)
F20 = —i4a +d,b+ [b,b]. (7)

In formulae (@)),(7) the following notations are used. First notice that each fibre of
the bundle £°(ad P) is naturally a Lie algebra. Then the term [b,b] in () means a
combination of the Lie brackets and wedging. Further, for each fixed x € X the value
of a at x gives a connection V*®) on Q°(i*adP). On the other hand, the value of b at
lies in Q°(i*ad P) ® T X and therefore the (vertical) covariant derivative V®b(z) is well
defined. It is abbreviated as Vb in ({]).



3.2 The group Spin(7), some subgroups and representations

Denote by H the R-algebra of quaternions and by Sp(1) the group of all quaternions of
unit length. The basic complex representation W of Sp(1) is given by

(¢.2) = qz, g€ Sp(l), ze H=W. (8)

Consider the group K = (Sp(1) x Sp(1) x Sp(1))/ £1, where —1 acts componentwise.
It is convenient to give a certain label to each component of K as follows

K = (Spy (1) x Sp-(1) x Spo(1))/ = 1. (9)

Define the action of K on R® 2 H@®H by [q1, ¢, @] (%, y) = (¢+2G_, q+y ). Denote by
U the corresponding representation, which is clearly the direct sum of two real irreducible
K-representations E and F' such that

E.2WreW™, F.2Wre W' (10)

Let 0 (respectively 1) denote the projection of R® = H@®H onto the first (resp. second)
component. It is convenient to think of § and n as H-valued 1-forms on R®. The following
4-form

1 _ _ _
Q:—ﬁRe(0/\0/\0/\9—69/\9/\77/\f)+77/\77/\n/\77> (11)

is K-invariant. Hence we obtain [BS] K C Stabg = Spin(7) C SO(8).
Think of R® as a Spin(7)-representation via the inclusion Spin(7) C SO(8). The
linear map
To: A2(R®)" — A*(R®)", w— —*x (QAw)

has two eigenvalues 3 and —1. The corresponding eigenspaces A% (Rg)* and A2 (Rg)* are
irreducible Spin(7)-representations of dimension 7 and 21 respectively [Bry]. One can

check that the collection of 2-forms (wy, .. .,w;), where
w1i+w2j+w3k:0_/\§—n/\f), (12)
Wy + wsi + wg] +wrk =0 An,
is a basis of A% (Rg)*. Hence we have an isomorphism of K-representations
MU =sp () aV, (13)

where V' is the standard representation of SO(4) = (Sp_(1) x Spo(1))/=£1.

Taking into account ([I0) it is easy to see that there is essentially a unique homomor-
phism F ® F' — V. Its complexification is the four-dimensional Clifford multiplication
Cl:Wr@Wre@ W~ — W~ twisted by W©.

Denote by II: A2U* = A’E* ® E* @ F* @ A’F* — A2U* the natural projection.
Combining the above observations we get that II maps E* ® F* onto the V-component
of A2U* only and the composition

II': E*@F* = N2U* =V (14)

is the (twisted) Clifford multiplication.



On the other hand, both A% E* and A% F'* are naturally isomorphic to sp, (1), which
in turn is the other irreducible component of AZU*. Then II maps A*E* @& A*F* onto

the sp, (1)-component of A2U* only and a computation shows that the composition
II": A°E* @ A*F* — AZU* — sp (1) is given by

H”(aa B) = a+ - /8+7
where the above identifications are understood.

Remark 3.3. Although it is natural to take the standard Euclidean metric on R®, one
can also consider the following perturbation

9e=9gp@egr =Re (0 @0 +en®@17),

1 _ _ —
Q€:—ﬂRe(«9/\9/\«9/\9—689/\9/\7}/\77+827]/\77/\77/\77>

for € > 0. Then by tracing the above computations we get

II. = II_ + 117, I =cll!, T(a,B)=at —e'8".

3.3 Spin(7)-structures on spinor bundles

For an oriented Riemannian manifold W® a Spin(7)-structure is a principal Spin(7)-
subbundle of the SO(8)-bundle of orthonormal oriented frames or, equivalently, a 4-form
), whose restriction to each tangent space lies in the SO(8)-orbit of the standard 4-
form ([IIJ). In this section, following [BS|], we describe a Spin(7)-structure on the total
space of the spinor bundle over a four-manifold.

From now on X denotes a smooth closed oriented Riemannian manifold. Let Q —s
X be the SO(4)-principal bundle of oriented isometries » : T7,X — H. Denote by
0 € Q'(Q;H) the tautological 1-form, i.e. §(v) = f(#,v), where v € Tf@. We also assume
that X is spin and pick a Spin(4) = Sp,(1) x Sp_(1)-structure Q —— X, which is a
double cover of Q). The Levi-Civita connection (p, 1) is an equivariant 1-form on @) with
values in sp, (1)@sp_(1) = ImH@ImH. Let 2 be the quaternionic variable on H. Denote
n=dx — pr € Q1(Q x H; H) and put

1 _ _ _
Q:—ﬂRe(«9/\9/\«9/\«9—6«9/\9/\7)/\7‘)+7}/\7‘)/\'r;/\ﬁ) € OYQ x H),

where 6 is the pull-back of 6.

Further, define an action of Spin(4) on @ x H by the rule (f,z) - (¢+,q-) = (f -
(¢+,q-), qrx). Clearly, the quotient space is the positive spinor bundle p: Wt — X, Tt
is easy to check that the 4-form 2 is Spin(4)-invariant and basic. Therefore 2 descends
to a 4-form (denoted by the same letter) on the total space of W and defines a Spin(7)-
structure. The corresponding metric is given by g = Re («9 ®R0+n® 77).

Remark 3.4. One can replace the Spin(4)-bundle @ in the above setting by a principal
K-bundle @' such that @'/Spy(1) = Q. In particular, we can choose an embedding
St < Spo(1) and take Q' as a principal Spin(4) = (Sp,(1) x Sp_(1) x S')/ +1 bundle.



Therefore we could have started with an arbitrary closed smooth oriented Riemannian
four-manifold, since for such manifolds a Spin®(4)-structure always exists. However, in
this case one needs to make a choice of connection on the determinant bundle Q'/Spin(4).

On the other hand, choosing the Spin(4)-action differently one can obtain Spin(7)-
structures on 7*X or R @ A2T*X. In these cases the existence of Spin(4)-structures is
also not needed.

4 Spin(7)-instantons and Taubes-Pidstrygach equa-
tions

4.1 Taubes-Pidstrygach equations: a perturbation

In this section we study formal aspects of a perturbation of the Taubes-Pidstrygach equa-
tions. We first sketch the Taubes-Pidstrygach construction in a form suitable for our
purposes. The construction involves two manifolds (a source and a target).

Source manifold. Let X be a four-dimensional oriented Riemannian manifold, which
is referred to as a source manifold in the sequel. For the sake of simplicity we assume as
before that X is spin and denote by @, = @Q/Sp_(1) the principal bundle of W+,

Let G be a Lie group whose Lie algebra Lie(G) = L is endowed with an Ad-invariant
scalar product. Assume a homomorphism «: Sp(l) — Aut(G) is given and put G =
G x Sp(1). Let Q be G x @), as fibered space but considered as a principal G-bundle.

Further, the decomposition of the vector space Lie(G) = £ = L + sp(1) is invariant
with respect to Sp(1) — G. Since we have an inclusion i: Q, < @, for any connection
B € QY(Q; L) we obtain

i*B="0b+ ¢y, (15)

where ¢ is a connection on ()4 and b is a 1-form on X with values in L = Q4 x g, (1) L.
A simple computation shows that F's = F; + F,, where F, is the curvature of ¢ and
Fy, = dyb+ [b,b] € Q*(X; L). In what follows we consider only those connections B,
whose sp(1)-component ¢ is the Levi-Civita connection on ;.

Target manifold. The other ingredient of the construction is a hyperKéhler mani-
fold M called the target space. Recall that a Riemannian manifold (M, g) is called
hyperKéhler if g is Ké&hler with respect to three complex structures (17, Io, I3) satisfying
the quaternionic relations. Denote by (wy,ws,ws) the corresponding Kéhler 2-forms and
put w = wii + wyj + wsk € Q(M; ImH). We also assume that G = G x Sp(1) acts
isometrically on M such that the following two conditions hold:

(A) the action of G C G is tri-Hamiltonian (in particular preserves complex structures);

(B) the action of Sp(1) C G is permuting, i.e. for all ¢ € Sp(1) we have (L,)* w = qwg,
where L,(m) = gm.



Nonlinear Dirac operator. Below we sketch a construction of a Dirac operator acting
on sections of a nonlinear bundle p: Ml — X. We refer to [Hay?2] for more details.

Put M = Q Xg M = Q4 Xsp, 1) M. For each point (f m) € Q x M we have the
following exact sequence

O—>£—>TQ><TM—>T M — 0,

(fm)

where 7: Qx M — M is the natural projection map. A connection B on Q can be regarded
as a G-invariant splitting 7Q = H @V and induces a similar splitting TM = X ®V, where
V =1(TM) =kerp,, H=r1.(H)=pTX.

Further, one can think of f € ()4 as a quaternionic structure on T, nX = 7:[(97 n C
T, f)Q and therefore the horizontal bundle H is equipped with a quaternionic structure
(Ji, Jo, J3). For the subbundle E~ = Homy(H,TM) of Homg(H,TM) — Q x M we
have the natural complement

* = {A € Homg (H,TM)| LAJ + LAJ, + I;AJ; = A}.

It follows from assumptions (A) and (B) that the splitting H*@TM = E- @ Et is
G-invariant and therefore we obtain

WoV=E @, (16)

where E+ — M is the factor of E* — Q x M by the G-action. We denote by C: H*®V —
E~ the projection onto the first subbundle.

Remark 4.1. In the case M = H, G = {1} we have M = Wt E- = p*W~ and
C: p*T*X @ p*W+ — p*W~ is the usual Clifford multiplication.

Let ev: I'(M) x X — M be the evaluation map. Think of sections of ev* E~ as maps
associating to each u € I'(M) a section of ev* E~|x = u*E~.

Definition 4.2. The following section of ev*E~
Dy: T(M) s D(T*X ® u*V) = D(u*(H* ® V) = D(u*E")
is called a (generalized) Dirac operator, where B is given by (IH)).

A particular role in the sequel is played by Dirac operators Dy corresponding to G =
{1} (and hence b = 0). Examples of generalized Dirac operators and corresponding
harmonic spinors (i.e. solutions of the equation D,u = 0) can be found in [Hay2]. In
section we present an example of a Dirac operator with an infinite-dimensional target
space.

Below it will be useful to rewrite the equation D,u = 0 in the equivariant setup as
follows. Recall that a section u of M — X can be identified with an equivariant map
@: Q — M. Then the covariant derivative VBu is given by the restriction 4" of the
differential i, to the horizontal subspace. It is clear from the above description that wu is
harmonic iff

Lal gy + LalJy + il Js = al, (17)

or, equivalently, iff pointwise 4" has no H-linear component.
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Taubes-Pidstrygach equations. Recall that the action of G C G on M is tri-Hamil-
tonian. Let u: M — ImH® L = sp(1) ® £ be a momentum map. We also assume that
is Sp(1)-equivariant, where L is considered as the Sp(1)-representation via the restriction
of the adjoint representation of G to Sp(1) C G. Then the map td X pu: Qr X M —
Q+ X (sp(1) ® £) can be identified with a section v € I'(M; p*(A2X ®L)). Finally, to
any spinor u € I'(M) we associate a self-dual 2-form v ou € Q2 (X; L).

Definition 4.3. The following system of first order partial differential equations
Dyu=0, F +veu=0, (18)
for a pair (u,b) € T(M) x Q'(X; L) is called Taubes-Pidstrygach equations.

Denote G = P, xg,,1)G. The gauge group I'(G) acts on the configuration space
(M) x Q'(X;L)
and preserves the space of solutions of (I8). Denote by Mrp the corresponding moduli
space.

A perturbation. For a positive parameter ¢ consider the following perturbation
Dy, u. =0, EFb”:+l/ou5 =0. (20)
Putting formally ¢ = 0 we obtain the system
Dy, ug =0, vouy=0. (21)
Let MY, denote the moduli space of solutions to the above system.

Remark 4.4. A perturbation analogous to (20)) in the case of symplectic vortex equations
have been studied in [CGS| [CGMS, [GS]. For the classical Seiberg-Witten equations
perturbation similar to (20) was studied in [Taud, [Taul]. Tt is also interesting to observe
that putting formally ¢ = +00 we obtain the system

Dy o =0, F =0,
which was studied in [PT] in the case of the linear Dirac operator.

From now on we assume that 0 € L is a regular value of the momentum map p and that
the group G acts freely on ~1(0). This assumption is crucial for the following Proposition.
Denote by My = p1~1(0)/G the hyperKahler reduction of M. Then the permuting action of
Sp(1) on M induces a permuting action on My and we denote by My — X the associated
bundle Q1 Xg,, 1) My. Observe also that the projection p=t(0) — M, gives rise to the
fibrewise map v~1(0) — M.

Proposition 4.5. Assume 0 € L ® ImH is a regular value of the momentum map n
and G acts freely on p=1(0). Pick a spinor u € T'(M) such that vou = 0 and denote by
v € I'(My) its projection. Then Dov = 0 if and only if there exists b € QY(X; L) such
that Dyu = 0.
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Proof. Let 4 and v be equivariant maps representing u and v respectively such that the
following diagram

Qh\\i\jrm (22)
Mo

commutes. Pick a point f € Q, and denote m = a(f) € u=1(0) C M. Let K,, = L be the
vector space spanned by Killing vectors at the point m. Define the subspace H,, C T,,M
by the following orthogonal decomposition

To.M =H,, ®K,, ® LK, D LK, d IK,,.

Notice that T,,,u~(0) = H,, ® K,, and Tty My can be identified with 3(,,.

The image of u, : TyQ+ — T,,M is contained in H,, ® K,, and the projection to F,,
yvields the differential of ¢. Since G acts freely on p~*(0), for each v € TyQ, there exists
a unique b(v) € £ such that

() = 8,(v) = — Ky (m). (23)

Then b € Q'(Q; £) is basic. Further, for ¢ € Sp, (1) denote R,: Q1 — Q, R,(f) = f-q.
We have

Ki((Ry)ov) (@) = (Lg)« Ky (M) = Kag; o(v) (@ M),
where the first equality follows from (23] and the Sp(1)-equivariance of both @ and ©.
Since the action of G is free we get (Rq)*b = Ad;b, i.e. b descends to a 1-form on X with
values in L.

Let B be the connection on Q determined by the Levi-Civita connection and the 1-
form b as in (IH). Then the covariant derivative of @ with respect to B can be identified
with the restriction of @, + Ky (@) to the horizontal bundle ™ — @ of the Levi-Civita
connection. It remains to note that by virtue of equation (23)) Dy v = 0 iff for each point
[ € Q4 the restriction of the R-linear map i, + K.y (@) to ?—[]f has no H-linear component,
ie. Dyu=0. [

Consider the following space
F'o(Mp) = {v € I'(M) | there exists @ s.t. diagram (22) commutes}
and denote by Ho(My) C I'o(Mj) the subspace of harmonic spinors.

Theorem 4.6. Assume 0 € L @ ImH is a reqular value of the momentum map p and
G acts freely on pu=1(0). Then there exists a bijective correspondence between the moduli
space MY of solutions to limiting problem (Z1) and the subspace Ho(My) of harmonic
SPINoTS.

Proof. 1t follows from Proposition that we have a map from the space of solutions
of 1) to Ho(My), which factors through M$,. To construct the inverse map pick a
harmonic spinor v € I'o(My). Then u, v’ € T'(M) satisfying veu = 0 = vou are lifts
of v iff there exists g € I'(G) such that v’ = g - u. Then it is easy to check that for the
corresponding 1-forms b and b" as in Proposition we have b/ = Ad, b — (V¥g)g~* and
the statement follows. O
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Proposition .5 and Theorem [L.0] are analogues of Lemmata 4.5.7 and 4.5.9 in [Hay]]
and are also proved in a similar manner. Theorem was independently discovered by
Pidstrygach [Pid1].

Theorem can be regarded as a quaternionic version of the relation between moduli
spaces of solutions to the symplectic vortex equations and pseudoholomorphic curves in
symplectic reductions [CGS| [CGMS, [GS]. More precisely, a four-manifold takes the place
of a Riemann surface, the role of the symplectic vortex equations is played by the Taubes-
Pidstrygach equations, the symplectic reduction is replaced by the hyperKahler reduction,
and pseudoholomorphic curves become generalized harmonic spinors. However there is
an important distinction between the complex and quaternionic cases. Whereas in the
complex case the focus is on the target manifold (or rather on its symplectic reduction),
in the quaternionic case it is interesting to study both the target and the source with
the help of the Taubes-Pidstrygach equations. Indeed, even the choice of the simplest
admissible target manifold H leads to the standard Seiberg-Witten theory, which carries
information about the smooth structure of the source manifold.

4.2 Spin(7)-instantons on spinor bundles as Taubes-Pidstrygach
system

The main aim of this section is to prove that the Spin(7)-instanton equations on the total
space of a spinor bundle W+ — X is an example of the Taubes-Pidstrygach system with
an infinite dimensional target space. Let us introduce some notation first.

Let P — R* be a principal G-bundle equipped with a framing at infinity. We assume
that the group Sp(1) acts on the total space of P commuting with G and descending
to basic action (8) on R*. We also assume that the Sp(1)-action is compatible with the
framing at infinity. Let A°(P) and G°(P) consist of connections and gauge transformations
on P respectively with a suitable asymptotic behaviour at infinity (see [Ito] for details).
One can think of A°(P) and G°(P) as the space of connections and the based gauge group
on S* respectively.

Put M = W in the set-up of Section B.Iland consider the bundle P = Q4 xg,, 1) P —
W+. For the principal bundle @, denote by A, G, L the associated fibre bundles over X
with fibres A°(P),G%(P), L%(P) = Lie(G°(P)) respectively. One can think of A, G and
L as the bundles obtained by replacing each fibre W} by A°(i:P), G°(i*P) and ad (i:P)
respectively.

Example 4.7 (The Dirac operator for the target A°(P)). The construction of the Dirac
operator in the case of a flat target space is somewhat simpler and we can give a more
direct description.

We first choose Q'(R*) as the target space. The basic action (§) induces the per-
muting action of Sp(1). Then Q'(W) is isomorphic to C®°(WT) ® W as an Sp(1)-
representation and we get a variant of the Clifford multiplication

CLWreW Q' WH2WreW @ C*(WH Wt — C*(WH oW,

which differs from the standard Clifford multiplication just by tensoring with C*°(W ™).
With these choices the space of spinors is I'(€!(WT)) and the corresponding (untwisted)
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Dirac operator is given by the sequence
D(E' (W) 5 T(IX © (W) <L T(W-e £%W*) = I W),
It follows from (I3)) that AZT*W* = p*A2T*X @ p*W~. Then using the identification
QP(E7) = QP1(WT) as in Section Bl and recalling (I4), the above sequence yields:
QO (W) L5 QUL (W) — Q2 (W),

where the last map is the natural projection.
Now let us take A°(P) instead of Q!(R*) as the target space. The gauge group
G = G°(P) acts on A°(P) preserving the hyperKahler structure. If we define the homo-
morphism a: Sp(1) — Aut(G) by
(a9)(p) = 9(qp), peP geg,
then G°(P) x Sp(1) acts on A°(P) such that conditions (A) and (B) are satisfied. The
corresponding Dirac operator Dy is given by

T(A) 5 QL(X; £ (ad P)) = Q"YW adP) — O (W ad P).

Further, for any a € T'(A) we have VPa = V¥a + V. Thus, in the notations of
Proposition formula (@) yields:

Dy(a) = (V¥a+ Vob)* = (Fy')*,  where A=a+b.
Here (F)')* € Q% (W+; adP) denotes the self-dual component of F.

Recall that the moment map of the G = G°(P)-action on M = A°(P) is given by
pla) = Fr e Q2 (RY ad P) 2 ImH ® L. Thus we get the corresponding section v.

Theorem 4.8. A connection A =a+b on P — W is anti-self-dual iff the pair (a,b) €
['(A) x QYX; L) is a solution to the Taubes-Pidstrygach-type equations with the target
manifold M = A°(P)

Dba = 0, (24)
Ff+voea=—(pa)?, (25)

where ® € Q*(X; A2 X) is the curvature form of the component ¢ of the Levi-Civita
connection.

Proof. Tt follows from the results of Section B2 that a connection A is asd iff (Fy')* =0
and (F7° + F9*)* = 0. Recalling formulae (5) and () one immediately sees that the
second equation is equivalent to (25). On the other hand, we have shown in Example [4.7
that the first equation is equivalent to (24]). O

Notice also that the asd equations with respect to the form €2, (see Remark B3]) lead
to the following perturbation of equations (24]),(25):

Dbg s = 07
e(Fy, +1pa.)" +voa. =0.
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Then, the formal limiting form of the above equations is

Dbo ap = 07 (in71)+ = 07 ~ 7
— 0 Ag = ag + bg. 26
et 2y e o

On the other hand, the group G°(P) of gauge transformations based at infinity acts
freely on the space of asd-connections and the quotient is the space of framed asd con-
nections M?_,. In other words, M?_, is the hyperKahler reduction of A°(P) with respect
to G°(P). We denote MY, = Q1 Xgp, (1) MY, One can think of M, — X as the fibre
bundle obtained by replacing each fibre W1 = R* of the usual spinor bundle W — X
by the moduli space of framed instantons over W;. Then from Theorem we obtain
the following corollary.

Corollary 4.9. There exits a natural bijective correspondence between the moduli space
of solutions to equations (28) and the subspace Ho(M° ;) of harmonic spinors. ]

Remark 4.10. When this paper has been essentially ready for publication, S. Donaldson
communicated to the author a direct proof of Corollary [£.9) which has appeared in [DS].
The reader can also find there, among other things, the relevance of Corollary [£.9 to the
compactification of the moduli space of higher dimensional instantons.

Example 4.11. Let X* be a compact hyperKihler manifold, so that @ is flat. Then [Hay2]
harmonic spinors are exactly aholomorphic maps X — MY . Tt follows from [Hay2,

Cor. 2] that each aholomorphic map X — M?_, is constant. Hence we have H(M? ;) =
MO

asd*

5 Spin(7)-instantons and Cayley fibrations

In this section we show that a suitable modification of Corollary holds for Spin(7)-
manifolds equipped with a structure of Cayley fibration. It is convenient to fix some
terminology first.

Let E — W be a real vector bundle of rank 4k over a manifold W. We say that F is
quasiquaternionic, if a subbundle Z C End(FE) of real rank 3 admitting local trivializations
(I, I, I3) with quaternionic relations

[1[2 == —[2[1 - [3, [12 == [22 = [?? - —’ld (27)

is given. In this case Z is called the structural bundle. Since any two trivializations of Z as
above differ by an SO(3)-gauge, the structural bundle is naturally an oriented Euclidean
vector bundle.

An example of quasiquaternionic bundle is any oriented Euclidean vector bundle E of
real rank 4. In this case we choose by default the structural bundle to be so(E) = A% E.
Another example is the tangent bundle of a quaternionic Kahler manifold. The vertical
bundle of the nonlinear spinor bundle M as in Section is also quasiquaternionic.

Let X be an arbitrary oriented four-manifold. Suppose p: W — X is a fibre bundle
such that the vertical bundle V, = ker p, is quasiquaternionic. Assume also that W is
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equipped with a connection such that the horizontal bundle #, is also quasiquaternionic.
For instance, this is the case if X is Riemannian.

Suppose an isomorphism «: Z(H,) — Z(V,) compatible with the Euclidean structures
is given, i.e., for any local trivialization ([y,1s,I3) of Z(H,) satisfying ([27) the triple
(Ji,J2,J3) = (y(L1),7(L2),7(I3)) is a local trivialization of Z(V,) also satisfying (27).
Then the subbundles

E;r = {A c HOmR (’H,,,Vp) | [1AJ1 + [QAJQ + [3AJ3 =A } ,
Ep_ = {A € HomR (HP’VP) | IlAjl -+ ]QAJQ + IgAJg = —3A }

of Homg (H,,V,) are well defined and therefore we have the decomposition
H,@V,=E @ E;.

Recall that for any u € I'(X; W) the covariant derivative Vu is a section of T*X @ u*V, =
u’* (’H; QV,).

Definition 5.1. The first order differential operator D defined by the sequence
D(X; W) - D(T*°X @ u*V,) — D(u*E;)
is called a (generalized) Dirac operator.

Notice that unlike in Definition 4.2 in the above definition the source manifold X
does not need to be equipped with a Riemannian structure.

From now on we assume that (W, g, Q) is a Spin(7)-manifold equipped with a Cayley
fibration p: W — X, where X is an arbitrary oriented four-manifold. Moreover, we also
assume that W is compact and p has no critical points. The compactness of W is assumed
for the simplicity of expositio , whereas the second assumption is an oversimplification.
However, it is a necessary step before considering the general situation when some fibres
are allowed to be singular.

For the Cayley fibration we define the horizontal bundle as the orthogonal complement
of V,:

TW =H,DV,. (28)

Observe that we have a distinguished isomorphism ~: so,(#H,) — s0,(V,). Indeed, let
Q(W) — W be the Spin(7)-structure of W. Recall [HL, Thm 1.38] that at each point w €
W the subgroup K C Spin(7) that respects splitting (28) is isomorphic to (@) and denote
by @, — W the corresponding principal K-subbundle of Q(W). Then H, = Q, xx E
and V, = Q, X ¢ F’ for some K-representations F and F such that A2 E = s0,(3) = A% F.
Hence, we get the desired isomorphism ~.

Remark 5.2. Each fibre W, of the Cayley fibration has a hyperHermitian structure
(defined up to an SO(3)-rotation). Indeed, pick a frame in 7, X. Then the horizontal
lift combined with the Gram-Schmidt process defines a trivialization of H,|w,, so that
so04(H,) also carries a trivialization. Finally, we equip W, with a hyperHermitian struc-
ture via the map .

Lthe spinor bundle over a four-manifold provides a model for non-compact manifolds equipped with a
Cayley fibration
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Further, similarly as in Section [3.1] the space of differential forms on W is naturally
equipped with the bigrading so that we have

d=d" +d" + > and Q=04 0224 Q0

For any ¢ € (0, 1] consider the metric g. = g5, + €¢,, where g, and g, are Euclidean
scalar products on H, and V, respectively. The corresponding 4-form (2. is of comass 1
but in general it does not need to be closed.

Lemma 5.3. For any € € (0,1) there exists a decomposition 2. = Qy . + Qs . such that
Q4 . 1s closed and Qs satisfies

—wAwA Q. < |w*voly (29)
for any w € Q*(W).

Proof. We have
Qe — 9470 + EQQ,Q + 5290,4
=eQ+ ((1-e)Q" —g(1—2)Q™)
= Ql,e + 92,5-

By assumption €2; . = €2 is closed. Further, for any 2-form w we have
—wAwA QY = )02 A2 A QL0

= (’w(y g ’w?r’Q’Q)volW < |w[*voly
and similarly w A w A Q% < |w]?voly. Combining these inequalities, we obtain (29). O

Corollary 5.4 ([Tia, Thm.6.1.3]). Let G be a compact Lie group and P - W be a
principal G-bundle. Then for any ¢ € (0, 1] there exists a natural compactification of the
moduli space ME_,(P) of asd connections with respect to the form €. ]

Consider P as the fibre bundle over X via the map 7: P —— W -5 X. Then a
connection ¢ on P — X induces a connection ¢ on W — X. Indeed, think of a connection
as a 1-form with values in the vertical bundle. Further, observe that V, = kern, o p, =
n:*(V,). Then the connection ¢ is determined via the requirement that the diagram

™ — 23 TW

d{ Js@
UE
V,: — Y,
commutes. We assume a choice of connection ¢ inducing connection (28) on W is made.

Remark 5.5. A connection ¢ as above does exist (but is not unique). Indeed, first notice
that the space of all connections on P — X inducing a given connection on W — X is
convex. It is easy to check the existence of ¢ for trivial bundles. Then the existence of ¢
for nontrivial bundles can be obtained via gluing with the help of the partition of unity.

In the setup of Section B.1] ¢ was fixed via the lift of the H-action from M to P and
the choice of a connection on the principal H-bundle Q.

16



Assume that for each z € X the moduli space M 44(iiP) of asd-connections on the
fibre W, is nonsingular. Denote by M, — X the fibre bundle obtained by replacing
W, by Msa(i:P). Similarly, the fibre bundle Aqsq(ifP) — Msq(iiP) gives rise to the
bundle A,y — M5 and the connection ¢ induces a connection on M,q — X. Further, a
hyperHermitian structure on W, induces a hyperHermitian structure on the corresponding
fibre of M,4q. In particular the vertical bundle of M, is quasiquaternionic and there is
also an induced isomorphism I': so4 (Hwm,.,) = Z(Vu,.,)-

Further, similarly as in the case of the spinor bundle we can write the asd equations
with respect to the form 2. in the form

Y (F°+ F%) =0,  (Fy)' =0 (30)
The formal limiting form of system (B0) as ¢ — 0 is
(F$) =0, (F3H' =0 (31)

Let T'g(Mgsq) C I'(M,sq) denote the subspace of all sections, which can be lifted to a
section of A gq.

Theorem 5.6. There exists a natural bijective correspondence between the moduli space
of solutions to equations (31) and the space Ho(Mysq) of all harmonic spinors contained
in To(Mgsq)- O

The proof of the above theorem can be obtained by a suitable modification of the
proof of Theorem [L.6. The difference is that we can not interpret equations ([B0) as a
Taubes-Pidstrygach system, but it is easy to check directly that the arguments in the
proof of Theorem apply to the above statement as well. We omit the details.

6 Concluding remarks

Let M and M’ be two hyperKéhler manifolds endowed with actions of Sp(1) x G and
Sp(1l) x G’ respectively such that My = M /J/G and M) = M’'/JG" are isomorphic as
hypercomplez manifolds (the Riemannian metrics are less important for what follows).
Assume we are in a favourable situation when the spaces of solutions to the perturbed
Taubes-Pidstrygach equations (20) with targets M and M’ are good approximations (in a
suitable sense) of Ho(My) = Ho(Mj). Then the Taubes-Pidstrygach theories with target
spaces M and M’ are essentially equivalent.

Recall that the ADHM construction represents the moduli space M, of framed
SU (n)-instantons of charge k on R* as the finite dimensional hyperKéhler reduction. In
other words, a natural candidate for M’ in the context of Spin(7)-instantons on W+ — X
is the vector space

M=uk)orW @ C"QEQW,

where E denote the standard complex representation of U(k) = G'. Notice that if £k =1
we essentially arrive at the classical Seiberg-Witten theory. On the other hand, if we put
formally n = 0, which corresponds to the choice of u(k) ® H as a target manifold, then we
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get equations (I, i.e. a four-dimensional analogue of Hitchin’s theory [Hit2]. In general,
the choice of M’ as above leads to a mixture of both theories.

The problem is that the hyperKéhler reduction M is not smooth (it is the Uhlenbeck
compactification M,,  of M,, ;) so that Theorem is not applicable. One can partially
overcome this difficulty as follows. Suppose X is a Kéhler surface so that we can modify
slightly the original Taubes-Pidstrygach equations:

Dbu:(),
Fb++V(U) :nga

where ¢ is a central element in g’ = u(k). Arguing along similar lines as in Section [4.]
we arrive at the space of harmonic spinors (in fact, (anti)holomorphic sections) with
the target M(n,k) = M'J/,_.G', which is smooth. In fact, there is [Nak| a natural
holomorphic morphism@ M(n, k) — M, and hence the corresponding map between the
spaces of holomorphic sections.

We note in passing that it is also interesting to study the Taubes-Pidstrygach gauge
theories based on analogues of the ADHM construction for other types of hyperKéhler
four-manifolds like tori [DK] or ALE spaces [KN|. Similarly, it is well-known that the
moduli space of monopoles on R? (the Atiyah-Hitchin manifold) can be constructed as in-
finite dimensional hyperKéahler reduction in two different ways [Hit1]. The author intends
to continue his studies in the above directions.
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