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1. INTRODUCTION

Let (M, g) be a connected smooth Riemannian manifold without boundary. A weighted
manifold is a triple (M, g, u) with underlying manifold M, the Riemannian metric g, and
a measure

dp = Ydug,
where dv, is the Riemannian volume and 1) is a positive smooth function on M.

A weighted manifold" M carries a natural second-order elliptic operator called the

(weighted) Laplace operator

A =div,V,
where V is the gradient associated with g and div, is the weighted divergence, that is
defined as the adjoint operator to V with respect to measure p (see (9) below).

We say that the weighted manifold M is parabolic if A does not admit a positive
fundamental solution. We say that M is stochastically complete if any bounded solution
u (t,z) in [0,4+00) x M of the associated heat equation % = Auw is uniquely determined by
the initial value u|;—g. Equivalently, this means that e!Ap1 =1 where Ap is the Dirichlet
Laplacian and e”P? is the associated heat semigroup (see Section 2 for details).

Any parabolic manifold is stochastically complete but the opposite implication is not
true. For example, all spaces R (with Euclidean measure) are stochastically complete,
whereas R" is parabolic if and only if n =1, 2.
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1We frequently write M for both (M, g) and (M, g, 1) when this does not cause a confusion.
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2 A. GRIGOR’YAN AND J. MASAMUNE

Let {X;} be the minimal Brownian motion on M, that is, the diffusion process, gen-
erated by Ap. Then it is well known, that the parabolicity of M is equivalent to the
recurrence of X;, and the stochastic completeness of M is equivalent to the non-explosion
property of X;, that is, to the fact that the lifetime of the process is co.

If (M,g) is geodesically complete, then one can state sufficient conditions for the
parabolicity and stochastic completeness in terms of the volume function

V(r) = p(B(zo,7)),

where B (xq, ) is the geodesic ball of radius r centered at a fixed point o € M. Namely,
the following implications are true:

/Oo rdr = the parabolicity of M (1)
= rabolicity o
V() P Y
®  prdr .
———— = 00 = the stochastic completeness of M. (2)
log V' (r)

For example, (1) holds provided V(r) < Cr?, and (2) holds if V(r) < exp (Cr?). That the
condition V() < Cr? implies the parabolicity was first proved by S.Y.Cheng and S.T.Yau
[5]. The sharp sufficient condition (1) for parabolicity was proved in [16],[17],[28],[42].
The sufficient condition V' (r) < exp (07'2) for the stochastic completeness was proved in
[8],125],[29],[41] (see also an earlier result [15]), and the sharp result (2) was established in
[18].

For a model manifold with the pole at xg, both the parabolicity and stochastic com-
pleteness can be characterized solely in terms of the function V(r) and its derivative (see
Proposition 4.1 and [22]).

Let d be the Riemannian distance of M and (M,d) be the completion of the metric
space (M, d). The Cauchy boundary of M is defined by

acM:M\M.

Note that M is geodesically complete if and only if doM = ¢.

We will define the notion of capacity of 0o M in Section 2 and say dcM is polar if it has
capacity 0. The stochastic completeness and parabolicity can be violated for two reasons:

- a fast volume growth at oo;

- the non-polarity of 0o M.

It is easy to see that if 0o M is bounded and polar, then the volume tests (1) and (2) for
the parabolicity and stochastic completeness, respectively, remain the same (see Remark
2.3).

There are several ways to characterize the parabolicity and the stochastic completeness
in a uniform way; for instance, using the Liouville property for Schrédinger operators (see
for e.g., [21]), curvature bounds [2],[9],[26],[27], [43], and the existence of cut-off functions
satisfying certain properties [35].

The main purpose of the present paper is to present and prove a new characterization
of these properties in terms of Green’s formula with the boundary at infinity. In the
statements below we understand the Laplace operator A in the distributional (weak)
sense. We denote LP = LP (M, uu) and suppress the M and dp from the integrals when it
does not create a confusion.

Theorem 1.1. M is parabolic if and only if

/Au =0 for all u € L™ such that Au € L. (3)
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Let M be a bounded open subset of R" with a smooth boundary M. Then, for any
function u € C? (M ), we have by the classical Green formula

/Auduz/ @da
M om Ov

where v is the outward normal vector field on OM and o is the area on 0M. We see that
the condition (3) never holds, and the reason is the presence of the Dirichlet boundary
oM.

In this example M is not geodesically complete. However, even if M is geodesically
complete, still one can have a non-zero value for f Au due to certain properties of M at
oo. For example, in R? it is easy to construct a bounded super-harmonic function u ()
such that u (x) = |z|~" for large |z|. For this function we have [ Au < 0 so that (3) fails.

Let W12 be the space of L? functions v whose gradient Vu is also in L2. The space
VVO1 2 is the closure of the set C§° of smooth functions with compact support in W12, The
restriction of A to {u € W&’Q : Au € L?} is referred to as the Dirichlet Laplacian Ap.

Theorem 1.2. M is stochastically complete if and only if
/Au =0 for allu € D(Ap) N L' such that Au € L. (4)

Examples to this theorem will be given below after Corollaries 1.3 and 1.6, and an ex-
tension will be given in Proposition 3.2. Propositions 4.2 and 4.3 show that the conditions
u € L' and Vu € L? in (4) cannot be dropped.

Since on a geodesically complete manifold D(Ap) = {u € L? : Au € L?}, we obtain
from Theorem 1.2 the following consequence.

Corollary 1.3. If M is geodesically complete, then it is stochastically complete if and
only if

/Au:O for all w € L* N L* such that Au € L' N L2

A similar example to Theorem 1.1 can be obtained on a model manifold (see Section 4).
Indeed, the Green function g(x,y) of a stochastic incomplete model manifold is integrable
at 0o. This allows to construct a bounded super-harmonic function u(z) such that u(z) =
g(z,y) for a fixed y € M and large enough d(z,y). It follows that w € L' N L> (this
implies that u € L? ) and Au has compact support in particular, Au € L' N L?, while
J Au < 0. (See Proposition 4.1 for more detail.) The assumption of geodesic completeness
in Corollary 1.3 can not be replaced by the condition that oM is compact and polar (see
Proposition 4.3).

Theorem 1.4. If M is geodesically complete, then it is stochastically complete if and only
if

/Au =0 forallu € L' N L? such that Vu € L' UL? and Au € L'. (5)

Theorem 1.4 remains true for a geodesically incomplete manifold if doM is polar and
if u satisfies in addition to (5) that uw € L*(B) on a neighborhood B of dcM; however,
the condition u € L! from (5) can not be removed (see Proposition 4.2).

In the next theorem, we are concerned with conditions for the identity W2 = WO1 2Tt
is known that this is satisfied for geodesically complete manifolds [1]. The relation with
parabolicity and stochastic completeness is given by

parabolicity = stochastic completeness = WhH? = WO1 ’2,
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where the last implication follows from Theorem 1.7 below. We set A(k) = B(xo,2k) \
B(zo, k) and A = U,A(k(n)) with k,n > 1 and a sequence {k(n)},>0 which goes to
oo as n — oo. Let D(A,) with 1 < p < oo denote the closure of the space C§° of
smooth functions with compact support with respect to A-graph norm in LP and D =
Ui<p<ooD(Ap). Other two spaces are D/ = ﬁkle(A%) and L = Ni<p<ooLP.
Theorem 1.5. Suppose that V(r) < oo for every r > 0.

(a) If Wy * = W2, then

/Au =0 for all w € Li_ such that Vu € L2 N L*(B)NLY(A) and Au € L' (6)

loc

for some open set B D 0cM and a sequence {k(n)}n>o.
(b) If Oc M is finite and

/Au =0 forallue D' NL such that Vu € L' and Au € L, (7)

then Wy = W12,

If M is a bounded domain in R™ with smooth boundary, then W12 = I/VO1 2 and (6) and
(7) never hold true. Other example M is a complete manifold N punctured a compact
submanifold ¥ C N of co-dimension 1. Indeed, the Cauchy boundary of M = N \ ¥ is
¥, and the solution to the boundary value problem: u|y = 1, u|p = 0 for some B D X
and Au|p\y, = 0, allows to construct v € C°(M) with support in B and [Au < 0.
Propositions 4.2 and 4.3 show that we can not remove the condition Vu € L? N L' from

(6)-

If M is geodesically complete, then the statement reduces to

Corollary 1.6. If M is geodesically complete, then
/Au =0 forallu€ L, such that Vu € L'(A) and Au € L' (8)

with some sequence {k(n)}n>0.

This result was proved in [14] in the case that k(n) = n. Proposition 4.2 shows that
we can not remove the condition Vu € L! from (8). A weaker statement of the opposite
implication in the case that the Riemannian metric extends to dcM can be found in
Proposition 2.4.

We denote by Vp and V  the gradient operators with domains T/VO1 2 and W12, respec-
tively. The minimal Laplacian Ajs, the Dirichlet Laplacian Ap, the Neumann Laplacian
A, and the Gaffney? Laplacian Ag are the restrictions of the distributional Laplacian A
to the following domains:

D(An)
D(Ap) = {ueW,?:Vue D(V)}
D(AN) = {ueW'?:Vue D(VY)}
D(Ag) = {ueWh?:Vue D(V})},

where V* is the adjoint operator of V. The following inclusions are obvious:

= the closure of C§° with A-graph norm

Ay CAp C Ag
Ay C ANy C Ag.
2M.P. Gaffney studied the essential self-adjointness of the Hodge-Laplacian acting on the space of

differentiable forms [12]. If we restrict that Laplacian to the space of functions, then its essential self-
adjointness is equivalent to the self-adjointness of Ag.
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Note that Ap and Ay are self-adjoint on an arbitrary weighted manifold. If M is geodesi-
cally complete, then all four Laplacians coincide. In general, A, and Ag do not need
to be self-adjoint. For instance, Ay on S? \ {p} has infinitely many self-adjoint exten-
sions; A¢ is not even symmetric on a manifold with boundary due to the presence of the
boundary term in Green’s formula.

A self-adjoint operator A is called Markovian if the semigroup T, = e/ is Markovian,
ie, 0 <Tiu <1 pae., whenever 0 < u < 1 p-a.e. Let A(Ajps) be the set of Markovian
extensions of Ays. Every A € A(Ajs) generates a Brownian motion on M according to the
boundary condition; in particular, the Dirichlet and Neumann Laplacians are Markovian
on arbitrary weighted manifolds (Proposition 3.4) and the associated Brownian motions
satisfy the absorbing and reflecting boundary conditions, respectively. The set A(Ajs) is
furnished with a natural semi-order (see Subsection 3.3), and we consider the minimum
and maximum elements, that are used in the following statement.

Theorem 1.7. (a) The Dirichlet Laplacian Ap and the Neumann Laplacian Ay are the
minimum and mazimum Markovian operators in A(Apy), respectively.
(b) The following three conditions are equivalent.

(i) Wy* = W2 (that is, Ap = An).
(1) Ag is self-adjoint.
(7i1) Apr has a unique Markov extension.

(¢) If M is either stochastically complete, or geodesically complete, or OcM is polar,
then each of the conditions (i), (ii), and (ii1) is satisfied.

Note that neither the parabolicity, nor the stochastic completeness, nor, the polarity
and compactness of dcM imply the self-adjointnes of Ays. For instance, M = S?\ {p} is
parabolic (in particular stochastically complete) and the Cauchy boundary {p} is polar,
but Ajs is not self-adjoint as explained above. Therefore, among all those infinitely many
self-adjoint extensions, Ap(= Ay = Ag) is the only Markovian extension.

In this paper we consider a manifold without boundary however all our results remain
true for a manifold with boundary imposed Neumann boundary condition.

We arrange the article as follows. Section 2 is the preliminaries. In particular, we
discuss the relationship between the polarity of dcM and the Sobolev spaces W2 and
WO1 2. We prove all theorems in Section 3. In Section 4, we present and discuss some
examples. Some examples demonstrate that certain conditions in the main theorems can
not be removed, and other examples are related to the condition of the Cauchy boundary
to be polar and the manifold to be parabolic. They will show that the Minkowski co-
dimension of 0o M equals 2 does not imply the polarity, that if 0o M has infinite capacity,
then both W12 = Wol’2 and W12 £ I/Vol’2 may occur, and that the V(r) ~ r? at infinity
does not imply the parabolicity of a geodesically complete manifold.

2. PRELIMINARIES

Let W12 be the space of all functions u € L? = L?(M, 11), whose distributional gradient
Vu is also in L?. Then W2 is a Hilbert space with the inner product

(u,v)12 = / uv dp + / (Vu, Vv) du.
M M
The space of smooth functions:
cenwh?

is dense in W2 [33] [4]. Let I/Vol’2 be the closure of the space C§° of smooth functions
with compact support in W12, The weighted divergence div u is the negative of the formal
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adjoint operator of V determined as

/udiV#Xdu:—/ Xudu, (9)
M M

for smooth function u and vector field X with compact support. The weighted Laplacian
A(=A,) is

Au(z) = div,Vu(z), foruwe C* and any z € M.
A local expression shows that A is a second-order elliptic differential operator. As in
Introduction, we denote the Dirichlet Laplacian by Ap and the associated semigroup in
L? by

T, = e'®P,  for all t > 0.

The semigroup 7} can be uniquely extended to a bounded operator in all LP with any
1 < p < oo and it has a smooth integral kernel k:

Tiu(z) = /k(t,x,y)u(y) p(dy), forue LP with1 <p<oo,t>0,and z € M.

The function k is the smallest positive fundamental solution to the heat equation on M.
We say that the manifold M is stochastically complete if and only if

Til(x) =1, p-a.e. for every t > 0.
The Cauchy boundary is
OcM = M\ M,

where M is the completion of M with respect to the Riemannian distance. The associated
1-capacity is defined as follows. Let O denote the family of all open subsets of M. We
define for Q2 € O that

Cap(Q) := uelrﬁl(fﬂ) /M uw? + |Vul? du, if £(Q) # ¢,

where £(1) is a set of u € W12 such that 0 < u < 1 and u|gny = 1. We let Cap(2) = oo
if £(Q) = ¢, and Cap(¢) = 0. We define the capacity for an arbitrary set ¥ C M as

Cap(X) := Qeé?fzcﬁ Cap(9).

We say X is polar if Cap(X) = 0. If ¥ = ¢, then Cap(X) = 0. The following can be proven
in the same way for the standard capacity (see for e.g., [11])
Lemma 2.1. The capacity defined above is a Choquet capacity®; namely, it satisfies

(a) ACB = Cap(A) < Cap(B).

(b) If Qy C Qpy1, then Cap(UQy,) = sup Cap(£2y,).

(¢) If Qi1 C Qy and U, is compact, then Cap(N§Y,) = inf Cap(£2y,).

Let € be a pre-compact open set in M and K, a compact subset in 2. We define the
relative capacity cap(K, Q) for the pair (K, ) by

K,Q) f Vul? du,
con(t,0) = _ink [ [ultdy

where £(K, ) is a set of u € W12 with support in Q such that 0 < u < 1 and u|g = 1.
We let cap(K, Q) = oo if L(K,Q) = ¢.
For an open pre-compact set K C €2, we define its relative capacity by

cap(K, Q) := cap(K, Q).

3A Choquet capacity is usually defined for a subset of M.
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The following shows the relationship between the polarity of dcM and the Sobolev spaces
Wh2 and WOI’Q. Let { By} be an exhaustion of M.

Lemma 2.2. (a) If OcM is polar, then W&’Z =wt2

(b) If Cap(By N 9cM) < oo for every k > 1 and Wy> = W2, then dcM is polar. In
particular, if VVOL2 = W12, then either OcM is polar or there is a pre-compact open set B
of M such that Cap(B N JcM) = oo.

(¢) If V(r) < oo with any r > 0 and T/Vol’2 = W2, then OcM is polar.

Proof. (a) For u € W12, we construct u,, € W&’Z converging to u in W12, Since Wh2nL>®
is dense in W12, we may assume u to be bounded without loss of generality. Let €, with
k=1,2,--- be an open set of M such that

OcM C Qpqq C Qp for every k > 1
Cap(Q) — 0 as k — oo.

For each k£ > 0, let ¢$lk) € L(Q) satisfy that qulgn)le,z — Cap(Qk) as n — oo. Put
On = gb,(ln) and u, = (1 — ¢, )u. Then u, € I/Vol’2 and since 1 — ¢, T 1 p-a.e,
unauimL2 as n — o0o.
Since ¢, | 0 p-a.e., Vu € L?, V¢, — 0in L? and u € L,
Vi, = (1 — ¢n)Vu — uVe, — Vu in L? as n — co.

This proves (a).

(b) If Cap(B NdcM) < oo for a pre-compact set B in M, then there exist an open set
O of M such that BNdcM C O and a function v € W2 such that u|pony = 1. Since
VVO1 2 = W12, then there exists a sequence u, € C§° which converges to u in W12, Since
u, has compact support in M, there is an open set U, in M such that BN dcM C U,
and u,(x) =0 if x € U, N M.

Set v, = u—wu,. If 2 € ONU,N M, then v,(z) = u(zr) — up(z) = 1. Hence
v, € LIONU,), and

Cap(BNOcM) < ||vp|lyr2 — 0 as n — oo,

in particular, Cap(By N dcM) = 0 for every k > 0 due to the assumption. Because
Ug>1 (Br NOc M) = 0c M and by Lemma 2.1
0 = sup Cap (B N dc M) = Cap(dcM)
k>1

we conclude that 9o M is polar. o

(c) Let B be a pre-compact open set of M and r > 0 be such that BN M C B(zo,r).
Consider the function u = ((2 — d(zo,-)r~') A 1)4. Since V(2r) < oo, u € L(B(zo,7)),
and hence, Cap(B N dcM) < Cap(B(zg,r)) < co. The assertion follows from (b). O

Remark 2.3. (1) If Cap(OcM) = oo, then both cases WhH? = VVOI’2 and Wh? £ Wol’2
may occur. See Proposition 4.5.

(2) Suppose OcM is bounded and almost polar. If we also have (1), then split M
into My and My in a way such that they have compact intersection, 0o M C oMy, and
w(My) < oco. Then My and My with the Neumann boundary condition are parabolic by
[32] and (1), respectively, and so is M by Proposition 14.1 (e) [22]. The same argument
together with Proposition 6.1 and Theorem 6.2 [22] shows that M is stochastically complete
under the volume test (2). The same results can be achieved by using Theorems 1.1 and
1.2.
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In the following we study other sufficient condition for the identity W? = WO1 2 The

results to the end of this section will not be used in the later sections. Let W1 be the
set of all vector fields X € L' whose distributional divergence div, X is in L'. Whlis a
Banach space with the norm

X0 = [ 1]+ i, X d
M

Let Wol ! be the closure of the space of smooth vector fields with compact support in whi,

It is easy to see that the condition Wit = Wol 1 implies that W12 = WO1 2, Indeed,
let w € W2 and X € Wi2 If Wil = Wol’l, then (Vu,X) = (u,—div,X), which
shows W12 = W&’2. It is known that Wh! = W()l’l if M is geodesically complete [14].
The opposite implication is also true if the Riemannian metric extends to the Cauchy
boundary:

Proposition 2.4. Let X be a closed subset of a geodesically complete manifold M. If %
s not empty, then

Wol(M\ %) ¢ WHH(M\ %),

Proof. Let Q C M be a pre-compact open set with smooth boundary such that B(9€) N
(M \ Q) # ¢. Let g be Green’s function of 2 with Dirichlet boundary condition. Extend
g to M by setting g(z) =0 if x € M \ Q.

Set h = g(x,, -) with some z, € X. Let ¢ > 0 and ¢ € C*°(R) be a convex function such

that
0, if t <e,
t) =
V(o) {t—26, if £ > 3e.

Set u = 1(h) and a smooth vector field, X = Vu. Recall that h has the same magnitude
of the singularity of that of Green’s function of the Euclidean space of the same dimension
as M; namely, if M has dimension n, then h(z) = grn(0,z) + f(z), with Green’s function
grn of R™ and a smooth function f in 2. Therefore, X € Wi, It follows from the
identity

Au =" ()| VAP + ¢/ (W) A,

that
/ div,(X) < 0.
M

By choosing € > 0 sufficiently small, we obtain also [ M\S div,(X) < 0.

Suppose X € W(]l (M \ ¥). Then there exists a sequence of smooth vector field X,
with compact support in M \ ¥ such that X, — X in Wh(M \ ¥), and

/ div,(X) = lim div,(X,) = 0.
M\S n—0 JANS
Therefore, X € WHL(M \ )\ W' (M \ £). O

We summarize some facts regarding to the polarity of 0o M and the “completeness’ in
terms of geodesics, Brownian motion, and some Sobolev spaces:



PARABOLICITY, STOCHASTIC COMPLETENESS, AND GREEN FORMULA 9

0<Cap(0cM) <oco=Ag#AL<=Tu#0c W2 Au=u

) %

W171¢W&’1<:W172#W5’26:>Tt1<1<:>3u7é06L°°, Au=u

(2) (6)
@)
) W2’2¢W§’2<LAM¢A}K/[<:>EIU#OEL2, Au=u

(7)
OcM # ¢.

e (1) is Lemma 2.2. The opposite implication does not hold by Proposition 4.5.

e (2) was explained above.

e (3) is included in the proof of Theorem 1.5. Indeed, for X € W'! one may
construct X,, € WOI 1 converging to X from Xﬁg(n)X . See also [13]. The opposite
implication holds true if the Riemannian metric extends to dcM by Proposition
2.4.

e (4), (5), and (8) follow from the definitions.

e (6) is (c) of Theorem 1.7.

e (7) was first proved in [7]. See also [38] [24]. The opposite implication is not true.
Indeed, if N is geodesically complete and ¥ is a closed submanifold of N, then
W22(N\ ) = WP*(N \ %) if and only if codim(¥) > 4 [31]. This fact together
with Proposition 2.4 shows that W?2? = W02’2 does not imply Wbl = I/T/Ol’l.

e There are no implications between the stochastic completeness and the self-adjointness
of Ajs as we explained in Introduction.

e The characterizations of the self-adjointness of Ag and Ay in terms of 1-harmonic
functions follows by (5) and a standard argument. See [22] for the characterization
of the stochastic completeness in terms of 1-harmoinc functions.

Other characterization is the uniqueness of the solution to the heat equation in a certain
class.

Remark 2.5. Consider the Cauchy problem to find a smooth function u(t,z) on Ry x M

such that
Ou _
ot Au’ (10)
u(0+,-) = 0.
Then
(10) has unique L*°-solutions = Aq is self-adjoint. (11)
(10) has unique D(A};)-solutions < Ay is self-adjoint. (12)

The implication (11) follows from Proposition 3.7 together with the fact that the stochastic
completeness of M is equivalent to the uniqueness of L*-solutions to (10) (see e.g. [22]).
The equivalence (12) was proved in [3] (see also [7] and [37]).

Remark 2.6. If M is stochastically complete, then there exists a sequence X, € D(A]B) N
LPNC™® forany k>0 and 1 < p < oo such that 0 < x, <1, xn T1 and

Axn, — 0, asn — oo.
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If M is geodesically complete, there exists a sequence X, € C§° such that 0 < x,, <1, xpn 1
1 and
Vxn — 0, asn — .

Moreover, if M is geodesically complete, then for any uw € D(Ap) there exists u, € C5°(M)
such that
Up — u, Vu, — Vu, and Au, — Au in L? as n — oo.

This is a consequence of the self-adjointness of Ayr. A direct proof for this fact seems to
construct xn, € C§° such that 0 < x, <1, xn T1 and

Vxn — 0 and Ax, — 0, as n — oo. (13)

If M is geodesically complete and bounded geometry then there exists x, € C§° satisfying
that (13) (for e.g. [37]).

3. PROOF OF THEOREMS

In this section we prove the main theorems. The proof of each theorem is contained in
individual subsection.

3.1. Proof of Theorem 1.1: Parabolicity. The proof is taken from [19].

Proof of Theorem 1.1. Let u € L* be non-constant and Au € L'. Let B C B’ C M be
arbitrary pre-compact open sets with smooth boundaries such that B C B’. Set Q = B'\B.
We assume without loss of generality that

supu < 1 and infu > 0.
M Q

Additionally, we first assume that u € C2. Let ¢ be the solution to the boundary value
problem: ¢lop = 1, ¢lgpr = 0, and A¢ = 0 in Q. The function ¢ is the equilibrium
potential of £2; namely,

cap(B.B) = [ V0P’
Set w = ¢ — u. Since !
w(z) =1—wu(z) >0, ifzedB,
w(z) = —u(z) <0, ifzedB,

there exists a regular value € > 0 for w such that I' = {w = ¢} C Q and

/—d0>0
r 0

where v is the normal vector to I' and o is the surface measure on I'. Thus,
8qﬁ do > / ou do.
8V T 6

By Green’s formula and the fact that A¢p =01in Q,

cap(B, ) = [ Vol

%0 (% [ g
o Ov r v QN{w>e}

9 .

8V

ou

> —d
r Ov o
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Let {B;} be an exhaustion of M such that B; has smooth boundary and B;_; C B; for
every ¢ > 1. Since M is parabolic,

cap(By, By,) — 0 as m — oc.

For each k, let m(k) be such that cap(Bg, By, r)) — 0 as k — oo. Let B = By, B' = By,
and €, D By be an open set such that 92 = I' as in the notations above. We deduce
that

/ Au = lim Au = lim a—da < hm cap(Bg, By k) = 0.
k—oo Q. k—o0 o0,

If we apply this argumentation for 1 — u, then we find

fac
U@Au:Q

We can remove the assumption of the smoothness of the function by applying the Friedrichs
mollifier (see for e.g., [4]).

Assume that M is not parabolic. Then M admits a positive Green function g. Let
u € C§° be u > 0 and not identically 0. Then v = [ gu € L* and

Jav=[uso

3.2. Proof of Theorem 1.2: Stochastic completeness (General case). Let G be
the associated 1-resolvent operator to T3; that is,

and hence,

O

oo
Gu = / e 'Tyudt, for uwe LP with any 1 < p < 0.
0

Similar to T3, G is a bounded operator in any LP with 1 < p < co. Since 7T} is an analytic
semigroup, G(L?) C D(Ap).

Let e, € C3°(M) satisfy that 0 < e, < epy1 <1 for every n > 1, and e, T 1 p-a.e. as
n — 00. The next lemma follows immediately from the definition.
Lemma 3.1. The following three conditions are equivalent.

(1) M s stochastically complete.
(2) Ge, 11, p-a.e. as n — oo.
(3) A(Gey,) = Ge,, — e, — 0, p-a.e. as n — oo.

Proof of Theorem 1.2. First, we assume that M is stochastically complete. Let u €
D(Ap) N L! be such that Au € L!. By Lemma 3.1,

Audp = lim (Au, Ge,). (14)

n—oo

If w € D(Ap), then, again by Lemma 3.1, (14) is
lim (u, A(Gey)) = lim (u,Ge, — ey) = 0.

We prove the opposite implication. Assume

/Av =0, for every v € L' N D(Ap) such that Av € L'. (15)
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Let ¢ € C5°(M) be a non-trivial and non-negative function. Set v = Ti¢ and v = Gu
with arbitrary ¢ > 0. Note that v satisfies the assumption of (15). Since G is self-adjoint,

(u, G(en) — en) = (u, AGey,) = (u, GAeyp) = (v, Aey) = (Av, ey).

The most right-hand side of this equation tends to 0 by (15). Since u > 0, this implies
that G(e,,) — e, — 0; that is, the stochastic completeness of M by Lemma 2.2. O

Theorem 1.2 can be extended as follows.

Proposition 3.2. (1) If M is stochastically complete, then

/Au =0 forallu € D(Ap)UDN L such that Au € L. (16)

(2) If
/Au:() for allw e DIN L such that Au € L,

then M s stochastically complete.

Proof. (1) If w € D(Ap), then the statement was proved in Theorem 1.2. If u € D, then
there exists u, € C§° such that uy — w and Awuy — Awu in LP with some p € [1,00].
Taking into account that Ge, € L, Lemma 3.1 yields that

n—oo k—

= lim lim (ug, A(Gey))

n—o0 k—o0o

= lim (u,A(Ge,)) = lim (u, Ge, —e,) = 0.

/Audu = lim lim (Aug, (Gey))

(2) can be proven as in the proof of Theorem 1.2] since G o T;(C§°) C D/N L and G,
T, and A commute with each other on C§°. O

3.3. Proof of Theorem 1.4: Stochastic completeness (Geodesically complete
case). In this subsection, we assume that M is geodesically complete. Fix an arbitrary
point x, € M and set for kK > 1 that

xe(x) = 1A (K71 2k — d(z, z0)) 4 (17)

This sequence of functions enjoys the property: xi € WO1 2 (due to the geodesic complete-
ness), Xx(x) T 1 and Vxi(z) — 0 as k — oo p-a.e.

Proof of Theorem 1.4. First we assume that M is stochastically complete. Let v € L' NL?
be such that Vu € L? and Au is integrable. Let e, € L? be the function which appeared
above. By Lemma 2.2 Ge,, T 1 p-a.e. as n — oo. Since (Au)(Ge,,) is integrable and xj 1 1
p-a.e. as k — oo,

/Au = lim [ (Au)(Ge,) = lim lim [ (Au)(Gen)xk-
n—oo n—oo k—o00

Because xj has compact support (due to the geodesic completeness), the last expression

of the above equation is

lim lim — / (Vu, V(xi(Gen)))

n—o0 k—o00

. (18)

n—0o0 k—o00

= lim lim —[/Xk(Vu,V(Gen)) + (Gen)(Vu, Vxi)
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Since (Ge,)Vu € L' and Vyj, — 0 p-a.e. as k — oo, the second term in (18) tends to 0 as
k — oo. Due to the fact u € L? and Ge,, € D(A) C W01’2, it follows that uV(Ge,) € L*
and

klim (uVxg, V(Geyp)) = 0.

Hence, (18) is

lim lim — [/(XkVu,V(Gen)) + /(uVXk,V(Gen))u]

n—oo k—o00

= lim lim — [ (V(xxu), V(Gey))

n—o0 k—o00

= lim lim [ xxuA(Gey)

n—oo k—o0

= lim [ u(A(Gey)),

n—oo

where the last expression is 0 because u € L' and A(Ge,) — 0 p-a.e. as n — oo by Lemma
2.2.
The opposite implication follows from Theorem 1.2. O

3.4. Proof of Theorem 1.5: Sobolev spaces.

Proof of Theorem 1.5 (a). Let A(k) be a subset of M as in Introduction, and u € L _ be
a function such that

{Vu € L2(B)N L}(A) N L2

i for some open B D dcM
Au e Lt

for a sequence k(n) — oo as n — oo and for A = U,>1A(k(n)).

Since I/Vol’2 = W2 and V(r) < oo for every r > 0, dc M is polar by Lemma 2.2. Hence
we find a sequence of open sets O; of M satisfying oM C O, C B, and a sequence of
functions e; € £(0;) such that ||e||y1,2 — 0 as | — oo.

Employing xj defined in (17), set X% = (1 — e;)xx with k,l > 1. Then Xi € Wol’z.
Taking into account that xj and Vyj are supported in B(xg,2k) and A, respectively,

0= / div, (Xhm V)
—/ Xk(n)(Vel,VU)+/(1—61)(ka(n)7vu)+/X§c(n)AU- (19)
B(z0,2k) A

Since B(xo,2k) = (B(z0,2k) \ B) U B, Vu € L?(B(wg,2k)). Therefore the first term in
(19) tends to 0 as | — oo because Ve; — 0 in L2. The second term of (19) tends to 0 as
n — oo because Vu is integrable on A and Vxy(,) — 0 as n — oo. The third term of (19)
clearly converges to [ Au. O

If OcM is finite, then let B be a pre-compact open set of M such that 9cM C B. We
denote by B the closure (not the completion) of B in M. In order to prove Theorem 1.5
(b), we need

Lemma 3.3. Assume that OcM is finite and has finite capacity. If Wol’2(M) # WhH2(M),
then W, (B) # W2(B).
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Proof. Since dcM has a finite capacity, there exists an open set B’ of M such that dc M C
B’ and p(B') < oo. Because B\ B’ is a pre-compact subset of M, u(B) < u(B\ B') +
u(B') < co. Thus, 1 € WH2(B), and

Cap(dcB) < oo.

Since if u € W12(M) then ulz € Wh2(B), it follows that Cap(dcB) > Cap(dcM) > 0.
The assertion follows from Lemma 2.2. O

Proof of Theorem 1.5 (b). Since dc M is finite and V/(r) < oo for every r > 0, we find a
pre-compact open set B of M such that 0cM C B and u(B) < oo. Let Vpy be the
restriction of Vy to VVO1 ’Q(E). The associated Laplacian Apy is
ADN = —V*DNVDN.

Due to the Von Neumann theorem, A py is self-adjoint. Moreover, since Vpy is a restric-
tion of Vi, Apy is Markovian by Lemma 3.5. Any function u € D(Apy) satisfies the
Dirichlet boundary condition on dcB(= 0cM) and the Neumann boundary condition on
0B.

If we suppose WOLQ(M) # W12(M), then WOI’Z(E) # WH2(B) by Lemma 3.3. Since
1 € Wh2(B) and e!®N1 = 1, where Ay is the Neumann Laplacian of B, this implies
that e!PN1 < 1, and we may apply the argument of the proof of Theorem 1.2 and the
following remark to find a function u € LP(B) N D(A% ) such that Au € LP(B) with all
1<p<ooandk >1and

/ Au # 0.
B

For an open set B’ C M such that oM C B’ and B’ C B, let x € C®(M) satisfy
that x|pr = 1 and supp[x] C B. Since Vx and Ay are supported in B\ B’ and B\ B’
is pre-compact in M, both V(xu) and A(xu) are in L?. Because (1 — x)u satisfies the
Neumann boundary condition on d(B \ B’),

/BAu:/BA(xu)+/BA(1—X)u:/BA(Xu).

Thus, we may assume that supp[u] C B without loss of generality. We extend u to M by
defining its value to be 0 on M \ B and denote it by the same symbol. Clearly u € LN Dr
and Au € L. Finally, since u(B) < oo, Vu is integrable, which completes the proof. [

3.5. Proof of Theorem 1.7: Markov uniqueness. Denote by A the set of non-positive
definite self-adjoint extensions A of the minimal Laplacian Ay, i.e,
A={AC A} : A= A" and (Au,u) <0 for u € D(A)}.
We say that S € A is Markovian if the semigroup generated by S in L? is Markovian. A
subset Ap; of A is
Ay ={S € A: S is Markovian}.
For A € Ay, consider the closure £4 of the quadratic form (—Auw, v) with u,v € D(A). We

denote the domain of £4 by F4. The pair (€4, F4) is called the Dirichlet form associated
with A. A Dirichlet form (&, F) defines a complete metric £-1 on F:

E-l[u] = ||ul]* + E[u], weF,
where £[-] = £(+,+). A semi-order < in A is defined by A; < As if and only if
D(E4,) C D(€a,) and E4,[u] > E4,u], for all u € D(E4,).

The following fact is well known (see for e.g., [24]), but we give an alternative proof for
the sake of the completeness.
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Lemma 3.4 ([24]). The Laplacians Ap and Ay are Markovian on an arbitrary weighted
manifold.

Proof. Let 1. € C°(R) with € > 0 satisfy —e <1/}6 < 1+e (t) =t if t € [0,1], and
0<v¢' —e<1. ForuecW'?NC*® and ue = e (u)

£lu] / Va2 = / I (u wr? / Vul? =

where E[u] = [|Vul?>. Hence (£, Wh? N C*) is a Markovian form [11]. The generator
of the closure of this form is Ay, and since the generator associated to the closure of a
Markovian form is Markovian [11], Ay is Markovian.

We can prove that Ap is Markovian in the same way. g

The following is (i) in Theorem 1.7.

Lemma 3.5. The Dirichlet Laplacian and Neumann Laplacian are the minimum and
mazximum elements in Apr, respectively.

Proof. First, we show that (&, VVO1 2 is the minimum element. Let A € Ay Since W[} 2
is the closure of C§® with respect to £-1 norm, Wol’2 C Fa(= D(€4)). For any u € WOI’Q,
let u,, € C§° such that u,, — v in VVOL2 as n — o0o. By the equation Au, = Au, and the
lower-semicontinuity of &4,

Elu] = lim (—Aup,un) = lim Eafuy] > Ealul.

n—oo n—oo

Next, we show that Ay is the maximum element. The associated form is (£, W12).
Let ¢ € C3° such that 0 < ¢ < 1. Let v € F4 be a solution of Av = Av with A > 0. By
the hypo-ellipticity of A, v is smooth. Set v, = (vV (—n)) An with n = 1,2,---. Since
v € Fan L™ for any n, it follows by (3.2.13) in [11] that

n—oo

Eal = Jim Ealon] > Jim [Eatout.vn) — 3Ea(i20)]

Since v, ¢ = v¢ for large n and v¢p € C§°, on which A and A agree point wise, the most
right-hand side in the above equation is

lim [Ea(ve,vy) + 1(v,%,AqS)] = lim {(—A(vd)),vn)

n—00 2 n—0oo

1
+ 50880

—(~A(v9),v) + 5 (07, A9)

—(~A@8),0) + 5 (AW, 9)
:(—vcb Av) + (|Vv\2 + vAv, @)
(—vo, \v) + (|Vu|* + M?, ¢)

/ AVl
By letting ¢ 1T 1, Ealu] > E[u]. Since
Fa=Wi2@{ueFa:Au=u}, \>0,

any w € F4 can be decomposed as w = 1 + u, where n € Wol’2 and u € F4 satisfies
Au = Au. Now,

Elw] < &M + Elu] < E[n] + Ealu] = Ealw] < oo,
and w € W12, Thus F4 € W2 and we arrived at the conclusion. O
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The following, which is (ii) of Theorem 1.7, is easy

Lemma 3.6. The following conditions are equivalent.
(1) Ap = Ap.
(i) Ag is self-adjoint.
(#i7) Ap has a unique Markov extension.

Proof. The implication (i) = (ii) follows from the definition of Ap, Ay, and Ag. Since
Ap C Ag and Ay C Ag, if Ag is self-adjoint, then Ap = Ag = Ay, which is (ii)
= (i). The equivalence between (iii) and (i) follows from the fact that Ap and Ay are
Markovian, and they are the minimum and maximum elements of Markovian operators
by Proposition 3.5. O

The next is (iii) of Theorem 1.7.

Lemma 3.7. If M is stochastically complete or geodesically complete, or OcM is polar,
1.2 _ 11712
then Wy = WH=,

Proof. Suppose WO1 2 £ W2, Then two operators Ap and Ay are not identical, and
hence AP £ !N Taking into account that the kernel of e!AP is the smallest positive
fundamental solution to the heat equation,

u(t) := (etAN - etAD) u>0

for a non-trivial uw € Cy with w > 0. Since u(t) is a bounded solution to the Cauchy
problem with initial data 0, M is stochastically incomplete by Theorem 6.2 in [22].

We already showed that the polarity of 0o M implies WO1 2 = Wl2 i Proposition 2.2.
In particular, since the Cauchy boundary of a geodesically complete manifold is empty
and it is polar, I/Vol’2 = W12, (The last fact is well known. See for e.g., [12], [1]). O

4. EXAMPLES AND NOTES ON POLARITY OF JcM

This section consists of two subsections. In Subsection 4.1, we present some examples of
manifolds which demonstrate that we can not drop certain conditions from main theorems.
In Subsection 4.2 we will mainly study the Cauchy boundary. We will present an example
of dcM which has co-dim(dcM)=2 but not polar, and an example of a non-parabolic
geodesically complete manifold with V(r) ~ 72 for large r > 0 (Proposition 4.4). We
also present an example which demonstrates that if dcM has infinite capacity, then both
w2 = T/VOI’2 and W12 £ I/VOI’2 may occur (Proposition 4.5).

Our examples are warp-prodcuts or model manifolds. Let us recall the definitions and
their Laplacians and the Green functions. For further properties of a model manifold, see
[22]. The product N = (0,00) x S" with the Riemannian metric

dr® + 02(r)gg,

where gy is the Riemannian metric of S” and ¢ = o(r) is a positive smooth function, is
called the warp product of (0,00) and S"™. The condition

o(0) =0 and ,1,12% a(r)=0 (20)

is the necessary and sufficient condition such that the Riemannian metric extends to
0 := {0} x S™. The point o is called the pole of N and it is the Cauchy boundary dcN.
If (20) is satisfied, then the manifold M = N U {o} is called a model manifold. Clearly, a
model manifold is geodesically complete.
The volume element is
wpodr,
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where wy, is the volume of S™. The surface area S = S(r) of the boundary 0B(o,r) of
B(o,r) is

S(r) = wpo™(r)
and the volume V' (r) of B(o,r) is

V)= [ s©de = [ on(6)de

The associated Laplacian is
S, 1

where the prime stands for the derivative with » > 0 and Ay is the Laplacian on S". By

(21), the positive function?:
@=[ < (22)
g B r(x) S(T)

solves Laplace’s equation. If M is a model manifold, the function (22) is Green’s function
g with pole at o.

/
1
Au=u"+Zu + —Dpu = u” +
o o

4.1. Examples. The following is the example to Theorem 1.2.

Proposition 4.1. Let M be a model manifold and g be Green’s function. Then

. < dr .
non-parabolic <~ m <00 < finiteness of g.
r

If M is non-parabolic, then

V(r)
S(r)

In particular, if M is stochastically complete, there exists a positive super-harmonic func-
tion u such that w € L' N L>®, Au € L?, and

/Au<0.

Proof. The implications for parabolicity follow from (22) and the definition. The first
equivalence for the stochastic completeness can be found in [22]. For the second equiva-

lence, observe
[, o= [ o) s
- /100 S(r) TOO %dr
_ /100 ﬁ /j S(r)drdt
_ /100 V(t)S?t;/(l)dt'

dr < oo <= g¢& L' (outside a compact).

o0
stochastic incomplete <= /

A1 may be identically +oco.
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Next assume that M is stochastically incomplete and let ¢ € C*°(0,00) be a super-
harmonic function satisfying that
t, 1<t
-]

2, t>3.

Set u = v(g). Clearly u € L' N L*> and Au has compact support. Moreover, u is
super-harmonic and [ Au < 0. O

The next proposition shows that we may not drop the conditions u € L' in (5) and
Vu € L' in (6), respectively.

Proposition 4.2. Let M be an (n + 1)-dimensional model manifold. We assume that
o(r) = r% with s > 0 at infinity. If sn > 3, then M 1is stochastically complete and there
exists a measurable function u such that

/Au #0, ueDAp)\L', Vu¢g L', and Au € L'

Proof. Since

M is stochastically complete by the volume test (2).
Let g be Green’s function with pole at o:

° dr 1 [~ _ 1 1—
gm:/ —:—/ r "dr = ————r(x) "
( ) r(x) S(T> Wn Jr(z) (STL - l)wn ( )

Let ¢ € C*°(0,00) be super-harmonic such that

t, ift<1
t pu—
vt {2, if t > 3,

and ¥"(t) <0 if t € (1,3). Set

u(z) = {¢(9(fv)), if 2 #0
2, if z =0.

Then
/u > C(n, s)/ LTSS e = 00
g9<3

/u2 < / 2? +/ 9> <dpu(g>1)+ C(n,s)/ p2I=sn)psn gy
{g>1} {g<1} {g<1}

=4u(g > 1)+ C(n,s) / 275" dr,
{g<1}

which is finite since sn > 3. Since Ag = 0 if » > 0, it follows that
Au(z) = (¥"(9)[Vgl* +¢'(9)Ag) ()

= w”(g)IVg!Z(x){

and

<0, ifl<g(z)<3
=0, otherwise.
Thus,
Au € L' N L* and / Au < 0.
M
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Since u and Awu are in L? and M is geodesically complete, u € D(A). Since Vu = ¢'(9)Vyg,
/|Vu| 2/ Vgl :/ =" dr = 0o
g<1 g<l1

Any Euclidean space R™ with n > 5 satisfies the condition of Proposition 4.2 since
o(r)=rand s = 1.

The next proposition shows that we may not drop the condition Vu € L? from (4) and
(6)-
Proposition 4.3. Let N be a 3-dimensional non-parabolic model manifold and M =
N\ {o}. There ezists a measurable function uw on N such that

O

/Au;éo, we L'NL? Vue LY\ L?, and Au e L' N L.
Note that the Cauchy boundary OcM = {o} is polar and hence W12(N) = Wol’Q(N). The

manifold can be stochastically complete.

Proof. Let g(-) = gn(zo,-), where gy is Green’s function of N. Let ¢ € C*°(R) be a
convex function defined as
0, t<1,
-]

t—2, t>3,

and " > 0if t € (1,3). Set u = (g) € C°(M). Since the magnitude of the singularity
of g is r=1, where r is the distance from z,,

/u A/ )k 2drx/ (rt—2)Frdr < 0 if k =1,2,
g>1 g>1

thus v € L' N L2. Since Ag = 0 and Vg # 0, it follows that

Au(z) = (8" (9)| VP +¥(9)Ag) (x) {> 0, if1<g(x) <3

=0, otherwise.
Thus, Au € L' N L?. On the other hand, since for small r
[Vu(a)| = [¢'(9)Vg(z)| = ()2,

/]Vu\ :/ |Vl x/ r2r?dr < oo,
g>1 g>1

and Vu ¢ L. O

we obtain

The Euclidean space R? is parabolic and satisfies the condition of Proposition 4.3.

4.2. Some notes about the Cauchy boundary. Let us recall some known sufficient
conditions for Ao M to be polar which is closely related with our examples.
A very general criteria is the following: If 0o M is compact and

pdp

| = 29)
then dcM is polar. This statement can be proven in a similar way of the proof of Theorem
7.1 [22]. This condition is satisfied; for example, if V(p) < p?, or V(p) < p*(In(1/p)), or if
there exists pr — 0 such that

V(pr) < const p}.

Concrete examples, whose doM’s polarity can be stated in terms of a certain “co-dimension”
are the following:



20 A. GRIGOR’YAN AND J. MASAMUNE

e Let M be a manifold with polar Cauchy boundary and ¥ be its compact sub-
manifold. If ¥ has co-dimension equal or greater than 2, then M \ ¥ has polar
Cauchy boundary.

e If M is an algebraic variety in CP" or an Riemannian orbifold, then the singular
set ¥ C M is the Cauchy boundary of its regular part, M \ X. If ¥ has a (real)
co-dimension equal or greater than 2, then it is polar (see for e.g., M. Nagase [34]
and P. Li and G. Tian [30] for algebraic varieties and T. Shioya [36] for Riemannian
orbifolds.).

e The lower-Minkowski codimension codim ;(0cM) of M is

lim inf (ln V(p)> .
p—0 Inp

If codim,,; (0cM) > 2 + € with some € > 0 then (23) is satisfied [31].

It is easy to show that (23) implies codim,;(0cM) > 2 and all the Cauchy boundaries
of the examples above satisfy this estimate. However, the opposite implication does not
need to be true. Namely,

Proposition 4.4. (a) There exists a Cauchy boundary OcM, which is a manifold, the
Minkowski co-dimension is 2, namely,

lim InV(r)

r—0 Inr

not polar, and WOLZ(M) £ Wh2(M).
(b) There exists a non-parabolic model manifold M such that

InV(r)

r—oo Inr

Proof of (a). Let M = (0,00) x S™ with n > 1 be the warp product of (0, 00) and S™. Let

oty = (PUBYT g,

Wn

where

In|Inr|
fry=2+4+(1+4+¢e) P e>0, r>0.

A direct calculation shows that lim,_,go(r) = 0. The Cauchy boundary is the point
{0} x S™. We also find lim,_,go’(r) # 0. (Thus the Riemannian metric does not extends
to the Cauchy boundary.)

Then V (r) = /) for r € (0,1/2) and

mmzlimf(r)zz

r—0 Inr r—0
We claim that V is convex for small » > 0. Defining a function f from the identity
InV = flnr, we obtain V//V = (fInr), V' =V (fInr), and
V' =V'(flInr) +V(fInr)" = V((fInr))? + V(fInr)"
= V[((flnr))? + (fInr)"]. (24)
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Obviously, we have

=0+

Inr In|lnr|

rinr r (1—1n\lnr|)

rlnr v | _(q Sl Bl V4
(Inr)2 ] (1+¢) r(Inr)?

ryunr 2
o (1+6)——91n3 — (1= In|Inr])(r(lnr)2y

(r(In7)?)?
B —lnr— (I —In|lnr|)(Inr)(Inr + 2)
=(1+¢ (r(Inr)?2)2
-1+ e)(r(ﬁ:ﬁ[l +(1— (In|lnr])(Inr +2)],

whence it follows that

(flnr)”" = f"Inr+2f/ (Inr) + f(lnr)" = fInr +2fr~t — fr2

In|lnr
—rH 0 l|nr w
:((7411:;))2 —1 w —In7] —r2 [2 +(1+ e)%r;r‘]
~T 3 asr — 0

On the other hand, we have,

Inr

((flnr)’)2 = (f’lnr—i—f/r)2 —

(I+e)(1—In|lnr|) N 2+ (1 _|_€)1n|1n7”|]

rinr T
2
1 1—1In|l 1
2[00 mpmr) e
Inr Inr

4
~ — as r—0
r

Thus, comparing this with the above estimate of (fInr)” and taking into account (24),
we see that there exists R € (0,1/2) such that

V"(r) >0 for r € (0,R).

Therefore,
(V(r) —V(0))

V() = S

and

i R
d?“ dr dr -
r / V /T pl+(1te)ln[lnr|/Inr _/r A rre [[Inr| =55 (25)

Let us extend V(r) for r > R to satisfy
 dr
—— =C < 0.
/R Vi(r)

Let ¢ be the solution to the following boundary problem in Q(r,7") := B(r') \ B(r) with
r<r

A¢p =0, ¢|33(7~) =1, ¢|8B(r’) =0.
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! _1 !
B T dr T dp
‘b(s)‘(/r v'<r>> T

Cap(B(r)) > lim V| du = / 99 do
=00 Ja(r) oB(r) OV

()

- v, v)

By (25), the last expression is bounded from below by

By (21), we have

Hence,

-1

-1

R d 3 B
(/ ‘;(:)"’_C) =(U1H7'|76]f+0) 1—>(HDR|7€+C) 1>07 as r — 0.

This shows that dcM is not polar. Because Cap(dcM) < oo, we conclude by Proposi-
tion 2.2 that Wy (M) # W12 (M). O

Proof of (b). Let f be the same function as in the previous example. Assume that the Rie-
mannian metric extends to oM and M is a geodesically complete Riemannian manifold;
namely, a model manifold. If V (r) = /(") for large ~ > 0, then
14
lim (r)

r—oo 12

/OOVT?:FOO

Furthermore, in the similar way as above, we find V”(r) > 0 for large r > 0 which implies
that M is not parabolic. O

=2

and

Proposition 4.5. (a) There exists a stochastically complete manifold M such that Cap(0cM) =
: 1,2 1,2

oo. In particular, W* = Wy~.

(b) There exists a stochastically incomplete manifold M such that Cap(0cM) = oo and
wh2 — W1’2

o 1,2

(¢) There exists a manifold M such that Cap(OcM) = oo and W12 £ Wy*; for

instance, M = R? \ R with standard Euclidean measure.

Proof of (a). Consider M = ((0,1]; ), where du(x) = dx/x. We impose the Neumann
boundary condition at z = 1. The Cauchy boundary is the point doM = {0} and the
volume of B(0,r) is [ dz/z = oo for any r € (0,1). Therefore, the L?-norm of any
function which is 1 on a neighborhood of d¢M is infinite, thus, Cap(dcM) = oo.

Next we show the stochastic completeness. Let r be the distance from x = 1 and

V(r):/orld_xx.

PV(r),  [P=In(l-r), 1
/V,(r)dr—/ 1—_7ﬂdr—§(ln(l—p))2—>oo, p— 1.

This implies the stochastic completeness (see Section 6 [22]). In particular, W12 = WO1 2,
U

Then
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Proof of (b). Consider M = ((0, 00); i), where the measure p and the volume V' (r) satisfy:
du(x) = dz/x for x close to 0 and
/ Vir) dr < oo.

vi(r)

Then M is stochastically incomplete (Section 6 [22]). We have showed Cap(dcM) = oo
above.

We show that W2 = Wol’2. For u € W2, we construct a sequence u, € VVOL2 such
that u, — u in W12 as € — 0. Since W12 N C*™ is dense in W12, we may assume that u
is smooth without loss of generality. Then u should satisfy:

u(0) = hII(l) wlx)=0 and u'(0)= lin%) u'(z) = 0.

Set

t—e)y, ift>0,
pr(t): ( )+ ‘
(t+e) N0, ift <O,

with € > 0 and u. = ¥e(u). If u(x) < € then u(z) = e(ue(x)) = 0. Since u(0) = 0,
Ue € I/Vol’2 with any € > 0. Set

Oc={xeM:|u(x)|<e} and Cc=M)\O..

If ve = v — u,, then

ve() = u(z), ifz e O,
S Y 4e,  ifu(z) € C

1
/U?du:/ vzdu—{—/ v?du:/ u2d,u—|—/ e dp =: (I) + (I).
O OG CE € C(

Set O, = {x € M : u(x) = 0}. Since 1p.\p, — 0 p-a.e. as € — 0,

d d
(I):/ u2—x:/ u2—x—>0, e — 0.
€ T OE\Ou T

Since u/(0) = 0, we may assume that |u/(z)| < 1 for any x € (0,¢) for sufficiently small
e > 0, and

mwnsAﬂMQWKSw

If xc = min{xz > 0 : u(z) = €}, then . > e. Thus,

L yde 2 2
(I1) < e — = —€e"In(z.) < —€“In(e) - 0, €—0.
Te x

1
/@y@:/@y@:/ WP o, oo,
0 X . X Oe\ou X

. 1,2
ue—>u1nW1’2ase—>0andW1’2:WO’. O
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