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Consider a family of independent random variables X = {X;,},1 < j <n,1 <k <p,
defined on some probability space (€2, M, Pr). Let X = (X)) be matrix of order n x p

and let W = %XX*. Denote by {s?,...,s2} the eigenvalues of the matrix W and
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Abstract

Let X = (Xj) denote nxp random matrix with entries X, which are indepen-
dent for 1 < j <n,1 <k < p. We consider the rate of convergence of empirical
spectral distribution function of matrix W = %XX* to the Marchenko—Pastur
law. We assume that EX;, = 0, EX]?k = 1 and that the distributions of the
matrix elements Xz have a uniformly sub exponential decay in the sense that
there exists a constant s > 0 such that for any 1 < j <n, 1 <k < p and any
t > 1 we have
Pr{|X;1| >t} < s 'exp{—t"}.

By means of a recursion argument it is shown that the Kolmogorov distance
between the empirical spectral distribution of the sample covariance matrix
W and the Marchenko-Pastur distribution is of order O(n~"log®n) with some
positive constant b > 0.

Introduction

introduce the associated spectral distribution function
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Averaging over the random values X;;(w), define the expected (non-random) empir-
ical distribution functions
F.(x) = EF,(z).

n

We assume that p = p(n) and lim,,, & =y € (0, 00). Without loss of generality we
shall assume that y € (0,1]. Let G,(z) denote the Marchenko-Pastur distribution
function with density g,(r) = G (r) = 2;” V(x —a)(b— x) Iy (z), where I, ()
denotes the indicator-function of the interval [a,b], a = (1 — /)% b = (1 + /)%
We shall study the rate of convergence F,,(x) to the Marchenko—Pastur law assuming
that Pr{|X;x| > ¢} < > texp{—t*} for some 3 > 0. This problem has been studied
by several authors. In particular, we proved in [I0] that the Kolmogorov distance
between F,,(x) and the distribution function G(x), Af = sup, | F.(x) — Gy(x)] is of
order Op(n~2). Bai et al. showed in [I] that A, := sup, |F,(z) — Gy(z)] = O(n"2).
For the Laguerre Unitary Ensemble we proved in [4] that A, = O(n™!). Let y = T €
(0,1] in the what follows. For any positive constants o > 0 and s > 0 define the
quantities

(1.1)

X|=

+

D=

lno =logn(loglogn)® and B, := (lna)

The main result of this paper is the following

Theorem 1.1. Let EX;, =0, EX?, = 1 and there exists a constant s > 0 such that
foranyl<j<mnandl1 <k <pandanyzx>1,

Pr{|Xi| > 2} < s ' exp{—2"}. (1.2)

Then for any o > 0 there exist a positive constants C' and ¢, depending on »x and «
such that
Pr{sup| Fo(2) - G,(2)| > n 52} < Cexp{—cla}. (13)

We apply the result of Theorem [[T] to investigation of eigenvectors of the ma-
trix W. Let u; = (uj1,...,u;n)? be eigenvector of the matrix W corresponding to
eigenvalue s?, 7 =1,...,n. We prove the following result.

Theorem 1.2. Under condition of Theorem [11 for any o > 0 there exist constants
C, ¢, depending on » and « such that

2
s P
Pr{lgﬁén [wjn]” > ;} < Cexp{—clpa} (1.4)
and
k i 5
12 Y n < -
Pr{lféllii;{n| ;:1 [w| n| > —\/ﬁ} < Cexp{—clya}- (1.5)

We use a relatively short recursion argument based on the approach developed in
[5] and [6] and ideas similar to those used in Erdés, Yau and Yin [§], Lemma 3.4.
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2 Proof of the main Theorem

To bound A} we shall use an approach developed in Gétze and Tikhomirov, [I0] and
[5]. We shall apply a bound of the Kolmogorov distance between distribution func-
tions via distance using their Stieltjes transforms. We denote the Stieltjes transform
of F,(z) by m,(z) and Stieltjes transform of the Marchenko-Pastur law by s,(z).
We shall use the “symmetrization” of the spectrum sample covariance matrix as in
[5]. Introduce the (p+n) x (p + n) matrix

v:%[ o ’é] (2.1)

where O denotes a matrix with zero entries. Note that the eigenvalues of the matrix
V are +s1, ..., £s,, and 0 with multiplicity p—n. Let R = R(z) denote the resolvent
matrix of V defined by the equality

R=(V-zL,,)"

for all 2 = u+iv with v # 0. Here and in what follows I, denotes the identity matrix of
order k. Sometimes we shall omit the sub index in the notation of the identity matrix.
It is well-known that the Stieltjes transform of the Marchenko—Pastur distribution
satisfies the equation

yzs°(2) + (y—1+2)s,(2) +1=0

(see, for example, equality (3.9) in [4]). If we consider the Stieltjes transforms s, (z)

of the “symmetrized” Marchenko-Pastur distribution @y(x) = %Gy(mz), then it
is straightforward to check that §,(z) = zs,(2%) and

ys2(z) + (y7_1 +2)5,(2) +1=0. (2.2)

(see Section 3 in [0]). Furthermore, for the Stieltjes transform of the “symmetrized “

empirical spectral distribution function fn(:)s) = w we have
n n+p
1 1 1—y
mn(2) ==Y Rjj=— > Rj+—r0:.
A Ly y=

(see, for instance, Section 3 in [5]). In the what follows we shall consider symmetrized
random values only. We shall omit the symbol ~ in the notation of the distribution
function and its Stieltjes transform. Let T; = {1,...,n}\ {j}. For j =1,...,n,
introduce the matrices VU, obtained from V by deleting the j-th row and j-th
column, and define the corresponding resolvent matrix RUY) by the equality RVU) =
(V@ — 2L, 1) Let m¥(z) = %Zl@rj Rl(l]).
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We shall use the representation, for j =1,...,n,

1
Rjj - - (23)

1 P (4)
—Z = ki=1 X kX GR e

(see, for example, Section 3 in [B]). We may rewrite it as follows

1 1
+
24 ymn(2) + 2 24 ymy(2) + 2

z z

Rj; = — iR, (2.4)

where € =¢&j + €52 + €43 and

p

1 .
= ];Z<X32k - 1>R/(€J-i)-n,k+n7 €j2 = — Z XJkXJleJrn I+n’

k=1 p1<k7$l<p
1 P ) P
€53 = 5(2 Ry iin — Z Rl+n,l+n>-
=1 =1

This relation immediately implies the following two equations

2
1 €
R.. = — _ IV +
7 z+ymn(2) + y;l ; (z +ymn(2) + y;1)2
i ! g€l + ! gjsR;; (2.5)
S Gymale) + 2 T
and
1 1 1<
mp(2) = — + ——— ;R
) Z 4 ymy(2) (z 4+ yma( )+yzl)n; e
2 n
1 1 1
e — — IS v
2 yma(2) + 2 (24 yma(2) + y§1)2 n ; ; ’
2 n
1
(z 4+ ymu(2))%n ; JZI(%V&]R” - z+ ymn( Z siafiye (2:6)
2.1 Large deviations I
In the following Lemmas we bound ¢;,, for v =1,2,3 and j =1,...,n.

Lemma 2.1. Under the conditions of Theorem[L1 we have, for any z = u + v with

v>0andany j=1,...,n,
1
iz < —.
|J3‘—m)
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Proof. 1t is straightforward to check that

p p+n
p—n
Z Riipin = nmy,(z) — = Z Ry — nmy(z) (2.7)
I=1 o =1
and
P ' p+n ' _
STRY = Y Ry —(n—1)mY, () (2.8)
=1 I=1,I#j
Furthermore,
1 p—n - 1 oo p—n+1
=_T —1)mY,(2) = =TrRY 4 — ——— 2.
nmy,(z) 5 rR+ 5y (n—1)mY,(2) 5 rRY + 5, (2.9)
This implies
S ~ 0) 1 g 1
Z R[+n7[+n — Z Rl—i—n,l—i—n = §T1“R — §TI'R — ; (210)
1=1 =1

The conclusion of Lemma 2] follows immediately from the inequality |TrR —
TrRY| < o' and 1] < 07! (see Lemma 4.1 in [3]). O

Lemma 2.2. Assuming conditions of Theorem[L1, for any o > 0 there exist positive
constants C' and ¢, depending on o and s only such that for any v > 0, the following
inequality holds

p
2.1 :
Pr{leji| > 2n 252 (Y IR, 142} < Cexp{—clua}
=1

Proof. The proof of this Lemma is similar to the proof of Lemma 2.3 in [6]. We use
the following inequality for the sum of independent random variables. Let &;,...,&,
be independent random variables such that E; = 0 and [{;| < o;. Then

Pr{| Zgﬂ > 2} < (1 - ®(z/0) < %exp{—%ﬂ}, (2.11)

where ®(z) = \/% . eXp{—%}dy and 0° = of +---+ o). Weput, for k=1,...,p,
N = X3, — 1, and define

1 1 .
& = (M| X < l7a)} — EnI{| X;x < l7a})RY.

2 .
Note that E&, = 0 and & < 2lﬁ,a|R,g]ln7k+n|. For any j = 1,...,n, introduce the

o-algebra MY generated by the random variables X, with 1 <1+ j <n, 1 <k<p.
Let E; and Pr; denote the conditional expectation and probability given MY Note



The rate of convergence to the Marchenko—Pastur distribution 6

that random variables X, and o-algebra M) are independent. Applying inequality

1

2.11) with = —2n2l” 2( iy |Rk+nk+n|) , we get

p p 2
€
Pr{]| ;m >z} = EPrj{]| ;gk\ >} <Bexp{-—} < Cexp{—clno}. (212)
Furthermore, note that, for k =1,...,p,

2 1 1
[EmI{|&k] < lia}| < BF nl"Pri{|&] > 17 Fo} < B3|l exp{— na} (2.13)

The last inequality implies that

p
1
|ZEjnkH{|Xjk| <l a}) k+n k:+n| < Cexp{__ln a} Z |Rl(cj+n k+n 2 2' (2'14)

leT

The inequalities (ZI2)) and (2I4) together conclude the proof of Lemma 22 Thus
the Lemma is proved.
U

Corollary 2.3. Under the conditions of Theorem [L1l there exist constants ¢ and C
depending on o and s only such that for any z = u + iv with v > 0,

1 . 1—y)oy s
Pr{|5j1| > 2 (nw) "2 (Immﬁf)(z) + %) 2} < Cexp{—clpa}- (2.15)
2
Proof. Note that

1 , 1 N2 ; — 1.1

. Z Bl < RO = — I T RO < () + 2=

n nw v nv z
(2.16)
where [RW|?2 = RWRU”, The result follows now from Lemma 2111 O

Lemma 2.4. Under the conditions of Theorem [T, for any j = 1,...,n and for any
v >0, the following inequality holds

Prflenl > gt (- S |R§:ln,l+n\2)é} < Cexp{—cla). (2.17)

1<k#I<p
Proof. We shall use a bound for the large deviation probabilities of quadratic forms

which follows from results of Ledoux (see [9]).

Proposition 2.1. Let &, ...,&, be independent random variables such that |&;| <
1. Let also ay. be complex numbers such that ay, = ap and ag, = 0. Let Z =
> Lot Sikuk Let 0® =377, |a]®. Then for every t > 0 there exists some positive
constant ¢ > 0 such that the following inequality holds

t
Pr{|Z| > gE%|Z|2 Lty <exp{-T) (2.18)
ag



The rate of convergence to the Marchenko—Pastur distribution 7

Proof. The result 2] follows from Theorem 3.1 [9]. O

In order to bound €5 we use Proposition 2.1l with

1

1 1 1
& = (Xl{| Xl < Iz} — EXj{| Xl < 17a}) /2070, (2.19)

for k = 1,...,p. Note that the random variables X;;, £ = 1,...,p and the matrix
RU) are mutually independent for any fixed j = 1,...,n. Moreover, |&| < 1. Put

7 = E1§k;ﬁl§p @gkRﬁj). Applying Proposition 2.1 with
1 — )12y 1
t:= ann,a(n 121§l7&k§p|Rl(1]9)|2)2’ we get

EPr;{|Z] > n?l,q(n" > IRY1%)2} < C exp{—clna}- (2.20)

1<l#k<p

Furthermore,
1
Pr{3je[l,....,nJand 3k € [1,...,p] : |Xji| > lFa} < Cexp{—cl,a} (2.21)
and, for any k =1,...,p,

1 1
EXI{| Xjk| < lia}] < Pre{3jel,....n], ke(l,....p| : | X k| > l7a}
< Cexp{—clya} (2.22)

Introduce the random variables

—~ 1 1 ~ p o~ ()
& = XpI{| Xl < 1ia} /2070 and Z:= Y G&RY), i

Lk=1
Note that
p . o~
Pr{ Z Xijﬂng]ln,Hn # Z} < Cexp{—clya}- (2.23)
Lk=1
Inequalities (2.20)-(2.23) together imply
2 1 .
Pr{|5]~2| Sliatni= Y |R,§Qn,l+n|2)%} < Cexp{—clpal. (2.24)
" 1<hAy
Thus, Lemma [2.4] is proved. O

Corollary 2.5. Under the conditions of Theorem[11] there exist constants ¢ and C,
depending on » and o such that for any z = u + v with v > 0

(p—n+1pv
n|z|?

Pr{|5j2| > ﬁi(nv)_% (Immgj)(z) + )é} < Cexp{—cly.}- (2.25)



The rate of convergence to the Marchenko—Pastur distribution 8

Proof. Note that

- : ~ , 2 , (p—n+1w
S Rl <0 THROP < S () + o (2.26)
1<k#1<p
The result follows now from Lemma 2.4]
]

Collecting these results recall the definition
141
oz (2.27)

Then we may write, for v =1,2,3

Pr{\aj,,\ > %(am%”)% + Vl‘?’ + jﬁv)} < Cexp{—clia}.  (2.28)

Denote by

Qn(z) = {weQ: || < %((Imm%)m); + \/1% + \/?)} (2.29)

Let vy := d’% with sufficiently small positive constant d. We introduce the region
D:={2=u+weC:ul €J,v <v<2}and a sequence z; = u; + v; in D,
defined recursively via u; 1 — u; = % and v, — v = % We introduce the events

O (2) = {w €Q: gyl < %((Im\%z))% + \/lﬁv + 1|ZT y)} (2.30)

Using a union bound we obtain

Pr{en$ ()} = 1— Cexpl{—clya).

It is straightforward to check that

|5j(z) N €j(Zl)| < |Z ;gz’| %((Im’n\l/rgz))E i \/%U i 1|Z‘_ y) (232)

This immediately implies that, for |z — 2| < X,

n(2) C Q,(2)

and
Pr{M.epQ,(2)} > 1 — Cexp{—clyn}

with some constants C' and ¢, depending on « and s only.
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3 Large deviations II

In this Section we obtain bounds for the large deviation probabilities of the sum of
the ;. We start with the quantity

= Z Z -1 Rl(cj—i-n k+n’ (31>

=1 k=1
We prove the following Lemma
Lemma 3.1. Assume that there exists a constant Cy such that for any j =1,...,n
and any k=1,...,p '
ImmY(z2) < Cy. (3.2)
Then there exist constants ¢ and C, depending on «, » and Cy such that
Pr{|6,] < n w7782} < Cexp{—clpa} (3.3)
Proof. Forany j =1,...,nand any k = 1,..., p, we introduce the truncated random
variables
&v = X% —EXZ, (3.4)

~ 1
where X, = X I{|Xx| < lia}. It is straightforward to check that
0<1— E)A(jzk < Cexp{—clya}- (3.5)

Introduce as well the quantities

On1 = Z Z X]2k - RI(CJ-H’L k4n> Z SlkRk—l—n k+n (36)

7=1 k=1 jlkl

By assumption (L2]),

Pr{6,1 # 0p1} < Cexp{—cln.a}. (3.7)
Let )
1 .
Gi=— xRV 3.8
J \/ﬁ; IRV, k+ ( )
Then
~ 1 &
om = — Zl G- (3.9)
i

Note that the sequence 5\”1 is a martingale with respect to the o—algebras M;. In fact,

E(¢[M;-1) = E(E(leiﬁ?(”)l%_l) =0. (3.10)



The rate of convergence to the Marchenko—Pastur distribution 10

In order to use large deviation bounds for Snl we replace the differences (; by truncated
random variables. Introduce

—~ 2,171 p ) %
G = GH{lGl < 2 (D 1R ) ) (3.11)
k=1
Since ¢ is sum of independent bounded random variables with mean zero, we have
2t (1SS pG) )E
Pr{IG| > ta? (= 0 1B al?) 1} < Coxpl{—clia}. (3.12)
gyt ’
This implies that
Pr{3 G #> G} < Coxp{—clia} (3.13)
j=1 j=1
Furthermore, introduce the conditionally recentered random variables

G =G -E{

M1} (3.14)

Using the Cauchy-Schwarz inequality and boundedness of the random variables £ ijl(ch, .
it follows that N

|E{(;|M;_1}| < Cexp{—clypa}t- (3.15)
Using a martingale bound by Bentkus, [2], Theorem 1.1, we obtain the following
result. Let Mg = {0, Q} C MW, C --- CM,, C M be a family of sub-o-algebras of the
measurable space {Q, M} and let M,, = & + ...+ &, be a martingale with bounded
differences §; = M; — M;_; such that

Pr{|¢;| <bj} =1 for j=1,...,n
Then, for z > /8,

Pr{iM > o} <o - (0 = /;soa)dt, so(t):%_ﬂexp{%}. (3.16)

with some numerical constant ¢ > 0 and 02 = b3 + - - - 4+ b2. Note that for t > C

1

1=2(t) < Zo(t).

We shall use now the inequality

2

Pr{|Mn\ > :c} < exp{—%ﬂ} (3.17)

to bound gnl. By assumption ([3.2) and the definition of Z”j, we may choose 3; = a7,
obtaining

- L2
Pr{|0n1| > n 0 2Im2m (2)17 4"} < Cexp{—clua}. (3.18)
Inequalities (BI3)—-(BI8) together conclude the proof of Lemma 311 0O
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Let

1 n
O ;:EZ > XpXpRY pin (3.19)

j=1 1<i#k<p

Lemma 3.2. Assume that there exists a constant Cy such that for any j =1,...n
Imm{(z) < Cp. (3.20)

Then there exist constants ¢ and C, depending on «, » and Cy such that

Pr{|,s| > —=B2Im 2m{)(2)} < C'exp{—cly} (3.21)

1
\/_
Proof. The proof of this Lemma is similar to proof of Lemma Bl We introduce the

random variables
T D KXl e (3.22)
1<l75k‘<p

and note that the sequence
M, =Y " (3.23)
j=1

is a martingale with respect to the o-algebras M;. We now apply the martingale
large bound (B.I7)) twice, replacing n; by truncated random variables. Thus Lemma
is proved. O

Finally we have to bound

Onz = 2 Z Z(Rk—i-n,k-i-n Rl(g]-q-n k-‘,—n)R (3.24)

j=1 k=1

Lemma 3.3. There exists a positive constant C' such that

1
Ons| < —Imm,(2). 2
sl < T, (2 (325)
Proof. 1t is easy to check that
¢ 1 1
> (Rienieen = Bl i) = (TR = TrRY) + o (3.26)
k=1
By formula (5.4) in [3], we have
d
(TrR — TrRVYR,; = (1 + = Z X (BN s hn) RS = ——Rj;. (3.27)

lkl
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From here it follows that

1 < : 1d
— > ('R - TrRY)R;; = ——m(2), (3.28)
j=1
Note that
Z — 1
m,(2) = - e (3.29)
k=1
and
d mn(2) 222 < 1
@’TTL”(Z) : on (82 — 22)2 (3:30)
k=1
This implies that
bp = 2 i ! (3.31)
SR Y |
k=1
Finally, we note that
G ’<11 (2) (3.32)
—_—— —Imm,(2). .
n? (s2— 2221~ nv
The last inequality concludes the proof. Thus Lemma is proved. O

3.1 Stieltjes transforms

In this section we derive auxiliary bounds for the difference between the Stieltjes
transforms m,,(z) of the empirical spectral measure of the matrix V and the Stielt-
jes transform s,(z) of the symmetrized Marchenko-Pastur law. We introduce the
additional notations

3 n
~ - 1
5n:5n 5n7 5n:5n7 5n:_ jivEjLj. .
1+ On2 3 HZZ@ gjR;; (3.33)

v=1 j=1
Recall that s,(2) satisfies the equation

1
sy(2) =~ o) T (3.34)

z

Denote by ¢,(2) = my(2) — sy(2). The representation (2.6 and the equality (3.34)
together imply

gn(2) =

ygn(z)sy(z) B On
z+ymn(2) + y;1 (

5 5,
+ + .
2 ymy(2) + 52 (2 4 ymp(2) + 12

z

(3.35)
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Introduce the following notations

-1
bu(z,y) =z + ym,(2) + J o and  a,(z,y) = bu(2,y) + ys,(2).

From equality (3.33)) it follows that

102 + [0 |05
1bn (2 y)llan(z,9)|  lan(z,y)]
For any z € D introduce the events

ENC) _ ~
Q,(2) = {wea: o, < PN g )~ fueq: 5 < B

gn(2)] < (3.36)

ny/v nv
(3.37)
— - B2 Imm,,(2) B2
Qn(z) = Q: [0,] < (= - R 3.38
(0= fwen: B <y o o) Z| WPl (339)
Put O (2) = Q,(2) UQ,(2) UQu(2). By Lemmas BIH33, we have
Pr{Q,(2)} > 1— Cexp{— Clpalt (3.39)
By Lemma [3.3] _
Pr{Q,(2)} = 1. (3.40)
Note that 1
lejvesal < (|5JV|2 + |5J3| ). (3.41)
By inequality (2.28)), we have, for v = 1, 2,
o BrImm,(z) 1 (1—yv
n S < — . .
Pr{|5j,,| > ( + .o + P )} < Cexp{—clyo} (3.42)
Furthermore,
1
2
Prflesl’ € o) = 1 (3.43)
Similar to equality (2.34]) we may show that
Pr{ Moep (Q5(2) N Qn(z))} >1— Cexp{—clya}. (3.44)
Let
Q= Nep (2 (2) N Q(2)). (3.45)
In the what follows we shall assume that
bBy
=" 3.46
Yo o (3.46)

with b > 32. We now prove the first essential bound.
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Lemma 3.4. Let z = u + 1w € D. Assume that

1

l9n(2)] < 5 (3.47)

Then for any w € €2, the following bound holds

42 " 326,
n  n2i/y+tu

Proof. First note that the inequality |g,(2)| < 1 implies

gn(2)] <

y—1 y—1 1
o) = 12 yma(2) + L0 2 e sy (2) L (2] 2 5 (349
Moreover, by definition of vy ([3.40), we have
: , 1 1
mm(2) < [mP(2)] < ma(2)] + — < sy ()] +ga(2)[ + — <2 (3.49)
v nv

Furthermore, we have the obvious inequality
-1 y—1
lan(z, )] = 2+ yma(2) +ysy(2) + =——[ = Im (2 + =—— +ys5,(2))

2%1 (\/(z+y%1) —4y). (3.50)

Moreover,

an(z )] > Tm (L 1) _ “(L‘;y). (3.51)

For z € D we obtain Re ((z + £21)? — 4y) < 0 and Z < arg((z + £21)2 — 4y) < 2.
Therefore,

Im<\/(z+y;1) ) ‘z+y—_1 — 4y

where v = min(1 + /y — |u|, 1 — /y — |u[). Inequality ([B.36]) implies that for w € Q7

1
VT, (3.52)

B Imm,(z)

00 (2, ) lam(9)] - 0lan (2, )]

s 1 )
+nv|an(z,y)||bn(z,y)|(Imm"(z)+n_ |Z|2 ) Z\RMI (3.53)

lgn(2)] <

Furthermore, equation (2.4)), inequality (3.48]) and definition of €2} in ([2.30) together
imply that, for w € 2 and z € D

2

|Rjj| < 7 <4
L= by (2, y)

(3.54)
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Inequalities (3.49)-([3.54) together imply

20, 46, Imm,(z) 406,
() < e T T )
232(1 — y)v N Imm,(2)
nvlan(z,y)|  nvla(z,y)|
- 452 3262

+ .
nv  n2fvi/y 4o

This inequality completes the proof of the Lemma. O

(3.55)

Put now v = vj(z) = %, where v = min{|u| -1+ /y, 1 + /y — |u| and

z=u+iv. Denote D:={z€D: v>u)}.

Corollary 3.5. Assume that for w € ), and z = u +iv € 73,

lgn(2)] < holds.

(NN

Then

Proof. Note that for v > v}

432 232 1
5 + 325, < - (3.56)
nv  n2vi/y+v " 4
Thus the Corollary is proved. O
Corollary 3.6. Let z = u+iv € D. Assume that
1
[bn(29) = 5 (3.57)

Then for any w € U, the following bound holds
432 3232
< n n .
lon(2)] < nv i nv?\/y +v

Proof. The proof of Lemma B4 relies on the condition (B.47) of Lemma [3.4] only to
prove inequality ([B.517). Thus the Corollary is proved. a

The next lemma yields a recursion which plays a crucial role in our proof lemma
3.4 and is similar to an approach used in [7].

Lemma 3.7. Assume that for some z = u + iv € D with v > vy condition (3.47)
holds. Then it holds for 2/ = u +iv' € D such that 0 < v — v < n=% and v' > vy as
well.
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Proof. First of all we note that

o
ma(z) = ma ()] = —(v = V)| T RE)R()] < va . 6251%6 < é (3.58)
and 1
5y(2) = 5,()] < 5 (359)
By Corollary B.6] we have
|gn(2)| < i. (3.60)
All these inequalities together imply
|9(2)] < % (3.61)
Thus the Lemma is proved. O
Proposition 3.1. There exists constants C, ¢, such that
Pr {|gn(z)| > iﬁf + H%S%} < Cexp{—clya}. (3.62)
Proof. Note that for v = 2 we have
|z 4+ ym,(2) + y7—1‘ >Imz > 2. (3.63)

By Lemma [3.4] we obtain the inequality (8.62]). By Lemma [3.7 this inequality holds
for any 2 > v > vy. Thus proposition Bl is proved.
0

4 Proof of Theorem I.1]

To conclude the proof of Theorem [T we modify a bound for the Kolmogorov distance
between distribution functions based on their Stieltjes transforms obtained in [4],
Lemma 2.1. Given ¢ > 0 introduce the interval J. = [1 — /gy +¢,1 4+ /y — €] and
IL=[1-y+ie,1+/y— Lie]. For any x such that |z| € J. define v = y(z) =
min{|z| — 1+ /5,1 + /y — |z|. For a distribution function F' denote by Sp(z) its
Stieltjes transform,

SF(Z)Z/_OO L ir().

o — 2

Proposition 4.1. Let v > 0 and a and € > 0 be positive numbers such that

1 1 3
S du = = 4.1
@ W/uga u2+1 Y 4’ ( )
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and

2va < e /7. (4.2)
If G, denotes the distribution function of the symmetrized Marchenko—Pastur law,
and F' is any distribution function, there exists some absolute constants Cy, Cy, Cs
depending on y only such that

AR, Gy) = sup |F(z) — Gy ()

r v v 3
< (] su Im/ Sr(u+i—) — Sg (u+i—=))du| + Cyv + Cse2.
1x:\x\€pﬂ’5 —oo( F( ﬁ) Gy( ﬁ)) ? ’

(4.3)

Proof. Without loss of generality we may assume that 0 < y < 1. The case y = 1
is considered in [6]. The proof of Proposition 1] is an adaption of the proof of
Proposition 4.1 from [6]. We provide it here for completeness. Note that

sup| F(x) = Gy(v)| < sup [F(v) — Gy (@) + Gy (=1 = Vi +e), (4.4)
and
G,(—1—/y+e) < Ce. (4.5)

Let € J.. Recall that v = min{|z| — 1+ \/y,1 4+ /¥ — |z|}. Then, according to

condition (4.2) we have = + % € J.. Denote by v' = % For any x € J. we have
‘ 1

~Im ( /r (Sp(u+1v') — Sg, (u+ iv’))du) ’

™ —00

> %Im(/m (Sp(u+iv') — Sg, (u+ iv’))du)

—00

L] S
1 (% [ ™ 20(q—u)(F(q) — Gy(q))d
_ / U_ (g —u)( (;1) (9)) q]

T % ((q —u)? +v?)?
(

-2 [ wo-c || @il

—00

:l/“’ (F(z—1'q) — Gy(x —v'q))dq (4.6)
T ) ¢ +1 ' ’
Since F' is non decreasing, we obtain
1 /°° (F(z —v'q) — Gy(x — v'q))dy
T J_oo ?+1
> a(F(e—v'a) = Gy(o — v'a)) = = [ [Gyfa = 'a) = Gyfa - v'a))ldg
T Jlql<a
/ / 1 /
> a(F(e—v'0) = Gy(o —v'a)) = = [ [Gyfe—a) = Gyla ~ va))lda
UT Jigl<v'a

(4.7)
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Denote by A (F,G) = sup,ey. |F(z) — Gy(z)| and let x, € J. such that F(x,) —
Gy(zn) = A(F,G). Then z, = z,, + v'a € J.. We have

Im /w (Sp(u+iv') = Sg, (u+w"))du| > a(F(z,) — Gy(z,))

sup
xeJ.

‘%2‘;%?7 /| 60 G @l - (- wAEE). 4

Note that

—SUP —/ Gy(z +q) — Gy(z)|dy
T zeJ. /Y \q\<2va Y

1 1
< —sup —Vv4 — 2?2 < Cw. (4.9)

TV 2]l /7Y

Inequalities (A4]), ([A8)) and ([A9) together imply

m / (Se(u+ it) — Se, (u+iv'))du| > (20 — D)A(F,G) — Co — Ceh.

—00

sup
xell

(4.10)

Similar arguments may be used for the sequence z,, € J. such F(z,) — G,(z,) —
—A.(F,G). This completes the proof. O

Corollary 4.1. Under the conditions of Proposition[{.1], for any V > v, the following
inequality holds

sup
xeJL

/1‘ (Im (Sp(u+ ') — S, (u+ iv'))du

— 00

g/ St +iV) — Se, (u + iV)|du

—00

|4
[ (Srto+u) = So, o+ iu)) du.

+ sup (4.11)

xeJL
Proof. Set z = u +'. v' < 2. Since the functions of Sgp(z) and Sg,(z) are analytic
in the upper half-plane, it is enough to use Cauchy’s theorem. We can write
/ Im (Sp(2) — Sg, (2))du = Llim (Sp(u+iv') — Sg, (u+w))du.  (4.12)
oo —oo J_p

Since v = % < 5, without loss of generality we may assume that v’ < 2. By

Cauchy’s integral formula, we have

/x (Sr(2) = Sg,(2))du = /x (Sp(u+1V) = Sq,(u +1iV))du

—L —L

N / /V(SF(—L 4 iu) — Sa,(~L + iu))du

_ /V(SF(;C +iu) — Sa, (x + 1u))du. (4.13)

/
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Denote by £(n) a random variable with distribution function F(z) (Gy(x)). Then we
have

_ 1 1 2
Similarly,
_ 2
1Sq, (—L + )| < o' "' Pr{|n| > L/2} + I (4.15)

These inequalities imply that

v
/ (Sp(—=L +iu) — Sg,(—L +iu))du| -0 as L — oo, (4.16)

/

which completes the proof. O
Combining the results of Proposition L.l and Corollary .1l we get

Corollary 4.2. Under the conditions of Proposition[{.1| the following inequality holds

A(F,G) < Cl/ |SF(u+1iV) — Sa, (u 4 iV)|du + Cyv + Ce?

—00

v
+Cy sup/ |Sp(z + iu) — Sg, (v + iu)|du, (4.17)

xeJl Jo/
where v' = = with = min{|z| — 1+ /¥, 1 +/y — |z|}.

We apply now the result of Corollary to the empirical spectral distribution
function F,,(x) of the random matrix X. First we bound the integral over the line
with V' = 2. Note that in this case we have |z + ym,(2) + 2| > 1. Moreover,
Im mY )(z) < % < % We may now apply results of the previous Lemmas on large
deviations. This ensures the following bound for g,(z) for all z = u + iV with u € R.

B B lmm,(2) B, (1 —y)v Clmm,(2)
" < 14—+ — .
991 < e e et ) ol
(4.18)
Note that for V = 2,
4 for |ule|l— y,1+ ,
an(e,balg)] = 4 100 ful €= L] (4.19)
3lz° for [ul ¢ [1— /gy, 1+ \/y].
We may rewrite the bound ([I8) as follows
2
Cp: Clmm,(z) . (4.20)

lon(2)] < n(|z|2+1) nv
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Note that for any distribution function F'(x) we have

/ Imsp(u+iv)du =7 (4.21)

o

From here it follows that, for V = 2

/ |mp(2) — sy(2)|du < ¢ (4.22)
jul>n "
Denote D, := {z = u+ 2i : |u| < n} and
0= (nm, fo € 05 0n(a)] < P} ) e

Using a union bound, we may show that

Pr{Q,} > 1— Cexp{—clya} (4.23)
It is straightforward to check that for w € €,

/OO My, (2) — sy(2)|du < % (4.24)

2 a3

We choose € = n™35 and vy = =-*. To conclude the proof we need to consider the
“vertical” path integrals in z = z + @ with z € JL, v/ = % and v = 2 — |z|. It will
be enough to consider one of these integrals only, the others being similar, namely

2 2
1 1 1<&

—————dv < < . 4.2
o NPUA /vyt v U= n2v'\/y T nfvy T n (4.25)
Finally, we obtain for any w € Q,,
Cp
A(F,,G) =sup |F,(z) — Gy(z)| < mt (4.26)

Thus Theorem [Tl is proved.

5 Proof of Theorem

Consider the singular value decomposition of the matrix X. Let U and H be unitary
matrices of dimension n x n and p X p respectively. Let S be a n x n diagonal matrix
whose entries are the singular value of the matrix X. Let O,, denote the p x g¢-matrix
with zero entries. Introduce the matrix S = [S Onx(p_n)}. We have the following

representation _
X =USH". (5.1)
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We may represent the matrix H in the form

Hll H12
H-— , 5.2
[ L, H22} (5:2)

where Hy; is n X n matrix , Has is p X p matrix. We introduce matrix

1 1 1
?U 1ﬁ:[—lll 1EH12
Z - %U ﬁ - H11 % - H12 . (53)
O H21 H22

It is straightforward to check that

S On><n Onx(p—n)
ZVZ* - Oan _S O’I’LX(p—’I’L) 5 (5.4)
O@w-nyxn Op-nyxn  Op—n)xp-n)

where S denotes diagonal matrix with entries s;. The equality (5.4) implies that
the rows z; of the matrix Z, for j = 1,...,n, are the eigenvectors of the matrix V
corresponding to the eigenvalues s;. Similarly, the rows z;,, of the matrix Z, for j =
1,...,n, are the eigenvectors of the matrix V corresponding to the eigenvalues —s;
and the rows zy,, 4, forl = 1,..., p—n, are the eigenvectors of matrix V corresponding
to the eigenvalues 0.

We note the following representation for the diagonal entries of the resolvent
matrix R:

n—+p 1
Rj; = Hy,|?. 5.5
i ;Ak_; bl (5.5)
Denote by A, ..., A\n4p the eigenvalues of the matrix V ordered in such way that

—Sj, if 1§j§n
0, if 2n<j<n+p.

Consider the distribution function F,,;(x) of the following weighted empirical prob-

ability distribution on the eigenvalues Ay, ..., A4,
n+p
Foyle) = 3 [Hi Iy < o}, (5.7)
k=1
Then we have -
Ry =Rye) = [ ——dFy() 6.9

which means that R;; is the Stieltjes transform of the distribution F,,;(x). Note that,
for any A > 0

max [Hysl? < sup(Foy(z + ) = Fogl)) = Qo) (5.9)

1<k<n+p
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On the other hand, it is easy to check that

Qnj(A) < 2sup AIm R;;(u + iX). (5.10)

By relations (2:30) and (Z34), for any v > vy with vy = % with a sufficiently large
constant d, we have

;] 1
_— - < — . .
Pr{‘bn(’z,y)‘ > 2} < Cexpl{—clya} (5.11)

Furthermore, the representation (2.4)) and inequality (5.IT]) together imply, for v > vy

This implies that

2
n

C
12
Pr{lSI?27§+p|ij‘ _

} < Cexp{—clya}. (5.13)

By a union bound the inequality (L4]) follows. To prove inequality (L3, we consider
the quantity
T = Rjj—Sy(Z), jzl,,n (514)

Using equalities (2.4) and (3:34), we get

sy(2)gn(2) 2
’ bn(z>y) bn(Z,y) v ( )
By definition of H we obtain
Pr{ max |ug;|* > Cﬁ"} < Cexp{—clya} (5.16)
1<jk<n n e
and
Pr{ max |v|* > Cﬁ"} < Cexp{—clya} (5.17)
1<jk<p n o e
By inequalities ([B.62) and (2.34]), we have
iry| < D (5.18)

Vnu
This implies that

v C
sup/ Iri(x +iv)|dv < —. (5.19)

zele Jo’ n

Similar to ([A24]) we get

[e.e]
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Applying Corollary [4.2], we finally obtain

Pr{sgp |Fhj(x) — Gy(x)] < %} >1—Cexp{—clya} (5.21)
In view of )

Pr{sgp |Fo(z) — Gy(z)| < ;”} >1—Cexp{—clya}, (5.22)
we get

Pr{sgp |Fhj(x) — Gy(x)] < %} >1—Cexp{—clya} (5.23)

The last two inequalities together imply that
Pr{sup |F,;(x) — F,(z)(z)] < ﬁ—\/n_} >1—Cexp{—clya}t (5.24)
T n

Note that F),(x) is the distribution function of a random variable which is uniformly
distributed on the set {£sy,...,+s,} and

k
l
sup |Fj(z) — Fo(x)| = max ‘ ; |up;]? — E‘ (5.25)

Thus Theorem is proved.
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