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Abstract

LetX = (Xjk) denote n×p random matrix with entriesXjk, which are indepen-
dent for 1 ≤ j ≤ n, 1 ≤ k ≤ p. We consider the rate of convergence of empirical
spectral distribution function of matrix W = 1

p
XX

∗ to the Marchenko–Pastur

law. We assume that EXjk = 0, EX2
jk = 1 and that the distributions of the

matrix elements Xjk have a uniformly sub exponential decay in the sense that
there exists a constant κ > 0 such that for any 1 ≤ j ≤ n, 1 ≤ k ≤ p and any
t ≥ 1 we have

Pr{|Xjk| > t} ≤ κ
−1 exp{−tκ}.

By means of a recursion argument it is shown that the Kolmogorov distance
between the empirical spectral distribution of the sample covariance matrix
W and the Marchenko–Pastur distribution is of order O(n−1 logb n) with some
positive constant b > 0.

1 Introduction

Consider a family of independent random variables X = {Xjk}, 1 ≤ j ≤ n, 1 ≤ k ≤ p,
defined on some probability space (Ω,M,Pr). Let X = (Xjk) be matrix of order n×p
and let W = 1

p
XX∗. Denote by {s21, . . . , s2n} the eigenvalues of the matrix W and

introduce the associated spectral distribution function

Fn(x) =
1

n
card {j ≤ n : s2j ≤ x}, x ∈ R.
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Key words and phrases: spectral distribution function, Wigner’s theorem, Marchenko–Pastur dis-
tribution.
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Averaging over the random values Xij(ω), define the expected (non-random) empir-
ical distribution functions

Fn(x) = EFn(x).

We assume that p = p(n) and limn→∞
n
p
= y ∈ (0,∞). Without loss of generality we

shall assume that y ∈ (0, 1]. Let Gy(x) denote the Marchenko–Pastur distribution

function with density gy(x) = G′
y(x) = 1

2yxπ

√
(x− a)(b− x)I[a,b](x), where I[a,b](x)

denotes the indicator–function of the interval [a, b], a = (1 − √
y)2, b = (1 +

√
y)2.

We shall study the rate of convergence Fn(x) to the Marchenko–Pastur law assuming
that Pr{|Xjk| > t} ≤ κ−1 exp{−tκ} for some κ > 0. This problem has been studied
by several authors. In particular, we proved in [10] that the Kolmogorov distance
between Fn(x) and the distribution function Gy(x), ∆

∗
n := supx |Fn(x)−Gy(x)| is of

order OP (n
− 1

2 ). Bai et al. showed in [1] that ∆n := supx |Fn(x)−Gy(x)| = O(n− 1

2 ).
For the Laguerre Unitary Ensemble we proved in [4] that ∆n = O(n−1). Let y = n

p
∈

(0, 1] in the what follows. For any positive constants α > 0 and κ > 0 define the
quantities

ln,α := logn(log logn)α and βn := (ln,α)
1

κ
+ 1

2 . (1.1)

The main result of this paper is the following

Theorem 1.1. Let EXjk = 0, EX2
jk = 1 and there exists a constant κ > 0 such that

for any 1 ≤ j ≤ n and 1 ≤ k ≤ p and any x ≥ 1,

Pr{|Xjk| ≥ x} ≤ κ
−1 exp{−xκ}. (1.2)

Then for any α > 0 there exist a positive constants C and c, depending on κ and α
such that

Pr{sup
x

|Fn(x)−Gy(x)| > n−1β2
n} ≤ C exp{−cln,α}. (1.3)

We apply the result of Theorem 1.1 to investigation of eigenvectors of the ma-
trix W. Let uj = (uj1, . . . , ujn)

T be eigenvector of the matrix W corresponding to
eigenvalue s2j , j = 1, . . . , n. We prove the following result.

Theorem 1.2. Under condition of Theorem 1.1 for any α > 0 there exist constants
C, c, depending on κ and α such that

Pr{ max
1≤j,k≤n

|ujk|2 >
β2
n

n
} ≤ C exp{−cln,α} (1.4)

and

Pr{max
1≤k≤n

|
k∑

ν=1

|ujν|2 −
k

n
| > βn√

n
} ≤ C exp{−cln,α}. (1.5)

We use a relatively short recursion argument based on the approach developed in
[5] and [6] and ideas similar to those used in Erdös, Yau and Yin [8], Lemma 3.4.
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2 Proof of the main Theorem

To bound ∆∗
n we shall use an approach developed in Götze and Tikhomirov, [10] and

[5]. We shall apply a bound of the Kolmogorov distance between distribution func-
tions via distance using their Stieltjes transforms. We denote the Stieltjes transform
of Fn(x) by mn(z) and Stieltjes transform of the Marchenko–Pastur law by sy(z).
We shall use the “symmetrization” of the spectrum sample covariance matrix as in
[5]. Introduce the (p+ n)× (p+ n) matrix

V =
1√
p

[
O X

X∗ O

]
, (2.1)

where O denotes a matrix with zero entries. Note that the eigenvalues of the matrix
V are ±s1, . . . ,±sn, and 0 with multiplicity p−n. Let R = R(z) denote the resolvent
matrix of V defined by the equality

R = (V − zIn+p)
−1,

for all z = u+iv with v 6= 0. Here and in what follows Ik denotes the identity matrix of
order k. Sometimes we shall omit the sub index in the notation of the identity matrix.
It is well-known that the Stieltjes transform of the Marchenko–Pastur distribution
satisfies the equation

yzs2(z) + (y − 1 + z)sy(z) + 1 = 0

(see, for example, equality (3.9) in [4]). If we consider the Stieltjes transforms ŝy(z)

of the “symmetrized” Marchenko-Pastur distribution Ĝy(x) = 1+signxGy(x2)
2

, then it
is straightforward to check that ŝy(z) = zsy(z

2) and

yŝ2(z) + (
y − 1

z
+ z)ŝy(z) + 1 = 0. (2.2)

(see Section 3 in [5]). Furthermore, for the Stieltjes transform of the “symmetrized“

empirical spectral distribution function F̂n(x) =
1+signxFn(x2)

2
we have

mn(z) =
1

n

n∑

j=1

Rjj =
1

n

n+p∑

j=n+1

Rjj +
1− y

yz
.

(see, for instance, Section 3 in [5]). In the what follows we shall consider symmetrized
random values only. We shall omit the symbol ·̂ in the notation of the distribution
function and its Stieltjes transform. Let Tj = {1, . . . , n} \ {j}. For j = 1, . . . , n,
introduce the matrices V(j), obtained from V by deleting the j-th row and j-th
column, and define the corresponding resolvent matrix R(j) by the equality R(j) =
(V(j) − zIn+p−1)

−1. Let m
(j)
n (z) = 1

n

∑
l∈Tj

R
(j)
ll .
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We shall use the representation, for j = 1, . . . , n,

Rjj =
1

−z − 1
p

∑p

k,l=1XjkXjlR
(j)
k+n,l+n

(2.3)

(see, for example, Section 3 in [5]). We may rewrite it as follows

Rjj = − 1

z + ymn(z) +
y−1
z

+
1

z + ymn(z) +
y−1
z

εjRjj, (2.4)

where εj = εj1 + εj2 + εj3 and

εj1 :=
1

p

p∑

k=1

(X2
jk − 1)R

(j)
k+n,k+n, εj2 :=

1

p

∑

1≤k 6=l≤p

XjkXjlR
(j)
k+n,l+n,

εj3 :=
1

p

( p∑

l=1

R
(j)
l+n,l+n −

p∑

l=1

Rl+n,l+n

)
.

This relation immediately implies the following two equations

Rjj = − 1

z + ymn(z) +
y−1
z

−
2∑

ν=1

εjν

(z + ymn(z) +
y−1
z
)2
+

2∑

ν=1

1

(z + ymn(z) +
y−1
z
)2
εjνεjRjj +

1

z + ymn(z) +
y−1
z

εj3Rjj, (2.5)

and

mn(z) = − 1

z + ymn(z) +
y−1
z

+
1

(z + ymn(z) +
y−1
z
)

1

n

n∑

j=1

εjRjj

= − 1

z + ymn(z) +
y−1
z

− 1

(z + ymn(z) +
y−1
z
)2

1

n

2∑

ν=1

n∑

j=1

εjν

+
1

(z + ymn(z))2
1

n

2∑

ν=1

n∑

j=1

εjνεjRjj +
1

z + ymn(z) +
y−1
z

1

n

n∑

j=1

εj3Rjj. (2.6)

2.1 Large deviations I

In the following Lemmas we bound εjν, for ν = 1, 2, 3 and j = 1, . . . , n.

Lemma 2.1. Under the conditions of Theorem 1.1 we have, for any z = u+ iv with
v > 0 and any j = 1, . . . , n,

|εj3| ≤
1

nv
.
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Proof. It is straightforward to check that

p∑

l=1

Rl+n,l+n = nmn(z)−
p− n

z
=

p+n∑

l=1

Rll − nmn(z) (2.7)

and
p∑

l=1

R
(j)
l+n,l+n =

p+n∑

l=1,l 6=j

R
(j)
ll − (n− 1)m(j)

n(z) (2.8)

Furthermore,

nmn(z) =
1

2
TrR+

p− n

2z
, (n− 1)m(j)

n(z) =
1

2
TrR(j) +

p− n+ 1

2z
. (2.9)

This implies

p∑

l=1

Rl+n,l+n −
p∑

l=1

R
(j)
l+n,l+n =

1

2
TrR− 1

2
TrR(j) − 1

z
. (2.10)

The conclusion of Lemma 2.1 follows immediately from the inequality |TrR −
TrR(j)| ≤ v−1 and |1

z
| ≤ v−1 (see Lemma 4.1 in [3]).

Lemma 2.2. Assuming conditions of Theorem 1.1, for any α > 0 there exist positive
constants C and c, depending on α and κ only such that for any v > 0, the following
inequality holds

Pr{|εj1| > 2n− 1

2 l
2

κ
+ 1

2

n,α (n−1

p∑

l=1

|R(j)
l+n,l+n|2)

1

2} ≤ C exp{−cln,α}

Proof. The proof of this Lemma is similar to the proof of Lemma 2.3 in [6]. We use
the following inequality for the sum of independent random variables. Let ξ1, . . . , ξp
be independent random variables such that Eξj = 0 and |ξj| ≤ σj . Then

Pr{|
p∑

j=1

ξj| > x} ≤ c(1− Φ(x/σ) ≤ σ

x
exp{− x2

2σ2
}, (2.11)

where Φ(x) = 1√
2π

∫ x

−∞ exp{−y2

2
}dy and σ2 = σ2

1 + · · ·+ σ2
p. We put, for k = 1, . . . , p,

ηk = X2
jk − 1, and define

ξk = (ηkI{|Xjk| ≤ l
1

κ

n,α)} − EηkI{|Xjk| ≤ l
1

κ

n,α})R(j)
kk .

Note that Eξk = 0 and |ξk| ≤ 2l
2

κ

n,α|R(j)
k+n,k+n|. For any j = 1, . . . , n, introduce the

σ-algebra M(j) generated by the random variables Xlk with 1 ≤ l 6= j ≤ n, 1 ≤ k ≤ p.
Let Ej and Prj denote the conditional expectation and probability given M(j). Note
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that random variables Xjk and σ-algebra M(j) are independent. Applying inequality

(2.11) with x := 2n
1

2 l
2

κ
+ 1

2

n,α

(
n−1

∑p

k=1 |R
(j)
k+n,k+n|2

) 1

2

, we get

Pr{|
p∑

k=1

ξk| > x} = EPrj{|
p∑

k=1

ξk| > x} ≤ E exp{−x2

σ2
} ≤ C exp{−cln,α}. (2.12)

Furthermore, note that, for k = 1, . . . , p,

|EjηkI{|ξk| ≤ l
2

κ

n,α}| ≤ E
1

2

j |ηk|2Pr
1

2

j {|ξk| > l
1

κ

n,α} ≤ E
1

2 |ηk|2 exp{−
c

2
ln,α}. (2.13)

The last inequality implies that

|
p∑

k=1

EjηkI{|Xjk| ≤ l
1

κ

n,α})R(j)
k+n,k+n| ≤ C exp{− c

2
ln,α}(

1

n

∑

l∈Tj

|R(j)
k+n,k+n|2)

1

2 . (2.14)

The inequalities (2.12) and (2.14) together conclude the proof of Lemma 2.2. Thus
the Lemma is proved.

Corollary 2.3. Under the conditions of Theorem 1.1 there exist constants c and C
depending on α and κ only such that for any z = u+ iv with v > 0,

Pr
{
|εj1| > β2

n(nv)
− 1

2

(
Imm(j)

n (z) +
(1− y)v

|z|2
) 1

2

}
≤ C exp{−cln,α}. (2.15)

Proof. Note that

1

n

p∑

k=1

|R(j)
k+n,k+n|2 ≤

1

n
Tr |R(j)|2 = 1

nv
ImTrR(j) ≤ 2

v
Imm(j)

n (z) +
p− n+ 1

nv
Im

1

z
,

(2.16)
where |R(j)|2 = R(j)R(j)∗. The result follows now from Lemma 2.11.

Lemma 2.4. Under the conditions of Theorem 1.1, for any j = 1, . . . , n and for any
v > 0 , the following inequality holds

Pr
{
|εj2| > β2

nn
− 1

2

(1
n

∑

1≤k 6=l≤p

|R(j)
k+n,l+n|2

) 1

2

}
≤ C exp{−cln,α}. (2.17)

Proof. We shall use a bound for the large deviation probabilities of quadratic forms
which follows from results of Ledoux (see [9]).

Proposition 2.1. Let ξ1, . . . , ξp be independent random variables such that |ξk| ≤
1. Let also alk be complex numbers such that alk = akl and akk = 0. Let Z =∑p

l,k=1 ξlξkalk. Let σ
2 =

∑p

l,k=1 |alk|2. Then for every t > 0 there exists some positive
constant c > 0 such that the following inequality holds

Pr
{
|Z| ≥ 3

2
E

1

2 |Z|2 + t
}
≤ exp{−ct

σ
} (2.18)
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Proof. The result 2.1 follows from Theorem 3.1 [9].

In order to bound εj2 we use Proposition 2.1 with

ξk = (XjkI{|Xjk| ≤ l
1

κ

n,α} − EXjkI{|Xjk| ≤ l
1

κ

n,α})/2l
1

κ

n,α, (2.19)

for k = 1, . . . , p. Note that the random variables Xjk, k = 1, . . . , p and the matrix
R(j) are mutually independent for any fixed j = 1, . . . , n. Moreover, |ξk| ≤ 1. Put

Z :=
∑

1≤k 6=l≤p ξlξkR
(j)
kl . Applying Proposition 2.1 with

t := n
1

2 ln,α(n
−1

∑
1≤l 6=k≤p |R

(j)
lk |2)

1

2 , we get

EPrj{|Z| ≥ n
1

2 ln,α(n
−1

∑

1≤l 6=k≤p

|R(j)
lk |2)

1

2} ≤ C exp{−cln,α}. (2.20)

Furthermore,

Pr{∃j ∈ [1, . . . , n] and ∃k ∈ [1, . . . , p] : |Xjk| > l
1

κ

n,α} ≤ C exp{−cln,α} (2.21)

and, for any k = 1, . . . , p,

|EXjkI{|Xjk| ≤ l
1

κ

n,α}| ≤ Pr
1

2{∃j ∈ [1, . . . , n], k ∈ [1, . . . , p] : |Xjk| > l
1

κ

n,α}
≤ C exp{−cln,α}. (2.22)

Introduce the random variables

ξ̂k := XjkI{|Xjk| ≤ l
1

κ

n,α}/2l
1

κ

n,α and Ẑ :=

p∑

l,k=1

ξ̂lξ̂kR
(j)
l+n,k+n.

Note that

Pr
{ p∑

l,k=1

XjkXjlR
(j)
k+n,l+n 6= Ẑ

}
≤ C exp{−cln,α}. (2.23)

Inequalities (2.20)–(2.23) together imply

Pr
{
|εj2| > l

2

κ
+1

n,α n− 1

2 (
1

n

∑

1≤k 6=l≤p

|R(j)
k+n,l+n|2)

1

2

}
≤ C exp{−cln,α}. (2.24)

Thus, Lemma 2.4 is proved.

Corollary 2.5. Under the conditions of Theorem 1.1 there exist constants c and C,
depending on κ and α such that for any z = u+ iv with v > 0

Pr
{
|εj2| > β2

n(nv)
− 1

2

(
Imm(j)

n (z) +
(p− n+ 1)v

n|z|2
) 1

2

}
≤ C exp{−cln,α}. (2.25)
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Proof. Note that

n−1
∑

1≤k 6=l≤p

|R(j)
k+n,l+n|2 ≤ n−1Tr |R(j)|2 ≤ 2

v
Imm(j)

n (z) +
(p− n+ 1)v

n|z|2 . (2.26)

The result follows now from Lemma 2.4.

Collecting these results recall the definition

βn = l
1

κ
+ 1

2

n,α . (2.27)

Then we may write, for ν = 1, 2, 3

Pr
{
|εjν| >

βn√
n

((Immn(z))
1

2√
v

+

√
1− y

|z| +
1√
nv

)}
≤ C exp{−cln,α}. (2.28)

Denote by

Ωn(z) :=
{
ω ∈ Ω : |εj| ≤

2βn√
n

((Immn(z)m)
1

2√
v

+
1√
nv

+

√
1− y

|z|
)}

. (2.29)

Let v0 :=
dβn

n
with sufficiently small positive constant d. We introduce the region

D := {z = u + iv ∈ C : |u| ∈ Jε, v0 < v ≤ 2} and a sequence zl = ul + vl in D,
defined recursively via ul+1 − ul =

4
n8 and vl+1 − vl =

2
n8 . We introduce the events

Ω′
n(zl) :=

{
ω ∈ Ω : |εj| ≤

βn√
n

((Immn(z))
1

2√
v

+
1√
nv

+

√
1− y

|z|
)}

. (2.30)

Using a union bound we obtain

Pr{∩zl∈DΩ
′
n(zl)} ≥ 1− C exp{−cln,α}. (2.31)

It is straightforward to check that

|εj(z)− εj(z
′)| ≤ |z − z′|

v20

βn√
n

((Immn(z))
1

2√
v

+
1√
nv

+

√
1− y

|z|
)

(2.32)

This immediately implies that, for |z − zl| ≤ 5
n8 ,

Ωn(z) ⊂ Ω′
n(zl) (2.33)

and
Pr{∩z∈DΩn(z)} ≥ 1− C exp{−cln,α} (2.34)

with some constants C and c, depending on α and κ only.
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3 Large deviations II

In this Section we obtain bounds for the large deviation probabilities of the sum of
the εj. We start with the quantity

δn1 =
1

n2

n∑

j=1

p∑

k=1

(X2
jl − 1)R

(j)
k+n,k+n. (3.1)

We prove the following Lemma

Lemma 3.1. Assume that there exists a constant C0 such that for any j = 1, . . . , n
and any k = 1, . . . , p

Imm(j)
n (z) ≤ C0. (3.2)

Then there exist constants c and C, depending on α, κ and C0 such that

Pr{|δn1| ≤ n−1v−
1

2β2
n} ≤ C exp{−cln,α} (3.3)

Proof. For any j = 1, . . . , n and any k = 1, . . . , p, we introduce the truncated random
variables

ξjk = X̂2
jk −EX̂2

jk, (3.4)

where X̂jk = XjkI{|Xjk| ≤ l
1

κ

n,α}. It is straightforward to check that

0 ≤ 1−EX̂2
jk ≤ C exp{−cln,α}. (3.5)

Introduce as well the quantities

δ̂n1 =
1

n2

n∑

j=1

p∑

k=1

(X̂2
jk − 1)R

(j)
k+n,k+n, δ̃n1 =

1

n2

n∑

j=1

p∑

k=1

ξlkR
(j)
k+n,k+n (3.6)

By assumption (1.2),

Pr{δn1 6= δ̂n1} ≤ C exp{−cln,α}. (3.7)

Let

ζj :=
1√
n

p∑

k=1

ξjkR
(j)
k+n,k+n. (3.8)

Then

δ̂n1 =
1

n2

n∑

j=1

ζj. (3.9)

Note that the sequence δ̂n1 is a martingale with respect to the σ–algebras Mj . In fact,

E
(
ζj|Mj−1

)
= E

(
E
(
ζj|M(j)

)
|Mj−1

)
= 0. (3.10)
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In order to use large deviation bounds for δ̂n1 we replace the differences ζj by truncated
random variables. Introduce

ζ̂j := ζjI
{
|ζj| ≤ l

2

κ
+ 1

2

n,α

(1
n

p∑

k=1

|R(j)
k+p,k+p|2

) 1

2

}
. (3.11)

Since ζj is sum of independent bounded random variables with mean zero, we have

Pr
{
|ζj| > l

2

κ
+ 1

2

n,α

( 1

n

p∑

k=1

|R(j)
k+n,k+n|2

) 1

2}
}
≤ C exp{−cln,α}. (3.12)

This implies that

Pr
{ n∑

j=1

ζj 6=
n∑

j=1

ζ̂j

}
≤ C exp{−cln,α}. (3.13)

Furthermore, introduce the conditionally recentered random variables

ζ̃j = ζ̂j − E{ζ̂j
∣∣∣Mj−1}. (3.14)

Using the Cauchy-Schwarz inequality and boundedness of the random variables ξjkR
(j)
k+n,k+n

it follows that
|E{ζ̂j|Mj−1}| ≤ C exp{−cln,α}. (3.15)

Using a martingale bound by Bentkus, [2], Theorem 1.1, we obtain the following
result. Let M0 = {∅,Ω} ⊂ M1 ⊂ · · · ⊂ Mn ⊂ M be a family of sub-σ-algebras of the
measurable space {Ω,M} and let Mn = ξ1 + . . . + ξn be a martingale with bounded
differences ξj = Mj −Mj−1 such that

Pr{|ξj| ≤ bj} = 1 for j = 1, . . . , n.

Then, for x >
√
8,

Pr
{
|Mn| ≥ x

}
≤ c(1− Φ(

x

σ
)) =

∫ ∞

x
σ

ϕ(t)dt, ϕ(t) =
1√
2π

exp{−t2

2
}. (3.16)

with some numerical constant c > 0 and σ2 = b21 + · · ·+ b2n. Note that for t > C

1− Φ(t) ≤ 1

C
ϕ(t).

We shall use now the inequality

Pr
{
|Mn| ≥ x

}
≤ exp{− x2

2σ2
} (3.17)

to bound δ̃n1. By assumption (3.2) and the definition of ζ̃j, we may choose βj = l
2

κ
+ 1

2

n,α ,
obtaining

Pr{|δ̃n1| > n−1v−
1

2 Im
1

2m(j)
n (z)l

2

κ
+1

n,α } ≤ C exp{−cln,α}. (3.18)

Inequalities (3.13)–(3.18) together conclude the proof of Lemma 3.1.
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Let

δn2 :=
1

n2

n∑

j=1

∑

1≤l 6=k≤p

XjlXjkR
(j)
l+n,k+n. (3.19)

Lemma 3.2. Assume that there exists a constant C0 such that for any j = 1, . . . n

Imm(j)
n (z) ≤ C0. (3.20)

Then there exist constants c and C, depending on α, κ and C0 such that

Pr{|δn2| >
1

n
√
v
β2
nIm

1

2m(j)
n (z)} ≤ C exp{−cln,α} (3.21)

Proof. The proof of this Lemma is similar to proof of Lemma 3.1. We introduce the
random variables

ηj =
1√
n

∑

1≤l 6=k≤p

XjkXjlR
(j)
l+n,k+n (3.22)

and note that the sequence

Mn =
n∑

j=1

ηj (3.23)

is a martingale with respect to the σ–algebras Mj. We now apply the martingale
large bound (3.17) twice, replacing ηj by truncated random variables. Thus Lemma
is proved.

Finally we have to bound

δn3 :=
1

n2

n∑

j=1

p∑

k=1

(Rk+n,k+n −R
(j)
k+n,k+n)Rjj. (3.24)

Lemma 3.3. There exists a positive constant C such that

|δn3| ≤
1

nv
Immn(z). (3.25)

Proof. It is easy to check that

p∑

k=1

(Rk+n,k+n −R
(j)
k+n,k+n) =

1

2
(TrR− TrR(j)) +

1

2z
(3.26)

By formula (5.4) in [3], we have

(TrR− TrR(j))Rjj = (1 +
1

p

n∑

l,k=1

XjlXjk(R
(j))2)l+n,k+n)R

2
jj = − d

dz
Rjj. (3.27)
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From here it follows that

1

n2

n∑

j=1

(TrR− TrR(j))Rjj = − 1

n2

d

dz
mn(z). (3.28)

Note that

mn(z) =
z

n

n∑

k=1

1

s2k − z2
(3.29)

and
d

dz
mn(z) =

mn(z)

z
− 2z2

n

n∑

k=1

1

(s2k − z2)2
. (3.30)

This implies that

δn3 =
z2

n2

n∑

k=1

1

(s2k − z2)2
. (3.31)

Finally, we note that ∣∣∣ z
2

n2

1

(s2k − z2)2

∣∣∣ ≤ 1

nv
Immn(z). (3.32)

The last inequality concludes the proof. Thus Lemma 3.3 is proved.

3.1 Stieltjes transforms

In this section we derive auxiliary bounds for the difference between the Stieltjes
transforms mn(z) of the empirical spectral measure of the matrix V and the Stielt-
jes transform sy(z) of the symmetrized Marchenko–Pastur law. We introduce the
additional notations

δn = δn1 + δn2, δ̂n = δn3, δn =
1

n

3∑

ν=1

n∑

j=1

εjνεjRjj . (3.33)

Recall that sy(z) satisfies the equation

sy(z) = − 1

z + ysy(z) +
y−1
z

. (3.34)

Denote by gn(z) = mn(z) − sy(z). The representation (2.6) and the equality (3.34)
together imply

gn(z) =
ygn(z)sy(z)

z + ymn(z) +
y−1
z

− δn

(z + ymn(z) +
y−1
z
)2

+
δ̂n

z + ymn(z) +
y−1
z

+
δn

(z + ymn(z) +
y−1
z
)2
. (3.35)
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Introduce the following notations

bn(z, y) = z + ymn(z) +
y − 1

z
, and an(z, y) = bn(z, y) + ysy(z).

From equality (3.35) it follows that

|gn(z)| ≤
|δn|+ |δn|

|bn(z, y)||an(z, y)|
+

|δ̂n|
|an(z, y)|

. (3.36)

For any z ∈ D introduce the events

Ω̂n(z) =
{
ω ∈ Ω : |δn| ≤

βnIm
1

2m
(j)
n (z)

n
√
v

}
, Ω̃n(z) =

{
ω ∈ Ω : |δ̂n| ≤

Immn(z)

nv

}
,

(3.37)

Ωn(z) =
{
ω ∈ Ω : |δn| ≤ (

β2
nImmn(z)

nv
+

β2
n

(nv)2
+

1− y

n|z|2 )
1

n

n∑

j=1

|Rjj|2
}
. (3.38)

Put Ω∗
n(z) = Ω̂n(z) ∪ Ω̃n(z) ∪ Ωn(z). By Lemmas 3.1–3.3, we have

Pr{Ω̂n(z)} ≥ 1− C exp{−cln,α}. (3.39)

By Lemma 3.3,
Pr{Ω̃n(z)} = 1. (3.40)

Note that

|εjνεj3| ≤
1

2
(|εjν|2 + |εj3|2). (3.41)

By inequality (2.28), we have, for ν = 1, 2,

Pr
{
|εjν|2 >

β2
n

n

(Immn(z)

v
+

1

nv2
+

(1− y)v

|z|2
)}

≤ C exp{−cln,α}. (3.42)

Furthermore,

Pr{|εj3|2 ≤
1

n2v2
} = 1. (3.43)

Similar to equality (2.34) we may show that

Pr
{
∩z∈D

(
Ω∗

n(z) ∩ Ωn(z)
)}

≥ 1− C exp{−cln,α}. (3.44)

Let
Ω∗

n := ∩z∈D
(
Ω∗

n(z) ∩ Ωn(z)
)
. (3.45)

In the what follows we shall assume that

v0 =
bβn

n
(3.46)

with b ≥ 32. We now prove the first essential bound.
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Lemma 3.4. Let z = u+ iv ∈ D. Assume that

|gn(z)| ≤
1

2
. (3.47)

Then for any ω ∈ Ω∗
n, the following bound holds

|gn(z)| ≤
4β2

n

nv
+

32β2
n

n2v2
√
γ + v

.

Proof. First note that the inequality |gn(z)| ≤ 1
2
implies

|bn(z, y)| = |z + ymn(z) +
y − 1

z
| ≥ |z + ysy(z) +

y − 1

z
| − |ygn(z)| ≥

1

2
. (3.48)

Moreover, by definition of v0 (3.46), we have

Imm(j)
n (z) ≤ |m(j)

n (z)| ≤ |mn(z)| +
1

nv
≤ |sy(z)|+ |gn(z)| +

1

nv
≤ 2. (3.49)

Furthermore, we have the obvious inequality

|an(z, y)| = |z + ymn(z) + ysy(z) +
y − 1

z
| ≥ Im(z +

y − 1

z
+ ysy(z))

≥ 1

2
Im

(√
(z +

y − 1

z
)2 − 4y

)
. (3.50)

Moreover,

|an(z, y)| ≥ Im
(y − 1

z

)
=

v(1− y)

|z|2 . (3.51)

For z ∈ D we obtain Re ((z + y−1
z
)2 − 4y) ≤ 0 and π

2
≤ arg((z + y−1

z
)2 − 4y) ≤ 3π

2
.

Therefore,

Im
(√

(z +
y − 1

z
)2 − 4y

)
≥ 1√

2

∣∣∣(z + y − 1

z
)2 − 4y

∣∣∣
1

2 ≥ 1

4

√
γ + v, (3.52)

where γ = min(1+
√
y− |u|, 1−√

y− |u|). Inequality (3.36) implies that for ω ∈ Ω∗
n

|gn(z)| ≤
βn

n
√
v|bn(z, y)||an(z, y)|

+
Immn(z)

nv|an(z, y)|

+
β2
n

nv|an(z, y)||bn(z, y)|
(
Immn(z) +

1

nv
+

(1− y)v

|z|2
)1
n

n∑

j=1

|Rjj|2. (3.53)

Furthermore, equation (2.4), inequality (3.48) and definition of Ω∗
n in (2.30) together

imply that, for ω ∈ Ω∗
n and z ∈ D

|Rjj| ≤
2

|bn(z, y)|
≤ 4. (3.54)
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Inequalities (3.49)–(3.54) together imply

|gn(z)| ≤
2βn

n
√
v|an(z, y)|

(
1 +

4βnImmn(z)√
v

+
4βn

nv

)

+
2β2

n(1− y)v

nv|an(z, y)|
+

Immn(z)

nv|an(z, y)|

≤ 4β2
n

nv
+

32β2
n

n2v2
√
γ + v

. (3.55)

This inequality completes the proof of the Lemma.

Put now v′0 := v′0(z) := v0√
γ
, where γ = min{|u| − 1 +

√
y, 1 +

√
y − |u| and

z = u+ iv. Denote D̂ := {z ∈ D : v ≥ v′0}.

Corollary 3.5. Assume that for ω ∈ Ωn and z = u+ iv ∈ D̂,

|gn(z)| ≤
1

2
holds.

Then

|gn(z)| ≤
1

4
.

Proof. Note that for v ≥ v′0

4β2
n

nv
+

32β2
n

n2v2
√
γ + v

≤ 1

4
(3.56)

Thus the Corollary is proved.

Corollary 3.6. Let z = u+ iv ∈ D. Assume that

|bn(z, y) ≥
1

2
. (3.57)

Then for any ω ∈ Ω∗
n, the following bound holds

|gn(z)| ≤
4β2

n

nv
+

32β2
n

n2v2
√
γ + v

.

Proof. The proof of Lemma 3.4 relies on the condition (3.47) of Lemma 3.4 only to
prove inequality (3.57). Thus the Corollary is proved.

The next lemma yields a recursion which plays a crucial role in our proof lemma
3.4 and is similar to an approach used in [7].

Lemma 3.7. Assume that for some z = u + iv ∈ D with v ≥ v0 condition (3.47)
holds. Then it holds for z′ = u + iv′ ∈ D such that 0 < v − v′ ≤ n−8 and v′ ≥ v0 as
well.
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Proof. First of all we note that

|mn(z)−mn(z
′)| = 1

n
(v − v′)|TrR(z)R(z′)| ≤ v − v′

vv′
≤ 1

b2β4
nn

6
≤ 1

8
(3.58)

and

|sy(z)− sy(z
′)| ≤ 1

8
(3.59)

By Corollary 3.6, we have

|gn(z)| ≤
1

4
. (3.60)

All these inequalities together imply

|gn(z′)| ≤
1

2
. (3.61)

Thus the Lemma is proved.

Proposition 3.1. There exists constants C, c, such that

Pr
{
|gn(z)| >

4β2
n

nv
+

32β2
n

n2v2
√
γ + v

}
≤ C exp{−cln,α}. (3.62)

Proof. Note that for v = 2 we have

|z + ymn(z) +
y − 1

z
| ≥ Imz ≥ 2. (3.63)

By Lemma 3.4, we obtain the inequality (3.62). By Lemma 3.7, this inequality holds
for any 2 ≥ v ≥ v0. Thus proposition 3.1 is proved.

4 Proof of Theorem 1.1

To conclude the proof of Theorem 1.1 we modify a bound for the Kolmogorov distance
between distribution functions based on their Stieltjes transforms obtained in [4],
Lemma 2.1. Given ε > 0 introduce the interval Jε = [1 − √

y + ε, 1 +
√
y − ε] and

J′ε = [1 − √
y + 1

2
ε, 1 +

√
y − 1

2
ε]. For any x such that |x| ∈ Jε define γ = γ(x) :=

min{|x| − 1 +
√
y, 1 +

√
y − |x|. For a distribution function F denote by SF (z) its

Stieltjes transform,

SF (z) =

∫ ∞

−∞

1

x− z
dF (x).

Proposition 4.1. Let v > 0 and a and ε > 0 be positive numbers such that

α =
1

π

∫

|u|≤a

1

u2 + 1
du =

3

4
, (4.1)
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and
2va ≤ ε

√
γ. (4.2)

If Gy denotes the distribution function of the symmetrized Marchenko–Pastur law,
and F is any distribution function, there exists some absolute constants C1, C2, C3

depending on y only such that

∆(F,Gy) := sup
x

|F (x)−Gy(x)|

≤ C1 sup
x:|x|∈J′ε

∣∣∣Im
∫ x

−∞
(SF (u+ i

v√
γ
)− SGy

(u+ i
v√
γ
))du

∣∣∣+ C2v + C3ε
3

2 .

(4.3)

Proof. Without loss of generality we may assume that 0 < y < 1. The case y = 1
is considered in [6]. The proof of Proposition 4.1 is an adaption of the proof of
Proposition 4.1 from [6]. We provide it here for completeness. Note that

sup
x

|F (x)−Gy(x)| ≤ sup
x∈Jε

|F (x)−Gy(x)|+Gy(−1−√
y + ε), (4.4)

and
Gy(−1 −√

y + ε) ≤ Cε
3

2 . (4.5)

Let x ∈ Jε. Recall that γ = min{|x| − 1 +
√
y, 1 +

√
y − |x|}. Then, according to

condition (4.2) we have x+ va√
γ
∈ J′ε. Denote by v′ = v√

γ
. For any x ∈ J′ε we have

∣∣∣ 1
π
Im

(∫ x

−∞
(SF (u+ iv′)− SGy

(u+ iv′))du
)∣∣∣

≥ 1

π
Im

(∫ x

−∞
(SF (u+ iv′)− SGy

(u+ iv′))du
)

=
1

π

[∫ ∞

−∞

v′d(F (q)−Gy(q))

(q − u)2 + v′2

]
du

=
1

π

∫ x

−∞

[∫ ∞

−∞

2v′(q − u)(F (q)−Gy(q))dq

((q − u)2 + v′2)2

]

=
1

π

∫ ∞

−∞
(F (q)−Gy(q))

[∫ x

−∞

2v′(q − u)du

((q − u)2 + v′2)2
dq

]

=
1

π

∫ ∞

−∞

(F (x− v′q)−Gy(x− v′q))dq

q2 + 1
. (4.6)

Since F is non decreasing, we obtain

1

π

∫ ∞

−∞

(F (x− v′q)−Gy(x− v′q))dy

q2 + 1

≥ α(F (x− v′a)−Gy(x− v′a))− 1

π

∫

|q|≤a

|Gy(x− v′q)−Gy(x− v′a))|dq

≥ α(F (x− v′a)−Gy(x− v′a))− 1

v′π

∫

|q|≤v′a

|Gy(x− q)−Gy(x− v′a))|dq.

(4.7)
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Denote by ∆ε(F,G) = supx∈Jε |F (x) − Gy(x)| and let xn ∈ Jε such that F (xn) −
Gy(xn) → ∆ε(F,G). Then xn = xn + v′a ∈ J′ε. We have

sup
x∈J′ε

∣∣∣∣Im
∫ x

−∞
(SF (u+ iv′)− SGy

(u+ iv′))du

∣∣∣∣ ≥ α(F (xn)−Gy(xn))

− 1

πv
sup
x∈J′ε

1√
γ

∫

|q|<2v′a

|Gy(x+ q)−Gy(x)|dq − (1− α)∆(F,G). (4.8)

Note that
1

πv
sup
x∈J′ε

1√
γ

∫

|q|<2v′a

|Gy(x+ q)−Gy(x)|dy

≤ 1

πv
sup
x∈J′ε

1√
γ

√
4− x2 ≤ Cv. (4.9)

Inequalities (4.4), (4.8) and (4.9) together imply

sup
x∈J′ε

∣∣∣∣Im
∫ x

−∞
(SF (u+ iv′)− SGy

(u+ iv′))du

∣∣∣∣ ≥ (2α− 1)∆ε(F,G)− Cv − Cε
3

2 .

(4.10)

Similar arguments may be used for the sequence xn ∈ Jε such F (xn) − Gy(xn) →
−∆ε(F,G). This completes the proof.

Corollary 4.1. Under the conditions of Proposition 4.1, for any V > v, the following
inequality holds

sup
x∈J′ε

∣∣∣∣
∫ x

−∞
(Im(SF (u+ iv′)− SGy

(u+ iv′))du

∣∣∣∣

≤
∫ ∞

−∞
|SF (u+ iV )− SGy

(u+ iV )|du

+ sup
x∈J′ε

∣∣∣∣
∫ V

v′

(
SF (x+ iu)− SGy

(x+ iu)
)
du

∣∣∣∣ . (4.11)

Proof. Set z = u + iv′. v′ ≤ 2. Since the functions of SF (z) and SGy
(z) are analytic

in the upper half-plane, it is enough to use Cauchy’s theorem. We can write
∫ ∞

−∞
Im(SF (z)− SGy

(z))du = lim
L→∞

∫ x

−L

(SF (u+ iv′)− SGy
(u+ iv′))du. (4.12)

Since v′ = v√
γ
≤ ε

2a
, without loss of generality we may assume that v′ ≤ 2. By

Cauchy’s integral formula, we have
∫ x

−L

(SF (z)− SGy
(z))du =

∫ x

−L

(SF (u+ iV )− SGy
(u+ iV ))du

+

∫ V

v′
(SF (−L+ iu)− SGy

(−L+ iu))du

−
∫ V

v′
(SF (x+ iu)− SGy

(x+ iu))du. (4.13)
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Denote by ξ(η) a random variable with distribution function F (x) (Gy(x)). Then we
have

|SF (−L+ iv′)| =
∣∣∣∣E

1

ξ + L− iv′

∣∣∣∣ ≤ v′
−1

Pr{|ξ| > L/2}+ 2

L
. (4.14)

Similarly,

|SGy
(−L+ iv′)| ≤ v′

−1
Pr{|η| > L/2}+ 2

L
. (4.15)

These inequalities imply that

∣∣∣∣
∫ V

v′
(SF (−L+ iu)− SGy

(−L+ iu))du

∣∣∣∣ → 0 as L → ∞, (4.16)

which completes the proof.

Combining the results of Proposition 4.1 and Corollary 4.1, we get

Corollary 4.2. Under the conditions of Proposition 4.1 the following inequality holds

∆(F,G) ≤ C1

∫ ∞

−∞
|SF (u+ iV )− SGy

(u+ iV )|du+ C2v + C3ε
3

2

+ C1 sup
x∈J′ε

∫ V

v′
|SF (x+ iu)− SGy

(x+ iu)|du, (4.17)

where v′ = v√
γ
with γ = min{|x| − 1 +

√
y, 1 +

√
y − |x|}.

We apply now the result of Corollary 4.2 to the empirical spectral distribution
function Fn(x) of the random matrix X. First we bound the integral over the line
with V = 2. Note that in this case we have |z + ymn(z) +

y−1
z
| ≥ 1. Moreover,

Imm
(j)
n (z) ≤ 1

V
≤ 1

2
. We may now apply results of the previous Lemmas on large

deviations. This ensures the following bound for gn(z) for all z = u+ iV with u ∈ R.

|gn(z)| ≤
βn

n
√
v|an(z, y)bn(z, y)|

(
1 +

βnImmn(z)√
v

+
βn

nv
+

(1− y)v

|z|2
)
+

C Immn(z)

nv |an(z, y)|
.

(4.18)

Note that for V = 2,

|an(z, y)bn(z, y)| ≥
{
4 for |u| ∈ [1−√

y, 1 +
√
y],

1
4
|z|2 for |u| /∈ [1−√

y, 1 +
√
y].

(4.19)

We may rewrite the bound (4.18) as follows

|gn(z)| ≤
Cβ2

n

n(|z|2 + 1)
+

C Immn(z)

nv
. (4.20)
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Note that for any distribution function F (x) we have

∫ ∞

−∞
ImsF (u+ iv)du = π (4.21)

From here it follows that, for V = 2
∫

|u|≥n

|mn(z)− sy(z)|du ≤ C

n
(4.22)

Denote Dn := {z = u+ 2i : |u| ≤ n} and

Ωn :=
(
∩z∈Dn

{
ω ∈ Ω : |gn(z)| ≤

Cβ2
n

n(|z|2 + 1

})
∩ Ω∗

n

Using a union bound, we may show that

Pr{Ωn} ≥ 1− C exp{−cln,α}. (4.23)

It is straightforward to check that for ω ∈ Ωn

∫ ∞

−∞
|mn(z)− sy(z)|du ≤ C

n
. (4.24)

We choose ε = n− 2

3 and v0 = dβ2
n

n
. To conclude the proof we need to consider the

“vertical” path integrals in z = x+ iv′ with x ∈ J′ε, v
′ = v0√

γ
and γ = 2− |x|. It will

be enough to consider one of these integrals only, the others being similar, namely

∫ 2

v′

1

n2v2
√
γ + v

dv ≤ 1

n2v′
√
γ
≤ 1

n2v0
≤ β2

n

n
. (4.25)

Finally, we obtain for any ω ∈ Ωn

∆(Fn, G) = sup
x

|Fn(x)−Gy(x)| ≤
Cβ2

n

n
. (4.26)

Thus Theorem 1.1 is proved.

5 Proof of Theorem 1.2

Consider the singular value decomposition of the matrix X. Let U and H be unitary
matrices of dimension n×n and p× p respectively. Let S be a n×n diagonal matrix
whose entries are the singular value of the matrixX. LetOp×q denote the p×q-matrix

with zero entries. Introduce the matrix S̃ =
[
S On×(p−n)

]
. We have the following

representation
X = US̃H∗. (5.1)
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We may represent the matrix H in the form

H =

[
H11 H12

H21 H22

]
, (5.2)

where H11 is n× n matrix , H22 is p× p matrix. We introduce matrix

Z =




1√
2
U 1√

2
H11

1√
2
H12

1√
2
U 1√

2
−H11

1√
2
−H12

O H21 H22


 . (5.3)

It is straightforward to check that

ZVZ∗ =




S On×n On×(p−n)

On×n −S On×(p−n)

O(p−n)×n O(p−n)×n O(p−n)×(p−n)


 , (5.4)

where S denotes diagonal matrix with entries sj . The equality (5.4) implies that
the rows zj of the matrix Z, for j = 1, . . . , n, are the eigenvectors of the matrix V

corresponding to the eigenvalues sj. Similarly, the rows zj+n of the matrix Z, for j =
1, . . . , n, are the eigenvectors of the matrix V corresponding to the eigenvalues −sj
and the rows z2n+l, for l = 1, . . . , p−n, are the eigenvectors of matrixV corresponding
to the eigenvalues 0.

We note the following representation for the diagonal entries of the resolvent
matrix R:

Rjj =

n+p∑

k=1

1

λk − z
|Hkj|2. (5.5)

Denote by λ1, . . . , λn+p the eigenvalues of the matrix V ordered in such way that

λj =





−sj , if 1 ≤ j ≤ n

sj , if n+ 1 ≤ j ≤ 2n

0, if 2n ≤ j ≤ n + p.

(5.6)

Consider the distribution function Fnj(x) of the following weighted empirical prob-
ability distribution on the eigenvalues λ1, . . . , λn+p

Fnj(x) =

n+p∑

k=1

|Hkj|2I{λk ≤ x}. (5.7)

Then we have

Rjj = Rjj(z) =

∫ ∞

−∞

1

x− z
dFnj(x). (5.8)

which means that Rjj is the Stieltjes transform of the distribution Fnj(x). Note that,
for any λ > 0

max
1≤k≤n+p

|Hkj|2 ≤ sup
x

(Fnj(x+ λ)− Fnj(x)) =: Qnj(λ). (5.9)
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On the other hand, it is easy to check that

Qnj(λ) ≤ 2 sup
u

λImRjj(u+ iλ). (5.10)

By relations (2.30) and (2.34), for any v ≥ v0 with v0 =
dβn

n
with a sufficiently large

constant d, we have

Pr
{ |εj|
|bn(z, y)|

>
1

2

}
≤ C exp{−cln,α}. (5.11)

Furthermore, the representation (2.4) and inequality (5.11) together imply, for v ≥ v0

ImRjj ≤ |Rjj| ≤ C. (5.12)

This implies that

Pr{ max
1≤k≤n+p

|Hkj|2 >
Cβ2

n

n
} ≤ C exp{−cln,α}. (5.13)

By a union bound the inequality (1.4) follows. To prove inequality (1.5), we consider
the quantity

rj := Rjj − sy(z), j = 1, . . . , n. (5.14)

Using equalities (2.4) and (3.34), we get

rj = −sy(z)gn(z)

bn(z, y)
+

εj
bn(z, y)

Rjj. (5.15)

By definition of H we obtain

Pr{ max
1≤j,k≤n

|ukj|2 >
Cβn

n
} ≤ C exp{−cln,α}. (5.16)

and

Pr{ max
1≤j,k≤p

|vkj|2 >
Cβn

n
} ≤ C exp{−cln,α}. (5.17)

By inequalities (3.62) and (2.34), we have

|rj| ≤
cβn√
nv

. (5.18)

This implies that

sup
x∈Jε

∫ V

v′
|rj(x+ iv)|dv ≤ C√

n
. (5.19)

Similar to (4.24) we get ∫ ∞

−∞
|rj(x+ iV )|dx ≤ C√

n
. (5.20)
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Applying Corollary 4.2, we finally obtain

Pr{sup
x

|Fnj(x)−Gy(x)| ≤
βn√
n
} ≥ 1− C exp{−cln,α}. (5.21)

In view of

Pr{sup
x

|Fn(x)−Gy(x)| ≤
β2
n

n
} ≥ 1− C exp{−cln,α}, (5.22)

we get

Pr{sup
x

|Fnj(x)−Gy(x)| ≤
βn√
n
} ≥ 1− C exp{−cln,α}. (5.23)

The last two inequalities together imply that

Pr{sup
x

|Fnj(x)− Fn(x)(x)| ≤
βn√
n
} ≥ 1− C exp{−cln,α}. (5.24)

Note that Fn(x) is the distribution function of a random variable which is uniformly
distributed on the set {±s1, . . . ,±sn} and

sup
x

|Fnj(x)− Fn(x)| = max
k

∣∣∣
k∑

l=1

|ukj|2 −
l

n

∣∣∣. (5.25)

Thus Theorem 1.2 is proved.
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