arXiv:1109.0611v1 [math.PR] 3 Sep 2011

On the rate of convergence to the
semi-circular law

F. Gotze A. Tikhomirov
Faculty of Mathematics Department of Mathematics
University of Bielefeld Komi Research Center of Ural Branch of RAS,
Germany Syktyvkar state University

Syktyvkar, Russia

September 6, 2011

Abstract

Let X = (Xjj) denote a Hermitian random matrix with entries X, which
are independent for 1 < j < k. We consider the rate of convergence of the
empirical spectral distribution function of the matrix X to the semi-circular
law assuming that EX;, = 0, EXJZk = 1 and that the distributions of the
matrix elements Xj; have a uniform sub exponential decay in the sense that
there exists a constant s> > 0 such that for any 1 < j <k <nand any ¢t > 1
we have

Pr{|X;x| >t} < s 'exp{—t*}.

By means of a short recursion argument it is shown that the Kolmogorov
distance between the empirical spectral distribution of the Wigner matrix W =
inX and the semicircular law is of order O(n~'log’n) with some positive
constant b > 0.

1 Introduction

Consider a family X = {X;;}, 1 < j < k < n, of independent random variables
defined on some probability space (£2,M, Pr). Assume that X, = Xj,;, for 1 <k <
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7 < n, and introduce the symmetric matrices

X X o X
W — L X.21 X.22 e X.2n
\/ﬁ : : .. :
an Xn2 e Xnn
The matrix W has a random spectrum {A;,..., A\, } and an associated spectral

distribution function
1
Fo(z) =—card{j <n:\; <z}, zeR
n

Averaging over the random values X;;(w), define the expected (non-random) empir-
ical distribution functions
F,.(z) = EF,(z).

Let G(z) denote the semi-circular distribution function with density g(x) = G'(x) =
V4 — 121|_5 5(x), where I, 4)(x) denotes an indicator—function of interval [a, b]. We
shall study the rate of convergence F,, () to the semi-circular law under the condition
Pr{|X;i| > t} < s 'exp{—t*} for some s > 0. This problem has been studied by
several authors. The authors proved in [7] that the Kolmogorov distance between
Fn(z) and the distribution function G(x), A¥ := sup, |F.(x) — G(x)| is of order
Op(n~2). Bai, [1], and Girko, [4], showed that A, := sup, |F,(z) — G(z)| = O(n"2).
Bobkov, Gétze and Tikhomirov [3] proved that A, and EA* have order O(n™3)
assuming a Poincaré inequality for the distribution of the matrix elements. For the
Gaussian Unitary Ensemble in [6] and for the Gaussian Orthogonal Ensemble in [11]
it has been shown that A, = O(n™!). Denote by v,1 < ... < Yun, the quantiles of G,
ie. G(yn;) = % We introduce the notation

llog,, := loglogn (1.1)

In Erdds, Yau and Yin [9] showed that for matrix elements X;; which have a uniformly
sub exponential decay in the sense that there exists a constant s > 0 such that for
any 1 <j<k<mnandanyt>1

Pr{|Xj| > t} < s 'exp{—t*},
the following result holds
_1
Pr{ 351 A=) > (logn)Cloen min{(j,N—j—l—l)} Sn_g} < Cexp{—(logn)°"er}

for large n enough. It is straightforward to check that this bound implies that with
high probability

Pr{sup | Fn(z) — G(x)] < Cn_l(logn)cuog”} > 1 — Cexp{—(logn)e}. (1.2)
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From the last inequality it is follows that
EA? < Cn~'(logn)© e,

In this paper we derive some improvement of the result (L.2) (reducing the power of

logarithm) using arguments similar to [9] and provide a selfcontained proof based on

recursion methods developed in the papers of Gotze and Tikhomirov [7], [5], [12].
For any positive constants o > 0 and > > 0 define the quantities

_l’_

N[
[NIES

lno :=logn(loglogn)® and 5, = (lsa) (1.3)
The main result of this paper is the following

Theorem 1.1. Let EXj, =0, EX = 1. Assume that there exists a constant » > 0
such that for any 1 < 7 <k <n and anyt > 1,

Pr{|X;i| >t} < 3 ' exp{—t*}. (1.4)

Then, for any positive o > 0 there exist a positive constants C' and ¢ depending on
»x and o only such that

Pr { sgp |Fn(z) — G(x)| > n_lﬂi} < Cexp{—clpa}- (1.5)

We apply the result of Theorem [I.1] to the investigation of the eigenvectors of the
matrix W. Let u; = (uj1,...,u;,)" be eigenvectors of the matrix W corresponding
to the eigenvalues A;, 7 =1,...,n. We prove the following result.

Theorem 1.2. Under the conditions of Theorem [I.1 for any positive o > O there
exist positive constants C' and ¢, depending on s and o only such that

52
Pef mas ful? > T} < Coxpl—cly). (L
and
y k| 8,
Pr{f;lz?gxn ; || — - > %} < Cexp{—clpa}- (1.7)

2 Proof of the main Theorem

To bound error A} we shall use an approach developed in our paper [7]. We shall
apply a bound of the Kolmogorov distance between distribution functions via the
distance between their Stieltjes transforms. We denote the Stieltjes transform of
Fo(x) by my(z) and the Stieltjes transform of a semi-circular law by s(z). Let
R = R(z) be the resolvent matrix of W given by

R=(W-—:I,)",
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for all z = u+ v with v # 0. Here and in what follows I,, denotes the identity matrix
of dimension n. Sometimes we shall omit the sub index in the notation of an identity
matrix. It is well-known that the Stieltjes transform of a semi-circular distribution
satisfies the equation

s2(2) +25(2) +1=0
(see, for example, equality (4.20) in [7]). Furthermore, the Stieltjes transform of
empirical spectral distribution function F,,(x), say m,(z), is given by

n

1 1
mn(z) = g ZRjj = EETI‘R
j=1

(see, for instance, equality (4.3) in [7]). Introduce the matrices W) which are
obtained from W by deleting the j-th row and the j-th column, and the corresponding
resolvent matrix R defined by RY) := (W@ — 21, ;)~! and let m{ (z) := 1T RO
Consider the index sets T; := {1,...,n} \ {j}. We shall use the representation

1

Rjj = 1 1 (4)” (2.1)
—2 4 7= X5 — 7 ke, Xie Xkt
(see, for example, equality (4.6) in [7]). We may rewrite it as follows
1 1
Rii— — R.. 29
5 T () ama(e) 22)
where €j =& + €52 + €53 + €j4 with
£ = LX--, £ 1= EZ(XZk —1)RY).
J NG 7J J nkeqrj g
1 ; 1 ,
e = S XpXpRY, ejui= ~(TrRY — Tx R).
k#lET,
This relation immediately implies the following two equations
T T N o L (2
2+ ma(2) = (2 4+ mu(2))
(z+ma(2)2 T a ey (2) ‘

v=1
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m,(2) = — = - Zgj 7

z24+mp(z) (24 mu(z

1
:_z+mn(z)_(z+m ZZ&W

v=1 j=1
+ G, ; ; ey + ———F— prarpy Z gjal;. (2.4)
2.1 Large deviations I
In the following Lemmas we shall bound ¢;,, forv =1,...,4and j=1,...,n

Lemma 2.1. Assuming the conditions of Theorem 11l there exists positive constants
C and c depending on » and « such that, for any j =1,...,n

1
Pr{le;| > QZﬁ‘,an_%} < Cexp{—cl,a}
Proof. The result follows immediately from the hypothesis (I.4]). O

Lemma 2.2. Assuming the conditions of Theorem [L1 we have, for any z = u + iv
with v >0 and any j =1,...,n, we have
1

el < —.
|J4| nv

Proof. The conclusion of Lemma [2.2] follows immediately from the obvious inequality
ITrR — TrRY| < v™! (see Lemma 4.1 in [7]). O

Lemma 2.3. Assuming the conditions of Theorem 11, for all v > 0, the following
inequality holds

Prffeol > 200 (07 ST RP)E} < Coxpl—cla}

lGTj
for some positive constants ¢ > 0 and C, depending on » and o only.

Proof. We use the following inequality for sums of independent random variables.
Let &,...,&, be independent random variables such that E¢; = 0 and |§;| < 0.

Then
22

Pr{| Z&\ >} <e(l— (/o) < —eXp{——} (2.5)

where ®(x) =
define,

F [ exp{—%}dy and 0 = o7 +---40,. We put 7 = X7 — 1, and

& = (mI{| Xl <lna} Enl{|X;| < Iz a})
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Note that E§ = 0 and [§] < 2ln%@|Rl(lj)|. Introduce the o-algebra MY generated
by the random variables Xj; with &, € T;. Let E; and Pr; denote the conditional
expectation and the conditional probability with respect to M), Note that the
random variables X;; and the o-algebra M) are independent. Applying inequality

2 1 .
(Z5) with 2 := 2nz 7l ° (™' Yier, |Rl(l’)|2)1/2, we get
2
Pr{\ I x} - Eprj{\ NI x} < Eexp{—%} < Cexp{—clya}. (2.6)
IET; IET;

Furthermore, note that

1 1 1 C
[Eml{|&] < o}l < B fml*Pri{l&] > Lo} < E%|m|26><p{—§ln,a} (2.7)

The last inequality implies that
1 : c 1 )12y L
Y Eml{IXal < EED| < Cop{—Sha}(CSIRPPHE (28)
lETj lETj

The inequalities (2.6) and (2.8]) together conclude the proof of Lemma 23] Thus the
Lemma is proved.
U

Corollary 2.4. Assuming the conditions of Theorem [I1 for any o > 0 there exists
positive constants ¢ and C, depending on s and « such that for any z = u + 1w with
v >0

Pr{|e;s| > B2(nv) "2 (Imm(2))2} < Cexp{—clpa}. (2.9)

Proof. Note that

) ) 1 .
n S IRDE < 0T RO = Slmm)(2), (2.10)
lETj v
where |RY|2 = ROWRE)". The result follows now from Lemma 275 O

Lemma 2.5. Assuming the conditions of Theorem L1, for any j =1,...,n and for
any v > 0, the following inequality holds

1 1 y 1
Pr{|€j3| > G Y |R,(jl)|2)§} < Cexp{—clpa}. (2.11)
k#LET;

Proof. We shall use a large deviation bound for quadratic forms which follows from
results by Ledoux (see [10]).
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Proposition 2.1. Let &, ...,&, be independent random wvariables such that |;| <
1. Let a;; denote complex numbers such that a;; = aj and a;; = 0. Let Z =
> Lot Sk Let 0® =370y la]®. Then for every t > 0 there exists some positive
constant ¢ > 0 such that the following inequality holds
3 t
Pr{|Z] = SE|ZP + 1} < exp{— 1. (2.12)
o
Proof. Proposition 2] follows from Theorem 3.1 in [10]. O

In order to bound ¢;3 we use Proposition 2.1] with
1 1 1
& = (Xu{| X < U} — EXGI{|Xp] < 10 })/21Fo. (2.13)

Note that the random variables X};, [ € T; and the matrix RUY) are mutually indepen-
dent for any fixed j = 1,...,n. Moreover, we have |§| < 1. Put Z := Zk#gj &@R,(fl).

Applying Proposition 2Tl with ¢ = 1;,a(3", 4er, IRY12)2, we get

EPrj{|Z| > Lyl Z |Rl(,z)|2)%} < Cexp{—clya} (2.14)
IAkET;
Furthermore,
Pr{3j,l e [L,....n]: |Xu| > l7a)} < Cexp{—clya} (2.15)
and

1 1 1
EXI{| X <lial <Pr2{3j,Lke[l,...,n]: | X >Fa} < Cexp{—cl,a}.
(2.16)

~ 1 1 ~ ,
Introduce the random variables & = £ I{| X ;1| < l7a}/2l7a and Z = Zl,keTj &fle(,i).
Note that

Pr{ Y XpXuR £ > GGRY} < Coxp{—clya}. (2.17)

l,kET]‘ l,kET]‘

Inequalities (ZI4)-(2I7) together imply

1 .
Pr{\6j3| S Eni= Y |R,<gl>|2)%} < Cexp{—clpa}. (2.18)
" e,
Thus Lemma is proved. O

Corollary 2.6. Under the conditions of Theorem[11l there exist positive constants c
and C' depending on » and « such that for any z = u + v with v > 0

Pr{|e;s| > B2 (nv) 2 (Imm(2))2} < Cexp{—clpa}. (2.19)



The rate of convergence to the semi-circular law 8

Proof. Note that

. ) 1 .
n7t > RYP <o e RO = —Imm ) (2). (2.20)
v
k#IET;

The result now follows from Lemma

[
To summarize these results we recall
B = (Ina)*7, (2.21)
defined previously in (IL3]). Then we may write that, for v = 1,2,3
Bn Im 2, (2) 1
P{ -,,>—(1 >}<O el Y 2.99
r|€J| \/ﬁ + \/5 +\/5\/% —eXp{c,} ( )

Denote by

Bn Im 2m, (2)

Qn(z):{weQ:|5j|§%<l+ N +\/1ﬁv)}. (2.23)

Let vg = % with a sufficiently small positive constant a > 0. We introduce the
region D = {z =u+iv € C: |u| <2, v < v < 2}. Furthermore, we introduce the
sequence z; = u; + vy in D, recursively defined via w1 — u; = % and v, — v = %
Using a union bound, we have

Pr{M,,epQ(2)} = 1 — Cexp{—clna). (2.24)

It is straightforward to check that

— 2 Im 2m, (2) 1
() =252y < B2 F1 B g n . 2.2
i) — i)l < Eo D1 ey (2.25)
This immediately implies that
Pr{N.ep.(2)} > 1 — Cexp{—clpa}, (2.26)

for appropriately some chosen constant in the definition (2.23)) of the event €2, (z).

3 Large deviations I1

In this Section we obtain bounds for large deviation probabilities of the sum of ¢;.

We start with .
1
Ol = — £41.
nl n ; 71
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Lemma 3.1. There exist constants ¢ and C such that

Pr{|6,1| > n"'8,} < Cexp{—clpa}. (3.1)
Proof. We repeat the proof of Lemma 2.1l Consider the truncated random variables
~ 1
Xj; = XjI{1 X550 < Iz} (3.2)
By assumption (.4,
1
Pr{|X;;| > lia} < Cexp{—clya}. (3.3)
Moreover, R
EX ;| < Cexp{—clya} (3.4)
We define

and consider the sum

ny/n S
Since N )
| X551 < 2070,
we have _
Pr{|0,1] > n_ll” 2} < Cexp{—clya}- (3.7)
Note that
~ 1 & ~
Op1 — 0| < — EX;;| < —Clpat 3.8
|01 1|_n§| jil < exp{—clna} (3.8)
This inequality and inequality (([B1)) together imply
Pr{|5n1| >n 1l" 2} < Cexp{—clpa}- (3.9)
Thus, Lemma [B.1] is proved. O

Consider now the quantity

Onp 1= iz Z S (x2 - 1Ry (3.10)
=1 1€T;

We prove the following Lemma

Lemma 3.2. Assume that there exists a constant C' such that for any j =1,...,n
and any [ € T}

IRY| < C. (3.11)

Then there exist constants ¢ and C, depending on » and « such that

Pr{|0ns] < n7182) < Cexp{—clpa} (3.12)
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Proof. Introduce the truncated random variables

&= X3 - EX2, (3.13)
~ 1
where X;; = X;I{|X}| < l7q. It is straightforward to check that
0<1—EX% < Cexp{—clya}. (3.14)

We shall need the following quantities as well

SO A, -  _1¢ '
s LSS e = LY e

J=11€T; j=11€T;

By assumption (L.4]),

Pr{0n # 0pa} < Cexp{—cln.a}. (3.16)
Let 1
Gi=—= Ry (3.17)
\/ﬁ lETj
Then
~ 1 &
%:EEQ (3.18)
-

Note that the sequence gng is a martingale with respect to the o-algebras M;. In fact,
E{¢[®; 1} = E{E{GRV}M; 1} = 0. (3.19)

In order to use large deviation bounds for gm we replace the differences ¢; by truncated
random variables. We put

~ 2+l 1 . 1
G = GG < lza® (IR}, (3.20)
lETj
Since (; is a sum of independent bounded random variables with mean zero, we have
2,1 1 . 1
Pr{IGl > iza? (- DD IRPD? ) < Coxpl—clual. (3.21)
lET]‘
This implies that
Pr{d ¢ #Y G} < Cexpl{—clya}. (3.22)
j=1 j=1

Furthermore, introduce the random variables

G =G — E{GIM;_1}. (3.23)
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Using the Cauchy-Schwartz inequality and the boundedness of the random variables
szRl(lj ) we may show that

IE{G|™;_1}| < Cexp{—clpq}. (3.24)

Here, we may use a martingale bound due to Bentkus, [2], Theorem 1.1. It provides
the following result. Let My = {0, 2} C MW; C --- C MW, C M be a family of o-algebras
of a measurable space {Q,M}. Let M, =& + ...+ &, be a martingale with bounded
differences §; = M; — M;_; such that

Pr{l§| <bj} =1 for j=1,....n.

Then, for z > /8

Pr{|M, | > o} < e(1 - 2(2) = /£”¢<t>dt, s@(t)=¢%e><p{—%}- (3.25)

with some numerical constant ¢ > 0 and 0 = b3 + - - - 4+ b2. Note that for t > C

1
1—3() < —=p(t).
(1) < Zolt)
Thus, this leads to the inequality

2
xXr

which we shall use to bound dys. By assumption (B.I1]) and definition of Ej, we may
241
take 3; = lﬁ‘,,l_z. We get

Pr{[dn2| > n7' 42} < Cexp{—clya} (3.27)
Inequalities (B.22)—(3.27)) together conclude the proof of Lemma O
Let .
Opg 1= % >N XuXuRY. (3.28)
J=1 I£kET;

Lemma 3.3. Assume that there exists a constant B > 0 such that foranyj=1,...n
ImmY(z) < B. (3.29)

Then there exist constants ¢ and C, depending on » and « such that

2
Pr(|fa] > 22} < Coxpl—clo) (3.30)

NN/ v
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Proof. The proof of this Lemma is similar to the proof of Lemma [3.2l We introduce
the random variables

1 ()
Ny = —= Z XX, (3.31)
Vv I£keET,
and note that the sequence
M, = (3.32)
j=1

is martingale with respect to the o—algebras ;. Then we apply the martingale bound
of Bentkus twice replacing 7; by truncated random variables. Thus the Lemma is
proved. O

Finally, we shall bound
I .
Ot = — > (TrR - TrRY)Ry;. (3.33)
j=1

Lemma 3.4. For any z = u + v with v > 0 the following inequality

1
Ona| < —Imm,, .34
[0na| < —Tmma(2) (3.34)
holds.
Proof. By formula (5.4) in [7], we have
d
(TrR — TrRY) R, Z N R2, = ;. (3.35)
ety
From here it follows that
Ly TRO)R, = - L1 ! nR2.
EZ( 'R-TrRV)Ry; = ——TrR=—TrR (3.36)
Finally, we note that
1 1
|5 TrR?| < —Immy,(2). (3.37)
n nv
The last inequality concludes the proof. Thus, Lemma [3.4] is proved. O

3.1 Stieltjes transforms

We shall derive auxiliary bounds for the difference between the Stieltjes transforms
mn(z) of the empirical spectral measure of the matrix X and the Stieltjes transform
s(z) of the semi-circular law. Introduce the additional notations

3 n
~ - 1
(Sn = Op, 5n 5n7 5n = 5n7 6n = LAFRLIVE :
1+ On2 + Ons 4 nE E ejveiRy; (3.38)

v=1 j=1
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Recall that s(z) satisfies the equation

1

s(z) = 2+ s(z)

. (3.39)

Introduce g,,(z) := m,(z)—s(z). The representation (2.4 and equality (3.39)) together
imply

G Rl e s Gy o' Sl Py g v gy G Sl gy pu LG fel)

This equality yields

10 + 0] 3|
n < + . 3.41
190 (2)] |2 4+ mu(2)||2 4+ s(2) + mu(2)] |2+ s(2) + my,(2)] (341)
For any z € D introduce the events
_ S ~ _ Clmm,
0,(2) = {weQ: 10, <21 ) = fwea: |5 < TmmaE)y g )
ny/v nv
re} < Balmm,,(2) Y - 2
= : < - e )
Tnz) = {w € Qs B < (F00E 0 0 )3 ) (3.43)
Put Q7 (2) := 0, (2) UQ,(2) UQn(2). By Lemmas BIH34, we have
Pr{Q,(2)} > 1 — Cexp{—clpa}. (3.44)
By Lemma 3.4, B
Pr{Q,(2)} = 1. (3.45)
Note that 1
leesl < 5(\%/\2 +lejal?)- (3.46)
By inequality (2.22]), we have, for v = 1,2, 3,
2
5 DBr Imm,,(z) 1
) n < — .
Pr{|5]V| > (14— mz)} < Cexp{—clya} (3.47)
and 1
2 _
Pr{le;q|” < nzv2} = 1. (3.48)
Similarly as in (2Z26) we may show that
Pr{M.ep(2 () NQ,} > 1 — Cexp{—clypn}- (3.49)
Let
Q=N (2) N Q. (3.50)

We now prove now some auxiliary Lemmas.
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Lemma 3.5. Let z =u+iv € D and w € (2. Assume that

1
l9a(2)] < 5. (3.51)
Then the following bound holds
Cpr CB;
|gn(2)] < + = -
nv nvs\/vy+v
Proof. First we note that the inequality |g,(z)] < % implies
1
[z +ma(2)] 2 [z + 5(2)] = lga(2)] 2 5. (3.52)
Moreover,
() () 1 1
T (2) < fmy (2)] < fma(2)] + — < [s(2)] + [gn(2)] + — < C. (3.53)

Furthermore, we obviously obtain
|2+ 5n(2)+s(2)| > Imz+Imm,(2)+Ims(z) > Im(z+s(2)) > Im{V 22 — 4}. (3.54)

For z € D we get Re(2? —4) < 0 and 7 < arg(z? —4) < 37” Therefore,

1 L1
Im {V22 — 4} > E|Z2 — 4|z > VT (3.55)

where v = 2 — |ul. Inequality (3.41)) implies that for w € Q

Bn n Clmm,(z)
nyolz +mp(2)]|z + s(2) + ma(2)]  nv|z+ s(2) + mp(2)]
52 mmy (2 i l - 12
+nv|z+mn(2)Hz+8(z)+mn(z)|(I n )+m))n;‘Rﬂ‘ . (3.56)

Furthermore, equation (2.2)), inequality (8.52]) and the definition of € in (2.23)) to-
gether imply that, for w € {27 and z € D

lgn(2)] <

2

Ri|<———. 3.57
| ”|_|z—|—sn(z)| ( )
Equation ([3.56) and inequality (357) together imply
(< (14 —L ) (3.58)
a(2)] < — ). .
I nv nuv./v +v

This inequality completes the proof of lemma. O
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Put now v} := v(2) = %, where v := 2 — |u| and z = u + iv. Denote D := {z €
D:v>uvp}.

Corollary 3.6. Assume that for w € ¥ and z = u+iv € D

1

< —.

9n(2)] <

Then )
|gn(z)| > m-

Proof. Note that for v > v}

2 2
cg . og 1

nv | nf/y o - 100 (3:59)

Thus, the Corollary is proved. O
Corollary 3.7. Let z = u+iv € D. Assume that

12+ ga(2)] > . (3.60)

2
Then for any w € Q,, the following bound holds
Cﬁz 052
< n n .
l9n(2)] < nuv * nv?\/y +v

Proof. In the proof of Lemma [B.5] we have only used condition ([B.51) of Lemma
to prove inequality (B.60). This proves the Corollary. O

Assume that Ny is sufficiently large number such that for any n > Ny and for any
v € D the right hand side of inequality (358) is smaller then 15. In the what follows
we shall assume that n > Ny is fixed. The following lemma plays a crucial role in

our proof. It is similar to Lemma 3.4 in [§].

Lemma 3.8. Assume that for some z = u + iv € D with v > vy condition (B.51))
holds. Then it holds for 2’ = u +iv' € D withv > v > v —n~%.

Proof. First of all note that

1 v—2v _C 1
_ N=(v—1 Nl < <2< ,
ma(z) ~m () = Lo - BRERE) << G <L gay
and )
—s5()| < — .62
5(2) — s(2)] < - (3.62
By Corollary B we have
1
()] < —. 3.63
()] < (3.63
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All these inequalities together imply

3 1

W) < — < <. .64

9021 < 75 < 5 (3.64)
Thus, the Lemma is proved.

O

Proposition 3.1. There exists positive constants C, ¢, depending on o and » only
such that

52(Immn+n—lv)%
Pr {lgn(2)] > = SN b < Copl—clua} (3.65)

for all z € D

Proof. Note that for v = 2 we have, for any w € €2,

|z +mp(2)] > Im(z +m,(2) >2> -, (3.66)

N —

By Lemma 3.5, we obtain inequality (3.63]) for v = 2. By Lemma [3.8] this inequality
holds for any v with vy < v < 2 as well. Thus Proposition 3.1l is proved.
]

4 Proof of Theorem [1.7]

To conclude the proof of Theorem [L.I] we modify the bound of the Kolmogorov
distance of the spectral distribution functions via Stieltjes transforms obtained in
[7] Lemma 2.1. Given € > 0 introduce the interval J. = [-2 +¢,2 —¢] and J. =
[—2 + 36,2 — 3¢] For any = € J. define v = () := 2 — |z|. For any distribution
function F' denote by Sg(z) its Stieltjes transform,

SF(Z):/_OO L ir().

T —Z

Proposition 4.1. Let v > 0 and a and € > 0 be positive numbers such that
1 1 3
= _ —du= -, 4.1
“ 7r/|u<au2+1u 1 (4.1)
and
2va < e4/7. (4.2)

If G denotes the distribution function of the standard semi-circular law, and F is any
distribution function, there exists some absolute constants Cy, Cy and Cs such that

A(F,G) = sgp |F(x) — G(z)]

r v v 3
< su Im/ Sr(u+i—) — Sg(u+i—))du| + Cov + Csez. 4.3
:BEJIIZ _OO( F( ﬁ) el \ﬁ)) 5 3 (4.3)
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Proof. The proof of Proposition A.1] is straightforward adaptation of the proof of
Lemma 2.1 from [7]. We include it here for the sake of completeness. Note that

Sup |F(z) — G(x)] < 2161%0 |F(x) — G(x)| + G(—2 +¢), (4.4)
and
G(—2+¢) < Cea. (4.5)

Let z € J.. Then according to condition (£2]) = + € Jz. Denote by v" = —=. For
any z € J.

<T

‘%Im ( /_;(Sp(u + ') — Sg(u + z'v’))du) ‘
> %Im ( /_ ;(SF(U + i) — Selu+ iv’))du)

L] e

1 /“” [/C’O 20'(y —u)(F(y) — G(y))dy]

T J oo oo ((y — w)? +v?)?
1 B T 20 (y —u)du
~3 [ wo-cn | ot ]
_ %/_ (F(af—vy)y;fix—vy))dy' (4.6)
Since F'is non decreasing, we have
L [ (F(r—v'y) — Gz —v'y))dy
P /_Oo y?+1
> a(F(x—v'a) — G(x —v'a)) — % /|< |G(x —v'y) — G(z —v'a))|dy
> a(F(xr—v'a) — G(x —v'a)) — % /|< / |G(z —y) — G(z — v'a))|dy.
B (4.7)

Denote by A.(F,G) = sup,y. |F(x) —G(x)|. Let x, € J. such that F(z,) —G(z,) —
A.(F,G). Then z, = x, +v'a € J.. We have

> a(F(zn) — G(zn))

sup
xeJL

Im /r (Sp(u+i') — Sg(u+iv'))du

—0o0

1 1
— —sup — Glr+vy)—Gx)|dy — (1 — a)A(F,G). 4.8
S [ 6 -Gy - (- ARG).  (45)
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Note that

—sup—/ Gz +y) — G(z)|dy
TV ze]. \/7 ly|<2v’a

< L sup —\/ — 22 < Cw. (4.9)

TV el /7
Inequalities (4.4), (4.8)) and (49) together imply

sup
zeJL

Im / (Sp(u+ iv') — Se(u+iv))du| > (20 — DAL(F,G) — Cv — O3,

(4.10)

Similar arguments may be used for the sequence z,, € J. such F(z,) — G(x,) —
—A.(F,G). This completes the proof. O

Corollary 4.1. Under the conditions of Proposition[{.1], for any V' > v, the following
inequality holds

sup
zEeJL

/x (Im (Sp(u+iv") — Se(u+iv'))du

—00

s/ 1S (u+ V) — Se(u+iV)|du

o

+ sup (4.11)

xeJL

// (Sp(x +iu) — Sg(z + iu)) du .

Proof. Put z = u+iv'. v' < 2. Since the functions of Sp(z) and Si(z) are analytic
in the upper half-plane, it is enough to use Cauchy’s theorem. We can write

/_OO Im (Sp(z) — Se(z))du = lim ’ (Sp(u+ ') — Se(u+w'))du. (4.12)

00 L—oo _L

Since v' = % < 5., we may assume without loss of generality that v" < 2. By

Cauchy’s integral formula, we have

/_x (Sr(z) — Sq(z))du = /w (Sp(u+iV) — Sg(u+1iV))du

L —L

n /V(SF(—L +iu) — Sg(—L + iu))du

!

— / (Sp(x +iu) — Sg(x + iu))du. (4.13)

!

Denote by &(n) a random variable with distribution function F'(z) (G(z)). Then we

have
1

E+ L —av

2

|Sp(—L +iv')| = ‘E <o Pr{lg| > L/2} + 7. (4.14)
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Similarly,
_ 2
1Sa(—L +iv")| < o' Pr{|ny| > L/2} + I (4.15)
These inequalities imply that
1%
/ (Sp(—L +iu) — Sg(—L +iu))dul -0 as L — oo, (4.16)
which completes the proof. O

Combining the results of Proposition [4.1] and Corollary 4.1l we get
Corollary 4.2. Under the conditions of Proposition[.1| the following inequality holds

A(F,G) < 76’1/ |Se(u+1iV) — Sg(u+1iV)|du + Cyv + Cae?
o
+Cy sup/ |SF(z +iu) — Sg(z + iu)|du, (4.17)
z€Jl Jo’
where v/ = = with v = 2 — |z|.

ﬁ

We shall now apply the result of Corollary[4.2]to the empirical spectral distribution
function F,,(z) of the random matrix X. At first we bound the integral over the line

V' = 2. Note that in this case we have |z+m,,(z)| > 1. Moreover, Immg)(z) <+ <1
We may now apply the results of the previous Lemmas regarding large deviation
probabilities. This implies the following bound for g,(z) for all z = u + iV with

u € R.

n(2)| < 1+ +
o e )l + 5(2) + )] ( NG nvﬁ>
Clmma(z) 45
nV0z + s(z) + m,(2)|
Note that for V =2
4 for |u| <2,
+ my, + mp(2) + > - 4.19
2+ ma(llz + ma(z) + () {W ol =2 (4.19)
We may rewrite the bound (4.I8]) as follows
C3? CImm,(2)
n(2)| < - : 4.20
()] < s+ (4.20)
Note that for any distribution function F'(x) we have
/ Imsp(u+iv)du < 7w (4.21)
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From here it follows that, for V = 2

/|> imn(2) — 5(2)|du < & (4.92)

n
Denote D, := {z = u+ 2i : |u| < n} and

Pyp— N Cﬁg ,
Q, = {ﬂzeﬁn{w € Q: |gu(2)] < W}} na,

Using a union bound, we may show that
Pr{Q,} > 1 - Cexp{—clya} (4.23)

It is straightforward to check that for w € €,

o C
/ Imn(2) — s(2)|du < — (4.24)

oo n
We put ¢ = n=3 and vy = % To conclude the proof we need to consider the
"vertical” integrals for z = x + v’ with z € J., o' = % and v = 2 — |z|. It is enough

to consider one of these integrals only. For example

2 1 1 1 52
< < < n (4.25)
o NPV /vy + v n2v'\/y T nfvy T n
Finally, we get for any w € Q,,

A(F,,G) = sgp |F(z) — G(z)| < %3‘ (4.26)

Thus Theorem [I.1lis proved.

5 Proof of Theorem

We may express the diagonal entries of the resolvent matrix R as follows

1
Ryj =D s sl (5.1)
k=1

Consider the distribution function, say F,;(x), of the probability distribution of the
eigenvalues \j

Foj(z) =Y JupT{\ < x}. (5.2)
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Then we have ~ 1

Rjj = Rjj(2) = /

o™ —2

which means that R;; is the Stieltjes transform of the distribution F),;(x). Note that,
for any A > 0

max |u]* < sgp(Fnj(a: +A) — Fpj(x)) = Qui(N). (5.4)

1<k<n

On the other hand side, it is easy to check that

Qnj(A) < 2sup AXIm Rj;(u + iA). (5.5)

By relations (223) and (Z26), we obtain for any v > vy with vy = %= with a
sufficiently small constant c,

Pr{% < %} <exp{—clpa}- (5.6)

Furthermore, the representation (2.2) and inequality (5.6]) together imply, for v > vy,
Im R;; < |Rj;| < Ch (5.7)

with some positive constant C; > 0 depending on sz, . This implies that

Pr{ max |u]? < %} < Cexp{—clyu} (5.8)

1<k<n

By a union bound we arrive at the inequality (LG). To prove inequality (7)), we
consider the quantity
r; = Rj; — s(2). (5.9)

Using equalities (2.2) and (3:39), we get

sz

P = — 5.10
J 24 mp(2)  z4+mu(z) 7 (5.10)

By inequalities (8.65]) and (2.26]), we have

B
| < . 5.11
|T]| — \/m ( )
From here it follows that
v
C

su ri(z 4+ w)|dv < —. 5.12
sup [ fryto +ildo < = (5.12)

Similar to (4.24]) we get
/_ 7 (x + V) |dx < N (5.13)

[e.e]
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Applying Corollary B2, we get
Bn
Pr{sgp |Fj(x) — G(z)| < %} >1—Cexp{—clya} (5.14)

Using now that

pe{sup |7 (o)~ O < 2} 21— Cospletya) (5.15)
we get
Pr{sgp 1F,i(2) — G(z)] < %} >1— Cexp{—clya). (5.16)

Thus, Theorem [[.2] is proved.
Acknowledgement. The authors would like to thank S. G. Bobkov for draw-
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