SEMI-INVARIANTS FOR CONCEALED CANONICAL
ALGEBRAS. I. NON-PREHOMOGENEOUS CASE

GRZEGORZ BOBINSKI

Throughout the paper k is a fixed algebraically closed field. By Z,
N and N, we denote the sets of the integers, the non-negative integers
and the positive integers, respectively. Finally, if ¢, j € Z, then [i, j] :=
{leZ|i<k<j} (in particular, [, j] = @ if i > j).

INTRODUCTION

Concealed-canonical algebras have been introduced by Lenzing and
Melzer [22] as a generalization of Ringel’s canonical algebras [26]. An
algebra is called concealed-canonical if it is isomorphism to the en-
domorphism ring of a tilting bundle over a weighted projective line.
The concealed-canonical algebras can be characterized as the algebras
which posses sincere separating exact subcategory [23] (see also [28]).
Together with tilted algebras [7,20], the concealed-canonical algebras
form two most prominent classes of quasi-tilted algebras [19]. More-
over, according to a famous result of Happel [18], every quasi-tilted
algebra is derived equivalent either to a tilted algebra or to a concealed-
canonical algebra.

Despite investigations of a structure of the categories of modules over
concealed-canonical algebras, geometric problems have been studied
for this class of algebras (see for example [2,3,6,14,15,17,29]). Often
these problem were studied for canonical algebras only and sometimes
the authors restrict their attention to the concealed-canonical algebras
of tame representation type.

In the paper we study a problem, which has been already completely
solved in the case of canonical algebras. Namely, given a concealed-
canonical algebra A and a module R, which is a direct sum of modules
from of sincere separating exact subcategory of mod A, we want to de-
scribe a structure of the ring of semi-invariants associated to A and the
dimension vector of R. As it was mentioned above, this problem has
been solved in the case of canonical algebras (the answers have been
obtained independently by Skowroriski and Weyman [29] and Domokos
and Lenzing [14,15]). This problem has also been solved for another
class of concealed-canonical algebras, namely the path algebras of Eu-
clidean quivers [30] (see also [12,27]). The obtained results are very
similar, although the applied methods are completely different. The
aim my paper is to obtain a unified proof of the above results, which

would generalize to arbitrary concealed-canonical algebras. This aim
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is achieved if the characteristic of k equals 0. If chark > 0, then we
show that an analogous result is true if we study the semi-invariants
which are the restrictions of the semi-invariants on the ambient affine
space. The precise formulation of the obtained results can be found in
Section 6.

The paper is organized as follows. In Section 1 we introduce a setup
of quivers and their representations, which due to a result of Gabriel [16]
is an equivalent way of thinking about algebras and modules. Next, in
Section 2 we gather fact about concealed-canonical algebras (equiva-
lently, quivers). In Section 3 we introduce semi-invariants and present
their basic properties. Next, in Section 4 we study the semi-invariants
in the case of concealed-canonical quivers more closely. Section 5 is
devoted to presentation of necessary facts about the Kronecker quiver,
which is the minimal concealed-canonical quiver. Finally, in Section 6
we present and proof the main result.

The author gratefully acknowledges the support of the Alexander von
Humboldt Foundation, which has allowed him to spend three months
at the University of Bielefeld, where this paper has been written.

1. QUIVERS AND THEIR REPRESENTATIONS

By a quiver A we mean a finite set Ay (called the set of vertices of
A) together with a finite set A; (called the set of arrows of A) and
two maps s,t : Ay — Ag, which assign to each arrow « its starting
vertex sa and its terminating vertex ta, respectively. By a path of
length n € N in a quiver A we mean a sequence o = («q, ..., q,) of
arrows such that so; = ta;y for each @ € [1,n — 1]. In particular, we
treat every arrow in A as a path of length 1. In the above situation
we put fo :=n, so := sa,, and to := ta;. Moreover, for each vertex x
we have a trivial path 1, at x such that /1, := 0 and sl1, := x =: t1,.
For the rest of the paper we assume that the considered quivers do not
have oriented cycles, where by an oriented cycle we mean a path o of
positive length such that so = to.

Let A be a quiver. We define its path category kA to be the category
whose objects are the vertices of A and, for z,y € A, the morphisms
from x to y are the formal k-linear combinations of paths starting at
x and terminating at y. If w is a morphism from x to y, then we write
sw:= x and tw := y. By a representation of A we mean a functor from
kA to the category modk of finite dimensional vector spaces. We de-
note the category of representations of A by rep A. Observe that every
representation of A is uniquely determined by its values on the vertices
and the arrows. Given a representation M of A we denote by dim M
its dimension vector defined by the formula (dim M)(z) := dimy M (z)
for x € Ay. Observe that dim M € N2¢ for each representation M of
A. We call the elements of N0 dimension vectors. A dimension vector
d is called sincere if d(x) # 0 for each = € A,.
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By a relation in a quiver A we mean a k-linear combination of paths
of lengths at least 2 having a common starting vertex and a common
terminating vertex. Note that each relation in a quiver A is a morphism
in kA. A set R of relations in a quiver A is called minimal if (R\{p}) #
(R) for each p € R, where for a set X of morphisms in A we denote by
(X) the ideal in kA generated by X. Observe that each minimal set of
relations is finite. By a bound quiver A we mean a quiver A together
with a minimal set R of relations. Given a bound quiver A we denote
by kA its path category, i.e. kA :=kA/(R). By a representation of a
bound quiver A we mean a functor from kA to modk. In other words,
a representation of A is a representation M of A such that M(p) =0
for each p € R. We denote the category of representations of a bound
quiver A by rep A. Moreover, we denote by ind A the full subcategory
of rep A consisting of the indecomposable representations. It is known
that rep A is an abelian Krull-Schmidt category.

An important role in the study of representations of quivers is played
by the Auslander-Reiten translations 7 and 7~ [1, Section IV.2], which
assign to each representation of a bound quiver A another represen-
tation of A. In particular, we will use the following consequences of
the Auslander—Reiten formulas [1, Theorem IV.2.13]. Let M and N be
representations of a bound quiver A. If pdimy M < 1, then

(1.1) dimy Extly (M, N) = dimy Homa (N, 7M).
Dually, if idima N < 1, then
(1.2) dimy Ext (M, N) = dimy Homa (7~ N, M).

Let A be a bound quiver. We define the corresponding Tits form
(=, —=)a : Z?° x Z*0 — 7 by the formula

(d,d")a =) d(z)-d"(x)= > d(sa)-d"(ta)+>_ d'(sp)-d"(tp)
RTSYANG) acAq pER

for d’,d” € Z*°. Bongartz [8, Proposition 2.2] has proved that

(dim M, dim N)a
= dimy Homa (M, N) — dimy Ext (M, N) + dimy Ext} (M, N)
for any M, N € rep A provided gldim A < 2.

2. SEPARATING EXACT SUBCATEGORIES

In this section we present facts about sincere separating exact sub-
categories, which we use in our considerations. For the proofs we refer
to [23,26].

Let A be a bound quiver and X a full subcategory of ind A. We
denote by add X the full subcategory of rep A formed by the direct
sums of representations from X. We say that X’ is an exact subcategory
of ind A if add X is an exact subcategory of rep A, where by an exact
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subcategory of rep A we mean a full subcategory & of rep A such that
£ is an abelian category and the inclusion functor £ < rep A is exact.
We put

X_:={X €ind A : Homa (X, X) = 0}
and
Xy :={X €ind A : Homa (X, X) = 0}.

Let A be a bound quiver. Following [23] we say that R is a sincere
separating exact subcategory of ind A provided the following condi-
tions are satisfied:

(1) R is an exact subcategory of ind A stable under the actions of
the Auslander—Reiten translations 7 and 7.

(2) indA=R_URUR,.

(3) Homa (X, R) # 0 for each X € R_ and Homa (R, X) # 0 for
each X € R,.

(4) P € R_, for each indecomposable projective representation P
of A, and I € R, for each indecomposable injective represen-
tation I of A.

Lenzing and de la Pefia [23] have proved that there exists a sincere
separating exact subcategory R of ind A if and only if A is concealed-
canonical, i.e. rep A is equivalent to the category of modules over a
concealed-canonical algebra. In particular, if this is the case, then
gldim A < 2.

For the rest of the section we fix a concealed-canonical bound quiver
A and a sincere separating exact subcategory R of ind A. Moreover,
we put P := R_ and Q := R,. Finally, we denote by P, R and Q
the dimension vectors of the representations from add P, add R and
add Q, respectively.

It is known that pdim, P < 1 for each P € P and idima @ < 1 for
each @ € Q. Next, pdimy R = 1 and idima R = 1 for each R € R.
The categories P and Q are closed under the actions of 7 and 77,
hence using the Auslander—Reiten formulas (1.1) and (1.2) we obtain
that Extl (P,R) = 0 = Exti (R, Q). In particular,

(2.1) <d/, d>A 2 0 and <d, d”>A 2 0
foralld € P,d € R and d” € Q.
We have R =[] AP R, for connected uniserial categories Ry, A €

P.. For A\ € Pl we denote by 7, the number of the pairwise non-
isomorphic simple objects in add Ry. Then 7y, < oo for each A\ € PL.
Moreover, 3 5 cpi(ra — 1) = |Ag| — 2. In particular, if X := {) € P} :
ry > 1}, then |Xo| < o0.

Fix A € PL. If Ryp, ..., Ry,,—1 are chosen representatives of the
isomorphisms classes of the simple objects in add Ry, then we may
assume that TRy ; = R, for each ¢ € [0,7)—1], where we put R, ; :=
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R imodr, fori € Z. For any i € Z and n € N there exists a unique (up
to isomorphism) representation in R whose socle and length in add R,
are Ry, and n, respectively. We fix such representation and denote it

by RE\Z) and its dimension vector by e} ;. Then the composition factors
of R(;;.) are (starting from the socle) Ry, ..., Ry +n—1. Consequently,
€Y, =D jcliitn_1) ©\j» Where ey ; :=dim R, ; for j € Z. Moreover, for
all 1 € Z and n,m € N there exists an exact sequence

(2.2) 0— R — RI""™ — R, — 0.

Obviously, for each R € R, there exist ¢+ € Z and n € N, such
that R ~ RE\Z). Moreover, it is known that the vectors ey, ...,
exr,—1 are linearly independent. Consequently, if R € add R, then
there exist uniquely determined ¢, . .. ,qﬁ,l € N such that dim R =
D iciom1 dieni- We put ¢ff == gff, 4, for i € Z. Observe that for
each ¢ € Z the number qf\%ﬂ- counts the multiplicity in which R, ; ap-
pears as a composition factor in the Jordan—Holder filtration of R in
the category add R,.

Let R = @/\epi R, for Ry € add Ry, A € Pi. Then we put ¢f; := >
for A € Pi and i € Z. Next, we put p{ := min{qf\%’i 14 € Z}, for A € PL
and p¥,; == qf; — pY, for A € Py and i € Z. Then

dim R = pr“h,\—i- Z Z pii-e,\m
AePl AEP} i€[0,ry—1]

where hy := 37, ey for A € P;. It is known that hy = h, for
any A\, u € PL. We denote this common value by h. Then

dimR=p"-h+> Y  pf-ew.
AEP} i€[0,rA—1]
where pf := ZAGP]% p. It is known that if R, R’ € add R and dim R =
dim R’, then p® = p® and pii = pﬁ; for any A € PL and i € [0,7) —1].

Consequently, for each d € R there exist uniquely determined p9 € N
and p{; € N for A € P} and i € [0,y — 1], such that

d=p" h+> > e

A€EPL i€[0,r\—1]

and for each \ € PL there exists 7 € [0,r) — 1] with pf\iﬂ. = 0. Again we
put pS; :=pS;medr, for d € R, A € P, and i € Z.

It is known that h is sincere. Moreover, h can be used in order to
distinguish between representations from P, Q and R. Namely, if X
is an indecomposable representation of A, then

(2.3) XeP ifandonlyif (dimX,h)a > 0.
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Dually, if X is an indecomposable representation of A, then
(2.4) XeQ if and only if (h,dim@,)a > 0.

Let \,u € PL, 4,7 € Z and m,n € N,. Then

dimy HomA(R(M), RLJ)) = mln{q)\;‘jn_l, qm;’ }
(in particular, HomA(Rgfi), Rf:lj)) = 0 if A # p). The above formula

together with the Auslander-Reiten formula (1.1) imply that

(2.5) <eg,m d)a = piz#nfl - Pf\l,zel
for any A € PL, i € Z, n € N, and d € R. In particular,
(2.6) (h,d)a = 0= (d,h)a

for each d € R.

An important role in the proofs will be played by ext-minimal rep-
resentations. We call a representation V' ext-minimal if there is no
decomposition V' = V; & V5 with ExtlA(Vl, Va) # 0. We recall facts on
ext-minimal representations belonging to add R.

We start with the case d € R such that p? = 0. In this case there is
a unique (up to isomorphism) ext-minimal representation W € add R
with dimension vector d, which is constructed inductively in the follow-
ing way. For A € Py let I, := {i € [0,7y — 1] : p}; # 0 and p§,_, = 0}.
For A € P and ¢ € I, we denote by m); the minimal m € N,
such that pf\l’i +m = 0. By induction there exists (unique up to iso-
morphism) ext-minimal representation W’ € addR with dimension

vector d — Z)\E% ZieIA e?:;\z Then W := W' ® @)\GPi @ie& Rg\"f;/\,i) is
ext-minimal.
We will use the following property of the above module.

Lemma 2.1. Assume d € R and p? = 0. Let W € addR be an
ext-minimal representation with dimension vector d. If A € P, i € Z,
n e N pl, = po and 3, > p. for cach j € [ii + ], then
Homa (RS, ,, W) = 0.

Proof. Observe that HomA(R(") Rf\yﬁj”“)) = 0 for each k € I, since

Ait1)

. : (;,?’k) o d R .
one easily checks that either ¢, ;' =0 (if p{; = 0) or ¢, ;""" = 0 (if
pY; > 0). Now the claim follows by induction. i

Now let d € R be arbitrary. The description of the ext-minimal
representations with dimension vector d, which belong to add R, has
been given in [25, Theorem 3.5] (this theorem has been formulated in
the case A = (A, @) for a Euclidean quiver A, but its proof translates
to an arbitrary concealed-canonical bound quiver). We will not repeat
the formulation here, but only mention some consequences. First, if
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W € addR and dimW = d, then W is ext-minimal if and only if
dimy Enda (W) = p? + (d,d)a. In particular,

(2.7) p®+(d,d)a
= min{dimy Enda (W) : W € add R such that dim W = d}

(here we use also [25, Lemma 2.1]). Next, if W € add R is an ext-
minimal representation with dimension vector d and W’ € addR is
an ext-minimal representation with dimension vector d — p - h, then
there exists an exact sequence 0 — 69/\6]?111 Ry - W — W' — 0 with

Ry € R, (in particular, indecomposable) for each A € P} (obviously,
dim Ry is a multiplicity of h for each A € P}).

3. SEMI-INVARIANTS

Let A be a bound quiver and d a dimension vector. By rep, (d) we
denote the set of the representations M of A such that M(z) = k4®)
for each x € Ag. We may identify rep, (d) with a Zariski-closed subset
of the affine space rep,(d) := HaeAI Mad(ta)xd(sa)(k), hence it has a
structure of an affine variety. The group GL(d) := [[,c, GL(d(2))
acts on rep,(d) by conjugation: (g x M)(a) := g(ta) - M(a) - g(sa)™!
for g € GL(d), M € repp(d) and a € Ay. The set repy(d) is a
GL(d)-invariant subset of rep,(d) and the GL(d)-orbits in rep, (d)
correspond to the isomorphism classes of the representations of A with
dimension vector d. If X is a full subcategory of ind A, then we denote
by X(d) the set of V € rep,(d) such that V € add X.

Let A be a quiver and § € Z*°. We treat 0 as a Z-linear function
7”0 — 7 in a usual way. If d is a dimension vector, then by a semi-
invariant of weight § we mean every function f € klrep,(d)] such that
flg7 M) =x%g)- f(M) for any g € GL(d) and M € rep,(d), where
X/ (g) = erAO(det g(2))?@ for g € GL(d).

Now let A be a bound quiver and d a dimension vector. If € Z?0,
then a function f € k[rep (d)] is called a semi-invariant of weight 6 if f
is the restriction of a semi-invariant of weight 6 from k[rep,(d)]. This
definition differs from the definition used in other papers on the subject
(see for example [5,11,13,15]), however these are the semi-invariants
which one needs to understand in order to study King’s moduli spaces
for representations of bound quivers [21]. Moreover, the two approaches
coincide if the characteristic of k equals 0. We denote the space of the
semi-invariants of weight 6 by SI[A d]s. If d is sincere, then we put
SI[A,d] := @y, SI[A, d]p and call it the algebra of semi-invariants
for A and d.

We recall a construction from [13]. Let A be a bound quiver. Fix a
representation V of A and define # : Z*° — Z by the condition:

0V (dim M) = dimy Homa (V, M) — dimy Homa (M, 7V)
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for each representation M of A. The formula (1.1) implies that 8V =
(dimV, =) if pdimy V' < 1. Dually, if V' has no indecomposable
projective direct summands (i.e. 7-7V ~ V' [1, Theorem 1V.2.10]) and
idima 7V < 1, then 8V = —(— dim 7V) A by the formula (1.2).

Now let d be a dimension vector. If §¥(d) = 0, then we define a

function ¢4 € k[rep (d)] in the following way. Let P Lp—vV-=o
be the minimal projective presentation of V. One shows that

dimy Ker Homa (f, M) = dimy Homa (V, M)
and

dimy Coker Homa (f, M) = dimy Homa (M, 7V),

hence

(3.1)  dimy Homa (Fo, M) — dimyg Homa (Py, M)
= dimy Homa (V, M) — dimy Homa (M, 7V) = 6V (d) = 0,

for each M € repa(d). Thus, we may define ¢ € klrepa(d)] by
the formula c¥ (M) := det Homa (f, M) for M € repa(d). Note that
cY is defined only up to a non-zero scalar. If M € repn(d), then
c¥ (M) = 0 if and only if Homa (V, M) # 0. Moreover, if pdim, V < 1
and M € repp(d), then ¢4 (M) = 0 if and only if Extx (V, M) # 0. It
is known that ¢} € SI[A,d]gv. This function depends on the choice of
f, but the functions obtained for different f’s differ only by non-zero
scalars.

In fact, we could start with an arbitrary d-admissible projective
presentation, where for a representation V' of a bound quiver A and

a dimension vector d we call a projective representation P; g Py —
V — 0 of V' d-admissible if dimy Homa (Py, M) = dimy Homa (P;, M)
for any (equivalently, some) M € rep,(d).

Lemma 3.1. Let A be a bound quiver, d a dimension vector and P; ER
Py —V — 0 a d-admissible projective presentation of a representation

V of A.
(1) If 0V (d) = 0, then there exists £ € k such & # 0 and c§ (M) =
¢ - det Homa (f, M) for each M € repa(d).
(2) If there exists M € repa(d) such that det Homa(f, M) # 0,
then 0V(d) = 0.

Proof. Let PJ EiR Py — V — 0 be the minimal projective presenta-

tion of V. There exists projective representations P and @) of A and
isomorphisms ¢, : P, = Pl @& P & Q and gy : Py — P} @ P such that

L 00
f_gO O[O Idp O:|Ogl~
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Consequently,

(3.2) Homa(f, M) = Homa(g:, M)

Homa (f', M) 0
o 0 HOHIA(IdP,M) oHomA(gO_l,M)
0 0

for each M € rep,(d). Since the presentation Py 5 P>V 5 0isd
admissible, (3.1) implies that the condition 8" (d) = 0 is equivalent to
the condition dimy Homa (Q, M) = 0 for each for each M € rep,(d).
Together with (3.2) this implies our claims. O

As an immediate consequence we obtain the following.

Corollary 3.2. Let A be a bound quiver, d a dimension vector and
0— Vi =V = Vo = 0 an exact sequence such that 0¥1(d) = 0 =
6v2(d).

(1) If 6V(d) = 0, then (up to a non-zero scalar) ¢} = c4' - ci.

(2) If ¢ - ck2 # 0, then 6V(d) = 0 and (up to a non-zero scalar)

Y =cy e

Proof. Let Pl L5 PI — Vi — 0 and P’ L5 P! — V4 — 0 be the
minimal projective presentations of V; and V5, respectively. Then there
exists a projective presentation of V' of the form

PlerP LPer -V,

where f = [f/ g } for some g € Homa (P/, F}). One easily sees that

0 f/l
det Homa (f, M) = c4' (M) - c52(M) for each M € repa(d), hence the
claims follows from Lemma 3.1. g

The following fact is an extension of [10, Lemma 1(a)] to the setup
of bound quivers.

Lemma 3.3. Let A be a bound quiver and d a dimension vector. If
0= Vi =V =V, — 0 is an ezact sequence, 0V (d) = 0 and ¢} # 0,
then 6%2(d) < 0.

Proof. 1f 6¥2(d) > 0, then
dimy Homa (Vy, M) > 6%2(d) > 0
for each M € repu(d). This immediately implies that Homa (V, M) #
0 for each M € rep,(d), hence ¢ = 0, contradiction. O
We have the following multiplicative property.

Lemma 3.4. Let A be a bound quiver and d a dimension vector. If Vi
and Vy are representations of A, V :=V, & V,, 0V (d) =0 and ¢} #0,
then 6V1(d) = 0 = 6"2(d) and ¢} = c4' - cif (up to a non-zero scalar).
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Proof. See [13, Lemma 3.3]. O
We will also use another multiplicative property.

Lemma 3.5. Let A be a bound quiver and V' a representation of A.
If d’ and d” are dimension vectors and 68V (d') =0 = 0V (d"), then

ng+d//(W, S5 W”) = Cgl (W/) . Cg//(W”)
for all (W', W") € repp(d’') x repp (d”).

Proof. Let P, ER Py — V' — 0 be the minimal projective presentation
of V. Then

/ mno__ HOIHA(f, W/)
HOIIlA(f, WeWw ) - 0 HOIHA(f, W//)
and both Homa (f, W’) and Homa (f, W”) are square matrices, hence
the claim follows. g

The following result follows from the proof of [13, Theorem 3.2] (note
that the assumption about the characteristic of k made in [13, Theo-
rem 3.2| is only necessary to prove surjectivity of the restriction mor-
phism, which we have for free with our definition of semi-invariants).

Proposition 3.6. Let A be a bound quiver, d a dimension vector and
0 € Z”.
(1) If 6(d) # 0, then SI[A,d]y = 0.
(2) If0(d) = 0, then the space SI|A,d]y is spanned by the functions
cy for V erep A such that ¥ =0 and cf # 0. g

In fact we may take a smaller spanning set.

Corollary 3.7. Let A be a bound quiver and d a dimension vector.
If § € Z* and 0(d) = 0, then the space SI[A,d]y is spanned by the
functions ¢y for ext-minimal V € rep A such that 8V = 0 and c¥ # 0.

Proof. Assume that V' is a representation of A such that 0V = 6, ¢} # 0
and there is a decomposition V' = V; & V5 with ExtlA(Vl,Vg) # 0.
Lemma 3.4 implies that 6*1(d) = 0 = 6"2(d) and c}' - ¢ # 0.
fo — VvV, - W — V3 — 0 is a non-split exact sequence, then
Corollary 3.2(2) and Lemma 3.4 imply that (up to a non-zero scalar)
W =it e = cY. Since dimy Enda (W) < dimy Enda (V) (see for
example [25, Lemma 2.1]), the claim follows by induction. O

We may even take a smaller set, if we are only interested in generators
of SI|A,d]. Namely, we have the following.

Corollary 3.8. Let A be a bound quiver and d a sincere dimension
vector. Then the algebra SI[A,d] is generated by the semi-invariants cy
for'V € rep(d) such that 6V (d) = 0, c§ # 0 and V' is indecomposable.

Proof. This follows from Proposition 3.6 and Lemma 3.4 (this is also
the content of [13, Corollary 3.4]). O
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4. PRELIMINARY RESULTS

Throughout this section we fix a concealed-canonical bound quiver
A and a sincere separating exact subcategory R of ind A. We will
use notation introduced in Section 2. We also fix d € R such that

o d . . . . . .

p :=p® > 0. Notice that this implies that d is sincere.

First we prove that the algebra SI[A,d] is controlled by the repre-

sentations from add R.

Lemma 4.1. Let V be a representation of A such that 6V (d) = 0. If
ey #0, then V € addR and 0V = (dimV, —)a.

Proof. Assume that P € P is a direct summand of V. Since pdim, P <
1, (2.1) and (2.3) imply

0¥ (d) = (dim P,d)a > (dim P,h)a > 0.

Consequently, ¢ = 0 by Lemma 3.4, contradiction. Dually, V' cannot
have a direct summand from Q. Finally, since pdim, V = 1, §¥ =
(dimV, —)A. O

Together with Corollary 3.7 this lemma immediately implies the fol-
lowing.

Corollary 4.2. Let § € ZA° be such that SI[A,d]s # 0. Then there
ezists r € R such that 0 = (r,—)a and (r,d)a = 0. O

Taking into account Corollary 3.8 we need to identify V' € ind A
such that 0V (d) = 0 and ¢} # 0. The first step in this direction is the
following.

Lemma 4.3. Let V be an indecomposable representation of A. If
0V(d) =0 andcy #0, thenV = RE\Z)H for some A\ € PL, i € Z andn €
Ny such that pS; = pS,,, and p§; > pS, for each j € [i+1,i+n—1].

Proof. We know from Lemma 4.1 that V' € R, hence there exists A €
P, i € Z and n € N, such that V = RE\Z)H. Then 6Y(d) = p} .y, — PN,
by (2.5), thus the condition 8" (d) = 0 means that p§; = p$, . Finally,
the condition ¢} # 0 and Lemma 3.3 imply that 6" (d) < 0 for each
factor representation V' of V. The sequence (2.2) implies that Rf\nﬁl— 9
is a factor representation of V' for each j € [i + 1,7 +n — 1], hence the
claim follows. O

Now we show that the representations described in the above lemma
give rise to non-zero semi-invariants.
Lemma 4.4. Let A € P}, i € Z and n € N be such that p$; = pS,.,
and pij > pf\1¢+n foreachje i+ 1,i4+n—1]. IfV = R(;fi)ﬂ, then
6V (d) = 0 and there exists R € R(d) such that ¢ (R) # 0.
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Proof. We only need to show that there exists R € R(d) such that
c¥(R) # 0. Let W € addR be an ext-minimal representation for
d — p-h and fix p € P} different from A such that r, = 1. If R :=
W @ R}, then R € repa (d) and Homa (V, R) = Homa (V, W) = 0 by
Lemma 2.1, hence the claim follows. Il

As a consequence we present a smaller generating set of SI[A,d].
First we introduce some notation. For A € P. we denote by Zy the
set of 7 € [0,75 — 1] such that there exists n € Ny with p§; = pf,,,,
and p‘/\{j > pii for each j € [i + 1,9 + n — 1] (such n, if exists, is
uniquely determined by A and i, and we denote it by n,;). Observe
that Zy = {0} and nyo=1if ry = 1.

Corollary 4.5. The algebra SI[A,d| is generated by the semi-inva-

(nx,4)
riants cg ™t for A € Py and i € T,.

Proof. For A € P} we denote by Z} the set of all pairs (i,n) € [0, r,—1] x
N, such that p§; = pS ., and p‘ij >, foreach j € [i+1,i4+n—1].
Observe that if A € Pi and (i,n) € Z}, then ¢ € Z,. Corollary 3.8

and Lemma 4.3 imply that the algebra SI[A,d] is generated by the
()
semi-invariants ci““ for A € P. and (i,n) € Z,. Now, let A € P}
()

i R
and (i,n) € Z§. Obviously, n > ny;. If n > ny,;,, then ¢™* =
RN (n=ny ;)

i Ai4ny ;+1 )
e ey by Corollary 3.2(1), as according to (2.2) we have
an exact sequence

(nx) (n) (n—nyx.i)

0— R/\7i+1 - R)\,’i—l—l - RA7i+nA7i+1 — 0.
3 (n_nk,i) o (n—nx,i) )
Since By iy t1 = RA,(HnA,iH)modm and ((i +ny ;) modry,n —ny,;) €
7}, the claim follows by induction. o

At the later stage we will prove that for each non-zero semi-invariant
f there exists R € R(d) such that f(R) # 0. At the moment we
formulate the following versions of this fact.

Lemma 4.6. Let V be a representation of A such that V(d) = 0 and
cX # 0. Then there exists R € R(d) such that c§(R) # 0.

Proof. Let X be an indecomposable direct summand of V. Lemma 3.4
implies that ¢§ # 0. Consequently, Lemmas 4.3 and 4.4 imply that
there exists Rx € R(d) such that ¢ (Rx) # 0. Since R(d) is an
irreducible and open subset of rep (d) [15, Section 4], there exists R €
R(d) such that ¢j (R) # 0 for each indecomposable direct summand
X of V. Using once more Lemma 3.4 we obtain that ¢ (R) #0. O

Lemma 4.7. If ¢ € N and f € SI[A,d](g-n,-)
erists R € R(d) such that f(R) # 0.

A 18 non-zero, then there
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Proof. 1If ¢ = 0, then the claim is obvious, since SI[A,d]y = k. Thus
assume ¢ > 0. We know that SI[A,d]4n,—), is spanned by the func-
tions ¢y for V € add R with dimension vector ¢ - h. It is enough to
prove that ¢} (M) =0 for all V € add’R and M € rep,(d) such that
dimV = ¢-h and M ¢ R(d). Every such M has an indecomposable
direct summand @ from Q. Indeed, since M ¢ R(d), it has an inde-
composable direct summand X which belongs to PUQ. If X € Q, then
we take @ := X. If X € P, then (dim M — dim X, h)a < 0 by (2.3)
and (2.6). Consequently, M has an indecomposable direct summand
Q@ with (dim @, h)a < 0. Using again (2.3) and (2.6) we get Q € Q.
Then

dimy Homa (V, M) > dimg Homa (V, Q) = (¢- h,dim Q) >0
by (2.4) and the claim follows. O

Recall from Corollary 4.2 that the possible weights are of the form
(r,—)a for r € R such that (r,d)a = 0. Our next aim is to show that
it is enough to understand those which are for the form (g-h, —)a for
q € N.

We start with the following easy lemma.

Lemma 4.8. Let W € add R be such that 0" (d) = 0 and ¢ # 0. If
q € N and f € SI[A,d]gn,—ya s non-zero, then there exists R € R(d)
such that ¢} (R) - f(R) # 0.

Proof. Since R(d) is an open irreducible subset of rep, (d), the claim
follows from Lemmas 4.6 and 4.7. U

Proposition 4.9. Letr € R, (r,d)a = 0 and W € addR be an
ext-minimal representation for r — p* - h.

(1) If ¢y =0, then SI]A,d] -y, = 0.

(2) If Y # 0, then the map

SIHA,d]prn—ya — SUA d] e ya, f e - f,
1s an isomorphism of vector spaces.

Proof. Let ® : SI[A,d]pr.n,—yo — SI[A,d]r ), be the map given by
O(f):=cY - f for f e SIA,d]prn_ya-

It follows from Corollary 3.7 and Lemma 4.1 that SI|A,d]y ), is
spanned by the functions ¢4 for ext-minimal V' € addR such that
dimV =r. If V € add R is ext-minimal and dim V' = r, then there
exists an exact sequence 0 - R — V — W — 0, where R € addR
and dim R = p* - h. Thus Corollary 3.2(1) implies that c}f = cf -
ck = &(ck). This shows that ® is an epimorphism. In particular,
SI[A,d]r -y, = 0 if ¢/ = 0. On the other hand, if ¢} # 0, then ® is
a monomorphism (hence an isomorphism) by Lemma 4.8. O
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In the previous papers on the subject the authors have studied either
the semi-invariants on the whole variety rep,(d) [14,15] or on the
closure of R(d) only [29]. However, the answers they have obtained
did not differ. We have the following explanation of this phenomena.

Proposition 4.10. If f € k[repa(d)] is a non-zero semi-invariant,
then there exists R € R(d) such that f(R) # 0.

Proof. Fix r € R such that f € SI[A,d]; —y,. The previous lemma
implies that f = ¢ - f/, where W € add R is an ext-minimal repre-
sentation with dimension vector r — p* - h and f" € SI[A,d]prn,—)a-
Consequently, the claim follows from Lemma 4.8. U

Observe that this proposition means in particular, that SI[A,d] is a
domain, hence the product of two non-zero semi-invariants is non-zero
again.

5. THE KRONECKER QUIVER

Our aim in this section is to collect necessary facts about represen-

tations and semi-invariants for the Kronecker quiver Kj, i.e. the quiver
e

:T ° with the empty set of relations. In this case a sincere sep-
arating exact subcategory is uniquely determined. Let 7 =[] AP Tx
by the sincere separating exact subcategory of ind Ks.
¢
For ¢, & € k let N¢¢ be the representation k Z k. Then the sim-
3
ple objects in add 7 are precisely the representations N¢ ¢ for (¢ :§) €
P}. Moreover, if (¢ : ), (" : ¢') € P}, then N¢¢ ~ Ny g if and only if
(C:&) = (¢ :¢&). Consequently, by abuse of notation, we will denote
Nee by Nice for (¢ : ) € P}. By choosing our parameterization appro-
priately we may assume that Ny € T, for each A € P;. In particular,
7Ny = N, for each \ € PL.

The Kronecker quiver can be viewed as the minimal concealed-canon-
ical bound quiver. Namely, we can embed the category rep K5 into the
category of representations of an arbitrary concealed-canonical quiver.
We describe a construction of such embeddings more precisely.

Let A be a bound quiver with a sincere separating exact subcategory
R of ind A. Let R := GBAGR& Dicr, Bai for subsets Iy C [0,7) — 1]
such that |I,| =\ — 1 (in particular, Iy = @ if ry, = 1), where we use
notation introduced in Section 2. Let R* denote the full subcategory
of rep A, whose objects are M € rep A such that Homa (R, M) =0 =
Extx (R, M). Lenzing and de la Pefia [23, Proposition 4.2] have proved
that there exists a full faithfully exact functor F' : rep Ky — rep A
which induces an equivalence between rep K, and R*. Moreover, F'
induces an equivalence between 7 and R+ NR. The simple objects
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in R+ N (addR), which are the images of the simple objects in add T,
are of the form R(;jz for A € P., where for A € PL we denote by
iy the unique element of [0,7) — 1] \ [,. Consequently, (if we choose
appropriate parameterization) F(N,) ~ RE\TjA) for each \ € PL.
Let p € N. We define the functions f((;)p), . f((p)) € klrepg, (p,p)]
by the condition: if V' € repy, (p, p), then
det(S Vo —T-Vg) = > § -1 f (V).

pp)
1€[0,p]

Note that f((;?,)p)? ce f((i;) are semi-invariants of weight (—1,1). If

(¢ : &) € P, then (by choosing a projective presentation of N¢¢ in an
appropriate way) we get

(5.1)  epSS(V) =det(E- Vo —C-Va) = D €770 f (V).
1€[0,p]

It is well known (see for example [30]) that SI[K5, (p, p)] is the polyno-

(0)

mial algebra in f(p,p)’ e f((; )p). In particular,

(52) i S, ()} = (117

for each ¢ € N.
We will need the following lemma.

Lemma 5.1. If fi, fo € SI[Ky, (p,p)](—1,1) and
{V €repr,(p,p) - (V) =0} ={V € repKz(p p): f2(V) = 0},

then (up to a non-zero scalar) f1 = fo.

Proof. From the description of SI[K5, (p,p)] it follows that f; and fo
are irreducible, hence the claim follows. U

6. THE MAIN RESULT

Throughout this section we fix a concealed-canonical bound quiver
A and a sincere separating exact subcategory R of ind A. We use
freely notation introduced in Section 2. We also fix d € R such that
p:=pd>0.

First we investigate the algebra €, .y SI[A, d]gn,—),- We introduce
some notation. For A € P} we denote by Z9 the set of i € [0,7) — 1]
such that p§, = 0. Observe that Z§ C Z, for each A € P;. Recall
that, for A € PL and i € Z,, ny,; denotes the minimal n € N, such

(nx,4)
that pf\i’Hn = 0. We put ¢ := Hiezg cq”" . An iterated application
of Corollary 3.2(1) to exact sequences of the form (2.2) implies that
(rx)
cy =cyq"" for each i € IY.
We have the following fact.
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Lemma 6.1. The algebra @ .y SI[A,d]gn,)
semi-invariants ¢y for A € X.

15 generated by the

A

Proof. This fact has been proved in [4], but for completeness we include
its (shorter) proof here.

Fix ¢ € N. Proposition 3.7 and Lemma 4.1 imply that SI[A, d](g.n,—)A
is spanned by the semi-invariants ¢} for ext-minimal V' € add R with
dimension vector ¢ - h. Fix such V. Since V is ext-minimal with di-

mension vector ¢ -h, V = @, « R(fj;*), where X C P! and, for each

A€ X, iy €[0,ry—1] and ky\ € N;. Moreover, Lemma 4.3 implies that
iy € I for each A € X. An iterated application of Corollary 3.2(1)

(kxT))

to exact sequences of the form (2.2) implies that ¢, = (c})** for
each A € X. Consequently, ¢g = [],cx(ca)™ by Lemma 3.4, hence the
claim follows. O

The following fact is crucial.
Proposition 6.2. There exists a reqular map

® : repy, (p,p) — repa(d)

such that ®* induces an isomorphism

P stA. dlgn—ya = P SUK, (9.9)] (=00

geN qeN

of N-graded rings and (up to a non-zero scalar) ®*(c}) = cé\;fp) for each
A€ Py
Proof. For each A € PL we fix iy, € Z. From Section 5 we know
that there exists a fully faithful exact functor F' : rep Ko — rep A
such that F(Ny) =~ R(;jj for each A € PL. Observe that for each
R e add(]_[keﬂpﬂi\xo Ry) (recall that X is the set of A € PL such that
r) > 1) there exists N € T such that F'(N) ~ R.

Put Fy := F(S;) and Ey := F(5,), where S; is the simple represen-
tation of Ky at i for ¢ € {1,2}, i.e.

S;:=kZ 0 and Sy =05 "k.

Then [24, Proposition 2.3] (see also [9, Proposition 5.2]) implies that
there exists a regular map @' : repg, (p,p) — repa(p - h) such that
®'(N) ~ F(N) for each N € repg,(p,p). Moreover, there exists a
morphism ¢ : GL(p,p) — GL(p - h) of algebraic groups such that
' (gxN) = p(g)*P'(N), for all g € GL(p,p) and N € rep (p-h), and

(6.1)  X"(p(g)) = (det(g(1))" U™ ED - (det g(2))" 4 E2),
for all g € GL(p,p) and 6 € Z*°.

Let W € add R be an ext-minimal representation for d’ :=d —p-h.
We define ® : repy, (p,p) — repa(d) by ®(N) = &'(N) @ W for
N € repy, (p, p)-
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Let ¢ € N. We show that ®*(f) is a semi-invariant of weight (—¢, q)
for each f € SI[A,d]gn-),- Using Proposition 3.6 and Lemma 4.1
it suffices to show that ®*(c") is a semi-invariant of weight (—g¢, q)
for each representation V' of A with dimension vector ¢ - h. Now, if
g € GL(p,p) and N € repg., (p,p), then

(P (ca))(g™" * N) = cg(We ¥ (g7 + N))

= ch(W) - e)n(o(g™) * @'(N))
= (W) - X' 72 (p(g)) - ey (B(N))

= X" 72 (p(9)) - (@7 () (),
where the second and the last equalities follow from Lemma 3.5. Us-

ing (6.1) we get
X2 ((g)) = (det(g(1) ™ - (det(g(2)))",

since
(h,dim E;)a = ((1,1),dim S;) g, = (—1)’

for each i € {1,2} (we use here that F' is exact).
The above implies that ®* induces a homomorphism

(6.2) B stA, dlgnya = P SUK:, (9.9)] (=00
geN qeN

of N-graded rings. We need to show that this is an isomorphism.
First we show ®*(f) # 0 for each non-zero semi-invariant f (in par-
ticular, this will imply that (6.2) is a monomorphism). Let

Z :={M € repa(d) : there exists
N € repg, (p, p) such that M ~ W @ ®(N)}.
In other words, Z in the closure of the image of ® under the action of

GL(d). Using Proposition 4.10 it suffices to show that Z contains a
non-empty open subset of R(d). Let

U:={MecR(d):ci(M)#0 for each ) € X,
and dimy Enda (M) =p+(d,d)a}.
Since the function
repa(d) > M — dimg Enda (M) € Z

is upper semi-continuous, (2.7) implies that U is a non-empty open
subset R(d), which consists of ext-minimal representations. In par-
ticular, if M € U, then there exists an exact sequence of the form
0=+ R—-M—>W — 0 with R € add'R such that dim R = p - h.
If pit # 0 for some A € X;, then HomA(Rg\f;A), R) # 0. Consequently,

HomA(R&ijj,M) # 0, hence cj(M) = 0, contradiction. Thus p& = 0
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for each A\ € X, hence M ~ W @& R and R € add(HAeIPﬂ}{\Xo R,). In
particular, there exists N € rep T such that F(N) ~ R, hence M € Z.

Now we fix A € P,. We show that (up to a non-zero scalar) ®*(cj}) =
cé\;fp) for each A € PL. According to Lemma 6.1 this will imply that (6.2)
is an epimorphism, hence finish the proof. Fix N € repy, (p,p). Then

(®*(c}))(N) = 0 if and only if Homa (R, F(N)) # 0.
Since Rg\rjg ~ F'(N,) and F is fully faithful, we get
(®*(c)))(N) = 0 if and only if Homg,(Ny, N) # 0.
Similarly, if N € repg., (p,p), then
cév* (N) =0 if and only if Homg,(Ny, N) # 0.

p.p)
Consequently, the claim follows from Lemma 5.1. O

Corollary 6.3. Ifr € R and SI|A,d],y, # 0, then

dimy ST[A, d] .y, = (p fp).
p

Proof. Proposition 4.9(2) implies that
dlmk SI[A, d] (r,=)a — dlmk SI[A, d] (p*-h,=)A -

Next,
dimy SI[A, d]prn,—y o = dimy SI[Ks, (p, p)](—pr pr)

by Proposition 6.2, hence the claim follows from (5.2). O

Let ® : repg,(p,p) — repa(d) be a regular map constructed in
Proposition 6.2. For j € [0,p] we denote by féj) the inverse image of
f((;)p) under ®*. Then (5.1) implies that (up to a non-zero scalar)

(6.3) § = Z gt £

i€[0,p]

for each (¢ : €) € PL. As the first application we get the following
(smaller) set of generators of SI[A,d].

Proposition 6.4. The algebra SI|A,d] is generated by the semi-invar-
(mx,4)

iants féo), e fcgp) and cf*’i“ for A € Xy and i € T,.

Proof. Recall from Corollary 4.5 that the algebra SI[A, d] is generated
(mx,4)

by the semi-invariants cg***" for A € Pf and ¢ € Z,. Thus we only need

(m)4)

il

to express, for each A\ € PL\ Xy and @ € T, ¢4 as the polynomial

in the semi-invariants listed in the proposition. However, if A\ € P} \ X,
(nx,4)
and i € Ty, then c;™"*" = ¢}, hence the claim follows from (6.3). O
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We give another formulation of Proposition 6.4. Let A be the poly-
nomial algebra in the indeterminates Sy, ..., S, and T ; for A € X and
i € Z,. Proposition 6.4 says that the homomorphism ¥ : A — SI[A, d]

(nx,q)
given by the formulas: ¥(S;) := fdl) for i € [0,p] and ¥(T) ;) := ? o
for A € Xy and ¢ € Z,, is an epimorphism. Our last aim is to describe
its kernel.

First, we introduce a grading by R in A by specifying the degrees
of the indeterminates as follows: deg(S;) := h for ¢ € [0,p] and
deg(Ty;) = e;L;.”' for A € Xy and i € I,\. Note that ¥ is a homo-
genenous map, i.e. W(A,) = SI[A,d]y —y, for each r € R.

Let Ry be the submonoid of R generated by the elements h and e,
for A € Xy and i € Z,. Obviously, if r € R, then A, # 0 if and only 1f
r € Ry. Similarly, Corollary 4.5 implies that SI[A, d],,—y, # 0 if and
only if r € Ry.

n)\z

Lemma 6.5. Ifr € Ry, then

r X
dim, A, — (p +p+| 0|).

pI‘

Proof. One easily observes that there is an isomorphism A, — A,
of vector spaces (induced by multiplying by the unique monomial of
degree r — p* - h). Moreover, @qu A,n is the polynomial algebra
generated by Sp, ..., S, and Hiezg Ty; for A € Xp. Now the claim
follows. O

The formula (6.3) implies that for each A € Xy there exist (,&, € k
such that

(n)\ z)

H dM+1 _ Zéﬂ CPJ

i€l J€[0,p]
Obviously, (Cx,&x) # (0,0) and (G : &) = .
Proposition 6.6. We have

Ker@z(Zﬁ/\ -Sj—HTi,A:)\GXO)

J€[0,p] i€y

Proof. Let

<Z§x 'Sj—HTi,A:AeX()).

J€[0,p] i€y

Obviously, Ker W C I. Observe that both Ker ¥ and J are graded
ideals (with respect to the grading introduced above). Consequently, in
order to prove our claim it suffices to show that dimy J, = dimy Ker ¥,
for each r € Ry.
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We already know from Lemma 6.5 and Corollary 6.3 that
dimy Ker ¥, = dimy A, — dimy SI[A, 1]y 4

_ (pr%p+lxd) __<pr%p)
p" p"

for each r € Ry. On the other hand, similarly as in the proof of
Lemma 6.5, we show that dimy J, = dimy J,r.n for each r € R. More-
over, the algebra €P,c(A/J)en is obviously the polynomial algebra
in p* + p indeterminates. This, together with Lemma 6.5, immediately
implies our claim. Il

We may summarize our considerations in the following theorem.

Theorem 6.7. We have the isomorphism

SIA ] = A/( Y &7 - [[ T Ae o).

7€[0,p] i€

If

i(d) :={X e Xo: |Z)| > 1},
then SI[A,d] is a complete intersection given by max(0,i(d) —p — 1)
equations. In particular, SI[A,d] is polynomial algebra if and only if
i(d) <p+1.
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