LAGRANGIAN FIBRATIONS ON HYPERKAHLER MANIFOLDS:
INTERSECTIONS OF LAGRANGIANS, L-REDUCTION, AND FOURFOLDS

DANIEL GREB, CHRISTIAN LEHN, AND SONKE ROLLENSKE

ABSTRACT. Let X be a projective hyperkahler manifold containing a Lagrangian sub-
torus L. We study intersections of deformations of L, defining a canonical almost holo-
morphic map called L-reduction, which is not birational if and only if X admits an almost
holomorphic Lagrangian fibration with (strong) fibre L.

In dimension four we prove that in the above situation there is always a holomor-
phic Lagrangian fibration with fibre L, thus answering a question of Beauville in this
particular case.
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1. INTRODUCTION

Let X be a hyperkahler manifold, that is, a compact, simply-connected Kidhler mani-
fold X such that H(X, 0%) is spanned by a holomorphic symplectic form o. By work of
Matsushita it is well-known that the only possible non-trivial holomorphic maps from
X to a lower-dimensional complex space are Lagrangian fibrations, see section 2. More-
over, a special version of the so-called Hyperkahler SYZ-conjecture asserts that any hy-
perkdhler manifold can be deformed to a hyperkédhler manifold admitting a Lagrangian
fibration.

Hence, it is an important problem to find geometric conditions on a given hyperkah-
ler manifold that guarantee the existence of a Lagrangian fibration; here we address a
question posed by Beauville [Beall, Sect. 1.6]:

Question B — Let X be a hyperkihler manifold and L a Lagrangian torus in X. Is L a fibre of
a (meromorphic) Lagrangian fibration f: X — B?

We are building upon previous results that can be summarised as follows.
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Theorem 1.1 (summarising [GLR11]) — Let X be a hyperkiihler manifold containing a smooth
Lagrangian subtorus L.

(1) If X is not projective, then X admits a holomorphic Lagrangian fibration with fibre L
[GLR11, Thm. 4.1].
(i1) If X is projective then X admits an almost holomorhic Lagrangian fibration wist strong
fibre L if and only if there exists an effective divisor on X that restrict to zero on L
[GLR11, Cor. 5.11].
(iii) If X is projective, and if f: X --» B is an almost holomorphic Lagrangian fibration,
then there exists a holomorphic model for f on a birational hyperkihler manifold X',
that is, there exists a commutative diagram

X--=X
|

fi lf’
\
B--=>P

where f' is a Lagrangian fibration on X' and the horizontal maps are birational [GLR11,
Thm. 6.2].

(iv) If X is projective, and f : X --» B an almost holomorphic map with connected fibres
onto a normal projective variety B such that 0 < dimB < dim X, then dim B =
1 dim X, and f is an almost holomorphic Lagrangian fibration [GLR11, Thm. 6.7].

Here, we consider a different approach based on a more detailed study of the defor-
mation theory of L in X. For this, consider the component 5 of the Barlet space that
contains [L] together with its universal family and the evaluation map to X:

d——=X

!

It was shown in [GLR11, Lemma 3.1] that ¢ is surjective and generically finite, and that
X admits an almost holomorphic Lagrangian fibration if and only if deg(e) = 1.

If the degree of ¢ is strictly bigger than one, some deformations of L intersect L in
unexpected ways. In order to deal with this, we introduce the notion of L-reduction:
for each projective hyperkdhler manifold containing a Lagrangian torus there exists a
projective variety T and a rational map ¢ : X --» T, uniquely defined up to birational
equivalence, whose fibre through a general point x coincides with the connected com-
ponent of the intersection of all deformations of L through x. In this situation, we say
that X is L-separable if ¢y is birational, and prove the following result:

Theorem 3.5 — Let X be a projective hyperkithler manifold and L C X a Lagrangian subtorus.
Then X admits an almost holomorphic fibration with strong fibre L if and only if X is not L-
separable .

If X is a hyperkédhler fourfold, then we can exclude the case that X is L-separable by
symplectic linear algebra. Moreover, based upon the rather explicit knowledge about
the birational geometry of hyperkdhler fourfolds we obtain a positive answer to the
strongest form of Beauville’s question:



INTERSECTIONS, L-REDUCTION, AND FOURFOLDS 3

Theorem 5.1 — Let X be a four-dimensional hyperkihler manifold containing a Lagrangian
torus L. Then X admits a holomorphic Lagrangian fibration with fibre L.

At the Moscow conference “Geometric structures on complex manifolds” Ekaterina
Amerik brought to our attention that she had independently shown a related result,
based on an observation from [ACO08], to the effect that in dimension four every hy-
perkdhler manifold containing a Lagrangian subtorus L admits an almost holmorphic
Lagrangian fibration with fibre L [A11].
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2. PRELIMINARIES AND SETUP OF NOTATION
2.1. Lagrangian fibrations.

Definition 2.1 — Let X be a hyperkdhler manifold. A Lagrangian fibration on X is a
holomorphic map f: X — B with connected fibres onto a normal complex space B such
that every irreducible component of the reduction of every fibre of f is a Lagrangian
subvariety of X.

Due to fundamental results of Matsushita it is known that any fibration on a hyper-
kahler manifold is automatically Lagrangian:

Theorem 2.2 ([Mat99, Mat00, Mat01, Mat03]) — Let X be a hyperkihler manifold of dimen-
sion 2n. If f: X — B is a morphism with connected fibres to a normal complex space B with
0 < dimB < dim X, then f is a Lagrangian fibration. In particular, f is equidimensional and
dim B = n. Furthermore, every smooth fibre of f is a complex torus.

2.2. Meromorphic maps. Let X be a normal complex space, Y a compact complex
space, and f: X --» Y a meromorphic map. Let

7N,
x---loooy

be a resolution of the indeterminacies of f. The fibre F, of f over a pointy € Y is defined

tobe F, := p(f'(y)). This is independent of the chosen resolution.
Recall that a meromorphic map f: X --» Y as above is called almost holomorphic if
there is a Zariski-open subset U C Y such that the restriction f| JRITE fYu) - u
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is holomorphic and proper. A strong fibre of an almost holomorphic map f is a fibre of
iy

Let X be a normal algebraic variety, B a complete algebraic variety,and f: X --+» Ban
almost holomorphic rational map. If A is a divisor on B, then its pullback via f is defined
either geometrically as the closure of the pullback on the locus where f is holomorphic,
or on the level of locally free sheaves as f*Op(A) := (p.f*Op(A))VY, where p: X — X
is a resolution of indeterminacies as in diagram (1).

2.3. Deformations of Lagrangian subtori. The starting point for our approach to Beau-
ville’s question is the deformation theory of a Lagrangian subtorus L in a hyperkihler
manifold X. We quickly recall the relevant results from [GLR11, Sects. 2 and 3].

The Barlet space B(X) of X (or Chow scheme in the projective setting) parametrises
compact cycles in X and it turns out (see (i) of Lemma 2.3 below) that there is a unique
irreducible component B of B(X) containing the point [L]. Denoting by 4l the graph of
the universal family over 8 and by A the discriminant locus of B, i.e., the set of points
parametrising singular elements in the family B, we obtain the following diagram.

Upe—= g —> X

]

A—B.

A detailed analysis of the maps in diagram (2) shows that a small étale or analytic neigh-
bourhood of L in X fibres over a neighbourhood of [L] in B. More precisely, we have
the following result.

Lemma 2.3 ([GLR11, Lem. 3.1]) — Let X be a hyperkihler manifold of dimension 2n and let
L be a Lagrangian subtorus of X. Then, the following holds.

(i) The Barlet space B(X) is smooth of dimension n near [L]. In particular, [L] is contained
in a unique irreducible component B of B(X) and U is smooth of dimension 2n near
(L),

(i1) The morphism ¢ is finite étale along smooth fibres of 7. In particular, a sufficiently
small deformation of L is disjoint from L and there are no positive-dimensional families
of smooth fibres through a general point x € X.

(iti) If [L'] € B with smooth L', then L is a Lagrangian subtorus of X.

Remark 2.4 — We remark two simple but useful consequences of Lemma 2.3.

(i) The locus X := &(U,) is the locus of points x € X such that there is a singular
deformation of L passing through x. By dimension reasons it is a proper subset
of X and by Lemma 2.3 (ii) the map ¢ is finite and étale on the preimage of
X\ Xa.

(if) Statement (ii) implies in particular that for any two points [L],[M]| € B the
intersection product [L].[M] as cycles in X vanishes. It is therefore impossible
for members of the family ‘B to intersect in a finite number of points.

2.4. Almost holomorphic Lagrangian fibrations and Barlet spaces. The following re-
sult relates the deformation theory of L in X discussed above to our question about
globally defined almost holomorphic Lagrangian fibrations.



INTERSECTIONS, L-REDUCTION, AND FOURFOLDS 5

Lemma 2.5 ([GLR11, Lem. 3.2]) — Let X be a hyperkihler manifold containing a Lagrangian
subtorus L. Then X admits an almost holomorphic Lagrangian fibration with strong fibre L if
and only if the evaluation map € in diagram (2) is bimeromorphic.

If ¢ is birational, then 77 0 ¢! is the desired almost holomorphic fibration (up to nor-
malisation of B). For the other direction one uses the Barlet space of a resolution of
indeterminacies.

3. L-REDUCTION AND L-SEPARABLE MANIFOLDS

Let X be a hyperkdhler manifold containing a Lagrangian subtorus L. In this section
we start our analysis of the maps in the associated diagram (2). Recall from Lemma 2.5
above that in order to answer Beauville’s question positively we have to show that the
evaluation map ¢ is birational.

3.1. L-reduction. Here, we construct a meromorphic map associated with the covering
family {L;}cn. Generically, this map is a quotient map for the meromorphic equiva-
lence relation defined by the family {L;}, i.e., generically it identifies those points in X
that cannot be separated by members of {L;}.

3.1.1. Construction of the L-reduction. We work in the setup summarised in diagram (2).
We set {req 1= e 1(X\ X,). Recall from Remark 2.4 that the map

8|urgg2 Llrgg — X \ Xa
is finite étale; we denote its degree by d.
The map ¢ly,,, induces a morphism X\ X5 — Sym? (Ureg). Composing this map with
the natural morphism Sym? () — Sym?(%) induced by 7: & — 9B, we construct

a morphism X \ Xy — Sym?(8). This morphism naturally extends to a rational map
¥: X —-» Sym*(B). Let

- ¥
X — Sym’ (%)
|
X
be a resolution of singularities of the indeterminacies of ¢ with X nonsingular. The Stein
factorisation of ¢ then yields the following diagram.
X <"—%
\ ~
N . 4
PN lq?\
N\
T — Sym’(B).
Here, ¢; = ¢op~!: X --» T is the rational map induced by ¢. Noting that ¢, : X --» T

is unique up to birational equivalence, and hence canonically associated with the pair
(X, L), we call it the L-reduction of X.
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Remark 3.1 — For every point x € X \ X, there are exactly d pairwise distinct smooth
tori Ly, ..., Ly in the family {L;};cn containg x. By construction, ¢; is defined at x and

maps it to the class of ([Li],. .., [L4]) in Sym?(B).

3.1.2. First properties of the L-reduction. The following set-theoretical assertion is an im-
mediate consequence of the construction of ¢r.

Lemma 3.2 — The fibre of ¢, through a point x € X \ X, coincides with the connected com-
ponent of
N M

[M]eB, xeM
containing x.

Proof. If x € X\ X,, then ¢ is étale in every point of the preimage ¢! (x). Thus the image
(e (x)) = {[L1],...,[L4]} consists of the points in B that parametrise the d pairwise
distinct subtori in X through x. In particular, the meromorphic map ¥: X --» Sym*(‘B)
is defined at x and its fibre is

®) () = L.

After taking the Stein factorisation, the fibre of ¢ is the component of (3) through x, as
claimed. 0

Lemma 3.3 — Let X be a projective hyperkihler manifold containing a Lagrangian subtorus L.
Then the L-reduction ¢r: X --» ¥ is almost holomorphic.

Proof. Let X' C X x % be the graph of ¢ with projections p: X’ — X and ¢} : X' — .
If dom(¢y) is the domain of definition of ¢, and Z = X \ dom(¢y) is the locus where
@1, is not defined, then

(4) Z={xeX|dimpt(x) >0},

cf. [Deb01, Sect. 1.39]. We have to show that the general fibre of ¢; does not intersect Z.

Aiming for a contradiction, suppose that there exists xog € X \ X, such that ¢; has
maximal rank at xp and such that the fibre F,, over xq intersects Z nontrivially. Take
a point z € Fy, N Z. Since ¢; has maximal rank at xp, there exists a connected open
analytic neighbourhood U of xg in X \ X, such that ¢ (U) =: V is open in ¥, such that
@; (p~1(z)) NV is connected, and such that the restriction ¢ |; : U — V is a trivialisable
holomorphic fibre bundle with connected fibres over V. Lets: V — U be a holomorphic
section of ¢ |y with xg € ¢(V) and let C := s(¢}(p~'(z))). Let Ly,..., Ly be the d
pairwise distinct tori in the family {L;};cy containing x. Since C is connected and
C ¢ Fy, by construction, Lemma 3.2 implies that there exists k € {1,...,d} such that
C ¢ Ly As el is finite étale, arbitrarily close to xo there exist points y € C\ L
with the following property: there exists a small deformation Ly of Ly with y € L; and
tk NLy=0Q.

On the one hand, Lemma 3.2 then implies that F, N Fy; = @. On the other hand, since
y € C=s(¢)(p~(2))) we have z € F, N Fy,, a contradiction. O
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Definition 3.4 — A projective hyperkédhler manifold X containing a Lagrangian subtorus
L is called L-separable if its L-reduction ¢ : X --» ¥ is birational.

3.2. Lagrangian fibrations on non-L-separable manifolds.

Theorem 3.5 — Let X be a projective hyperkiihler manifold and L C X a Lagrangian subtorus.
Then X admits an almost holomorphic fibration with strong fibre L if and only if X is not L-
separable.

As a consequence of this result we can reformulate Beauville’s question in the follow-
ing way.

Question B" — Does there exist a projective hyperkihler manifold X together with a La-
grangian subtorus L such that X is L-separable?

Proof of Theorem 3.5. If X is not L-separable, the L-reduction ¢r: X --» T is an almost
holomorphic map (Lemma 3.3) such that 0 < dim¥ < dim X. Thus by part (iv) of
Theorem 1.1, the map ¢y is an almost holomorphic Lagrangian fibration on X. By the
description of the general fibre of the L-reduction (Lemma 3.2), the torus L is a strong
fibre of ¢r.

If conversely f: X --» B is an almost holomorphic Lagrangian fibration with strong
fibre L, then through the general point there is a unique Lagrangian subtorus in 8 and
the L-reduction coincides with the rational map roe~!: X --+ 9. In particular, X is
not L-separable. U

4. INTERSECTIONS OF LAGRANGIAN SUBTORI

As before, let X be a projective hyperkihler manifold containing a Lagrangian sub-
torus L. In this section we study a neighbourhood of L in X more closely, which leads
to several results about the geometry of intersections of different members in the family
B of deformations of L. We are going to use the notation and the results of Section 2.3
throughout.

By Lemma 2.3, B8 is smooth at [L] and we can find a neighbourhood V of [L] such
that the restriction Elyy s v — X of the evaluation map to the preimage 4y := 7= 1(V)
embeds il into X. We may thus consider il as an open subset of X. The intersection
of 4l with a submanifold M C X is depicted in Figure 1.

Lemma 4.1 — Let M C X be a smooth and proper submanifold, and L C X a smooth La-
grangian torus that intersects M nontrivially. Then a generic small deformation of L has smooth
intersection with M.

Proof. We continue to use the notation introduced above. Since iy is open in X, the
intersection M N iy is smooth. Furthermore, the map 7|, + MN Uy — V is proper,
because 7t is proper and M is compact. We can therefore apply the theorem on generic
smoothness to 77|, . which proves the result. 0

Proposition 4.2 — Let M C X be a compact submanifold and L C X be a general Lagrangian
subtorus, such that L N\ M # @. Then Ny pm i trivial. If M is a complex torus, then L N M
is a disjoint union of tori.
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FIGURE 1. The neighbourhood 4y of L and its projection to V' C B.

Proof. As L is general, the intersection L N M is smooth by Lemma 4.1. Moreover, both
statements can be verified by looking at one connected component of L N M at a time.
We go back to the local situation depicted in Figure 1, invoking the notation introduced
in the beginning of this section, and let T be a connected component of L N M. If V is suf-
ficently small, then the inclusion L N M < ilyy N M induces a one-to-one correspondence
of their respective connected components. Let S be the unique component of iy N M
corresponding to T. By generality of L we may assume that 77| is a smooth map, thus
C := 71(S) C V is smooth of dimension n — dim T near [L]. Moreover, C parametrizes
those small deformations of L that induce a flat deformation of T inside M. Correspond-
ing to the family S — C we thus obtain a classyfying map x: C — 2 (M) from C to the
Douady-space of M.

On the level of tangent spaces we have T¢([L]) C Ty ([L]) = H°(L, Ny,x), where
the last equality comes from the Hilbert-Chow morphism, compare [GLR11, Lem. 3.1].
The morphism x induces a map x. : Tc([L]) — H°(T, N7/ ). But small deformations
of T inside M induced by deformations of L are disjoint from T by Lemma 2.3 (ii).
Thus the map x. is injective, and the image of Tc([L]) consists of nowhere vanishing
sections. For dimension reasons these sections generate the normal bundle of T in M,
and consequently Nr, ) is trivial, as claimed.

If M is a torus as well, then T, | is likewise trivial. So, by the normal bundle sequence

0 — Tr — Tm|p —= Nrym —=0

the tangent bundle Tr7 is trivial, and thus T is a complex torus. U
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Based on the preceeding result we can now refine the observation in Remark 2.4(ii):

Lemma 4.3 — Let X be a four-dimensional hyperkihler manifold. Let L and M be two La-
grangian tori intersecting smoothly, and set I = L N M. Then, I is a finite disjoint union of
elliptic curves.

Proof. It remains to exclude the existence of zero-dimensional connected components of
I. By general Lagrangian intersection theory, see for example [BF09, Introduction], we
have

[L].IM] = x(I).

However, this already implies the claim, since by Proposition 4.2 above, any positive
dimensional component of I is a smooth elliptic curve, contributing zero to the Euler
characteristic x(I). O

Corollary 4.4 — Let X be a four-dimensional hyperkihler manifold, L a Lagrangian subtorus.
Assume that X is L-separable. Then, the evaluation map € in Diagram (2) has degree at least
three.

The following result is not necessary for our arguments in dimension four, however,
it might be of independent interest for dealing with higher-dimensional cases.

Proposition 4.5 — Let L, M be general tori in the family B such that L N M # @. Then there
is a subtorus T C L such that L N M is a union of translates of T in L.

Proof. We use the same setup as in Proposition 4.2 and work in a small neighbourhood
Uy of L where every component T; of L N M corresponds to a unique component S; of
M N y. Since L and M are general, every component of the intersection is a smooth
torus, and we may assume that

5) each component S; has the same image C = 7(S;) C V.

Now let x € T;. Using the identification Tog ;) = H(L,Np/x) = Np/x. = QL we have
the sequences

p

0 TL,x TX,x QL,x 0

J o)

0 — T1,x — Ty — Teu — 0.

Now observe that for { € Ty, and {’ € Tx , we have by definition of our identification
of the normal bundle and the cotangent bundle ¢(&,&') = p(¢’')(¢), where the latter
is evaluation of 1-forms on tangent vectors. As Ty, is a Lagrangian subspace of Tx »
the subspace T, » is exactly the annihilator of Tc ;) < Qpy in T with respect to
the natural pairing. The latter does not depend on i by (5) and by triviality of ;.
Consequently, all components T; are translates of a fixed subtorus T, since a subtorus is
up to translation determined by its tangent space in one point. i
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5. HYPERKAHLER FOURFOLDS

Using the results from the last section we can now prove our main result which gives
the strongest possible positve answer to Beauville’s question:

Theorem 5.1 — Let X be a four-dimensional hyperkihler manifold containing a Lagrangian
torus L. Then X admits a holomorphic Lagrangian fibration with fibre L.

Remark 5.2 — We are grateful to E. Amerik for communicating the following linear alge-
bra observation to us which serves to exclude L-separable manifolds X D L in dimen-
sion four. This greatly simplified a previous deformation-theoretic argument.

Lemma 5.3 — Let V be a four-dimensional symplectic vector space with symplectic form o, and
let Wi, Wp, W3 C V be three Lagrangian subspaces satisfying diim W; N W; = 1 for all i # j.
Then Wy N Wo, N W3 # {0}

Proof. Suppose on the contrary that W3 N W, N W3 = {0} and consider the span (W;, W»).
It is of dimension 3 as dim W; N W, = 1. Moreover, we claim that

(6) W5 C <W1, W2>.

Indeed, otherwise we would have dim W3 N (W, W,) = 1, implying that the intersec-
tions W3 N (Wy, W,) = W3 N Wy = W3 N W, are all one-dimensional, in contradiction to
our assumption that W; N W, N W3 = {0}.

Now, again using Wy N W, N W3 = {0} we write (Wy, W) = W3 & (W3 N W,). As
V is symplectic and Ws is Lagrangian, there is v € Wiy N W, and w € W3 such that
o(v,w) # 0. According to the inclusion (6) we can write w = wy + w, with w; € W;, so
that

0#c0(v,w) =0(v,w1)+0(v,wp) =0+0=0,

as W; and W, are Lagrangian. Contradiction. U

Proposition 5.4 — Let X be a four-dimensional hyperkihler manifold containing a Lagrangian
torus L. Then X is not L-separable.

Proof. Suppose on the contrary that X is L-separable. Given a general point x € X, it
follows from Lemma 3.2 and Corollary 4.4 that there exists a natural number d > 3,
and d smooth Lagrangian subtori locally cutting out x. For dimension reasons, three of
these Lagrangian subtori, say L1, Ly, L3, suffice to cut out x. The point x being general,
Lemma 4.3 implies that the intersection of every subcollection of these tori is a smooth

elliptic curve at x. Consequently, the three Lagrangian subspaces W; := T C Txx
satisfy the assumptions of Lemma 5.3. It follows that Wy N W, N W3 # {0}, contradicting
our choice of L1, Ly, L3. Therefore, X cannot be L-separable. O

Proof of Theorem 5.1. If X is not projective, we are done by Theorem 1.1 (i), so we may
assume X to be projective. By Proposition 5.4, X is not L-separable and hence admits
an almost holomorphic Lagrangian fibration f: X --» B by Theorem 3.5. It remains
to show that the existence of an almost holomorphic Lagrangian fibration implies the
existence of a holomorphic one, which will be done in Lemma 5.5. O
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Lemma 5.5 — Let f: X --» B be an almost holomorphic Lagrangian fibration on a projective
hyperkiihler fourfold. Then there exists a birational modification : B --» B’ such that ¢ o
f: X — B’ is a holomorphic Lagrangian fibration.

The proof of Lemma 5.5 rests on the explicit knowledge of the birational geometry
of hyperkéhler fourfolds. For this we recall the notion of Mukai flop: Assume that a
hyperkahler fourfold X contains a smooth subvariety P = P2. If we blow up P, the
exceptional divisor is isomorphic to the projective bundle IP(Q)y,, ), and it is well known
that it can be blown down in the other direction to yield another hyperkéhler manifold
X'. The resulting birational transformation X --» X' is called the Mukai flop at P.

Proof of Lemma 5.5. By Theorem 1.1 (iii) there exists a holomorphic model for f, that is,
a Lagrangian fibration f’: X’ — B’ on a possibly different hyperkédhler manifold X’ and
a diagram

X_iD>X/
|
fi if’
\i
B-'-p

with birational horizontal arrows such that ¢ is an isomorphism near the general fibre
of f.

</[Ve claim that the composition f’ o ¢ = ¢ o f is holomorphic and thus a Lagrangian
fibration on X. To see this first note that by [WW03, Thm. 1.2] the map ¢ factors as
a finite composition of Mukai flops, so by induction we may assume that ¢! is the
simultaneous Mukai flop of a disjoint union of embedded projective planes P? & P; C
X'.

As ¢ is holomorphic near a general fibre of f/, none of the P;’s can intersect the general
fibre. Thus f'(P;) is a proper subset of B’ and hence of dimension at most 1. Since there
is no non-constant map from P2 to a curve, f'(P;) is a single point. In other words, the
locus of indeterminacy of ¢! is contained in the fibres of f/, and thus the composition
f' o ¢ remains holomorphic. U
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