LOCAL REGULARITY FOR PARABOLIC NONLOCAL OPERATORS

MATTHIEU FELSINGER, MORITZ KASSMANN

ABSTRACT. Weak solutions to parabolic integro-differential operators of order a € (o, 2) are
studied. Local a priori estimates of Holder norms and a weak Harnack inequality are proved.
These results are robust with respect to a 2. In this sense, the presentation is an extension
of Moser’s result from [20].

1. INTRODUCTION

Throughout this article  denotes a bounded domain in R%, d > 3, and I an open, bounded
interval in R. The aim of this article is to study properties of solutions u : I x R — R to

Owu(t,x) — Lu(t,x) = f(t,x), (t,x) e I xQ, (1.1)

where L is an integro-differential operator of the form
Lu=pv. [ fult.g) = ult. )] ku(o.9) dy. (1.2

The kernel k: R x R? x R? — [0,00), (t,z,y) — ki(z,y), is assumed to be measurable with a
certain singularity at the diagonal x = y.

Note that in the case ki(z,y) = ﬁ;ﬁ with a constant A4 _, comparable to a(2 — «),

the integro-differential operator L defined by (1.2) is equal to the pseudo-differential operator
(—A)*/? with symbol |£|*. Thus the operator in equation (1.1) can be seen as an integro-
differential operator of order @ with bounded measurable coefficients.

Let us specify the class of admissible kernels. We assume that the kernels k are of the form
ki(x,y) = a(t,z,y)ko(x,y) for measurable functions ky: R?xR? — [0,00) and a: Rx R x R? —
[0, 1], which are symmetric with respect to = and y.

Fix ap € (0,2) and A > max(1,a;"'). We say that a kernel k& belongs to K(ap, A), if there is
o € (ap,2) such that kg satisfies the following properties: for every zo € R%, p € (0,2) and
v € HY?(B,(x0))

= / 120 — yI? k(0. ) dy + / ko(wo,y) dy < Ap®, (K))
[zo—y|<p lxo—y|>p
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A7 [ (o(e) = o) Phofe ) dody < 2 // M " drdy

BB (Kg)
< A// 1? ko(z,y) dzdy, where B = By(xo).

We prove the following two theorems:

Theorem 1.1 (Weak Harnack inequality). Let k € K(ag, A) for some ag € (0,2) and A > 1.
Then there is a constant C = C(d,ag,A) such that for every supersolution u of (1.1) on
Q = (—1,1) x Bo(0) which is nonnegative in (—1,1) x RY the following inequality holds:

Jullsey <€ (fut 1o (1)
where Ug = (1= (3)%,1) x By5(0), Us = (=1, =14 (3)*) x By2(0).

In order to prove Holder regularity we need an additional assumption on kg: We say that a

kernel k belongs to K'(ag, A) if k € K(ap, A) and if
swp [y k() dy <A (Ky)
x€B2(0) JR4\ B3(0)

Theorem 1.2 (Holder regularity). Let k € K'(aw, A) for some ag € (0,2) and A > 1. Then
there is a constant f = B(d,ag, A) such that for every solution u of (1.1) in Q = I x Q with
f =0 and every Q" € Q the following estimate holds:
sup lu(t, z) — u(s,y)| S < ||U”Looélde)
(t.2),(s:v)€Q (‘m oyl |t syl/a) U

, (HC)

with some constant n =n(Q, Q") >0

Remark.
1. Note that in Theorem 1.1 the domains Ug, Ug can be replaced by (%, 1) x By /5(0), (—1, —%) X
By/2(0), respectively. Similarly, [t — s|*® can be replaced by |t — s|*/? in Theorem 1.2.

2. For this article we choose the most simple characteristic setting in order to explain the main
arguments.

— One can obtain Theorem 1.1 for solutions u in general domains in R%*! by rescaling u

to a function that is a solution in a standard cylinder (—1,1) x B2(0), cf. Lemma 2.4.

— In equation (1.1) it is possible to consider more general functions f and additional

terms of lower order. When considering terms involving derivatives of the solution

u, an additional assumption would be o > 1. These extensions are analogous to the
corresponding modifications in the case of a second order differential operator.

3. Note that a strong Harnack inequality, i.e. ||ull L1 (U) Teplaced by supy, u in (HI), cannot be
obtained under our assumptions, see [4, Theorem 1| and the discussion on page 148 there.
Thus, the strong formulation of Harnack’s inequality fails although conditions (K;) and (Ks)
ensure nondegeneracy of the operator L in (1.2). In this sense the nonlocal case differs from
the case of local diffusion operators.

One feature of our approach is that the results depend only on d, ag and A, but not on a.
Thus, in addition to the nonlocality of the operator, one interesting feature is that the order
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of differentiability can be any number from the interval (ay, 2) and the constants in the results
do not depend on this number. We consider it interesting that the classical approach by Moser
can be modified to cover this range of problems. However, we do not prove that the classical
results of [19] for the local diffusion case, i.e. a = 2, follow formally from our results.

Before we go into details let us shortly discuss related results: Similar parabolic problems of the
above kind are treated already in [16], where global methods are used. For time-independent
kernels the article [3] establishes a Harnack inequality and Holder regularity estimates with the
use of methods both from probability and analysis. The approach of [3] has been extended
significantly, see [10] as one example. Regularity results like Theorem 1.2 are important for the
construction and approximation of corresponding Markov processes. In our case these processes
are jump processes with discontinuous paths and without second moments.

Nonlinear nonlocal time-dependent variational problems are studied in [7]. The authors extend
the method of De Giorgi to nonlocal parabolic problems. Hélder regularity estimates for linear
equations with irregular coefficients are a central tool in this approach. They lead to CA-
estimates for problems with translation invariant kernels and finally to existence and regularity
of solutions to the nonlinear problem considered.

In the above mentioned results the constants blow up as a 2. Robust results have been
established for elliptic equations, e.g. [15], [13], [8], [14] and recently for fully nonlinear nonlocal
parabolic equations in [9]. See also [23] for related results in a critical nonlinear setting when
a=1.

The main features of our contribution can be summarized as follows: Firstly, we prove local
regularity results such as a weak Harnack inequality. Secondly, our results are robust for a 7 2,
i.e. the constants in our main theorems do not depend on « € (ayp,2). Note that for fixed «
both Theorem 1.1 and Theorem 1.2 reflect the intrinsic scaling property of the underlying
operator. Thirdly, we allow for a general class of kernels k;(z,y). In particular, we do not
impose pointwise conditions on k;(x,y) in an essential way. Our article differs from [7] with
regard to these three aspects.

The following two examples illustrate two of these aspects; Example 1 illustrates the robustness
for a 2. Example 2 shows that k;(z,y) may be zero on a large set around the diagonal x = y.

Example 1. Consider a sequence of kernels (k™),en such that k" € K(ag, A) for every n € N
and some ag € (0,2), A > 1 independent of n € N. For instance k;(z,y) defined by!

kP (x,y) = (2 — o) | — y|> o with ay, =2 — n%rl (1.3)

belongs to K(1,A) for some A = A(d) > 1. Let (uy,) be a sequence of solutions to the cor-
responding equation (1.1). Then (HI) holds true for the sequence (u,) uniformly in n € N.
Furthermore, if (™) additionally satisfies (K3) uniformly in n € N — such as the kernels in (1.3)
— then also (HC) holds uniformly in n € N. Note that the theorems are interesting and new
even if oy, = a for some a € (0,2) and all n € N.

Example 2. Fix ag € (0,2). Assume ki(x,y) =
and r € (0,1). Set

S=8"TN(B(QUB(=C)  and ki(z,y) = ke(x,y)Ls(z=).

[z—
Then we have k' € K(ap, A) for some A > 1.

\35—29% for some o € (g, 2). Let ¢ € S¢ !

INote that the factor (2 — a,) in (1.3) is essential to find A and o independent of n € N.
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The article is organized as follows: In Section 2 we explain the notion of weak (super-)solutions
and discuss the application of this concept in our setting. In Section 3 we perform Moser’s
iteration for arbitrary negative exponents of positive supersolutions and for small positive
exponents. Section 4 provides estimates on logu which are necessary in order to apply the
method of Bombieri and Giusti. The Harnack inequality is proved in Section 5. In Section 6
we provide the proof of Theorem 1.2. In Appendix A we explain the use of Steklov averages
when working with weak solutions of parabolic equations.

Acknowledgement: The authors thank M. Steinhauer and R. Zacher for discussing technical
details related to parabolic equations and our approach. We are grateful to an anonymous
referee for detailed comments.

2. PRELIMINARIES

The Sobolev space of fractional order /2 is defined by

o v(x) —v(y
H?(Q) = {v € L*(Q): W e L*(Q x Q)} (2.1)
endowed with the norm
2
v(r) — vy
[olBiersiey = o1y + 2= ) |} Ndxdy. (2.2
Q0 y

We denote by Hgﬂ(Q) the completion of C2°(€2) under ||-[| ga/2(gay and by H~%/2 the dual of
/2
Y2

By inf v and sup v we denote the essential infimum and the essential supremum, respectively,
of a given funktion v.

2.1. Concept of weak solutions. In order to introduce the concept of weak solutions for
(1.1) with L as in (1.2) we define a nonlocal bilinear form associated to L by?

£4(u,v) = // fu(t, y) — u(t,2)] [o(t, ) — v(t, 2)] ky(z, y) dar dy. (2.3)

Re Rd
Definition 2.1. Assume Q = I x Q C R¥*! and f € L*°(Q). We say that u € L>(I; L™ (RY))

is a supersolution of (1.1) in Q =1 x §, if

(i) u € Croe(L; L3, (Q)) N L2, (I HEZ (),

loc loc loc
(ii) for every subdomain Q' € €, for every subinterval [t1,t2] C I and for every nonnegative

test function ¢ € HL (I; LA(Q¥)) N L2 (I; HY* (),
to to
/ o(t2, x)u(te, ) do — / o(t1, x)u(ty, ) doe — / / u(t, z)0pp(t, x) da dt + Ei(u, @) dt
Q Q t1 / t1
to
2/ ft,x)p(t,z)dzdt. (2.4)
t1 Q/

2In fact, 1&, is associated to L but we omit the factor 3 in this work.



LOCAL REGULARITY FOR PARABOLIC NONLOCAL OPERATORS 5

From now on “Oyu — Lu > f in I x Q* denotes that u is a supersolution in I x ) in the sense
of this definition. Subsolutions and solutions® are defined analogously.

The assumptions on u and ¢ ensure that all expressions in (2.4) are finite. In order to give
sense to & (u, @) the function ¢ is extended by 0.

If the condition (i) in the Definition 2.1 is weakened by
(1) w € LT Lipe() 0 L1 Hypr (),

loc

then one would need to prove u € Cjo.(I; L? (€)). One possibility is to show that the general-

loc
ized derivative w.r.t. time of the solution u exists and belongs to L(I'; H=%/?(Q')) for every
subinterval I’ € I and every subdomain @ &€ €. The conclusion follows from an embedding
theorem (for instance [25, Prop. 23.23]). In the case of (i’) the first term in (2.4) has to be
reinterpreted as

to

¢(te, T)u(ty, x)der = lim o(t, x)u(t,x) de dt
o At—0+ to— At J QY

and similarly for the second term.

In the main proofs we do not use Definition 2.1 directly. The starting point in these proofs is
the inequality
Owu(t, x)p(t, x) de + E(ult, ), é(t,-) > [ f(t, x)p(t,z)dx forae tel, (24)
Q/ Q/
where we apply test functions of the form ¢(t,x) = ¥ (z)u=%(t,x), ¢ > 0, where u is a positive
supersolution in I x £ and 1 a suitable cut-off function. In particular, we assume that w is a.e.
differentiable in time. In Appendix A we justify this approach.

2.2. Sobolev and Poincaré inequality. We provide a Sobolev inequality and a weighted
Poincaré inequality for fractional Sobolev spaces with constants that are uniform for oo * 2:

Proposition 2.2 (Sobolev inequality). Let d > 2 and ag > 0. Then there is a constant S > 0
such that for any a € (ag,2), R > 0 and u € H*?(Bg) the following inequality holds:

d—a
|u(x)|% dz - a)sS |u Ol dzd
Br d+a Yy

(2.5)
+SR™“ u2(a:) dz.
Bpr
Proof. By adaptation of [6, Theorem 1| to our situation we obtain for v € H*/?(B;(0))
1 — a/2 lv(x y)|?
2 2
[ol2a0a ey S € I R e ol
B1 B
which proves (2.5) in the case R = 1, since -1~ < (d —2)~!. The result follows after a change
of variables. O

In order to derive estimates on logu in Section 4 we will need a weighted Poincaré inequality
of fractional order on Bs/s.

3In the definition of a solution there is no restriction on the sign of the test function ¢.
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Proposition 2.3 (Weighted Poincaré¢ inequality). Let W: Bsy, — [0,1] be defined by ¥(x) =
(3 —|z[)A1 and k € K(c, A) for some ag € (0,2) and A > 1. Then there is a positive constant
ca(d, o, A) such that for every v € L'(Bg e, ¥(x) dz)

/B ) -l e@ds < e, // ) kil y) () A T(y) dedy,

B3 /2 B3/2
-1
where vy = (/ U(z) dx) / v(x)¥(z)de.
B3z B3z
Proof. For x € By \ By write ¥(z) = 2[3/2 x)ds. Then for some « € (g, 2)

[ e = o) buey) (90 A 900)) oy
B3/a J B3a

3/2
/ / W1 ke, )2 / 15, (2) L, (y) ds da dy
B3 /2 J Bsa 1

3/2 )
—2/ /33/2 /BB/2 [v(z) — v(y)]* ke(z,y)1p, (2)1p, (y) dzdy ds
3/2 )]2
=207 (2~ / /33/2 /33/2 |z — y’d—i-a 1g,(x)1p,(y) dedyds

2
—ate-a) [ f B @ n) ey,
372/ Bgja [T —

where we have applied (Kg) to obtain the inequality. The assertion of Proposition 2.3 follows
now immediately from [12, Corollary 6]. O

2.3. Scaling property and standard cylindrical domains. Let us briefly explain the scal-
ing behaviour of equation (1.1). Here and later in the article we will use the following notation.
Define for r > 0 By(z9) = {z € R?: |z — o] <r} and

L.(to) = (to — r% to +7%), Qr (o, to) = I (to) x Br(xo),
I@(T) = (Oara)v QEB(T) = IEB(T) X BT(O),
Is(r) = (=r,0), Qs(r) = Is(r) x B.(0).

Lemma 2.4 (Scaling property). Fiz ag € (0,2), £ € R, 7 € R and r > 0. Assume that there
is a € (ag,2) and A > max(l,aal) such that the kernel ki(x,y) = a(t,z,y)ko(x,y) satisfies
the following properties: for every xo € R%, p € (0,2r) and v € HO‘/2(BP(JU0))

p‘Q/ w0 — y|* ko(zo, y) dy +/ ko(zo,y)dy < Ap™“,
|zo—y|<p |zo—y|>p

A7 [ @) — o) kol g) dway < (2 // M dedy

BB

// N2ko(x,y)dedy, where B = B,(x0),
BB

sup / "/ ko (2, y) dy < A /A=,
CUEBQT(g) Rd\Bdr( )
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Let u be a supersolution of the corresponding equation (1.1) in Q 2 Q,(&, 7).
Then u(t,z) = u(r*t + 7,rx + §) satisfies the following inequality for every nonnegative

¢ € HY((—1,1); L(B1(0))) N L2((~1,1); Hy*(B1(0)))

ot )it x)da| / Ut 2)06(t, 7) da dt
B t=-1 Q1(0)

1 ~
+ / . @/é [u(t, z) — u(t, y)] [#(t, ) — d(t, y)] ke(v,y) de dy dt > /Q o ft,2)o(t,z) dzdt,

where f(t,x) = f{tr* 4+ r,re +£) and
%t(:c, y)=a(rt+r,re+&ry+§) pdta ko(rz+ & ry +&).

In particular, k belongs to K'(ag, A).

FI1GURE 1. Standard cylindrical domains

3. MOSER’S ITERATION FOR POSITIVE SUPERSOLUTIONS

In this section we provide local estimates of negative powers and small positive powers of
supersolutions u. In the first subsection we collect computation rules which we need. Then
we prove the basic step in Moser’s iteration process for negative powers which leads to a first

estimate of inf u. Last we estimate small positive powers of positive supersolutions .

Throughout this section we assume that the kernel k in (1.1) belongs to some K(ap, A).

3.1. Some algebraic inequalities. The second-named author thanks I. Popescu for the fol-

lowing proposition.

Proposition 3.1. Let f,g € C'([a,b]). Then
1) - fa) | <g(b) _g(a))2 < max [f'(t) + (4'(1))°] - (3.1)

b—a b—a  t€fa,b]




LOCAL REGULARITY FOR PARABOLIC NONLOCAL OPERATORS 8

Proof. Assume that (3.1) was not true and integrate the reversed inequality over [a, b] resulting
in

—ala)? b
1) - s+ LI - 1) s+ [ora

which is equivalent to

g9(b) — g(a) ? 1 /b 7(\\2
t))~ dt.
(£5=2) > 2 [
This is a contradiction (Jensen’s inequality) and hence Proposition 3.1 is proved. O

Lemma 3.2. Let ¢ >0,q# 1 and a,b > 0. Then

(b—a)(a 9 —b"9) > 4a (bl%q — al%q)Q : (3.2)

Proof. Setting ¢(q) = %, (3.2) is equivalent to

_ g\ 2
<
() b—a (b—a)? -

1—¢q
Proposition 3.1 with f(t) = ¢(q)t™% and g(t) =tz yields

1—¢q

1—q 2
b9 —a"d (bT —ec ) 1 (1-¢?  (1—¢)?
< t— 9| — =
(a) b—a (b—a)? - tlél[i}lf] ( r T ) 0,

which proves inequality (3.2). O

Part (i) of the following lemma is taken from [15, Lemma 2.5].

Lemma 3.3.

(i) Let ¢ > 1, a,b> 0 and 71,72 > 0. Set ¥(q) = max {4, %}. Then

1—q 1—gq 2

ot ()2

R CRTCN

Since 1 — q < 0 the division by 71 = 0 or 7o = 0 is allowed.
(i1) Let ¢ € (0,1), a,b >0 and 71,70 > 0. Set ((q) = 14%1(1, G(g) = %C(q) and C2(q) = ((q) +
Then

QO

1—q

(b~ a) (72~ —357) > Gi(g) (mb'F —mia'?")” — Gala)ma — 1) (T +a'0) (3.4)

Proof. Here we only prove (3.4); for the proof of (3.3) we refer to [15, pp. 5-6]. (3.4) is easily
checked if 79 = 0. If 71 = 0 and 75 > 0 the inequality reads

=017+ ab™ > (Gig) — G2(9) b~ Galg)a' Y
This is true since (1(q) — ¢2(q) < —1.
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Now we consider the case 7172 > 0. We can assume b > a due to symmetry. Setting ¢t = % > 1,
s=2>0and A= s2t74, assertion (3.4) is equivalent to

Ci(q) (x/ﬁ - 1)2 S(t=1DA =N +G)(s—1)*(t71+1) (3.5)
We estimate
(\/ﬂ—l)2§2(\/ﬂ—tl§) +2( 1) :2(5—1)2t1—q+2(t%—1)2

2 —q
gt D=,

where we have used Lemma 3.2 in the last inequality noting that = )2 > 14%7‘1 = ((q) for

€ (0,1). We decompose the last factor of the above inequality as follows:
1t 9=1-N+W-t)=10-N)+(s—1)*942(s—1)t"¢

<2(s—1)%79 4

This implies
(x/ﬂ - 1)2 < (2 + 2> (s — )29+ i(t —1(1—=))+ i(t —1)(s—1)t7%. (3.6)
¢(a) ¢(q) ¢(q)
It remains to estimate the last term in (3.6). To this end we consider different ranges of
€ [1,00) and s € (0, 00):
a)t>1,se(1,2)andt —1> %t(s —1): By the mean value theorem, there is £ € (1,t) such
that t9 — 1 = ¢¢9=1(t — 1). Then we can estimate

(s+2)(s—1)< q(s+2) o4
t—1 - 4t —t

Therefore
(s+2)(s—1)<t?—1, orequivalently s—1<t9—s%=12tI(1-N\).
This implies (t —1)(s — 1)t79 < (¢t — 1)(1 — X). We deduce from (3.6)
2
5@ (VAE=1) < (3¢(@) + ) (s = D704 (£ = 1)(1 = ), (3.7a)

b) t>1,s€(1,2) and ¢t — 1 < 2¢(s — 1): In this case (t — 1)(s — 1)¢~7 < 2t179(s — 1)% and —
again by (3.6) —

3¢(a) (Ve - 1)2 < (Cl@)+1+8) (s = DX+ (1= (1= A), (3.7h)
¢) t=1or s <1: Then obviously (t —1)(s —1)t72 < 0 and
36(a) (VA= 1) < (¢la) + 1) (5 — 1870 4 (1 = 1)(1 - ). (3.7¢)
d) t>1,s>2: Using s — 1 < (s — 1) we obtain (t — 1)(s — 1)t79 < (s — 1)?t1 77 and
36(a) (VAT = 1) < (Cla) +8) (5 — 120 4 (= 1)(1 - ). (37)

Combining inequalities (3.7a)-(3.7d) we obtain (3.5) since 3 < 1 +% < %. This finishes the
proof of Lemma 3.3. O
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3.2. Basic step for negative exponents. The following proposition provides the elementary
step of Moser’s iteration. Its proof imitates Moser’s ideas in [19] and [20], respectively.

Proposition 3.4. Let % <r<R<1andp>0. Then every nonnegative supersolution u in
Q=1Ix9,0Q53Qs(R), withu>¢e >0 in Q satisfies the following inequality

1/k
( / AP, 2) da dt) <A / AP (t2) dadt | (3.9)
Qe(r) Qe (R)
where &= u+ || f| (), £ =1+ G and A can be chosen as
A=C(p+ 1)2 ((R —7r) *+ (R* — ro‘)_l) with C' = C(d, ag, N). (3.9)
Remark. Note that
Lo _ = for o € [1,2),
(R— T)a (R —ro) — 7(}{‘12—140‘) for a € (0, 1].

Proof. Let u be a supersolution in Q with > ¢ > 0in Q. We set © = u + HfHLOO(Q). Iff=0
a.e. in () we set u = u + 0 and pass to the limit § \, 0 in the end. For ¢ > 1 define

o(t,e) =TT (ta), Bt a) =a ()Y (@),
where 1: RY — [0,1] is defined by t(x) = <I;%f| A 1) V 0. Obviously, 9t! e HS/Q(BR).

Hence, from (2.4’) we obtain

[ =@ o) et
Br

" /R /R [t @) =t )] [ )a (6 y) — 4 @)t 2)] kel y) dedy

< | =T (@)am () f(t, 7) da
Br

Applying Lemma 3.3(i) (remember the definition of J(q) therein) and rewriting

ow? = (1 — q)u~90,u yields

_ 1—q _ 1-g12
L[ emahaes gty [ v [(Zﬁ'g;’;’) - (L) ] k(. ) d dy

—1
q B
R4 Rd

<ia) [f [w<x>—w<y>}2[<ﬂ%>>lq+(ﬂ%>>lq] k() dedy

R4 R4

+ / W (@) [T, 2)| |f (@) de, (3.10)
Br

The definition of v results in the two estimates

d//d [ () (y)] [(2(}72;;))12'1 N <17d(}zz,yz;))12qut(x7y) oy
h (3.11)

> // [v(t, ) — v(t, y)]2 ki(z,y) dz dy,

B, By
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and

JJ e vt [(aﬂx ?)M + (5 ‘l;))lq] ki, y) do dy

Rde
<2 [ @) - )P T 0 0) ko) dody

Br Br

+1 [ @) - el E k) dyda

Br B,

< e1(d, A)(R — 1)@ /B () da, (3.12)

where we have used (K1) and sup,, ,cpa lw(iz:;ﬂ‘(gy)ﬁ < &= T) Combining (3.11), (3.12) and the

fact that || f/ul| =gy <1 we obtain from (3.10)

VY (2)0;(v?) (8, ) da + // [v(t,x) — v(t, y)]2 kt(x,y) de dy

Br

< - DA+ h@a®-0") [ Pade (1

Bgr

Now define a piecewise differentiable function x: R — [0, 1] by x(t) = ( A 1) V0. Mul-
tiplying (3.13) by x? we get

) /B W) el ) e // [o(t,2) — v(t, )] kel ) da dy

B, By

< ea(q — D)) (R — )~ 2(1) /B Pta)de+ 20 WO [ vHea) 614)

and integrating this inequality from —R®* to some t € I5(r) yields

[, e de s [ 3 ] s, o)l ke o) dedy ds

B, By

< eo(g— 1)) (R — 1)~ / / o2 (s, 2) dz ds +

+/Ra {X }/ s:ndmds

which implies, noting that |y/| <

R& 7:04 )

sup / d:E—I—/ / (s, ) (s y)] ks(x,y)dzdyds
telg(r) Qa(r) /By

<e3(g—1)9(q) (R—7)"*+ (R* —r™)71) /Q " v?(s,x)drds. (3.15)
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In order to estimate the second term on the left-hand side from below we apply Holder’s
inequality with exponents 6 = ﬁ, 0 = g to the integrand v?* and then we make use of
Sobolev’s inequality (2.5):

/ V2" (t, ) dz dt = / 02 (t, 2)v* (¢, ) da dt
Qe(r) Qe(r)
1/6 176’
< / (/ 0?0 (t, 2) dx) (/ v2(t, x) dx) dt
I@(T) T T
176/
<S5 sup </ 2(t, x)da:) X
tEI@
‘U ‘ dzd —o 2
d+a y+r ve(t,x)dz|
Q@ T Q@(T)

where S = S(d, ap). Using (3.15) twice, r > $ and (K) yields

/Q ( )UQK(t, z)dzdt < es(d, A, ag) [(g — 1)I(q) (R—7)"* + (R* — ro‘)_l)]l/e/ X

/ v (s, x) dzds
Qo(R)

1+1/¢’
x [(¢—1)9(q) (R—7)" 4+ (R* —r*)"") +1] ]

Finally, we can estimate the coefficient by

ca(d, A, o) [(g — 1)9(q) ((R—r)" %+ (R* — Ta)fl)] 0
[< —1)9(q) (R — 7)™ + (R —r*)™)]"
< e5(d, A, ag) [¢9(q) (< 1)+ (R —r*)™H]"

)

< co(d, A, a0)g™ [(R— 1)~ + (R* —r) 71"

which finishes the proof of (3.8) by taking p = ¢ — 1 and resubstituting v = ut O

3.3. An estimate for infu. We apply the fact that the p-th moments of u converge to the
infimum for p — —oo and establish a local estimate on the infimum of w.

Theorem 3.5 (Moser iteration I). Let % <r<R<1and0 < p<1. Then there is a constant
C = C(d,ap,N) > 0 such that for every nonnegative supersolution u in @ = I xQ, Q@ 3 Qs(R),
with u > & > 0 in Q the following estimate holds:

C 1/p 1/p
olr ’ S)

(R — r)dte ifa>1,

where & = u + HfHLOO(Q) and G(r, R) = {(RO‘ — ro‘)(d+a)/a ifa<l1

(R —r)dt2 ifa > 1,

In particular, G1(r, R) > {(RO‘ )0 g < 1.

The proof uses the method established in [20, § 4].
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Proof. To shorten notation we define

Mg (u=tr, p) = Ma(r,p) =
o(w i p) = Mo(r.p) (/Q

olr
Then the moment inequality (3.8) reads

1/p
lu(t,z)|”? dz dt) :
)

Mo (r,kp) < AYP Mg (R, p) with A as in (3.9).

13

(3.17)

The strategy is to iterate Proposition 3.4 using a decreasing sequence ro = R > r; > ro >

... > r of radii and the sequence of negative exponents p,, = —pr™, m € Ny.
Applying (3.8) repeatedly we obtain the inequality

ME(r.pms1) € ME(rmer, pn) < AL ME (v, pm) < ME (ro.p) [T 47

=0
with A; = C(p; + 1)? <(rj —7rjp1) 7“;?‘“)_1). Taking the limit m — oo, we find

sup @7 = Tim MZ(r,pm) < M2 (R,p) [T 47"
Qe(r) m=ree

j=0
Consequently it now suffices to prove that

AN <
jl;[o J - (R _ r)d—i—a + (Ra _ roz)(d—l—a)/

e ac[l,2):Setry =71+ (}g;f). We can estimate

j 2 - i\ 2 2j+1 “ C%
Aj <alps’ +1)7 (rj —rjp) " < a8) &

R—r —r)e’
Now the convergence of the infinite product in (3.18) follows immediately since
o0 . o0 .
j;)% < j;)m < c3(ag,d) < oo and

0 ) o e
[[lr-n=1" =@®-r) =
j=0

(R — T)d—i—oz ’
This proves (3.16) in the case o > 1.

a_ 1/a
e a € (ap,1] : Set rpy, = (ra + %) . Then we obtain in a very similar way as
above

A a _ a\—1 1/"€j _ 1
This proves (3.16) in the case o < 1.

(3.18)
for some suitable constant C' > 0. To establish (3.18) we will choose two different sequences
(rm) in the cases a € [1,2) and a € (ap, 1):
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3.4. Basic step for positive exponents. The technique for the proof of the basic step for
small positive exponents is very similar to the one used in the case of negative exponents. We
state it separately and indicate the modifications which are necessary to obtain the correspond-
ing moment inequality.

Proposition 3.6. Let % <r<R<landpe€ (0,s ] withr =1+ 9+ Then every nonnegative
supersolution u in Q@ =1 x Q, Q D Qg(R), satisfies the following inequality

1/k
< / TP, 2) da dt) <A / Wt 2) dedt | (3.19)
Qe (r) Qo(R)
where U = u + || f|| o0y and A’ can be chosen as
A=C'((R-r)" "+ (R*—r)™h with C' = C'(d, ag, A). (3.20)

Proof. Let u be a supersolution in @ with u > 01in Q. We set & = u + || f|| (). If f=0ae.
in @ we set = u + ¢ and pass to the limit € \, 0 in the end.

Set qg=1—pe[l—~x1 1) and define
o) = (t3), Gt ) =T Ut @)Y (@)
with ¢ as in the proof of Proposition 3.4. From (2.4’) we obtain

—p?(x)u9(t, 2)0pu(t, z) da
Br

+ // [i(t, x) —(t, y)] [0*()a—*(ty) —*(2)a""(t,2)] ka(2, y) dz dy
R4 Rd

< —p?(x)u 9t x) f(t,z)dz. (3.21)

Br
First we observe that for every small h > 0

// [t(t, ) —u(t, y)] [0*()a—*(t,y) — ¥ (2)a""(t, 2)] ka(2, y) dz dy
RARd

= | ) - ) [P ) - P eE )] ) dedy (322)

Brth Br+h
w2 (e ) [0 )T 0)] b ) dyda
Br JBp.p
Using (Kj), the positivity of u and the fact that % < (R —r)~? we can estimate as
follows:
[ [ ) - ) 6@ o] ki) dyds
Br JBpp

> / a9t 2) [(R— 1) / & =yl k) dy + / k() dy| do
Bpr ly—z|<R—7 ly—z|>R—r

> —A(R - T)O‘/B v (t, ) dz.
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If h — 0, this shows also that the decomposition in (3.22) is valid with A = 0. Rewriting
Ow? = (1 — q)u~90;u and using that 1f/ll o gy < 1 we deduce from (3.21)

-1
- . P2 (2)0%(t, z) do+
+ // [a(t, x) —alt, y)) [P*(y)a(ty) — P*(2)aU(t,2)] ki(z,y) da dy

Br Br

< AR - 7’)_0‘/ v?(t, x) dx.
Br

Applying Lemma 3.3(ii) we arrive at

— ()00 (1, x) da + Ci(q) // [(@)u(t, ) — ()t y)) k@, y) da dy
Br

1—gq
Br Br

< AR - 1")_0‘/

B

v (t,x) da + G2 (g) // (@) = »(y))* (V*(t,2) + v*(t,y)ke(,y) dz dy

Br Br

By the properties of ¢ and (K;) this implies
-/ ¥ (2)0p? (t, @) de + (1 — q)¢i(q) // [o(t,2) — v(t,y)]ke(z, y) dz dy
f B, B,

< co(d, A)(1—q)(R—r)"*(1+ ((q)) /B v2(t, ) dz.

We multiply this inequality with the function x: R — [0, 1] defined by x(t) = ( Ifla:rﬁ A 1) V0.
We integrate the resulting inequality from some ¢ € Ig(r) to R® and apply the same technique
that we used to obtain (3.15) from (3.13) in Proposition 3.4. As a result we get

su ’U2CE X — VIS, T) — VIS 2 X X S
td@%)/& () da + (1 ‘”@(Q)/Q@(r)/r[ (5,2) — v(s,9)]? ks 2 ) da dy d

< e3(d ) [(L—0) + (1~ (@) (B — 1) + (R )] /Q V) deds

Applying Sobolev’s inequality as in the proof of Proposition 3.4 (1 —¢)¢1(q) = & > 3(di2) we
obtain

/Q ( )1’2%(757 z)dzdt < cu(d, A, o) [(1 —q)+(1-q)G(@)(R—-7)""+(R*—r")"

14+1/¢'
/ v*(s,z) dz ds] .
Qo (R)

Now we observe that (1 —¢q)(2(q) = 4¢+ @ <4+ W < ¢5(d, ap). Thus we can estimate
the coefficient by

< [1=9)+ (1 - QG@E -1+ (R —r) " +1]
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1/¢’
[(1 )+ 1 —q)G(g)(R—r)"® + (R* — ra)_l}

(1-9)+ (1 - QGl)(R )+ (B )]
< C6(d7 A’ 040) [(R - r)—a + (Ra - ra)_l]

+

K

This finishes the proof of Proposition 3.6 by resubstituting ¢ =1 —p and v = . O
Note that ™!, the upper bound on p, can be replaced by any number less than 1.

3.5. An estimate for small positive moments of u. The aim of this subsection is to
estimate the L'-norm of supersolutions u from above by the L'-norm of u? for small values of
p > 0.

Theorem 3.7 (Moser iteration II). Let 3 <r < R<1 andp € (0,57 ') with s =1+ %. Then
there are constants C,wi,ws > 0 depending only on d,ag, A, such that for every nonnegative
supersolution u in Q@ =1 x Q, Q 3 Qg(R), the following estimate holds:

C 1/p—1 1/p
u 7P
IR CEELE (oewicem) </Q@<R>“ () dmdt) LB

(R—r)*2 ifa>1,
(RY —r)*2  ifa <1

where U= u+ || f|| oo (q(ry) and G2(r, R) = {

The proof of this theorem follows [24, Lemma 2.2].

Proof. Assume that @ > 1. Similar to the proof of Theorem 3.5 define for j =1,...,n
R—r

pj=k" and rji =71+ 5

1/p
Furthermore, setting Mg(u;r,p) = Mg(r,p) = (fQ lu(t, z)|P dz dt) , the assertion
(3.19) of Proposition 3.6 reads

M (r, kp) < AP Mg (R, p) with A’ as in (3.20).

Iterating (3.19) n times, n € N, with p; and r; as above we obtain

Cl gan K
Me(r,1) < Mg(rn, 1) = Mg(rp, p1s) < ((R—T)O‘> Mg (rp-1,p1)
12
C' 20an \* [ ga(n—1) n C’ ga(n—j+1)
= ((R—r)a> ( (R—r)a > M@(Tn 2ap2)<M€B T0,Pn H(M)

Employing the formulae

S-S () feewentn(to)

we deduce

< |-/ Mg (70, Pn)- (3.24)
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Now, for p € (0, k1) fix n € N such that p, < p < p,_1. Thus

1 1
— —1=K"—1<K"+&" T —k—1=1+r)(E""=1)=(1+k) ()
Pn Pn-1—1

1
< (1+k) <p — 1) : (3.25)
Additionally we have by Holder’s inequality
11 11
Me (1o, pn) = Ma(R,pp) < |Qe(R)|pn» Mg(R,p) < |Qa(1)|7n» Mg(R,p).
Combining (3.24), (3.25) and the latter inequality we obtain

w10 (3-1) 1/p

| Qe (1)] 207 71 =

 Ma(r1) < 10a(1)] e
o(r,1) (R — r)(d+a) Qa()] Jou)

Qe (1)]

Finally, since a € (a,2) and k € (1 + ap/d, 1+ 2/d), there is a constant ¢ = ¢(d, ag, C") such

that
LA |

Ma(r,1) < [|Q@(1)|(R_Cr)(1+n)(d+a)]p M (R, p). (3.26)

This proves (3.23) in the case « > 1 with w1 =2d+6+4/d > (1 + k)(d + «).

R g1/,

For o < 1 apply the same arguments to the sequence of radii defined by 7; = (r"‘ + 25

For these radii the inequality corresponding to (3.26) reads

c ]1
Qe (1)] (R — por)(14m) 52

This proves (3.23) in the case o € (ap, 1) with wo = 2d/ag + 3+ 2/d > (1 + k)2, Hence,
Theorem 3.7 is proved. O

Mg (r,1) < [ Mg (R, p).

4. AN ESTIMATE FOR logu

The following lemma provides a lower bound for the nonlocal term in (2.4) when applying u !

times some cut-off function as test function. See [2, Proposition 4.9] for a similar result.

Lemma 4.1. Let I C R and: R — [0,00) be a continuous function satisfying supp[y)] = Br
for some R > 0 and sup;c; &(¥,¢) < oo. Then the following computation rule holds for
w: I xRY—[0,00):

E(w, =™ > // (@) (y) (log w(t,y) ~log w(t, x)
Br Br

2
1 1o 02 ) o) dody 3 (0 0)

Remark. We apply the rule above only in cases where all terms are finite.
Proof. Fix t € I. First of all we note that

Ei(w, —p*w™!) = // [w(t,y) —w(t, )] [P (@)w™ (¢t 2) = > (y)w ™ ()] ke(w,y) dy do

R? R4

vwlty)  Ywltz) ) @), i
zB/é V(@)Y (y) [w(y)w(t,x)+¢(x)w(t,y) ) o) ki(z,y)dyd
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+2 // [w(t,y) —w(t,x)] [*(@)w ™ (t,2) = *(Y)w ™ (ty)] ke(z,y) dydz (4.1)

Br BS,

// wit,y) — w(t,2)] [P @), 2) — 2w (6 y)] Bz, y) dydz

Because of supp[w] = Bp, the third term on the right-hand side vanishes.
To estimate the first term on the right-hand side we apply the inequality

=(a—0) (b_l - a_l) > (loga — log b)? for a,b >0

toa = Ai(z,y) = witv) and b= B(z,y) = VW) 2y € By

(ty) . wito))? (v | )
By B w@:)) <w<y>+w<x> 2)'

} ki(z,y) dy dx

// ne: <log @2(’3;)—logwdgz’;;))zdydx—&g(w,w). (4.2)
Br Bgr

Finally, we estimate the second term using the nonnegativity of w(t,-) in R?:

// w(t,y) —w(t, o)) [P* @)™ (6, 2) = 2 (y)w (¢ y)] ke, y) dy da
Br B§
// wit,y) z)] [¢2( yw (¢ ,@)] ke(z,y) dy da
Br BS,
2
w (z ))/B w(t,y)k(z,y) dy do — ¢2(x) /B% ke(z,y) dy dz

-, / P it ) > 6,0, as

Applying the estimates (4.2) and (4.3) in (4.1) finishes the proof of Lemma 4.1. 0

Proposition 4.2. Assume k € K(ag,A) for some ag € (0,2) and A > 1. Then there is
C = C(d,ap,A) > 0 such that for every supersolution u of (1.1) in @ = (—1,1) x B2(0) which
satisfies u > € > 0 in (—1,1) x R?, there is a constant a = a(u) € R such that the following
inequalities hold simultaneously

ClB|

Vs> 0: (dt® dz) (Qe(1) N{logu < —s —a}) < P (4.4a)
Vs> 0: (dt ® dz) (Qs(1) N {logt > s — a}) < C'f”, (4.4b)

where = u+ || f| oo ()-
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Proof. In the course of the proof we introduce constants c1, c2, c3, ¢4 that may depend on d, ay,

and A. We use the test function ¢(¢, z) = ¥?(z)u~1(¢,z) in (2.4’), where
V() =[(3 —|z[) A1] VO, z € RY

and we write v(t,x) = — log dg( )) Thus we have for a.e. t € (—1,1)

VH(x)Op(t, x) do + &, —p*u ') < — VA(x)u (¢t ) f(t, ) de.

Bz B3 /2

Applying Lemma 4.1 and || f /]| o (q) < 1 We obtain

V2 ()0 (t, z) dz +
By

// B(@)(y) [o(ty) — vt 2)] k(z,y) dz dy < |[Bys| + 36,0, ).
B3 /2 B3/

Now we apply the weighted Poincaré-inequality, Proposition 2.3, to the second term and use

the fact sup & (¢,¢) < C for some constant C' = C(d, ap, A). We obtain
te(—1,1)

V2 (2)0p(t, ) dx + ¢ / [w(t,z) — V()] V*(z) de < ¢3 | By,

Bz Bz

where
fB3/2 v(t, )3 (z) dx
CECLE:

The proof now proceeds as in the case of local operators. Our presentation uses ideas from [19,
pp. 120-123] and |21, Lemma 5.4.1].

V(t) =

Integrating the above inequality over [t1,to] C (—1,1) yields

[ W (2)o(t, z) da +C1/2/ w(t,z) — V202 de < ealts — 1) |Bi] . (45)
B3/ et t1 J Bz

Dividing by fB » 2, using fB Y? < 2%|By| and ¢ = 1 in By, we obtain

to 2d
V(tz) |31’ / / )]2 dx dt S CQ(tQ — tl) with C3 = a, (4.6)

or equivalently

Vita) = V(1) , — t t /tg/ V) dedt <ep  (47)
1 2 1

ty — 1

Assume that V() is differentiable. Taking the limit ¢to — ¢; the above inequality yields

—1

V() + = [ Jolt,z) = V()] dz < e, for a.e. t € (—1,1). (4.8)
!B1! B

Now set
w(t,z) = v(t,x) — cat, W(t) = V(t) — cat,
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such that (4.8) reads

W'(t) + G [w(t,z) —W(#)> dz <0,  W(0) =a, (4.9)
|Bi1| Jp,

where a is a constant depending on u. Note that by the latter inequality W is nonincreasing
n(—1,1).

We work out here the details for the proof of (4.4a). It is straightforward to mimic the arguments
for the proof of (4.4b). Define for ¢ € (0,1) and s > 0 the set

LY(t) ={z € B1(0): w(t,z) > s +a}. (4.10)
Noting that W (t) < a for a.e. t € (0,1), we obtain for such ¢t and x € LP(¢)
w(t,x) —W(t) >s+a—W(t) > 0.
Using this in (4.9) yields
W) + 2= [LE@)| (s +a— W (1) <0,
which is equivalent to
W) L9
(s+a-W(®)> ~ [Bi]
Intergrating this inequality over ¢ € (0,1) we obtain

1 1
c3 c3 1 ® Qe (1) N {w > s+ a}]
k= [s+a—W<r>L_oszl|/ L2 de = 1B1]

and replacing w again by w(t,x) = v(t,z) — cot = —logu — cat in Qg (1) yields

C3 ’Bl‘

|Qa(1) N {logu + cot < —s —a}| < .

(4.11)
Finally,

[Qa(1) N{logt < —s —a}| < [Qa(1) N{logu + cat < —5/2 —a}| + |Qa(1) N{cat > 5/2}|
263 |B1| (1_2) |Bl|<*

In case that V' is only continuous in (—1,1) we derive the result in a different manner, cf. [18,
Lemma 6.21]: For g > 0 there is 6 > 0 such that for to < t; + 0

lw(t,z) — V())? <2t z) — V(t)|]* + 2|V (ta) — V()|* < 2o(t,z) — V(t2)|* + 2¢2.
Hence, by (4.6) we obtain for to < t; + 9

| /\

to
V(t2) — |B | / / (t2))? dadt < (2¢3 + 2c5%€d) (t2 — t1).
1
Defining
w(t,z) =v(t,z) — (2c2 + 20515(2)) t, W(t)=V(t) — (2c2+ 20515(2)) t,
the latter inequality reads

W(ty) — W(t1) + @ /t/ W (ta) + (262 + 265 €2) (82 — )]% d dt < 0.
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Using the fact that for ¢,t5 € (0,1) and x € LP(t) we have w(t,x) — W (ty) > s+a— W (ty) > 0,
we can omit the term (2co + 2¢3 'e2)(t2 — t) in the integral and deduce that for 5 < t1 + &
W(ty) — W(t1) ezt
(s+a—-W(t))? |Bil J;
Again, since W is nonincreasing, this implies
i " |LE(t)| dt < W(t1) — Wi(ts)
|Bi| Jy, ' ° T (s+a—W(t))(s+a—W(t2))
1 B 1
s+a—W(t1) s+a—Wi(t)

to
|LE(t)| dt < 0.

1

(4.12)

Choosing k£ € N such that % < 6, writing

1 k—1 %
LE)| dt = / LE(t)| at,
| ez [, Izl

and applying (4.12) in each summand, we establish (4.11). Using the same arguments as above
we establish (4.4a). This finishes the proof of Proposition 4.2. O

5. PROOF OF THE HARNACK INEQUALITY

The aim of this section is to prove Theorem 1.1. Our proof relies on the well-known idea of
Bombieri and Giusti. The following abstract lemma extends the idea of [5] to the parabolic
case. It was first proved in |20, pp. 731-733|. The version below can be found in |21, Section
2.2.3].

Lemma 5.1. Let (U(r))g<r<1 be a nondecreasing family of domains U(r) C R and let m, cg
be positive constants, 6 € [1/2,1], n € (0,1) and 0 < pyg < co. Furthermore assume that w is a
positive, measurable function defined on U(1) which satisfies

</U(r) wpo)l/po = ((R - T)C’?”L IU(1)|>I/p_l/p0 </U(R) w,,>1/p < oo (5-1)

for allr,R € [0,1],r < R and for all p € (0,1 A npy).

Additionally suppose that
Vs>0: |U1)N {logw > s}| gCS—O|U(1)|. (5.2)

Then there is a constant C = C(0,1m,m, co,po) such that

1/
(/ “”’”) Y <cpp (5.3)
U(®)

Proof of Theorem 1.1. Let u as in the assumption and define & = u + || f[[ oo (g)- If f =0 ace.
on ) we set u = u + ¢ and pass to the limit £ N\, 0 in the end.

a 1

Furthermore, set w = e %4~ ! and @ = w™! = e%, where a = a(u) is chosen according to
Proposition 4.2, i.e. there is ¢; > 0 such that for every s > 0

C1 ‘Bl‘
)

Qe (1) N{logw > s}| <

B
and |Qs(1) N{logw > s}| < 61’31’ (5.4)
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The strategy of the proof is to apply Lemma 5.1 twice: on the one hand to w and a family
of domains U = (U(r))p<r<1 — and on the other hand to w and a family of domains U =
(U(7))g<<1- We consider the case a > 1 first and define the families ¢/ and U by

U(l) = Qg(1), 6= U(r)=(01—-7r%1) x By,

U(l) = Qs(1), = (7(7“) =(-1,-14+7r) x B,

U@ = U(%)
oo .--r ----- * U(r) Rd
' e Bl U(r)
: '  Byx(-L1)
Us =U(3)

We apply Theorem 3.5 to (w,U) with py = oo and arbitrary . We also apply Theorem 3.7
to (w,U) with pp =1 and ) = d% < k71 In both cases the corresponding condition (5.1) is

satisfied. Note that the domains U(r) and U(r) are obtained from Qg (r) and Qg(r), respec-
tively, by shiftings in time, i.e. transformations of the type (¢,x) — (¢ + 7,z), which do not
affect neither (3.16) nor (3.23).

All in all, application of Lemma 5.1 yields

—a ~_1 ~ a||~ A~
supw =e “supu - < C and ||| ;155 = € @l 155, < C.
U9) U(9) LYU®) LY(U(®))

Multiplying these two inequalities eliminates a and yields

~ < nf 7
”uHLl(U(g)) ) H(10)U

for a constant co = C C that depends only on d, oy and A. This proves (HI) in the case o > 1

A~ o~

observing that Ug = U(6), Us = U(f) and

Iy < Wl < e2 (pfu+ 1) )-

If o < 1, we define the domains U and u slightly differently, namely
U(l) = Qa(1), 0=(3)", U(r)=(1—-r71) x B,1/a,
ﬁ(l) = Q@(1)> é\: (%)a’ ﬁ(’l“) = (_17 -1+ T) X Brl/a'

The same reasoning as above applies to these domains and hence (HI) is proved for all a €
(040, 2) U
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The following corollary will be used to derive Holder continuity in the next section.
Corollary 5.2. Let o € (0,1) and Dg = (—2,-2 + (%)a) X Bijg, Do = (- (%)Q,O) x By /s.
There exist €9,d € (0,1) such that for every function w satisfying
w >0 a.e. in (—2,0) x RY,
0w — Lw > —¢g in (—2,0) x By,
[De N{w =1} = o|Dgl,
the following estimate holds:
w >0 a.e. in Dg. (5.5)

The constants €y and 0 depend on o, g, A, d but not on « € (ayg,2).

Proof. Application of Theorem 1.1 to w yields

o< ][ w(t,z)dxdt < ¢ (infw—i—s())
Do D

52
for a constant ¢ = ¢(d, ag, A). Choosing g9 < Z and 0 = =% we obtain

infw > 9,
Dg

which is the desired inequality. O

6. PROOF OF HOLDER REGULARITY ESTIMATES

In this section we deduce Theorem 1.2 from Theorem 1.1. This step is not trivial and differs from
the proof in the case of a local differential operator because the (super-)solutions in Theorem 1.1
are assumed to be nonnegative in the whole spatial domain. Note that the auxiliary functions
of the type M(t,z) = supgu — u(t,r) and m(t,z) = u — infgu used in [19, Section 2| are
nonnegative in @ but not in all of R%. The key idea to overcome this problem is to derive
Lemma 6.1 from the Harnack inequality. Lemma 6.1 then implies Theorem 1.2. This step is
carried out in [22| for elliptic equations.

Define for (¢,z) € R a distance function

S5 o)) = max (4]l 3(-1)"/) it te (2,0,
e ))_{OO it ¢ ¢ (—2,0].

Note that p((x,t)) # p(—(x,t)). We define

D, ((z0,t0)) = {(t,x) e R | 5((t,2) — (to, z0)) < r}, I = (—2,0)

and note

~

Dy ((wo, t0)) = (to — 2r*,to) X Bsp(w0) and | J D,((0,0)) = I; x R”.
r>0

To simplify notation we write D(r) = D,((0,0)). Additionally, we define D(r) = (—2r®,0) x
By, (0) and recall the definitions of Dg and Dg in Corollary 5.2.
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D(1/6)
t R4
: / 5
; Sy 5 S
54 i D) —ipo |

Lemma 6.1. Assume that L is defined by (1.2) with a kernel k belonging to some K'(ag, A).
Then there exist By € (0,1) and § € (0,1) depending on d, oy and A such that for every function
w with the properties

w >0 a.e. in D(1), (6.1a)
dw—Lw>0  inD(1), (6.1b)

1
[De N{w 2 1} 2 5 [Del, (6.1c)
w>2 [1 — (67(t,y))* a.e. in I x (R?\ Bs), (6.1d)

the following inequality holds:
w >0 a.e. in Dg.
Proof. The conditions (6.1a) and (6.1b) imply d;w™ — Lw* > —f in D(1), where
f(t,x) = (Lw™)(t,x) for (t,z) € D(1).

Note that since |z — y| > 1 for # € By and y € R?\ B

1£ll g (pay = sup / w () ko, y) dy < oo .
(t,x)eD(1) ]Rd\Bg(O)

Next, from condition (6.1d) we deduce
w(ty) <2[6 plt,y))? —2<2 (450 ly|% — 1) ae. in I x (RY\ Bs).

Our aim is to show || f[| Leo(p(1y) < €0 With &¢ as in Corollary 5.2 for o = 3. Note that for every
R>3

/ (4% 1y = 1) k() dy = / (4% ly1™ = 1) ku(a,y) dy
R4\ B3 (0) R\ BR(0)

b (Pl 1) o)
Bgr\B3(0)

Because of (K3) it is possible to choose R sufficiently large and Sy € (0,1) sufficiently small in
dependence of €9 and A such that HfHLoo(D(l)) < gp.

Condition (6.1c) ensures that Corollary 5.2 can be applied. O
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Theorem 6.2 (Oscillation decay). Assume that L is defined by (1.2) with a kernel k belonging
to some K'(cg,A). Then there exists § € (0,1) depending on d,cn and A such that every

solution u to Oyu — Lu = 0 in D(1) satisfies for all v € Z

_osc U < 2|ul| poo(r, xray6™ vB (6.2)
D)
where oscq u = supg u — infg u.
Proof. Set K = My — mqg where My = supy, wga u, mo = inf;  gau. Let 6,50 € (0,1) be the
constants from Lemma 6.1. Define

log(575)
gzﬁé)

We will construct inductively an increasing sequence (my),cz and a decreasing sequence
(M,)yez such that for every v € Z

m, <u<M, ae inD(67),
M, —m, < K675,

B= mln(ﬁo, 1— g <677, (6.3)

(6.4)

Obviously, (6.4) implies (6.2). For n € N set M_,, = My, m_,, = mg. Assume we have
constructed M,, and m,, for n < k — 1 and define

ot z) = |u(—" z \ My +myq] 26560
R RN 5 —

where 8 € (0,1) is the exponent in (6.1d) of Lemma 6.1. Clearly, v satisfies
0w — Lv=0in 13(1) and |v|<1lin ﬁ(l) (by induction hypothesis). (6.5)

On I; x (R%\ B3) we can estimate v in the following way: For (¢,y) € I; x (R?\ Bs) fix j € N
such that . ‘ o
671 < p(t,y) <6/, or equivalently (¢,y) € D(67) \ D(6771).

y o\ My +my
u g(k—1)’ gk—1 2

Mi_1+mg_
<Mk] 1— MEg—j— 1+mk] 1_M>

Then

2. G(k 187

IN

2

M1 —mp_1
2

(K6(kj1)ﬁ _ Kﬁ(kl)/ﬂ’> 7

IN

M k—j—1 — Mg—j—-1 —

IN

2
=o(t,y) <267 -1  forae. (t,y)e DE)\ D6
= u(t,y) <2[6 p(t,y))" =1  forae. (t,y) € I, x (R?\ Bs). (6.6)
Analogously, we can estimate v from below by
o(t,y) >1—2[6 p(t,y)]°  forae. (t,y) € I x (R?\ Bs). (6.7)

Now there are two cases. In the first case v is non-positive in at least half of the set Dg, i.e.

1
[De N{v <0} 2 51Dl (6.8)
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Set w =1 — v. w satisfies conditions (6.1a)-(6.1d) of Lemma 6.1 and hence

w>4¢§ a.e in Dg, orequivalently v <1—-4§ a.e. in Dg.

Noting that D(1/6) C Dg this estimate has the following consequence for u: For a.e. (t,z) €
D(67%) we have

K M1 +my_
S a(k=1); k=1 k-1 T k-1
u(t, ) 5 6018 ¥ (6 t,6 a:) + 5
K(l *6) Mk—l — M1
S gk Tt T
K(1-9) K J _(k-1)8
< 5. 618 +mp_1 + 5. 1B me_1 + <1 — ) K6

where we apply (6.3) in the last inequality. By choosing my = my_1 and My = mj_1 + K6~k8
we obtain sequences (my,) and (M,,) satisfying (6.4). In the second case v is positive in at least
half of the set Dg and hence w = 1 + v satisfies all conditions of Lemma 6.1. Therefore, we
obtain

w>9 ae. in Dg, orequivalently v>—1+4+¢§ a.e. in Dyg.

Adopting the computations above we see that M = M 1 and mp = My_1 — K67%8 lead to
the desired result.

This proves (6.4). O

Having established Theorem 6.2 we are now able to prove Theorem 1.2 providing a priori
estimates of Holder norms of solutions.

Proof of Theorem 1.2. Let u as in Theorem 1.2, Q' € @ and define
1@ Q) =n=suw{re 3] |¥ta) e Q: Do) CQ}.
Fix (t,2), (s,y) € Q'. Without loss of generality ¢ < s. At first, assume that

p((t,z) = (s,9)) <n (6.9)
and choose n € Ng such that

Ui ~ Ui
G+l < p((ta .’IJ) - (87y)) < 67

Now set u(t, z) = u(n“t + s,nz + y). By assumption @ is a solution of d;u — Lu = 0 in lA)(l)
Accordingly, applying Theorem 6.2 to @ we obtain

Jult, ) — u(s,y)| = [an~(t — s),7~ (= — y)) — 6(0,0)]
< 2 [l e gy ety 6 < 2 [ull e gy (67771)7 67
p(t,z) — (s, y)))ﬁ
n

o=yl + (s =0V’
{ |

< 12 [ul| oo (1 xray (

< 12 [ul| oo (1 xray (
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Hence, for all (¢, z), (y,s) € Q" subject to (6.9)
Ju(t,z) —u(s,g)l  _ 12lulliopxra
l/a B — 17,8 ’
(I =l + [t = s"/*)
If p((t,z) — (s,y)) > n then the Holder estimate follows directly:
o\ 17
2 [ull e 1 ey [max (o =yl [t — 5]
nB

2 ||u| 7 0o B
< [ HLﬁ(IXRd) (|x—y|+\t—s|1/a> '
n

[u(t, ) —u(s,y)| <2 HU”Loo(Ide) <

Hence,

Ju(t, ) —u(s,y)l 12 |ull oo (rxray
[3 - 77/8 ’

sup
(t,2),(5,9)€Q’ (,x oyl S|1/a)

which had to be shown. O

APPENDIX A. STEKLOV AVERAGES

The aim of this appendix is to justify the use of (2.4’) instead of (2.4) in our main technical
results, Proposition 3.4, Proposition 3.6 and Proposition 4.2. Thus, we can work with superso-
lutions w as if they were a.e. differentiable with respect to t. This approach is standard when
proving regularity results for solutions to parabolic problems, cf. [1, Sec. 9|. Nevertheless,
we provide details and show that the nonlocality (in space) of our parabolic operator does not
form a serious obstacle.

In the above mentioned proofs we multiply (2.4") with some piecewise differentiable function
x: R — [0,00) and integrate over some time interval (t1,t2) C I. This implies, together with
the chain rule and partial integration,

to

T / ()& $) dt

t=t1 t1

[x(t) o Y(x)w(t, z) dx]

> /t X0 [ 1t dedr+ / ) [ v@ultoded, (A1)

t1
where
- ul Tt if g # 1
log u(t, x) ifg=1.

Inequality (A.1) is the main source for our estimates. Let us now show how to derive (A.1)
from (2.4). To this end, we introduce the concept of Steklov averages (cf. [11], [17]): Let
I=(T1,Ty), Q=1xQ. Forve LYQ) and 0 < h < Ty — T} define
1 t+h
on(ert) = h/t v(-,s)ds for Ty <t < Ty —h,
0, for t > T5 — h.
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Fixt el Q e Q and h > 0 such that t + h € I. In (2.4) we choose ¢(s,z) = n(x) with
n€E Hg‘m(ﬂ’) t1 =t and to =t + h. Dividing by h we obtain

1 t+h
//8tuh (t,z)n(z) dz + h/t Es(u(s,-),n(-))ds > [ fult,x)n(x)dex, (A.3)

Q/
valid for all t € I and n € Hg/Q(Q’).

Next we choose in (A.3) (for fixed ¢ € I) test functions of the form n = x(t)yu; *(t,-), ¢ > 0,
where 1, x are suitable cut-off functions. Then we integrate (A.3) over some time interval
(t1,t2). Hence, with w as in (A.2),

to

to t+h
| [ vpnntardraes [ [ eduls w0 ) s

t1 Q t1
to
=[x [t oyt do dr.
t1 Q/
After partial integration in the first term we pass to the limit A — 0. Lemma A.1 and
Lemma A.2 from below then imply

to

to
+ / X(OEult, ), (- )u=(t, ) dt

t=t1 t1

[x(t) IR dx]

2/2x(t) f(t,x)u(t,a:)zﬁ(x)da:dt%—/ X (O(z)w(t,z)dzdt, (A.4)

t1 Q t1
which we wanted to show.

It remains to prove two auxiliary results.

Lemma A.1l. Let X be a Banach space and let v € LP(I; X) for some p € [1,00] and I' =
(tl,tg) C I with to < T5. Then

(i) v, € C(I'; X) for every h € (0, Ty — t2).
(ll) ”vhHLp(I/,X) S HUHLP(I/,X) fO?“ 61167"y h S (07 T2 - t2)
(iii) If p < oot [[vp = vl oy = 0 for ™\, 0.

(iv) If v € C(I, IP(Q)) for some p < oo, then [un(L,) — v(t, )| ey =25

——— 0 for everyt € I'.

The proof of this lemma is quite elementary; some of the assertions above are proved in [17,
I1.84].

Lemma A.2. Let v be a positive supersolution to Oyv — Lv = f in Q = Q x I. Let ¢ be an
admissible test function as in Definition 2.1 that is bounded and satisfies supp|p(t,-)] C Br € Q2
for some R > 0 and every t € I. Then for every I' € I

/ /Hh 3ot dsdt 2% [ g0, 6) dt, (A5)
, ;

Proof. Set V(t,x,y) = a(t,z,y) (v(t,x) —v(t,y)) and ®(t,z,y) = ¢(t, ) — ¢(t,y). Since

/, /t+h on(t,-))dsdt = // // Vi(t, , y)Pu(t, x, y)ko(z,y) de dy dt ,

R4 R4

¢)dt = /, // V(t,z,y)®(t, x,y)ki(z,y) dedydt

R4 R4
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the convergence in (A.5) follows if we show both

/ / Vit ) — V(6 )] [B(t 2, )| Kol y) dardy dt 2205 0, (A.6a)
/]Rd]Rd

/ // Vit )| |®n(ts 2, ) — Dt 2 9)| o, y) dar dy dt 2225 0, (A.6D)
Rde

First we prove (A.6a). Define B = Bpy. for some fixed € > 0. A usual decomposition of the
integral over R? x R? yields

/p / Valts2,y) — Vit 2,9)| 6t 2) — 6(t, )| kol y) de dy dt
R4 R4

-/ / Vit 2,) = V(t,2,9)] 1906, ) = 60, )] Kol y) drdy

+2//|¢t:c|/ Vit ) — V(t 2, y)] ko, y) dy do dt

=: I1(h) + I(h
Holder’s inequality apphed to I 1(h) shows that I (h) — 0:

1
|(Va = V)@nkoll a rcy < || (Vi = V)ko?

Bhy?

L2(I';L2(Bx B)) H L2(I';L2(Bx B))

< ||V = V)kot

vz |l

where we have used (Ks) in the second inequality. Lemma A.1(iii) implies that the first factor
tends to zero since — again due to property (Ksz) —

1
ve LX(I'; HY*(B)) = V k2 € L*(I'; L*(B x B)).

In a similar way we obtain the convergence of I(h):

/ / 6(t,2) / Valtsasy) — V (£, )| kola, ) dy dar dt
I'JB Be
<Nl [ Vi) =Vt oy [] Folon) dydoar

Bpgr B¢
<A™ BRI @l oo (rrwmy Ve = VL1 (1,000 (i xRe)

where we have applied (K1) in the second inequality. The convergence of the last factor follows
again from Lemma A.1(iii).

Next, we prove (A.6b): Again, we use the decomposition

// Va(t, 2, )| [ Bt 2, y) — (t, 2, )| kol y) de dy e
R4 Rd

= [ [ httezl o t,) — @00, Ko ) oyt
BB

+2/I//B’¢h(t,$)_¢(t,$)‘/86’Vh(t,x,y)‘ko(x’y)dydxdt
= Jl(h)+J2(h).
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h—0+

The convergence Ji(h) —— 0 follows by the same argument as we used for the convergence

h—0+

of I1(h). It remains to show that Jo(h) —— 0:

La(h) < /I N0n(t:) = 60t e () // [Va(t, 2, 9)| ko, y) dar dy dt

Bp B¢

< 267 Bl vnll o rszoe ity 190 = 9l 3 10 -

Finally, we apply Lemma A.1(ii),(iii) to conclude that Js(h) converges to zero. This finishes

the proof. O
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