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Abstract

We prove sharp two sided heat kernel estimates on a connected sum
of two copies of R” along a surface of revolution taking into account a
bottleneck effect. In the proof, estimates of the hitting probability of a
non-compact set play a crucial role. For the heat kernel upper bound,
we use isoperimetric inequalities on connected sums. For the heat kernel
lower bound, we use a lower bound of the Dirichlet heat kernel in the
exterior of a non-compact set.
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1 Introduction

Let M be a connected, geodesically complete non-compact Riemannian mani-
fold and A be the (positive definite) Laplace operator associated with its Rie-
mannian metric. The heat kernel p(¢,x,y) is defined as the minimal positive
fundamental solution of the heat equation

(O + A)u(t,x) =0 (1.1)

on (0,00) x M. From the probabilistic point of view, p(t, z,y) can be regarded
as the transition density of the Brownian motion ({X;}, {P,}) on M.

It is interesting to study the relationship between the long time behavior of
p(t, z,y) and global geometric properties of M. Many authors have considered
this problem for various classes of manifolds — see [8], [12], [23] and literatures
therein.

Let d(x,y) be the geodesic distance on M and V' (z,r) be the Riemannian
volume of the geodesic ball B(x,r) of radius r centered at x. One of the most
interesting heat kernel estimates is the following Li- Yau type estimate

c d(l’,y)2>
o y) = — pBBYN vy e Mt >0, 1.2
pltay) = e (05 ) v (12)

where C,b > 0 are constants and the sign =< means that both < and > are
satisfied but possibly with different values of the constants C,b. For example,



(1.2) is obviously true for R, since V/(x, /) = const t"/2. Moreover, the same
estimate is true for the heat kernel of uniformly elliptic operators in divergence
form in R™ ([1]). Li and Yau [20] proved the estimate (1.2) for the manifolds
with non-negative Ricci curvature.

A complete characterization of manifolds admitting (1.2) is known and
follows from the works of Fabes, Stroock [10], Grigor’yan [13], Saloff-Coste
[22], [23] (see Theorem 7.1 in Appendix).

On the other hand, there are many interesting manifolds where the heat
kernel does not satisfy (1.2). Let M; and M, be two Riemannian manifolds
of the same dimension, and let A;, A, be closed subsets of M;, M; respec-
tively. Let A, A have non-empty interiors and smooth boundaries. Let J
be a manifold with boundary so that 9J is isometric to the disjoint union
0A, 11 0A,. Then we define the connected sum M = M;# ;M- as the disjoint
union of M; \ Ay, M3\ A and J with identification of 0A; I1JA, and 0J. The
Riemannian metric of M on M; \ A; is defined to be the metric of M;, and the
Riemannian metric on J is chosen so that the metric on M is smooth.

We are interested in heat kernel bounds on the connected sum M =
My+# ; My assuming that the heat kernels on M; and M, satisfy the Li-Yau
estimate (1.2). If Ay, Ay, J are compact then the value of the heat kernel
p(t,z,y) for z and y at the different ends of M may be significantly smaller
than predicted by (1.2), which is due to a bottleneck effect. The first author
and Saloff-Coste proved in [16] that the heat kernel p(¢, z,y) on R"# ;R"™ with
compact Ay, As, J and n > 3 satisfies the following estimate:

p(t,z,y) < Ct™/? (d@ 3)71—2 + i (1])”_2> exp <—bM> (1.3)

assuming that z,y belong to different copies of R" and d (z,J),d (y,J),t are
large enough. The terms d (x,J)> " and d (y, J)* " arise from the bottleneck
effect and give a quantitative meaning to the latter.

Now assume that A;, Ay are non-compact subsets of R™. In this case the
heat kernel behavior can be depend on the structure of the joint J. The full
extent of this dependence is not yet clear. To avoid complications arising
from the structure of J, let us assume that A; = A, and that J is defined by
embedding of the two copies of R™ into R"™! as on Figure 1.

It follows from the results of [19] and [6], that if, for some ¢ > 0 and for
any Euclidean ball B(x,r) with r > 1 and z € A;,

w (B (z,7)NA;) < er" 2t (1.4)

then M satisfies the Poincaré inequality (7.1) and consequently the Li-Yau es-
timate (1.2) (cf. Theorem 7.1 in Appendix). In this case there is no bottleneck
effect, due to the fact that A;, A, are fat enough.
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Figure 1: Definition of J.

The purpose of this paper is to obtain two-sided estimates of the heat kernel
on M = R"# ;R"™ where J connects two non-compact domains of revolution
Ay, Ay that however are small enough so that the Poincaré inequality fails and
the heat kernel bounds become non-trivial.

Fix two integers m and n so that 0 < m < n—1. Forany x = (1, z9,...,2,) €
R™, define functions r (z) and h (z) by

r)= | > a?+1, hlx)= [ Y a2 (1.5)
1<i<m m+1<i<n

For any o > 0, define a domain of revolution A (m,«) in R™ by
Alm,a) = {z € R"| h(z) < r(z)*} (1.6)
(

(see Figure 2). If m = 0 then r (z) = 1 so that A (m,a) does not depend on
a. In this case we always take a = 0.

Now consider two copies of R": M; = M, = R™ and denote by A, Ay two
copies of the set A (m, ) on My and My, respectively. Define a connected sum

M., = My#; M, = R"#,R",

The joint J can be taken again as on Figure 1 (see Sections 3, ?? for rigorous
definition of .J).

If either m = n — 1 or @ > 1, then the condition (1.4) is satisfied and,
hence, M} , admits Li-Yau bounds (1.2). In this paper we treat the case

0<m<n-3, 0<ac<l, (1.7)
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Figure 2: A(m, «)

while postponing the remaining critical case m = n—2 to another opportunity.
To state our main result, let us introduce the following notation. As above
set A= A(m,«) and, for any L > 0, define the set

EY = {x ¢ R"d(z, A) > Lr(z)*}.

Denote by EL a copy of EY on M, k = 1,2 so that Ef and E¥ can be
regarded as disjoint subsets of M, . We use the same notation r(x), h(x) for
x € My, \ Ay if there is no confusion.

Our main result is as follows.

Theorem 1.1 Let m,n,« be as in (1.7) (if m = 0 then set « = 0). Then

there exist constants L,T" > 1 such that the heat kernel on M = My, , satisfies
the following estimates:
(i) For all z,y € M\ E¥ and t > T (d(z, Ef) + d(y, ElL))Q,
¢ d(z,y)’
p(t,z,y) =< o2 OXP (—b n : (1.8)

(ii) For allz € EF, y € EY and t > T (d(z, J) + d(y, J))**,
C r(z) \""? 1
t =
p( Ly y) /2 { <d(l‘, J)) + d(iE, J)(l—a)(n—m—Z)

T(y)a nome? 1 _bw
(1.
" (d(y, J)) * d(y, J)0-o)n=—m=2) }6 (1.9)

In particular, if d(x,J) > L'r(z), d(y,J) > L'r(y) for some L' > 1, then

C 1 1 _bM
p<t7x7/y> - tn/Q (d(x,(])(l—a)(n—m—% + d(y’ J)(l—a)(n—m—Q)) e t . (110)




It is easy to see that the cases (i), (i7) cover all possible locations of the
points x,y on My . up to switching the indices 1, 2.
Remark 1.2 As we see from the last statement of the above theorem, the
bottleneck effect, given by the estimate (1.10), manifests itself in the situation
when x and y are far enough from the joint J. If x and y are close enough to
the boundaries of EF and E¥, respectively, then d (z,J) =< r(x)%, d(y,J) <
r(y)*, and (1.9) amounts to the Li-Yau estimate (1.8). The estimate (1.9)
can be regarded as an interpolation between the Li-Yau estimate (1.8) and the
estimate (1.10) (see Figure 3).

L
EL Ey

d(z,J) > L'r(x)

Estimate (1.10) M,

Estimate
(1.9)

Li-Yau Estimate
(1.8)

d(z,J) < r(x)*

Li-Yau Estimate

Estimate
(1.9)

d(y,J) = L'r(y)
Estimate (1.10)

By

Ey

Figure 3: The domains in M, , where the heat kernel has different behavior.

Remark 1.3 In the case a = 0, the above estimates follow from already
known results. If m = 0 then A(0,0) = B(1), that is, M, is the connected
sum along the surface of the unit ball. Then the above estimate follows from
the estimate (1.3). In the case m > 1, we have A(m,0) = B(R™,1), that



is, My, is the connected sum along the 1-neighborhood of a m-dimensional
subspace. Since
n Mé‘l;o—m X RWZ,

m,0 =

the above heat kernel bound follows from the heat kernel estimate on My',™
and a simple formula for the heat kernel on Riemannian products (see [12,
Section 9.2.1]).

Remark 1.4 Our theorem can be applied to connected sums of two copies of
R™ along Ai(m,a)NQ, k = 1,2, where @ is a union of some quadrants of R™
(together with smoothing deformation). For example, we can obtain a sharp
heat kernel bound on the connected sum of two copies of R* along a paraboloid
of revolution:

{(z1, 9, 73, 74) € R*| 25 + 25 + 27 < 21},

NoTATION. Throughout this article, the letters ¢, C, b, B... denote positive
constants whose values may be different at different instances. When the value
of a constant is significant, it will be clearly stated.

ACKNOWLEDGMENTS. This project was started during the second author’s
visit of University of Bielefeld in 2009. He would like to express his gratitude
to that university for financial support.

2 Hitting probability of a non-compact set

Let M be a geodesically complete non-parabolic Riemannian manifold. For
any closed set A C M define the first hitting time 74 of A by

Ta=inf{t >0: X, € A}.

The main purpose of this section is to estimate the probability P, (74 < t) of
hitting A before time t assuming that the process X; starts at a point x.

2.1 General estimates

For a precompact set £ C M and an open set U containing F, the capacity of
the capacitor (F,U) is defined by

cap(F,U) = inf / V6|2 (2.1)
¢€Lipg(U)p|p=1 JU
(cf. [15]). In the case U = M, we use the abbreviation cap(F, M) = cap(F).

Grigor’yan and Saloff-Coste proved the following estimate of P, (74 < t) in [15,
Theorems 3.5, 3.7].



Theorem 2.1 Let A be a compact subset of M and U be an open set contain-
ing A. Then, for allz € M\ U, t >0, the following estimate holds:

t
cap(A)/ inf p(s,z,z)ds < Py(ta <t)
0

z€EDQA

t
< 2cap(A, U)/ sup panal(s, ¢, z)ds. (2.2)
0 zeU\A

In this section, we obtain estimates P,(74 < t) for non-compact A. The
following elementary lemma will be useful for estimating of certain integrals.

Lemma 2.2 Let f be a positive function on (0,00) satisfying

f(D) (D)ﬁ
L >k = VD >d>0 2.3
f(d) = \d B (23)
with some k > 0, B > 2. Then there exists ¢ > 0 such that, for all d,t > 0,
d2> d? < 2d2>
eXp ds > ¢ exp|——. 2.4
rmer (-5) oz egen (5 24
In addition, if f satisfies
D D\"
f( ) <K (—) VD >d>0 (2.5)
fd)
with some k' > 0, ' > B > 2, then there exists C > 0 such that, for all
d,t >0,
t 1 ( d2> d2 d2
———exp|——)ds < C exp (——) . 2.6
[ e (-5 F@ P\ 20

Proof. Let us first prove (2.4). If t < d?, then by (2.3)
t d d2 t d2 B/2 d2
/ f(d) exp < ) ds >/<;/ (—) exp <——) ds
0 f(\/g) 8 t/2 \ S S

2d2 t d2 B/2
>k exp (——)/ (—) ds.
Using again that t < d?, we obtain

t d? B/2 2@ -1 dﬁ
/ (_) ds = 5 s 2 o
t/2 \ S 5—1t1

where we have also used that 5 > 2. Then (2.4) follows.
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In the case t > d? we have

t d d2 d? d2 B/2 d2
/ f(d) exp (——) ds 2/1/ (—) exp (——) ds
o f(V/3s) S d2/2 \ S S
d2
>kKe 2/ ds = ch,
22
which proves (2.4)
To prove (2.6), we consider the same two cases again. If ¢ < d? then by
(2.5)
t 2 2 a2 s g2\ B'/2
e (5o (5) [ (5)
exp| —— )ds < K'exp|——=—
/0 f(V/s) s 0

2t
By changing the variable s =

S
d2

d2
—— | ds.
exp ( 25) s
-, we obtain
d? 2\ B'/2 2 00
d d ’
/ (—) exp (——) ds < d2/ u'z 2 exp(—u)du = Cd?,
0 s 2s 1
whence (2.6) follows.

In the case t > d? we have

1 d?
() =er (),

so that it suffices to show that

[ f8yen () ce

We split the integral as follows:

The first term has the desired bound by the previous argument for ¢ < d?. By
(2.5) the second term can be estimated as follows:

' f(d)

[T o (<) as<nten (<F) [ (df)m s

t
Using 3 > 2, we obtain

2 S

2 S
which together the previous lines finishes the proof. m

Y

-1

t d2 B/2 00 d2 B/2 d2
L) e [(8) e
a2 \ S d 3
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Lemma 2.3 Let us fir a closed set A C M and two families {F;}ie; and
{Ui},e; of subsets of M such that F; are compact, U; are open, F; C U; and

Ac|JF.

i€l
Let x be a point in M \ J,c; Ui. Then, for all t > 0, the following estimate
holds .
P.(1a <t) < 2anp(Fi, Ul)/ sup p(s,x,z)ds. (2.7)
iel 0 ZEUi\Fi

Moreover, if the heat kernel p(t,z,y) of M satisfies the Gaussian upper esti-

mate o o )2
T,y
t,rx,y) < ———e —b r,ye M, t>0 2.8
p(t, z,y) Vv P ( ; ) y (2.8)

and the volume function V (z, R) of M satisfies the conditions

D\’ V(x,D) D\"”
— < ’ <K= VD >d>0 2.9
(d) " V(ed) © (d> e .
with some constants k, k" > 0 and ' > 3 > 2, then
ui(z)? ui(z)”
Py t) < Fi,U; —b , 2.1
(Ta < t) _C’lzcap( U)V(%Ui(@)exp( T— (2.10)

icl
where u;(x) = d(z,U;) and the constants Cy, by depend only on the constants
k, k', 0, B and on the constants C|b from (2.8).

Proof. Set A; = F; N A. Since the sample paths of Brownian motion X;
are continuous, the first hitting point X, belongs to A and, hence, to one of
the sets A;. It is obvious that

Ta<tand X,;, € A, = 74, <Ht,
which implies
P.(1a <t) < Z]P)Z‘(TA <tand X,, € 4;)

i€l

< ZP:E(TAZ, < t)

il

< ZPJU(TE < t),

il

where we have also used that A; C Fj. Estimating P,(7p, < t) by (2.2), we
obtain (2.7).

10



Under the additional conditions (2.8) and (2.9), we have

sup p(s,zx,z)ds <

C . ( bui(x)2>
— —  _exp | —
z€U;\F; V(I’, \/g) P S

and, by Lemma 2.2,

/Ot ﬁ exp <—b“i(§)2> ds < C’% exp (—b’@) .

Substituting into (2.7), we obtain (2.10). =
By using the monotonicity of the hitting probability, (2.2) and Lemma 2.2,
we obtain the following lower estimate of the hitting probability:

Lemma 2.4 Let A be a closed subset of M, K be a compact subset of A, and
x be a point in M\ A. Then for all t > 0,

t
P.(ta <t)> Cap(K)/ inf p(s,z,z)ds. (2.11)
o *€0K

Moreover, suppose that M admits the Li-Yau bound (1.2) and (2.9). Set

D = sup d(z, 2).
z€0K

Then the following estimate is true for all t > 0:

D? D?
P.(14a <t) > clcap(K)V(x D) exp (_BlT> : (2.12)

where the constants ¢, By > 0 depend only on k,3 and on the constants in
(1.2).

2.2 Hitting probability of the set A(m,«) in R"

First we prove some capacity estimates in R™. Let By(f) C R be the d-
dimensional ball of radius ¢ centered at the origin. Fix some integers 0 < m <
n and real 0 < h < R, and set

Do = Bp(R) X Bum(h)

Dy = Bu(2R) x B,_n(2h),

D1 = (Bn(2R)\ Bn(R)) X Bu_m(h)

D, = (BudR)\ Bu(R/2) X Baom(2h).
Note that Dy C Dj and D; C Dj. In the case m = 0, the balls By (R) are
identical to {0} and the annuli By (2R) \ By (R) are empty, so that

Dy = B,(h), D = B,(2h),D; = D] = 0.

Denote by cap, the capacity in R? and by 4 the Lebesgue measure in R?.

11



Lemma 2.5 If0 < m <n — 3, then the following estimates hold
i R™h"™2 < cap,,(Dy) < cap,, (Do, D) < CLR™h" ™2, (2.13)
If in addition m > 1 then also
cy R™h"™% < cap, (D)) < cap,, (D1, D)) < CLR™h" ™2, (2.14)
The constants c1,C7 > 0 depend on n,m only.
Proof. It is known that, for any d > 3,

capy(Ba(r)) = agr"™?, (2.15)

capy(Bqy(r), Ba(R)) = aq (7@% — R;2> , (2.16)

where ag > 0 (see [14, Example 4.2]). Then the estimate (2.13) in the case
m = 0 follows from (2.15)-(2.16) with d = n.

In the case m > 1 we use the following estimates of the capacity of product
sets:

o (F)cap,,_,,(G) < cap(F x G) < cap(F x G, F' x G')
< cap,,(F, F) pin—m(G") + pm(F')cap,,_,,(G,G")  (2.17)

where (F, F’) is a capacitor R™, (G,G") is a capacitor in R"™™ and F C F",
G C G'. Combining these estimates with (2.15)-(2.16), we obtain (2.13).
It follows from (2.17) and (2.15) that

cap,,(D1) > pim (Bm(2R) \ Bi(R)) cap,, . (Bu_m(h)) > c; R™R"""2,
which proves the lower estimate in (2.13). For the upper bound, we have

cap(D1, D)) < [cap,, (Bu(R/2), Bn(R)) + cap,, (Bm(2R), Bin(4R))]
X tn—m (Bn-m(2h))
+ (Bm(4R) \ BM<R/2)) CaPy_m (Bn—m(h)a Bn—m(Qh))
< CyR™hv ™2,
which finishes the proof. m

Our next goal is to estimate the hitting probability of the set A = A(m, a)
in R", which was defined by (1.6).

Theorem 2.6 Let 1 <m<n—-3,0<a<1orm=0, a=0. There exists
L > 1 such that for all x € R™ with d := d(x, A) > Lr(x)* and for all t > 0

—m—2
r(z)*\" " 1 d>

12



In particular, there is a constant L' > 1 such that if d(x, A) > L'r(x) then
P 1) < ¢ bd2 2.19
x(TA<)AWeXP ) (2.19)

Proof. Let us fix x € R” for the entire proof and denote by x’ the orthog-
onal projection of x onto R™ C R". First we prove the upper bound in (2.18).

Set
0 i=0
Ri_{ 2'd i €N,

and define a sequence of compact sets {F;}3°, by
F1i = {Z cA: Rz S ’Z/ — l'/| S Ri+1}, (220)

where | - | is the Euclidean norm (see Figure 4).

2h;
s —
hi
—— A
RW’L
IR 1| R Riq Ry
— F;
U() \-\
—
U;

Figure 4: Sequences F; and U;

Set '
h; == (T(x) + 2H1d)a = (r(x) + Riy1)”

13



and observe that
Fca+ (Bm(RiH) \ Bm(RZ-)> % Bom(h).
Consider also the sets

U =2 + (Bm(sz) \ Bm(Ri/2)> % Bp_m(2hy). (2.21)
Taking L > (8~2°‘)ﬁ, we obtain that, for all x € M\ A satisfying d > Lr(z)?,

d
2ho < 2r(z)* +2'7d* < -,

2
whence we have
d R
d(w,Up) = |z = /| = 2hg > d = 2ho > 5 = Zl‘
Furthermore, we have
! Ri+1 .
d(z,U;) > d(2',U;) = 1 for all ¢ > 1. (2.22)

Applying the estimate (2.10) of Lemma 2.3 and the estimates of capacity of
Lemma 2.5, we obtain

> 1 R?
P,(Ta <t) <C'Y R hf ™™ —— exp (—b Z“)
i=0 Ri—i—l t

00 . n—m—2 d2
<’ . —b—
=¢ Z <Rz‘+1) o < t >

1=0

; [e%e) T(SC)a n—m-—2 o] 1 d2
SC Z RiJrl + Z R(l—a)(n—m—2) exXp _bT
i+1

=0 i=0

r(x)® nmm=2 1 d?
SC ((T) + W) exp (—bT) y (223)

where in the last line we have summed up a geometric series.
Next we prove the lower bound in (2.18). For any z > 0, define a point

x, € R" by
z rose
v = (1—|— m)x,lfx # 0, (2.24)
(2,0,...,0), if 2/ =0.

Define a compact set K C R"™ by

K = 244 + Bon(d) X By (7 (230)") (2.25)

14
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x Tq Tod Z3d L4ad T5d

Figure 5: Compact subset K of A

and observe that K C A (see Figure 5).
By Lemma 2.4, P, (74 < t) can be estimated via cap(K). By the estimate
(2.13) of Lemma 2.5, we have

cap(K) > cd™r(wsq)*" ™2,

Observe that |z,| = |2/| + z and

\/1+|$'|2+Z r(z) +z
r(@s) = 1+ e = 1+ (] + 2) > (z)

2 2 ’

in particular, we have
r(x)+3d
T (r34) > %
Taking L > 1 large enough, we obtain that, for all z € M \ A satisfying
d > Lr(z)®,
D := sup d(x,z) < 7d + r(z3q4)" < Cd.

z€0K
Hence, applying the estimate (2.12) of Lemma 2.4, we obtain
P
P, (14 <t) > dd™r(zgq)* ™2 Ik B'D?/t
e (7" (x) + Bd) an-m-2) Bt

v

dn7m72 2

n—m-—2
r(x)® 1 —Bd?/t
¢ (( d ) + d(la)(an)) € :

15
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3 Isoperimetric inequality on connected sums

Let N be a n-dimensional Riemannian manifold, possibly with boundary dN.
We say that N satisfies the isoperimetric inequality if there exists a constant
¢ > 0 such that )

pn-1(9) > epn () (3.1)

for all compact sets @ C N whose topological boundary 9 is a C'-smooth
hypersurface in N (see Figure 6).

ON

129
19)9]

Figure 6: Boundary of N (thin line) and boundary of 2 (thick line).

Here p,, is the Riemannian measure pon N and p,,_; is the n—1-dimensional
induced Riemannian measure on n — 1-dimensional hypersurfaces in N (see,
for example, [3]).

It should be noted that, if NV is complete, i.e. ON = (), then the isoperi-
metric inequality on NV implies the global Gaussian upper bound for the heat
kernel of N :

p(t,x,y) < ot "2 M@/ (3.2)

(cf. [23]). From the point of a bottleneck effect arising from the connected
sum, this estimate is too rough. Nevertheless, this estimate plays a crucial role
in the proof of sharper upper estimate of the heat kernel in Lemma 4.1 (cf.
[16, Section 4] and [2]).

Let us first prove the following lemma.

Lemma 3.1 Let M be a Riemannian manifold without boundary and Ny, Ny
be two closed subsets of M that have C'-smooth boundaries. Assume that
N1 U Ny = M and that both Ny, Ny considered as manifolds with boundaries,
satisfy the isoperimetric inequality (3.1). Then M also satisfies (3.1).

16



Proof. For any compact subset Q of M with C*-boundary, set
leQﬂNl, QQZQQNQ

Clearly, €; is a closed subset of the manifold N;, and Q; has in N; a C'-
boundary 02; = 902 N N;. Without loss of generality, we assume that

Mn(Ql) Z Mn(QQ)'

By the isoperimetric inequality (3.1) on N, we have

fin—1(02) > pin—1(0C0)

Zcﬂn(Ql) "
> () + ()

n—1

:C,Mn(Q) "y

which was to be proved. m

Fix parameters m,n,a such that 0 < m <n—-1,0 < a <1 orm = 0,
a = 0 and consider A = A(m,«) C R" defined in (1.6). In this section, we
consider also both the cases of m = n —1 and o« = 1. Let M; = My, = R"
and denote by A;, As the copies of A on My, Ms, respectively. Here we define
the joint J to be isomorphic to dA(m,«) x [0,1] and its Riemannian metric
satisfies that M , \ B9 = My \ Ay 11 J and M}, ,\ EY = M, \ Ay 11 J are
quasi-isometric to R™ \ A’, where

A= {m € R" | h(z) < %r(x)o‘} |

See 77 for additional condition for the joint J.
Then we prove the following:

Theorem 3.2 The connected sum My, , satisfies the isoperimetric inequality

(3.1).

Proof. We note that the isoperimetric inequality (3.1) is invariant under
quasi-isometry up to constant. Since M; \ A; II J, My \ Ay I1 J are quasi-
isometric to R™ \ A’, by the previous lemma, it suffices to show that (3.1) on
R™\ A

For k = (k1, ko, ..., kn) € {—1,1}", let

Q’f - {<x1’x2>"'7xn) S Rn“{,‘le Z 0}

be a quadrant of R™. Set

q:<9=07'"7Q7km+17km+2'~7k@)E]R”

v~
m n—m
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R cCc Rr—™

Figure 7: Q. \A’

and H = q, that is, the orthogonal complement of q (see Figure 7). For
w € @, we denote by wy the orthogonal projection of w onto H.
Let Q be a compact subset of R" \ A" and set 2, = 2N Q,. Since

weNNIA = InedNQ,, Ny =wg
(see Figure 7), we have
:un—l(aQ N Qn) > Hn—1 ((aQ N QH)H) > Hn—1 ((Qn N aA/)H) :

Here 0 < o < 1 implies that the Jacobian of the map *y : Q. NJA" — H is
uniformly non-degenerate. Therefore there exists € > 0 such that, for every
compact set U C Q. N0OA',

pn-1(Un) = eptn-1(U).

Then we obtain
Un—1(0QN Q) > €tpn_1 (L NOA") . (3.3)
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Summing up (3.3) for k € {—1, 1}", we obtain
,Unfl(aQ) = Z ,Unfl(aQ N Qn)

ke{—1,1}"
>e Y pno1(QNOA)
ke{-1,1}

=e€pn—1(2NOA").

By the isoperimetric inequality (3.1) on R™, we have
1 €
fin—1(09) 25%—1(39) + §Mn—1(9 NoA')
>cpn-1 (02U (2N 0A"))

1

> 1 (Q) 5

which concludes the isoperimetric inequality on R™\ A’. =
We remark that the above theorem implies that the connected sum M,
admits the global Gaussian heat kernel upper bound (3.2).

4 Heat kernel upper bound

4.1 General estimates

Let M, M, be geodesically complete non-parabolic Riemannian manifolds.
We denote by di(z,y), Vi(z,r) and pi(t, x,y) the geodesic distance, the Rie-
mannian volume of the ball and the heat kernel on Mj,, respectively. For closed
sets Ay C M; and Ay C M,y of non-empty interior, let us consider the con-
nected sum M = Mi# ;M along 0A; and 0A, by a joint J. Then the heat
kernel p(t,z,y) on M satisfies the following upper estimate:

Lemma 4.1 Let us fix two families {F;}cr, and {U;}icr, of subsets of M
such that F; are compact, U; are open, F; C U; and

A C U F;.
€l
We set also two families {K;}jer,, {V;}jer, of subsets of My by the same

manner. Let x be a point in My \ U;c;, Ui and y be a point in My \ U, Vi
Then, for allt > 0, the following estimate holds

t/2
p(t7$7y) Szcap(ﬂaUz)/ sup pl(sax7z)ds sup p(s,z,y)
0

ieh z€Ui\F; 0<s<t/2 z€0A1NF;

t/2
+anp(Kj,V})/ sup pa(s,y,z)ds  sup  p(s,z ).
0

ety zeVj\ K 0<s<t/2 2€049NK;

(4.1)
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Moreover, suppose that the heat kernels py(t,x1,x2) of My and ps(t,y1,y2) of
M, satisfy the Gaussian upper estimate (2.8) and the volume functions Vi(x, R)
of My, Va(y, R) of My satisfy the volume doubling property (2.9). For i € I,
let u;j(x) = dy(z,U;) and

fily) = d(y,0A; N Fy).

For j € I, we set v;(y), k;(z) by the same manner. Then

plt,z,y) < Cit™"/? (Z Vluz(—:cy exp (—bl ui(2)” + fz‘(!/)2>

P (x,u;(x)) t

i exp<_b1vj<y>2+kj<x>2>)7 42)

where the constants Cy,by depend only on the constants k, k', 3, 3" in (2.9) and
C,bin (2.8).

Proof. From the argument in the proof of [16, Lemma 3.3], we have

p(t,x,y) < E, (1{TA<t/2}p(t — TA,XTA,y)) +E, (1{7A<t/2}p(t — TA,XTA,ZL')) )
(4.3)
Since A; C ;e 1, Fi, by using the same argument as in the proof of Lemma
2.3, the first expectation in (4.3) can be estimated by

EI(]_{TA<t/2}p(t —TA, XTA7y)) S

Z E, (1{TA<t/2}ﬂ{XTA68A1ﬁFi}p<t — 74, X740, Y)) -
el

Then the strong Markov property yields

E.(Lra<t/2ynix,, coanryp(t — 74, X7yyy))
<P.({ra <t/2} Nn{X,, € 0A; N F}}) sup (s, 2,y).

0<s<t/2 2€0A1NE;
By the same argument as in the proof of Lemma 2.3, we have
P, ({Ta < t/2} N{X,, € 0A N E}) <PM (74 < t/2).
Applying the estimate of the hitting probability (2.2), we obtain
E; (Lra<iyp(t — 7a: X7y,9)) <

t/2
anp(Fian>/ sup pi(s,x, z)ds sup  p(s, 2, y).
0

icly z€U\F; 0<s<t/2 2€0A1NF;
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Similarly we have

Ey (1{7—A<t/2}p(t —TA, XTAVCU)) S
t/2
0

> cap(k;;, Vj)/

JEl2

swp po(s,y,2)ds  swp o pls,za),

z€Vi\K; 0<s<t/2 2€0A9NK

whence we obtain (4.1).
Under the additional conditions (2.8) and (2.9), we have

c ox _fi(y)2

0<s<t/2 z€0A|NF;

and, by Lemma 2.3,

v ui() u;(x)?
su s,x,2)ds < ——————exp | —b— .
[ g s < s e (0G0 )

Substituting them into (4.1), we obtain (4.2). =

4.2 Heat kernel upper bound on M]}W

Fix parameters 1 <m<n—-3,0<a<1,orm=0,a=0,n > 3 and recall
that the subset A = A(m, «) of R™ given by

Alm,a) = {z € R" | h(z) < r(x)*}.

We consider M; = M, = R™ and denote by A; and A, the two copies of A(m, «)
on M; and Ma, respectively. Then M7  denotes My# ;Ms, the connected sum
of My \ Ay and M \ As by a joint J. Our goal of this section is to prove the
following upper estimate of the heat kernel p(¢,x,y) on My, .

Theorem 4.2 There exists L > 1 such that for all x € My \ Ay, y € My \ Ag
satisfying d(x, A) > Lr(z)®, d(y, A) > Lr(z)* and t > 0,

n—3
a 1
< —n/2 T(ZE)
p(t, x?@/) <Ct ( (d(% A) + d(m7 A)(l—a)(n—3)

L (W) n_3+ 1 o bd(ay)?/1
d(y, A) d(y, A)0=)n=5) ‘

Proof. Given a point x € M;, define the sequence of the couples F; C U;
by (2.20), (2.21). Such sequence can be defined in the same way for any point
y € My; in this case we denote the couples by K; C Vj.
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Since by Theorem 3.2 M} , satisfies the isoperimetric inequality (3.1),
Lemma 4.1 implies that

p(t,z,y) <Ct™/? E{Z{)};ﬁ%exp (—blui@f) jfz(y) )
cap(K;, Vj) v;(y)? + k;(z)?
" 3 e (ne )

je{foyun

From the estimates in (2.22), by taking L large enough, for € M; with
d(z,A) > Lr(x)*,

for some C7,Cy > 0. Then we have

d(z,y) <u;(z) + diamU; + fi(y)
<(1+ Co)us(z) + fily),

which implies that
()2 (17)2 2
exp (—b1 wi(®) jfl(y) ) < exp (—bd(zéy) )

for some b > 0.
By the same argument, for y € M, with d(y, A) > Lr(y),

oxp (- BB ¢ o (),

t t

Using the estimate (2.23) from the proof Theorem 2.6, we conclude that

n—3
« 1
p(t,z,y) < Ct ( (d({l?, A) + d(x, A)(lfa)(nf?))

+ (dZS{)/Z))n?) + d(y,A)(}a)(”?’)) exp (—bd(x;y)Q) .

5 Dirichlet heat kernel in the exterior of a
non-compact set

In this section, we study the Gaussian lower bound of the Dirichlet heat kernel
in the exterior of a non-compact set. This is a generalization of such an
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estimate on the exterior of a compact set proved in [15]. The Gaussian lower
bound of the Dirichlet heat kernel plays a crucial role for the lower estimates
of the heat kernel on connected sums (Lemma 6.1).

Let M be a geodesically complete non-parabolic Riemannian manifold that
admits Li-Yau estimate (1.2), that is,

exp (—Bod(m’w) <p(t,z,y) < ﬁ exp (—bod@;y)Q) :
(5.1)

for some constants by, By, ¢p, Co > 0. By Theorem 7.1, (5.1) implies the volume
doubling property

Co

V(z, V1)

V(x,2r) < DoV (x,r), (5.2)

for all x € M, r > 0 and with some constant Dy > 1. For any closed set
A C M, define the hitting probability of A by

Ua(x) =Pyu(14 < 00)

(cf. Section 2).
We say that a set Q2 C M is a good domain with respect to A C M if

v ° for all Q :
a(z) < 4D§Coe or all z € (5.3)
and
Va(x,r) = pw(B(z,r)NQ) > cV(x,r) YereQVr>0 (5.4)

for some ¢ > 0. Clearly, (5.4) implies the volume doubling property for Vo (z,7)
on (). Denote by dg the geodesic distance on ).

In the next theorem, we obtain the Gaussian lower estimate of the Dirichlet
heat kernel papa(t, z,y).

Theorem 5.1 Let Q) be a good domain with respect to A C M. Then for all
r,y€Qandt >0,

1 d9<x7y)2
panalt,z,y) > mexp (—BlT) , (5.5)

where the constants c1, By depend only on the constants by, By, co, Cy from (5.1)
and on the constant Dy from (5.2).

Proof. First we assume that z,y € () satisfies
d(z,y) < do(z,y) < Vi (5.6)
[16, Lemma 3.3] implies that

panalt,z,y) > p(t,z,y)—  sup  p(s,v,y)Va(x)— sup  p(s,w,2)Va(y).

t/2<s<tvEDA t/2<s<twcdA
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From the assumption of the Gaussian lower bound (1.2) for p(¢, z, y) and (5.6),
- Co
Pt o) 2 e T AR V) T R v
Since

B(x,r) C B(y,r +d(z,y)) C B(y,r + V1),
by the volume doubling property on M,

! VeV 1 _V2vy 1 Dj
|4 (y, i) % <y %) Ve, Vi) ~ v <y7 V;) Ve, vt) = V(z, V7

2

and 1 Vi, Vi) 1 Dy
V(o) V() V) T Vi)
Then we get
pmnalt,,y) > m (coe™ — DECo(Wa(x) + ¥a(y))) -

From the assumption (5.3) of €2, we have
¢
DiCo(Wa() + Waly)) < e
and then

67BO > CCO 7BO

WD) Wam( Vi)

for z,y € Q with do(z,y) < V1.

Since Vo(x,r) satisfies the volume doubling condition (5.4), applying the
usual chaining argument (cf. [18]) to arbitrary z,y € 2, we conclude the
theorem. m

panalt,z,y) >

Remark 5.2 Sharp Dirichlet heat kernel estimate on inner uniform domains
is obtained in [17].

6 Heat kernel lower bound

6.1 General estimates

Let M, and M be geodesically complete non-parabolic Riemannian manifolds.
In this section we consider a lower bound of the heat kernel p(t,z,y) on a
connected sum M = M;# ;M of M; and M, along the boundary of A; C M;
and Ay C Ms by J.
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Lemma 6.1 Let U be an open subset of My so that U N Ay # () and let F be
a compact subset of Ay NU. We set W, K C My by the same manner. Let

M{:(Ml\Al)UU, Mé:(MQ\AQ)UW,

and denote by prr(t, v, y) the Dirichlet heat kernel on Mj. Then for allx € Mj,
y € M and t > 0, we have

t/2

1
p(t,r,y) > —cap(F,M{)/ inf par(s,z,2)ds  inf  p(s,z,y)
2 4 z€0F t/2<s<tz€dA NU

t/2

1
+5cap (K7 Mé)/ i%prMé(Saya Z)dS inf p(&%i@-l)
zE

2 t/2<s<tz€dANW
0

Moreover, assume that the heat kernels py(t, z1,z2) on My and ps(t,y1,y2) on
My satisfy the Li-Yau bound (1.2) and the volume functions Vi(x, R) of M
and Va(y, R) of My satisfy the volume doubling property (2.9). Let 2y, Qo be
good domains in My, My with respect to Ay \ U, Ay \ W, respectively. We
suppose that F' C Qy and K C €y, For x € Qq, y € (), we set

F(z) =sup{dq,(z,z) |z € F},
K(y) =sup{da,(y,z) |z € K}.
Then, for all x € Qq, y € Qo and t > 0,
F(z)? 5 rw?

p(t,x,y) > cicap (F,M]) —————e ‘ inf (s, 2,y
(hay) 2 cacp (M) 5o B0 g 5
K(y)? _prw? :
+crcap(K, My)———t——e 7' ¢ inf p(s, z, 4.2
(M) K ) S )

where the constants By, c; > 0 depend only on constants k, 3 from (2.9), and
on constants C,b from (1.2).

Proof. By using [16, Lemma 3.1], the strong Markov property yields

p(tv z, y) ZEI(l{TA<t/2}p(t —TA, XTA7 y))
>E, (Lira<t/23n(x-, comnuyP(t — Ta, Xoyy y))
>P, ({74, <t/2} N {X,, € AiNU}) inf (s, 2,y).

t/2<s<tz€0ANU

Since F' C A; NU, we note that

t t t
TAl\UZ§aIldTF<§:>TA1 <§andXTA1 GAlﬂU
t

t
STANU = 3 and 74,nv < 7
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Then the hitting probability
Py ({74, <t/2} N {X,, € AiNU})

can be estimated from below by the hitting probability to F' by time ¢/2 in
(Ay \ U)¢ = M{ with Dirichlet boundary condition. By using the estimate of
the hitting probability (2.2) on Mj, the following lower estimate holds:

z€0F

t/2
P, ({7a, <t/2} N{X,, € 0A1NU}) > cap(F, M{)/ inf pap (s, 2, 2)ds.
0
Hence we obtain

t/2
pltoy) z cap(FAL) [ inf pugls.n)ds inf plszy) (63)
0

z€0F t/2<s<tz€0A1NU

By the symmetry of p(t,z,y) with respect to x,y, the estimate (6.1) follows.
Under the additional assumptions (1.2), (2.9) of M and F' C €4, we have

F(x)2)

inf pa(s,z,2)ds > ¢

2€0F ‘/1(1', \/g)
by Theorem 5.1, and

[ (P5F) 2 wera e (5 5)

by Lemmas 2.2, 2.4. Substituting into (6.3), we obtain

S

exp <—B

p(t,xz,y) >

F(x)? F(x)? _
dcap (F, M}) —————exp (—B —_— inf p(s,z,y).
( 1) Vl(% F(:C)) ' t /2<s<tz€0A;NU ( )

By the symmetry of p(t,z,y) with respect to x,y, we conclude the lemma. m
Next we need the lower bound for

inf (s, 2,y).
t/2<s<tz€0ANU

Suppose that the heat kernel ps(t,y1,y2) on My satisfies the Li-Yau bound
(1.2). Let €5 be a good domain in M, with respect to J and let us assume
the parabolic Harnack inequality (7.3) for all balls in M \ Qy which do not
intersect the boundary.

For z € 0A;NU, set w = w(z) in Q5 and fix a continuous curve 7, between
z and w of length ¢,. For r > 0, let «; be a connected component of

Bz \ B(QQa QT)

26



containing z, and 7, be a connected component of
v. \ B(J,2r)
containing w. We set
I'y(r) = B(m, ), Ta(r) = B(72,7).
We denote by p, the supremum of » > 0 so that
[i(r) NTa(r) # 0

(see Figure 8).

a141 (')Ag

Figure 8: I'y(r) and T'y(r)

Set

W= U w(z),

z€0A1NU
(= sup /.,
z€0A1NU
R ¢
p T2 zeéﬂmU Pz

For y € €2, set also

W(y) = Sup sz(yaw)
weWw

Then we obtain the following:
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Lemma 6.2 For all y € Qy and t > 202,

. , 2 c V\/(y)2
> — R - _
Zeégfm p(t,z,y) > exp ( H (1 + p2)) o \/i) exp ( B " ) )

where the constant H' depends only on the constants H from (7.3) on M \ €y
and on My, and the constants ¢, B depend only on the constants C,b from

(1.2).

Proof. It should be noted that the Harnack inequality (7.3) holds on
M, from the assumption of the Li-Yau estimate (1.2). Conjunction with the
assumption of the Harnack inequality on M\, for all balls which do not
intersect the boundary, for any z € 9A; NU, we can apply [23, Corollary 5.4.4]
on I'1(p) and T'y(p). Hence there exists H' > 0 such that for all ¢ > 202,

62
p(t, Zay) = exp <_Hl (1 + p_;)) p(t - [ﬁa w7y>
”»
> exp (—H/ (1 + ?)) P\ Ao (T — 0w, y).

Since w,y € €y, Theorem 5.1 implies that

do (w y)z)
t—€2,w, > ;ex (—B# .

By the volume doubling property (7.2), for t > 2¢% > 2(?, we obtain

which concludes the lemma. m

Let n,m,a be as in (1.7) and let A = A (m, ) where the latter is defined
by (1.6). Consider two copies of R™ : M; = My = R"™ and denote by Ay, Ay
the copies of the set A on M; and M, respectively. Consider the connected
sum

M., = My, My = R4, R"

between M; \ A; and M, \ A by J. Here the joint J is defined so that for all
L > 0, there exists a quasi-isometry

feRPNA — M)\ By,
where

A= {x € R" | h(z) < %r(a:)o‘}
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and
Bl ={x € My |d(x, A) > Lr(x)*}.

Note that, by Theorem 2.6, there exists Ly > 0 such that EL c M,
El c M, are good domains with respect to A; = Ay = A(m,«) for all
L > Ly, respectively. Then we obtain the following lower bound of the heat
kernel p(t,z,y) on M . assuming that x and y belong to different copies of

m,o

R"™ and d(z,J), d(y, J), t are large enough:

Theorem 6.3 There exist L > Lo, T > 1 such that, for all z € EL, y € EF
and t > T (d(z,J) + d(y, J))*,

n—m—2
o 1
t > ot /2 r(z)
p( 7x7y) ZC { (d((lf, J) + d(]), J)(l—a)(n—m—?)

n—m—2
r(y)® 1 73@
’ (d(y’ J)) T 2y, D) }6 :

Proof. As we have taken in (2.24), recall

. = (1+‘$—Z,|>x’,ifx’7é0,
(2,0,..,0), if 2/ =0.

For d = d(z, J), we define
U=+ Bm(gd) X Bn—m ((T’(I) + 7d)a) C M

and a compact set

F' =244+ Bin(d) X By (r(734)*),
which has been taken in (2.25). By the same argument as in Theorem 2.6, the

hitting probability
]Pz(TA1\U < OO)

has the same upper bound with respect to the distance d(z, A; \ U). Since
d(F, A\U) = 2d,
by taking L > 1 large enough, for all = € M; \ A; with d > Lr(x)%,
Q=ELu{ze M, : |2 —a44 <2d}

is a good domain with respect to A; \ U containing F' (see Figure 9).
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Q

Q

r(x34)" AU

R™
x3d Zad X5q

Figure 9: Good domain 2 with respect to A; \ U.

Then Theorem 2.6 and Lemma 6.1 imply that

p(t,a,y) >c <(#>H_m_2 + m> exp <—BF(;E)2)

X inf (s, z,y). (6.4)

t/2<s<tz€0A|NU

Next we estimate
inf (s, z,9).
t/2<s<tz€dANU
Due to the quasi-isometry

fo RINA" = M\ By,

the Harnack inequality (7.3) holds on M., \ EJ for all balls which do not

intersect the boundary. For z € 0A; NU, set ¢ = (fQL)_1 (z) € R™\ A". Define
a smooth curve ~,(t) by

L) =fr ((+ 1=t (¢—=¢), 0<t<T, (6.5)

where T'= T'(¢) is the time so that ' + (1 —T)(¢ — (') is on 0A’". Set

wz)=fy ((+1-T)(¢—-()) €dEy, W =U.connvw(z).
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Since the map ff is quasi-isometric, 7(z) < r(¢), T =< r(¢)%, and then
0 =r(2)" =< p, x<d.

Therefore (?/p? is uniformly bounded, and hence Lemma 6.2 implies that, for
all t > 2C?d?* we obtain

D 2
inf p(s,z,y) > ct ™% exp (—B 2(y) ) ) (6.6)

t/2<s<t2€0A1NU t
To finish the proof, we show that there exist By, By > 0 such that
F(x) =sup{da(z,z)|z € F} < Byd(z,y), (6.7)
W(y) =sup {dEQL (y,w)|w € W} < Bod(z,y). (6.8)
From the definition of F',
F(x) <9d+ h(x) + r(x3q)"
Since

h(z) <Cd+ r(x)®,
r(z3q)® <r(x)*+ 3d,

by taking L > Lg large enough, for all x € M; satisfying d > Lr(z)?®, there
exists By > 0 such that

F(z) < Bid < Byd(z,y).

To prove (6.8), we introduce the following notation. For any y € R", we
denote the coordinates of y by

(4" h(h),n(y)) € R™ x R™™™,
where (h(y),n(y)) is the polar coordinates of y—y’ € R"™™ with radius h(y) >
0 and angle n(y) € S*™" L. For y € EL and w = w(z) € W, set
wy :(w/> h(y>7 U(y))
yw =(y' h(y) + h(w), n(y))

(see Figure 10).
Then we obtain
dEQL (y, w) <d(y, yuw) + d(Yuw, wy) + dEQL (wy, w)
<h(w) + d(yw,y) + d(y, x) + d(z, z) + d(z,w)
+ d(w, wy) + dgz (wy, w)
<2h(w) +d(y, z) + d(z,z) + d(z,w) + 2dgr (wy, w).
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Rn—m

=

Figure 10: w, and y,,

Taking L > Lg large enough and x € EL, there exists B, > 0 such that

iy (10, ) <Ch(w).
h(w) <2d(z,w),

d(z,w) <Byd < Bhd(z,y),

d(r,2) <Byd < Byd(z, )

whence we obtain (6.8).
Combining the above estimates (6.4), (6.6), (6.7) and (6.8), we obtain that
the heat kernel p(t,z,y) on M}, , admits the following lower estimate:

a\ n—m—2 2
—n/2 T(‘T> 1 - d(l‘, y)
p(t,z,y) > ct ((—d + mey | P (—B—— _

By the symmetry of p(¢, z, y) with respect to = and y, we conclude the theorem.
|

Finally we prove the rest of Theorem 1.1. Set L > Ly as we have chosen
in the above theorem. The lower bound of p(t,z,y) for x,y € EF has already
proved in Theorem 2.6 and Theorem 5.1 because EL is a good domain with
respect to J. Let us set

C(L) = My o\ (Bf U Ey)

and consider the lower bound of the heat kernel p(t,z,y) on M, , for 2,y €
C(L)orz € EE, ye C(L).
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For z € C(L) U EF, let 7, be a curve from z to E¥ given by the same
manner of (6.5) (v, = const if z € EF). By using the argument in Lemma 6.2,
for all ¢ > 2(¢3 4 (), we have

2

) ez
p(t,x,y) > exp (—H <1 + ; + p—g)) Prpa, (t— 2 (ﬁi + f;) ,w(x),w(y)).
Yy

Since
l, <Cd(x,BY), p, > er(@)* > dd(w, BY),
l, <Cd(y, EY), py > cr(y)® > dd(y, EY),

Theorem 5.1 implies that, for ¢ > T (d(z, Ef) + d(y, ElL))2

c d(x,y)?
p(t,x,y) > mexp (_BT) )

which completes the proof of Theorem 1.1.

7 Appendix
The following theorem is a combined result of [10], [13], [22].

Theorem 7.1 For any geodesically complete non-compact Riemannian man-
ifold M, the following three properties are equivalent:

(i) The Li-Yau bound (1.2).

(i) The Poincaré inequality: there exists P > 0 such that for all x € M,
r >0 and all f € C°(B(z,2r)),

&/(Jf—h@MWMSPW/] V2, (7.1)
B(x,r

B(z,2r)

where

1
= d
fB(ac,’r) V(l’,?") /B(g;,r) f 12

and the volume doubling condition: there exists D > 1 such that for all
zeM,r >0,
V(z,2r) < DV(x,r). (7.2)

33



(i1i) The parabolic Harnack inequality: there exists H > 0 such that for all
x € M, r >0 and for any positive solution u of the heat equation (1.1)
on a cylinder Q@ = (0,72) x B(x,r), the following inequality holds

supu < Hinf u, (7.3)
Q_ Q+

1
Q. = (ZT2,T’2) X B (x, 57‘) ,
1,1 1
QR+ = (Zrz, 51“2) X B (x, 57’) .

Let us use this theorem to verify that the connected sum M, , does not
satisfy the Li-Yau estimate (1.2). Of course, this follows from our main The-
orem 1.1, but one can see directly the failure of the Poincaré inequality (7.1)
on My .

For any closed set A C My, ,, let W4(2) = P.(74 < 00) be the hitting
probability of A (see Section 2). For any a € J and r > 0, we write B, :=
B (a,r) and consider a function f on B, given by

where

1-‘1’@(2) ZE(Ml\Al)ﬂBQT
f(z) = 0 z € JN By, ,
—C (1 — \PW(Z)) z € (M2 \ Ag) N Bgr

where ¢ € R is chosen so that fp, = 0. Since Wz5p- is the equilibrium
potential for cap (J N By,) (cf. [11], [15]), we have

/ IV f?dp < cap (J N By,).
BQT

Moreover we have

2
/ 1 foo Pdu > / 1= Wy dp
Bay (M1\A1)NBa,

2(1 — 6)2,u {Z € (Ml \Al) N BQT . \DWB%(Z) < E}
for all 0 < € < 1. Then we obtain

fBQT IV f[*dp < cap(J N By,)
S, \f = IoouPdi = (1= €)% p{z € Boy N My Wy, (2) < €}

By Theorem 2.6, for all € > 0, there exists L > 0 such that

{Z € By, N M, : \I/JQBQT(Z) < E} D{Z € By, N M, - \I/J(Z) < 6}
DBy, N EL.
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Since EL is a good domain, there exists a positive constant r, > 0 depending
only on a € J such that for all r > r,

p{x € By, N My : Vg, (x) < €} >p (BQT N Ef)

>cr™.

On the other hand, Lemma 2.5 implies that

cap(J N Bsy,) <cap (Bm (4r) X By_m (( r? + 1>a)>
Scrm+a(n—m—2)'

Then we obtain )
Jp, IV f1Pdp C

<
fBzr \f — fBo,|2dp — r2H1-0)n-m=2)

for 7 > r,, which shows that the Poincaré inequality (7.1) fails on M}, .
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