GLUING DERIVED EQUIVALENCES TOGETHER
HIDETO ASASHIBA

ABSTRACT. The Grothendieck construction of a diagram X of categories can be seen
as a process to construct a single category Gr(X) by gluing categories in the di-
agram together. Here we formulate diagrams of categories as oplax functors from
a small category I to the 2-category k-Cat of small k-categories for a fixed com-
mutative ring k. In our previous paper we defined derived equivalences of those
oplax functors. Roughly speaking two oplax functors X, X’: I — k-Cat are de-
rived equivalent if there exist a family of triangle equivalences F(i) from the de-
rived categories D(Mod X (7)) to D(Mod X'(7)) indexed by the objects ¢ in I such
that for each morphism a: ¢ — j in I F(j)D(Mod X)(a) is naturally isomorphic to
D(Mod X')(a)F (i), where D(Mod X)(a): D(Mod X (7)) — D(Mod X'(¢)) is given by
the left derived tensor product with a X (7)-X’(¢)-bimodule X (a) naturally defined
by the functor X (a): X (i) — X(j). In this paper we glue the derived equivalences
F(i) together to obtain a derived equivalence between Grothendieck constructions
Gr(X) and Gr(X’), which shows that if oplax functors are derived equivalent, then
so are their Grothendieck constructions. This generalizes and well formulates the fact
that if two k-categories with a G-action for a group G are “G-equivariantly” derived
equivalent, then their orbit categories are derived equivalent. As an easy application
we see by a unified proof that if two k-algebras A and A’ are derived equivalent,
then so are the path categories AQ and A’Q for any quiver Q; so are the incidence
algebras AS and A’S for any poset S; and so are the semigroup algebras AG and A'G
for any semigroup G. Also we will give examples of gluing of many smaller derived
equivalences together to have a larger derived equivalence.

1. INTRODUCTION

This is a continuation of the paper [6]. We fix a small category I and a commutative
ring k and denote by k-Cat (resp. k-Ab, k-Tri) the 2-category of small k-categories
(resp. abelian k-categories, triangulated k-categories). For a k-category C a (right)
C-module is a contravariant functor from C to the category Modk of k-modules, and
we denote by ModC (resp. PrjC, prjC) the category of C-modules (resp. projective
C-modules, finitely generated projective C-modules).

A k-category C with an action of a group G have been well investigated in connec-
tion with a so-called covering technique in representation theory of algebras (see e.g.,
[8]). The orbit category C/G and the canonical functor C — C/G are naturally con-
structed from these data, and one studied relationships between Mod C and Mod C/G.
We brought this point of view to the derived equivalence classification problem of al-
gebras in [1], and a main tool obtained there was fully used in the derived equivalence
classifications in [2, 3]. The main tool was extended in [4] in the following form:
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Theorem 1.1. Let G be a group acting on categories C and C'. Assume the condition

(x) There exists a G-stable tilting subcategory E of KP(prjC) such that there is a
G-equivariant equivalence C' — E.

Then the orbit categories C/G and C' /G are derived equivalent.

(In the above, E' is said to be G-stable if the set of objects in F is stable under
the G-action on KP(prjC) induced from that on C.) Observe that if we regard G as
a category with a single object %, then a G-action on a category C is nothing but a
functor X : G — k-Cat with X (x) = C; and the orbit category C/G coincides with
(the k-linear version of) the Grothendieck construction Gr(X) of X defined in [10].

The purpose of this paper is to generalize this theorem to an arbitrary category [
and to any oplax functors X, X': I — k-Cat (roughly speaking an oplax functor X is
a family (X ())ez, of k-categories indexed by the objects i of I with an action of I, the
precise definition is given in Definition 2.1). Recall that if C is a category with an action
of a group G, then the module category Mod C (resp. the derived category D(ModC))
has the induced G-action; thus both of them are again categories with G-actions. Hence
for an oplax functor X the “module category” Mod X (resp. the “derived category”
D(Mod X)) should again be a family of categories with an [-action, i.e., an oplax
functor from I to k-Ab (resp. to k-Tri). In addition, we need a notion of equivalences
between oplax functors for two purposes:

(a) to generalize the statement (x); and
(b) to define a derived equivalence of oplax functors X, X’ by an existence of an
equivalence between oplax functors D(Mod X)) and D(Mod X').

To define equivalences of objects we need notions of 1-morphisms and 2-morphisms,
thus we need a 2-categorical structure on the collection of oplax functors, i.e., it is

needed to define a 2-category Oplax(/, C) of all oplax functors from I to a 2-category
C, which can be used for both (a) and (b) above. Having these things in mind we see
that to generalize the theorem above we have to solve the following problems:

(1) Define the “module category” of an oplax functor again as an oplax functor.

(2) Define the “derived category” of an oplax functor as an oplax functor.

(3) Give a natural definition of an equivalence between oplax functors using 2-
morphisms of the 2-category of oplax functors.

(4) Give a condition on a l-morphism between oplax functors to be an equivalence.

(5) Give a natural definition of a derived equivalence between oplax functors by the
equivalence (defined in (3)) of their “derived categories” defined in (2).

(6) Characterize the existence of derived equivalences of oplax functors by tilting
subcategories, which turns out to be a generalization of Rickard’s Morita theorem for
oplax functors.

(7) Induce a derived equivalence of Grothendieck constructions of oplax functors
from the existence of tilting subcategories, which will be a generalization of the theorem
above.

In our previous paper [6] we have solved the problems (1) — (6) and made clear the
meaning of the condition (x) in the setting of oplax functors. In this paper we solve
the problem (7), and in addition we give a unified way to solve (1) and (2) using the
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following general statement on compositions with pseudofunctors (cf. Gordon—Power—
Street [9, Subsection 5.6)):

Theorem (Theorem 6.5). Let B, C and D be 2-categories and V: C — D a pseudo-
functor. Then the obvious correspondence (see subsection 9.1 for details)

Oplax(B, V) : Oplax(B, C) — Oplax(B, D)
turns out to be a pseudofunctor.

The solutions of (1) and (2) use the correspondence on objects given by the pseudo-

functor Oplax(B, V). The correspondence on 1-morphisms is needed also to solve (7).
The following is our main result (see Definition 7.4 for definitions):

Theorem (Theorem 8.1). Let X, X’ € Oplax([,k-Cat). Assume that there exists a

tilting oplax functor T for X such that T and X' are equivalent in Oplax([,k-Cat).
Then Gr(X) and Gr(X') are derived equivalent.

Note that there is an easier way (Lemma 7.1, a solution of (4)) to verify that 7 and

X' are equivalent in Oplax(7,k-Cat) in the above. This theorem can be used to glue
many derived equivalences together as shown in Example 8.5.
The paper is organized as follows. In section 2 we recall the definition of the 2-

category Oplax (I, C) of oplax functors from a category I to a 2-category C. In section

3 we first define a diagonal 2-functor A: k-Cat — Oplax(/,k-Cat) in an obvious
way, and introduce a notion of I-coverings (F,v): X — A(C) for an oplax functor

X € Oplax(I,k-Cat)y and C € k-Catq (the subscript 0 stands for objects) as a gen-
eralization of G-coverings for a group G. In section 4 we define a k-linear version of

Grothendieck construction as a 2-functor Gr: Oplax(/,k-Cat) — k-Cat and introduce
the canonical morphism (P, ¢): X — A(Gr(X)). In section 5 we will show that the
Grothendieck construction is a strict left adjoint to the diagonal 2-functor with counit
given by the family of canonical morphisms, in particular, this shows that the canonical
morphism (P, ¢): X — A(Gr(X)) is an [-covering and any other I-covering X — A(C)
is given as the composite of this followed by A(H) for an equivalence H: Gr(X) — C.
This will be used in the proof of the main result. In section 6 we redefine the module
oplax functor Mod X : I — k-Ab and its derived oplax functor D(Mod X): I — k-Tri

for an oplax functor X € Oplax(/,k-Cat)q by using Theorem 6.5. In addition, we also

platinin

define KP(prj X) for X € Oplax(/,k-Cat), and show that this construction preserves

I-precoverings, which is also used in the proof of the main result. It is obvious that the

definitions given here coincide with those given in our previous paper [6]. In section 7
pribil

we recall the definition of derived equivalences of oplax functors in Oplax (7, k-Cat) and
the theorem characterizing the derived equivalence by tilting oplax functors (Theorem
7.5). In section 8 we give a proof of Theorem 8.1, and give some applications including
an example of gluing of pieces of derived equivalences together to have larger one. In
the last section we give a proof of Theorem 6.5.
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2. PRELIMINARIES

Throughout this paper I stands for a category. In this section we recall the definition
of the 2-category of oplax functors from I to a 2-category from [6] (see also Tamaki

[13]).

Definition 2.1. Let C be a 2-category. An oplax functor from I to C is a triple
(X, n,0) of data:

e a quiver morphism X: I — C, where I and C are regarded as quivers by
forgetting additional data such as 2-morphisms or compositions;
e a family 1 := (1;)ics, of 2-morphisms 7;: X(1;) = 1x; in C indexed by i € Io;
and
e a family 0 := (0y0)(pe) Of 2-morphisms 6, ,: X (ba) = X (b)X(a) in C indexed
by (b,a) € com(l) := {(b,a) € I} x I | ba is defined}
satisfying the axioms:

(a) For each a: i — j in I the following are commutative:

X (al) =2 X (a) X (1;) X(La) 225 X (1,)X (a)
\ ﬂx(am and \ \H/WX(G) ; and
X(a)lx Ly X (a)

(b) For each i = j 2k S Lin I the following is commutative:

X (cba) e X (¢)X (ba)

gcb,aﬂ/ H/X(C)eb,a

X ()X (a) 5= X(OX (D)X ().
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Definition 2.2. Let C be a 2-category and X = (X,n,0), X' = (X',n,0') be oplax
functors from I to C. A 1-morphism (called a left transformation) from X to X' is a
pair (F,) of data
e a family F' := (F(i));es, of 1-morphisms F(i): X (i) — X'(i) in C indexed by
1 € Ip; and
e a family ¢ := (¥(a))aer, of 2-morphisms ¢(a): X'(a)F (i) = F(j)X(a) in C

indexed by a: ¢ — j in I;:

x(6) 2 x)

X(a)i y lX/(a)

X(j) WX/(]')

satisfying the axioms

(a) For each i € [ the following is commutative:

X'(1)F (i) 224 p()X (1)
niF(i)M ﬂF(z’m ; and
Txr(i) F'(i) F (i) Lx

(b) For each i = j 2 k in I the following is commutative:

0,0 F'(9)

X'(ba)F (i) ——= X'(b)X'(a)F (i) X'(b)F(5)X(a)

w(ba)ﬂ ﬂw(b)X (a)

F(k)X (ba) F(K)X ()X (a).

X' (b)¢(a)
—_—

F(k)0y,q

Definition 2.3. Let C be a 2-category, X = (X,n,0), X' = (X',7,0') be oplax
functors from I to C, and (F, ), (F’,¢’) 1-morphisms from X to X’. A 2-morphism
from (F, %) to (F',4') is a family ¢ = ({(7))ies, of 2-morphisms ((i): F(i) = F'(i) in
C indexed by ¢ € I such that the following is commutative for each a: ¢ — j in I:

X'(a)F(i) =29 x7(a) F/(d)

¥(a) '(a
. ﬂ CHX@ .. ﬂw “
F(j)X(a) =——= F'(j) X (a).

Definition 2.4. Let C be a 2-category, X = (X,n,0), X' = (X',7,0') and X" =
(X", n",0") be oplax functors from [ to C, and let (F,¢): X — X', (F',¢'): X' —
X" be 1-morphisms. Then the composite (F',¢')(F,v) of (F,v) and (F',¢') is a
1-morphism from X to X" defined by

(F" ") (F ) = (F'F,4) o 1)),
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where F'F = ((F'(i)F(i))icr, and for each a: ¢ — j in I, (¢ o ¢)(a) := F'(j)¢(a) o
Y'(a)F (1) is the pasting of the diagram

F(i) (i)

X (4) X'(i) X"(4)
X(a)l %’(a)l (@) \LX”(a)
X(7) X'(4) X" (3).

£(5) F'(5)

The following is straight forward to verify.

Proposition 2.5. Let C be a 2-category. Then oplax functors I — C, 1-morphisms be-
tween them, and 2-morphisms between 1-morphisms (defined above) define a 2-category,

P b
which we denote by Oplax ([, C).

3. I-COVERINGS

In this section we introduce the notion of I-coverings that is a generalization of that
of G-coverings for a group G introduced in [4]. This will be used in the proof of our
main theorem.

Definition 3.1. We define a 2-functor A: k-Cat — Oplax(/, k-Cat) as follows, which
is called the diagonal 2-functor:

e Let C € k-Cat. Then A(C) is defined to be a functor sending each morphism
a:1— jin I to1g: C — C.
e Let £: C — C' be a 1-morphism in k-Cat. Then A(E): A(C) — A(C) is a
— =
l-morphism (F, 1) in Oplax(/,k-Cat) defined by F(i) := E and ¥(a) := 1g
for each 7 € Iy and each a € I;:

c—Lsc

1k

C—>C'.
e Let £, E': C — (' be 1-morphisms in k-Cat, and a: £ — E’ a 2-morphism

in k-Cat. Then A(a): A(E) — A(E’) is a 2-morphism in Oplax(/,k-Cat)
defined by A(«) := (@)ier,-

Remark 3.2. Let C be a 2-category, X = (X,n,0) € Oplax(/,C), and C' € C,.
Further let

e [’ be a family of 1-morphisms F'(i): X (i) — C in C indexed by i € Iy; and
e ¢ be a family 2-morphisms ¢ (a): F(i) = F(j)X(a) indexed by a: i — j in I:

(4)

—~

!

X(i) —=C

ol

X(§) —
) 55 €

N\

!
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Then (F,) is in Oplax(/, C)(X, A(C)) if and only if the following hold.

(a) For each i € I the following is commutative:

F() —2P() x (1)

N Jrom

F (i) Dx

(b) For each i = j 2 k in I the following is commutative:

F(i) Y P(G)X(a)
w(ba)ﬂ Y(b) X (a)
F(k)X (b0) 5= F(RX(8)X (0

Definition 3.3. Let C € k-Cat and (F,v): X — A(C) be in Oplax(I,k-Cat). Then
(1) (F,%) is called an I-precovering if the homomorphism

(F)l: @ X(G)(X(a)r,y) — C(F(i)z. F(j)y)

a€l(i,j)

of k-modules defined by (f,: X(a)r — ¥)aci(ij) — Zad(m) F(3)(fa) o¥(a)(x)
is an isomorphism.

(2) (F,%) is called an I-covering if it is an I-precovering and is dense, i.e., for each
¢ € Cy there exists an i € [y and x € X (i) such that F(i)(z) is isomorphic to
cin C.

4. GROTHENDIECK CONSTRUCTIONS

%
In this section we define a 2-functor Gr: Oplax(/,k-Cat) — k-Cat whose corre-
spondence on objects is a k-linear version of (the opposite version of) the original
Grothendieck construction (cf. [13]).

Definition 4.1. We define a 2-functor Gr: Oplax(7,k-Cat) — k-Cat, which is called
the Grothendieck construction.
On objects. Let X = (X,n,0) € Oplax(/,k-Cat),. Then Gr(X) € k-Cat is
defined as follows.
o Gr(X)o :=U;ep {1} x X(i)o = {iz = (i,2) | i € lo,r € X(i)o}.
e For each ;z, ;y € Gr(X)y, we set

Cr(X) G, 59) == P X()(X(a)z,y).

a€l(i,j)
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e For each ;z,;y,52 € Gr(X)o and each f = (fo)acriiyy € Gr(X)(iz,;y), g =
(gv)veriir) € Gr(X)(y, k2), we set

gof =1 Y. goX(b)faobhr :
a€l(i,j)
be I(j,k)
c=ba ceI(i,k)

where each summand is the composite of

X(ba)e 2% x0)X (a)z 220 x by & -

On 1-morphisms. Let X = (X, n, 6’) X'=(X',n',0") be objects of m(l,k-Cat)
and (F,1): X — X’ a l-morphism in Oplax(] k-Cat). Then a 1-morphism
Gr(F, 4): Gx(X) — Gr(X')
in k-Cat is defined as follows.
e For each ;x € Gr(X)o, Gr(F,¢)(;x) := ;(F(i)z).
e For each ;z,;y € Gr(X)o and each f = (fi)acrj) € Gr(X)(iz,;y), we set
Gr(F,¥)(f) = (F(j)fa 0 ¥(a)x)acr(,j), where each entry is the composite of
X'(a)F(i)e 2% F(j) X (a)e 222 F(j)y.

On 2-morphisms. Let X = (X,7,0), X’ = (M ") be objects of (m((f, k-Cat)
and (F, ), (F',¢"): X — X{’inorphisms in Oplax(/,k-Cat), and let (: (F,v¢) =
(F',4') be a 2-morphism in Oplax(I,k-Cat). Then a 2-morphism

Gr(¢): Gr(F,¢) = Gr(F',¢")
in k-Cat is defined by
Gr(Q)it = (Bun (@) )acrir: s(F(0)2) — o(F' (1)
in Gr(X’) for each ;x € Gr(X)y.

Definition 4.2. Let X € Oplax(/,k-Cat). We define a left transformation (Px, ¢x) :=
(P,¢): X — A(Gr(X)) (called the canonical morphism) as follows.

e For each i € I, the functor P(i): X (i) — Gr(X) is defined by
P(i)x = x
{P(Z)f = (0ap, f o (mix ))aeI(H) i — ¢y in Gr(X)
for each f: 2 — y in X(4).
e For each a: i — j in I, the natural transformation ¢(a): P(i) = P(j)X(a)

P(i)

X (1) — Gr(X)
X(“)l $(a)

X(j) = Gr(X)
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is defined by ¢(a)x := (9p,alx(a)z)ber(ij) for all x € X (i)o.

Lemma 4.3. The (P, ¢) defined above is a 1-morphism in Oplax(/,k-Cat).

Proof. Straightforward. O

Proposition 4.4. Let X € Oplax([,k-Cat). Then the canonical morphism (P, ¢): X —
A(Gr(X)) is an I-covering. More precisely, the morphism

(P.o)): €D X()(X(a)x,y) — Gr(X)(P(i)z, P(j)y)
a€l(i,j)
is the identity for each i,j € Iy and for each v € X (i), y € X(j).

Proof. By the definitions of Gr(X), and of P it is obvious that (P, ¢) is dense. Let
i,j € Iy and z € X(i), y € X(j). We only have to show that

(Po)): D X(G)(X(a)z,y) — Ge(X)(P(i)z, P(j)y)
acl(i,j)
is the identity. Let f = (fa)ac1(ij) € Ducriiyy X (1) (X(a)z,y). Then
(P.o)5o(f) = > PU)fa) o dla)e
a€l(i,5)

= Z ((sb,ljfa o (njx))bef(j,j) o (6c,a]1X(a)m>c€I(i,j)

a€l(i,5)

= D> | DL Genfao () 0 bealx(px(ae © O

c€l(i,5)
d=bc del(i,j)
= > (Baafao (nz) © Lxyxcas © 0.0) gy
a€l(i,j)
= (fa o (77]'%’) © elj,ax)ael(z‘,j) = (fa)ad(i,j)
=/
as required. -

Lemma 4.5. Let X € Oplax(/,k-Cat)y and H: Gr(X) — C be ink-Cat and consider

the composite 1-morphism (F,¢): X B9, A(Gr(X)) 2W), A(C). Then (F,1) is an

I-covering if and only if H is an equivalence.

Proof. Obviously (F,v) is dense if and only if so is H. Further for each i,j € Iy,
z € X(i) and y € X(j), (F,¢)\} is an isomorphism if and only if so is H,, ., because
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we have a commutative diagram

Brcriey XX (@) 0) 2 (P iy, Fl)y).

P

Gr(X)(iz, jy)

Hiz, iy

7

5. ADJOINTS

In this section we will show that the Grothendieck construction is a strict left adjoint
to the diagonal 2-functor, and that I-coverings are essentially given by the counit of
the adjoint.

Definition 5.1. Let C € k-Cat. We define a functor Qc: Gr(A(C)) — C by
o Qc(;x) :=x for all ;o € Gr(A(C))o; and
o Qc((fa)act(ig)) = Zael(i,j) fo for all (fo)aeriiy) € Gr(A(C))(iz, ;y) and for all
i, 7y € GI(A(C))o.
It is easy to verify that ()¢ is a k-functor.

Theorem 5.2. The 2-functor Gr: Oplax(/,k-Cat) — k-Cat is a strict left 2-adjoint
?
to the 2-functor A: k-Cat — Oplax(/,k-Cat). The counit is given by the family of
%
canonical morphisms (Px, ¢x): X — A(Gr(X)) indexed by X € Oplax([,k-Cat), and

the unit is given by the family of Qc: Gr(A(C)) — C defined as above indexed by
C € k-Cat.

In particular, (Px,¢x) has a strict universality in the comma category (X | A),
i.e., for each (F,¢): X — A(C) in m{(],k—()at) with C € k-Cat, there ezists a
unique H: Gr(X) — C in k-Cat such that the following is a commutative diagram in
Oplax(I, k-Cat):

(F)

X A(C).
7
(PX,¢>X)J/ - /A(H)
A(Gr(X))

Proof. For simplicity set ¢ := ((Px, QSX))Xe(Op—LaX(Lk—Cat)o and 7 := (Qc)cex-Cato-
Claim 1. An-cA = 1a.
Indeed, Let C € k-Cat. It is enough to show that A(Qc¢) - (Pa), ¢ac)) = la()-

Now

LHS = ((QePa)())ien: (Qedae)(@)aen) » and

RHS = ((ﬂc)ielov (Illc)aeh) .
First entry: Let ¢ € I. Then Q¢Pa(c)(i) = ¢ because for each z,y € Cy and each
f € C(x,y) we have (QcParc)(i))(z) = Qcliz) = x; and (QcPae)(i))(f) = (dap, f -
((Ma@©)i ®))act = Dacri datif =T
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Second entry: Let a: i — jin I. Then Qcoa(c)(a) = 1y, because for each z € Cy we

have QC (¢A(C)(a)x) = QC ((5b,a]1A(C)(a)x)b€I(i7j)) = Zbe[(i,j) 5b7a1lar =1, = ]llcaz- This
shows that LHS = RHS.

Claim 2. nGr-Gre = 1g,.

Indeed, let X € Oplax(/,k-Cat). It is enough to show that Qa(x) - Gr(Px, ¢x) =
Tar(x).-

On objects: Let ;o € Gr(X)o. Then Qe x) (Gr(Px, ¢x)(2)) = Qarx)((Px(i)x)) =
i L.
On morphisms: Let f = (fa)acriy): ¢ — jy bein Gr(X). Then Qcrx) Gr(Px, ¢x)(f) =
Qar(x) (Px () (fa) © 0x(0))acr(i ) = Saeruy) Px () (fa) 0 ox(a)e = (Px, $x)5(f) =
f. Thus the claim holds.

The two claims above prove the assertion. [l

Corollary 5.3. Let (F,¢): X — A(C) be in Oplax(I,k-Cat). Then the following are
equivalent.

(1) (F,v) is an I-covering;
(2) There exists an equivalence H: Gr(X) — C such that the diagram

(F)

X A(C)
(PX7¢X)\L A
A(Gr(X))
18 strictly commutative.
Proof. This immediately follows by Theorem 5.2 and Lemma 4.5. U

6. THE MODULE OPLAX FUNCTOR

Let X: I — k-Cat be an oplax functor. In this section we simplify the definition
of the “module category” Mod X of X as an oplax functor I — k-Cat given in our
previous paper [6]. Recall that the module category ModC of a category C € k-Cat
is defined to be the functor category k-Cat(C°?, Modk), where Modk denotes the
category of k-modules. Since k-Cat is a 2-category, this is extended to a representable
2-functor

Mod’ := k-Cat((-)°®, Mod k) : k-Cat — k-Ab“°P.
As is easily seen the composite Mod’ 0 X turns out to be an oplax functor I — k-Ab®°P,
i.e., a contravariant lax functor I — k-Ab. When X is a group action, namely when
I is a group G and X: G — k-Cat is a functor, the usual module category Mod X
with a G-action of X was defined to be the composite functor Mod X := Mod' oX o1,
where i: G — G is the group anti-isomorphism defined by z + 2~ for all z € G. In
this way we can change Mod’ oX to a covariant one. But in general we cannot assume
the existence of such an isomorphism i. Instead in this paper we will use a covariant
“pseudofunctor” Mod: k-Cat — k-Ab defined below and will define Mod X as the
composite ModoX, which can be seen as a “lax” extended version of the module
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category construction of a category with a G-action stated above. We start with a
notion of oplax functors from a 2-category to a 2-category.

Definition 6.1. Let B and C be 2-categories.
(1) An oplax functor from B to C is a triple (X, n,0) of data:

e a triple X = (Xo, Xy, Xs) of maps X;: B; — C; (B; denotes the collection
of i-morphisms of B for each i = 0,1,2) preserving domains and codomains
of all 1-morphisms and 2-morphisms (i.e. X;(B;(4,7)) € Cy(Xoi, Xoj) for all
i,j € Bp and X5(Bs(a,b)) C Co(Xja,X1b) for all a,b € By (we omit the
subscripts of X below));

e a family 7 := (7;)ieB, of 2-morphisms 7,: X (1;) = 1x(; in C indexed by ¢ € By;
and

e a family  := (0y.4)(s,a) Of 2-morphisms 6 ,: X (ba) = X (b)X(a) in C indexed
by (b,a) € com(B) := {(b,a) € By x By | ba is defined}

satisfying the axioms:

(i) (Xi1,X3): Bya — Cy is a functor (B denotes the category defined by B
and BQ),
(ii) For each a: i — j in B the following are commutative:

Ga 1; 01]',0

X(al;) = X(a)X(1,) X (1ja) == X(1;)X(a)
\ ﬂX(a)m and \ ﬂnjx(a) ;
X(a)lx) Lx(;X(a)

(iii) For each i % j 2 k< 1 in B, the following is commutative:

b

X (cha) —=— X (¢)X (ba)

ecb,aﬂ H/X(C)eb,a , and

X(ch) X (a) =——— X(c)X(b) X (a)

ec,bX(a)
(iv) For each a,a’: i — j and b,b': j — k in By and each a: a — da/, 3: b — V' in
B; the following is commutative:

b,a

X (ba) —=2 X (b) X (a)
X(ﬁ)*X(a)ﬂ ﬂX(ﬁ*a)
X (V') —2' X (1) X ().
(2) A laz functor from B to C is an oplax functor from B to C®. (C® denotes the

2-category obtained from C by reversing the 2-morphisms.)
(3) A pseudofunctor from B to C is an oplax functor with all 7; and 6, , 2-isomorphisms.

(4) We define a 2-category Oplax(B, C) consisting of all oplax functors B — C by
— )
the same way as in the definition of Oplax(/, C).



GLUING DERIVED EQUIVALENCES TOGETHER 13

Remark 6.2. (1) Note that a (strict) 2-functor from B to C is a pseudofunctor with
all n; and 6, , identities.

(2) By regarding the category I as a 2-category with all 2-morphisms identities, the
definition above coincides with Definition 2.1.

Example 6.3. (1) Since k-Cat is a 2-category, Mod’ := k-Cat((-)°?, Mod k) : k-Cat —
k-Ab®° is a 2-functor, which we can regard as a contravariant lax functor

Mod’ := k-Cat((-)°?, Mod k) : k-Cat — k-Ab.

(2) We define a pseudofunctor Mod: k-Cat — k-Ab as follows.

e For each C € k-Cat, we set Mod C := Mod’C.

e For each F: C — (' in k-Cat; we set Mod F' := -®¢F: ModC — Mod(,
where F is the C-C’-bimodule defined by F(z,y) := C'(y, F(x)) for all z € Cy,

y € C), which we sometimes write as F := C'(?, F(-)).

e For each a: F = G in k-Cat, (with F,G: C — (' in k-Cat;) we define
Mod a: Mod F' = Mod G by setting (Mod )z := C'(?, ax): C'(?, Fx) = C'(?, Gx)
for all x € Cy.

e For each C € k-Cat we define n¢: Mod I¢ = lyoqc by setting neM: M ®¢
C(?,-) — M to be the canonical isomorphisms for all M € ModC.

e For each pair of functors C L ¢ % ¢” in k-Cat we define Ocr: ModGF =
Mod G o Mod F' as the inverse of the canonical isomorphism

-@cC' (7, F() ®@c C"(7,G(-)) = -®@cC" (7, GF(-)).

It is straightforward to check that this defines a pseudofunctor.
(3) Denote by k-ModCat the 2-subcategory of k-Ab consisting of the following:

e objects: ModC with C € k-Caty,
e l-morphisms: functors between objects having exact right adjoints, and
e 2-morphisms: all natural transformations between 1-morphisms.

Then note that the pseudofunctor Mod: k-Cat — k-Ab defined above can be seen
as a pseudofunctor k-Cat — k-ModCat. For each ModC with C € k-Caty we
denote by K,(ModC) the full subcategory of the homotopy category K(ModC) of
Mod C consisting of homotopically projective objects M, i.e., objects M such that
K(ModC)(M, A) = 0 for all acyclic objects A. Recall that there is a natural embedding
je: Ky(ModC) — D(ModC) having a left adjoint pe such that there exists a quasi-
isomorphism 7¢ M : jepeM — M for each M € D(ModC) and that pcje = Ik, nodc)-
Then we can define a pseudofunctor D: k-ModCat — k-Tri as follows.

e For each ModC in k-ModCat, with C € k-Cat we set D(ModC) to be the
derived category of ModC.

e For each F': ModC — Mod(’ in k-ModCat;, F naturally induces a functor
KF: K(ModC) — K(Mod(C’), which restricts to a functor IC,F': K,(ModC) —
K,(ModC') because F' has an exact right adjoint. Then we set DF' to be the
left derived functor LF': D(ModC) — D(Mod (') of F, which is defined as the
composite LF := jo (K, F)pe.
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e Foreach a: F' = F’"ink-ModCat, with ', F': ModC — Mod C’ in k-ModCat,
« naturally induces a natural transformation K,a: K, F = K, F’. Then we de-
fine Do := jo (Kpa)pe.

o We define nyodc: P(Imodc)(= jePc) = Ipaiodc) bY Mvodc = (MeM) pep(Modc)-

o Note that for each Mod C £ Mod ¢’ £ Mod €” in k-ModCat; we have L(F'o
F) = LF' o LF because peijer = I, (modc)- We define 0p p: L(F' o F) =
LI’ o LF as the identity lyprop).
It is straightforward to check that this defines a pseudofunctor.

Example 6.4. (1) We define a pseudofunctor prj: k-Cat — k-add as the subpseudo-
functor of Mod: k-Cat — k-Ab — k-add by setting prjC to be the full subcategory of
Mod C consisting of finitely generated projective C-modules for each C € k-Cat,, where
k-add is the full 2-subcategory of k-Cat consisting of additive k-categories. Then for
each F': C — C’ in k-Cat; and each x € Cy we have

(prj F)(C(, z)) = C(~, x) ®c I = C'(-, F(x)). (6.1)
Note that we can define two 2-functors @: k-Cat — k-add and sic: k-add — k-add
by forming formal additive hulls (see e.g., [2, Subsection 4.1]) and by taking split
idempotent completions (see e.g., [4, Definition 3.1]), respectively. Then the Yoneda
embeddings Yc: C — prjC, z — C(-,z) (C € k-Caty) induce a natural 2-isomorphism
Y. sico® = prj:

k-Cat s k-add.
\ QHY i
(5] sic
k-add

(2) A 2-functor KP: k-add — k-Tri is canonically defined by setting KX"(C) to be
the homotopy category of bounded complexes in C for each C € k-add. Then the

composite pseudofunctor K" o prj: k-Cat — k-Tri turns out to be a subpseudofunctor
of Do Mod: k-Cat — k-Tri.

The following is a useful tool to define new oplax functors from an old one by
composing with pseudofunctors. The proof will be given in the last section.

Theorem 6.5. Let B, C and D be 2-categories and V: C — D a pseudofunctor. Then
the obvious correspondence (see subsection 9.1 for details)

e e e
Oplax(B, V) : Oplax(B, C) — Oplax(B, D)
turns out to be a pseudofunctor.

Definition 6.6. Let X = (X, n,0) € Oplax(/,k-Cat).
(1) We define the module oplax functor Mod X = (Mod X, Modn, Mod 6): I°P

k-ModCat of X as the composite Mod X := ModoX = Oplax(I,Mod)(X): I

k-Cat % k-ModCat. By applying Theorem 6.5 to B := I, C := k-Cat, D :=

k-ModCat and V' := Mod (Example 6.3(2)) we see that Mod X € Oplax(/,k-ModCat).
Then we have

—
X
—
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e for each i € Iy, (Mod X)(i) = Mod(X(4)); and

e for each a: i — j in I the functor (Mod X)(a): (Mod X)(i) — (Mod X)(y) is
given by (Mod X)(a) = - ®x(;) X(a), where X(a) is an X (7)-X(j)-bimodule
defined by

X(@)(z,9) == X()(y, X (0)(x))
for all z € X (7)o and y € X (j)o.

(2) By Theorem 6.5 and Example 6.3 we can define an oplax functor D(Mod X)) €
m{(l, k-Tri) as the composite D(Mod X) := D o Mod X, which we call the derived
module oplaz functor of X. Then for each a: i — j in I, D(Mod X)(i) DlMod X)(e),
D(Mod X)(j) is equal to

D(Mod X (i) B X, D(Mod X (5)).

(3) By Theorem 6.5 and Example 6.4 we can define a pseudofunctor
P P D
Oplax (I, K" o prj): Oplax(/,k-Cat) — Oplax(I,k-Tri)

sending each X € Oplax(I,k-Cat) to KP(prj X). By the remark in Example 6.4(2)
KP(prj X) is an oplax subfunctor of D(Mod X).

Proposition 6.7. The pseudofunctor K" o prj preserves I-precoverings, that is, if
%
(F,¢): X — A(C) is an I-precovering in Oplax(I,k-Cat) with C € k-Cat, then so is
%
K2 (prj (F, )2 K(prj X) — AK(prj €)) im Oplax(f, k-Tr).
Proof. 1t is straightforward to verify that the 2-functors @, sic and K" defined in

Example 6.4 preserve [-precoverings. Then the assertion follows from the natural 2-
isomorphism Y : sico® = prj. U

7. DERIVED EQUIVALENCES OF OPLAX FUNCTORS

In this section we recall necessary terminologies and the main theorem in our previous
paper [6]. First we cite the following. See [6] for the proof.
Lemma 7.1. Let C be a 2-category and (F,1): X — X' a 1-morphism in the 2-
—— —
category Oplax(I, C). Then (F,v) is an equivalence in Oplax(I, C) if and only if
(1) For eachi € Iy, F(i) is an equivalence in C; and
(2) Foreacha € Iy, 1(a) is a 2-isomorphism in C (namely, (F,v) is I -equivariant).

Definition 7.2. Let X, X’ € Oplax(/,k-Cat). Then X and X' are said to be derived
%
equivalent if D(Mod X') and D(Mod X') are equivalent in the 2-category Oplax (7, k-Tri).
By Lemma 7.1 we obtain the following.

Proposition 7.3. Let X, X' € Oplax([l,k-Cat). Then X and X' are derived equiv-
alent if and only if there exists a 1-morphism (F,v): D(Mod X) — D(Mod X’) in

#
Oplax(I,k-Tri) such that
(1) For each i € Iy, F(i) is a triangle equivalence; and



16 HIDETO ASASHIBA
(2) For each a € I, ¥(a) is a natural isomorphism (i.e., (F, ) is I-equivariant).

A k-category A is called k-projective if A(x,y) are projective k-modules for all z,y €
Ap.

Definition 7.4. Let X : I — k-Cat be an oplax functor.

(1) X is called k-projective if X (i) are k-projective for all i € I,.
(2) An oplax subfunctor 7 of of KP(prj X) is called tilting if for each i € Iy, 7 (i)
is a tilting subcategory of KP(prj X (7)), namely,
o KP(prj X (4))(U,V[n]) =0 for all U,V € T (i)y and 0 # n € Z; and
e the smallest thick subcategory of KP(prj X (i)) containing 7 (i) is equal to
I (pr X (7))
(3) A tilting oplax subfunctor 7 of KP(prjX) with an I-equivariant inclusion
(o,p): T — KP(prj X) is called a tilting oplax functor for X.

The following was our main theorem in [6] that gives a generalization of the Morita
type theorem characterizing derived equivalences of categories by Rickard [12] and
Keller [11] in our setting.

Theorem 7.5. Let X, X' € Oplax([,k-Cat). Consider the following conditions.

(1) X and X' are derived equivalent.
%
(2) KP(prj X) and KP(prj X') are equivalent in Oplax(I,k-Tri).
(3) There exists a tilting oplax functor T for X such that T and X' are equivalent
%
in Oplax(/,k-Cat).
Then
(a) (1) implies (2).
(b) (2) implies (3).
(c) If X" is k-projective, then (3) implies (1).

A~~~

8. DERIVED EQUIVALENCES OF (GROTHENDIECK CONSTRUCTIONS

The following is our main result in this paper.

Theorem 8.1. Let X, X' € Oplax(I,k-Cat). Assume that there exists a tilting oplax

functor T for X such that T and X' are equivalent in Oplax(l,k-Cat) (the condition
(3) in Theorem 7.5). Then Gr(X) and Gr(X') are derived equivalent.

Proof. Let T be a tilting oplax subfunctor of KP(prj X) with an I-equivariant in-
clusion (o,p): T — KP(prj X). Put (P,¢) := (Px, ¢x) for short. Let 7’ be the full
subcategory of KP(prj Gr(X)) consisting of the objects KP(prj P(i))(U) with i € Iy and
U € T (i)o. Then 77 is a tilting subcategory of KP(prj Gr(X)). Indeed, let L, M € 7]
and 0 # p € Z. Then L = K"(prj P(i))(U) and M = KP(prj P(5))(V) for some i, j € I
and some U € T (i)g, V € T'(j)o. Since

K" (prj(P, ¢)): K (prj X) — A(K"(prj Gr(X)))
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is an [-precovering by Proposition 6.7, we have
K (prj Gr(X))(L, M [p]) = K" (prj Gr(X)) (K" (prj( P, ¢))(U), K" (pri(P, ¢)) (V[p]))
= B K" X(7)(K"(prj X)(a)(U), Vp])

a’e[(ivj)

P Koo XG)(T (@)U, Vip) 2o,

a€l(i,j)

—~
o
N2

1%

where the isomorphism (a) follows using the natural isomorphism p(a):

U € T (i)~ K"(prj X (i))

T(a)l / ircb(m X)(@)

T (i)— K> (prj X (j))

and the equality (b) follows by assumption from the fact that 7 (a)U,V € 7 (j). Now for
a triangulated category U and a class of objects V in U we denote by thick V the smallest
thick subcategory of U containing V. Then for each i € Iy and x € X (i) we have

K> (prj P(i)) (X (i)(-,x)) = (prj P(i))(X(i)(-, 2)) = Gr(X)(-, P(i)(v)) = Gr(X)(-,z)
by the formula (6.1), and hence
Gr(X) (-, sx) = K (prj P(i)) (X (i)(-, @)

€ K"(prj P())(thick 7 (7))

C thick{K"(prj P())(U) | U € T (i)}

C thick 7.
Therefore thick 7/ = KP(prj Gr(X)), and hence 7" is a tilting subcategory of K’ (prj Gr(X)),
as desired. Hence Gr(X) and 7" are derived equivalent. Let (F,1) be the restriction

of KP(prj(P,¢)) to T. Then (F,¢): T — T’ is a dense functor and an I-precovering,
thus it is an I-covering, which shows that 7’ ~ Gr(7) by Corollary 5.3. Since 7 and

X' are equivalent in Oplax(/,k-Cat), we have Gr(7) ~ Gr(X’). As a consequence,
Gr(X) and Gr(X’) are derived equivalent. O

Corollary 8.2. Let X, X’ € Oplax([,k-Cat). If X and X' are derived equivalent,
then so are Gr(X) and Gr(X’). O

The following is easy to verify.

Lemma 8.3. Let C,C" be in k-Cat. If C and C' are derived equivalent, then so are
A(C) and A(C"). O

The lemma above and Corollary 8.2 give us a unified proof of the following fact.

Theorem 8.4. Assume that k-algebras A and A’ are derived equivalent. Then the
following pairs are derived equivalent as well:

(1) path-algebras AQ and A'Q for any quiver Q;

(2) incidence algebras AS and A'S for any poset S; and
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(3) semigroup algebras AG and A'G for any semigroup G.

O
Example 8.5. Let n be a natural number > 3, and I the free category defined by the
quiver Q: 2 2,3 2 ... 2% n. Define functors X, X’: I — k-Cat as follows.

For each i € Iy = {2,...,n} let X(i) be the k-category defined by the quiver

al a2 a3 Qj—1

A A P STTTAL L
1 2 3 __ i
B1 B2 B3 Bi—1
with relations o105 = 0, 8;8;41 = 0, o;8; = Bjria41 forall j = 1,...,7i —1 and

ayfra; =0, Bi_qa;18;-1 =0. Foreach a;: i — i+ 11in I; let X(a;): X(i) — X(i+1)
be the inclusion functor. This defines a functor X : I — k-Cat.
For each i € Iy = {2,...,n} let X’(i) be the k-category defined by the quiver

gat 72 73 Yi—1

1 2 3 ?

\w//

Yi

with relations ;4 ---7v;417; = 0 for all j € Z/iZ. For each a;: i — i+ 1 1in I; let
X(a;): X (i) — X (1+1) be the functor defined by the correspondence 1 — 1, j +— j+1
and ay — aooy, aj — o for all j =2,...4. This defines a functor X’: I — k-Cat.

As is explained in [1] we have a tilting spectroid 7 (i) for X (i) that is a full subcat-
egory of KP(prj X (7)) consisting of the following i objects

T(Z)l = (ﬂ)?
T(Z)2 — (P2 P(a2) P3 P(C“S) P(O‘ifl) P,L),
. P« P(a P [e 7))
T(i)s = (P — 22 py 2% . D022 ),
T(i); == (D),

where P; := X (i)(-,j) € prjX(i) for each i € X(i)g, P(a) := X(i)(-, ) for each
a € X(i); and the underline indicates the place of degree zero. Again by [1], 7 (i)
is presented by the same quiver with relations as X’(i) and we have an isomor-
phism F(i): X'(i) — 7 (i) sending j to T'(i); for all j = 1,...,7 and ~; to a mor-
phism 6(7);: T(i); — T(i)j41 for all j € Z/iZ, where §(i); = (P(aq)), 6(i); =
(1p,,...,1p_,,,,0) for all j = 2,...,i — 1 and 6(i); := (P(B1)). Thus T (i) gives a
derived equivalence between X (i) and X'(7).

For each a;: i — i+ 1 in I; define a functor 7 (a;): 7 (i) — 7 (i + 1) by the cor-
respondence T'(i); — T(i + 1)y, T(i); — T(i + 1);41 and 8(i); +— 0(i + 1)20(i + 1)y,
0(i); — 6(i+1);4q for all 7 =2,...,4. This defines a functor 7 : I — k-Cat. Then we
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have a strict commutative diagram

(i)

X'(7) T (1)
X’(ai)l \LT(ai)

. :
X(z+1)m7(z+1)
«—
in k-Cat for all ¢ € Iy, which shows that X’ and 7 are equivalent in Oplax(/,k-Cat).

Finally by definition of 7 (a;)’s it is easy to see that we have an [-equivariant inclusion
(0,p): T — K"(prj X):

ol —
T (i)~ K"(prj X (i)
T(ani e lfcb(prjX(am

T(i+ l)m KP(prj X (i + 1)).

Hence by Theorem 8.1 we can glue derived equivalences between X (i)’s and X'(i)’s
together to have an derived equivalence between Gr(X) and Gr(X’). For example when
n = 5, these are presented by the following quivers

179 1—2
S ¥\/
B1 2
(3} @2 71 72
N R RN
e | e " \v)< \
S R I N P SRR I Y
A T T
B1 B2 \L B3 Y4 \
al a2 Qs (o7} ga! 2 3 Y4
1. =2 23 =45 ~I T
B1 B2 B3 Ba 5

with suitable relations as calculated in [7]. Note that if we start with I presented by
the same quiver () as above with relations a;,1a; = 0 for all i« = 2,... ,n — 2, then both
Gr(X) and Gr(X’) are presented by the same quivers with relations consisting of the
same relations as before together with the additional relations that the vertical paths
of length 2 are zero, respectively.

9. THE COMPOSITE OF OPLAX FUNCTORS AND PSEUDOFUNCTORS

In this section we prove Theorem 6.5. Throughout this section B,C and D are
2-categories.

Notation 9.1. When we denote an oplax functor by a letter X the 1-st (resp. 2-nd
and 3-rd) entry of X is denoted by Xg1z := (X0, X1, X2) (resp. ¥ and %), thus we
set X = (Xo12, 7%, 0%), and sometimes we simply write X for X, for all d = 0,1, 2 if
this seems to make no confusion.
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9.1. Correspondences on cells.

Lemma 9.2. Let X: B — C and V: C — D be oplax functors. We define the
composite VX : B — D as follows.

(VX)d —VdXd Bd—>Cd—>Dd fO’I” (l”d—O,l,Q

V i
o /X =k o V¥ VX (1) == V(ly >$H<VX for all'i € Bo.
95(

X(b),X(a)
N

° Oy = QV X (6), X (a OVQba' VX(ba) —=
for all (b,a) € Com(B)
Namely, VX := ((VoXo, V1 X1, V2, X2), (77}/((1‘) © VTI@'X)ieBoa (9 X(b),X(a) © Veb a) ba)ecom(B))
P,
Then the composite Oplax(B,V)(X) := VX: B — D is again an oplaa: functor.

V(X(b) o X(a)) VX(b) o VX(a)

Proof. It is enough to verify the axioms (i) — (iv) in Definition 6.1.

(i) Since both (Xi, X3): B1s — Cip and (V3,V5): Cia — Dy are functors, so is
(VX)1, (VX)2) = (Vi, V2) (X1, Xa).

(i) For each a: i — j in B we have the following commutative diagram:

VX(a)nX (@V@n¥)

VX (a)yx () eV X (a)V (Ix () e v X (@) V X (1

v
\ /HQX(H.) 1x () ﬂ X (a),X(1;)

V(X(a)lxq) X(a)X

\ Ve

VX(oz]lz

V(X )m

The commutativity of the square follows from the axiom (iv) for #". The remaining
commutative diagram is obtained similarly. These two commutative diagrams verify
the axiom (ii) of oplax functors.

(iii) For each i = j 2k 5 [ in B we have the following commutative diagram:

VX (cba) i X(0)X (b)) —205 X (0 VX (ba)
vex “ﬂ ﬂv 1x(6)07,) ﬂvx@)veifﬂ
V(X (ch) X (a)) — _Vlxe) V(X(6)X ()X (a)) —2225 1 X (0)V (X (b)X (a))
g)vmb),xm)ﬂ ﬂexmxm X(a) ﬂVX(C)GXw) X(a)
VX(eh) VX (@) s VX (X )V X (0) i VX () - VX () VX (o),

which verifies the axiom (iii) of oplax functors.
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(iv) Let a,a’: 1 — j; b,b': 7 — k; a: a = a' and 3: b = V' be in B. Then we have
the following commutative diagram:

V(65,) %), x (a)
VX(ba) =—=V(X() X(a)) =———=VX() - VX(a)
VX(ﬁu)ﬂ ﬂV(XﬁXa) ﬂVXﬂVXa
VX(ad) == V(X() V(d)) === VX({) VX(d),
¥ar) Ox @), x ()
which verifies the axiom (iv) of oplax functors. O

Lemma 9.3. Let X, X': B — C andV: C — D be oplaz functors and (F,): X — X'
%
a 1-morphism in Oplax(B, C), and consider the diagram

VX(i VX'(i)
\ X’(a) F(/
\ F(z
VX (a) w( : \\ VX'(a) (9.2)
V(F(J) (a))
,/(’gmxw) .
VX() VR VX'(5).

Assume that 0y, are isomorphisms for all (d, c) € com(C) (e.g., that V is a pseudofunctor).
Then we can define a 1-morphism Oplax(B,V)(F,¢) = V(F,¢): VX — VX' in
%

Oplax(B, D) by

V(F, ) = (V(F(5)))ieBor Opyxa - V() - 0%y py a:img)-

Proof. We set X = (X,n,0) and X' = (X', 7/, ¢) for short.
(a) For each ¢ € By we have the following commutative diagram:

VE() 28250 v () - F(i)) 29 v(m() - X (1)) 220 v ) vX (L)

) -
ﬂ‘/n VF(i) HV(%IFQ)) ﬂv(lp(i)ni) VF(i)-VmH/

X'(1

V(Ax:s) V(i )F V(L iy - F(i)) V(F() - Ix@)) — VE(®i) - V(Ixe)
x! () F@® F(4),1x (4)
H/U;/(i)'VF(i) VF(U"?Y(@)H/
Iy x:) - VF(i) VF(i) - Ty x ),

which verifies the axiom (a) of 1-morphisms.
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(b) For each i % j 2, k in B we have the following commutative diagrams:

V(8) ) VF(i)

VX'(ba) - VF(i) —=> V(X'(b)X'(a)) - VF(3) —= VX'(b) - VX

v %
O X/ (ba), F (i) OX/ ()X’ (a),F(3)

V(8}, o F (i)
V(X' (ba)F (1))

and

V(85,4 F(2))

V(X' (ba)F(i)) === V(X' (b)X'(a) F (i)) == V(X' (0)F(j) X (a)) =—=

vw<ba>ﬂ

= V(X'(0)X"(a)F (1))

V(F(k)0p,a)

GX/(IJ) X,(ﬂ)VF(z)

'(a) - VF(i)

vx' (b> X' (a),F (i) 1H/

V(]lxl(z,))v(UJ(a))
VX' (b)V (X

"(a)F(i)) =———=> VX'(b) - V(F(j) X (a))

HVX ®)0F ), x (@),

VX'(b)-VF() - VX(a)

oV

oV , ) , )
X(b),X"(a)F(i X'(b),F(j)X(a

Xy re) V@
\4
VX'®)9a) , Oximro) x@ ,
——— V(X'()F(j)X(a)) =——= V(X'(O)F(j))VX(a)

V(X! (B)(a) X1y P! (), X (a o

V(X' (0)F(7))V X (a)

V(w(b)X(a))H/

HVW(’J))VX(G)

oV
X(b)F'(J) X(a

V(F (k)X (ba))

V(F (k)X (b)X(a))

gg(k),x(bwﬂ

VF(k) - VX (ba)

V(E(R)X(6)VX(a)

ﬂe}p’(mx(b)vxm)

24 ﬂ
F(k),X(b)X (a)

VFE(k)- V(X

VF(k)-V6y ,

(b)X (@) ==> VF(k)- VX()- VX (a).
VF (k) ex(b) X (a)

Glue these two diagrams together along the common row to get a large diagram, which
verifies the axiom (b) of 1-morphisms. O

Lemma 9.4. Let X, X': B — C andV: C — D be oplax functors, (F, ), (F’
X' 1-morphisms, and «: (F, )
all 6’2{’0 are isomorphisms (e.g., that V' is a pseudofunctor).

V) X —

= (F',¢') a 2-morphism in Oplax(B, C). Assume that

Then we can define a 2-

— —
morphism Oplax(B, V) («a) :== Va: V(F,¢) = V(F',¢') in Oplax(B, D) by

Vo = (V&i)ieBo .

Proof. Let a: 1 — 7 be in B. It is enough to show the commutativity of the following

diagram:
VX'(a) - VE() 225 (X (@) Fi)) LU v (p(j) X <>> ”“’“‘”VFU')-VX(@
VX’(a)~Vaiﬂ V(X’(a)ai)ﬂ V(e X ﬂVai-VX(a)
VX'(a) - VF/(i) ==V (X'(a)F'(i)) 5== V(F'(j) X (a >> —— VF'(j) - VX(a).

X' (a),F' (4)

F’(7)X(a)
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Since a = (a;: F(i) = F'(i)):eB, is @ 2-morphism in Oplax(B, C), we have the com-
mutative diagram

X'(a)F(i) 22 F(j)X (a)

X’(a)ozi\H/ \Ha‘jX(a)

X'(a)F'(1) == F"(j) X (a).

This gives the commutativity of the central square of the diagram above by applying the
functor (V1, V2) to it. The axiom (iv) of oplax functors for V' shows the commutativity
of the remaining squares. 0

9.2. Proof of Theorem 6.5. By the three lemmas above we can define a correspon-
dence

— — —
Oplax(B, V)p12: Oplax(B, C) — Oplax(B, D)
sending i-cells to i-cells for all © = 0, 1,2 preserving domains and codomains. It re-
mains to define families H = (HX)Xem(B,C)O and © = (@FlvF)(F’,F)Ecom(bp_hax(B,C))
— —
and to show that Oplax(B,V) := (Oplax(B, V)2, H,©) becomes a pseudofunctor
— —
Oplax(B, C) — Oplax(B, D).
#
For each X € Oplax(B, C)y we define Hx: V(1x) = lyx by setting

Hx (77X V(]IX )—> ]IVX(i))iGBO'

Then Hyx turns out to be a 2-morphism because by definitions of 8 and 7" we have
a commutative diagram

VX Ox o), X (i) GYX(w X(a)

(a) - V(lxp = V(X(a) ) == V(lx(X(a)) == V(Ix@) - VX(a)
HVX(Q).UX(Z') nx(j)‘VX(a)ﬂ

VX(a) - lyxq Iyx;VX(a)

for all a: i — j in B. Note that Hy are isomorphisms because 5} are for all k € Cy.
%
For each (F', F) € com(Oplax(B, C)), say F': X = X' and F’: X' = X", we define
Op p: V(F'F) = VF o VF by setting
Opr = Oy, re: VIE OF (@) — VE' (i) - VF(i))ien,-
Then ©p p turns out to be a 2-morphism. Indeed, it is enough to show the commuta-

tivity of the diagram

VX" (a) - V(F'() (i) = V(F'(j)F(j)) - VX (a)

\4 v
VX”(“)‘QF'u),F(i)ﬂ H‘QF’ULFUYVX(“)

VX"(a) - VF'(i) - VF(i) z== VF ())V F(j)V X (a)
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for each a: i — 7 in B, where we set V(F'F) = (V(F'(1)F(i))ieBys (V(a))aen, ) and
VE'-VF = (VF(i) - VF(i))icpy. (¥'(a) )oen, ). namely

U(a) =05y r(j) x @ VIE'(G) (@) - V(' (a) - F(i)) - (6" X”(a),F’(i)F(i))_l
V(a) == (VF'(7) - (0% ) xt) - V(@) - (0 50wy piy) ) © (0% xr(a) - V' (@) (0 X oy, ry) - V(i)

for each a: i — j in B. This follows from the coassociativity of V and the naturality
of 8. Note that O _# are isomorphisms because 9 , are for all a,b € Cy.

Now the defining conditions of #V and n" dlrectly ShOW that (OplaX(B, V)oi2, H, ©)
is an oplax functor, hence a pseudofunctor because all Hx and ©p p are isomorphisms.
O
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