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Abstract. We study the escape rate of continuous time symmetric Markov
chains associated with weighted graphs. The upper rate functions are given in
terms of volume growth of the weighted graph. For a class of symmetric birth and
death processes, we obtain sharp upper rate functions.

Introduction

0.1. History. An increasing function R(t) is called an upper rate function for a
symmetric (sub)-Markov process

(
(Xt)t≥0 , {Px}x∈V

)
on a metric space (V, d) if for

some reference point x̄,

Px̄{d(Xt, x̄) ≤ R(t) for all sufficiently large t } = 1.

It explicitly describes how far the process can escape after a long time. The boundary
of the ball B (x̄, R(t)) is intuitively the “forefront” of the process. Note that the
existence of an upper rate function already implies the stochastic completeness (or
non-explosion) of the process, namely the process almost surely cannot run out of
the space V in finite time. The upper rate function can be viewed as quantitative
information for stochastic completeness. There is also a matching concept of lower
rate function (cf. [24]), the existence of which implies transience of the process.

The problem of escape rate for a Markov process has a long history and was
studied extensively in many different settings. The celebrated Khinchin’s theorem,
i.e. the law of iterated logarithm, gives R(t) = C

√
t ln ln t as an upper rate function

for the (discrete time) simple random walk on Z for some constant C > 0. The same
upper function works for the Brownian motion on R. Both results lead to fertile
developments that we will list some in the following.

A large body of literature is devoted to the escape rate for discrete time symmetric
Markov chains on graphs or groups. Dvoretzky and Erdös [16] studied the lower rate
function for the simple random walk on ZN (N ≥ 3) which was later generalized
by Hebisch and Saloff-Coste [29]. Barlow and Perkins [3] studied the escape rate for
symmetric Markov chains on subgraphs of ZN . Varopoulos [44] studied the linear
type escape rate for random walks on groups of exponential growth. See the survey
of Vershik [45] for further references.
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For the Brownian motion on geodesically complete Riemannian manifolds with
polynomial type volume growth, Grigor’yan [24] first proved that R(t) = C

√
t ln t is

an upper rate function. Grigor’yan and Hsu [25] then obtained upper rate functions
for Cartan-Hardamad manifolds with volume growth vol (B(r)) satisfying

(0.1)

∫ ∞ rdr

ln vol (B(r))
= ∞.

One important significance is that their upper rate functions naturally relate to the
stochastic completeness criterion (0.1) of Grigor’yan [22]. Recently Hsu and Qin
proved the following theorem.

Theorem 0.1 (Hsu and Qin [30]). Let M be a complete Riemannian manifold and
let z ∈M . Let B(R) be the geodesic ball on M of radius R and centered at z. Define

ψ(R) =

∫ R

6

rdr

ln vol (B(r)) + ln ln r
.

Then there is a constant C > 0 such that Cψ−1(Ct) is an upper rate function of
Brownian motion (Xt)t≥0 on M .

This sharpness of Theorem 0.1 can be examined through examples of model man-
ifolds. Let M be a model manifold with a pole z, that is, the Riemannian metric on

M is spherically symmetric with respect to z. Consider the function m(r) = V ′′(r)
V ′(r)

where V is the volume growth function V (r) = µ(B(z, r)). In [25], Grigor’yan and
Hsu proved that if

m(r) > 0,m′(r) ≥ 0 for all large enough r, and

∫ ∞

0

dr

m(r)
= ∞,

then the function ϕ(ct) is an upper rate function for the Brownian motion on M for
any c > 1, where ϕ is defined by ∫ ϕ(t)

0

ds

m(s)
= t.

0.2. Main results. In this paper, we are interested in the escape rate of continuous
time symmetric Markov chains associated with weighted graphs. A weighted graph
is an undirected graph with two weight functions, one on the vertices which serves as
a measure and one on the edges controlling the jump probabilities. We prove upper
bounds on the escape rate in terms of volume growth of the weighted graph. Explicit
definitions of weighted graphs and constructions of the corresponding Markov chains
will be given in Section 2. Here for simplicity, we focus on a family of simple but
important examples: symmetric birth and death processes.

Example 0.2. Consider V = N = {0, 1, 2, · · · } with the undirected graph structure
that n and n+1 are neighbors for all n ∈ N. Let µ be a positive function on V that
can be viewed as a measure on V . Let w be a nonnegative function on V × V such
that w(x, y) = w(y, x) and

w(x, y) > 0 ⇔ |x− y| = 1.

For simplicity, we impose two further technical conditions:
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(1) the function µ is nondecreasing;
(2) µ(n) ≤ 2w(n, n+ 1) for all n ∈ V .

The two functions µ and w naturally gives a discrete analogue of Laplace operator
on the space of real valued functions on V :

∆f(x) :=
1

µ(x)

∑
y∈N,|x−y|=1

w(x, y) (f(x)− f(y)) .

The minimal Markov process
(
(Xt)t≥0 , {Px}x∈V

)
(see Section 2 for more details)

generated by ∆ is a symmetric birth and death process.

The stochastic completeness of the process
(
(Xt)t≥0

)
(or equivalently, of the

weighted graph (V,w, µ)) in Example 0.2 is known (see [36], Theorem 5) to be
equivalent to the following condition:

(0.2)
∞∑
n=0

µ(0) + · · ·+ µ(n)

w(n, n+ 1)
= ∞.

By (0.2), we cannot expect a general criterion of stochastic completeness in terms
of volume growth in the obvious metric ρ on V given by ρ(x, y) = |x − y|, since it
does not reflect the information of weights. In [26], [32], a notion of adapted metrics
is applied to the stochastic completeness problem of weighted graphs. In the case of
Example 0.2, we can explicitly write down an adapted metric on V . Define

(0.3) σn =

√
µ(n)

2w(n, n+ 1)
and d(m,n) =

m−1∑
k=n

σk,

where m > n,m, n ∈ N. The key feature of the metric d is the following adaptedness
condition:

(0.4)
1

µ(x)

∑
y∈V

w(x, y)d2(x, y) ≤ 1,

which is an analogue of the property

|∇d(x, ·)|2 ≤ 1

for the geodesic distance d on a Riemannian manifold.

To give a flavor of our main result, Theorem 4.2, which holds for more general
weighted graphs, we first state it for the case of Example 0.2.

Theorem 0.3. Let (V,w, µ) be the weighted graph defined as in Example 0.2. Let
d be the adapted metric on V defined by (0.3). We assume that for all r ≥ 2, the
volume of closed balls centered at 0 satisfies

(0.5) µ (Bd(0, r)) =
∑

d(x,0)≤r

µ(x) ≤ exp f(r),

where f is a positive, increasing continuous function on [0,∞). For technical reasons,
we consider two special classes of functions f .
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(1) There is some constant M > 0 such that

(0.6)
f(r)

r
≤M

for all r ≥ 2. In this case, there exists some constant C > 0 such that the
inverse function ψ−1(t) of

(0.7) ψ(R) = C

∫ R

8

rdr

f(r) + ln ln(r)

is an upper rate function for (Xt)t≥0 with respect to d.

(2) For all r ≥ 2 the function f(r)
r

is increasing and

(0.8) f(r) < cr ln r

for some constant 0 < c < 1
2
. Then for any constant 2 < C0 ≤ 1

c
, there is

some constant C > 0, such that the inverse function ψ−1(t) of

(0.9) ψ(R) = C

∫ R

1

rdr

f(r) exp
(
C0

f(r)
r

)
is an upper rate function for (Xt)t≥0 with respect to d.

Remark 0.4. We expect the sharpness the upper rate function given by (0.7) for at
most exponential type volume growth. It is likely to be a sharp upper rate function
for a much larger range of volume growth. The upper rate function given by (0.9)
seems not sharp and the restriction on volume growth is only technical. We will
show this later through examples.

Since in Example 0.2 we assume that µ is nondecreasing and positive, the following
condition is satisfied:

(0.10) Cµ := inf
x∈V

µ(x) > 0.

When the measures of balls are finite, this condition ensures the compactness (finite-
ness) of the balls Bd(0, r) in the adapted metric, which is the analogue to geodesic
completeness of Riemannian manifolds. As proven in [26] and [32], under assump-
tion (0.10), the weighted graph is stochastically complete if f(r) < cr ln r where
0 < c < 1

2
. See [38] for further improvements. The locally finiteness of V in d will

also be used in Section 5 when we apply tools from martingale theory.

However, since symmetric birth and death processes are very special Markov
chains, there is an alternative approach to determine their upper rate functions.
The idea is to view them as analogues to Brownian motions on model manifold-
s. Consider r(x) := d(x, 0) as a function on V . Then the following process is a
martingale under P0:

Mt := r(Xt) +

∫ t

0

(∆r)(Xs)ds.

Furthermore, the martingale M satisfies that for all t > 0,

E0(M
2
t ) ≤ t,
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which is guaranteed by (0.4), the adaptedness of the metric d. By Doob’s maximal
martingale inequality, we see that |Mt| is “small” compared to t. So when the func-
tion −∆r is bounded from below by some positive constant C > 0, we have that P0

almost surely,

r(Xt) ≍ −
∫ t

0

(∆r)(Xs)ds.

(Throughout the paper, we use the notation f(x) ≍ g(x) when there is a constant
C > 1 such that g(x)/C ≤ f(x) ≤ Cg(x).) This eventually leads to sharp upper
rate functions for a family of symmetric birth and death processes.

Theorem 0.5. Let (V,w, µ) be the weighted graph defined in Example 0.2. Let d be
the adapted metric on V defined by (0.3) and r(x) := d(x, 0). Suppose that for all
x ∈ V large enough, and for some constant c > 0,

−∆r(x) > c.

Let m be a positive, continuous, non-decreasing function such that

(0.11) m(r(x)) ≥ −∆r(x),

for all x ∈ V large enough. Assume that

(0.12)
∞∑
n=0

σn
m(r(n))

= ∞

Define the function ϕ(t) by the identity

(0.13) t =

∫ ϕ(t)

0

ds

m(s)
.

Then the function ϕ(ct) is an upper rate function for the corresponding birth and
death process for any c > 1. If instead of (0.11) we assume m(r(x)) = −∆r(x) for
all large enough x, then ϕ(ct) is not an upper rate function for any 0 < c < 1.

Remark 0.6. By (0.12), we have

∞∑
n=0

σn ≥ m(r(0))
∞∑
k=0

σk
m(r(k))

= ∞.

So the space (V, d) is locally finite and the function m is well defined on [0,∞). By
the monotonicity of m, it is easy to show (see Remark 5.2) that (0.12) is equivalent
to either one of following:∫ ∞

0

ds

m(s)
= ∞ or

∞∑
n=0

σn
m(r(n+ 1))

= ∞.

Remark 0.7. If we view the quantity −∆r as kind of “mean curvature” for the
weighted graph (V,w, µ), then the above theorem is very similar to that for Brownian
motions on model manifolds (cf. [25], Theorem 5).
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0.3. Examples. We can apply Theorem 0.3 to calculate some upper rate functions
related to volume growth.

Example 0.8. In the following c > 0.

(1) Take

f(r) = c ln r.

This corresponds to that the volume is bounded from above by some power
function of distance. In this case, the ln ln r term will be small compared to
f(r). So we have

R(t) = C
√
t ln t

is an upper rate function for some constant C > 0.
(2) Take

f(r) = crα

for some 0 < α ≤ 1. Then

R(t) = Ct
1

2−α

is an upper rate function for some constant C > 0.
(3) Take

f(r) = cr ln r.

Here the constant c > 0 becomes important. If 0 < c < 1
2
, then for any

1/c > C0 > 2, there exists some constant C > 0 (depending on C0) such
that

R(t) = C (t ln t)
1

1−cC0

is an upper rate function. If c ≥ 1/2, we are not able to determine the
existence of an upper rate function.

Remark 0.9. Our upper rate functions in Theorem 0.3 and Theorem 0.5 are given
in terms of inverse functions. For the calculations of inverse functions, it is very
convenient to adopt the notion of de Bruijn conjugate for slowly varying functions.
We refer to Appendix 5 of [5] for details.

To compare the upper rate function ψ−1(t) given by Theorem 0.3 with the function
ϕ(t) by Theorem 0.5, it suffices to compare

1

m(r)
and

r

lnµ(Bd(0, r))
.

For simplicity, we assume m(r(x)) = −∆r(x) for all x ∈ N. The heuristic argument
in [25] becomes subtler in the discrete setting. For “nice” functions µ and σ, we have
for all n ≥ 1,

1

m(r(n))
=

µ(n)
µ(n)
σn

− µ(n−1)
σn−1

≍ µ(n) + · · ·+ µ(0)
µ(n)
σn

=
σn
µ(n)

µ(n)+···+µ(0)

.

For example, the above holds if, µ(n)
µ(n−1)

≥ c > 1, or if for all n large enough, bn ≤ Cb[n
2
]

where C > 1 and bn = µ(n)
σn

− µ(n−1)
σn−1

.
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However, in general
n∑

k=0

µ(k)

µ(k) + · · ·+ µ(0)
≍ ln (µ(n) + · · ·+ µ(0)) ,

does not hold if
µ(n)

µ(n) + · · ·+ µ(0)
̸→ 0,

as n → ∞. So even when µ and σ are “nice” functions, we cannot expect the
upper rate function given by (0.7) to be sharp. We can see this phenomenon more
concretely through the following two examples.

Example 0.10. Let (V,w, µ) be the weighted graph defined in Example 0.2. Let
µ(n) = (n+ 1)α for some α ≥ 0. Let

w(n, n+ 1) =
1

2
µ(n)(n+ 1)2 ln(n+ 3)β ln ln(n+ 30)γ,

where β ≥ 0 and γ > 0. Then

σn =
1

(n+ 1) ln(n+ 3)β/2 ln ln(n+ 30)γ/2
.

We have for all n ≥ 1,

m(r(n)) = −∆(r(n)) =
w(n, n+ 1)σn − w(n− 1, n)σn−1

µ(n)

=
w(n, n+ 1)σn

µ(n)
− w(n− 1, n)σn−1

µ(n− 1)
+

(
1

µ(n− 1)
− 1

µ(n)

)
wn−1σn−1

=
1

2

(
1

σn
− 1

σn−1

)
+

1

2

(
1− µ(n− 1)

µ(n)

)
1

σn−1

=
1

2

((
σn−1

σn
− 1

)
+

(
1− µ(n− 1)

µ(n)

))
1

σn−1

.

We can easily see that

(0.14)
σn−1

σn
− 1 ≍ 1

n
≍ 1− µ(n− 1)

µ(n)
,

whence

m(r(n)) ≍
(
σn−1

σn
− 1

)
1

σn−1

=
1

σn
− 1

σn−1

,

and
σn

m(r(n))
≍ 1

(n+ 1) ln(n+ 3)β ln ln(n+ 30)γ
.

The condition (0.12) boils down to

0 ≤ β < 1 or β = 1, γ ≤ 1.

Since

d(n, 0) = σ0 + · · ·σn ≍ ln(n+ 3)1−β/2

ln ln(n+ 30)γ/2
,

we have that for all r large enough,

ln (µ (Bd(0, r))) ≍ r
2

2−β (ln r)
γ

2−β ,
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and

∫ r

0

dr

m(r)
≍


r

2−2β
2−β

(ln r)
γ

2−β

, if 1 > β ≥ 0, γ > 0,

(ln r)1−γ, if β = 1, 0 < γ < 1,

ln ln r, if β = γ = 1.

Then the upper rate function ϕ(t) given by Theorem 0.5 satisfies

ϕ(t) ≍


t

2−β
2−2β (ln t)

γ
2−2β , if 1 > β ≥ 0, γ > 0,

exp
(
Ct

1
1−γ

)
, if β = 1, 0 < γ < 1,

exp expCt, if β = γ = 1,

for some constant C > 0. This coincides with the upper rate function given by (0.7)
although if β > 0 the volume growth here is out of the range of Theorem 0.3.

For the case β = 0 and 0 < γ < 1, the volume growth function has the form

ln (µ (Bd(0, r))) ≍ r(ln r)
γ
2 ,

and the upper rate function given by (0.9) satisfies

lnψ−1(t) = ln t+ C(ln t)γ/2 + o(1),

for some C > 0 (by truncated Lagrange inversion, see [5]), while ϕ(t) ≍ t(ln t)γ/2.
This comparison indicates that the upper rate function given by (0.9) in Theorem
0.3 is not sharp.

Example 0.11. Let (V,w, µ) be the weighted graph defined in Example 0.2. Let
w(n, n+ 1) = 1

2
µ(n)(n+ 1)β ln(n+ 3)γ, where β > 0, γ > 0. Then

σn =
1

(n+ 1)β/2 ln(n+ 3)γ/2
.

We assume that for some constant C > 1, µ(n + 1) ≥ Cµ(n) for all n. This in
particular implies that

(0.17)
σn−1

σn
− 1 ≍ 1

n
= o

(
1− µ(n− 1)

µ(n)

)
,

in contrast to (0.14). It follows that for n ≥ 1

m(r(n)) ≍
(
1− µ(n− 1)

µ(n)

)
1

σn−1

≍ 1

σn−1

,

and
σn

m(r(n))
≍ σn−1σn ≍ σ2

n =
1

(n+ 1)β ln(n+ 3)γ
.

By Theorem 0.5, we obtain the upper rate function ϕ(t) through similar calculations
as in Example 0.10,

ϕ(t) ≍


t

2−β
2−2β (ln t)

γ
2−2β , if 1 > β > 0, γ > 0,

exp
(
Ct

1
1−γ

)
, if β = 1, 0 < γ < 1,

exp expCt, if β = γ = 1,
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for some constant C > 0. If we choose µ(n) = en, then the volume growth satisfies

ln (µ (Bd(0, r))) ≍ r
2

2−β (ln r)
γ

2−β ,

for all r large enough. The upper rate functions given by Theorem 0.5 and (0.7) still
coincide.

However, in this case there is no upper bound on the growth of µ(n). We can
choose µ(n) growing arbitrarily fast such that the upper rate function given by
(0.7) is no longer sharp or may be even meaningless. For instance, if we choose
µ(n) = exp (n (ln(n+ 3))α) for some α > 0, and assume β = 1 and 1 > γ > 0, then

ln (µ (Bd(0, r))) ≍ r2(ln r)α+γ,

for all r large enough. It follows that the integral
∫∞ rdr

ln(µ(Bd(0,r)))
is no longer diver-

gent for α > 1− γ. And if 1− γ > α > 0, the upper rate function given by (0.7) has
the form

ψ−1(t) ≍ expC
(
t

1
1−α−γ

)
which is not sharp. Note that the volume growth in this case depends only on α+γ,
while the sharp upper rate ϕ(t) depends only on γ. So this also gives an example
that there are two weighted graphs with different type upper rate functions while
having the same type volume growth.

Remark 0.12. From the above two examples, we are inclined to believe that the
upper rate function given by (0.9) in Theorem 0.3 is not sharp in general while
for certain range of volume growth, the one given by (0.7) should be nearly sharp.
Above certain growth, there is no hope for a sharp upper rate function purely in
terms of volume function with respect to the adapted metric.

Note that when σn ≡ 1, i.e. when the graph metric is adapted, the relation (0.17)
is always true, independent of the choice of µ. It is not surprising that in this case
the upper rate function can not be expressed in terms of volume growth.

0.4. Organization. Before proceeding to the main part, we briefly explain the main
strategy to obtain upper rate functions in the general case, so as to motivate the
preliminary materials we presented later. We will adopt the Borel-Cantelli lemma
type argument to transfer the problem of escape rate to that of tail estimates of
exit time from a ball. This is classical and is used by Grigor’yan and Hsu [25] (see
also Hsu and Qin [30]) to study the escape rate for Brownian motions on manifolds.
Using the construction of the Markov chain, we can view the tail probability of exit
time as a solution to certain heat equation with zero initial condition. A discrete
integrated maximum principle is developed to give good estimates for such type
solutions. This is inspired by the work of Grigor’yan in the manifold setting [23].
The concept of adapted metrics then emerges naturally when constructing auxiliary
functions in the estimate of solutions to the heat equation. In our opinion, it is a
good analogue of the geodesic metric on Riemannian manifolds for weighted graphs.

Our paper is organized as follows. Section 1 is devoted to the basic settings of
weighted graphs and Markov chains. Using the weights on a graph, we briefly summa-
rize the construction of the associated minimal, continuous time, càdlàg, symmetric
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Markov chains explicitly. The discrete integrated maximum principle is developed
in Section 2. In Section 3 adapted metrics will be introduced as an analogue of the
geodesic metric on Riemannian manifolds. After these preparations, in Section 4, we
state and prove our main result that gives upper rate functions in terms of volume
growth with respect to adapted metrics. In the last section, we apply probabilistic
tools to escape rate of Markov chains associated with weakly spherically symmet-
ric weighted graphs, which can be viewed as a generalization of symmetric birth
and death processes. An appendix is added in order to collect some results from
martingale theory required in Section 5.

1. Generalities of weighted graphs and Markov chains

The most general framework of weighted graphs, through the theory of Dirichlet
forms (see [21], [7]), is due to Keller and Lenz [35]. For the classical theory of
continuous time Markov chains, we refer to Feller [17], Chung [9], Freedman [20],
and Norris [39]. For the general theory of Markov processes, we refer to Blumenthal
and Getoor [6]. We will present neither the complete theory nor the most general
setting here. Only some definitions and basic facts about locally finite, connected
weighted graphs and the associated continuous time minimal Markov chain will be
summarized.

Let (V,E) be a simple undirected graph with a countably infinite vertex set V and
an edge set E ⊆ V × V . Here, “simple” means “loopless and without multiedges”.
A pair of vertices x, y ∈ V are called neighbors if (x, y) ∈ E, which we write x ∼ y
for short. The graph is called connected if for any pair of distinct vertices x, y ∈ V ,
there exists a path of some length n ∈ N+ connecting them, that is, a sequence of
vertices x0, · · · , xn in V such that

x0 = x, xn = y, xk ∼ xk+1 for all 0 ≤ k ≤ n− 1.

For x ∈ V , we define the degree of x to be deg(x) = #{y ∈ V : y ∼ x}, i.e. the
number of neighbors of x. We call a graph locally finite if deg(x) <∞ for any x ∈ V .

Throughout this paper, we only consider locally finite, countably infinite, con-
nected, simple, undirected graphs without specification.

There is a natural graph metric ρ on the graph (V,E), defined through

ρ(x, y) := inf{n : ∃x0, · · · , xn s.t. x0 = x, xn = y, xk ∼ xk+1 for all 0 ≤ k ≤ n− 1},

for any pair of x ̸= y. The metric ρ induces the discrete topology on V .

We simultaneously consider two types of weights on (V,E): a positive function µ
on V as a measure and a nonnegative function w on V × V such that

(1) w(x, y) = w(y, x) for all x, y ∈ V ;
(2) (x, y) ∈ E ⇔ w(x, y) > 0.

Remark 1.1. Note that w(x, x) = 0 for all x ∈ V . We can also start from the data
(V,w) and determine the edge set E through the condition (2) above.
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The triple (V,w, µ) is called a weighted graph. An important quantity is the
weighted degree:

Deg(x) =
1

µ(x)

∑
y∈V

w(x, y).

Keller and Lenz [35] defined the formal Laplacian on a weighted graph (V,w, µ) as
follows:

∆f(x) =
1

µ(x)

∑
y∈V

w(x, y)(f(x)− f(y))

where f is an arbitrary function on V . The operator ∆ plays a similar role on
weighted graphs as the Laplace-Beltrami operator on Riemannian manifolds.

Remark 1.2. This kind of Laplacians on graphs with general weights, treated as
analogue to elliptic differential operators, appears first in Colin de Verdière [12] to
the knowledge of the author.

Example 1.3. Let (V,E) be a graph. Let the weight function w = 1E, that is, the
characteristic function of the edge set. Choose the vertex weight to be µ = deg. The
formal Laplacian is given by

∆f(x) =
1

deg(x)

∑
y,y∼x

(f(x)− f(y)) .

It is called the normalized Laplacian because the weighted degree function is constant
1. We call the corresponding minimal Markov chain the normalized random walk.
The reason for the name “normalized” can also be seen from the fact that the
expected holding time of the Markov chain at each vertex is constant 1. It is easy
to see that the minimal Markov chain is always stochastically complete. This is
the most common setting in the analytical study of random walks. See Chung [8],
Saloff-Coste [41] for example.

Example 1.4. Let (V,E) be a graph. Let the weight function w = 1E. Choose the
vertex weight to be µ ≡ 1. In this case the formal Laplacian is

(1.1) ∆f(x) =
∑
y,y∼x

(f(x)− f(y)).

This is the so-called physical Laplacian studied first by Dodziuk [14], Dodziuk and
Matthai [15]. Its stochastic completeness and essential self-adjointness was then
studied by Weber [46] and Wojciechowski [48], [49] independently. See also the work
of Keller, Lenz and Wojciechowski [36] for recent developments. The weighted degree
function in this case is Deg = deg that is not necessarily bounded. The physical
Laplacian case offers a large family of weighted graphs whose stochastic completeness
problem is interesting.

There are various approaches to rigorously construct the minimal càdlàg (right
continuous with left limits) Markov chain corresponding to a weighted graph. For
instance, we can canonically define a minimal regular Dirichlet form on the weight-
ed graph (see [35]) and the theory of Dirichlet forms guarantees the existence and
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uniqueness of the corresponding Hunt process (see [21]). There are also direct con-
structions of the sample space, filtration and probability measures, see for example
section 12, chapter 1 of Blumenthal and Getoor [6]. We will not repeat these well-
known constructions here. Instead, we describe an intuitive construction following
Norris [39] and then construct the canonical process (cf. Bass [4]).

In the probabilistic language, the formal Laplacian amounts to the concept of
Q-matrices. We follow the notations of Norris [39] in the following.

Let (V,w, µ) be a weighted graph. Define

qxy =
w(x, y)

µ(x)

for x ̸= y and

qxx = −Deg(x).

The matrix Q = (qxy)V×V satisfies that

(1) 0 ≤ −qxx <∞ for all x;
(2) qxy ≥ 0 for all x ̸= y;
(3)

∑
y∈V qxy = 0 for all x.

This kind of matrices is called Q-matrices in [39]. Viewing a function f on V also
as a column vector, we have

(Qf)x = −∆f(x).

There is a natural jump matrix Π = (πxy)V×V associated with Q as:

πxy =
qxy
|qxx|

if x ̸= y; πxx = 0.

Note that qxx ̸= 0 by our basic assumption that the weighted graph is infinite and
connected.

Following [39], we can construct a minimal càdlàg Markov chain (Xt)t≥0 corre-
sponding to the Q-matrix. First we adjoin a cemetery point ∞ to V and denote the
set V ∪∞ by V∞. From the jump matrix Π we can construct a discrete time Markov
chain (Yn)n∈N on V . Let T1, T2, · · · be a sequence of independent exponential random
variables of parameter 1 that are independent of {Yn}n∈N. Set Sn = Tn/Deg(Yn−1)
and define the jump times Jn = S1 + · · · + Sn with the convention J0 = 0. Define
the explosion time ζ by

ζ = sup
n
Jn,

which is the first time that Xt jumps out of V . Then the minimal continuous time
Markov chain (Xt)t≥0 on V∞ is defined as

Xt =

{
Yn, if Jn ≤ t < Jn+1 for some n ∈ N,
∞, if t ≥ ζ.

For all n ∈ N+ , conditioning on Y0 = x0, · · · , Yn−1 = xn−1, S1, · · · , Sn are in-
dependent exponential random variables with parameters Deg(x0), · · · ,Deg(xn−1)
respectively. The process (Xt)t≥0 has the (time homogenous) Markov property in
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the sense that for all n ∈ N, all sequences of time 0 ≤ t0 ≤ · · · ≤ tn+1, and all
sequences of points x0, · · · , xn+1 in V∞,

P(Xtn+1 = xn+1|Xt0 = x0, · · · , Xtn = xn) = P(Xtn+1−tn = xn+1|X0 = xn).

Remark 1.5. (1) From the above construction, we see that 1
Deg(x)

gives the ex-

pected holding time of the process at x ∈ V . This is a probabilistic interpre-
tation of the weighted degree function.

(2) It is direct to see that at the time when the process (Xt)t≥0 leaves a point
x ∈ V , it can only jump to the neighbors of x.

Definition 1.6. We call a function ω : [0,∞) → V∞ a step function if for some
ζ(ω) ∈ (0,∞], the following holds:

• On [0, ζ(ω)) the function ω takes values in V and is càdlàg (in particular,
piecewise constant);

• If ζ(ω) <∞, then ω ≡ ∞ on [ζ(ω),∞).

Let Ω be the space of step functions with an additional point ω∞ satisfying
ω∞(t) ≡ ∞ and define X̃t : Ω → V∞ by X̃t(ω) = ω(t). There is a family of proba-
bility measures (Px)x∈V on Ω uniquely determined by (cf. Bass [4] p. 158)

Px(X̃t1 = y1, X̃t2 = y2, · · · , X̃tn = yn) = P(Xt1 = y1, Xt2 = y2, · · ·Xtn = yn|X0 = x),

for all n ≥ 1, 0 < t1 < t2 < · · · < tn, y1, · · · , yn ∈ V (here P is the probability
measure in the previous intuitive construction). The construction of filtration is a bit

subtle. First we define a filtration F0 = (F0
t )t≥0 on Ω by F0

t := σ
(
X̃s : 0 ≤ s ≤ t

)
,

the σ-algebra generated by the random variables
(
X̃t

)
0≤s≤t

.

Let F0
∞ =

∨
t≥0F0

t , the σ-algebra generated by
∪

t≥0F0
t . In this paper, we usually

fix some reference point x̄ ∈ V and consider the completion F x̄ of F0 with respect
to Px̄. Namely, let Nx̄ be the set of Px̄-null sets in F0

∞ and define F x̄ = (F x̄
t )t≥0 by

F x̄
t = σ (F0

t ,Nx̄). The filtration (F x̄
t )t≥0 is right continuous and the process((

X̃t

)
t≥0

,F x̄,Ω, (Px)x∈V∞

)
(here P∞ is given by P∞(ω∞) = 1) satisfies the strong Markov property in the sense
that (cf. Theorem A.1.18 in [7]) for any F x̄-stopping time T , s ≥ 0, and U ⊆ V∞,

Ex̄

(
X̃T+s ∈ U |F x̄

T

)
= PXT

(
X̃s ∈ U

)
, Px̄-a.s.

In the following, we will only consider the canonical process corresponding to a
weighted graph and denote it by (Xt)t≥0 for simplicity from time to time. Note that
in the setting of canonical process, the jump times can be defined inductively by

τ0 = 0, τn+1 = inf{t > τn : Xt ̸= Xt−},
where we make the convention that inf ∅ = ∞. For each n, τn has the same distri-
bution as Jn in the intuitive construction. As can be seen from the construction of
(Xt)t≥0, Px (τn = ∞) = 0 for all n and x ∈ V .
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The following definition of explosion of a Markov chain is taken from [39].

Definition 1.7. The Markov chain (Xt)t≥0 is called explosive (or stochastically
incomplete) if for some x ∈ V ,

Px(ζ <∞) > 0.

Otherwise, (Xt)t≥0 is called nonexplosive (or stochastically complete).

The quantity

p̃(t, x, y) = Px(Xt = y)

is called the transition probability of (Xt)t≥0. For any t ≥ 0, define the matrix Pt

by Pt = (p̃(t, x, y))V×V . The family {Pt}t≥0 is in fact a matrix semigroup as

Pt+s = PtPs,P0 = Id,

for all s ≥ 0, t ≥ 0. From the construction of (Xt)t≥0, we see that (Xt)t≥0 is stochas-
tically complete if and only if for any x ∈ V and any t > 0,

(Pt1V )(x) =
∑
y∈V

p̃(t, x, y) = Px(Xt ∈ V ) = 1,

where 1A denotes the characteristic function for a set A.

Now, we consider the restriction of the process (Xt)t≥0 to a finite subset U of V .
Let τU be the first exit time of U , that is

τU = inf{t ≥ 0 : Xt ∈ U c}.

We can define a semigroup PU
t on the spaces of functions on U as (see (4.1.2) in [21]

for example)

PU
t f(x) = Ex

(
f(Xt)1{t<τU}

)
.

Since U is finite, {PU
t }t≥0 can be viewed as a semigroup of finite dimensional matri-

ces. The corresponding Markov chain {XU
t }t≥0 can be viewed as constructed from

(Xt)t≥0 in the way that at the first time when Xt runs out of U , we send it to
the cemetery point ∞ and it never gets back. It is a standard calculation from the
construction of (Xt)t≥0 and the definition of τU to obtain that PU

t satisfies

∂

∂t
PU

t = QUPU
t ,PU

0 = IdU×U ,

where the matrix QU = (qUxy)U×U is

qUxy =


w(x, y)

µ(x)
, if x ̸= y, x ∈ U, y ∈ U

− 1

µ(x)

∑
z∈V

w(x, z), if x = y ∈ U .

Remark 1.8. Note that as U is finite, PU
t is simply exp

(
tQU

)
.
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Definition 1.9. Let (V,w, µ) be a weighted graph and U be a subset of V . We define
the (outer) boundary ∂U of U as

∂U = {x ∈ U c : ∃y ∈ U, x ∼ y}.
The closure Ū of U is defined to be

Ū = U ∪ ∂U.

It is easy to see that the closure of a finite subset of V is again finite because of
locally finiteness of (V,E). The following proposition relates the tail probability of
exit time of a finite subset U of V to the heat equation on U .

Proposition 1.10. Let (V,w, µ) be a weighted graph with the formal Laplacian ∆.
Let W and U be two finite subsets of V such that Ū ⊆ W . Define a function u on
W × [0,∞) to be

u(x, t) = Px(τW ≤ t).

Then u(x, t) is differentiable in t on [0,∞) and satisfies

∂

∂t
u(x, t) + ∆u(x, t) = 0,

for all x ∈ U and t ≥ 0 with initial condition u(x, 0) ≡ 0.

Proof. By the definition of PW
t , we have that

u(x, t) = Px(τW ≤ t) = 1− Ex

(
1{τW>t}

)
= 1− PW

t 1W (x).

It is clear that u(x, 0) ≡ 0 on W . Moreover, viewing 1W as a column vector, for all
x ∈ W ,

∂

∂t
u(x, t) = − ∂

∂t
PW

t 1W (x) = −QWPW
t 1W (x).

Since Ū ⊆ W , for all x ∈ U , we have that y ∈ W if w(x, y) > 0. Hence for all x ∈ U ,

QWPW
t 1W (x) =

∑
y∈W

w(x, y)

µ(x)
PW

t 1W (y)−
∑
y∈V

w(x, y)

µ(x)
PW

t 1W (x)

=
1

µ(x)

∑
y∈V

w(x, y)(PW
t 1W (y)− PW

t 1W (x))

= ∆u(x, t).

The equation
∂

∂t
u(x, t) + ∆u(x, t) = 0

then holds for all x ∈ U and t ≥ 0. �

2. Discrete integrated maximum principle

As briefly explained before, to estimate the tail probability of exit time, we study
the solutions to the heat equation with zero initial condition. A powerful tool for
such estimates is the so-called “integrated maximum principle” which dates back
to Aronson [1], [2]. The following lemma can be viewed as a discrete version of
Grigor’yan’s “integrated maximum principle” [23].
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Lemma 2.1. Let (V,w, µ) be a weighted graph. Let Ω ⊆ V be a finite subset of V .
Fix some T > 0. Let u(x, t) be a function on Ω̄× [0, T ] that is differentiable in t on
[0, T ] and u(x, 0) ≡ 0. Assume further that u(x, t) solves the heat equation

(2.1)
∂

∂t
u(x, t) + ∆u(x, t) = 0,

on Ω× [0, T ]. Take two auxiliary functions η(x) on V and ξ(x, t) on V × [0, T ] such
that

(1) the function η(x) ≥ 0 is finitely supported and suppη ⊆ Ω;
(2) ξ(x, t) is continuously differentiable in t on [0, T ] for each x ∈ V ;
(3) the inequality (η2(x) − η2(y))(eξ(x,t) − eξ(y,t)) ≥ 0 holds for all x ∼ y and

t ∈ [0, T ];
(4) the inequality µ(x) ∂

∂t
ξ(x, t) + 1

2

∑
y∈V w(x, y)(1− eξ(y,t)−ξ(x,t))2 ≤ 0 holds for

any x ∈ V and t ∈ [0, T ].

Then for any τ ∈ (0, T ], we have the following estimate:
(2.2)∑

x∈Ω

u2(x, τ)η2(x)eξ(x,τ)µ(x) ≤ 2

∫ τ

0

∑
x∈Ω̄

∑
y∈Ω̄

w(x, y)(η(x)− η(y))2u2(x, t)eξ(y,t)dt.

Remark 2.2. Folz [18] develops a different version of the discrete “integrated max-
imum principle” independently of us. Note that in [10], Coulhon, Grigor’yan and
Zucca developed a discrete integrated maximum principle to study discrete time
Markov chains.

Before giving a proof of Lemma 2.1, we present an elementary fact that we will
use frequently.

Lemma 2.3. Let {ai}∞i=1 and {bi}∞i=1 be two sequences of real numbers such that

∞∑
i=1

a2i <∞,
∞∑
i=1

b2i <∞.

The inequality

(2.3)
∞∑
i=1

aibi ≤
δ

2

∞∑
i=1

a2i +
1

2δ

∞∑
i=1

b2i

holds for all δ > 0.

Proof. By the Cauchy-Schwarz inequality we have that

∞∑
i=1

aibi ≤

(
δ

∞∑
i=1

a2i

) 1
2
(
1

δ

∞∑
i=1

b2i

) 1
2

.

Then the desired inequality follows by the AM-GM inequality. �
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Proof of Lemma 2.1. Wemultiply the heat equation in (2.1) by u(x, t)η2(x)eξ(x,t)µ(x)
and sum over x ∈ Ω:

(2.4)
∑
x∈Ω

∂

∂t
u(x, t) · u(x, t)η2(x)eξ(x,t)µ(x)

+
∑
x∈Ω

∑
y∈Ω̄

w(x, y)(u(x, t)− u(y, t)) · u(x, t)η2(x)eξ(x,t) = 0.

Note that since η(x) is finitely supported, the sums in (2.4) are of finite type. Fur-
thermore, since suppη ⊆ Ω, if we make a sum over x ∈ Ω of some multiple of η2(x),
it is equivalent to do it over Ω̄. By symmetry of w(x, y), we have

(2.5)
∑
x∈Ω̄

∂

∂t
u2(x, t) · η2(x)eξ(x,t)µ(x)

+
∑
x∈Ω̄

∑
y∈Ω̄

w(x, y)(u(x, t)− u(y, t))(u(x, t)η2(x)eξ(x,t) − u(y, t)η2(y)eξ(y,t)) = 0.

In this proof, from now on, the sums without specification of range will be understood
to be over Ω̄.

Using the fact that(
∂

∂t
u2(x, t)

)
· eξ(x,t) = ∂

∂t
(u2(x, t)eξ(x,t))− u2(x, t) · eξ(x,t) ∂

∂t
ξ(x, t),

and the finiteness of the sums, we obtain

(2.6)
∂

∂t
(
∑
x

u2(x, t)η2(x)eξ(x,t)µ(x)) =
∑
x

u2(x, t)η2(x)eξ(x,t)µ(x)
∂

∂t
ξ(x, t)

−
∑
x

∑
y

w(x, y)(u(x, t)− u(y, t))(u(x, t)η2(x)eξ(x,t) − u(y, t)η2(y)eξ(y,t)).

We split the sum in the last line:

−
∑
x

∑
y

w(x, y)(u(x, t)− u(y, t))(u(x, t)η2(x)eξ(x,t) − u(y, t)η2(y)eξ(y,t))(2.7)

=−
∑
x

∑
y

w(x, y)(u(x, t)− u(y, t))2η2(x)eξ(x,t)(2.8)

−
∑
x

∑
y

w(x, y)(u(x, t)− u(y, t))u(y, t)(η2(x)− η2(y))eξ(x,t)(2.9)

−
∑
x

∑
y

w(x, y)(u(x, t)− u(y, t))u(y, t)η2(y)(eξ(x,t) − eξ(y,t)),(2.10)

which is a discrete analogue to the Leibniz rule. Then we apply Lemma 2.3 to (2.9)
and (2.10) to cancel the term in (2.8).
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First, for any δ1 > 0,

−
∑
x

∑
y

w(x, y)(u(x, t)− u(y, t))u(y, t)(η2(x)− η2(y))eξ(x,t)

≤ δ1
2

∑
x

∑
y

w(x, y)(u(x, t)− u(y, t))2(η(x) + η(y))2eξ(x,t)

+
1

2δ1

∑
x

∑
y

w(x, y)(η(x)− η(y))2u2(y, t)eξ(x,t).

Applying the elementary fact

(η(x) + η(y))2 ≤ 2(η2(x) + η2(y)),

we have that by the symmetry of w(x, y),

−
∑
x

∑
y

w(x, y)(u(x, t)− u(y, t))u(y, t)(η2(x)− η2(y))eξ(x,t)

≤ δ1
∑
x

∑
y

w(x, y)(u(x, t)− u(y, t))2(η2(x) + η2(y))eξ(x,t)

+
1

2δ1

∑
x

∑
y

w(x, y)(η(x)− η(y))2u2(y, t)eξ(x,t)

=
δ1
2

∑
x

∑
y

w(x, y)(u(x, t)− u(y, t))2(η2(x) + η2(y))(eξ(x,t) + eξ(y,t))

+
1

2δ1

∑
x

∑
y

w(x, y)(η(x)− η(y))2u2(y, t)eξ(x,t).

Using the condition (3) of Lemma 2.1, it follows that

−
∑
x

∑
y

w(x, y)(u(x, t)− u(y, t))u(y, t)(η2(x)− η2(y))eξ(x,t)

≤ δ1
∑
x

∑
y

w(x, y)(u(x, t)− u(y, t))2(η2(x)eξ(x,t) + η2(y)eξ(y,t))(2.11)

+
1

2δ1

∑
x

∑
y

w(x, y)(η(x)− η(y))2u2(y, t)eξ(x,t)

= 2δ1
∑
x

∑
y

w(x, y)(u(x, t)− u(y, t))2η2(x)eξ(x,t)

+
1

2δ1

∑
x

∑
y

w(x, y)(η(x)− η(y))2u2(x, t)eξ(y,t).
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Similarly, for any δ2 > 0,

−
∑
x

∑
y

w(x, y)(u(x, t)− u(y, t))u(y, t)η2(y)(eξ(x,t) − eξ(y,t))

= −
∑
x

∑
y

w(x, y)(u(x, t)− u(y, t))u(x, t)η2(x)(eξ(x,t) − eξ(y,t))

≤ δ2
2

∑
x

∑
y

w(x, y)(u(x, t)− u(y, t))2η2(x)eξ(x,t)

+
1

2δ2

∑
x

∑
y

w(x, y)(1− eξ(y,t)−ξ(x,t))2u2(x, t)η2(x)eξ(x,t).

Choose δ1 = 1/4 and δ2 = 1 and apply the above estimates of (2.9) and (2.10) to
(2.7). It follows that

−
∑
x

∑
y

w(x, y)(u(x, t)− u(y, t))(u(x, t)η2(x)eξ(x,t) − u(y, t)η2(y)eξ(y,t))

≤ 2
∑
x

∑
y

w(x, y)(η(x)− η(y))2u2(x, t)eξ(y,t)

+
1

2

∑
x

∑
y

w(x, y)(1− eξ(y,t)−ξ(x,t))2u2(x, t)η2(x)eξ(x,t).

Hence, by (2.6),

∂

∂t
(
∑
x

u2(x, t)η2(x)eξ(x,t)µ(x))

≤
∑
x

u2(x, t)η2(x)eξ(x,t)µ(x)
∂

∂t
ξ(x, t)

+ 2
∑
x

∑
y

w(x, y)(η(x)− η(y))2u2(x, t)eξ(y,t)

+
1

2

∑
x

∑
y

w(x, y)(1− eξ(y,t)−ξ(x,t))2u2(x, t)η2(x)eξ(x,t)

≤ 2
∑
x

∑
y

w(x, y)(η(x)− η(y))2u2(x, t)eξ(y,t),

where in the last inequality we used the condition (4) on the auxiliary function. Inte-
grating the above inequality with respect to t on [0, τ ], we get the desired inequality
as u(x, 0) ≡ 0. �

3. Adapted metrics

The first work introducing metrics other than the graph metric for analysis on
weighted graphs seems due to Davies [11]. The notion of adapted metrics for graphs is
inspired by the intrinsic metrics for Dirichlet forms. The concept of intrinsic metrics
for general regular Dirichlet forms is first introduced by Frank, Lenz and Wingert
[19], based on earlier work of Sturm [43] in the strongly local case. Inspired by the
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integrability conditions for a Lévy measure, the work of Masamune and Uemura
[37] implicitly contains a similar notion. Grigor’yan, Huang and Masamune applied
the adapted metrics to the stochastic completeness problem of jump type Dirichlet
forms and in particular to weighted graphs. Folz [18] also came up with similar ideas
with the goal to obtain heat kernel estimates on weighted graphs. A different notion
of weighted distance has also been introduced by Colin de Verdière, Torki-Hamza
and Truc [13] in the context of essential self-adjointness for weighted graphs.

In the previous section, we reduced the problem of estimating solutions to the heat
equation to that of constructing suitable auxiliary functions η and ξ. We observe
that the key quantities take the form of

1

µ(x)

∑
y∈V

w(x, y) (η(x)− η(y))2 ,
1

µ(x)

∑
y∈V

w(x, y)(1− eξ(y,t)−ξ(x,t))2.

They are discrete analogues of |∇η|2(x) and |∇ξ|2(x, t) on manifolds. It is natural
to construct these auxiliary functions in some simple form from a metric on V . For
example, η as a cut off function takes the simplest form of a tent-like function

η(x) = C(R− d(x, x̄))+

where d is a metric on V . To get estimates in good shape, we would like to have
that

(3.1)
1

µ(x)

∑
y∈V

w(x, y) (η(x)− η(y))2 ≤ C

for some C > 0. Note that the inequality (3.1) is sensible to the weights µ and w
while the graph metric ρ does not distinguish different weighted graphs with the
same underlying graph structure. So in general, it is not suitable to use the graph
metric to construct auxiliary functions.

Definition 3.1. We call a metric d on a weighted graph (V,w, µ) adapted if

(1)

(3.2)
1

µ(x)

∑
y∈V

w(x, y)d2(x, y) ≤ 1

for every x ∈ V ;
(2) d(x, y) ≤ 1 whenever w(x, y) > 0.

Remark 3.2. The constant 1 is not essential in the assumption that d(x, y) ≤ 1 for
w(x, y) > 0. For our purpose, it suffices to have some upper bound on the distances
between neighboring points in the adapted metric.

Remark 3.3. Note that the quantity

1

µ(x)

∑
y∈V

w(x, y) (η(x)− η(y))2

can be viewed as a discrete analogue of |∇η|2(x). So (3.2) is an analogue of the fact
that

|∇d|2 ≤ 1
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where d is the geodesic distance on a Riemannian manifold. Tent functions with
respect to an adapted metric automatically satisfy (3.1) by the triangle inequality.

Example 3.4. Let (V,w, µ) be the weighted graph in Example 1.3, the normalized
Laplacian case. In this case the graph metric is adapted as ρ(x, y) = 1 for x ∼ y and

1

µ(x)

∑
y∈V

w(x, y)ρ2(x, y) =
1

deg(x)

∑
y,y∼x

1 = 1.

Example 3.5. Let (V,w, µ) be the weighted graph in Example 1.4, the physical
Laplacian case. In this case, we have

1

µ(x)

∑
y∈V

w(x, y)ρ2(x, y) =
∑
y,y∼x

1 = deg(x).

So the graph metric is in general not adapted.

The following construction shows that there always exists an adapted metric on
a weighted graph.

Definition 3.6. Define a function σ (x, y) for all pairs of neighbors x ∼ y by

(3.3) σ(x, y) = min

{
1√

Deg(x)
,

1√
Deg(y)

, 1

}
.

It naturally induces a metric d on X as follows: for all pairs of distinct points x, y,

(3.4) d(x, y) := inf{
n−1∑
i=0

σ(xi, xi+1) : x0, x1, · · · , xn is a path connecting x and y}.

Remark 3.7. It is easy to see by definition that

d(x, y) ≤ σ(x, y) ≤ 1

if x ∼ y. A direct consequence is that for any x, y ∈ V ,

d(x, y) ≤ ρ(x, y).

So the volume growth with respect to an adapted metric is generally larger than
that with respect to the graph metric. When the weighted degree function Deg(x)
is bounded from above by some constant C > 1, we have that

1√
C
ρ(x, y) ≤ d(x, y) ≤ ρ(x, y).

In this case, the adapted metric and the graph metric have similar properties.

Since we only consider locally finite and connected weighted graphs, the closed
balls in the graph metric are compact (i.e. finite). It is is a nice topological property
so that the cut off functions are finitely supported. This property is not necessarily
true for an adapted metric on (V,w, µ). However, as already mentioned in Remark
0.6, we can make a mild technical assumption to get rid of this problem.
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Assumption 3.8. The weight function on vertices of the weighted graph (V,w, µ)
have a positive lower bound, namely

Cµ = inf
x∈V

µ(x) > 0.

Lemma 3.9. Let (V,w, µ) be a weighted graph such that Assumption 3.8 holds. Let
d be a metric on V such that every closed ball has finite measure. Then the closed
balls are finite.

Proof. Let Bd (x, r) be a closed ball with finite measure. Then

#Bd (x, r) ≤
µ (Bd (x, r))

Cµ

<∞.

�

We end this section by concrete examples of adapted metrics. First we define the
so-called weakly spherically symmetric weighted graphs following Keller, Lenz and
Wojciechowski [36]. The symmetric birth and death process introduced in Example
0.2 can be viewed as a special case.

Definition 3.10. Let (V,w, µ) be a locally finite, connected, infinite weighted graph
with the underlying graph structure (V,E) and the graph metric ρ. Fix a point x̄ ∈ V
as a reference point. Write ρ(x) = ρ(x, x̄) for short. We will denote the set {x ∈ V :
ρ(x) = n} by Sn. Note that S0 = {x̄}.
For x ∈ V , define for all x ∈ V

κ+(x) =
1

µ(x)

∑
y∈Sρ(x)+1

w(x, y),

and for all x ̸= x̄,

κ−(x) =
1

µ(x)

∑
y∈Sρ(x)−1

w(x, y).

The weighted graph (V,w, µ) is called weakly spherically symmetric (with respect
to x̄) if the functions κ± depend only on ρ(x). In this paper we make one more
technical assumption that w(x, y) = 0 for any pair of x and y such that ρ(x) = ρ(y).
Equivalently, there is no edge connecting points on the same sphere Sn for all n.

Remark 3.11. The technical assumption is for the purpose of applying the random
measure theory in a more convenient way. It may not be essential.

The underlying graph (V,E) need not to have any symmetry. It is proven in
[36] that the heat kernel of the corresponding minimal Markov chain is spherically
symmetric if and only if the weighted graph is weakly spherically symmetric. Thus
it is not surprising that we will use weakly spherically symmetric weighted graphs
as analogues of model manifolds.

We can construct an adapted metric on a weakly spherically symmetric weighted
graph in a similar way as (0.3).
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Example 3.12. Let (V,w, µ) be a weakly spherically symmetric weighted graph.
Define

µn =
∑
x∈Sn

µ(x), and wn =
∑
x∈Sn

∑
y∈Sn+1

w(x, y).

For simplicity, we assume that (µn)n∈N is an nondecreasing sequence and that µn ≤
2wn for all n ∈ N. Let

(3.5) σn =

√
µn

2wn

.

We can define a function σ(x, y) by

σ(x, y) = σmin{ρ(x),ρ(y)}

for all pairs of neighboring points x, y with |ρ(x)− ρ(y)| = 1. It naturally induces a
metric on V by

d(x, y) := inf{
n−1∑
i=0

σ(xi, xi+1) : x0, x1, · · · , xn ∈ V s.t. ∀0 ≤ i ≤ n− 1,

xi ∼ xi+1 and |ρ(xi)− ρ(xi+1)| = 1}.(3.6)

for all pairs of distinct points x, y. The existence of a path (xi) connecting x and y
with |ρ(xi)− ρ(xi+1)| = 1 can be seen from the special case that x = x̄. It is direct
to check that d is an adapted metric and d(x, x̄) = σ0 + · · · + σn−1 for all x ∈ Sn

and n ≥ 1.

The following two examples are special cases of Example 3.12.

Example 3.13 (Model trees). Let (V,E) be a locally finite, connected, infinite tree
with the graph metric ρ. We consider the physical Laplacian structure on (V,E),
i.e., the weight functions satisfying µ ≡ 1 on V and w ≡ 1 on E. Fix some reference
point x̄ ∈ V . We see that κ−(x) ≡ 1 for x ̸= x̄ and κ+(x) = #{y ∈ V : x ∼ y, ρ(y) =
ρ(x) + 1}. The weighted graph (V,w, µ) is weakly spherically symmetric if and only
if κ+ is constant on Sn for each n. In this case the underlying graph (V,E) is in fact
spherically symmetric.

Consider the adapted metric d constructed in Example 3.12. Let κ+(x) = [(n+1)s]
for x ∈ Sn where s > 0 and [c] is the integer part of c. Then for x ∼ y such that
x ∈ Sn, y ∈ Sn+1, we have

σ(x, y) =

√
µn

2wn

=

√
1

2k+(x)
≍ 1

(n+ 1)s/2
.

So for x ∈ V such that x ∈ Sn, n > 1, we have

d(x, x̄) ≍
{
(n+ 1)1−s/2, if 0 < s < 2,(3.7)

ln(n+ 2), if s = 2.(3.7′)

If s > 2, we see that (V, d) is bounded. The balls in the metric space (V, d) are all
finite only when 0 < s ≤ 2.
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Example 3.14 (Anti-trees (Wojciechowski [50])). Let (Sn)n∈N be a sequence of
disjoint, finite, nonempty sets with S0 = {x̄}. Let

V =
∪
n∈N

Sn.

Define ρ(x) = n if x ∈ Sn. Then define

E = {(x, y) ∈ V × V : |ρ(x)− ρ(y)| = 1}.

In other words, we connect every vertex in Sr to every vertex in Sr+1 to get a graph
(V,E) that is symmetric with respect to x̄. Note that the graph metric ρ on (V,E)
naturally gives ρ(x) = ρ(x, x̄).

Consider the physical Laplacian structure on (V,E). Then the resulting weighted
graph is weakly spherically symmetric with κ+(x) = #Sn+1 and κ−(x) = #Sn−1 for
x ∈ Sn. Furthermore, we have µn = #Sn and wn = #Sn×#Sn+1. Take for example

#Sn = [(n+ 1)s (ln(n+ e))s
′
] where s, s′ > 0. We have

σn =

√
µn

2wn

=

√
1

2#Sn+1

≍ 1

(n+ 1)s/2 (ln(n+ e))s
′/2
.

Hence, for x ∈ V such that x ∈ Sn, n > 1, we have

d(x, x̄) ≍


(n+ 1)1−s/2

(ln(n+ e))s
′/2
, if 0 < s < 2,(3.8)

(ln(n+ e))1−s′/2 , if s = 2, 0 < s′ < 2,(3.8′)

ln ln(n+ 30), if s = s′ = 2.(3.8′′)

4. Upper rate function

In this section, we assume that (V,w, µ) is a weighted graph such that Assumption
3.8 holds. Let (Xt)t≥0 be the corresponding minimal càdlàg Markov chain as con-
structed in Section 1. We first give an explicit definition of the upper rate function.

Definition 4.1. Let (V,w, µ) be a weighted graph such that Assumption 3.8 holds.
Let d be an adapted metric on (V,w, µ). Fix a reference point x̄ ∈ V . A function R(t)
is called an upper rate function (with respect to d) for the minimal process (Xt)t≥0

(or equivalently, for (V,w, µ)) if

Px̄{d(Xt, x̄) ≤ R(t) for all sufficiently large t} = 1.

The main result in its full generality of our paper is given as follows:

Theorem 4.2. Under the setting in Definition 4.1, we assume that for all r ≥ 2,

(4.1) lnµ(Bd(x̄, r)) ≤ f(r),

where f is a positive, increasing continuous function on [0,∞). For technical reasons,
we consider two special classes of functions f .
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(1) There is some constant M > 0 such that

(4.2)
f(r)

r
≤M

for all r ≥ 2. In this case, there exists some constant C > 0 such that the
inverse function ψ−1(t) of

(4.3) ψ(R) = C

∫ R

8

rdr

f(r) + ln ln(r)

is an upper rate function for (Xt)t≥0.

(2) The function f(r)
r

is increasing for r ≥ 2 and

(4.4)

∫ ∞

1

rdr

f(r) exp
(
C0

f(r)
r

) = ∞

for some constant C0 > 2. Then there is some constant C > 0, such that the
inverse function ψ−1(t) of

(4.5) ψ(R) = C

∫ R

1

rdr

f(r) exp
(
C0

f(r)
r

)
is an upper rate function for (Xt)t≥0.

Remark 4.3. (1) Note that by Lemma 3.9, the closed balls of (V,w, µ) in the
metric d are finite since we assume Assumption 3.8 and (4.1).

(2) The upper rate function as the inverse function of ψ in (4.3) seems to be
sharp since it coincides with results in the manifold case [25, 30]. It would
be interesting to see whether it is true even without the restriction (4.2).

The proof of Theorem 4.2 consists of two parts. In the first part, using proba-
bilistic arguments, one reduces the question to estimates of certain solutions to the
heat equation. The probabilistic argument based on the Borel-Cantelli lemma is s-
tandard (see, for example, [25], [30]). The required estimates are obtained through
the discrete integrated maximum principle Lemma 2.1.

4.1. Borel-Cantelli lemma. We generally follow the strategy in [24] and [25] for
upper rate functions of the Brownian motion on Riemannian manifolds. Recall that
Bd(x, r) denotes a closed ball centered at x with radius r in d. Let {Rn}∞n=0 be
a strictly increasing sequence of positive numbers to be chosen later such that
limn→∞Rn = ∞. Denote the balls Bd(x̄, Rn) by Bn and define a sequence of stopping
times τn by

τn = τBn .

Suppose that for a sequence of positive numbers {cn}∞n=1 we have that
∞∑
1

Px̄(τn − τn−1 ≤ cn) <∞.

Then, by the Borel-Cantelli lemma, it follows that Px̄ almost surely

τn − τn−1 > cn
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for all n large enough. Let Tn =
∑n

1 ck. With Px̄ probability 1, we have that τn >
Tn − T0 for all n large enough, where T0 is some random number. Suppose that we
can find a strictly increasing homeomorphism ψ : R+ → R+ such that

(4.6) Tn−1 − ψ(Rn) → +∞

as n→ ∞. Then with Px̄ probability 1, for n large enough and for t such that

ψ(Rn−1) < t ≤ ψ(Rn) < Tn−1 − T0,

we have that

(4.7) d(Xt) ≤ Rn−1 ≤ ψ−1(t).

Notice that limn→∞ ψ(Rn) = ∞, so (4.7) holds for all large enough t, Px̄ almost
surely. In other words, ψ−1(t) is an upper rate function for (Xt)t≥0.

4.2. Exit time estimate. With the main strategy in hand, the key technical prob-
lem is to estimate the quantity

Px̄(τn − τn−1 ≤ cn).

By the strong Markov property of the minimal Markov chain (Xt)t≥0, we have

(4.8) Px̄(τn − τn−1 ≤ cn) = Ex̄(PXτn−1
{τn ≤ cn}).

By the construction of (Xt)t≥0, since (V,w, µ) is locally finite, we know that

Xτn−1 ∈ ∂Bn−1, Xτn ∈ ∂Bn.

Define

rn = Rn −Rn−1 − 1

and assume that rn > 2 for n ≥ 1. Hence, Xt must run out of a ball Bd(Xτn−1 , rn)
before it leaves Bn. So it follows that

Px̄(τn − τn−1 ≤ cn) ≤ sup
z∈∂Bn−1

Pz{τBd(z,rn) ≤ cn}.

For a fixed z ∈ ∂Bn−1, define

u(x, t) = Px(τBd(z,rn) ≤ t)

as a function on Bd(z, rn)× [0,∞). It is direct to see that 0 ≤ u(x, t) ≤ 1. Note that
B̄d(z, rn − 1) ⊆ Bd(z, rn). By Proposition 1.10, the function

u(x, t) = 1− PBd(z,rn)
t 1,

is a solution to the heat equation

∂

∂t
u(x, t) + ∆u(x, t) = 0,

on Bd(z, rn − 1)× [0,∞) with u(x, 0) ≡ 0.

Fixing some n, we can then apply Lemma 2.1 to u(x, t). Choose the auxiliary
functions to be

ξ(x, t) = −2α2
ne

4αnt− 2αnd(x, z) and η(x) =
(eαn(rn−1) − eαnd(x,z))+

eαn(rn−1) − 1
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with αn > 0 to be determined later. Concerning η(x), we have the estimate∑
y∈V

w(x, y)(η(x)− η(y))2

≤ 1

(eαn(rn−1) − 1)2

∑
y∈V

w(x, y)(eαnd(x,z) − eαnd(y,z))2

≤α
2
ne

2αnd(x,z)+2αn

(eαn(rn−1) − 1)2

∑
y∈V

w(x, y)d2(x, y)

≤α
2
ne

2αnd(x,z)+2αn

(eαn(rn−1) − 1)2
µ(x).

(4.9)

It is direct to check that they fulfill the conditions in Lemma 2.1, so we have that
for any τ > 0 ∑

x∈Bd(z,rn−1)

u2(x, τ)η2(x)eξ(x,τ)µ(x)

≤2

∫ τ

0

∑
x∈B̄d(z,rn−1)

∑
y∈B̄d(z,rn−1)

w(x, y)(η(x)− η(y))2u2(y, t)eξ(x,t)dt

≤2

∫ τ

0

∑
x∈B̄d(z,rn−1)

∑
y∈B̄d(z,rn−1)

w(x, y)(η(x)− η(y))2eξ(x,t)dt,

(4.10)

where we used the symmetry of w(x, y) and the fact that 0 ≤ u ≤ 1. Plugging in
the explicit forms of the auxiliary functions, we have

u2(z, τ)µ(z)e−2α2
ne

4αnτ(4.11)

≤2

∫ τ

0

∑
x∈Bd(z,rn)

∑
y∈Bd(z,rn)

w(x, y)(η(x)− η(y))2eξ(x,t)dt(4.12)

≤2

∫ τ

0

∑
x∈Bd(z,rn)

α2
ne

2αnd(x,z)+2αn

(eαn(rn−1) − 1)2
× e−2αnd(x,z)−2α2

ne
4αn tµ(x)dt(4.13)

=
e−2αn(1− e−2α2

ne
4αnτ )

(eαn(rn−1) − 1)2
µ(Bd(z, rn)).(4.14)

Recall that we assume that for any x ∈ V ,

µ(x) ≥ Cµ > 0.

It follows that

(4.15) u2(z, τ) ≤ 1

Cµ

e−2αn(e2α
2
ne

4αnτ − 1)

(eαn(rn−1) − 1)2
µ(Bd(z, rn))

Let τ = cn, we have

Px̄(τn − τn−1 ≤ cn) ≤ sup
z∈∂Bn−1

u(z, cn) ≤

√
µ(Bn)

Cµ

eα
2
ne

4αncn

eαnrn − eαn
.
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Note the elementary fact that if rn > 2, then

1

2
αnrn < αn(rn − 1)

and hence

1

eαnrn − eαn
≤ αn(rn − 1) + 1

αn(rn − 1)
e−αnrn ≤ (1 +

2

αnrn
)e−αnrn .

Together with (4.1), we have

(4.16) Px̄(τn − τn−1 ≤ cn) ≤
1√
Cµ

(1 +
2

αnrn
) exp{α2

ne
4αncn +

1

2
f(Rn)− αnrn}.

Now we prove Theorem 4.2 by specifying Rn, cn and αn. We give separate proofs
for the two classes of functions f .

4.3. Upper rate function for case (1).

Proof of Theorem 4.2, case (1). We choose Rn = 2n+3 for n ≥ 0 and then

rn = Rn −Rn−1 − 1 = 2n+2 − 1 ≥ 1

4
Rn ≥ 4

or n ≥ 1. Let

αn =
2f(Rn) + 2 ln lnRn

rn
.

Then we have that by condition (4.2)

αn ≤ 8f(Rn)

Rn

+
2 ln(n+ 3)

2n+2 − 1
≤ 8M + 1,

and

1 +
2

αnrn
= 1 +

2

2f(Rn) + 2 ln lnRn

≤ 1 +
1

f(0)
.

Write

C1 =
1

8e32M+4

for short. Choose

cn = C1
r2n

f(Rn) + ln lnRn

.

The estimate (4.16) gives

Px̄(τn − τn−1 ≤ cn) ≤
1 + 1

f(0)√
Cµ

exp{1
2
(f(Rn) + ln lnRn) +

1

2
f(Rn)− 2(f(Rn) + ln lnRn)}

≤
1 + 1

f(0)√
Cµ

exp{−3

2
ln lnRn}.(4.17)

It easily follows that
∞∑
n=1

Px̄(τn − τn−1 ≤ cn) <∞.
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We can now determine a function ψ such that (4.6) holds. Consider

Tn =
n∑

m=1

cm

≥ C1

16

n∑
m=1

R2
m

f(Rm) + ln lnRm

=
C1

32

n∑
m=1

Rm+1(Rm+1 −Rm)

f(Rm) + ln lnRm

≥ C1

32

∫ Rn+1

R1

rdr

f(r) + ln ln r
.

Set

ψ(R) =
C1

64

∫ R

8

rdr

f(r) + ln ln r
.

By condition (4.2) we can see that

Tn − ψ(Rn+1) → ∞ as n→ ∞.

Thus ψ−1(t) is the desired upper rate function. �

4.4. Upper rate function for case (2).

Proof of Theorem 4.2, case (2). Let

ε = (
C0

2
− 1) ∧ 1 > 0

and
8

ε
+ 1 ≥ k0 = [

8

ε
] + 1 ≥ 8

ε
≥ 8.

We choose Rn = kn0 such that for all n ≥ 1,

rn = kn0 − kn−1
0 − 1 ≥ (1− 2

k0
)Rn ≥ (1− ε

4
)Rn > 2.

Choose

αn =
(1
2
+ ε

4
)f(Rn)

rn
.

We have that

1 +
2

αnrn
= 1 +

2

(1
2
+ ε

4
)f(Rn)

< 1 +
4

f(0)
.

Then choose

cn =
εf(Rn)

8α2
ne

4αn
.

The estimate (4.16) gives

(4.18) Px̄(τn − τn−1 ≤ cn) ≤
1 + 4

f(0)√
Cµ

exp{−ε
8
f(Rn)}.
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By the assumed monotonicity of f(r)
r

for r ≥ 1 , we obtain that

∞∑
1

Px̄(τn − τn−1 ≤ cn) ≤
1 + 4

f(0)√
Cµ

∞∑
1

exp{−ε
8
f(Rn)}

≤
1 + 4

f(0)√
Cµ

∞∑
1

exp{−ε
8
f(1)Rn} <∞.

We can now determine a function ψ such that (4.6) holds. Recall that

rn = (1− 1

k0
− 1

kn0
)Rn ≥ (1− ε

4
)Rn.

Note the elementary fact that

1 + ε
2

1− ε
4

≤ 1 + ε,

where 0 < ε ≤ 1. Then we can estimate cn as

cn =
εf(Rn)

8α2
ne

4αn
=

ε

8(1
2
+ ε

4
)2

r2n

f(Rn) exp{2(1 + ε
2
)f(Rn)

rn
}

≥
ε(1− ε

4
)2

8(1
2
+ ε

4
)2

R2
n

f(Rn) exp{2(1 + ε)f(Rn)
Rn

}
.

Write

C =
(1− ε

4
)2ε

16(1
2
+ ε

4
)2 8

ε
(8
ε
+ 1)

for short. Hence

Tn =
n∑

m=1

cm

≥
ε(1− ε

4
)2

8(1
2
+ ε

4
)2

n∑
m=1

R2
m

f(Rm) exp{2(1 + ε)f(Rm)
Rm

}

=
(1− ε

4
)2ε

8(1
2
+ ε

4
)2k0(k0 − 1)

n∑
m=1

Rm+1(Rm+1 −Rm)

f(Rm) exp{2(1 + ε)f(Rm)
Rm

}

≥ 2C

∫ Rn+1

R1

rdr

f(r) exp{C0
f(r)
r
}
,

where in the lase inequality we have applied the assumption that f(r)
r

is increasing
for r ≥ 1. Set

ψ(R) = C

∫ R

1

rdr

f(r) exp{C0
f(r)
r
}
.

By condition (4.4) we can see that

Tn − ψ(Rn+1) → ∞ as n→ ∞.

Thus ψ−1(t) is the desired upper rate function. �
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5. Weakly spherically symmetric weighted graphs

In this section (V,w, µ) will be the weakly spherically symmetric weighted graph
considered in Example 3.12. Let

(
(Xt)t≥0 , {Px}x∈V

)
be the corresponding minimal

symmetric càdlàg Markov chain as constructed in Section 1. Without further spec-
ification, the filtration we use here is the augmented one (F x̄

t )t≥0 for some fixed
reference point x̄. We essentially follow the strategy in Grigor’yan and Hsu [25]: s-
plit the radical process into a dominating part and a relatively small part. However,
the technical details are more involved due to the discreteness of the space. We first
state a more general form of Theorem 0.5.

Theorem 5.1. Let (V,w, µ) be the weakly spherically symmetric weighted graph in
Example 3.12 with reference point x̄. Let d be the adapted metric on V defined by
(3.5) and (3.6), and assume that V is unbounded with respect to d. Denote r(x) :=
d(x, x̄). Suppose that there are some constant c > 0 and a positive, continuous,
non-decreasing function m on [0,∞), such that for all x ∈ V outside a finite set,

(5.1) m(r(x)) ≥ −∆r(x) > c.

Assume that

(5.2)

∫ ∞

0

ds

m(s)
= ∞.

Define the function ϕ(t) by the identity

(5.3) t =

∫ ϕ(t)

0

ds

m(s)
.

Then the function ϕ(ct) is an upper rate function for the corresponding birth and
death process for any c > 1. If instead of (5.1) we assume m(r(x)) = −∆r(x) > c
for all but finite many x ∈ V , then ϕ(ct) is not an upper rate function for any
0 < c < 1.

Remark 5.2. By monotonicity of m, (5.2) implies the following

(5.4)
∞∑
n=0

σn
m(rn)

= ∞,

where rn := d(x, x̄) for x ∈ Sn (d(x, x̄) depends only on ρ(x)).

If in the theorem we assume (5.4) instead, then the space (V, d) is necessarily
unbounded and the function m is well defined on [0,∞). By the monotonicity of m,
it is easy to show that (5.2) is equivalent to either one of following:∫ ∞

0

ds

m(s)
= ∞ or

∞∑
n=0

σn
m(rn+1)

= ∞.

Indeed, since m is nondecreasing, there are two possibilities: either limn→∞
1

m(rn)
> 0

or limn→∞
1

m(rn)
= 0. For the first case, there are two constants 0 < c1 < c2 such

that c1 <
1

m(rn)
< c2 for any n ∈ N. The assertion is obvious. For the second case,
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we have

0 ≤
∞∑
n=0

(
σn

m(rn)
− σn
m(rn+1)

)
≤

∞∑
n=0

(
1

m(rn)
− 1

m(rn+1)

)
<∞.

Before proving Theorem 5.1, we start with several auxiliary results.

Proposition 5.3. Let (V,w, µ) be a weakly spherically symmetric weighted graph.
Recall the notations

µn =
∑
x∈Sn

µ(x), and wn =
∑
x∈Sn

∑
y∈Sn+1

w(x, y).

The corresponding process
(
(Xt)t≥0 , {Px}x∈V

)
is transient if and only if

(5.5)
∞∑
n=0

1

wn

<∞.

Proof. It is known that transience of a symmetric Markov process is equivalent to
the following condition on capacity of point x̄ (see [47], Theorem 4.5.1):

(5.6) cap(x̄) := inf
1

2

∑
x∈V

∑
y∈V

w(x, y) (f(x)− f(y))2 > 0,

where the infimum is taken over all finitely supported functions f on V with f(x̄) =
1.

We first prove that (5.5) implies transience. Consider the finite sum∑
x∈Sn

∑
y∈Sn+1

w(x, y) (f(x)− f(y))2

≥ 1

wn

∑
x∈Sn

∑
y∈Sn+1

w(x, y)f(x)−
∑
x∈Sn

∑
y∈Sn+1

w(x, y)f(y)

2

=wn ×

∑
x∈Sn

f(x) ·
∑

y∈Sn+1
w(x, y)

wn

−
∑

y∈Sn+1

f(y) ·
∑

x∈Sn
w(x, y)

wn

2

,

where we applied the Cauchy-Schwarz inequality. From Definition 3.10 of weakly
spherically symmetry, we see that for x ∈ Sn∑

y∈Sn+1
w(x, y)

wn

=
µ(x)κ+(x)∑

z∈Sn
µ(z)κ+(z)

=
µ(x)

µn

,

and similarly for y ∈ Sn+1 ∑
x∈Sn

w(x, y)

wn

=
µ(y)

µn+1

.
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We obtain for all finitely supported f with f(x̄) = 1,

1

2

∑
x∈V

∑
y∈V

w(x, y) (f(x)− f(y))2

≥
∞∑
n=0

∑
x∈Sn

∑
y∈Sn+1

w(x, y) (f(x)− f(y))2

≥
∞∑
n=0

wn ×

∑
x∈Sn

f(x) · µ(x)
µn

−
∑

y∈Sn+1

f(y) · µ(y)
µn+1

2

(5.7)

≥ 1∑∞
n=0

1
wn

.(5.8)

For the last inequality we applied Cauchy-Schwarz inequality and the fact that f is
finitely supported with f(x̄) = 1. So the “if” part of the assertion follows directly.

For the other direction, assume that
∞∑
n=0

1

wn

= ∞.

Define a sequence of functions (fN)N∈N by

fN(x) =


1
wn

+ · · · 1
wN

1
w0

+ · · · 1
wN

, if x ∈ Sn, 0 ≤ n ≤ N ,

0, otherwise.

By direct calculation,

1

2

∑
x∈V

∑
y∈V

w(x, y) (fN(x)− fN(y))
2 =

1
1
w0

+ · · · 1
wN

→ 0,

as N → ∞, whence

0 ≤ cap(x̄) ≤ inf
N∈N

1

2

∑
x∈V

∑
y∈V

w(x, y) (fN(x)− fN(y))
2 = 0.

�
Remark 5.4. In fact, Theorem 5.9 in Woess [47] only treated the transience in
discrete time case. However, the transience property of a continuous time Markov
chain only depends on the associated discrete time Markov chain, see for example
[39], Theorem 3.4.1 or [42], Theorem 4.4.5.

Proposition 5.5. Let (V,w, µ) be a weakly spherically symmetric weighted weighted
graph as in Example 3.12. Let d be the adapted metric on V defined by (3.5) and
r(x) = d(x, x̄). Suppose that for all x ∈ V large enough, and for some constant
c > 0,

−∆r(x) > c.

Then the corresponding process
(
(Xt)t≥0 , {Px}x∈V

)
is transient.
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Proof. Fix some N ≥ 1 such that for all n ≥ N and all x ∈ Sn,

−(∆r)(x) =
1

µ(x)

∑
y∈Sn+1

w(x, y)σn −
1

µ(x)

∑
y∈Sn−1

w(x, y)σn−1

=κ+(n)σn − κ−(n)σn−1 =
wnσn − wn−1σn−1

µn

> c > 0.

Then for all n > N
wnσn ≥ c (µN + · · ·+ µn) .

By definition of the metric d, 2wnσ
2
n = µn and hence

1

wn

≤ wnσ
2
n

c2 (µN + · · ·+ µn)
2 =

µn

2c2 (µN + · · ·+ µn)
2 .

Note that
∑∞

n=N µn = ∞ by monotonicity of µ, we have
∞∑

n=N

µn

(µN + · · ·+ µn)
2

≤ 1

µN

+
∞∑

n=N

(
1

µN + · · ·+ µn

− 1

µN + · · ·+ µn+1

)
<∞.

Condition (5.5) follows directly. �
Remark 5.6. The monotonicity of µ is in fact not used in the proof. We only need
that

∑∞
n=0 µn = ∞.

Proposition 5.7. Under the assumptions of Theorem 5.1, the process
(
(Xt)t≥0 , {Px}x∈V

)
is stochastically complete.

Proof. Keller, Lenz and Wojciechowski proved the following equivalent condition for
stochastic completeness of a weakly spherically symmetric weighted graph.

(5.10)
∞∑
n=0

µ0 + · · ·+ µn

wn

= ∞.

Fix some N ≥ 1 such that for all n ≥ N and all x ∈ Sn,

m(r(x)) ≥ −(∆r)(x) =
wnσn − wn−1σn−1

µn

> 0.

By monotonicity of m, we have that for all K > N ,

µ0 + · · ·+ µK ≥
K∑

n=N

wnσn − wn−1,nσn−1

m(rn)

≥ 1

m(rK)

K∑
n=N

(wnσn − wn−1σn−1)

=
wKσK − wN−1σN−1

m(rK)
.
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Hence
∞∑
n=0

µ0 + · · ·+ µn

wn

≥
∞∑

n=N+1

(
σn

m(rn)
− wN−1σN−1

m(rn)wn

)
.

In Proposition 5.5, we proved that
∞∑
n=0

1

wn

<∞.

It follows that
∞∑

n=N+1

wN−1σN−1

m(rn)wn

≤ wN−1σN−1

m(rN)

∞∑
n=N+1

1

wn

<∞.

Hence for some constant c′ > 0,
∞∑
n=0

µ0 + · · ·+ µn

wn

≥
∞∑

n=N+1

σn
m(rn)

− c′ = ∞.

The assertion follows. �

The following result is proved by tools from martingale theory. It is a direct
consequence of Proposition A.2 in the Appendix.

Proposition 5.8. Let Mt = r(Xt)+
∫ t

0
(∆r)(Xs)ds. Under the assumptions of Theo-

rem 5.1, the process (M,Px̄) is a martingale. Furthermore, for all t > 0, Ex̄ (M
2
t ) ≤ t.

Proof. We only need to check that the function r(x) satisfies the conditions in Propo-
sition A.1 and Proposition A.2. The assumption (3) on f in Proposition A.1 is ful-
filled by our technical assumption that w(x, y) = 0 for all x, y with ρ(x) = ρ(y) in
Definition 3.10. Other conditions are clear. �

Now we can prove our Theorem 5.1.

Proof of Theorem 5.1. We divide the proof into several steps.

Step 1: For any ε > 0, by Doob’s maximal martingale inequality, we have

Px̄

(
sup

0≤s≤2n
|Ms| ≥ ε2n

)
≤ 1

ε222n
sup

0≤s≤2n
Ex̄

(
M2

s

)
≤ 1

ε22n
.

It follows that
∞∑
n=1

Px̄

(
sup

0≤s≤2n
|Ms| ≥ ε2n

)
<∞.

By Borel-Cantelli lemma, we have that

Px̄{ sup
0≤s≤2n

|Ms| < ε2n for all sufficiently large n } = 1.

For all large enough t > 0, we can find n ∈ N such that t ≤ 2n < 2t. And hence,

(5.11) Px̄{|Mt| < 2εt for all sufficiently large t } = 1.



36 X. HUANG

Step 2: Since the process (Xt)t≥0 is transient (Proposition 5.5) and the space
(V, d) has infinite diameter, we have with probability 1, r(Xt) → ∞ as t → ∞. It
follows that, with probability 1,

lim inf
t→∞

∫ t

0
m(r(Xs))ds

−
∫ t

0
(∆r)(Xs)ds

≥ 1,

where we used the facts that m is a positive nondecreasing function and that
m(r(x)) ≥ −(∆r)(x) for all x ∈ Sn with large enough n.

By definition of Mt, we have

r(Xt) =Mt −
∫ t

0

(∆r)(Xs)ds,

which implies that, for any ε > 0, the following inequality holds,

(5.12) r(Xt) ≤ (1 + ε)

∫ t

0

m(r(Xs))ds,

for all sufficiently large t, with probability 1. All further inequalities in this argument
are also understood for all large enough t, with probability 1 in the sense similar to
(5.11).

Step 3: Consider the following functions:

v(t) :=

∫ t

0

m(r(Xs))ds,

u1(t) :=

∫ t

0

m ((1 + ε)v(s)) ds,

Note that with probability 1, v is continuous and u1 are continuously differentiable.
By (5.12), we have

(5.13) r(Xt) ≤ (1 + ε)v(t),

whence by monotonicity of m,

m (r(Xt)) ≤ m ((1 + ε)v(t)) .

Integrating the above inequality with respect to t, we obtain

(5.14) v(t) ≤ (1 + ε)u1(t).

Applying the monotonicity of m to (5.14), since du1(t)
dt

= m ((1 + ε)v(t)), we obtain
a differential inequality for u1(t):

du1(t)

dt
≤ m

(
(1 + ε)2u1(t)

)
.

Rename C1 = (1 + ε)2. We have

(5.15)

∫ C1u1(t)

0

dr

m(r)
≤ C1t+ C0
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where C0 is a large enough random constant. Note that by (5.13) and (5.14),

r(Xt) ≤ C1u1(t).

Combining (5.15) with the above inequality, we obtain by definition of ϕ(t) in (0.13),

r(Xt) ≤ C1u1(t) ≤ ϕ(C1t+ C0) ≤ ϕ(C2
1 t).

Thus ϕ(ct) is an upper rate function for any c > 1.

Step 4: Suppose now m(r(x)) = −∆r(x) for all large enough x. Then with
probability 1,

lim
t→∞

∫ t

0
m(r(Xs))ds

−
∫ t

0
(∆r)(Xs)ds

= 1.

And hence for any ε > 0,

(5.16) (1− ε)

∫ t

0

m(r(Xs))ds ≤ r(Xt) =Mt −
∫ t

0

(∆r)(Xs)ds.

Consider another function:

u2(t) :=

∫ t

0

m ((1− ε)v(s)) ds.

By (5.16),

(5.17) (1− ε)v(t) ≤ r(Xt).

whence by monotonicity of m,

m ((1− ε)v(t)) ≤ m (r(Xt)) .

Integrating the above inequality in t, we obtain

(5.18) (1− ε)u2(t) ≤ v(t).

Applying the monotonicity of m once more to (5.18), since du2(t)
dt

= m ((1− ε)v(t)),
we obtain a differential inequality for u2(t):

du2(t)

dt
≥ m

(
(1− ε)2u2(t)

)
.

Rename C2 = (1− ε)2. We have

(5.19)

∫ C2u2(t)

0

dr

m(r)
≥ C2t− C0,

where C0 is a large enough random constant. Note that by (5.17) and (5.18),

C2u2(t) ≤ r(Xt).

Combining (5.19) with the above inequality, we obtain by definition of ϕ(t) in (0.13),

ϕ(C2
2 t) ≤ ϕ(C2t− C0) ≤ C2u2(t) ≤ r(Xt),

for all large enough t with probability 1. Thus ϕ(ct) is not an upper rate function for
any 0 < c < 1. In fact, as we can see from the proof, ϕ(ct) is a lower rate function
for any 0 < c < 1.

�
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For illustration, let us show how to apply Theorem 5.1 to Example 3.13 and
Example 3.14. We omit the details of calculations as they are essentially the same
as in Example 0.10 and Example 0.11.

In Example 3.13, if we choose κ+(x) = [(n+ 1)s] for x ∈ Sn, 0 < s ≤ 1, then the
upper rate function ϕ(t) has the form

(5.20) ϕ(t) ≍ t
2−s
2−2s , if 0 < s < 1, and ϕ(t) ≍ eCt, if s = 1,

where C > 0 is some constant. The volume growth function satisfies

ln (Bd(x̄, r)) ≍ r
2

2−s ln r,

for all r large enough.

In Example 3.14, if we choose κ+(x) = [(n + 1)2 ln(n + e)s] for x ∈ Sn, then
the upper rate function ϕ(t) again is given by (5.20), whereas the volume growth
function satisfies that

ln (Bd(x̄, r)) ≍ r
2

2−s ,

for all r large enough.

Although the upper rate functions for the two examples have the same form, the
volume growth functions behave differently. Hence, even for the physical Laplacian
case, obtaining a sharp upper rate function purely in terms of the volume growth is
impossible.

Appendix A

In this appendix, we collect some basic facts for the stochastic analysis of pure
jump martingales and provide a proof for Proposition 5.8. Although results here are
not new, it is hard to find explicit references. We include proofs here for the sake of
completeness.

The following proposition is a generalization of Theorem 2 in Hamza and Klebaner
[27].

Proposition A.1. Let (V,w, µ) be a locally finite, connected weighted graph with a
fixed reference point x̄ ∈ V and

(
(Xt)t≥0 ,F x̄, (Px)x∈V∞

)
be the corresponding mini-

mal càdlàg Markov chain. Assume that the process is stochastically complete. Let f
be an unbounded function on V that satisfies the following conditions:

(1) f(x̄) = 0;
(2) the sets {x ∈ V : |f(x)| ≤ n} are finite for all n ∈ N;
(3) f(x) ̸= f(y) for any pair x ∼ y.

Then under Px̄, the process M defined by

Mt := f(Xt) +

∫ t

0

(∆f) (Xs) ds

is a local martingale with respect to the filtration F x̄.
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Proof. We will follow Jacod and Shiryaev [34] for the theory of random measures
and compensators (or dual predictable projections). Every process in the proof will
be considered under the probability Px̄ and the filtration (F x̄

t )t≥0. We make the
convention that inf ∅ = ∞. Let in the following

Xt− = lim
s→t,s<t

Xs,

the existence of which is guaranteed by the càdlàg property of the process.

Consider the process Yt := f(Xt) which is a càdlàg pure jump type process on R.
Let µf be the random measure counting the jumps of Y :

µf (ω; dt, dx) :=
∑
s

1{Ys(ω)−Ys−(ω) ̸=0}δ(s,Ys(ω)−Ys−(ω))(dt, dx),

where δ(s,x) is the Dirac measure on R×R at point (s, x). Note that by the assumption
(3) on f , f(Xs) − f(Xs−) ̸= 0 if and only if Xs ̸= Xs− (since we have Xs ∼ Xs−
when Xs ̸= Xs−). Define a sequence of stopping times (τn)n≥0 by

τ0 = 0, τn+1 = inf{t > τn : Xt ̸= Xt−},
which are the jumping times of the process X. We can rewrite µf as

µf (dt, dx) =
∑
n≥1

δ(τn,Yτn−Yτn−)(dt, dx),

where we omit the dependence on the sample ω for simplicity.

By Theorem 1.33 in [34] and the strong Markov property of the process X, we
have the compensator of µf is given by (see for example [27], [28], [33])

νf (dt, {x}) =
∑
n≥0

1{τn<t≤τn+1}Deg (Xτn)PXτn
[Yτn+1 − Yτn = x]dt.

Let Sn = inf{t > 0 : |Yt| > n}. Define another sequence of stopping times (Tn)n≥1

by Tn = min{n, Sn}. Since the process X is stochastically complete, on each finite
time interval [0, t], there are only finitely many jumps of X, Px̄ almost surely. It
follows that Px̄ almost surely, for all t > 0, there is some n such that Sn > t, as f is
unbounded. Then we see that Px̄ almost surely limn→∞ Tn = ∞.

Consider the functions Fn(t, x) = x · 1{t≤Tn}. By the property of compensator of
a random measure (see for example Theorem 1.8 in [34]), we have for any n,

Ex̄

(∫
|Fn(t, x)|µf (dt, dx)

)
= Ex̄

(∫
|Fn(t, x)|νf (dt, dx)

)
= Ex̄

(∫ Tn

0

1

µ(Xs−)

∑
y∈V

w(Xs−, y)|f(Xs−)− f(y)|ds

)
(A.1)

= Ex̄

(∫ Tn

0

1

µ(Xs)

∑
y∈V

w(Xs, y)|f(Xs)− f(y)|ds

)
.(A.2)

By locally finiteness of (V,w, µ) and finiteness of the sets {x ∈ V : |f(x)| ≤ n},

An := sup
{(t,ω):0<t≤Tn(ω)}

1

µ(Xs)

∑
y∈V

w(Xs, y)|f(Xs)− f(y)| <∞.
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By (A.2), we have

Ex̄

(∫
|Fn(t, x)|µf (dt, dx)

)
≤ AnTn ≤ nAn <∞,

whence the process

|Y |t :=
∫

1{s≤t}|x|µf (dt, dx)

is locally integrable.

Then we have by direct calculation

Yt = f(Xt) = f(Xt)− f(X0) =

∫
1{s≤t}xµ

f (dt, dx),∫ t

0

(∆f) (Xs) ds =

∫ t

0

1

µ(Xs)

∑
y∈V

w(Xs, y) (f(Xs)− f(y)) ds = −
∫

1{s≤t}xν
f (dt, dx)

Px̄ almost surely, since the right hand side of each equality is well defined. Moreover,
by Theorem 1.8 in [34], we have that the process M is a local martingale since

Mt = Yt +

∫ t

0

(∆f) (Xs) ds =

∫
1{s≤t}x

(
µf (dt, dx)− νf (dt, dx)

)
.

�

Proposition A.2. Under the same assumptions of Proposition A.1, if we assume
furthermore that

(A.3)
1

µ(x)

∑
y∈V

w(x, y)(f(x)− f(y))2 ≤ 1

for all x ∈ V , then the process M is a martingale, and Ex̄(M
2
t ) ≤ t for all t > 0.

Proof. We adopt the same notations as in the proof of Proposition A.1. The qua-
dratic variation process [M,M ] of the local martingale M is given by

[M,M ]t =
∑
0<s≤t

(f(Xs)− f(Xs−))
2 =

∫
1{s≤t}x

2µf (dt, dx).

Note that the quadratic predictable covariation process < M,M > of M satisfies

< M,M >t=

∫
1{s≤t}x

2νf (dt, dx) =

∫ t

0

1

µ(Xs)

∑
y∈V

w(Xs, y) (f(Xs)− f(y))2 ds.

By (A.3), we have that for all t > 0,

Ex̄ ([M,M ]t) = Ex̄ (< M,M >t) ≤ t.

Then it follows from standard results in martingale theory that M is a martingale
with

Ex̄(M
2
t ) = Ex̄ ([M,M ]t) ≤ t

for all t > 0 (see for example Protter [40], Corollary 3, p. 72). �
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Remark A.3. Condition (A.3) corresponds to the adaptedness condition when f
is given by the distance from a reference point. From this martingale theory point
of view, we also see that the adapted metric is a natural notion.
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