ELLIPTIC LAW FOR REAL RANDOM MATRICES

ALEXEY NAUMOV!

ABSTRACT. We prove elliptic law for real random matrices under assump-
tion of finite forth moment of the matrix entries.
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2 A. NAUMOV

1. INTRODUCTION

Let us consider real asymmetric random matrix Xp(w) = {X;;j(w)}7,—; and
assume that the following conditions (CO0) hold

a) Pairs (X;j;, Xj;),1 # j are i.i.d. random vectors;

b) E X2 =E Xy = 0,E X% = E X2 =1 and max(E | X124, E|X21|*) < My;
) E(X12X01) =p, [p| < 15

d) The diagonal entries X;; are i.i.d. random variables, independent of off-
diagonal entries, E X717 = 0 and E X%, < 0.

Denote by Aq, ..., A, the eigenvalues of the matrix n~1/2X,, and define empirical
spectral measure by
1
pn(B)=—#{1<i<n:)\ € B}, BeB(C).

o
We say that the sequence of random probability measures m,(-) converges

weakly in probability to probability measure m(-) if for all continues and bounded
functions f : C - C and all e > 0
> 6) =0.

lim P (
n—oo

| r@mataz) = [ ramaz)

We denote weak convergence by symbol ‘weak,

In this paper we consider the case |p| < 1. The main result of the paper is
following

Theorem 1.1. (Elliptic Law) Let X,, satisfies condition (CO) and |p| < 1.
Then py, weak, win probability, and p has a density g:

1
(1—p2)" x,y € 87
‘Z" — 71'(1—/)2)
9(@.y) {(), otherwise,

where

2 y?
E:=qx,yeR: + <1;.
{ RCEIE }

Figure [1] illustates Elliptic law.

In 1985 Girko proved elliptic law for rather general ensembles of random ma-
trices under assumption that matrix elements have a density, see |7] and [8].
Girko used method of characteristic functions. Using V-transform he reduced
problem to the problem for Hermitian matrices (n~%2X,, — 2I)*(n~1/2X,, — 1)
and established convergence of empirical spectral distribution of singular values
of n=1/2X,, — 2I to the limit which determines the elliptic law.
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Let elements of real asymmetric random matrix X have Gaussian distribution
with zero mean and correlations

EX}=1land EXyXi=p, i#j, |pl <1l
The ensemble of such matrices can be specified by the probability measure
n
2(1-p?)

It was proved that p, ‘weak, i, where p has a density from Theorem see [14].
We will use this result to prove Theorem [I.1]in the general case.

P(dX) ~ exp [— Tr(X X — pXQ)] :

Remark 1.2. This result can be generalized to an ensemble of Gaussian com-
plex asymmetric matrices. In this case, the invariant measure s

n
1—|p?
and B| X2 = 1,EX;; X = |ple®® for i # j. Then the limit measure has a
uniform density inside an ellipse which is centered at zero and has semiaxes
1+ |p| in the direction 0 and 1 — |p| in the direction 6 + /2.

P(dX) ~ exp [— Tr(XX" —2Re pXQ)}

For the discussion of elliptic law in Gaussian case see also [6], [1, Chapter 18]
and [10].

We repeat physical motivation of models of random matrices which satisfy con-
dition (CO) from [14]: ”The statistical properties of random asymmetric matri-
ces may be important in the understanding of the behavior of certain dynamical
systems far from equilibrium. One example is the dynamics of neural networks.
A simple dynamic model of neural network consists of n continues ”scalar”
degrees of freedom(”neurons”) obeying coupled nonlinear differential equations
(7circuit equations”). The coupling between the neurons is given by a synap-
tic matrix X which, in general, is asymmetric and has a substantial degree of
disorder. In this case, the eigenstates of the synaptic matrixz play an important
role in the dynamics particulary when the neuron nonlinearity is not big”.

It will be interesting to prove Theorem only under assumption of finite
second moment and prove sparse analogs. It is the direction of our further
research.

If p = 0 we assume that all entries of X,, are independent random variables and
Circular law holds (see [2], [15], [9]):

Theorem 1.3. (Circular law) Let X,, be a random matriz with independent

identically distributed entries, E X;; = 0 and EXZ-QJ- = 1. Then un ‘weak, Woin
probability, and p has uniform density on the unit circular.

See Figure [1|d) for illustration of Circulaw law.

If p = 1 then matrix X,, is symmetric and its eigenvalues are real numbers. In
this case the next theorem is known as a Wigner’s semi-circular law (see [2]):
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Theorem 1.4. (Semi-circular law) Let X,, be a symmetric random matriz
with independent identically distributed entries for i > j, EX;; =0, IEXZ?]- =1

Then py, weak, w in probability, and p has a density g:

o(a) = {21\/4—952, 9<r<2,

s
0, otherwise.

Throughout this paper we assume that all random variables are defined on
common probability space (2, F,P) and we will write almost surely (a.s) instead
of P-almost surely. For vector = (21, ..., 2,) denote ||z|]2 ;= (3 1, #2)1/? and
l|z||3 := (325, |z:f*)'/3. We denote unit sphere and unit ball by $"~! := {z :
l|z||]2 = 1} and B} := {x : ||z||2 < 1} respectively. For matrix A define spectral
norm by [|A]| := sup,,|g,=1 |[Az||]2 and Hilbert-Schmidt norm by [|A||gs =

(Tr(A*A))'/2. By [n] we mean the set {1,...,n}.

2. PROOF OF THE MAIN RESULT

Further we will need the definition of logarithmic potential (see [12]) and uni-
form integrability of function with respect to the sequence of probability mea-
sures.

Definition 2.1. The logarithmic potential Uy, of measure m(-) is a function
Up : C — (=00, 4+00] defined for all z € C by

Un(z) = —/(Clog |z — w|m(dw).

Definition 2.2. (uniform integrability) The function f : R — R is uniformly

integrable in probability with respect to the sequence of random measures {mpy }n>1
on R if for all e > 0:

tliglo Jlangop </f|>t 7@}l () > E) -

Let o1(n1/2X — 2I) > op(n~'/2X — 2I) > ... > 0,(n~Y/2X — zI) be singular
values of n=1/2X,, — 2I and

V(2 B) = %#{z’ >1:0,€ B}, BeB(R)-

empirical spectral measure of singular values. We will omit argument z in
notation of measure v,(z, B) if it doesn’t confuse.

The convergence in the Theorem will be proved via convergence of logarith-
mic potential of i, to the logarithmic potential of ;1. We can rewrite logarithmic
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potential of u, via the logarithmic potential of measure v, by

1 1
Up,(2) = —fclog |z — w|pn (dw) = —glog det <\/ﬁXn — zI)‘

1 1 1 o0
=-3. log det <\/ﬁXn — zI> <\/ﬁXn — zI) = _/0 log xvy, (dx).

This allows us to consider Hermitian matrix (n~1/2X,, — 2I)*(n"'/2X,, — 2I)
instead of asymmetric n~/2X. To prove Theorem we need the following

Lemma 2.3. Let (X,)n,>1 be a sequence of n x n random matrices. Suppose
that for a.a. z € C there exists a probability measure v, on [0,00) such that

weak . ..
a) v, —— v, as n — oo in probability
b) log is uniformly integrable in probability with respect to {vp }n>1.

Then there exists a probability measure p such that
a) fn — 1 as n— oo in probability
b) for a.a. z € C

Uu(z) = — /Ooo log zv,(dx).

Proof. See [3, Lemma 4.3] for the proof. O

Proof. (Proof of Theorem [L.1]) Our aim is to prove convergence of v, to v, uni-
form integrability of log(-) with respect to {v,, }n>1 and show that v, determines
elliptic law.

To prove uniform integrability we need bounds on the least singular value of
n~Y2X — zI. These bounds will follow from Theorem [3.1l By Theorem [4.1] we
can conclude uniform integrability of log(-).

In Theorem [5.2]it is proved that Stieltjes transform of E v, converges to Stieltjes
transform of some probability measure v,. By Lemma and Chebyshev’s
inequality we can conclude that Stieltjes transform of v,, converges to Stieltjes
transform of v, in probability.

By relation between measures and their Stieltjes transforms if follows that v,
converges to v, in probability. The crucial fact is that v, is non-random and
doesn’t depend on the distribution of matrix entries. So we can apply result in
the Gaussian case and it follows that v, determines the elliptic law. ([l

3. LEAST SINGULAR VALUE

Let si(A) be singular values of A arranged in the non-increasing order. From
properties of the largest and the smallest singular values
si(A) = [|Al| = sup [[Az[lz, sn(A)= inf |[Axl.

z:||z]|2=1 z:||z][2=1
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To prove uniform integrability of log(-) we need to estimate probability of the
event {s,(A) <en~'/2 ||X]|| < K+y/n}, where A = X — 2I. We can assume that
en~1/2 < Kn'/2. If |z| > 2K/n then probability of the event is automatically
zero. So we can consider the case when |z| < 2Kn!/2. We have [|A|| < ||X]|| +
|z < 3Kn'/2. In this section we prove theorem

Theorem 3.1. Let A = X — zI, where X is n X n random matrix satisfying
(CO). Let K > 1. Then for every € > 0 one has

P(sn(A) < en™ /2 ||Al| < 3K /) < C(p)e'/* + Cr(p)n™ /%,
where C(p), C1(p) are some constants which can depend only on p, K and M.

Remark 3.2. Mark Rudelson and Roman Vershynin in [11] and Roman Ver-
shynin in [16] found bounds for the least singular value of matrices with in-
dependent entries and symmetric matrices respectively. In this section we will
follow their ideas.

3.1. The small ball probability via central limit theorem. We recall
definition of Levy concentration function

Definition 3.3. Levy concentration function of random variable Z with values
from R? is a function

L(Z,e) = sup P(||Z — v||2 < €).
veR

The next statement gives the bound for Levy concentration function of sum of
independent random variables in R.

Statement 3.4. Let {a;&; + bin;i}i>1 be independent random variables, E & =
En =0, E& > LEn? > 1, Em; = p, max(E&HLEnf) < My, oy 'b; = O(1).
We assume that c1(2n) =12 < |a;| < (con)~/2, where cy, 1 are some constants.
Then

" Ce Gy
L <Z(ai£i + bmi%f:‘) = (1— p2)i2 + (1— p2)3/2p1/2°

i=1

Proof. Set 0% =E£? and 04 = En?. Tt is easy to see that
n n n
o? =E(Y_ Z)* =) _lail* (0 +2poinoina; bito(a; '0)?) = (1=p%) ) ofi|aif?
i=1 i=1 i=1
and
n n
D Ela&i + bl <D |ail B & + a7 bl < C'My] a3,
i=1 i=1
where we have used the fact a;lbi = O(1). By Central Limit Theorem for

arbitrary vector v € R

'

n

Z(ai& +bin;) — v

=1

e > Ela& + binil?

o3

)

§8> <P(lg' —v| <e)
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where ¢’ has gaussian distribution with zero mean and variance 2. The density
of ¢’ is uniformly bounded by 1/v2mc2. We have

- Ce Cy
P <| ;(aifi + bini) —v| < E) < O + 0 2

We can take maximum and conclude the statement. OJ

Remark 3.5. Let us consider the case b; = 0 for all i > 1. It is easy to show

that
£ (Z a@,e) < Cle+n~Y?).
i=1

3.2. Decomposition of the sphere. To prove Theorem we shall parti-
tion the unit sphere S™"~! into the two sets of compressible and incompressible
vectors, and show the invertibility of A on each set separately.

Definition 3.6. (Compressible and incompressible vectors) Let co,c1 € (0,1).
A wvector x € R™ is called sparse if |supp(z)| < con. A vector x € S ! is
called compressible if x is within Euclidian distance c1 from the set of all sparse
vectors. A wector x € S"! is called incompressible if it is not compressible.
The sets of sparse, compressible and incompressible vectors will be denoted by
Sparse = Sparse (co), Comp = Comp (co,c1) and Incomp = Incomp(cy,c1)
respectively.

3.3. Invertibility for the compressible vectors. We first estimate ||Ax|]|
for a fixed vector € S"~!. The next two statements can be found in [16], but
for the readers convenience we prove them here

Statement 3.7. Let A be a random matriz from the Theorem [3.1. Then for
all z € S"1
L(Ax,c3v/n) < 2”37,

Proof. Let us decompose the set of indices [n] into two sets of roughly equal
sizes, {1,...,no} and {ng + 1,...,n} where ng = [n/2].

We fix arbitrary vector v € R and decompose matrix A and vectors x,u into

blocks
» A (BB oo () ()

We have ||Az —ull3 = ||Ey + Fz —v||3 + ||Gy + Hz — w||3. Let us consider the
first term ||Ey + Fz — v||3. Conditioning on an arbitrary realization of E and
H we express
70
1By + Fz —oll3 = |[Fz —oll3 = Y ((Fi,2) — di)*,
i=1
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where F; is a row of F and d; is a coordinate of Ey—wv. For each ¢ we can observe
that (F;, z) is a sum of independent random variables and by Lemma

1
sup P(|(F, z/|2]|2) — di| < 5) <po € (0,1).
d; ER

Now we can use Lemma [A.10]

sup P(||[Fz —all2 < 10v/ngl|2]]2) < pi°.
a€R™0

Since Ey — v is a fixed vector, this implies
P([[By + Fz — vl]2 < 7ol[2]|2v/ng) < p°.

Since this holds conditionally on an arbitrary realization of E and H, it at also
holds unconditionally.

By a similar argument we obtain that

P(||Gy + Hz — wl[2 < 7ol[yll2v/n —no) < pi™™.

Since ng > n/2 and n —ng > n/3 and ||y||3 + ||2]|3 = 1 we have 7¢||z|[3n0 +
72||y|[3(n — no) > $7¢n. By union bound, we conclude that

1
B(||Az —ull < grin'/?) < 2"

O

Lemma 3.8. Let A be a matriz from Theorem[3.1 and let K > 1. There exist
constants co,c1,c4 € (0,1) that depend only on K and My and such that the
following holds. For every u € R", one has

(3.2) P( inf : [|Az — ull2/||z]|2 < cav/n, ||A]| < 3Ky/n) < 2e~ 4™,

HTZHQ €Comp(co,c1

Proof. Let us fix some small values of ¢g,¢; and ¢4. According to Lemma [A.4]
there exists a (2¢1)-net N of the set Comp(cy, ¢1) such that
|N| < (9/6061)Con.

Let € denote the event in the left hand side of (3.2)) whose probability we would
like to bound. Assume that £ holds. Then there exist vectors zy := z/||z||2 €
Comp(co,c1) and ug := u/||z||2 € span(u) such that

(3.3) HA.%() — UHQ S C4\/ﬁ.
By definition of N, there exists yo € N such that
(3.4) llzo = woll2 < 2¢1.

By norm inequality
(3.5) [ Ayoll2 < [|A[] < 3K V/n.

From (3.3)) and (3.4) it follows
(3.6)  [[Ayo — uoll2 < [|A[l[|zo — yoll2 + ||Azo — uoll2 < 61K Vn + cav/n.
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This and yield
ullo < 3K/n+ 6c1Ky/n 4 cav/n < 10K /n.
We see that
up € span(u) N 10K+y/nB} =: E.
Let M be some fixed (¢1 K+/n)-net of the interval E, such that

20Ky/n 20
ClK\/ﬁ N Cl'

Let us choose a vector vg € M such that |jug — vo|| < 1 K+/n. It follows

from (3.6)) that
HAy() — 1)0”2 < 601K\/ﬁ + C4\/ﬁ + ClK\f = (781K + C4)\/ﬁ.

M| <

Choose values of ¢1,¢4 € (0,1) so that 7e; K + ¢4 < c3, where c3 is a constant
from Statement We have that the event € implies the existence of vectors
yo € N and vy € M such that [|Ayg — vol|2 < c34/n. Taking the union bound
over N and M, we conclude that

P(E) S ‘NHM’ max P(HAyO — ’UQHQ S Cg\/ﬁ).
Yo EN,v9EM

Applying Statement and using on the cardinalities of the nets N, M we
obtain

2e ™,

Pe) < (9)" 20

CcoC1 C1

We can choose ¢y small enough to ensure that

3.4. Invertibility for the incompressible vectors. For the incompressible
vectors, we shall reduce the invertibility problem to a lower bound on the dis-
tance between a random vector and a random hyperplane. For this aim we
recall Lemma 3.5 from [11]

Lemma 3.9. Let A be a random matriz from theorem. Let Aq,..., A, denote
the column vectors of A, and let Hy denote the span of all columns except the
k-th. Then for every co,c1 € (0,1) and every € > 0, one has

xe€Incomp(co,c1)

1 &
(3.7) P( inf ||A{L‘H2 < €n_1) < — ZP(diSt(Ak,Hk) < CI1€).
con 1
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3.5. Distance via the small ball probability. Lemma [3.9] reduces the in-
vertibility problem to a lower bound on the distance between a random vector
and a random hyperplane.

We decompose matrix A = X — zI into the blocks

ail VT
o (o )
where B is (n — 1) x (n — 1) matrix, U,V € R*"L,

Let h be any unit vector orthogonal to As, ..., A,. It follows that

v\
0_<B> h=hmV+Blyg,

where h = (h1,g), and
g=-mB TV
From definition of h
L= (Al = [P * +[|gl3 = [ha|* + [ [2|IBTV]13
Using this equations we estimate distance
— (BT

dist(Ar, H) > |(Ag, b)| = 1 =BV U]

V1+IBTV3

It is easy to show that ||B|| < [|A||. Let vector e; € S™ 2 be such that
|IB|| = ||Beill2. Then we can take vector e = (0,e1)? € S"~! and for this
vector

1Al > [[Aellz = [|(VTe1, Ber)" |2 > [[Beal2 = [B].

The bound for right hand sand of (3.7)) will follow from the
Lemma 3.10. Let matriz A be from Theorem[3.1. Then for all £ > 0

(B~"V,U) — v 1/8 / -1/8
3.9) supP <& |Bll €3Kvn | <C(p)e*’® +C'(p)n ,
( ) vER <1/1_|_ ||B*TV||% || H (p) (p)

where B, U,V are determined by (3.8) and C(p), C1(p) are some constants which
can depend only on p, K and Mjy.

To get this bound we need several statements. We introduce matrix

B 0,1 BT B U
(3.10) Q- <B_1 om) W= <V) ,
where O,,_1 is (n—1) x (n—1) matrix with zero entries. Scalar product in (3.9))
can be rewritten using definition of Q:

@VW)—ol
VIFIBTVE =)

veER

(3.11) sup P (
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Introduce vectors

(3.12) W' = (gi) Z = (g) ;

where U’, U’ are independent copies of U, V respectively. We need the following
Statement 3.11.

Suﬁﬁ”w ((QW, W) —v| < 2¢) < P ((QPse(W — W), P;W) —u| < 2¢),
ve

where u doesn’t depend on P ;W = (P ;U P;V)T.

Proof. Let us fix v and denote

p:=P([(QW, W) —v| < 2¢).

We can decompose the set [n] into union [n] = J U J¢ We can take U; =
PJU, U2 = PJc,‘/l = PJV and V2 = PJCV. By Lemma
(3.13) p* <P((QW, W) —v| < 2¢,|(QZ, Z) — 0| < 2¢)

<SPQW, W) —(QZ, Z)| < 4e).

Let us rewrite B~7 in the block form
E F
-T
B = (G H> )
We have

(QW, W) = (EV,Uy) + (FVa,Uy) + (GV1, Uz) + (HV;, Uy)
+ (ETU, ) + (GTU2, W) + (FTUL V) + (HT Us, V2)
(QZ,2) = (EV1,U1) + (FV3,Uh) + (GV4, Up) + (HV;, Up)
+ (E'U, W) + (G"U3, Vi) + (UL, V) + (H' U3, Vy)
and
(314)  (QW. W) —(QZ. Z) = 2(F(Va = V5), Uh) + 2(G" (U2 — U3), 1)
+2(HVa, Vo) — 2(HV;, V3).
The last two terms in depend only on Uy, U}, Va, Vy and we conclude that
pi <P ([(QPs(W = W), PyW) —u| < 2¢),
where u = u(Us, Vo, US, Vi, F, G, H). O
Statement 3.12. For all u € R*!

P (]3_77:u € Oomp(co,q) and HBH < SKn1/2> < 26702111'
B~ ull2

Proof. Let x = B~ Tu. Tt is easy to see that

BTy
{||B—TuH2 € Comp(co,cl)} - {EI:U:

€ Comp(co, 1) and BTz = u}
[|||2
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Replacing matrix A with B” one can easily check that the proof of Lemma
remains valid for BT as well as for A. 0

Remark 3.13. The Statement holds true for B~ replaced with B™1.

Statement 3.14. Let A satisfies condition (CO) and B be a matrixz from de-
composition (3.8)). Assume that ||B|| < 3K+/n. Then with probability at least
1 — e=" matriz B has the following properties:

a) ||[B~TV||s > C with probability 1 — e=%" in W,
b) BTV < e V2||B~T||ys with probability 1 — e in V,

¢) [|QW||e > ¢||B~7||gs with probability 1 — C(e +n~1/?) in W.

Proof. Let {e}}_, be a standard basis in R". For all 1 <k < n define vectors
by

B_lek
B Terl]

By Statement vector xj is incompressible with probability 1 — e~“". We
fix matrix B with such property.

a) By norm inequality ||Ul|2 < |]B||2||B_TU||2 We know that ||B|| < 3Ky/n.
By Lemma and Lemma ||U]| > v/n. So we have that ||[B~1U|| > C
with probability 1—e 7,

b) By definition

T =

n

[BTTVIE=) (B e,V ZHB Yeil 3k, V)2,

i=1
It is easy to see that E(V,zx)? = 1. So
E|B-TVIE =) [IB eill3 = 1B
i=1
By Markov inequality
P(IB~VIl2 2 e B ! ||ms) < e
¢) By Lemma Lemma Lemma and Remark
P(|QW |2 < el[B7!|ms) < P(B™ V2 < el|B™||us)

=P([B7TVI[5 < el B™[irs) = ZHB Yeilla(wi, V)? < €%B7[fs)

= P(Zpi(fﬂi, 2<e? ) < 221)1 (x;, V) < \[5) < Cle +n_1/2)
i=1
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Proof. (proof of Lemma |3.10) We are going to construct random set J. We can
consider independent Bernoulli random variables &1, ..., &, with E& = ¢go/2.

We then define J := {i : { = 0}. From large deviation inequalities we may
conclude that
(3.15) |J] < coon

holds with probability at least 1 — 2 exp(—c3yn/2). Now we find the probability
of event

(316) &1+ [BTVIE<|B s < o QP (W — W)l
From Statement [3.14] we can conclude that
Pg.w .y BI0 holds U || B|| > 3K+v/n) > 1 — C'(gg + n~Y?) — 2¢7™.
Consider the random vector
_ 1 (B_TPJC(V - V’)) _ (a) .
QP (W — W[, \B'Pe(U~1")) = b
By Statement we know that event
(3.17) a € incomp(co, c1)
holds with probability
Pg(a € incomp(co,c1) U ||B|| > 3K/n|W, W', J) > 1 — 2exp(—c’n).
Combining these probabilities we have
Peww . ( (3.15), and hold U ||B|| > 3K v/n)
> 1 — 2 %02 _ C'(eg+nH2) = 2e7 ¢ — 2e7¢" = 1 — py.
We may fix J that satisfies and
]P)B,W,W/(7 hold U ||B|| > 3K+y/n) > 1 — po.

By Fubini’s theorem B has the following property with probability at least

1—y/po

Wo

Py (B16), (B3 hold U|[B|| > 3KV/a[B) > 1 - /7.
The event {||B|| > 3K+/n} depends only on B. We may conclude that random
matrix B has the following property with probability at least 1 — /pg: either
IB]| > 3Ky, or
(3.18) IB| < 3K v/n and Py ((316), (B-17) hold |B) > 1 — /p,

The event we are interested in is
.. ( (QW.W) —ul _ 25> |
V1BV
We need to estimate probability
Pew(EN|B|| <3Kvn) <P w(&€N holds) + P w (€N fails).
The last term is bounded by ,/po.

Pew(EN Bl <3Kvm) < swp _ Pw(E|B)+ 0.
B satisfies
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We can conclude that

Pow(EN|Bl <3Kvi) < sup _ Py(€, (BI6) holdsB) + 2/,
B satisfies

Let us fix B that satisfies (3.18) and denote p; := Py (€, (3.16) holds|B). By

Statement and the first property in (3.16|) we have

2 < Py Pe(W — W), P,W) —v| < ——[|B~?
1 < Pwwr | [(QP e ( ), PsW) |_\/5»0H IFES

&1

and

Pyww(€1) < Pww (€1, (3.16), (3.17) hold ) + /po.

Further
P2 < Py (|(wo, PyW) — v < 265, (B17) holds) + /po.

By definition random vector wg is determined by the random vector P je (W —
W'), which is independent of the random vector P ;W. We fix P jc(W — W’)
and have

—3/2
p% < sup IP)IZ'JVV (|(w0aPJW) - w| < €o / 6) + v/Po-
wo=(a,b)T:
a€Incomp(co,c1)
weR

Let us fix a vector wg and a number w. We can rewrite
(3.19) (wo, PyW) = > (aswi + biys),
e
where ||a||3 + ||b]]3 = 1. From Lemma and Remark we know that at
least 2coon coordinates of vector a € Incomp(cy, ¢1) satisfy

C1 1
—= < ag| < .
V2n o] Vv con
We denote the set of coordinates of a with this property by spread(a). By
construction of J we can conclude that |spread(a)| = [coon]. By Lemma we

can reduce our sum to the set spread(a). Now we will find the properties
of |b;]. We can decompose the set spread(a) into two sets spread(a) = I1 U I5:
a) Iy = {i € spread(a) : |b;|]\/n — 00 as n — o0o};

¢) Iy = {i € spread(a) : |b;] = O(n~1/2)};

From |[b||3 < 1 it follows that |I;| = o(n). For i € I we have |a; 'b;| = O(1).
By Lemma [A.7] we have

P( Y (o) —w| < 265" %) <P( Y (aswi+biys) —w'| < 255 %),
i€spread(a) icls
We can apply Statement

~3/2
Cigg /2

eV _ 2\=3/2, -1/2
(1_p2)1/2+02(1 p) n .

P(] Z(aixi +biy) — W' < 2663/28) <
i€l



ELLIPTIC LAW FOR REAL RANDOM MATRICES 15

It follows that
Pe w (&N ||Bl| < 3K/n) <

Ciey*/%e 2
< <(1 l_opQ)l/z +Co(1— p2)_3/2n_1/2> +ps™ + 2P0

We take g9 = £1/2 and conclude that
Ppv (&N [|Bl| < 3Kv/n) < C(p)e'/® + C'(p)n~ 1%,
where C(p),C’(p) are some constants which depend on p, K and Mjy. O

Proof. (proof of Theorem The result of the theorem follows from Lem-
mas and O

Remark 3.15. It not very difficult to show that we can change matriz zI in
Theorem by arbitrary non-random matriz M with ||M|| < K+/n. We can
also assume that EX% > 1. Results of section are based on Lemmaslg
and [A-10 which doesn’t depend on shifts. It is easy to see that Statement|[3.1
still holds true if we assume that e < n~9 for some Q > 0. Then we can refor-
mulate Theorem [3.1] in the following way: there exist some constants A, B > 0
such that

P(s,(X +M) <n™ || X+ M|| < Ky/n) < C(p)n~5.

4. UNIFORM INTEGRABILITY OF LOGARITHM

In this section we prove the next result

Theorem 4.1. Under the condition (CO) log(-) is uniformly integrable in prob-
ability with respect to {vp }n>1.

Before we need several lemmas about the behavior of the singular values

Lemma 4.2. Let elements X,, depend on n, but satisfy conditions (CO) and
|zi;] < 5n\/ﬁ,Ea:Z2j <1 and E|xi|' < b(6,/n)' "L for some b > 0,1 > 3 and
0n — 0 with the convergence rate slower that any preassigned one as n — Q.
Then for some K >0

P(o1(X) > Kv/n) < o(n™h.

Proof. We can decompose matrix X into symmetric and skew-symmetric ma-
trices:

X+XT xX-XT
X = 5 -+ 7 :X1+X_2.

In |2, Theorem 5.1] it is proved that for some Kj > /2(1 + p)
(4.1) P(o1(X1) > Ki1v/n) = o(n™h).




16 A. NAUMOV

and for some K3 > 1/2(1 — p)

(4.2) P(o1(X3) > Kov/n) = o(n™)

Set K = max(K1, K2). From (4.1)), (4.2) and inequality
51(X) < s1(X1) + 51(X2)

it follows that

P(o1(X) > Kv/n) <P <{01(X1) > Kf} U {al(m) > Kf})

<P <01(X1) > K2 n) +P (01(X2) > Kf) =o(n™")

O

Lemma 4.3. There exists ¢ > 0 and 0 < v < 1 such that a.s. forn > 1 and
nl=r<i<n-—1

1
Sp—i = C—.
n

Proof. We follow the original proof of Tao and Vu [15]. Up to increasing -, it
is sufficient to prove the statement for all 2(n — 1)!77 4+ 2 < i < n — 1 for some

€ (0,1) to be chosen later. We denote by s; > so > ... > s, the singular
values of A := n~™1/2X — 2I. We fix some 2(n — 1)1"7 +2 < i < n — 1 and
consider the matrix A’ formed by the first m := n — i/2 rows of \/nA. Let
sy > ... > s, be the singular values of A’. We get

n_l/Qs%_i < Sp—i-

By R; we denote the row of A" and H; = span(Rj,j = 1,...,m,j # ).
Lemma [A.11] we obtain
244 8;;3@72 = dlst1 +...+ dlStn 2"

We have
n—i/2

. ) —i/2
] 2 ? / / § tab—2
2n 5 n—i E j S dlStj s

where dist; := dist(R;, Hj). To estimate dlSt(Rj, Hj) we would like to apply
Lemma but we can’t do it directly, because I; and H; are not inde-
pendent. Let’s consider the case 7 = 1 only. To estimate distance dist; we
decompose matrix A’ into the blocks

r (a1n Y
v=(% 5),
where X € R™ 1 YT € R* ! and B is an m — 1 x n — 1 matrix formed by

rows By, ..., By,—1. We denote by H{ = span(By, ..., By,—1). From definition of
distance

diSt(Rl,Hl) = inf ||R1 — UHQ > inf HY - U||2 == diSt(Y, H{)
veH,; u€H]
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and
dim(H}) < dim(H;) <n—-1-i/2<n—-1—(n—1)'7.
Now vector Y and hyperplane Hi are independent. Fixing realization of Hj,

by Lemma with n, R, H replaced with n — 1,Y, H] respectively, we can
obtain that

P(dist(Y, H}) < %\/n — 1 — dim(H!)) < exp(—(n —1)).

Using this inequality it is easy to show that
n—1 n—i/2 1 -
i
P i GWH) < =)= :
U U U {dlst(R],Hj)_ 2\[2} < o0
n>1i=2(n-1)1-7+2 j=1
Now by Borel-Cantelli lemma we can conclude the statement of the lemma. O

Remark 4.4. Lemma holds true if we assume that E X;; # 0 and IEX% =
1+ o0(1).

Proof. (Proof of Theorem To prove Theorem we need to show that
there exists p > 0 such that

(4.3) lim lim P </Ooo 2Py, (dz) > t> =0

t—o00 n—o0

and

(4.4) lim lim P < /0 ” Py, (dr) > t) =0.

t—00 n—00
From strong law of large numbers it follows that

00 1 n
/0 22, (0, dx) < s Z ij — 1asn — 0.
1,7=1
Using this and the fact that s;(n~'/2X — zI) < s;(n"'/2X) + |2| we con-

clude (4.3)).

Now we prove . First we should transcate elements of matrix X. Set
Xij = X;; 1(| X4 < 0p/n), where 6, — 0 with the convergence rate slower
that any preassigned one as n — co. Set p = {w € Q: X # X io.}. It is
easy to show that P(Qp) = 0. From condition b) of (CO0) it also follows that
max; ]EX% — 1] = o(1). Without loss of generality, saving notation X, we
change X by X.

We denote 0 = {w € Q: s, > c%,rzl_7 <i<n-—1}. From Lemma and
Remark we know that P(€2;) = 1. Let us consider the set Q3 = Q; N{w :
50(X — /nzl) > n~4}, with some A > 0.

P < / & Py (da) > t> =P < / & Py (dz) > t, m) 4P < / o Py (dz) > t, QQ> .
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We can estimate the second term by

P (/ z Pvy(dr) > t,QE) < P(sn(X — vnzl) < n~4)

From X —z2I = X —-EX + EX — zI it follows that we can centralize elemets
of matrix X. It is easy to show that ||[EX]|| < Cy/n. From Theorem 3.1
Remark 3.15 and Lemma .2l we conclude

P(sp(X — v/nzl) <n~ ) <n B
for some B > 0.

To finish the proof of (4.4) it remains to bound the second term. From Markov

inequality
P < / 2P (dz) > 1, QQ> < %IE [ / 2P (dz) 11(92)] |

By definition of €9
1 1
E Pup(de) 1(Q) | < — P P
JERZCEICSIET I SR D SR

1 — p o !
< opAPY 4 P Z <2> < oapPY 4 cop/ s Pds.
n i 0

If 0 < p < min(1,~/A) then the last integral is finite. O

5. CONVERGENCE OF SINGULAR VALUES

Let us recall definition of Stieltjes transform

Definition 5.1. The Stieltjes transform of measure m(-) on R is

S(a) = M, aeCt.

RILT—CQ
We denote Stieltjes transforms of Ev, and v, by S,(«, z) and S(a, z) respec-
tively. In this section we prove

Theorem 5.2. Under condition (CO) Sy, (a,z) — S(a,2) as n — oo, where
S(a, z) is a Stieltjes transforms of some probability measure v,.

Proof. Introduce the following 2n x 2n matrices

n=1/2X 0, 0, zI
s V=" X ) 30=(% &), 1=
where O,, denotes n x n matrix with zero entries. Consider matrix
V(z) :=VJ—=J(z2).

It is known that eigenvalues of V(z) are singular values of n~12X — 21 with
signs =+.
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Set for « = u + iv,v >0
(5.2) R(a,z) := (V(2) — aly,) L.

We introduce the following functions

n

n 2n
snle,2) =+ S E[R(@, 2 = - S EIR(@,2)isniin = 5 O ElR(a, 2
i=1 =1 i=1

tn(a, Z) = % ZE[R(Q; Z)]i—i—n,ia un(a7 Z) =
=1

It is easy to see that s, is a Stieltjes transform of

 Evy() + Evp(—)

Eﬁn—l/QszI(') = 9 )

which is the symmetrized version of a measure E v,,. There is a relation between
Stieltjes transform S, (o, z) and sy, (a, 2):

sn(a, 2) = aS,(a?, 2).

To prove Theorem we need to show convergence of s,(a,z) to Stieltjes
transform of some symmetric measure vg(z, -).

By resolvent equality we may write
1
1+ asp(o, z) = Z—IETr(VJR(a, 2)) — ztn(a, 2) — Zup («, 2).
n
Introduce the notation
1
A:=—ETr(VJR
2n X )
and represent A as follows
1 1
A=-A+=-A
9 1+ B 2
where

1 IR
A = ﬁ ZlE[VJR]zZa Ay = ﬁ ZIE[VJR]H_N’Z—HL

First we consider A;. By definition of the matrix V, we have

1 n
A = 32 Z E Xk Ritn,;j-
k=1

Note that
oR 1 T
X _ﬁR[ejekJrn]R'
Applying Lemma we obtain
Ay =By + By + Bz + By + (v, 2).
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where

n

1 & 1
Bi=—— 3 ERleel i Rlins = ——5 O Bl(Risn,)’
k=1 gok=1

g
E
Il
—

&

[

|
3{\3‘ —
M=

ERere] | R]jtn,j = Z E Ry ynkRjin,;

_r
n2

J
_r
n2

g
E
Il
—

g
[
|
3{0‘@
WE

E[R[ej—kneg]R]k—i-n,j =

1 n

ER[epsne] |R]kin,; = ) Z E RjjRitn ktn
K
n
k=
n

E Rij Rtn,j+n-

k

=1
1
=1

&
|
|
3{0‘@
NE

)3

J

$
i
L

Without loss of generality we can assume further that E X?, = 1 because the
impact of diagonal is of order O(n™!).

From ||R||gs < v/n||[R|| < v/nv~t it follows

1 & 1
Bi| < — Z E X3 E(Ryinj)? < —5.
n? 4 nv
Similarly
1
Byl < —.
[Ba < v2n

By Lemma By = —s2(a, 2) + &(a, 2). By Lemma B3 = —pt2(a, 2) +
e(a, z). We obtain that

Al = —SZ(O[, Z) - pt%t(aa Z) + 5n(a7 Z)‘
Now we consider the term As. By definition of the matrix V, we have

1 n
Ay = 32 Z E Xk R ktn-
k=1

By Lemma we obtain that

(5.3) Ay =C1 +Co+C3+Cy + 7“”(04, Z)



ELLIPTIC LAW FOR REAL RANDOM MATRICES 21

where

1 1
Y] Z Rlejehn)Rjpin = 3 Z RjjRptn ki
1 & 1 &
n2

= 72 Z ek—i—ne R]],k+n = - ] k+n

n
k=
k:
p P
= 72 Z eke]—‘rn ]],k-i—n = _72 Z JkR]-i-n k+n
k:
n
k=

v
n2

p
-T2 Z e]+n6k: IRjjtn = — B jn Bk ot

Jik=1

It is easy to show that
1

TL

By Lemma Cy = —s2(a, 2) +en(a, 2). By Lemma Cy = —pud(a, 2)+

en(a, z). We obtain that
AQ = _8721(&’ Z) - pu%(a, Z) + 6n(aa Z)‘

1
Col < - 1Gs < -
n

So we have that

A=—s2(a,2) — gti(a z) — gu%(a,z) +en(a, 2).

No we will investigate the term zt,(«, z) which we may represent as follows

1 n
atp(a, 2) ZE Rljin; = - ZE[VR]]'JF”J — Zsn(a, 2).
j=1

By definition of the matrix V, we have

1
3 Z EXkRjr — Zsn(a, 2) =

7,k=1
D1 4+ Dy + D3 4+ Dy — Zsp(a, 2) + ru(a, 2),

atp(a,z) =

where

1 — 1 —

Dy = 2 Z E[R[e.]ek-i-n] -2 Z E RjjRitnk
k=1 k=
1 — 1 —

- 3 Bl Rl =~y 3 Bl

J,k 1 k=
PN

Z E €k6J+n TT Z ]kRj+TLk
],k 1 7,k=

= % Z E[R[ej nel|R]jx = —% ER;jnRip
J,k=1 J,k=1
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By similar arguments as before we can prove that

1 1
Dy| < — D3| < —
| 2’_1)2n’ | 3‘_1)271

and Dy = —s,, (o, 2)tn (e, 2) + en(@, 2), Dy = —psp (e, 2)up(a, 2) + en(a, 2). We
obtain that

aty (o, 2) = —sp(a, 2)tn (e, 2) — psp(a, 2)un(a, 2) — Zsp(a, 2) + dn(a, 2).

Similar we can prove that

aun(a, z) = —spa, 2)up (@, 2) — psp(a, 2)tn (@, 2) — zsp(a, 2) + 0n(a, 2).

So we have the system of equations

(5.4) 1+ asp(a, 2) + s2(a,2) =

= —gti(a, z) — Etn(a, z) — gui(a, z) — iun(a, 2) + on(a, 2)
(5.5) atp(a, z) =

= —sp(a, 2)tn(a, 2) — psp(a, 2)up(a, 2) — Zsp(a, 2) + 0p (v, 2)
(5.6) aup(a, z) =

= —sp(a, 2)up(a, 2) — psp(a, 2)tn(a, 2) — zsp(a, 2) + 0p (v, 2).

It follows from and that
(o + 50) (2t 4 pt2) = —sn(2pun + Zpt) — p2sutntn — 228, + 0n(a, 2)
(o + 80) (Zup + pul) = —sp(2pun +Zpt) — p*sntntin — |2|*sn + dn(a, 2).
So, we can rewrite (5.4))

(5.7) 14 asp(o, 2) + 52 (o, 2) + p*t2 (@, 2) + 2tp(a, 2) = 6 (v, 2).

From equations (|5.5)) and (5.6 we can write equation for %,

2.2 2
s ZSs _
(5.8) <a + 8, — chlL SZ) t, = apT;‘n — 28y + 0p(a, 2).

We denote ) s
A = <a+sn _ |’0’8”> .

o+ Sy
After simple calculations we will have

(a+ sn)(2tn + ptp) =
( 2022|282 Z2ps, 22p5n>

(v + sp)A A A

2 = — 2
e pzsy  Zsn pZsy  zsa\ |
P s ((a—i—s)A A > <(a+s A A ) [#sn + O 2).
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We denote y, = s, and w, = a + (pt2 + zt,)/yn. We can rewrite equa-
tions (5.4), (5.5) and (5.6)
(5'9) 1+ wpyn + y721 = 5n(a7 z)
pt2 + 2ty

Yn
(5.11) (a+ sp)(2ty + pti) =

o (2P Feyn Zpyn) 22y
"\ (a4 yn)A A A "

2 - — 2
2 PRYy, ZYn PRYn ZYn
P e - 5n(ar, 2).
IPly <<a+yn>A A)((amm A >+ (@ 2)

Remark 5.3. If p = 0 then we can rewrite (5.9)), , and ((5.11])

1+ wpyn +y721 = 0n(a, 2)
t

wp = @+ Zn
Yn

(wn — @) + (wn — @)

(5.10) wy, =+

2yn — |z[2sn = dp(a, 2).

This equations determine the Circular law, see [9].

We can see that the first equation doesn’t depend on p. So the first
equation will be the same for all models of random matrices described in the
introduction. On the Figure [2| we draw the distribution of eigenvalues of matrix
VJ for p = 0 (Circular law case), p = 0.5 (Elliptic law case) and p = 1 (Semi-
circular law). We mention here that eigenvalues of VJ are singular values of
n~1/2X with signs +.

Now we prove convergence of s, to some limit sg. Let o = u + iv,v > 0.
Using (b.7)) we write

a(sp — 8m) = —(Sn — Sm)(Sn + Sm) — pQ(tn —tm)(tn +tm) — 2(tm — tm) + Enym-
By triangle inequality and the fact that |s,| < v~!

2[sn — S 4 P2ltn = tmlltn + tnl n |2[|tn — tm| i |5n,m‘.

v2 v v v
From (5.8)) it follows that

((Oé + Sn)2 - 1028721)tn = pZS%Z - 2asn - ES% + En-

(5.12) |sp — Sm| <

We denote A, := ((a + s,)? — p?s2). By triangle inequality

(5.13) |Apltn = tm| < [tn]|An — Ay
20|18y, — Sm| + 2|2||8y, — s
+ Aellon = o[ 22l = 30l o, — o+ e

We can find lower bound for |A,,|:
(5.14) Al = la+ (1= p)smlla+ (1+ p)sinl
> Im(a+ (1= p)sp) Im(a + (14 p)sp) > 0%,
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where we have used the fact that Ims,, > 0. From definition of A, it is easy
to see that
2(1 + p?)|5n — Sm
” .
We can take |u| < C, then |a| < v+ C. From (5.12)),(5.13)),(5.14) and (5.15)) it
follows that there exists constant C’, which depends on p, C, z, such that
!
|80 — sm| < 7|3n — Sm| + ‘Egz,m(aﬂﬂ'

(5.15) 1Ay — Ap| < 2|0|8n — Sm]| +

We can find vg such that

C/

— <1 for all v > vy.

v
Since ¢, ,,, (cv, 2) converges to zero uniformly for all v > vo, [u| < C and sy, sy, are
locally bounded analytic functions in the upper half-plane we may conclude by
Montel’s Theorem (see |4, Theorem 2.9]) that there exists an analytic function
so in the upper half-plane such that lims, = sg. Since s, are Nevanlinna
functions, (that is analytic functions mapping the upper half-plane into itself)
so will be a Nevanlinna function too and there exists vy(z, -) such that

sofa) = | v, dz) |

e
The function sq satisfies the equations (5.9)), (5.10)), and ((5.11]). O
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APPENDIX A. APPENDIX

Theorem A.1. (Central Limit Theorem) Let Zu, ..., Zy,, be independent random
variables with E Z; = 0 and finite third moment, and let o = > 1 | E|Z;|*.
Consider a standard normal variable g. The for every t > 0:

1 n n
P (ZZ, < t) ~P(g<t)| <Co?> E|Zf,
o
=1

i=1
where C is an absolute constant.

Lemma A.2. Let event E(X,Y) depends on independent random vectors X
and Y then
P(E(X,Y)) < (P(E(X,Y), B(X,Y")",

where Y’ is an independent copy of Y.

Proof. See in [5]. O
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Lemma A.3. Let Z1, ..., Z, be a sequence of random variables and p1, ..., p, be
non-negative real numbers such that

n
> pi=1,
i=1

then for every e >0

n n
P> piZi<e) <2 piP(Zi < 2).
i=1 i=1

Proof. See in [16]. O
Lemma A.4. Let N(T,¢) be an e-net of setl’. One has
N(Comp(co, c1),2c1) < (9/coer)®".

Proof. See in [16]. O

Lemma A.5. If © € Incomp(cg,c1) then at least %coc%n coordinates xy of x

satisfy
1

C1
— < |zl < .
\/ﬁ_|k|_ con

Remark A.6. We can fix some constant cog such that

Leoc? < cop <
—cocf < ¢ —.
1 C0CT < Co0 < 7
Then for every vector x € Incomp(cy,c1) |spread(z)| = [coon].
Proof. See in [11]. O

Lemma A.7. Let Sy =) ;. ;&, where J C [n], and I C J then

supP(|S; —v| <¢e) <supP(|St —v| <e).
veER veER

Proof. Let us fix arbitrary v. From independence of & we conclude

P(S; — vl <€) < BR(Sr+ Syy1 — ol < el{&dier) < supB(|Sr —u| <<).
ue

0

Lemma A.8. Let Z be a random variable with E Z% > 1 and with finite fourth
moment, and put M} := E(Z —EZ)*. Then for every ¢ € (0,1) there exists
p = p(My,¢e) such that

supP(|Z —v| <¢) <p.
veER

Proof. See in |11]. O



26 A. NAUMOV

Lemma A.9. Let &, ..., &, be independent random variables with Ef? > 1 and
E(& — E&)* < M{, where My is some finite number. Then for every ¢ € (0,1)
there exists p = p(May,€) € (0,1)) such that the following holds: for every vector
= (21,...,zn) € S"L, the sum S = Y1 | x& satisfies

supP(|S —v| <¢e) <p.

vER

Proof. See in [11]. O

Lemma A.10. Let X = (X1,...,Xy,) be a random vector in R™ with indepen-
dent coordinates Xj.
1. Suppose there exists numbers €9 > 0 and L > 0 such that

supP(| Xy —v| <e) < Le foralle > e and all k.
veR

Then

sup P(||X —v||2 < evn) < (CLe)™  for all e > &,
veER™

where C is an absolute constant.
2. Suppose there exists numbers e > 0 and p € (0,1) such that

supP(| X —v| <e) < Le for all k.
vER

Then there exists numbers 1 = €1(g,p) > 0 and p1 = p1(e,p) € (0,1) such that

sup P([|X — vz < e1v/n) < (p1)".
vER™

Proof. See |16, Lemma 3.4]. O
Lemma A.11. Let 1 < m < n. If A has full rank, with rows Ry, ..., R, and
H =span(Rj,j # 1), then

si(A)72 =) dist(R;, H;) .
i=1 i=1
Proof. See |15 Lemma A .4]. O

Lemma A.12. There exist v > 0 and § > 0 such that for all n > 1 and
1 <4 < n, any deterministic vector v € C and any subspace H of C"* with
1 <dim(H) <n—n'"7, we have, denoting R := (X1, ..., Xp) + v,

P(dist(R, H) < %\/n — dim(H)) < exp(—n?).

Proof. See [15, Statement 5.1]. O
Lemma A.13. Under the condition (CO) for o =u+iv,v >0
n

. 2
%ZR&(%Z) —E (;ZR“(O"Z)> .
i=1 J

< —
=1

E .
~ no?
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Proof. To prove this lemma we will use Girko’s method. Let 'X(j ) be a matrix
X with j-th row and column removed. Define matrices V) and VU (z) as

in and RY) by . It is easy to see that
Rank(V(z) — VU)(2)) = Rank(VJ — VU)J) < 4.

Then
(A1) ‘
l\ Tr(V(z) —al) ™ = Tr(VO) (2) — D)7} < Rank(V(z) -~ VU (2) < i

We introduce the family of o-algebras F; = 0{Xj,j,k > i} and conditional
mathematical expectation E; = E(-|F;) with respect to this o-algebras. We can
write

1 1 1 & -
gTrR— g1[«:;T1~R= n;EiTrR—Ei_lTrR:;%.

The sequence (7;, F;);>1 is a martingale difference. By (A.1))
1 ) .
(A.2) il = = |Ei(TrR — TrRW) — E;_;(TrR — TrRW)| <
n
(A.3) < |E(TrR —TrRO)| + |E;i_ (TR — TTRO)| < —,
un

From Burkholder inequality for martingale difference (see [13])

2 n
< KxE (Z |%’\2>
i=1

and (A.2)) it follows

ElﬁxR( )—E 15%3( )
— i\, Z2) — - i\ Oy 2
n = n “

2 n

C
< K2E(Z |’7i‘2) < K2W~
=1

Lemma A.14. Under the condition (CO) for o =u+iv,v >0

ZR'LernaZ ( ZRzz+naZ>

2
< C
~ not’

Proof. As in Lemma we introduce matrices VU) and RY). We have

VI=VUI+e;el VI +VIejel +ejinel,,VI+ VIejinel,,
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By resolvent equality R — RY) = —RU)(V(z) — VU)(2))R

Z Ripin —RY) ) =
k:

- Z RY (e;ef VI + ejinel, , VI + VIejel + VIejinel )Rl jprn =
—T1+T2+T3+T4.

Let us consider the first term. The arguments for other terms are similar.

n

> RDe;el VIR jyn = TrRDejel, VIR = Z [RYR;;lejel,,, VI

k=1 i=1
From max(||RY||, [|R||) < v~! and Hélder inequality it follows that
n 2
E ;[w De; el VIR jpin| < U%

By similar arguments as in Lemma we can conclude the statement of the
Lemma. (]

Lemma A.15. Under the condition (CO) for o =u+ iv,v >0

1
n3/2 Z E XjkRitn,j =
7,k=1
P OR
+ = E[ ] + rn(a; 2),
nz Z [8X1’f]k+n,j n? j,kzzl OXkj L jon g
where
C
|T‘n(O[, Z)’ S \/ﬁvg

Proof. By Taylor’s formula

(Ad) EXf(X,Y)=f(0,00EX + f,(0,0)EX?+ f,(0,0)EXY +
+E(1-0)[X3f,(0X,0Y) +2X?Y f (0X,0Y) + XY f) (0X,0Y)]

and

(A5)  EfLX,Y) = f4(0,0) +E(L - 0)[X [, (6X,0Y) + Y fL,(6X,6Y)]

E f)(X,Y) = £,(0,0) + E(L - )[X f1,(9X,0Y) + Y f1,,(9X,6Y)],
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where 0 has uniform distribution on [0, 1]. From and (A.5) for j # k

OR OR
XjpRisn; —E | —— —pE
TRk [ank]k+n] g [anj]kJrn,j

0’R

(IXel® + 1 Xjkl) (X1, 0Xk;) +
J J 8X]2k J J

k"'”v]

9
(1 X051 X ] + | Xs])

R
ax2 0Kk, 0Xk;) +
kj k+n,j

(21X Xs | + [ X | + 1 X))

[ O’R

T (60X, 0X,
ankanj< ik ’”)]

k+n7]
Let us consider the first term in the sum. The bounds for the second and third
terms can be obtained by similar arguments. We have

R 1
ox2 ;R(ejeh +eniie) )JR(ejel . + enire] )R =Py + Py + Py + Py,
ik
where
1
Py = ﬁReje£+kR€je£+kR

1
T T
Py = HRejenJrkRenJrkej R

1
T T
P3 = ERe,H_kej Reje, R
1
T T
Py = ER@,H_;C@]- Rem_kej R.

From |R; ;| < v~ it follows that

C
ns/2 n+,J 3
/]k1 \/ﬁv

fora=1,3and i=1,...,4. For j =k

n? Z [aX]J

So we can add this term to the sum

1< C
- ﬁz ERJ2+TL] +ER;;jRjinjtn) < —3

nv?’

L—&-n,j
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APPENDIX B. FIGURES

FIGURE 1. Spectrum of matrix n~1/2X for n = 2000, a) en-
tries are Gaussian random variables with p = 0.5 b) entries
are Rademacher random variables with p = 0.5; ¢) entries are
Gaussian random variables with p = —0.5 d) entries are Gauss-
ian random variables with p =0
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Fi1GURE 2. Histogram of eigenvalues of matrix VJ for n = 1000,
entries are Gaussian random variables with a) p = 0 (Circular
law case); b) p = 0.5 (Elliptic law case); ¢) p = 1 (Semi-circular
law case)
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