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Abstract. We show that certain abelian varieties over Q with bad reduction at one prime
only are modular by using methods based on the tables of Odlyzko and class field theory.
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1. Introduction

In this article we consider abelian varieties over Q with bad reduction in one prime only.
The following is a summary of results proven in [Sch05], [Sch09] and [Sch11]:

• For p ∈ {2, 3, 5, 7, 13}, there do not exist non-zero semi-stable abelian varieties over
Q with good reduction outside p.
• For p ∈ {2, 3, 5}, there do not exist non-zero abelian varieties over Q with good

reduction outside p that become semi-stable over an at most tamely ramified extension
at p of Q.
• Every semi-stable abelian variety over Q with good reduction outside 11 is isogenous

to a product of copies of J0(11).
• Every semi-stable abelian variety over Q with good reduction outside 23 is isogenous

to a product of copies of J0(23).

In any of these results, every such non-zero abelian variety is modular : Let f be a newform
of weight 2 and level N . Then one can associate to f an abelian variety Af over Q and
hence a representation ρAf ,` : GQ → Aut(T`(Af )). An abelian variety that is isogenous to a
product of abelian varieties of the form Af is called a a (classical) modular abelian variety.

We want to extend these existence results by proving the modularity of any abelian variety
A over Q with good reduction outside a fixed prime p that satisfies some ramification condition
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on the Galois representation ρA,` : GQ → Aut(T`(A)) at p. The ramification condition on
ρA,` will replace the ramification condition of semi-stability at p.

The above results indicate that we have to consider abelian varieties that become semi-
stable over an extension that is not necessarily at most tamely ramified at either 2, 3, 5, 7 or
13. Even though such an extension may not be at most tamely ramified, the methods we
use to prove modularity of certain abelian varieties over Q require that we do bound the
ramification at p in some way. The next definition provides a method to do this in a fairly
canonical way using ramification groups with upper numbering (see Section 2.1):

Definition 1.1. Let i ∈ R≥−1 and let GK be the Galois group of an extension K of Qp

inside Qp such that K/Qp is finitely ramified. Let IK be the inertia subgroup of GK. A
Galois representation ρ of GK is said to be ramified of level i if for all u ∈ R with u > i the
ramification group with upper numbering IuK is contained in ker(ρ).

We define the level of ramification for an abelian variety over K using the natural action
of the absolute Galois group GK on its `-adic Tate module T`(A):

Definition 1.2. Let i ∈ R≥−1. Let A be an abelian variety over K and let ` be a rational
prime different than the residue field characteristic of K. Then A is ramified of level i if
ρA,` : GK → Aut(T`(A)) is ramified of level i.

Just as the conductor of an abelian variety A does not depend on the choice of ` in the
definition of the representation ρA,`, so the level of ramification of A does not depend on the
choice of `. We will show this in Section 3.

In Section 4, we find all newforms f with level N a power of p, such that the level of
ramification of Af satisfies a certain bound. This bound is such that we are still able to use
the tables of Odlyzko [Mar82]. For such newforms f , these tables then enable us to prove
the modularity of an abelian variety over Q with good reduction outside p and with level of
ramification at p at most the level of ramification of Af at p. These newforms turn out to have
level 27, 32 or 49. Using this information, we then prove the modularity of abelian varieties
over Q with good reduction outside either 2, 3 or 7 that have the same level of ramification
as the newforms of level resp. 32, 27 or 49:

Theorem 1.3. Let A be an abelian variety over Q.

• If A has good reduction outside 2 and is ramified of level 3
2 at 2, then under the

assumption of the generalized Riemann hypothesis, A is isogenous to a product of
J0(32).
• If A has good reduction outside 3 and is ramified of level 1

2 at 3, then A is isogenous
to a product of J0(27).
• If A has good reduction outside 7 and is ramified of level 0 at 7, then under the

assumption of the generalized Riemann hypothesis, A is isogenous to a product of
copies of J0(49) and a product of copies of a certain 2-dimensional modular abelian
variety B.

We will show that these modularity results are optimal using methods based on the tables
of Odlyzko and class field theory. As corollaries of Theorem 1.3, we obtain:

Theorem 1.4. Every abelian variety over Q of conductor 27 is isogenous to J0(27)

Theorem 1.5. Every abelian variety over Q of conductor 49 is isogenous to J0(49).
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2. Group schemes and level of ramification

In order to possibly generalize our results to abelian varieties over other number fields than
Q, we work in a more general setting than necessary in Section 2.

2.1. Ramification groups with upper numbering. Let L/K be a non-trivial Galois ex-
tension of local fields. For i ≥ −1, let IiL/K be the i-th ramification group with upper

numbering as defined in [Ser79, p. 61, p. 73 and p. 75 Remark 1].
Let uL/K := sup{i ∈ R≥−1 : GiL/K 6= 1} resp. iL/K := sup{i ∈ R≥−1 : (GL/K)i 6= 1}

indicate the maximum value of the upper resp. lower numbering of the non-trivial ramification
groups that occur in L/K. Then ϕL/K(iL/K) = uL/K.

Definition 2.1. The Galois extension L/K is ramified of level i if uL/K ≤ i.

Ramified of level −1 simply means unramified, and ramified of level 0 simply means at
most tamely ramified.

Definition 2.2. Let L be a Galois extension of number field K and let π be a prime ideal
in OK . The extension L/K is said to be ramified of level i at π if for any prime ideal π in L
above π the extension Lπ/Kπ is ramified of level i as in Definition 2.1.

Let IL/K(π) denote the ramification group of Lπ/Kπ, which depends only up to conjugacy
on the choice of π. Furthermore, we let uL/K(π) := uLπ/Kπ and iL/K(π) := iLπ/Kπ . The

numbers uL/K(π) and iL/K(π) do not dependent on the choice of π.
We recall a corollary of Herbrand’s Theorem which says that ramification groups with

upper numbering behave well under quotients:

Lemma 2.3. Let L/K be a finite Galois extension of local fields with Galois group G, v ∈
R≥−1 and H be a normal subgroup of G. Then GvH/H = (G/H)v.

Proof. See [Ser79, Proposition 14, p. 74]. �

Lemma 2.4. Let L be a Galois extension of a local field K that is ramified of level i. Then
every subextension F/K is ramified of level i.

Proof. First suppose that L/K is finite and let F/K be a subextension. Then apply Lemma
2.3 with H = Gal(L/F), G = Gal(L/K) and v = i. If L/K is infinite, the assertion follows by
definition of the ramification groups with upper numbering together with the finite case. �

Proposition 2.5. Let i ∈ R≥−1 and let L/F be finite Galois extensions of a local field K
such that F/K is finite and ramified of level i, and such that L/F is ramified of level min(i, 0).
Let f be the inertial degree and e be the ramification degree of F/K. Then L/K is ramified
of level i.

Proof. If i ≤ 0, then the proposition is clear. We assume that i > 0. Let G = Gal(L/K),
H = Gal(L/F) and let σ ∈ Gj with j > i. By Lemma 2.3 we have σ ∈ H. Hence σ = 1 by
hypothesis that L/F is ramified of level min(i, 0). �

Now we will translate the information of the level of ramification into a bound on the
discriminant. Let DL/K denote the different of L/K and ∆L/K the discriminant of L/K.

Lemma 2.6. If i ≥ 0 and L/K is ramified of level i, then vK(∆L/K) < [L : K](i+ 1).
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Proof. If IuL/K is trivial for u > i, then uL/K ≤ i. By [Fon85, Proposition 1.3], we have

vK(DL/K) = uL/K + 1− (iL/K + 1)/e.

This gives the inequality vK(DL/K) < i + 1. The statement follows since vK(∆L/K) = [L :
K] · vK(DL/K). �

Proposition 2.7. Let L/K be a Galois extension of number fields and π a prime in OL
above the prime π in K. If i ≥ 0 and L/K is ramified of level i at π, then vKπ(∆L/K) < [L :
K](i+ 1).

Proof. This follows by Lemma 2.6 and from the equality
vKπ (∆Lπ/Kπ )

[Lπ :Kπ ] =
vKπ (∆L/K)

[L:K] . �

2.2. Group schemes. Let OK be the ring of integers of a number field K. Let π be a prime
in OK and let OK [ 1

π ] be the ring of π-integers of K. Let ` be a rational prime such that π
does not divide `. In the introduction we defined the level of ramification for abelian varieties.
In this section we introduce a similar notion for finite flat commutative group schemes over
OK [ 1

π ]. The `-torsion points of abelian varieties with good reduction outside π or, more
precisely, the `-torsion of Néron models of these abelian varieties, are examples of such group
schemes. Let J be a finite flat commutative group scheme over OK [ 1

π ] and let

ρJ : GK −→ Aut(J(K))

be the representation given by the natural Galois action on J(K). For q a prime in OK , let
Gq ⊂ GK be a decomposition group of q. Denote as usual the restriction of ρJ to Gq by
ρJ |Gq.

Definition 2.8. Let J be a finite flat commutative group scheme over OK [ 1
π ] and q be a

prime in OK . Then J is ramified of level i at q if ρJ |Gq is ramified of level i.

We are now able to define the following category:

Definition 2.9. Let i ∈ R≥−1, let ` be a rational prime and let π be a prime in OK such
that π - `. Define C`(π, i) to be the category whose objects are finite flat commutative group
schemes J over OK [ 1

π ] of `-power order such that J is ramified of level i at π, and whose

morphisms are group scheme morphisms over OK [ 1
π ].

For finite flat commutative group schemes J ′ and J ′′ over OK [ 1
π ], we denote the set of

equivalence classes of commutative extensions of J ′ by J ′′ by Ext1
OK [ 1

π
]
(J ′′, J ′). By [Oor66,

Corollary 17.5], this set is actually an abelian group.

Proposition 2.10. Let i ≥ 0. Any extension of group schemes in C`(π, i) is again a group
scheme in C`(π, i). Conversely, if J is a group scheme in C`(π, i), then any closed flat subgroup
scheme of J or quotient by a closed flat subgroup scheme of J is again in C`(π, i).

Proof. Let J ′ and J ′′ be two group schemes in C`(π, i). Consider an extension J of J ′ by J ′′.
Then J has `-power order. It remains to check that J is ramified of level i at π. For u > i,
we let σ be an element in IK(π)u. By the property of the upper numbering being stable
under quotients, it follows by hypothesis that σ acts trivially on J ′ and J ′′. We let σ act on
x ∈ J(K). The image of (σ− 1)x under J(K)→ J ′(K) is zero, hence y := (σ− 1)x ∈ J ′′(K).
It follows that (σ − 1)2x = (σ − 1)y = 0. The order of J is `e for some e ∈ N. Since
(σ−1)2 = 0 and because the order of J is `e, the group scheme J is killed by `e and we obtain
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that σ`
e

= (σ − 1 + 1)`
e

= 1. Since π - `, this means σ is in the tame part of IK(π). Apply
Proposition 2.5 to deduce that J is ramified of level i at π.

For the converse, consider an extension J of finite flat commutative group schemes J ′′ by J ′

over OK [ 1
π ]. Suppose J is a group scheme in C`(π, i). Then J ′ and J ′′ have `-power order. By

Lemma 2.4, both Q(J ′)/Q and Q(J ′′)/Q are Galois extensions having level of ramification i.
Therefore J ′ and J ′′ are group schemes in C`(π, i). �

Note that it is possible that for arbitrary commutative finite flat group schemes J ′ and J ′′

such that ρJ ′ and ρJ ′′ are unramified at π, the Q-points of an extension J of J ′ by J ′′ generate
an extension over K that is tamely ramified at π. An example is the extension T [`, p] of Z/`Z
by µ` defined below.

Definition 2.11. Let T [`, p] be the group scheme T [`, p] = Spec(
⊕`−1

i=0 Z[1
p ][Xi]/(X

`
i − p−i))

with group law as defined in [KM85, p. 251, Section 8.7]).

Next we recall the definition of the root discriminant of a number field:

Definition 2.12. The root discriminant of a number field K is δK := ∆
1

[K:Q]

K/Q .

We determine an upper bound of the root discriminant of the extension Q(J)/Q for a
simple group scheme J in the category C`(π, i), or more generally, for a group scheme in
C`(π, i) annihilated by `. Let ` be a prime ideal in OK above `. By [Fon85, Theorem 2.1],
if e` denotes the ramification index of the extension K/Q at `, then every group scheme J

in C`(π, i) that is annihilated by `n has level of ramification (e`(n + 1
`−1) − 1) at `. If J

is a group scheme in C`(π, i), then K(J)/K is ramified of level i at π and ramified of level
(e`(n+ 1

`−1)− 1) at every prime ideal ` above `.

Let TC`(π,i) be the compositum of all fields K(J), where the J are group schemes in C
that are annihilated by `. We call TC`(π,i) the maximal `-torsion extension of C`(π, i). The

extension TC`(π,i) is contained in the maximal extension of K inside K that is ramified of

level i at π and ramified of level (e`(1 + 1
`−1)− 1) at every prime ` above `. Using these two

levels of ramifications, we have the following bound on the root discriminant of the maximal
`-torsion extension:

Proposition 2.13. Let p be the residue characteristic of the prime ideal π. Then the root
discriminant of the maximal `-torsion extension L = TC`(π,i) of C`(π, i) satisfies the following
inequality:

δL < δK · p1+i · `1+ 1
`−1 .

Proof. Let fK/Q be the inertial degree of π in K/Q. Fontaine [Fon85, Corollary 3.3.2] shows
that

vQ`
(δL) < vQ`

(δK) + 1 +
1

`− 1
.

It therefore suffices to show that vQp(δL) < vQp(δK)+(1+ i). Recall the well-known identity:

∆L/Q = ∆
[L:K]
K/QNK/Q(∆L/K).

In terms of root discriminants this becomes δL = δK ·NK/Q(∆L/K)
1

[L:Q] . By Proposition 2.7
we have vKπ(∆L/K) < [L : K](i+ 1), from which we deduce that:

vQp(NK/Q(∆L/K)) < vQp(NK/Q(π[L:K](i+1))) = vQp(p
(fK/Q)[L:K](i+1))

= fK/Q · [L : K](i+ 1) ≤ [L : Q](i+ 1).
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Therefore we obtain the desired inequality vQp(δL) < vQp(δK) + (i+ 1). �

If the bound on the root discriminant of Proposition 2.13 is smaller than 22 (or 42 under
the assumption of the generalized Riemann hypothesis), the extension L will be finite; cf.
[Mar82].

3. Abelian varieties

We will show that the level of ramification at π of an abelian variety over K does not
depend on the choice of the prime ` as long as π - `. Then we relate abelian varieties with
level of ramification i with the category C`(π, i) defined in Section 2. Because the level of
ramification only concerns Galois representations of the decomposition group (or ramification
group) of π, we reduce to the local case: we assume K to be a local field with uniformizer π
and residue field characteristic p. Let A be an abelian variety over K. The absolute Galois
group GK acts on `-adic Tate module T`(A) by the continuous representation:

ρA,` : GK −→ Aut(T`(A)).

Lemma 3.1. Let H ⊂ IK be a pro-p-group and let `1, `2 be two rational primes different from
p. Then H ⊂ ker(ρA,`1) if and only if H ⊂ ker(ρA,`2).

Proof. We may assume K = Knr. In this case there exists a minimal extension L/K such that
A is semi-stable over L (see [Gro72, Exposé IX, p. 355]; it is a corollary of the semi-stable
reduction Theorem). This minimal extension L has the property that for all σ ∈ GL we
have (σ − 1)2 = 0. Assume that H ⊂ ker(ρA,`1). Then H ⊂ Gal(K/L) by minimality of the
extension L/K. This means that (ρA,`2(h) − 1)2 = 0 for some h ∈ H. Hence the image of
σ under ρA,`2 is contained in a pro-`2-group, while H is a pro-p group. This implies that
h ∈ ker(ρA,`2). Hence H ⊂ ker(ρA,`2). �

As a corollary we get:

Theorem 3.2. Let K be a local field, let A be an abelian variety over K and `1, `2 be two ratio-
nal primes different from p. Let ρA,`1 : GK −→ Aut(T`1(A) and ρA,`2 : GK −→ Aut(T`2(A))
be the representations of GK on the `1 resp. `2-adic Tate module. Then for all u ∈ R≥−1 it
holds that IuK ⊂ ker(ρA,`1) if and only if IuK ⊂ ker(ρA,`2).

Proof. We may assume that K is equal to the maximal unramified extension Knr of K: if the

extension Kker(ρA,`)/K is unramified, then A has good reduction and the result follows from
[ST68]. Hence u ≥ 0. Furthermore, we may assume that u > 0: if u = 0 and I0

K ⊂ ker(ρA,`1),
then either I0

K ⊂ ker(ρA,`2), in which case we are done, or this does not hold in which case
we interchange `1 and `2. If u > 0 we apply Lemma 3.1 with H = IuK. �

Let K be a number field and let A be an abelian variety over K having good reduction
outside π. If A is the Néron model of A, consider the `n-torsion subgroup scheme A[`n], which
is a finite flat commutative group scheme of `-power order over OK [ 1

π ]. The group scheme
A[`n] is ramified of level i for some i ∈ R≥−1. Hence, the scheme A[`n] is an object of the
category C`(π, i). The extension K(A[`n])/K ramifies only at π and primes lying over `. The
next proposition relates the action of inertia on the finite group schemes of `n-torsion points
and the `-adic Tate module:
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Proposition 3.3. Let A be an abelian variety over a number field K with good reduction
away from the prime π and let ` be any rational prime such that π - `. If i ≥ −1, then:

A is ramified of level i at π ⇐⇒ A[`n] ∈ C`(π, i) for all n ∈ N

If i > 0, then:

A is ramified of level i at π ⇐⇒ A[`] is ramified of level i at π.

Proof. The first implication is obvious. For the second statement, let Iπ be the inertia group
of any decomposition group of π. Any element in the wild part of Iπ acts trivially on A[`] if
and only if it acts trivially on A[`∞], because Gal(K(A[`∞])/K(A[`]) is a pro-`-group. �

Besides the independence of `, we would like that the level of ramification is well-defined
on isogeny classes of abelian varieties, so that it can be used in order to study these classes.
This is indeed the case:

Proposition 3.4. Let A and A′ be two isogenous abelian varieties over K. Then A is ramified
of level i if and only if A′ is ramified of level i.

Proof. Let ψ : A → A′ be an isogeny between A and A′. Consider ρA,` : GK → Aut(T`(A))
and ρA′,` : GK → Aut(T`(A

′)). If any group H ⊂ GK acts trivially on T`(A) then it also acts
trivially on T`(A

′), because ψ(T`(A)) is a finite index subgroup of T`(A
′). In particular this

holds for the ramification groups IiK. �

Before we move on to the next section, we will cite a theorem that allows us to prove that
certain abelian varieties are modular:

Theorem 3.5. Let A be an abelian variety over Q such that A[`n] is an object in C`(π, i) for
all n ∈ N. Suppose that

• for all simple non-étale group schemes T in C`(π, i) and all simple étale group schemes
E in C`(π, i), the group Ext1

C`(π,i)
(T,E) is trivial.

• the maximal abelian extension R of F , where F is the compositum of all Q(E) with E
running over all simple étale group schemes E in C`(π, i), that is unramified outside
p and at most tamely ramified at primes over p, is a finite cyclic extension F .

Then A[`] does not have subquotients that are étale or of multiplicative type.

Proof. See [Ver09]. �

4. Modular forms

Let f be a newform of weight 2 and level N . One can associate to f an abelian variety Af
over Q and a representation ρAf . The representation ρAf obtained like this is the case k = 2
of the next theorem:

Theorem 4.1. Let f ∈ Sk(Γ1(N), ε) be a newform, let E be its coefficient field and let ap
denote its Hecke eigenvalues for p - N . Let λ be a prime ideal in E with residue characteristic
`. Then there exists an irreducible representation ρf : GQ −→ GL2(Eλ) such that ρf is
unramified outside `N .

Proof. See for example [Car87, Theorem 2]. �
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We will apply this to the case that N is a power of p. We want to consider the mod-`
representation ρf coming from the above `-adic representation ρf . The representation ρf
is well-defined up to semi-simplification. Suppose ρf is ramified of level i at p. Then the

finite flat group scheme Af [`] over Z[1
p ] is an object in the category C`(π, i). To prove that all

abelian varieties over Q with good reduction outside p and with level of ramification i at p are
modular, we try to find all simple objects in the category C`(π, i). By Proposition 2.13, the

root discriminant δL of the maximal `-torsion extension L of C`(π, i) satisfies δL < `1+ 1
`−1 pu+1.

If the bound on the root discriminant δL is smaller than 42, we can use the tables in [Mar82]
to get an upper bound on the degree of L and prove that L is finite.

Since there are no abelian varieties over Q with good reduction everywhere, we assume

that i ≥ 0. For p ≥ 13 and ` = 2, the bound `1+ 1
`−1 pu+1 is larger than 42. Therefore, we

consider only the primes 2, 3, 5 and 7. Let p be one of these primes and let ` = 2 if p 6= 2,
otherwise let ` = 3.

What we do next is translate a bound on the level of ramification at p of ρf into a bound
on the exponent n of the level pn of the newform f . Before we make this translation though,
we recall the definitions of the exponent of the Artin conductor and the Swan conductor that
we will use in making this translation.

Let F be a field of characteristic different from p. Let ρ : GQp → GL(V ) be a continuous
representation ofGQp on a finite dimensional topological F -vector space V . Then the exponent
of the Artin conductor is

a(ρ) = dim(V )− dim(V Ip) +

∫ ∞
1

dim(V/V Gu)du.

We introduce additional notation for the representation ρ: If K ′ = Qp
ker ρ

, then we define

u(ρ) := uK′/K and i(ρ) := iK′/K .

We note that for a character χ, the exponent a(χ) is equal to u(χ) + 1.

Theorem 4.2. If f ∈ Sk(Γ1(N)) is a newform, then for all p|N and p - ` the equality
vp(a(ρf,p)) = vp(N) holds.

Proof. See [Car87, Theorem 4]. �

Lemma 4.3. Let n ∈ N≥2 and let f ∈ S2(Γ1(pn), ε) be a newform. If ρf,p is

(a) irreducible, then u(ρf,p) = n
2 − 1.

(b) decomposable such that

ρf,p '
(
εω`χ 0

0 χ−1

)
,

then u(ρf,p) = n−min(a(χ), a(εχ))− 1.
(c) reducible and indecomposable such that

ρf,p '
(
ω`χ ∗
0 χ

)
,

where χ is a character with χ2 = ε, then u(ρf,p) = max(a(χ)− 1, 0).

Proof. Let Eλ be the λ-adic completion of the number field E of Theorem 4.1. Let V be
the 2-dimensional Eλ-vector space on which G = GQp acts. By Theorem 4.2 we have that
n = a(ρf,p).
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Part (a) follows because V is irreducible, so dim(V/V Gi) is either 2 or 0 depending on
whether Gi acts trivially or not.

For part (b), note that ω` is unramified and that n = a(ρf,p) = a(χ−1) + a(εχ) = a(χ) +
a(εχ). We may suppose without loss of generality that a(χ) ≥ a(εχ). Then n− a(εχ)− 1 =
a(χ)− 1 = u(χ) = u(ρf,p).

To prove part (c), we suppose that the ∗ does not vanish when restricted to the inertia
subgroup, otherwise the analysis is the same as the one in part (b). We remark that if
a(χ) = 0 or a(χ) = 1, then u(ρf,p) = 0. Therefore we suppose that a(χ) > 1, so that the
representation ρf,p is wildly ramified. Then u(ρf,p) = u(χ) = a(χ)− 1 > 0. �

Proposition 4.4. Let f be a newform of level pn. If ρf is ramified of level i at p, then
n ≤ 2(i+ 1). If ρf is ramified of level i ≥ 0 at p, then n ≤ 2(i+ 1). If ρf is unramified at p,
then n ≤ 2.

Proof. The first part follows from Lemma 4.3. For example for the semi-simple case, the
maximum value of min(a(χ), a(εχ)) is bounded by n/2. The second statement follows because
if ρf is ramified of level i ≥ 0 at p, then so is ρf .

Finally, if ρf is unramified at p, then ρf is at most tamely ramified and the third statement
then follows again from Lemma 4.3. �

Proposition 4.4 allows us to determine the maximal exponent n of the level pn of newforms
f of weight 2 for which we hope to determine all abelian varieties over Q having the same
ramification level at p as Af . For instance, we determine the maximal exponent in the case

p = 3: For this, we require that the inequality 21+ 1
2−1 3i+1 < 42 is satisfied, so i < 1.140. We

then use Proposition 4.4 to obtain that n is at most 4. Doing the same for the primes p = 2, 5
and 7, we see that the exponent n is at most 6, 2 or 2 respectively: Thus we are interested in
newforms of level 16, 32, 64, 27, 81, 25 and 49.

The article [LW10] permits us to determine for each newform f if the representation ρf,p is
irreducible (coming from a supercuspidal automorphic representation), decomposable (coming
from a principal series automorphic representation) or reducible and indecomposable (coming
from a special automorphic representation). In the following table each row corresponds to a
newform of weight 2. In the column named rep we indicate the form of the representation ρf,p:
in all cases considered, the representation turns out to be either decomposable or irreducible.
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newform level dim conductor nebentypus rep u(ρf,p)

16A 16 2 16 dec. 3
32A 32 1 1 irr. 3/2
32B 32 4 32 dec. 4
32C 32 8 32 dec. 4
64A 64 1 1 irr. 2
27A 27 1 1 irr. 1/2
27B 27 12 27 dec. 2
81A 81 2 1 irr. 1
81B 81 2 9 irr. 1
81C 81 4 9 irr. 1
81D 81 12 27 dec. 2
81E 81 144 81 dec. 3
25A 25 4 25 dec. 1
25B 25 8 25 dec. 1
49A 49 1 1 irr. 0
49B 49 2 7 irr. 0
49C 49 6 49 dec. 1
49D 49 12 49 dec. 1
49E 49 48 49 dec. 1

Table 1. The ”first” occurring newforms of prime power level.

After a straight-forward computation we conclude that only the newforms 32A, 27A, 49A

and 49B satisfy `1+ 1
`−1 pi+1 < 42, where p is the prime dividing the level and ` is chosen as

above. In the next chapters we look at the newforms 32A, 27A, 49A and 49B and we show
that indeed all abelian varieties over Q, that have the same ramification level at p as these
modular forms, are modular.

5. Good reduction outside 2

In this section we prove the following theorem:

Theorem 5.1. Let A be an abelian variety over Q with good reduction outside 2 such that A
is ramified of level 3

2 at 2. Then, under the assumption of the generalized Riemann hypothesis,
A is isogenous to a product of copies of the elliptic curve J0(32).

We remark that we also proved the following weaker statement without the assumption
of the generalized Riemann hypothesis: any non-zero abelian variety A over Q with good
reduction outside 2 such that AL, where L is the ray class field of conductor (1 + i)3 of Q2(i),
has good reduction, is isogenous to a product of copies of the elliptic curve J0(32).

From Table 1 we see that there is only one isogeny class of elliptic curves of conductor
32. We consider the elliptic curve E : y2 = x3 − x over Q of conductor 32. The elliptic
curve E has additive reduction at 2 and is supersingular at 3. We continue to work with the
elliptic curve E in this section and write E for the Néron model of E. Since the curve has
complex multiplication by Q(i), the Galois representation ρE,3 is an induction of a character
and E has potential good reduction. By the criterion of Néron-Ogg-Shafarevich, it obtains
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good reduction over the field Q(E [3]) of degree 16 over Q. Let ρE,3 be the reduction of the
representation ρE,3 modulo the prime 3, which is well-defined up to semi-simplification. A
calculation (see the Appendix) using Magma [BCP97] shows that the image of the represen-
tation ρE,3 is isomorphic to the group SH16, the semi-hedral group of order 16 mentioned
above.

Lemma 5.2. We have EndGQ
(T3(E)) ' Z3. In particular, EndGQ

(E[3]Q) has order 3.

Proof. Since E is supersingular at 3 and has good reduction at 3, it follows from [Con97,
Theorem 1.1] that ρE,3 is absolutely irreducible. We deduce that also ρE,3 is absolutely
irreducible. Now apply Schur’s Lemma, see for instance [Maz97, Paragraph 4, Corollary, p.
252]. �

We will prove Theorem 5.1 by working in a certain category of group schemes. Let J be
a finite flat commutative group scheme over Z[1

2 ]. Then GQ acts on the Q-points of J by

ρJ : GQ −→ Aut(J(Q)). We denote by Q(J) the fixed field of the kernel of the representation
ρJ . To prove Theorem 5.1, we use the following category:

Definition 5.3. Let C2 be the category whose objects are finite flat commutative group
schemes J over Z[1

2 ] of 3-power order such that J is ramified of level 3
2 at 2, and whose

morphisms are group scheme morphisms over Z[1
2 ].

The category C2 is closed under taking closed flat subgroup schemes, quotients and prod-
ucts. It is even closed under taking extensions by Proposition 2.10.

5.1. Simple group schemes. From Table 1 we see that J0(32) is ramified of level 3
2 at 2.

Hence the group schemes E [3n] are objects in the category C2. The group scheme E [3] helps
us to prove that the maximal 3-torsion extension of C2 is the number field Q(E [3], 3

√
2). First

we state the following lemma:

Lemma 5.4. Let i, j ∈ N, let K be a number field and let p, q be two primes in K with residue
characteristics p resp. q such that p 6= q. Suppose that the ray class fields of conductor piq
and of conductor pqj are trivial. Then for all m ≤ i and n ≤ j the ray class field of conductor
pmqn is trivial.

Proof. Suppose the ray class field L of conductor c = piqj is non-trivial. Look at the p-part of
the extension L/K. Since L/K is abelian the p-part of L/K is an abelian extension of K and
contained in the ray class field of conductor at most piq because it is at most tamely ramified
at q. But by assumption this ray class field must be trivial. We do the same for the q-part of
L/K. Then it follows that L/K is tamely ramified and that L is equal to the ray class field
of conductor pq. But this ray class field is contained in the ray class field of conductor piq,
which is trivial: contradiction. �

Proposition 5.5. Under assumption of the generalized Riemann hypothesis, the maximal
3-torsion extension of C2 is given by TC2 = Q(E [3], 3

√
2).

Proof. Let TC2 be the maximal 3-torsion extension of C2. The root discriminant of TC2 is

bounded by 33/225/2 = 63/2 · 2 ≈ 29.39. Under the assumption of the generalized Riemann
hypothesis, we apply Odlyzko’s discriminant bounds in [Mar82, Table 3, p. 179] to find that
[TC2 : Q] < 1200. Hence TC2 is finite. Group schemes annihilated by 3 that we know of are
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E [3], µ3, Z/3Z and the group schemes T [3, 2] and T [3,−1] as in Definition 2.11 . We have
the following extensions of number fields:

Q ⊂2 Q(i) ⊂8 Q(E [3]) ⊂3 K := Q(E [3], T [3, 2]) = Q(E [3],
3
√

2) ⊂≤25 TC2 .

The extension Q(E [3])/Q is ramified of level 3
2 at 2 and tamely ramified at 3. The absolute

discriminant of Q(E [3]) is 232314. The number field K is equal to the ray class field of Q(E [3])
of conductor π2π

5
3 where π2 and π3 are the unique primes lying over resp. 2 and 3. This tells

us that K/Q is ramified of level 3
2 at 2, that K/Q is ramified of level 1

2 at 3 and that the

discriminant of K is 3622100.

Claim 1: There does not exist a non-trivial Galois extension of K that is at most tamely
ramified at the primes π2 and π3 in K above resp. 2 and 3.

Proof. For any Galois extension K ′/K that is tamely ramified at both π2 and π3 we have:

∆K′/K = π
f2g2(e2−1)
2 π

f3g3(e3−1)
3 ,

where ei, fi and gi are resp. the ramification, inertia and splitting degree of K ′/K at πi for
i = 2, 3. Then

NK/Q(∆K′/K)
1

[K′:Q] = 2
2

[K:Q]
(1− 1

e2
)
3

2
[K:Q]

(1− 1
e3

)
< 6

2
[K:Q] = 6

2
48 .

The numerator 2 in the exponents in the second term accounts for the fact that both the
primes 2 and 3 have inertial degree 2 in K/Q and ramification degree 24. Multiplying the

root discriminant of K with this value gives δK′ < 2
102
48 3

64
48 ≈ 18.873. Under the assumption of

the generalized Riemann hypothesis, it follows from Odlyzko’s discriminant bounds in [Mar82,
Table 3, p. 179] that [K ′ : Q] < 96. This implies that [K ′ : K] < 2 and therefore K ′ = K. In
particular, we see that the class number of K is 1. �

Claim 2: The group Gal(K/Q(E [3])) is the maximal abelian quotient of Gal(TC2/Q(E [3])).

Proof. In other words, the number field K is the maximal abelian extension of Q(E [3]) inside
TC2 . Certainly K/Q(E [3]) is abelian and it suffices to show that there is no larger abelian

extension in TC2 . Therefore we consider ray class fields of conductor of the form πi2π
j
3 with

i, j ∈ N, and show that they are either trivial or cannot exist inside TC2 . By Lemma 5.4, it
is enough to consider conductors for which either i ∈ {0, 1} or j ∈ {0, 1}.

First we consider ray class fields of conductor πi2π
j
3 with i ∈ N and j ∈ {0, 1}. The smallest

i and j that give a non-trivial ray class field turn out to be i = 8 and j = 0. See the Appendix
for this computation and the computations that will follow. The ray class field of conductor
π8

2 is a degree 4 extension of Q(E [3]). Consider the subextension F/Q(E [3]) of degree 2 inside
this ray class field. It admits a non-trivial character of conductor π8

2, and using the conductor-
discriminant formula we see that the 2-adic part of the root discriminant δF is equal to 5

2 ,
contradicting the root discriminant bounds of Fontaine [Fon85, Corollary 3.3.2].

Next, consider ray class fields of conductor πi2π
j
3 with j ∈ N and i ∈ {0, 1}. The smallest

i and j that give a non-trivial ray class field turn out to be i = 1 and j = 5. The ray class
field of conductor π1

2π
5
3 is exactly the field K. The next value of j that gives a non-trivial

extension is j = 8. Consider any subextension F/Q(E [3]) of degree 3 inside a ray class field
of conductor c such that the π3-part of c has exponent at least 8. Then the 3-adic part of
the root discriminant δF is at least 16

24 + 14
16 = 37

24 >
3
2 (where 16

24 comes from the ramification

in F/Q(E [3]) and 14
16 from the ramification in Q(E [3])/Q). This contradicts the fact that the
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3-adic valuation of the root discriminant should be smaller than 3
2 by the bounds proven by

Fontaine [Fon85, Corollary 3.3.2]. Alternatively, we calculate the ramification at π3 in the
extension F/Q(E [3]) in the following way: The extension Q(E [3])/Q is tamely ramified at 3
and since the conductor at π3 of F/Q(E [3]) is π8

3, we have that

IF/Q(E[3])(3)i =

{
3 if 0 ≤ i ≤ 8
1 if i > 8.

This implies that the extension F/Q is ramified of level 21
24 at 3, contradicting the fact that

the extension TC2/Q is only ramified of level 1
2 at 3 as follows from [Fon85, Theorem 2.1]. �

Claim 3: The order of the maximal abelian quotient of Gal(TC2/K) is not divisible by 3.

Proof. Consider the commutator subgroup N of Gal(TC2/K) with fixed field T ′C2
. The sub-

group N is normal in the group Gal(TC2/Q(E [3])). Therefore T ′C2
/Q(E [3]) is Galois. The

2-sylow subgroup H of Gal(T ′C2
/K) is normal because Gal(T ′C2

/K) is abelian. It follows that

H is normal in Gal(T ′C2
/Q(E [3])). Therefore the fixed field of H corresponds to a Galois exten-

sion of Q(E [3]) with a Galois group P . The group P is a 3-group and P/P ′ = Gal(K/Q(E [3]))
is cyclic of order 3. Hence P = Gal(K/Q(E [3])). �

By Claim 1, the degree of the abelian quotient of TC2/K must be a power of 2 less than
25, so either 2, 4, 8 or 16.

Claim 4: Let M = Q(ζ12,
3
√

2). Then Gal(K/M) is the maximal abelian quotient of
Gal(TC2/M).

Proof. Let π2 and π3 denote the unique primes above respectively 2 and 3 in OM . By Claim
3, the degree of any abelian subextension of TC2/K cannot be divisible by 3. It follows that
the maximal abelian quotient of Gal(TC2/M) is at most tamely ramified at 3 and therefore
we only consider ray class fields of conductor πi2π3 for some positive integer i.

The extension K/M is cyclic of order 4. There are two ray class fields over M of degree 4,
one of conductor π7

2π3 and one of conductor π8
2. They are disjoint over M because one ray

class field is totally ramified at π3 while the other ray class field is unramified at π3. Since
the ramification degree of K/Q at 3 is 24, it follows that K/M is ramified at π3. Hence K
can be interpreted as the ray class field of conductor π7

2π3.
The ray class field R of conductor π8

2π3 is an extension of degree 16 over M . The Galois
group Gal(R/M) is isomorphic to Z/4Z × Z/4Z. It is the compositum of the two ray class
fields discussed above. The extension R/M admits three characters of conductor π7

2π3, three
characters of conductor π8

2, nine characters of conductor π8
2π3 and one trivial character. The

conductor-discriminant formula then gives that ∆R/M = π117
2 π12

3 . The root discriminant of

the extension M/Q is equal to δM/Q = 2
16
12 3

14
12 , and we calculate the root discriminant of the

extension R/Q to be:

δR/Q = 2
117
96

+ 16
12 3

14
12

+ 12
96 = 2

245
96 3

124
96 .

But 245
96 > 5

2 , contradicting the bound on the 2-adic part of the root discriminant bound of
the extension TC2/Q.

This implies that any ray class field of conductor πi2π3 with i ≥ 8 cannot be inside TC2 . It
also implies that the ray class field of conductor π8

2 cannot occur inside TC2 : otherwise π8
2π3

would be inside TC2 . This concludes the proof of the claim. �
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We deduce, using exactly the same argument as given to prove Claim 3, that the order
of the abelian quotient of Gal(TC2/K) is not divisible by 2. We can now finish the proof of
Proposition 5.5. Since 2 and 3 are the only possible primes dividing the degree of the abelian
quotient of Gal(TC2/K), we conclude that there is no abelian extension inside TC2/K. But
Gal(TC2/K) is solvable, so it must be trivial as we wanted to show. �

To find the simple group schemes in C2, we consider irreducible F3[SH16]-modules. The
Galois group of Q(E [3])/Q is isomorphic to the semihedral group SH16 of order 16. The group
SH16 has presentation

〈s, t : s8 = t2 = 1, st = ts3〉.
The field F9 obtained by adjoining the 8th roots of unity to F3 is a sufficiently large field with
respect to the group SH16 (see [Ser77, Chapter 14, p. 115]). Since gcd(2, 3) = 1, all F9[SH16]-
modules are semi-simple. There are 7 conjugacy classes of the group SH16 (or 3-regular

conjugacy classes, cf. [Ser77, Corollary, p. 150]). Therefore, we have that
∑7

i=1 n
2
i = 16,

where ni is the degree of the i-th irreducible submodule of F9[SH16]. This is only possible if
three simple modules have degree 2 and the other four have degree 1. The character table of
these representations is as follows:

length 1 1 4 2 4 2 2
ord 1 2 2 4 4 8 8
1 1 1 1 1 1 1 1
χ2 1 1 -1 1 -1 1 1
χ3 1 1 -1 1 1 -1 -1
χ2χ3 1 1 1 1 -1 -1 -1
ρE[3] 2 -2 0 0 0 -1 1
χ3ρE[3] 2 -2 0 0 0 1 -1
ρg 2 2 0 -2 0 0 0

Table 2. The character table of F3[SH16].

Length stands for the length of the conjugacy class and ord for the order of any element in
a conjugacy class. We check which of the above irreducible representations are flat over Z3:

Definition 5.6. A continuous representation ρ : GQp → GLn(Fp) is flat over Zp if there

exists a finite flat commutative group scheme J over Zp such that the GQp-action on J(Qp)
is isomorphic to the representation ρ.

Flat 1-dimensional representations. All the 1-dimensional representations in Table 2 are flat:
The trivial character corresponds to the group scheme Z/3Z. The cyclotomic character χ3

at the prime 3 corresponds to µ3. The cyclotomic character χ2 at the prime 2 is the generic
fiber of the group scheme Z/3Z(χ2). The character χ2χ3 is the generic fiber of the group
scheme µ3(χ2).

Flat 2-dimensional representations. The action of SH16 on E [3] gives an irreducible represen-
tation ρE[3] of degree 2. We will prove that the only representation of the group SH16 of degree
2 extending to a finite flat group scheme over Z3 is ρE[3]. The representation ρE[3] has trace 1
or −1 on elements of order 8, because SH16 acts faithfully on E [3] and all elements of order
8 in GL2(F3) have trace ±1. To prove that the remaining 2-dimensional representations in
Table 2 are not flat, we use the theory of finite Honda systems (see [Fon77]).
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Lemma 5.7. The representations ρg and χ3ρE[3] are not flat over Z3.

Proof. Since the 2-dimensional representations in Table 2 are also irreducible considered as
representations of Gal(Q3(E [3])/Q3) (since 3 does not split in this extension), the finite flat
group schemes corresponding to flat 2-dimensional representations are simple. Note that a
simple finite flat commutative group scheme of p-power order over Zp is either local-local,
local-étale or étale-local. For local-local schemes we can apply [Sch03, Proposition 6.1] with
p = 3 and K = Q3, that tells us that there are exactly two non-isomorphic finite flat com-
mutative local-local group schemes over Z3 of order 9. The Q3-valued points of these two
group schemes generate the field extensions Q3(i, 8

√
3) and Q3(i, 8

√
6). These are different

extensions.
Assume that the representation χ3ρE[3] extends over Z3 to a finite flat commutative group

scheme J ′. The group scheme J ′ is a local-local group scheme since the group scheme E [3]
over Z3 is a local-local group scheme. The group schemes J ′ and E [3]Z3 are not isomorphic
because their generic fibers are not isomorphic. But we know that the representations χ3ρE[3]

and ρE[3] factor through the same Galois group SH16, which is contrary to the above. Hence
the representation χ3ρE[3] is not flat over Z3.

Similarly, assume that ρg is a flat representation and extends to a finite flat commutative
group scheme J ′′ over Z3. The representation ρg : GQ → GL2(F3) is not faithful because
the image has no elements of order 8: All elements of order 8 inside the unique subgroup
of GL2(F3) of order 16 have trace ±1, yet ρg has trace zero on elements of order 8. Hence
the image is isomorphic to a quotient of SH16. This quotient turns out to be isomorphic
to the dihedral group D4. Therefore the extension generated by the points of J ′′ cannot be
Q3(i, 8

√
3) or Q3(i, 8

√
6), since they both have degree 16. Hence J ′′ is not local-local. The

Cartier dual of J ′′ is also a simple finite flat commutative group scheme of order 9 which
has an irreducible generic fiber that is not isomorphic to ρg: By [Ray74, Theorem 3.3.3], the
prolongation of ρg must be unique since 1 < p− 1 holds. But the generic fiber of the Cartier
dual of J ′′ does not occur in Table 2. Therefore we conclude that ρg is not flat. �

Proposition 5.8. Any simple group scheme in C2 is isomorphic to either Z/3Z, Z/3Z(χ2),
µ3, µ3(χ2) or E [3].

Proof. It is clear that the group schemes in the statement are objects C2. We prove that
they are the only ones up to isomorphism. A simple group scheme in C2 prolongates the
1-dimensional representations in Table 2 or the representation ρE[3]. In particular, all simple
group schemes have either order 3 or 9. We start with the group schemes of order 9.

The generic fiber of a simple group scheme of order 9 in C2 is isomorphic to the generic
fiber of E [3]. Suppose that G is a simple object in C2 and has order 9. The local group scheme
G×Z[ 1

2
] Z3 prolongs E [3]×Z[ 1

2
] Q3. According to [Ray74, Proposition 3.3.2], the group scheme

G×Z[ 1
2

] Z3 is isomorphic to E [3]×Z[ 1
2

] Z3.

We apply the result of [Art70] described in [Sch03, Proposition 2.3]. The scheme J cor-
responds to a triple (J ′, J ′′, θJ) where J ′ = J ×Z[ 1

2
] Q, J ′′ = J ×Z[ 1

2
] Z3 and where θJ :

J ′×Q Q3 → J ′′×Z3 Q3 is a gluing homomorphism. Similarly, write E [3] as (E [3]1, E [3]2, θE[3]).
By hypothesis, there exist isomorphisms f1 : J ′ → E [3]1 and f2 : J ′′ → E [3]2. We want that f1

and f2, when base changed to Q3, are compatible with θE[3] and θJ . Locally over Q3 we can
always do this: we can adjust (f2)Q3 by composing it with an automorphism of E [3]2×Z[ 1

2
]Q3.

The only GQ-equivariant (resp. GQ3-equivariant) automorphism of E [3]2 (resp. E [3]2×Z3 Q3)
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is the identity. This implies that J is isomorphic to E [3]. It follows that there is only one
simple group scheme of order 9 up to isomorphism in C2, namely the group scheme E [3].

We now consider group schemes of order 3. The generic fiber of a group scheme J of order
3 is isomorphic to the generic fiber of one of the group schemes Z/3Z,Z/3Z(χ2), µ3 or µ3(χ2).
We apply [TO70, Theorem 3] that says that the generic fiber determines J up to a twist. Such
a twist is only ramified at 2 and has order divisible by the order of F∗3, the automorphism
group of J ×Z[ 1

2
] Z3. Hence the twist must be a power of χ2. �

5.2. Extensions of simple group schemes. Now that we classified the simple group
schemes in C2, we compute extension groups of simple group schemes in C2. In particu-
lar, we will show that any extension in C2 of a simple non-étale group scheme by a simple
étale group scheme, that is, Z/3Z or Z/3Z(χ), is trivial. To show this for the category C2,
we will use that, under assumption of the generalized Riemann hypothesis, the maximal 3-
torsion extension TC2 of C2 is equal to Q(E [3], 3

√
2). The results that we obtain using this,

will therefore a fortiori also hold under assumption of the generalized Riemann hypothesis.
When calculating extension groups, we make use of the following result:

Proposition 5.9 ([Sch03], Corollary 2.4). Let p, ` be two distinct rational primes. Let J ′ and
J ′′ be two finite flat commutative group schemes over Z[1

p ]. The sequence

0 −→ HomZ[ 1
p

](J
′′, J ′) −→ HomZ`(J

′′, J ′)×HomZ[ 1
`p

](J
′′, J ′) −→ HomQ`

(J ′′, J ′)

−→ Ext1
Z[ 1
p

]
(J ′′, J ′) −→ Ext1

Z`
(J ′′, J ′)× Ext1

Z[ 1
`p

]
(J ′′, J ′) −→ Ext1

Q`
(J ′′, J ′)

is exact.

This allows us to relate extensions over Z[1
2 ] with local extensions and extensions of Galois

modules, as will be demonstrated in the next lemma.

Lemma 5.10. Under assumption of the generalized Riemann hypothesis, the F3-vector spaces
Ext1

Z[ 1
2

]
(E [3],Z/3Z) and Ext1

Z[ 1
2

]
(E [3],Z/3Z(χ2)) are trivial.

Proof. Let T be one of the group schemes Z/3Z or Z/3Z(χ2). Since Gal(Q(E [3])/Q) is
equal to the decomposition group at 3, it follows that HomQ(E [3], T ) ' HomQ3(E [3], T ).
Because HomQ(E [3], T ) is trivial, Proposition 5.9 with J ′′ = E [3] and J ′ = T implies that
Ext1

Z[ 1
2

]
(E [3], T ) is mapped injectively into Ext1

Z[ 1
6

]
(,1)E [3]T×Ext1

Z3
(E [3], T ). Let J be an extension

of E [3] by T of group schemes over Z[1
2 ]. Then J splits locally at 3 because E [3] is connected

and T is étale. Thus JZ3 is annihilated by 3. Because Z3 is flat over Z[1
2 ], the group scheme

J is also annihilated by 3. The group scheme J is also generically split by the following
argument. The number field Q(J) contains Q(E [3]). Since J is annihilated by 3, the extension
Q(J)/Q must be a subextension of the maximal extension Q(E [3], 3

√
2). Hence Q(J) is

either Q(E [3], 3
√

2) or Q(E [3])). Since J is locally a trivial extension, the Galois extension
Q(J)/Q(E [3]) is unramified at the prime lying above 3 in Q(E [3]). However, the extension
Q(E [3], 3

√
2)/Q(E [3]) is ramified at the prime lying above 3. Therefore Q(J) = Q(E [3]). It

follows that JQ is an F3[SH16]-module. Since F3[SH16]-modules are semi-simple, the sequence
splits generically. Hence also J is a split extension. �

Lemma 5.11. The F3-vector spaces

Ext1
Z[ 1

2
]
(µ3,Z/3Z), Ext1

Z[ 1
2

]
(µ3,Z/3Z(χ2)), Ext1

Z[ 1
2

]
(µ3(χ2),Z/3Z))

and Ext1
Z[ 1

2
]
(µ3(χ2),Z/3Z(χ2))
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are trivial.

Proof. It follows from [Ver10] that the F3-vector space Ext1
Z[ 1

2
,i]

(µ3,Z/3Z) is trivial. Let J ′′ be

either µ3 or µ3(χ2) and let J ′ be either Z/3Z or Z/3Z(χ2). Since every extension of J ′′ by J ′

splits locally, the long exact sequence of Proposition 5.9 yields the inclusion Ext1
Z[ 1

2
]
(J ′′, J ′) ↪→

Ext1
Q(J ′′, J ′). It suffices to show that Ext1

Q(J ′′, J ′) is trivial. Let Γ = Gal(Q(i)/Q). We have
the following exact sequence:

0 −→ H1(Γ,HomGQ
(J ′′, J ′)) −→ Ext1

Q(J ′′, J ′) −→ Ext1
Q(i)(J

′′, J ′)
Γ.

By the above, Ext1
Q(i)(J

′′, J ′)
Γ is trivial. The cohomology group H1(Γ,HomGQ

(J ′′, J ′)) is

trivial because HomGQ
(J ′′, J ′) is trivial. �

Lemma 5.12. Under the assumption of the generalized Riemann hypothesis, the group of
extensions Ext1

Z[ 1
2

]
(E [3], E [3]) has order 3 and is generated by E [9].

Proof. By Lemma 5.2 the group HomQ(E [3], E [3]) has order 3. The same is true for Q3 instead
of Q because 3 does not split in Q(E [3]). In the long exact sequence of Proposition 5.9, the
map

HomQ(E [3], E [3])×HomZ3(E [3], E [3]) −→ HomQ3(E [3], E [3])

is surjective. As a consequence we get the following inclusion:

Ext1
Z[ 1

2
]
(,1)E [3]E [3] ↪−→ Ext1

Z3
(,1)E [3]E [3]× Ext1

Z[ 1
6

]
(,1)E [3]E [3].(1)

Let J be an extension of E [3] by E [3] of group schemes over Z[1
2 ] and suppose that J is

annihilated by 3. By Proposition 5.5 we know that Q(J) ⊂ Q(E [3], 3
√

2). Apply [Sch03,
Proposition 6.4] with p = 3, that says that the number field Q(J) is either: Q(E [3]), an
unramified extension of Q(E [3]) or an extension of degree at least 9 over Q(E [3]). We conclude
that the only possibility is that Q(J) = Q(E [3]). Since all F3[SH16]-modules are semi-simple,
the group scheme J splits generically.

Next, we consider the group scheme JZ3 . It is an extension of E [3]Z3 by itself. According
to [Ray74, Theorem 3.3.3], the local group scheme JZ3 is uniquely determined by its generic
fiber because the condition e < p − 1 holds, where e is the ramification at 3 of Q3/Q3 and
where p = 3. But JZ3 splits generically, that is, JQ3 is the product of E [3]Q3 with itself
because the Galois action is trivial and JQ3 is annihilated by 3. Hence by [Ray74, Theorem
3.3.3] the group scheme JZ3 splits. Now use inclusion (1) above to deduce that extensions
annihilated by 3 split, i.e., the group Ext1

Z[ 1
2

],[3]
(,1)E [3]E [3] is trivial.

By [Sch09, Lemma 2.1], the following sequence is exact:

0 −→ Ext1
Z[ 1

2
],[3]

(E [3], E [3]) −→ Ext1
Z[ 1

2
]
(E [3], E [3]) −→ HomGQ

(E [3], E [3]).

Since HomGQ
(E [3], E [3]) has order 3 and Ext1

Z[ 1
2

],[3]
(,1)E [3]E [3] is trivial, the group scheme E [9]

generates the group Ext1
Z[ 1

2
]
(E [3], E [3]). �

5.3. Proof of Theorem 5.1.

Proof. Let A be an abelian variety over Q with good reduction outside 2 such that AL has
good reduction (resp. such that A is ramified of level 3

2 at 2). Let A be the Néron model of

A over Z[1
2 ] and let A[3] be the finite flat commutative group scheme of 3-torsion points of

A. Then A[3] is an object in C2 and has order 32g. Because any extension in C2 of a simple
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non-étale group scheme and an étale group scheme is split, and because the ray class field of
Q(i) of conductor 3 is cyclic of degree 2, we can apply Theorem 3.5 that says that A[3] does
not contain étale or multiplicative subquotients. Hence, the only simple subquotients of A[3]
are isomorphic to E [3].

To prove the theorem, we show that the 3-divisible groups of A and E are isomorphic. For
this we apply [Sch05, Theorem 8.3] and verify that all conditions of Theorem [Sch05, Theorem
8.3] are satisfied. Let A[3∞] be the 3-divisible group associated to A and let E [3∞] be the
3-divisible group associated to E. By Lemma 5.2 and Tate’s Theorem [Tat67, Corollary 1 of
Theorem 4], we have End(E [3∞]) ' Z3. Together with Lemma 5.12 we see that both E [3∞]

and A[3∞] satisfy all hypotheses of [Sch05, Theorem 8.3] and so A[3∞] ' E [3∞]dim(A). By

[Fal83], we deduce that A is isogenous to J0(32)dim(A). �

6. Good reduction outside 3

In this section, we prove the part of Theorem 1.3 regarding good reduction outside 3:

Theorem 6.1. Let A be an abelian variety over Q with good reduction outside 3 such that A
is ramified of level 1

2 at 3. Then A is isogenous to a product of copies of J0(27).

Definition 6.2. Let C3 be the category whose objects are finite flat commutative group
schemes of 2-power order over Z[1

3 ] that are ramified of level 1
2 at the prime 3 and whose

morphisms are group scheme morphisms.

To prove Theorem 6.1, we consider the abelian variety attached to the newform of level 27
and weight 2. This abelian variety is an elliptic curve of conductor 27. Because Theorem 6.1
only considers abelian varieties up to isogeny, we are only interested in abelian varieties up to
isogeny. We may therefore take any elliptic curve of conductor 27. Here we pick the elliptic
curve labeled 27A3 in the tables of [BK75]:

E : y2 + y = x3.

Let E be the Néron model of E over Z[1
3 ]. The elliptic curve E has additive reduction at

the prime 3. Since the curve has complex multiplication over Q(ζ3), it has potential good
reduction. By the criterion of Néron-Ogg-Shafarevich, it obtains good reduction over the field
Q(E [4]) of degree 24. Furthermore, a short calculation shows that the Galois group through
which ρE[2] factors is isomorphic to the symmetric group S3.

Lemma 6.3. We have EndGQ
(T2(E)) ' Z2. In particular, EndGQ

(E [2]) is cyclic of order 2.

Proof. Since E is supersingular at 2 and has good reduction at 2, it follows from [Con97,
Theorem 1.1] that ρE,2 is absolutely irreducible. We deduce that also ρE,2 is absolutely
irreducible. Now apply Schur’s Lemma, see for instance [Maz97, Paragraph 4, Corollary, p.
252]. �

We see from Table 1 that J0(27) is ramified of level 1
2 at 3 and hence that E [2n] is an object

in the category C3 for all positive integers n. Hence we will work in the category C3.

6.1. Simple group schemes. We find all simple group schemes of C3 using the maximal
2-torsion extension TC3 extension of the category C3. Recall that this extension is defined to
be the compositum of all number fields generated by the Q-points of group schemes in C3

that are killed by 2.
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Lemma 6.4. Let ` be a prime, K be a number field and let L/K be an extension contained
in the ray class field of conductor c over K, such that L is not contained in any ray class field
of conductor strictly dividing c. If [L : K] = p, then the discriminant ∆L/K is equal to cp−1.

Proof. Immediate by using the conductor-discriminant formula. �

Lemma 6.5. The extension Q(E [4]) is the largest extension of Q that is ramified of level 1
2

at 3 and ramified of level 1 at 2. The maximal 2-torsion extension TC3 of C3 is contained in
Q(E [4]).

Proof. The latter statement follows immediately from the first. Let L be the largest extension
of Q that is ramified of level 1

2 at 3 and ramified of level 1 at 2. We will prove that L is equal

to Q(E [4]). From the fact that group schemes annihilated by 2 are ramified of level 1
2 at 3,

we have by Proposition 2.13 that δL < 4 · 33/2 ≈ 20.785. We apply Odlyzko’s discriminant
bounds (see [Mar82, Table 4, p. 187]) to find that [L : Q] < 900. Hence L/Q is finite and in
particular, the extension TC3/Q is finite.

Group schemes in C3 annihilated by 2 that we know of are E [2], µ2, Z/2Z, T [2,−1] and
T [2, 3]. Consider the following inclusions:

Q ⊂2 Q(ζ3) ⊂3 Q(E [2]) = Q(ζ3,
3
√

4) ⊂2 Q(ζ3,
3
√

4, i) ⊂2 M := Q(E [4]) ⊂≤37 L.

We explain why M = Q(E [4]) is contained in L. Consider the ramification at 2 of E [4]. By a
computation using Magma (see the Appendix), one finds that the orders of the ramification
groups with lower numbering are

#IQ(E[4])/Q(2)i =


24 if i = 0
12 if i = 1
4 if 1 < i ≤ 4
1 if i > 4.

We verify immediately that Q(E [4]) is ramified of level 1 at 2. Hence the group scheme E [4]
satisfies the same bounds on the ramification at 2 as group schemes annihilated by 2. Since
[L : M ] ≤ 37, the group Gal(L/M) is solvable and we can apply class field theory to find L.

Therefore, by Lemma 5.4, we consider ray class fields of conductor π2π
i
3 and πj2π3, where π2

and π3 denote the unique primes above 2 resp. 3 in M and where i, j are positive integers.
We show that for all i, j ∈ N there are no ray class fields of such conductors, that are strictly
larger than M and that are contained in L.

We computed (see Appendix) that the ray class groups of conductor πj2π3 with j ≤ 9
are trivial and that there is a degree 2 extension L3/M of conductor π10

2 π3. Lemma 6.4
applied with c = π10

2 π3 and p = 2 shows that the root discriminant δL3 has 2-adic valuation
100/48 ≥ 2. This contradicts the upper bounds given in [Fon85, Corollary 3.3.2]. We conclude

that all subfields of ray class fields of conductor πj2π3, for j a positive integer, cannot be
contained in L.

We also computed that the ray class fields of conductor π2π
i
3 are trivial for 1 ≤ i ≤ 5.

Suppose there is an abelian extension L3 of M in L of degree 3 and inside a ray class field
of conductor π2π

6
3 (or even with a higher power than 6). Then, by Lemma 6.4, the 3-adic

valuation of the root discriminant of L3 would be at least 5
4 + 1

3 > 3
2 . This is again in

contradiction to the upper bounds given in [Fon85, Corollary 3.3.2]. �

Before we continue to classify all simple group schemes in C3, we prove a lemma that tells
us when an F2[S3]-module is semi-simple. Not all F2[S3]-modules are semi-simple: Consider
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for example the F2[S3]-module F2[ε]/ε2 with trivial action of σ and τ acting as multiplication
by ε.

Lemma 6.6. Let the symmetric group S3 be represented by

〈σ, τ : σ3 = 1 , τ2 = 1 , τστ = σ2〉.

There are exactly two irreducible F2[S3]-modules: the module F2 of order 2 and the F2-
algebra in M2(F2) of order 4 generated by ψ(σ), where ψ is the isomorphism F2[S3]/(σ2 +σ+

1)F2[S3]
∼−→M2(F2). Moreover, any F2[S3]-module that has at most one irreducible non-zero

submodule with trivial σ action is semi-simple.

Proof. It suffices to consider simple modules with either trivial action of σ or annihilated
by the σ-norm 1 + σ + σ2 with non-trivial σ-action, since for any F2[S3]-module T we have
T ' T/(σ− 1)T × T/(σ2 + σ+ 1)T . The modules with trivial action of σ are F2[τ ]-modules.
Such a simple module is isomorphic to F2. Next we consider simple modules with non-trivial
σ-action that are annihilated by the σ-norm. One checks that the F2-algebra in M2(F2)
generated by ψ(σ) is simple, has non-trivial action of σ and has order 4. On the other hand,
any other non-zero submodule of M2(F2) that has non-trivial action of σ is the non-simple
F2-algebra M2(F2) itself.

For the second part of the statement, it suffices to prove that an F2[S3]-module T such
that σ acts non-trivially on all non-zero submodules of T , is semi-simple. Such modules are
M2(F2)-modules. The rings M2(F2) and F2 are Morita equivalent, see [AF92, Corollary 22.6,
p. 265]. Morita equivalent rings R and S behave well with respect to semi-simplicity: All R-
modules are semi-simple if and only if all S-modules are semi-simple, see [AF92, Proposition
21.8, p. 258]. Since F2-modules are semi-simple, the result follows. �

Our preliminary work above now allows us to classify all simple objects in the category C3:

Proposition 6.7. The simple group schemes in C3 are isomorphic to either µ2,Z/2Z or E [2].

Proof. Let J be a simple group scheme in C3. Its generic fiber JQ corresponds to an irreducible
Galois module. By Lemma 6.5, the group scheme JQ corresponds to an irreducible F2[S3]-
module. By Lemma 6.6, there are only two irreducible F2[S3]-modules, one of order 2 and
one of order 4. Therefore J has either order 2 or order 4. For group schemes of order 2 we
use [TO70]: the group scheme J is isomorphic to either µ2 or Z/2Z.

It remains to classify the simple group schemes of order 4. Suppose that J has order 4.
Then JZ2 as well as the local group scheme E [2]Z2 prolong the generic fiber of E [2]Z2 . The
group scheme E [2]Z2 is local-local because the elliptic curve E is supersingular at 2. Therefore
E [2]Z2 is neither étale nor multiplicative. According to [Ray74, Proposition 3.3.2], the group
scheme E [2]Z2 has to be the unique group scheme up to isomorphism that prolongs its own
generic fiber. Hence E [2]Z2 ' JZ2 .

To prove that J ' E [2], we apply the result of [Art70] as described in [Sch03, Proposition
2.3]: the group scheme J can be described by a triple (J1, J2, θJ), where J1 is a group scheme
over Q, J2 a group scheme over Z2 and where θJ is a glueing morphism of group schemes over
Q2. Similarly for E [2] we have (E [2], E [2], θE[2]). Since the prime 2 doesn’t split in Q(E [2])/Q
and the only GQ-equivariant (or GQ2-equivariant) automorphism of E [2] is the identity, we
have J ' E [2]. It follows that E [2] is the only simple group scheme of order 4 in the category
C3 up to isomorphism. �
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6.2. Extensions of simple group schemes. We consider extensions of the simple group
schemes in the category C3 and we will prove that any extension in C3 of a simple non-étale
group scheme by Z/2Z is split.

Proposition 6.8. The F2-vector spaces Ext1
Z[ 1

3
]
(E [2],Z/2Z) and Ext1

Z[ 1
3

]
(µ2,Z/2Z) are trivial.

Proof. That Ext1
Z[ 1

3
]
(µ2,Z/2Z) is trivial follows from [Sch05, Corollary 4.2]. To prove that the

group Ext1
Z[ 1

3
]
(E [2],Z/2Z) is trivial, we use the long exact sequence of Proposition 5.9 and the

fact that both HomQ(E [2],Z/2Z) and HomZ2(E [2],Z/2Z) are trivial. We deduce that the
map

(2) Ext1
Z[ 1

3
]
(E [2],Z/2Z) ↪−→ Ext1

Z2
(,1)E [2]Z/2Z× Ext1

Z[ 1
6

]
(E [2],Z/2Z).

is an injection. We show that the image of Ext1
Z[ 1

3
]
(E [2],Z/2Z) in this product is trivial. The

sequence

0 −→ Z/2Z −→ J −→ E [2] −→ 0

splits locally because the group scheme E [2] is connected and Z/2Z is étale. So JZ2 is anni-
hilated by 2. Because Z2 is flat over Z[1

3 ], also the group scheme J over Z[1
3 ] is annihilated

by 2.
The group scheme J is generically split: the degree of Q(J)/Q(E [2]) divides 2, hence in

particular Q(J)/Q(E [2]) is abelian. Since the extension JZ2 is trivial, Q(J)/Q(E [2]) can only
ramify at 3∞. But the class number of Q(E [2]) is 1 and there are no abelian extensions over
Q(E [2]) with tame ramification at 3. Hence Q(J) = Q(E [2]) and JQ is an F2[S3]-module. By
Lemma 6.6, this module is semi-simple and we deduce that the sequence splits generically.

Hence by the injectivity of (2), the group scheme J splits and we proved that the F2-vector
space Ext1

Z[ 1
3

]
(E [2],Z/2Z) is trivial. �

Lemma 6.9. The vector space Ext1
Z[ 1

3
]
((E [2], E [2]) is generated by the non-trivial extension E [4].

Proof. A non-trivial extension of E [2] by itself that is of order 4 and that is not annihilated
by 2, is given by the group scheme E [4]. It remains to show that there is no other non-trivial
extension. By Lemma 6.3, the endomorphisms of the Galois modules E [2](Q) and E [2](Q2)
are scalar multiplications. Thus the group HomQ(E [2], E [2]) is of order 2, and by [Sch09,
Lemma 2.1] we then know that Ext1

Z[ 1
3

]
((E [2], E [2]) is generated by E [4] and by extensions that

are annihilated by 2. To prove the lemma, it remains to show that there are no non-trivial
extensions of E [2] by itself that are annihilated by 2.

To show this, we start by noting that also HomQ2(E [2], E [2]) is of order 2 because the prime
2 does not split in Q(E [2])/Q. In the long exact sequence of Proposition 5.9, the map

HomQ(E [2], E [2])×HomZ2(E [2], E [2]) −→ HomQ2(E [2], E [2])

is therefore surjective. As a consequence, we obtain the inclusion:

Ext1
Z[ 1

3
]
((E [2], E [2]) ↪−→ Ext1

Z2
(,1)E [2]E [2]× Ext1

Z[ 1
6

]
(,1)E [2]E [2].

By restricting the inclusion to the subgroup of extensions that are annihilated by 2, we obtain:

Ext1
Z[ 1

3
],[2]

(,1)E [2]E [2] ↪−→ Ext1
Z2,[2](

,1)E [2]E [2]× Ext1
Z[ 1

6
],[2]

(,1)E [2]E [2].(3)

Now let J be an extension of E [2] by E [2] and suppose that J is annihilated by 2. So Q(J) is
contained in Q(E [4]) by Lemma 6.5 and the order of Gal(Q(J)/Q(E [2])) must divide 2. As
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we saw in Lemma 6.5, the only extensions of Q(E [2]) that satisfy these conditions are the ray
class field of conductor π4

2π3 which is equal to Q(E [4]), or the ray class field of conductor π4
2

which is equal to Q(E [2], i). By [Sch03, Proposition 6.4], a result based on a calculation with
finite Honda systems, the number field Q(J) is contained in a ray class field of Q(E [2]) whose
conductor is such that the exponent at π2 is at most 2. Hence JQ is an F2[S3]-module. Again
by Lemma 6.6, this module is semi-simple and we deduce that the sequence splits generically.

Next we consider the group scheme JZ2 . Both the scheme JZ2 and its Cartier dual are local
group schemes: They are extensions of the connected group scheme E [2]Z2 by itself. The fact
that the Cartier dual of JZ2 is such an extension follows from the self-duality of E [2]. Hence
JZ2 is biconnected and according to [Ray74, Section 3.3.5], JZ2 is uniquely determined by its
generic fiber that splits. This implies that JZ2 also splits.

Now use inclusion (3) above to deduce that all extensions annihilated by 2 in fact split.
The non-trivial extension that remains is E [4]. �

6.3. Proof of Theorem Theorem 6.1.

Proof. Let A be an abelian variety over Q with good reduction outside 3 and with level of
ramification 1

2 at 3. Let A be the Néron model of A over Z[1
3 ] and let A[2] be the finite flat

commutative 2-torsion subgroup scheme. The group scheme A[2] is an object in C3. First we
show that A[2] does not have subquotients that are étale or of multiplicative type. In order
to deduce this from Theorem 3.5, we check that the conditions in that theorem are satisfied
for our category C3.

By Proposition 6.8, the category C3 satisfies the condition that for all simple non-étale
group schemes T in C3 and all simple étale group schemes Jét in C3, the group Ext1

Z[ 1
3

]
(,1)TJét

is trivial. The second condition requires that the maximal abelian extension of Q, which
is unramified outside 3 and at most tamely ramified at 3, is cyclic. This maximal abelian
extension is equal to Q(ζ3) and is cyclic over Q. Hence A[2] does not have subquotients that
are étale or that are of multiplicative type. The rest of the proof is analogous to the proof in
Section 5.3. �

7. Good reduction outside 7

Consider the newforms f = 49A and g = 49B of level 49 and weight 2 that occur in Table
1. We denote the abelian varieties over Q attached to the newforms f and g by E and B
respectively. The abelian variety E is an elliptic curve and B is a 2-dimensional abelian variety
that is closely related to E: It is isogenous to E × E over the field Q(ζ7)+ := Q(ζ7 + ζ−1

7 ).
The aim of this chapter is to prove the following part of Theorem 1.3:

Theorem 7.1. Let A be an abelian variety over Q with good reduction outside 7 such that A
obtains semi-stable reduction over an at most tamely ramified extension of Q. Then, under
assumption of the generalized Riemann hypothesis, A is isogenous to a product of copies of E
and a product of copies of B.

In order to prove Theorem 7.1, we work with the following category:

Definition 7.2. Let C7 be the category whose objects are finite flat commutative group
schemes J of 2-power order over Z[1

7 ] such that Q(J)/Q is at most tamely ramified at 7 and

whose morphisms are group scheme morphisms over Z[1
7 ].
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Let E and B denote the Néron models of E and B respectively. If we adjoin the 2-torsion
points of E to Q, we obtain the number field Q(

√
−7). Therefore the subgroup scheme E [2]

of 2-torsion points of E is an object in C7. Since B becomes isogenous to E×E over Q(ζ7)+,
and since Q(ζ7)+/Q is tamely ramified at 7, also the group scheme B[2] is an object in C7.

7.1. Simple group schemes. We classify the simple group schemes in the category C7. We
do this by using the maximal 2-torsion extension TC of C7, that is, the field generated by all
Q-points of group schemes in C7 annihilated by 2. The field TC is contained in the field L
occurring in the next lemma.

Lemma 7.3. The maximal extension L of Q that is at most tamely ramified at 7 and ramified
of level 1 at 2, is a degree 2-power extension of Q(ζ28).

Proof. The root discriminant δL of the extension L is strictly smaller than 28. Using the
tables of [Mar82] under the assumption of the generalized Riemann hypothesis, this implies
that L is a finite extension over Q and has degree smaller than 725. The Q-points of the
extension of Z/2Z by µ2, represented by the scheme Spec(

∏i=1
i=0 Z[1

7 ][Xi]/(X
2
i − (−7)i)) over

Z[1
7 ], generate the extension Q(

√
−7)/Q. Another group scheme in C7 that is annihilated

by 2 is the permutation group scheme: Over Z[ζ7/7] it becomes isomorphic to (Z/2Z)6, but
over Z[1

7 ] the cyclic Galois group Gal(Q(ζ7)/Q) permutes the factors. Together with the

non-trivial extension T [2,−1] of Z/2Z by µ2 over Z[1
7 ], we have the following extensions of

number fields:

Q ⊂12 Q(i, ζ7) = Q(ζ28) ⊂≤60 L.

The discriminant of Q(ζ28) is 212710. By the Kronecker-Weber Theorem and the bound on
the ramification at the primes 2 and 7 in L/Q, the extension Q(ζ28)/Q is the maximal abelian
extension inside L/Q.

Claim 1 : The Galois group Gal(L/Q(ζ28)) is solvable.

Proof. We proceed by contradiction and suppose that the Galois group Gal(L/Q(ζ28) is not
solvable. Then Gal(L/Q(ζ28) is isomorphic to the alternating group A5 of order 60.

First suppose that the extension L/Q(ζ28) is unramified at the primes lying over 2 and 7.
Then the root discriminant of L is equal to the root discriminant of Q(ζ28). According to
the tables in [Mar82], the extension L/Q cannot have degree 720. On the other hand, the
extension L/Q(ζ28) cannot be ramified at 7: If L/Q(ζ28) is ramified at 7, the inertia subgroup
at the prime lying over 7 of Gal(L/Q(ζ28)) is cyclic. We note that any decomposition group is
solvable and the inertia subgroup in a decomposition group is normal. All solvable subgroups
of A5 have order less or equal to 12. The order of any normal cyclic subgroup in any of these
solvable subgroups is at most 5. Therefore, the inertia subgroup of a prime lying above 7
inside the Galois extension L/Q has order at most 30. This means that δL < 4 ·729/30. Again
using the tables in [Mar82] we see that [L : Q] = 720 is impossible. Finally, the extension
L/Q(ζ28) cannot be ramified at a prime lying above 2 either: The prime 2 splits in Q(ζ28)/Q
into two primes π and π̄. We use again that all solvable subgroups of A5 have order at
most 12. We may assume that such a subgroup corresponds to the inertia group at π or π̄.
First we argue that these subgroups must be abelian. The non-abelian subgroups of A5 of
order at most 12 are isomorphic to either the dihedral groups D3, D5 or the alternating group
A4. Because they correspond to a ramification group at π or π̄, the wild inertia subgroup is
normal. But D3, D5 or A4 do not admit normal subgroups of order resp. 2, 2 or 4. Hence we
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assume that the ramification group at π or π̄ is abelian, which implies that it is of order at
most 5.

Since the the level of ramification at 2 of L/Q is at most 1, the exponent of the Artin
conductor of any character of the extension corresponding to the inertia subgroup at π or π̄
is at most 2. Suppose that the inertia subgroup at π of L/Q(ζ28) has order 4. We only have
wild ramification at π (resp. π̄) inside L/Q(ζ28): We count one trivial character and three
characters of conductor π2 (resp. π̄2). Then using the conductor-discriminant formula we
compute that the 2-adic valuation of the root discriminant of L is at most 14

8 . Hence δL is

at most 75/6 · 214/8. The tables in [Mar82] then imply that [L : Q] = 720 is impossible. The
same argument works if the order of the inertia subgroup of a prime lying above 2 in L/Q
has order 1, 2, 3 or 5; we would only get smaller root discriminants for L/Q. �

Claim 2 : The Galois group Gal(L/Q(ζ28)) is a 2-group.

Proof. Let π7, π and π be primes in the ring of integers of Q(ζ28) such that π7 lies over 7,
and such that π and π̄ are distinct and lie over 2. The ray class field R of conductor π7π

2π2

is an extension of degree 16 of Q(ζ28) with root discriminant 711/12 · 230/16 and that the level
of ramification at primes over 2 is 1. It is the maximal abelian extension of Q(ζ28) inside
L/Q(ζ28). It suffices to show that there is no extension of degree 3 of R inside L. To do
this we apply [Sch03, Corollary 3.2] with the groups Γ = Gal(L/Q) and Γ′ = Gal(L/Q(ζ28)):
Given a finite group Γ such that Γ′/Γ′′ is a 2-group and #Γ′′ < 25, then either 9 divides #Γ′′

or Γ′′ is a 2-group. �

�

Let χ be one of the two non-trivial characters Gal(Q(ζ7)+/Q)→ F∗4 of conductor 7 and or-
der 3. If we want the coefficients of χ to be in F2 instead of F4, then χ becomes a 2-dimensional

representation with image generated by M =

(
1 1
1 0

)
. Similarly, the representation χ−1

with coefficients in F2 gives a 2-dimensional representation.
Let C(χ) denote the twist of the group scheme (Z/2Z × Z/2Z) by the character χ. The

scheme C(χ) is a prolongation of the representation χ to a finite flat commutative group
scheme over Z[1

7 ]. This group scheme is flat over Z[1
7 ] since χ is only ramified at 7. The

Cartier dual of C(χ) is denoted by C(χ)∗ and is a twist of (µ2 × µ2) by χ.

Proposition 7.4. Any simple group scheme in C7 is isomorphic to either µ2, Z/2Z, C(χ),
C(χ)∗, C(χ2) or C(χ2)∗.

Proof. Any p-power order normal subgroup of a Galois group of a finite extension of Q acts
trivial on the generic fiber of a simple p-power order finite flat commutative group scheme
over a subring of Q. Therefore, by Lemma 7.3, the Galois action on the generic fiber of a
simple group scheme in C7 factors through Gal(Q(ζ7)+/Q). It follows that the generic fibers
of the simple group schemes of C7 are F2[C3]-modules, where C3 denotes the cyclic group
of order 3. Hence they are of order 2 (trivial character) or of order 4 (the representation
χ⊕ χ−1).

To classify group schemes of order 2, we use [TO70, Theorem 2]: All group schemes in C7

of order 2 are isomorphic to either µ2 or Z/2Z.
To classify group schemes of order 4 we proceed as follows: Let J be a simple finite flat

group scheme over Z[1
7 ] of order 4. We first prove the following claim:
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Claim : The group scheme JZ2 is isomorphic to one of the group schemes C(χ)Z2 , C(χ)∗Z2
,

C(χ2)Z2 or C(χ2)∗Z2
.

Proof. Since the prime 2 is inert in Q(ζ7)+/Q, the action of Gal(Q2/Q2) on J(Q2) is also
irreducible. This means that JZ2 is a simple group scheme over Z2 and that J is local, i.e.,
connected over the ring of integers of an algebraic closure of Q2, or étale. Also the Cartier
dual of JZ2 is a simple group scheme over Z2 and either local or étale.

• If JZ2 is an étale-local group scheme, which means that JZ2 is étale and its Cartier
dual J∗Z2

is local, then by Proposition 7.4 the group scheme JZ2 is isomorphic to either

C(χ)Z2 or C(χ2)Z2 .
• If JZ2 is a local-étale group scheme, then JZ2 is isomorphic to C(χ)∗Z2

or C(χ2)∗Z2
.

• The group scheme JZ2 cannot be étale-étale since JZ2 has order a power of 2.
• Finally, the group scheme JZ2 cannot be local-local: If JZ2 is local-local, then by

[Sch03, Proposition 6.1] the extension Q2(J(Q2))/Q2 is a degree 6 extension. How-
ever, as we noticed before, the extension Q2(J(Q2))/Q2 is a degree 3 extension.

�

From the claim it follows that J is étale or connected. If J is étale, then J is isomorphic to
either C(χ) or C(χ2), and we are done. If J is connected, then we can twist the group scheme
J by a power of χ such that the Galois action on the generic fiber is trivial. This twisted
group scheme, say J ′, is not simple anymore and an extension of µ2 by µ2. The Cartier dual
of J ′ is therefore étale and isomorphic to either C(χ) or C(χ2). It follows that J is isomorphic
to one of the group schemes C(χ)∗ or C(χ2)∗. �

7.2. Extensions of simple group schemes. We calculate extension groups of some of the
simple group schemes in the category C7. However, we perform these calculations not in the
category C7 but in the following category D7:

Definition 7.5. Let K = Q(ζ7) and let π7 be the unique prime lying above 7 in OK . Let D7

be the category of finite flat commutative group schemes J of 2-power rank over OK [1
7 ] such

that K(J)/K is at most tamely ramified at π7.

Every object in C7 becomes an object in D7 by base change. Besides the group scheme E [2],
there are other group schemes in the category D7 associated to E that we will now describe.
The prime 2 splits into two primes π and π̄ in the extension Q(

√
−7)/Q. Since K/Q(

√
−7)

is inert at π and π̄, also in K the ideals π and π̄ are prime ideals. The elliptic curve E has
complex multiplication over the field Q(

√
−7). So the π- and π̄-torsion of E are finite flat

commutative group schemes of 2-power order over the ring OK [1
7 ]. They are objects in the

category D7 and we denote them by E [π] and E [π̄] respectively. An explicit description of
E [π] and E [π̄] is given as follows:

E [π] = Spec(OK [
1

7
][X]/X2 − πX) with ∆E[π] : X 7→ X ⊗ 1 + 1⊗X − π̄X ⊗X,

E [π̄] = Spec(OK [
1

7
][X]/X2 − πX) with ∆E[π̄] : X 7→ X ⊗ 1 + 1⊗X − πX ⊗X

where ∆E[π] and ∆E[π̄] denote the comultiplication maps. The counit maps send X to zero.
We will not discuss the coinverse maps. The group schemes E [π] and E [π̄] are each other’s
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Cartier dual. Note that over the completions at the primes above 2, we have the following
isomorphisms:

E [π]OKπ ' µ2, E [π̄]OKπ̄ ' µ2, E [π]OKπ̄ ' Z/2Z and E [π̄]OKπ ' Z/2Z.

The group scheme E [π]× E [π̄] is an extension of µ2 by Z/2Z over OK [1
7 ]. If we write

E [π]× E [π̄] = Spec

(
OK [

1

7
][X,Y ]/(X2 − πX, Y 2 − π̄Y )

)
and Z/2Z = Spec(OK [1

7 ][Z]/(Z2−Z)), then the inclusion morphism of Z/2Z into E [π]×E [π̄]
is given by the algebra maps X 7→ πZ and Y 7→ π̄Z. See also [Sch03, p. 428].

Lemma 7.6. The group Ext1
OK [ 1

7
]
(µ2,Z/2Z) is generated by the extension E [π]× E [π̄] and has

order 2.

Proof. We obtain the following exact sequence from the long exact sequence of Proposition
5.9:

0 −→ HomOK [ 1
7

](µ2,Z/2Z) −→ HomOK [ 1
7

]⊗Z2
(µ2,Z/2Z)×HomK(µ2,Z/2Z)

−→ HomK⊗Q2(µ2,Z/2Z) −→ Ext1
OK [ 1

7
]
(µ2,Z/2Z)

−→ Ext1
K(µ2,Z/2Z)× Ext1

OK [ 1
7

]⊗Z2
(µ2,Z/2Z).

The groups HomOK [ 1
7

](µ2,Z/2Z) and HomOK [ 1
7

]⊗Z2
(µ2,Z/2Z) are trivial, HomK(µ2,Z/2Z)

has order 2, HomK⊗Q2(µ2,Z/2Z) has order 4 and Ext1
OK [ 1

7
]⊗Z2

(µ2,Z/2Z) is trivial since ev-

ery extension is split by its connected component. It suffices to prove that the image of
Ext1

OK [ 1
7

]
(µ2,Z/2Z) in Ext1

K(µ2,Z/2Z) is trivial: It then follows that Ext1
OK [ 1

7
]
(µ2,Z/2Z) has or-

der 2, and E [π]× E [π̄] is a non-trivial extension.
Let J be an extension of µ2 by Z/2Z over OK [1

7 ]. Since the group Ext1
OK [ 1

7
]⊗Z2

(µ2,Z/2Z) is

trivial, the group scheme J is annihilated by 2 and the extension K(J)/K is unramified at
both the primes π and π̄. One easily shows that the Galois extension K(J)/K is at most of
degree 2, hence we can use class field theory.

The extension K(J)/K is at most tamely ramified at the prime lying above 7. A calculation
(see Appendix) shows that the ray class field of conductor π7 is trivial. Therefore, K(J)/K is
trivial and we conclude that the image of Ext1

OK [ 1
7

]
(µ2,Z/2Z) in Ext1

K(µ2,Z/2Z) is trivial. This

concludes the proof of the lemma. �

Lemma 7.7. The groups Ext1
OK [ 1

7
]
(E [π], E [π̄]) and Ext1

OK [ 1
7

]
(E [π̄], E [π]) are trivial.

Proof. It suffices to prove that Ext1
OK [ 1

7
]
(E [π̄], E [π]) is trivial. By Cartier duality, it then follows

that the group Ext1
OK [ 1

7
]
(E [π], E [π̄]) is also trivial.

By applying Proposition 5.9 with J ′ = E [π̄] and J ′′ = E [π], we obtain the long exact
sequence

0 −→HomOK [ 1
7

](E [π̄], E [π]) −→ HomOK [ 1
7

]⊗Z2
(E [π̄], E [π])×HomK(E [π̄], E [π])

−→ HomK⊗Q2(E [π̄], E [π]) −→ Ext1
OK [ 1

7
]
(E [π̄], E [π])

−→ Ext1
K(E [π̄], E [π])× Ext1

OK [ 1
7

]⊗Z2
(E [π̄], E [π]).
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From this, together with the fact that Ext1
OK [ 1

7
],[2]

(E [π̄], E [π]) = Ext1
OK [ 1

7
]
(E [π̄], E [π]), we deduce

the injectivity of the map

Ext1
OK [ 1

7
]
(E [π̄], E [π]) ↪−→ Ext1

K,[2](E [π̄], E [π])× Ext1
OK [ 1

7
]⊗Z2,[2]

(E [π̄], E [π]).

The image in Ext1
K,[2](E [π̄], E [π]) is trivial by the following argument: Any extension J of E [π̄]

by E [π] over OK [1
7 ] generates an extension K(J)/K. The extension K(J)/K sits inside the

ray class field of K of conductor π7π
2: First of all, there is no ramification at π̄ since JOKπ̄

splits by the connected component. Secondly, the π2 in the conductor comes from the fact
that JOKπ is isomorphic to an extension of Z/2Z by µ2 annihilated by 2, whose conductor at
π is at most 2; cf. [KM85, Proposition 8.10.5, p. 263].

Another calculation (see Appendix) shows that the ray class field of conductor π7π
2 is of

degree 2 over K. Since JOKπ̄ splits, the prime π̄ splits in the number field extension K(J)/K.

However, π̄ does not split in the ray class field of K of conductor π7π
2. Therefore, the

extension J is trivial over K.
Similarly, the image of Ext1

OK [ 1
7

]
(E [π̄], E [π]) in Ext1

OK⊗Z2
(E [π̄], E [π]) is trivial: We already saw

that the extension J splits locally at π̄. Locally at π we get an extension again as in [KM85,
Proposition 8.10.5, p. 263]. with trivial Galois action. Hence, JOKπ is also trivial. �

Because of Lemma 7.7 and as E [4] is a non-trivial extension of E [2] = E [π]× E [π̄] by E [2],
we know that Ext1

OK [ 1
7

]
(E [π], E [π]) and Ext1

OK [ 1
7

]
(E [π̄], E [π̄]) are both at least of order 2. The next

lemma says that these extension groups are exactly of order 2.

Lemma 7.8. The groups Ext1
OK [ 1

7
]
(E [π], E [π]) and Ext1

OK [ 1
7

]
(E [π̄], E [π̄]) are both of order 2.

Proof. We only prove the lemma for Ext1
OK [ 1

7
]
(E [π], E [π]) as the statement for Ext1

OK [ 1
7

]
(E [π̄], E [π̄])

follows by Cartier duality. Denote by Ext1
OK [ 1

7
],[2]

(E [π], E [π]) the subgroup of extensions of E [π]

by E [π]) that are killed by 2. Then, by [Sch09, Lemma 2.1], the following sequence is exact:

0 −→ Ext1
OK [ 1

7
],[2]

(E [π], E [π]) −→ Ext1
OK [ 1

7
]
(E [π], E [π]) −→ HomGK (E [π], E [π]).

The group HomGK (E [π], E [π]) is of order 2. Since we know that Ext1
OK [ 1

7
]
(E [π], E [π]) is at least

of order 2, to prove the lemma it suffices to show that Ext1
OK ,[2](E [π], E [π]) is trivial. We again

use Proposition 5.9 to obtain the long exact sequence

0 −→ HomOK [ 1
7

](E [π], E [π]) −→ HomOK [ 1
7

]⊗Z2
(E [π], E [π])×HomK(E [π], E [π])

−→ HomK⊗Q2(E [π], E [π]) −→ Ext1
OK [ 1

7
]
(E [π], E [π])

−→ Ext1
K(E [π], E [π])× Ext1

OK [ 1
7

]⊗Z2
(E [π], E [π]).

We deduce from this the injectivity of the following map:

Ext1
OK [ 1

7
],[2]

(E [π], E [π]) ↪−→ Ext1
K,[2](E [π], E [π])× Ext1

OK [ 1
7

]⊗Z2,[2]
(calE[π], E [π]).(4)

We prove that the image of Ext1
OK [ 1

7
],[2]

(E [π], E [π]) in Ext1
K,[2](E [π], E [π]) is trivial. From this, we

will then also deduce that the image of Ext1
OK [ 1

7
],[2]

(E [π], E [π]) in Ext1
OK [ 1

7
]⊗Z2,[2]

(calE[π], E [π]) is

trivial.
So let J be an extension of E [π] by E [π] over OK [1

7 ] killed by 2. The extension K(J)/K
is only ramified at the prime above 7 and at the prime π. The group scheme JOKπ is an
extension of µ2 by itself. The Cartier dual J∗OKπ

of JOKπ is an extension of Z/2Z by itself.
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Since J∗OKπ
is annihilated by 2 and is étale, J∗OKπ

is split over an unramified extension of

Kπ. This means that also JOKπ is split over an unramified extension of Kπ. We deduce
that K(J)/K is only tamely ramified at the prime above 7 and is abelian, since the group
Gal(K(J)/K) has order dividing 2. However, we saw that the ray class field of conductor π7

is trivial. Hence, J is generically a split extension.
It remains to show that the image Ext1

OK [ 1
7

],[2]
(E [π], E [π]) in Ext1

OK [ 1
7

]⊗Z2,[2]
(calE[π], E [π]) is

trivial. The group scheme JOKπ is a group scheme of multiplicative type and the group

scheme JOKπ̄ is étale. Since the Galois action on J(K) is trivial, both the extensions JOKπ
and JOKπ̄ are trivial. From the injectivity of the map (4), we see that Ext1

OK [ 1
7

],[2]
(E [π], E [π]) is

trivial. �

Lemma 7.9. The extension groups

Ext1
OK [ 1

7
]
(µ2, E [π]), Ext1

OK [ 1
7

]
(µ2, E [π̄]), Ext1

OK [ 1
7

]
(E [π],Z/2Z), Ext1

OK [ 1
7

]
(E [π̄],Z/2Z)

are trivial.

Proof. By Cartier duality, it suffices to prove that Ext1
OK [ 1

7
]
(E [π],Z/2Z) and Ext1

OK [ 1
7

]
(E [π̄],Z/2Z)

are trivial. We only prove that Ext1
OK [ 1

7
]
(E [π],Z/2Z) is trivial: The exact same argument given

below with π replaced by π̄ shows that Ext1
OK [ 1

7
]
(E [π̄],Z/2Z) is trivial. From Proposition 5.9,

we obtain the following exact sequence:

0 −→ HomOK [ 1
7

](E [π],Z/2Z) −→ HomOK [ 1
7

]⊗Z2
(E [π],Z/2Z)×HomK(E [π],Z/2Z)

−→ HomK⊗Q2(E [π],Z/2Z) −→ Ext1
OK [ 1

7
]
(E [π],Z/2Z)

−→ Ext1
K(E [π],Z/2Z)× Ext1

OK [ 1
7

]⊗Z2
(E [π],Z/2Z).

From this long exact sequence we deduce that

Ext1
OK [ 1

7
]
(E [π],Z/2Z) ↪−→ Ext1

K(E [π],Z/2Z)× Ext1
OK [ 1

7
]⊗Z2

(E [π],Z/2Z)(5)

is injective. We prove that the image of Ext1
OK [ 1

7
]
(E [π],Z/2Z) in Ext1

K(E [π],Z/2Z) is trivial. Any

extension J in Ext1
OK [ 1

7
]
(E [π],Z/2Z) is annihilated by 2 as JOKπ is split. Moreover, JOKπ̄ is an

étale extension. Hence K(J)/K is unramified outside π7. As we have seen before, there is no
abelian extension of K that is only tamely ramified at π7. The image of Ext1

OK [ 1
7

]
(E [π],Z/2Z)

in Ext1
OK [ 1

7
]⊗Z2

(E [π],Z/2Z) is also trivial since the group scheme JOKπ̄ is étale, annihilated by

2 and has trivial Galois action. We conclude from (5) that Ext1
OK [ 1

7
]
(E [π],Z/2Z) is trivial. �

7.3. Proving that certain abelian varieties are modular. We prove Theorem 7.1. Con-
trary to the case of good reduction outside 3, we cannot apply Theorem 3.5. Consider an
abelian variety A over Q with good reduction outside 7 that obtains semi-stable reduction
over an at most tamely ramified extension at 7 over Q. Let A denote the Néron model of A.
The 2n-torsion group schemes A[2n] are objects in the category C7. It follows by Proposition
7.4, Lemmas 7.6, 7.7 and 7.9, that A[2n] as an object in the category D7 can be filtered as
follows

0 ⊂M(n) ⊂ J ′(n) ⊂ J ′′(n) ⊂ A[2n],

where M(n), J ′(n) and J ′′(n) are closed flat subgroup schemes of A[2n] such that M(n) is
filtered by copies of µ2, the quotient J ′(n)/M(n) is filtered by copies of E [π], the quotient
J ′′(n)/J ′(n) is filtered by copies of E [π̄] and A[2n]/J ′′(n) is filtered by copies of Z/2Z.
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We are now going to prove that any 2-power order group scheme over OK [1
7 ] that can be

filtered by copies of E [π] and E [π̄], is isomorphic to a group scheme of the form E [2n]. To
prove this, we first generalize [Sch05, Corollary 8.2] to the following theorem:

Theorem 7.10. Let O be a Noetherian domain of characteristic 0 and let C be a full sub-
category of the category of finite flat group schemes of p-power order over O. Suppose that
C is closed under taking products, closed flat subgroup schemes and quotients by closed flat
subgroup schemes. Let {Gi}i∈I be a finite set of p-divisible groups over O such that each Gi
satisfies:

• the endomorphism ring Ri := End(Gi) is a discrete valuation ring with uniformizer
πi and residue field k = Ri/πiRi
• every group scheme Gi[π

n
i ] is an object in the category C

• the map

HomO(Gi[πi], Gi[πi])
δ−→ Ext1

C (Gi[πi], Gi[πi])

associated to the exact sequence 0→ Gi[πi]→ Gi[π
2
i ]→ Gi[πi]→ 0 is an isomorphism

of 1-dimensional k-vector spaces
• for each i, j ∈ I with i 6= j, the groups Ext1

C (Gi[πi], Gj [πj ]) and Ext1
C (Gj [πj ], Gi[πi]) are

trivial .

Then every group scheme in C that admits a filtration using only copies of the group schemes
Gi[πi] for i ∈ I is of the following form:

ri⊕
si=1

Gi[π
nsi
i ] where nsi ∈ N.

Proof. This follows immediately from [Sch05, Corollary 8.2] and the condition that the groups
of extensions Ext1

C (Gi[πi], Gj [πj ]) and Ext1
C (Gj [πj ], Gi[πi]) are trivial. �

This theorem allows us to prove:

Corollary 7.11. Any group scheme in the category D7 that can be filtered by copies of E [π]
and E [π̄] is isomorphic to a group scheme of the form

r1⊕
s=1

E [πns ]×
r2⊕
t=1

E [π̄nt ].

Proof. We verify that the 2-divisible groups G1 = E [π∞] and G2 = E [π̄∞] satisfy the condi-
tions of Theorem 7.10 where we take the category C to be the category D7.

We verify the first condition: The Galois representation ρE,` is absolutely irreducible since

it is an induction of a Hecke character from the quadratic imaginary field Q(
√
−7) to Q. By

Schur’s Lemma, we obtain that the endomorphism ring EndGQ
(T2(E)⊗Q2) is isomorphic to

Q2. Therefore, EndGQ
(T2(E)) ' Z2. By Tate’s Theorem [Tat67, Corollary of Theorem 4],

we have that EndGQ
(T2(E)) ' End(E [2∞]). Since the prime 2 splits in K/Q, it then follows

that also End(E [π∞]) ' Z2 and End(E [π̄∞]) ' Z2.
The third condition holds by Lemma 7.8: The group Ext1

D7
(E [π], E [π]) is 1-dimensional over

F2. The group of homomorphisms HomOK [ 1
7

](E [π], E [π]) is also 1-dimensional and we see that

δ is an isomorphism. The same holds for the group scheme E [π̄] instead of E [π]. �
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However, we cannot simply apply Theorem 3.5 to deduce that the 2n-torsion subgroup
scheme of A can only be filtered by the group schemes E [π] and E [π̄]. Lemma 7.6 shows that
the first condition of Theorem 3.5 does not hold. Nevertheless, we have the following result:

Lemma 7.12. The abelian varieties A and Edim(A) are isogenous over K.

Proof. The group schemes M(n) and A[2n]/J ′′(n) have bounded rank using the argument in
the proof of [Ver09, Proposition 2.6.3].

Since A[2n−1] ⊂ A[2n], we also have that M(n − 1) is a subgroup scheme of A[2n]. So
there exists an m ∈ N such that for all n > m, we can find a filtration of A[2n] such that
M(n) 'M(m). The group scheme A[2n]/M(m) does not contain a copy of µ2 in its filtration
because the rank of M(n) is equal to the rank of M(m). If n ≥ m, let k(n) be the smallest

positive integer such that [2k(n)](A[2n]) is a closed flat subgroup scheme of J ′′(n). Let q(n)
be the quotient map A[2n]→ A[2n]/M(m). We have morphisms of group schemes

φn := q(n) ◦ [2k(n)] : A[2n] −→ J ′′(n)/M(m) ' E [2n]dim(A).

The last isomorphism follows from Corollary 7.11. The kernel and cokernel of the morphisms
φn are bounded because the numbers k(n) and the rank of M(m) are bounded.

Consider the following diagram for n ≥ m:

A[2n]

[2]

��

φn
// E [2n]dim(A)

[2]
��

A[2n−1]
φn−1

// E [2n−1]dim(A).

The diagram commutes if and only if k(n) = k(n − 1). There exists an infinite subset
I ⊂ N such that the (φi)i∈I are compatible, because the numbers k(n) are bounded and
k(n+ i) ≤ k(n) + i for all positive integers i. In other words, there exists a cofinal compatible
system of the morphisms φn.

Now let A[2∞] denote the 2-divisible group associated to A. The cofinal compatible system
of morphisms φn gives rise to a morphism of 2-divisible groups as follows. For each n there
exists an n′ > n such that n′ ∈ I and we let

fn := φn′ |A[2n] : A[2n] −→ E [2n]dim(A).

The family (fn)n∈N is then a morphism of 2-divisible groups A[2∞] → E [2∞]dim(A) with

bounded kernel and cokernel. By [Fal83], it follows that A is isogenous to Edim(A) over
K. �

In the next lemma we switch from 2-divisible groups to 2-adic Tate modules. Recall that
for an abelian variety A over Q, we write ρA,2 : GQ → Aut(T2(A))⊗Q2 for the representation
that describes the action of GQ on the 2-adic Tate module of A. Also recall that B is the
2-dimensional abelian variety over Q attached to the newform 49B.

Lemma 7.13. Every representation ρ : GQ → GL2g(Q2) such that

ρ|Gal(Q/Q(ζ7)) ' (ρE,2|Gal(Q/Q(ζ7)))g for some g ∈ N,

is a direct sum of copies of ρE,2 and ρB,2.
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Proof. Let Γ1 = Gal(Q/Q), Γ2 = Gal(Q/Q(
√
−7)) and Γ3 = Gal(Q/Q(ζ7)), so that Γ1 ⊃

Γ2 ⊃ Γ3. We begin by remarking that ρ is semi-simple: Let V be the vector space on which
Γ1 acts through ρ, and let W be a subspace stable under Γ1. The representation ρ|Γ3 is
semi-simple. The projection formula

1

[Γ1 : Γ3]

∑
σ∈Γ1/Γ3

ρ(σ̃) ◦Π ◦ ρ(σ̃)−1,

where σ̃ is a lift of σ and where Π is a Γ3-linear projection of V onto W , shows that the
complement of W in V is also Γ1-stable. So also ρ is semi-simple. This implies that we may
reduce to the case that ρ is irreducible.

Since E has CM over Q(
√
−7) (so in particular it has CM over Q(ζ7)), the image of the

representation ρE,2|Γ3 is (
ψ 0
0 ψ(σ̃ . σ̃−1)

)
|Γ3

where ψ : Γ2 → Q∗2 is a certain character and where σ̃ lifts 1 6= σ ∈ Gal(Q(
√
−7)/Q).

By assumption, HomΓ3(ρ|Γ3, ρE,2|Γ3) is not trivial. In particular, HomΓ3(ρ|Γ3, ψ|Γ3) is

not trivial. Then by Frobenius reciprocity we also have that HomΓ1

(
ρ, IndΓ1

Γ3
(ψ|Γ3)

)
is non-

trivial. Therefore we study the irreducible representations of IndΓ1
Γ3

(ψ|Γ3). First we note
that

IndΓ1
Γ3

(ψ|Γ3) ' IndΓ1
Γ2

(
IndΓ2

Γ3
(ψ|Γ3)

)
.

The representation IndΓ2
Γ3

(ψ|Γ3) is isomorphic to IndΓ2
Γ3

(Qtriv
2 ) ⊗ ψ|Γ2, where Qtriv

2 denotes

the trivial 1-dimensional representation. The representation IndΓ2
Γ3

(Qtriv
2 ) is isomorphic to

Qtriv
2 ⊕χ, where χ is the 2-dimensional representation χ : Γ2/Γ3 → GL2(Q2) that corresponds

to the non-trivial character of Gal(Q(ζ7)+/Q) to F∗4 that we saw before. To summarize, we
have isomorphisms

IndΓ1
Γ3

(ψ|Γ3) ' IndΓ1
Γ2

(
(Qtriv

2 ⊕ χ)⊗ ψ|Γ2

)
' IndΓ1

Γ2
(ψ|Γ2 ⊕ (χ⊗ ψ|Γ2))

' IndΓ1
Γ2

(ψ|Γ2)⊕ IndΓ1
Γ2

(χ⊗ ψ|Γ2) ' ρE,2 ⊕ IndΓ1
Γ2

(χ⊗ ψ|Γ2).

The representation IndΓ1
Γ2

(χ⊗ψ|Γ2) is irreducible by Mackey’s criterion, see for example [Ser77,

Proposition 23, p. 59]. Although we are dealing here with infinite Galois groups and Mackey’s
criterion is only stated for finite groups, we can just restrict the representations of the infinite
Galois groups to finite Galois groups and the induction restricted to these finite groups is
an irreducible representation. Hence IndΓ1

Γ2
(χ ⊗ ψ|Γ2) is also irreducible. Furthermore, the

representation IndΓ1
Γ2

(χ⊗ψ|Γ2) is isomorphic to ρB,2 by the following argument. We know that

the group HomΓ3(ρB,2|Γ3, (ρE,2⊕ρE,2)|Γ3) is non-trivial, hence HomΓ1

(
ρB,2, IndΓ1

Γ3
(ψ|Γ3)

)
is

non-trivial. We also know that the abelian variety B is not isomorphic to E. We conclude
that ρB,2 ' IndΓ1

Γ2
(χ⊗ ψ|Γ2). �

The above lemma, together with our previous results, describes the 2-adic Tate module of
the abelian variety A tensored with Q2. It allows us to prove Theorem 7.1:

Proof of Theorem 7.1. Let A be an abelian variety over Q with good reduction outside 7
that obtains semi-stable reduction over an at most tamely ramified extension at 7 over Q. It
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follows from Lemma 7.12 that

ρA,2|Gal(Q/Q(ζ7)) ' (ρE,2|Gal(Q/Q(ζ7)))dim(A)

holds. Therefore, we may apply Lemma 7.13 and deduce that

ρA,2 ' ρaE,2 ⊕ ρbB,2,
for a and b integers such that a+ 2b = dim(A). By Falting’s Theorem [Fal83], we have

Hom(ρA,2, ρ
a
E,2 ⊕ ρbB,2) ' Hom(A,Ea ×Bb)⊗Q2.

It follows that A is isogenous to the abelian variety Ea ×Bb. �

8. Conductors

In this section we prove Theorem 1.4 and 1.5. First, we briefly recall the definition of the
conductor of an abelian variety. Let K be a local field with uniformizer π and ring of integers
OK. Furthermore, let A be an abelian variety over K, A the Néron model of A and A0

π be the
connected component of the Néron model in the special fiber. Consider the exact sequence
of commutative algebraic groups over OK/πOK

0 −→ TUA −→ A
0
π −→ BA −→ 0,

where B is an abelian variety and TUA an affine connected smooth scheme. The scheme TUA
sits inside an exact sequence

0 −→ UA −→ TUA −→ TA −→ 0

with TA a torus and UA a unipotent group. Let uA = dim(UA) and tA = dim(TA).

Definition 8.1. Let ` be a rational prime different from the residue characteristic of K
and denote the lower ramification groups (IK(A[`])/K)i by Gi. Then Serre’s measure of wild
ramification of A is

δA :=
∞∑
i=1

#Gi
#G0

dimOK/πOK(A[`](K)/A[`](K)Gi).

We remark that δA does not depend on `.

Definition 8.2. The exponent of the conductor of A over a local field K is defined to be
c(π) = 2uA+ tA+ δA. The conductor of an abelian variety A over a number field K is defined

to be c(A) =
∏

p p
c(p), where the product is taken over the prime ideals in OK and c(p) is the

exponent of the conductor of A over Kp.

Note that c(p) = 0 for almost all primes p, so the product is well-defined. To prove
Theorems 1.4 we need a small group theoretic lemma:

Lemma 8.3. Let G be a 3-group acting non-trivially on a vector space V ' F2d
2 . Then

dimF2(V G) is even and strictly less than 2d.

Proof. We have the usual orbit formula #V G +
∑

v∈V/∼Gv = 22d. For v ∈ V and v /∈ V G,

the length of the orbit Gv is divisible by 3. Therefore, considering the above equality modulo
3, we obtain that #V G ≡ 22d ≡ 1 (mod 3).

Suppose that dimV G = 2d−x with x ∈ N. Then 22d−x ≡ 2x ≡ 1 (mod 3), hence x cannot
be odd. By assumption, G acts non-trivially on V and so x 6= 0. Hence dimV G is even, as
we wanted to show. �
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Proof of Theorem 1.4. Let A be an abelian variety over Q of conductor 27. Then using the
notation from above, the exponent of the conductor of E at 3 is equal to 3 = 2uA + tA + δA.
For the elliptic curve E, we find that uE = 1, tE = 0 and δE = 1.

If uA = 0, then A is semi-stable over Q. By Theorem 6.1, A is then isogenous to a product
of E. This contradicts the fact that E is not semi-stable. We conclude that uA must equal 1.

Next suppose that tA = 1 and hence that δA = 0. But if δA = 0, then ρA,` is at most

tamely ramified at 3 for some prime `. In particular, A is ramified of level 1
2 at 3, and it

follows from Theorem 6.1 that A is isogenous to a product of J0(27). This implies that ρA,`
cannot be at most tamely ramified at 3, contradicting our assumption. We conclude that we
must have uA = 1, tA = 0 and δA = 1.

If we denote the lower ramification groups IQ(A[2])/Q(3)i by Gi, then:

δA =

∞∑
i=1

#Gi
#G0

dimF2(A[2](Q)/A[2](Q)Gi).

Apply Lemma 8.3 by taking G = Gi and V = A[2](Q) ' (Z/2Z)2d. It follows that if #Gi 6= 1,
then dimF2(A[2](Q)/A[2](Q)Gi) ≥ 2. This in turn implies∑

Gi 6=1,
i>0

#Gi
#G0

≤ 1

2
,

hence A is ramified of level 1
2 at 3. By Theorem 6.1 A is isogenous to a product of J0(27).

Since A has conductor 27, A must be isogenous to J0(27). �

Proof of Theorem 1.5. Let A0
7 be the connected component of the special fiber at 7 of the

Néron model A of A. Write the exponent of the conductor at 7 as the sum 2 = 2u + t + δ,
where u, t and δ are as before. Since A is not semi-stable by [Sch05, Theorem 1.1], we have
that u > 0. Hence, t = δ = 0. Therefore, we may apply Theorem 7.1 and conclude that A is
isogenous to J0(49). �

Under the assumption that the L-series of abelian varieties over Q have an analytic con-
tinuation and satisfy a functional equation (which conjecturally holds for all abelian varieties
over Q), Theorem 1.4 also follows from a result of Mestre [Mes86, Proposition, p.21]. Mestre
shows that the conductor N of an abelian variety A over Q of dimension g that satisfies these
hypotheses, respects the lower bound N > 10g. This implies that the abelian varieties of
conductor 27 are elliptic curves over, in which case Theorem 1.4 is clear.

9. Appendix

Calculations for Q(J0(32)[3]):
E := EllipticCurve([0,0,0,-1,0]);
_<x> := PolynomialRing(Rationals());
f := DivisionPolynomial(E,3);
K := SplittingField(f);
_<y> := PolynomialRing(K);
xs := [r[1] : r in Roots(f,K) | IsIrreducible(y^2-r[1]^3 + r[1])];
L := ext<K | y^2-xs[1]^3+xs[1]>;
Labs := AbsoluteField(L);
G := GaloisGroup(Labs);
A := Group< s,t | s^8 = t^2 = 1, s*t = t*s^3>;
A1 := PCGroup(A);
G1 := PCGroup(G);
IsIsomorphic(G1,A1);
a := PrimitiveElement(Labs);
H := ext<RationalField()| MinimalPolynomial(3*a) >;
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O_H := MaximalOrder(H);
p3 := Decomposition(O_H, 3)[1][1];
p2 := Decomposition(O_H, 2)[1][1];
[ <i,j,Degree(RayClassField(p2^i * p3^j))> : i in [1..8] , j in [0,1] ];
[ <i,j,Degree(RayClassField(p3^i * p2^j))> : i in [1..5] , j in [0,1] ];

We calculate the extension Q(J0(27)[4]):
E := EllipticCurve([0,0,1,0,0]);
_<x> := PolynomialRing(Rationals());
f := DivisionPolynomial(E,4);
K := SplittingField(f);
_<y> := PolynomialRing(K);
xs := [r[1] : r in Roots(f,K) | IsIrreducible(y^2+y-r[1]^3)];
L := ext<K | y^2+y-xs[1]^3>;
Labs := AbsoluteField(L);
a := PrimitiveElement(Labs);
H := ext<RationalField()| MinimalPolynomial(2*a) >;
O_H := MaximalOrder(H);
Factorization(Discriminant(O_H));

We calculate the ramification groups and ray class field for Q(J0(27)[4]):
p2 := Decomposition(O_H, 2)[1][1];
p3 := Decomposition(O_H, 3)[1][1];
[ Order(RamificationGroup(p2,i)) : i in [0..5] ];
[<i,j,Degree(RayClassField(p2^i * p3^j))> :
i in [1..10] , j in [0..1]];
[<i,j,Degree(RayClassField(p3^i * p2^j))> :
i in [1..6] , j in [0..1]];

We check that the ray class field of conductor π7 of the field Q(ζ7) is trivial:
K := CyclotomicField(7);
p7 := Decomposition(OK, 7)[1][1];
RayClassField(p7);

Let R be the ray class field of conductor π7π
2 of the field Q(ζ7). We check that the prime π̄ does not

split in R/Q:
K := CyclotomicField(7);
p21 := Decomposition(OK, 2)[1][1];
p22 := Decomposition(OK, 2)[2][1];
p7 := Decomposition(OK, 7)[1][1];
R := AbsoluteField(NumberField(RayClassField(p7 * p21^2)));
OR := MaximalOrder(R);
Decomposition(OR, 2);
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[Gro72] A. Grothendieck, editor. SGA7: Groupes de monodromie en géométrie algébrique, vol. 1. Lecture
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MODULARITY OF ABELIAN VARIETIES OVER Q WITH BAD REDUCTION IN ONE PRIME ONLY 35
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[Sch09] René Schoof. Semistable abelian varieties with good reduction outside 15, 2009. preprint.
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