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ABSTRACT. We give an analytical approach to the definition of additive and
multiplicative free convolutions which is based on the theory of Nevanlinna
and of Schur functions. We consider the set of probability distributions as
a semigroup M equipped with the operation of free convolution and prove
a Khintchine type theorem for the factorization of elements of this semigroup.
An element of M contains either indecomposable (“prime”) factors or it belongs
to a class, say Ip, of distributions without indecomposable factors. In contrast
to the classical convolution semigroup in the free additive and multiplicative
convolution semigroups the class I consists of units (i.e. Dirac measures) only.
Furthermore we show that the set of indecomposable elements is dense in M.

1. INTRODUCTION

In recent years a larger number of papers has been devoted to applications and
extensions of the definition of free convolution of measures introduced by D. Voiculescu.
The key concept of this definition is the notion of freeness, which can be interpreted
as a kind of independence for non-commutative random variables. As in the classical
probability where the concept of independence gives rise to the classical convolution,
the concept of freeness leads to a binary operation on the probability measures on
the real line, called free convolution. As one might expect there are many classical
results for sums of independent random variables having a counterpart in this theory,
such as the law of large numbers, the central limit theorem, the Lévy-Khintchine
formula and others. We refer to Voiculescu, Dykema and Nica [48] (1992) and to Hiai
and Petz [28] (2000) for an introduction to these topics. One of the main problems
in dealing with free convolution is that its definition is rather indirect. In the first
part of this paper we propose an analytical approach to the definition of additive and
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2 Free convolutions

multiplicative free convolution. This approach which develops an analytic method due
to Maassen [36] is based on the classical theory of Nevanlinna and Schur functions and
allows us to give a direct definition of free convolutions (see Theorem 2.1, Theorem 2.4,
Theorem 2.7) by purely analytic methods. This approach shows the equivalence of
the “characteristic function” approach and the probabilistic approach for additive and
multiplicative free convolutions. Note that Bercovici and Belinschi [9] gave a related
approach using other analytic methods.

In the second part of the paper we study the arithmetic structure of the Voiculescu
semigroups (M, H), (M, X), and (M,,X) of probability measures on R with addi-
tive free convolution (H), on R, and on T with multiplicative free convolution (X)),
respectively. This subject had its origin in the work of Khintchine on the convolution
semigroup (M, x) of probability measures on the real line. He derived for this semi-
group the three basic theorems listed in Section 2. Kendall [29] (1967), [30] (1968)
introduced the so called Delphic semigroups, which are commutative topological semi-
groups satisfying the central limit theorem for triangular arrays. Their arithmetic is
similar to the convolution arithmetic of probability measures on R. A characteristic
feature of all these semigroups is the presence of infinitely divisible (i.d.) elements,
which for every positive integer n may be represented as n-th power of some element
of the semigroup.

In any Delphic semigroup there are three classes of its elements:

e the indecomposable or simple elements, which have no factors besides
themselves and the identity, (a set we shall denote by “S”);

e the elements which are decomposable and have an indecomposable factor,
(a set we shall denote by “D”);

e the infinitely divisible elements which have no indecomposable factors,
(a set we shall denote by “Iy”).

It turns out that a lot of important semigroups, in particular (M, *), are Delphic or
almost Delphic.

It is convenient to formulate the Delphic hypothesis rather restrictively, and then
to show that semigroups like (M, %) are ’almost’ Delphic, that means they satisfy
these hypothesis with nonessential modifications. In this context Davidson [24]-[26]
(1968), (1969) introduced the concept of an hereditary sub-semigroup to verify that
semigroups are almost (or properly) Delphic. Using a multivariate analytic descrip-
tion of free convolutions we show that the Voiculescu semigroups (M, H), (M., K),
and (M,,X) are close by the structure to almost Delphic semigroups (but are not
almost Delphic semigroups). Using some ideas of Khintchine, Kendall and Davidson,
we deduce the three basic Delphic theorems for these semigroups. One of them states
that each element of a Delphic semigroup may be written as a product of a countable
number of indecomposable elements and an element of Iy, so a knowledge of I, and
the set of indecomposable elements is essential for the arithmetic of the semigroup.
As a consequence we show that in the Voiculescu semigroups the class Iy consists of
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Dirac measures 9, only and for each semigroup there is a dense set of indecomposable
elements.

As another consequence of this approach we obtain an analogue of Khintchine’s limit
theorem in Voiculescu’s semigroups.

The paper is organized as follows. In Section 2 we discuss the results of the paper.
In Section 3 we collect auxiliary results from complex analysis, free probability. In
Sections 4 and 5 we prove the necessary analytical results for our approach to free con-
volutions. In Section 6 we prove basic Delphic theorems for the Voiculescu semigroups,
in Section 7 we describe the class Iy, and in Section 8 we describe some dense classes
of indecomposable elements in these semigroups.

Note that the contents of this paper is close to the contents of an earlier version [21],
(2005) with some changes. We changed the text of Introduction, added the assertion
(3) in Proposition 3.13, added some details in the proof of Lemma 4.2. We corrected the
text of Section 6. Here we omitted some propositions about the reduction to the theory
of Delphic semigroups which were not correct. In additional arguments in Section 6,
still based on the ideas of [21] (2005), we now only use the hereditary property and
the well-known methods of Delphic semigroups for the proof of Theorems 2.10-2.12.
Note that independently a corrected proof of part of these results has been published
by J. Williams [52]. In Section 8 we give some new free indecomposability conditions
for probability measures using the arguments of [21] (2005).

Acknowledgment. The authors would like to thank Leonid Pastur who has drawn
their attention to the problem of the arithmetic of the Voiculescu semigroups.

We would like to thank the referees for many suggestions which helped to improve
the paper.

2. RESULTS

Denote by M the family of all Borel probability measures (p-measures for short)
defined on the real line R. On the set M there are defined two associative composition
laws denoted * and HH. Let p1, 1o € M. The measure p; * s is the classical convolution
of p; and py. In probabilistic terms, p; % o is the probability distribution of X + Y,
where X and Y are (commuting) independent random variables with distributions 1
and ps respectively. The measure py B s denotes the free (additive) convolution of
w1 and po introduced by Voiculescu [46] (1986) for compactly supported measures.
The notion of free convolution was extended by Maassen [36] (1992) to measures with
finite variance and by Bercovici and Voiculescu [12] (1993) to all measures in M.
Here, 11 H 1o may be considered as the probability distribution of X +Y, where X and
Y are free random variables with distributions @, and po, respectively. For positive
random variables and for random variables with values on T we consider multiplicative
convolutions as well and their free analogues of multiplicative convolutions which were
introduced by Voiculescu [47] (1987).



4 Free convolutions

In this section we give an analytical approach to the definition of py H pe which
extends Maassen’s definition. Furthermore, we shall present an analytical approach to
the definition of multiplicative free convolution XI.

Let C* (C™) denote the open upper (lower) half of the complex plane. If € M,
then its Cauchy transform is

G(2) = / Z(iiti, zect. (2.1)

Following Maassen [36] and Bercovici and Voiculescu [12], in the sequel we will
consider the reciprocal Cauchy transform

(2.2)

Let F denote the corresponding class of reciprocal Cauchy transforms of all © € M.
This class admits the following simple description.

The class F C N of reciprocal Cauchy transforms of p-measures introduced above
coincides with the subclass of Nevanlinna functions F° € N such that F(2)/z — 1
as z — oo nontangentially to R (i.e., such that |Rez|/Im z stays bounded). See
Section 3. Recall that the class of all analytic functions ' : C* — CT UR, say N, is
called Nevanlinna class.

This implies that F), has certain invertibility properties. To be precise, for two
numbers a > 0, 3 > 0 we set

lo={z=a2+iyeC:|z|<ay} and T.s={z=x+iyel,:y> [}
Then, by the relation (3.4) of Section 3, for every o > 0 there exists 8 = (§(u, @) such
that F), has a right inverse F,S_l) defined on I'y, 3. The function

pul(z) = V() — 2
is called the Voiculescu transform of p. It is not hard to show that Im¢,(2) < 0 for
z € I'y g where ¢, is defined. We also have ¢,(2) = o(z2) as |z| — o0, z € T',.
If p is the point measure J, at a, then F(z) = z — a whereas F(z) = z 4+ ib, b € R,
corresponds to the Cauchy distribution with density = +— b/(m(2* + b)) which has
infinite variance.

ADDITIVE FREE CONVOLUTION

Let p; and 19 be p-measures in M and let F), (2) and F},,(2) denote their reciprocal
Cauchy transforms respectively. We shall define the free convolution gy B o, based on

F,,(z) and F},,(2) using the following result.

Theorem 2.1. There exist unique functions Z1(z) and Zy(z) in the class F such that,
for z € Ct,

2= 20(2) + 22(2) = Fu(Z1(2))  and - F (Z1(2)) = Fip(22(2))- (2.3)
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The function F),, (Z;(z)) is in F again, hence there exists some p-measure p such that
F,.(Z1(2)) = F,.(z), where F,(z) = 1/G,(2) and G,(z) denotes the Cauchy transform
(2.1) of p.

Since the p-measure p depends on py and ps only, we define py B g := p.

Thus, we defined the free additive convolution by purely complex analytic methods
(see Chistyakov and Gétze (2005) [20], [21] for a previous version of this paper). A re-
lated approach has been suggested later by Belinschi (2006) in [4] and Belinschi and
Bercovici (2007) in [9] .

The symmetry of the relation (2.3) obviously implies that this operation is com-
mutative. Furthermore, choosing po = ¢, in (2.3), where §, denotes a Dirac measure
concentrated at the point a, we get uy B, = p1 * d,. The definition (2.3) does not
restrict the class of p-measures and allows an obvious extension to the case of multi-
plicative convolutions, described below.

Moreover, on any set I', g, where the functions ¢, (2), ¢.,(2) and ¢, m,,(2) are
defined, we obtain immediately from (2.3) that

P (2) = P (2) + Ppa(2). (2.4)

The relation (2.4) implies at once that the operation H is associative.

The equation (2.4) for the distribution uy B py of X + Y, where X and Y are
free random variables is due to Voiculescu [46]. He considered p-measures p with
compact support. The result was extended by Maassen [36] to p-measures with finite
variance; the general case was proved by Bercovici and Voiculescu [12]. Note here that
Voiculescu’s and Bercovici’s approach to the definition of p1 B s based on the operator
algebras. Maassen’s analytic approach to the definition is closer to the one presented
here.

We see from (2.4) that our definition of py B ps coincides with the Voiculescu,
Bercovici, Maassen definition.

Since one can investigate free convolutions of several different p-measures pq, ...,
iy, using the multivariate approach (2.3) with the help of Nevanlinna functions which
are defined on the whole half-plane C* (see Corollary 2.2 below), limit laws can be
sucessfully described as in classical probability theory (see [22], [23]).

Voiculescu [49] showed for compactly supported p-measures that there exist unique
functions Fy, F, € F such that G, mu,(2) = G, (Fi(2)) = G,,(Fi(2)) for all z €
C*. Using Speicher’s combinatorial approach [44] (1998) to freeness, Biane [19] (1998)
proved this result in the general case. It follows from Theorem 2.1 that Fi(z) and
Fy(z) are Z;(z) and Zy(z) in (2.3), respectively. About the existence and uniqueness
of the subordinating functions Z; and Z, see also Voiculescu [50], [51].

Pastur and Vasilchuk [42] (2000) studied the normalized eigenvalue counting measure
of the sum of two n x n unitary matrices rotated independently by random unitary
Haar distributed measures. They established the convergence in probability as n — oo
to a limiting nonrandom measure. They derive functional equations for the Cauchy
transforms of limiting distributions assuming the existence of the mean of the limiting
measures. It follows from Theorem 2.1 that their equations are equivalent to (2.3).
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Corollary 2.2. Let juq, ..., u, € M. There exist unique functions Z1(z), ..., Z,(2) in
the class F such that, for z € CT,

2 = Z1(2) 4 A Zu(2)=(n=D)F (Z1(2)),  and By (Zi(2)) = -+ = B, (Za(2)).
Moreover, F,, @@y, (2) = F, (Z1(z)) for all z € C*.
Specializing to p = g = -+ - = jtn, = p write gy B--- B p, = p"®. Then we get
Corollary 2.3. Let p € M. There exists an unique function Z € F such that
z=nZ(z) — (n—1)F,(Z(z)), ze€C", (2.5)
and Fue(2) = F,(Z(2)), z € C*.

By (2.5), we see that (Z(-Y(2) —2)/(n—1) = z— F,(2) for z from some domain I, 5.
It follows from this that Z(=Y(2) — z has an analytic continuation to C* with values in
C~UR. Since Z € F, it is easy to see, that (Z=Y (iy) —iy)/y — 0 as y — +oo. Hence
Z(z) = F,(z), z € C", where v € M is infinitely divisible relative to the free additive
convolution (the definition and the characterization of the H-infinitely divisibility see
in this section below). Note that the relation (2.5) holds if the integers n are replaced
by real numbers ¢ > 1. This shows that there is a semigroup v, € M, t > 1, such
that tp, = ¢,,. Thus we give an analytical approach to the existence of the semigroup
vy € M, t > 1, with the described property.

This fact was shown in [13], [39], [5] by other methods.

Having defined the Voiculescu semigroup (M, H), based on the properties of the func-
tions of the subclass F of the class A/ of Nevanlinna functions, we shall proceed by
studying multiplicative free convolutions.

MULTIPLICATIVE FREE CONVOLUTION ON R,

Let M be the set of p-measures p on Ry = [0, +00) such that p({0}) < 1. Define,
following Voiculescu [47], the 9,-function of a p-measure y € M., by

0le) = [ 7oz ulde) (2.6)

R+

for z € C\ R;. The measure p is completely determined by v, because z(1,(z) +1) =

G,(1/z). Note that 9, : C\ Ry — C is an analytic function such that ¢, (2) = 1,(z),
and z(¢,(z) + 1) € C* for z € C*. Consider the function

K,(2) = (o) /(L +u(2), = €C\R,. (2.7)

It is easy to see that K,(z) € N and K,,(z) is analytic and nonpositive on the negative
real axis (—o0,0). In addition, for z > 0, K,(—2) — 0 as x — 0.

Denote by K the subclass of A of functions f such that f(z) is analytic and non-
positive on the negative real axis, and, for x > 0, f(—z) — 0 as x — 0.
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By Krein’s results (see Section 3), the function K,(z), being analytic and nonpositive
on (—o0,0), and lim,_,¢ 4~ /£, (—2) = 0, belongs to K and admits by Corollary 3.3 (2)
(like all functions in K) the following representation

K _ / 7(dt)

—, 0< <2 2.8
: 2 0<arge <om, 23)

(0,00)

where a > 0 and 7 is a nonnegative measure such that

/ ) . (2.9)
©

o) L1

In view of Proposition 3.4, see Section 3, a function K, has the inverse function x,
on the image K,(iCT). We define the X-transform of y as the function

Su(2) = Xu(2)/z, z€ K,1Ch).

Note that K,(iCT) DT ;0 ={2€C:0 <[z <A a<argz < 21 — a} for some
0<pB<Aand ac (0,7). In addition we conclude from (2.8) that arg K,(z) > arg z
for z € C* and arg K,(z) = « for z € (—00,0). Therefore arg¥,(z) < 0, Imz > 0,
and arg¥,(z) =0, z € (—00,0), where ¥, (2) is defined.

Let p; and gy denote p-measures in M with corresponding transforms K, and
K, defined in (2.7), which are in the klass K.

We shall define the free multiplicative convolution using the transforms K, and
K,,, by means of the following characterization which (after exchanging addition with

multiplication) is identical to the characterization (2.3) for the additive convolution.

Theorem 2.4. There exist two uniquely determined functions Zy(z) and Zs(z) in
the Krein class KC such that

71(2)Z2(2) = 2K, (Z1(2)) and K, (Z1(2)) = K,,(Z2(2)), z€C*t. (2.10)
Introduce
K(z):= K, (Zi(z)) and 9(z):=K(2)/(1-K(z)), =z€C".

Then, by (2.8) for K,, and Z;, we note that K (z) and K (z)/z are functions in the class
N and K(—z) — 0 as © — 0 for x > 0. Hence, by Corollary 3.3 (1), K(z) € K. Using
this assertion we easily see that ¢(z) € N, ¢(z)/z € N, and lim,_ . ,~0%(—z) = 0.
Moreover, by the representation (2.8) for K(z), we have lim, . ¢ (z)/z = 0. Hence
the function v (z)/z admits the representation (2.8) with a =0, i.e.,

v(z) _ / Tw(dt):/ Y (du), zecCT, (2.11)

z t—z 1 —wuz
(0,00) (0,00)

where 7, is a nonnegative measure satisfying the condition (2.9) and p,, is a nonnegative
finite measure.

Note that lim, . ¢ (x) = —1 if and only if in the representation (2.8) for K(z)
either a > 0 or 7((0,00)) = oo. In this case, by (2.11), we may represent (z) € K as
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Y = 1, see (2.6), with some p-measure p € M such that p({0}) = 0. In addition
K € K may be represented as K(z) = K,(z), z € C". Therefore 1, (Z1(2)) = ¢,.(2).

Let in (2.8) for K(z) a = 0 and 7((0,00)) < oo. Then, as it is easy to see,
lim, o ¥(x) = —p = —7((0,00))/(1 + 7((0,00))). Again, by (2.11), we get for ()
the representation (2.6) with some p-measure p € M, and u({0}) = 1 — p. Thus,
$(2) = (=) and K (2) = K,(2), = € C*. Hence i, (Z1(2)) = ().

The p-measure p is determined uniquely by the p-measures pq and ps.

We define p = pqg X po.

This defines the free multiplicative convolution on the non-negative half-line by
purely complex analytic methods as above on p. 4.

Since K, (Z1(2)) = K,,(Z2(2)) for z € C*, we have p1 Ky = p1o X py and it is easily
verified that this convolution is associative as well.

From Theorem 2.4 we conclude that the relation

L (2) X0 (2) = Bu(2) (2.12)

holds for z, where ¥, (2), ¥,,(2) and X,(z) are defined. This relation is due to
Voiculescu [47] and Bercovici and Voiculescu [12].

Using Speicher’s combinatorial approach [44] (1998) to freeness, Biane [19] (1998)
showed that there exist unique functions Ry, Ry € K such that ¢, x,,(2) = ¥, (R1(2)) =
Yy, (Ro(2)) for all z € C*. It follows from Theorem 2.4 that Ry(z) and Ry(z) are Z;(z)
and Z5(z) in (2.10), respectively.

Corollary 2.5. Let py,...,pu, € M. There exist unique functions Z1(2), ..., Zn(2)
in the class IC such that, for z € CT,

L) .. Zu(2) = (B (L)' and K (Zi(2) = = Ky (Z,(2).
Moreover, K, x.@pu,(2) = K., (Z1(2)) for all z € C*.
ni

Let py =y =+ = py, = p. Denote puy X+ - M p, = p
Corollary 2.6. Let p € M. There exists an unique function Z € K such that
(Z(2))" = z(KM(Z(z)))n_ , zeCt, (2.13)

and K .m(2) = K, (Z(2)), z € C".

Again the relation (2.13) holds if we replace integers n by real numbers ¢ > 1. This
shows that there is a semigroup v, € M., t > 1, such that (X,(2))' = %,,(2).

Thus we have defined the Voiculescu semigroup (M ,X), based on properties of
functions of the Krein subclass K of the class N of Nevanlinna functions. In the fol-
lowing we consider the case of spectral p-measures on the unit circle T.
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MULTIPLICATIVE FREE CONVOLUTION ON THE UNIT CIRCLE

Let u be a p-measure on T. Following Voiculescu [47], we define a transform of
the p-measure ;o on T, by

ule) = [ 125 )

The function 1 has a convergent power series representation in D :={z € C: |z| < 1},
the open unit disk of C, such that 1,(0) = 0.

Let M, denote the set of p-measures on T such that [ & u(d€) # 0.

If p € M,, it follows that the function

Qu = wu/(l + wu)

has a right inverse Q&_l), defined in a neighborhood of 0 denoted by D, := {z € C :
|z| < a} with some 0 < o < 1, such that QfL_l)(O) = 0. Let

2u(2) = Q4 V(2)/=
denote the so called ¥-transform of p.
Denote by C the class of analytic functions H(z) on D — —i(C™ UR) introduced by
Carathéodory.
Note that

U, (z H(z)—1
o) - L) HE

1+v¢,(2) H(2)+1
where H(z) := 1421,(2) is a function of Carathéodory’s class C. Such functions H (z),
by (3.1) and H(0) = 1, see Section 3, have the form

E+z
)
T -z

(2.14)

H(z)

where o is a p-measure.

Define S to be so called Schur class of analytic functions D — D (see Section 3),
where D is the closure of D.

We see from (2.14), that @, € S and since ,(0) = 0 and p € M., Q,(0) =
0, Q) (0) #0.

In the sequel we denote by S, the subclass of S which consists of Schur functions )
with properties Q(0) = 0 and @’(0) # 0.

Since @, € S., by the Schwarz lemma, we have |Q,(z)/z| < 1 for z € D. Hence
\fol)(z)/z| > 1 in a neighborhood of 0. Moreover, both (3.2) induces a one-to-
one correspondence between the classes C and S, and (2.14) induces a one-to-one
correspondence between functions H € C such that H(0) = 1 and H'(0) # 0, and
functions @, of the class ..

Let p; and po denote p-measures in M, and let @), and @),, be Schur functions
which correspond to these measures, by (2.14). We now define the free multiplicative
free convolution 1y X py based on @), and @, using the following characterization.
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Theorem 2.7. There exist two functions Z1(z) and Zy(z) in the set S, such that

Z21(2)Z5(2) = 2Qu, (Z1(2))  and - Quu,(Z1(2)) = Qu,(Z2(2)), z€D. (2.15)
The functions Z1(z) and Zy(z) are unique solutions of (2.15) in the class S..

Consider the function @, (Z:(z)). It is easy to see that it belongs to Schur’s class
S and Q,,(Z1(0)) = 0, Q},,(0)Z1(0) # 0. Therefore Q,,(Z1) € S, and Q,,(Z1(2)) =
Qu(z) for z € D, where Q,(2) has form (2.14) for some p-measure p € M,. This
measure is determined uniquely by the p-measures p; and po. Define p = py X po.

This defines the free multiplicative convolution on the unit circle by purely complex
analytic methods as on p. 4.

Since Q,,(Z1(2)) = Qu,(Z2(2)) for z € D, we get p3 X pg = po X py. It is easy to
verify that the operation X is associative. Using the relation (2.14) between the function
Qu(z) € S, and the function ¢,(z), we conclude that v, (z) =, (Z1(2)) for z € D. In
addition we have in some neighborhood of 0

(=1) (=1) (-1)
G D0 B _G D o 5 (9,60 =006 (10
z z z
This formula is due to Voiculescu [47], [11] (1992).

Biane [19] (1998) showed that there exist unique functions @1, Q2 € S, such that
VR (2) = ¥y (Q1(2)) = ¥, (Q2(2)) for all z € D. It follows from Theorem 2.7 that
Q1(2) and Q9(2) are Z1(z) and Zs(z) in (2.15), respectively.

Note that Vasilchuk [45] (2001) studied the normalized eigenvalue counting measure
of the product of two n x n unitary matrices and the measure of product of three n xn
Hermitian positive matrices rotated independently by random unitary Haar distributed
measures. He established the convergence in probability as n — oo to a limiting
nonrandom measure and derived functional equations for the Herglotz and Cauchy
transforms of limiting distributions under some restriction on counting measures. From
Theorem 2.4 and Theorem 2.7 it follows that his equations are equivalent to (2.10) and
(2.15).

For the multiplicative free convolution the analogues of Corrolary 2.2 and Corol-
lary 2.3 hold.

Corollary 2.8. Let py,...,pu, € M,. There exist uniquely determined functions
Z1(2)y ..y Zn(2) in the class S, such that, for z € D,

Z1(2) - Zn(2) = 2(Qu(Z1(2))" ", and Qu(Z1(2)) = - = Qu(Za(2)).
Moreover, Q.. (2) = Qu (Z1(2)) for all z € D.
Corollary 2.9. Let u € M,. There exists an unique function Z € S, such that
(Z(2)" =2(Qu(Z(2)))"", zeD, (2.17)
and Q,.m(2) = Qu(Z(z)), z € D.
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Rewrite (2.17) in the form

Z(z) = (Qu(Z(z))""", zeD, (2.18)

where Z(2) := Z(2)/z and Q,(2) := Q,(2)/z, z € D, are functions of the class S and
Z(0) # 0 and Q,(0) # 0. From (2.18) it follows that Z(z) # 0 and Q,(Z(z)) # 0 for
z € D.

Note that the relation (2.18) holds if we replace integers n by real ¢ > 1 for the func-
tions Qum,(2) and for Q,(z) if Q,(z) # 0 for € D\ {0}. This shows that there is
a semigroup v, € M., t > 2, such that (3,(z))" = X,,(2) in the general case and there
is a semigroup v; € M., t > 1, such that (X,(z))" = 3,,(2) in the case Q,(z) # 0 for
z € D\ {0}.

Thus we have defined the Voiculescu semigroup (M., X), based on properties of
functions of the subclass S, of the class S of Schur functions.

The relations (2.3), (2.10), and (2.14) were used to good effect in the papers of
Belinshi [3], [5], Belinshi and Bercovici [6], [7], Bercovici and Voiculescu [14], Biane [18].
In our paper we use the relations (2.3), (2.10), and (2.14) to study the arithmetic of
p-measures in Voiculescu’s semigroups.

ARITHMETIC OF P-MEASURES IN VOICULESCU’S SEMIGROUPS

Now we consider the problem of the decomposition of measures ;. of the commutative
semigroups (M, H), (M;,X), and (M,,X). In the sequel we shall denote these semi-
groups by a symbol (M, o), where M means M, M, M, and o means the operations
B, X. The following notions are analogues of the classical ones for (M, ).

We shall say that pu; € M is a free factor or just factor of u € M if there exists
o € M such that p = pyops. Every p € M has factors. Indeed, we have p = d,0(pody),
where b = —a,a € R, in the case of the semigroup (M,H), b = 1/a,a > 0, in the case
of (M,,X), and b = 1/a,a € T, in the case of (M,,X). Hence 6, and p o g, are
factors of p. Such factors are called improper. A p-measure p which is not a Dirac
measure is called indecomposable if it has improper factors only. Such p-measures may
be regarded as simple elements of this semigroup. If 4 in (M, o) is not indecomposable
it is called decomposable. Two measures p; and ps are called equivalent, py ~ po, if
[y = p2 © &4, where a € R in the case of (M,H), a > 0 in the case of (M,,X), and
a € T in the case of (M,,X).

As in the classical theory of convolutions, a measure p is called o-infinitely divisible
(ori.d. for short) if, for every natural number n, u can be written as p = v, 0,0 -0,
(n times) with v, € M. The measure 4, is necessarily infinitely divisible. Note that all
i.d. measures are decomposable and Dirac measures have this property. As mentioned
in the introduction a measure p € M is to the class I relative o if y is o-infinitely
divisible and has no o-indecomposable factors.

Khintchine [31] (1937) was the first who studied the arithmetic of the semigroup
(M, ) of distribution functions on R with respect to the convolution *. He derived for
this semigroup the three basic results.
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1. Limit of triangular arrays. The limit of a convergent infinitesimal triangular
array is an i.d. element pu of (M, ).

2. Classification. Any element p of (M, *) belongs to one of the following classes.
Either

(1) w is indecomposable,
(2) p is decomposable (possibly i.d.) and has an indecomposable factor,

(3) pis i.d. and has no indecomposable factors. (This class of p-measures is
denoted by Ij.)

(Compare the description of Delphic semigroups in the introduction.)
3. Representation. For each p in M one may decompose

=V * i1 * [l * ...

in at least one way, where v is i.d. and has no indecomposable sub-factor, and each 1;
is indecomposable. The convolution product is at most countable and may be finite or
void.

Note that Gaussian distributions (Cramér (1936)), Poisson distributions (Raikov
(1937)) and the convolution of Gaussian and Poisson distributions (Linnik (1957))
belong to the class I,. Hence in the semigroup (M, ) the class I, has nontrivial
elements (besides the trivial units d,).

A number of papers have been devoted to the study of the arithmetic of semigroups
of p-measures. We refer the reader to the monograph of Linnik and Ostrovskii [34]
(1977), the surveys of Livshic, Ostrovskii and Chistyakov [35] (1975), Ostrovskii [40]
(1977), [41] (1986).

We shall consider the semigroups (M, o) introduced above and we study their arith-
metic using the theory of Delphic semigroups, (see Kendall [30], Davidson [24] —[26]).
Kendall and Davidson developed Khintchine’s theory for a wide class of semigroups
(Delphic) where Khintchine’s basic theorems remain valid.

In the semigroup (M,H) i.d. p-measures were first considered in Voiculescu [46],
where compactly supported H-i.d. measures were characterized. P-measures with
a finite variance were considered in Maassen [36] and Bercovici, Voiculescu [12] gave
a characterization of general i.d. p-measures € M. There is an analogue of the Lévy-
Khintchine formula, (see [48], [11], [12]) which states that a p-measure p, on R, is i.d.
if and only if the function ¢,(2) has an analytic continuation to the whole of C*, with
values in C~ UR, and one has

lim 2% (iy)
y—too Y

=0. (2.19)

By the Nevanlinna representation for such function, we know that there exist a real
number «, and a finite nonnegative measure v, on R, such that

oul2) = a+ / LRz du). (2.20)

zZ—U
R
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The formula (2.20) is an analogue of the well-known Lévy—Khintchine formula for
the logarithm of characteristic functions o(t; 1) fue iy, ,t € R, of *-i.d. mea-
sures 1 € M. A measure p € M is x-i.d. if and only if there ex1st a ﬁmte nonnegative
Borel measure v on R, and a real number « such that

log p(t; i) = fu(t) :=exp {z’at +/ (e“u —1-

R

itu >1+u2

T I/(du)}, teR,

u2
(2.21)
where (e®™ — 1 —itu/(1+ u?))(1 + u?)/u® will be interpreted as —t2/2 for u = 0.
In the classical case the precise formulation of the Khintchine limit theorem for
(M, %) is as follows:
Let {ptnr - n > 1,1 < k < n} be an array of infinitesimal measures in M, i.e.,
lim max ,unk({u lu| >¢})=0 (2.22)

n—oo 1<k

for every € > 0. In order that u € M be the limit in the weak topology of distributions
u(”) = Ogq,, * [bn1 * fln2 ¥+ % by — p for some suitably chosen constants a,, it is necessary
and sufficient that p be i.d.

The Khintchine limit theorem in free probability theory has the same form for
the measures u(”) = 0q, B pin1 B pino B - - B .

This theorem was early proved by Bercovici and Pata [16] (2000). We give another
proof of this result, using arguments of the theory of Delphic semigroups.

The i.d. measures in (M, X)) have been characterized by Voiculescu [47], Bercovici
and Voiculescu [11], [12]. There is an analogue of the Lévy-Khintchine formula which
states that a measure € M is X-i.d. if and only if there exist a finite nonnegative
measure v on (0, 00) and real numbers a and b > 0 such that

1+ uz

zZ—U

Y. (2) = exp {a — bz + / I/(du)}, (2.23)

for z, where ¥,,(z) is defined.
In other words, a measure p € My is X-i.d. if and only if

Su(2) = exp{—u(2)}, (2.24)
where u(z) € N and u(z) is analytic and real valued on the negative half-line (—o0, 0).
Khintchine’s limit problem for multiplicative free convolution may be formulated as
follows.
Let {ptnr - n > 1,1 < k < n} be an array of measures in M, such that
lim jnax. pop({u: Ju—1]>¢}) =0 (2.25)
for every € > 0. The measures p,, € M are called infinitesimal.
We shall characterize in Theorem 2.10 the class of p-measures y € M such that
p™ = 64, X pi1 X pipg -+ - X pi, — p in the weak topology for some suitably chosen
positive constants a,,.
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The i.d. measures of the semigroup (M., X) were characterized in [47], [11]. There
is an analogue of the Lévy-Khintchine formula which states that a measure u € M, is
X-i.d. if and only if there exist a finite nonnegative measure v on T and a real number
a such that

1
£,(2) = exp {m + / : i 22 u(dg)}, (2.26)
—z

T

for z, where ¥,,(z) is defined.
In other words, a measure p € M, is X-i.d. if and only if

£,(2) = explo(2)}, (2.27)
where v(z) € C.
Let {ptnr : m > 1,1 < k < n} be an array of measures in M,. We shall call
the measures i, infinitesimal if
lim max p,,({&: |argé| > ¢e}) =0. (2.28)

n—oo 1<k<n

The Khintchine limit problem for multiplicative free convolution for measures p € M.,
has the same form as in the case of © € M, with constants a,, € T.
We give the solution of the Khintchine limit problem, proving the following result.

Theorem 2.10. Let {2 n > 1,1 < k < n} be infinitesimal probability measures in
the semigroup (M, o). The family of limit measures of sequences ™ = 6,, 0 fin1 © fin2 ©
“ 0 py for some suitably chosen constants a,, coincides with the family of o-infinitely
divisible p-measures.

We give the proof of this theorem, using arguments of the theory of Delphic semi-
groups. About the Khintchine limit problem for multiplicative free convolution see
Belinschi-Bercovici [8] as well.

The arithmetic of the semigroups (M, o) is described in the following results.

Theorem 2.11. The element j of (M, 0) can be classified as follows. FEither

(1) p is indecomposable,

(2) p is decomposable (possibly infinitely divisible) and has an indecomposable
factor,

(3) p is infinitely divisible and has no indecomposable factors. (This class will
be denoted by Iy.)

P-measures may be decomposed as follows
Theorem 2.12. Fvery probability measure p, which has indecomposable factors, can
be expressed in the form
fL=H0O 1O fig0. .., (2.29)

where py € Iy and the probability measures piy, jto, . .. are indecomposable (its number
may be finite or denumerable).
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We will show that the representation (2.29) is not unique.
The representation (2.29) has been proved independently by Williams in [52].
The class Iy in (M, o), mentioned above may be described as follows.

Theorem 2.13. In Voiculescu’s semigroup (M, o) the class Iy is trivial, that is Iy is
the class of Dirac measures.

In Section 8 we describe wide classes of indecomposable elements in (M, o) (see
Theorems 8.1-8.3) from which it follows the following result.

Theorem 2.14. The probability measures with support consisting of a finite number
of points are indecomposable in (M, o).

Corollary 2.15. The class of indecomposable elements of (M, o) is dense in (M, o) in
the weak topology.

Theorem 2.14 follows from Belinschi’s [5] and Bercovici-Wang [17] results. But, as
we note in Section 8, Theorems 8.1-8.3 do not follow from these results.

Theorem 2.11 describes the class I as the class of i.d. elements of (M, o) which have
i.d. components only. Bercovici and Voiculescu [13] proved that a semicircular measure
does not belong to the class Iy in the semigroup (M, H). Benaych-Georges [10] proved
a similar result for the free Poisson measure. These results follow from Theorem 2.13.

Speicher and Woroudi [43] (1997) introduced a further convolution operation on M
denoted 4. Let p € M. Denote as before by G, the Cauchy transform of p and by
F,=1/G, : C" — C7 its reciprocal. We have Im z < Im F),(z) so that the function
E,(z) :== z—F,(z) maps C* to C"UR, and, in addition, E,(z)/z — 0as z — o0, z € [,
for any fixed @ > 0. Conversely, if £ : C* — C~ UR is an analytic function so that
E(z)/z — 0 as z — o0, z € [, for any fixed «, then there exists u € M such that
E,, = E. This observation leads to the formal definition of the Boolean convolution.

w
Given p, v € M, there exists p € M such that

E,=E,+E,.

The measure p is called the Boolean convolution of p and v, and it denoted ulHwv.
Boolean convolution is an associative and commutative law, with dy as the zero ele-
ment. We have &, 4§ d; = 0544, but generally &, |4 i is not a translate of p. Speicher
and Woroudi [43] treated the central and Poisson limit theorems, characterized i.d.
and stable distributions and proved analogues of the classical theorems of Cramér,
Marcinkiewicz, Kac and Loeve. Bercovici and Pata [15] (1999) established limit laws
for Boolean convolutions.

Speicher and Woroudi [43] noted that all p-measures u are i.d. It is easy to see that
the class of indecomposable elements in the semigroup (M, 4) is empty. Moreover,
the class of i.d. elements coincides with the class Iy. Therefore Theorem 2.12 obviously

holds for (M, |4)) .
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3. AUXILIARY RESULTS

In the following we state some results about classes of analytic functions (see Akhiezer [1]
(1965), Section 3, Akhiezer and Glazman [2] (1963), Section 6, §59, and Krein and
Nudelman [32] (1977), Appendix).

By C we denote C. Carathéodory’s class of analytic functions F(z) : D — {z :
Rez > 0}. A function F is in C if and only if it admits the following representation
(Herglotz, G., Riesz, F.)

§+2

E—=z
T

F(z2) = ia + o (df), (3.1)

where a = Im F'(0), T is the unit circle, and o is finite nonnegative measure. The num-
ber a and the measure o are uniquely determined by F'.

By S we denote J. Schur’s class of analytic functions ¢(z) : D — D. The classes C
and S are connected via

_1F(2) = F(0)
ZF(z)+ F(0)
which induces a one-to-one correspondence between C and S.

Finally we denote by N’ R. Nevanlinna’s class of analytic functions f(z) : C* —
C* UR. A function f is in NV if and only if it admits an integral representation
1+ uz

F(2) = atbat / L (du) = atba+ / (

R R

¢(2) (3.2)

1 U

u—2z 1+u2

) () r(du), (3.3)

where b > 0, a € R, and 7 is finite nonnegative measure. Here a,b and 7 are uniquely
determined by f. More precisely we have a = Re f(i) and 7(R) = Im f(i) — b. From
this formula it follows that

f(z) =(b+o0(1))z (3.4)

for z € C* such that | Re z|/ Im z stays bounded as |z| tends to infinity. Hence if b # 0,
then f has a right inverse f(-Y defined on the region T, 3 defined (in Section 2) for
any « > 0 and some positive = ((f, a).

A function f € AN admits the representation

f(z) = / a(du)’ 2 € CT, (3.5)

u—=z
R

where o is a finite nonnegative measure, if and only if sup,>, y|f(iy)| < oco.

Note that the class F coincides with the subclass of Nevanlinna functions for which
f(z)/z — 1 as z — oo nontangentially. Indeed, reciprocal Cauchy transforms of
p-measures have obviously this property. Let f € N and f(z2)/z — 1 as 2z —
nontangentially. Then, by (3.4), f admits the representation (3.3), where b = 1. By
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(3.4) and (3.5), we see that —1/f(z) admits the representation (3.5), where o € M. Tt
follows from (3.3) with b = 1 that a function f € F satisfies the inequality

Im f(z) > Im z, zeCt. (3.6)
The Stieltjes-Perron inversion formula for a function f € AN has the following form.
Let ¢(u) := [;'(1+ %) 7(dt). Then

u2

ug) — () = lim ~ [ Tm f(€ + in) de, (3.7)

n—0 7
ul

where u; < uy are continuity points of the function ¥ (u).
The following two results are due to Krein, M.

Theorem 3.1. The function f(z) admits the representation

u—z

f(z)=a+ / T(du), 0 <argz < 2m, (3.8)

where a = 0 and T s a nonnegative measure such that

/% < 00, (3.9)

if and only if f(2) € N and f(2) is analytic and nonnegative on (—o0,0).

Theorem 3.2. A function f(z) € N is analytic and nonnegative on (—o0,0) if and
only if z2f(z) is in N.

Corollary 3.3. (1) A function f(z) € N is analytic and nonpositive on
(—00,0) if and only if f(2)/z is in N.

(2) A function f(z)/z admits a representation (3.8) with a nonnegative mea-

sure T satisfying assumptions (3.9) and 7({0}) = 0 if and only if f(z) € K.

Proof. At first we shall prove the assertion (1). Let the function f(z) € N be analytic
and nonpositive on (—o00,0). Then the function —1/f(z) € N and satisfies the as-
sumptions of Theorem 3.2. By this theorem, —z/f(z) € N and therefore f(z2)/z € N.
The converse assertion follows by repeating the previous arguments.

Let us now prove the assertion (2). It easy to see that f(z) € K if the function
f(2)/z admits a representation (3.8) with a nonnegative measure 7 which satisfies the
assumption (3.9) and 7({0}) = 0. The converse assertion follows from the assertion
(1) of Corollary 3.3 and Theorem 3.1. O

Theorem 3.4. Any function f(z) of class N not identically zero admits a unique
multiplicative representation

[e.e]

fe)=cen{ [ (2= )0 at),

— 00
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where C' > 0, p(t) is a summable function such that 0 < p(t) < 1 almost everywhere
and

If f(z) 1s analytic and nonnegative on the negative real axis (—oo,0), then p(t) =0 for
t<0.

Proposition 3.5. Let f(z) € N be analytic and nonpositive on (—oc0,0). Then f(z)
admits an analytic continuation to C\ Ry and is univalent in the left half-plane iC".

Proof. The first assertion of the proposition follows immediately from the represen-
tation (3.8) for f(z)/z. Since the function f(z)/z admits the representation (3.8), we
see that

u

(u—2z1)(u— 29)

f(21) = fz2) = (21 — 2’2)(a + /

(0,00)

T(dU))

for all 21,2, € CT. Since for z; # 29 and 21,20 € CT NiC*

Im / s Zl)lzu —y ()

(0,00)

B / —(Rez; Im 29 + Re 2o Im z1) + w(Im 21 + Im 25)
n lu — 21?|u — 2z9|?

ut(du) # 0,
(0,00)

we conclude from the preceding formula that f(z;) # f(z9) for the considered z; and
z5. Hence f(z) is univalent in C* NiC*. Since f(CT) C C* and f is strictly increasing
on (—o0,0), the univalence of f on iC* follows from the identity f(z) = f(2). O

We need as well the following well-known result about Schur functions @, € S,
(the definition of @, see in (2.14)).

Proposition 3.6. Let iy € S, then

ARG
Qe =t

where p1(z) € S.

We need the following result about the behavior of nondecreasing functions (see [34],
Ch. 4, §16).

Proposition 3.7. Let v be a nonnegative finite measure. If v((a,b)) > 0 and v([a, z)),
a < x <b,is a continuous function, then there exists [, 5] C (a,b) such that v([a, .+

h]) > ch and v([G — h, 5]) > ch for all 0 < h < hgy, where ¢ > 0 and ho > 0 depend on
the measure v.
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We also need some results of the theory of real and complex variable (see [27] (1969),
[37] (1965)).

Theorem 3.8. (Weierstrass’ preparation theorem) Let F(z,w) be a function of two
complex variables which is analytic in neighborhood |z — z| < r, |w — wo| < p of
the point (zo,wo), and suppose that

F(zp,wp) =0, F(zp,w) # 0. (3.10)

Then there is a neighborhood |z — z| < 1" < r, jw —wo| < p' < p where F(z,w) may
be written as

F(z,w) = (Ao(2) + Ai(z)w + -+ Ap1 ()" + w") G (2, w), (3.11)
k is determined by
OF (29, wp) _ OF L F (29, wp) _0 O F (29, wo) 40
ow T Qwk! ’ dwk ’
the functions Ag(z), A1(2), ..., Ag—1(2) are analytic for |z — zo| < 1’, and the function

G(z,w) is analytic and nonzero on the set |z — zo| < ', |w —wo| < p'.

Theorem 3.9. Let {u,(2)}52, denote a sequence of functions which are harmonic
on a domain B. If {u,(z)}22, is uniformly bounded in the interior of B, it contains
a subsequence that converges uniformly in the interior of B to a harmonic function on

B.

Theorem 3.10. Let {u,(z)}:>, denote a sequence of functions which are harmonic
on a domain B such that u,(z) < uny1(2) for all z € B. Suppose that the sequence
converges at some point zo € B. Then the sequence converges uniformly in the interior
of B to a harmonic function on B.

Theorem 3.11. Given a domain B and a sequence {f,(2)}5°, of analytic functions
on B, suppose the sequence {u,(2)}:2, = {Re fn(2)}22, converges uniformly on every
compact subset of B, and suppose { fn(2)}22, converges at some point zy € B. Then

{fn(2)}22, converges uniformly on every compact subset of B to an analytic function.

Theorem 3.12. (Vitali) Let {f.(2)}22, denote a sequence function that are analytic
on B. Suppose that { f.(2)}>2, is uniformly bounded in the interior of B and converges
on a set of points z, € B, k = 1,2,..., that has a cluster point in the interior of B.

Then, the sequence { f,(2)}22, converges uniformly in the interior of B.
In the sequel we shall need the following result.

Proposition 3.13. Let {un}zo:l be a sequence of p-measures on R. The following
assertions are equivalent.
(1) The sequence {un}zo:l converges weakly to a p-measure p.

(2) There exist v, 3 > 0 such that the sequence {Soun};ozl converges uniformly
on the compact subsets of I'y g to a function p, and ¢, (z) = o(|z|) uni-
formly inn as z — oo, z € I'y 5.
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(3) There exist o, > 0 such that the sequence {(pun}zo:l converges uni-
formly on the compact subsets of 'y g to a function ¢, and Im ¢, (iy) =
o(y) uniformly in n as y — +o0.

Moreover, if (1) and (2) are satisfied, we have p = ¢,, in 'y g.

This result without the assertion (3) was proved by Bercovici and Voiculescu [12].
We should prove that the assertion (3) implies (1) only.

Proof. Let (3) hold. We should prove that there exists u € M such that p(z) = ¢,(2)
and {p, }7>, converges weakly to p. Since Im ¢, (iy) = o(y) iniformly in n as y — +o0,
we obtain the relation

Fuu, (iy + o, (1) = 1y (3.12)
for sufficiently large y > yo > 0 and n > 1. The functions F), (2) € F therefore
1
F.(2)=z+a, —i—/ e on(du), ze€Ct, (3.13)
u—z

R

where a,, € R and o, are finite nonnegative measures. Rewrite (3.12) in the form

: 1+ u(iy + ¢, (iy)) B
Pun (1Y) + an +/ w = iy + o (i1)) on(du) =0, y =y (3.14)

From this relation it follows, for v > o,

_Imey,(y) 142 >
y +Imp,, (iy) B [R/ (u—Rep,, (1) + (v + Imp,, (iy))? n(du).  (3.15)

Since y +1Im ¢, (iy) = y(1+0(1)) uniformly in n for sufficiently large y and ¢, (iy) —
©(1y) as n — 0o, we obtain from (3.15) for sufficiently large y: 0,(R) < ¢1(y, ), n > 1.
Then we deduce from (3.14) that |a,| < c2(y, @), n = 1. Here ¢;(y,¢), j = 1,2, are
positive constants depended on y, ¢ only. By the vague compactness theorem (see [33],
p.179), there exists a subsequence {n’} such that

ap — a, oy(R) — b,

where a € R,b € R, and {o,/} converges in the vague topologue to some nonnegative
mesure o such that o(R) < b. Using the Helly-Brey lemma ([33], p.181) we obtain from
(3.13)

F, ,(2) = F(2) ::z+a+/<

R

:z+a+/1+uz o(du) + (b—c(R))z, n' — oo, (3.16)

1+ uz
u—z

- z) o(du) + bz

R
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uniformly on every compact set in C*. It is easy to see from (3.14) that

1+ u(e l

i) +a+ [ SELVEEIY o) 1 b= o®) G+ i) =0, v > o
(3.17)

We deduce from this equality that (b—o(R))y+ (14+b—0c(R))Im¢(iy)) < 0 for y > y,.

This implies 0(R) = b = lim,, ., 0, (R). Hence {0,/ } converges in the weak topologue

to the mesure o. In addition there exists u € M such that F(z) = F,(z), z € CT, and

we have

F,, () =2(1+0(1)), Fuz)==z2(14+0(1)) as z—o00, z€Tlyp,

uniformly in n’ for some o > 0,3 > 0. Therefore ¢, ,(2) = o(z) uniformly in n’ as
z — 00, z € I', 3. Hence assumptions of the assertion (2) hold and, by the equivalence
of (1) and (2), {pn} converges weakly to p. In other words we proved that under
assumptions of the assertion (3) we can choose a subsequence {n'} such that {u, }
converges weakly to some p-measure p. It remains to show that {yu,} converges weakly
to p. Let to the contrary {u,} does not converge weakly to p. This means that there
exists {n”} such that {y,} converges weakly to v € M such that v # p. On the other
hand, as it is follows from (3.12), F,(z) and F),(z) satisfy the equation

Fuliy +¢(y)) =iy, Fo(iy +o(y) =, y = o,
and we have F),(iy+¢(iy)) = F,(iy+¢(iy)) for y > yo. This implies F),(z) = F,(2), z €
C*, and 4 = v, a contradiction. The proposition is proved. U

We shall need the following result of Bercovici and Voiculescu [12] as well.

Proposition 3.14. Let {11,}2°, be a tight sequence of p-measures on Ry such that &y
is not in the weak closure of {,}2,. The following assertions are equivalent.

(1) The sequence {p,}5 converges in the weak topology to a measure .
(2) There exist numbers o € (0,7) and 0 < [ < A such that the sequence
{3, 152, converges uniformly on T} 4 A to a function ¥.

Moreover, if (1) and (2) are satisfied, we have ¥ =3, in I’;L’QA.

We need the following result of Bercovici and Voiculescu [11] as well.
For positive number « denote D, := {z € C: |z] < a}.

Proposition 3.15. Consider a measure pn € M, and a sequence j1; € M, j=1,....
The following assertions are equivalent.
(1) The sequence {pn}22, converges in the weak topology to a measure p €
(2) There exists a positive number a such that the sequence {X,,}32, con-
verges uniformly on D, to a function 3,.

Moreover, if (1) and (2) are satisfied, we have ¥ =%, in D,.
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4. ADDITIVE FREE CONVOLUTION

In this section we prove Theorem 2.1 and its consequences. We need the following
auxiliary results.

Lemma 4.1. Let g : CT — C~ be analytic with

lim inf l9(iy)|

= 0. 4.1
iminf (41)

Then the function f : CT™ — C defined via z — z+g(z) takes every value in CT precisely
once. The inverse f(-1) . Ct — C* thus defined is in the class F.

This lemma generalizes a result of Maassen [36] (see Lemma 2.3). Maassen proved
Lemma 4.1 under the additional restriction |g(z)| < ¢/Imz for z € Ct, where ¢ is
a constant.

Proof. Since g : Ct — C~ is analytic, it can be written in Nevanlinna’s integral form
(see (3.3) in Section 3)

1
g(z) =a—bz — / T o(du), (4.2)
u—z
R
where a,b € R, b > 0 and ¢ is a finite nonnegative measure. By (4.1), b = 0. Denote
a. = o({|u| > ¢}), where ¢ > 0 is chosen such that a. < 1. We may decompose 1+ uz
in the integral (4.2) as 1+ u® +u(z —u) for |u| < c and as 1+ 2%+ z(u — 2) for |u| > c.
Hence we get f(2) = a. + fi(2) + fa(2) for z € C*, where a. := a + f[_c q wo(du) and

e = 0—ade— [ ot po)=-0+2) [ 10

uU—z u—z
[—676} ‘U|>C

Let w € C*, denote w; := w—a,. For every fixed w € C* we consider a closed rectifiable
curve 71 = 7y, (w) (see Figure 1) consisting of some smooth curve 7 ; connecting wy — R
to wy + R inside the strip 0 < Imz < Imw, the arc y;5 : 0 < arg(z —w;) < 7 on
the circle |z —w;| = R connecting w; + R to wy + Re™, the arc 713 : n < arg(z —w;) <

7 — n on the circle |z — w;| = R connecting w; + Re™ to w; — Re™™, and the arc
Y14 0T —1n < arg(z —wp) < 7 on the circle |z — wy| = R connecting w; — Re™™ to
w; — R. Here 7 is given by n := 10?2 min{argw;, —argw;}. We also assume that

R > 0 is sufficiently large.

Note by (4.2) with b = 0 that max.c., , |g9(2)|/|2] = 0 as R — oco. We also see that
on y13 Imz > Imw + Rsinn. Since —Img(z) = o(R), z € 71,3, we have Im f(z) >
Imw + Rsinn — o(R) > Imw, z € v 3. Therefore, if z runs through ~; 3 the image
f(2) lies in the half-plane Im z > Im w.

For z € v11, Im(2+¢(2)) < Im z < Im w. Therefore, if z runs through 7, ; the image
f(2) lies in the half-plane Im z < Im w.
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w1 + Rei(m=m) w1 + Re'

V1,4 V1,2
w1 — R R """""""""""""""""""""""""" w1 + R
. 71,1
0
FIGURE 1

Let z € 712 It is easy to see that, for |z| > ¢,

) =01 - )(”1—@ szﬂ/ 1+ u?) (du))
[—e.c]

Therefore we obtain the following formula, for |z| > 2(¢* + 1)(o(R) + 1) /(1 — «.),

log f1(z) =log(1 — a,) + logz + Z %,

where a,, are real coefficients such that |a,,| < K™, m = 1,..., with some positive
constant K. Here and in the sequel we choose the prmciple branch of the logarithm.
Hence, for |z| > 2K,

. apsin ((m+ 1) arg 2)

arg f1(z) = argz — Z Er= (4.3)
m=1
= (1 +@Z %) arg z = ( —1-6@‘ |2> arg z,

where © denotes a real-valued quantity such that |©| < 1. On the other hand we easily
obtain, for |z|] > 2,

20
arg(l + 2%) = 2(1 + W) arg z.

o(du)
ul>c u—=z

Therefore we conclude from the definition of f5(z), taking into account that — f‘ €

c,

20 20
—T 4 2(1 + W> arg z < arg fo(z) < 2(1 + W) argz, 2 € v (4.4)
z z
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From (4.3) and (4.4) it follows that, for z € v19, |arg fi(z) — arg fo(2)] < 7 and
therefore
20 20
—7r+2<1+W> arg z < arg(f1(2)+ f2(2)) < 2<1+W> argz, 2z € a2 (4.5)

We conclude from (4.5) that the image ¢ = f(z) lies in the domain Dy := {( € C:
—m < arg( < 3n} when z runs through 7 ». In addition the point w does not lie in D,
by the choice of the parameter 7. In the same way we deduce that the image ( = f(2)
liesin Dy :={( € C:m —3n < arg( < 2r} and w ¢ Dy when z runs through ~ 4.

Hence f(z) winds around w once, and it follows from the argument principle that
inside the curve ; there is a unique point zy such that f(zp) = w. Since this relation
holds for all sufficiently large R > 0 and all curves 7, ;, we deduce that the point zj is
unique in C™.

Hence the inverse function f(-Y : C* — C7 exists and is analytic in C*. By the
condition (4.1), lim, ., (iy/fCY(iy)) = 1 and therefore fY € F. This proves
the lemma. U

Let z; € Ct and 2, € C', and introduce the functions
wi (21, 22) == 21 + 20 — F,,(22), wo (21, 22) = 21 + 20 — F,, (21).

Lemma 4.2. For every z € C" there exist unique points z; € CT and 2o € CT such
that

z=w(z1,22) and z=wsy(z,2). (4.6)
Proof. Let us fix z € C*. For every 2z, € C* we define 2, := 2z — (22 — F},,(22)). Recall
that F,, € F, j = 1,2. Since, by (3.6), (22 — Fj,,(22)) € C”UR, it follows that z, € C*.

Hence it suffices to prove that the equation

Fl(22) = F,, (2 = (22 — Fu(22))) (4.7)
has a unique solution z; € C*. Rewrite (4.7) in the form

Z=22—Gu (Z — (22— FHQ(’ZQ)))7
where g, (w) == F,

i (w) —w for w e C*.
By (3.3), the functions g, (w), j = 1,2, admit the representation

1+ ww
Iu; (w) = a; +

u—w
R

7j(du), w e CH,

where a; € R and 7; are finite nonnegative measures. Therefore

, 1+ u?
Im g, (iy) = y/ e 7j(du)
R
and ( 2
, u(l —y
Re g, (iy) = a; + / Er gt 7;(du).

R
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For y > 1, we obtain the following estimates

tmg, (i) > 53 [ 1+ w)rd+% [ niaw
[—y.y] lul>y
and
Regy, ()] < ol + [ fulray+o2 [ 20
[—y.v] lul>y
We conclude from the last two inequalities and Lyapunov’s inequality that

| Re gy, (iy)] < c(1+ (yImg,,(iy)"* + Img,,(iy)), y>1, (4.8)

where ¢ is a positive constant.
We shall prove that

191 (2 — (iIm 25 — F,,(iIm 25)))|/Imz, — 0 as Imz — 4oo. (4.9)
Let to the contrary
|91 (2 = (i — Fuo (i) )|/ = ¢ > 0 (4.10)

for some sequence {yx}72, such that y, — 400 and for a positive constant c.
If liminf,, . o |iyr — Fl,(iyp)| < oo, then there exists a subsequence {y; }p2, C
{yr}i, such that limy o |iy, — Fl,(iy;)| < oo. It is easy to see, Im(z — (iy;, —
F,,(iy,)) 2 Imz and |z — (iy;, — F), (iy;,)| < |2| + ¢1 for all y, and for some constant
¢; > 0. Hence in this case we have |g,, (z — (iy, — F,(iy}))| < ¢ for all y, and for
some constant ¢o > 0. This estimate contradicts to (4.10).

Let liminf,, o |iyr — Fj,(iyg)| = oo and liminf,, | Re(iyy — Fj,(iyx))| = oo.
We see that

: ( ) |u|71 du)
|90 (2 + gy (ir) )| < + 2 + gp, (1Y) |
. " - J Tu =2 = gu(iye)]
7’1(|R) . . . .
e |2+ Guo (iyw) | (1 (iyk) + Lo (iye) + Ig(l?/k)),
where .
i () | Reguuline)
s U — 2 — gu, (iyr)] |Gz (1) | ’
u| <z
: |u| 71 (du) | Re g, (1)
L(iyg) == / , <ec = — 7 ({|u| > z1/2}),
2{ige) o= 2 (] < Tz + D g, (i) 141> #4721
o /2<|u| L2z,
and

I3(iyy) = / | |U|7'1(du).

w2 = g (ige)|

|u|>2xy,
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with some positive constant and xj, := | Re g, (iy;)|. Using (4.8), we finally obtain
n(R)
Im ~
From this estimate it follows immediately that

191 (2 = (g — Flux (1)) )|
Yk
a contradiction with (4.10).
Let liminf,, . o iy — F,(iyg)| = oo and liminf,, || Re(iyy — Fj, (iyg))| < oo.
Without loss of generality we can assume that limsup,, ., [ Re(iyr — F, (iyx))| < oo.
Since |g,, (2 + 22)|/Imz; — 0 as 2z — +oo nontangentially to R and |iImzy —
F,,(iIm 2)|/Im 25 — 0 as Im 2o — 400, we see that

|90 (2 = iy — Fpup (i) |2 — (i — Fpuy (1))
|2 = (iye — Fu (i) Yk
a contradiction with (4.10). Hence (4.9) is proved.
Consider the function f(z;) := 2z — §(22), where §(z;) := G (2 = (22 = Fuy(22))),
zy € CT. By the definition of the function g,,, we see that —g : C* — C~. By (4.9),
the —g satisfies the condition (4.1). Applying Lemma 4.1 to the function f(ZQ), we

obtain that (4.7) has a unique solution 2z, € C* for every fixed z € C*, thus proving
the lemma. U

Proof of Theorem 2.1. Consider the function F(z,z) := F,(22) — Fj, (2 — (22 —
F,(22))) as a function of the two complex variables z and z,. It is analytic on C* x C*.
By Lemma 4.2, for every fixed z = 2 € C* the equation (4.7) has an unique solution
z9 € C'. Hence F(2°,29) = 0. We shall verify that F(z° 2z) # 0 for 2, € C*.
Assume that F(z°, z5) = 0 holds in z, € C*. Since Im F,, (iy)/y — 1 and Im F),, (z —
(ty — F,(iy)))/y — 0 as y — +o00, by arguments as in Lemma 4.2, we arrive at
a contradiction. Therefore the function F'(z,z2,) satisfies the assumption (3.10) of
Theorem 3.8 (Weierstrass’ preparation theorem) at the point (2%, z3). Moreover, by
this theorem and Lemma 4.2, the function F(z, z2) admits the representation (3.11) in
a neighborhood |z — 2°| < 7', |23 — 29| < p’ with the positive integer k¥ = 1. Let us
show that there exists 0 < r” < r/ such that the equation F'(z,z3) = 0 has a unique
root 2o in |29 — 29| < p/ for any given z with |z — 2°| < 7”. Since F(z,2;) = 0, (3.11)
implies that

19 (2 4 g (18))| < | + +eyrm({[u] > @/2}) + clz + gu, (iyn) |-

— 0 as yr — +o0,

— 0 as yr — 400,

P(z,29) = Ap(2) + 22 =0

for z, zo from the above neighborhood. Here the functions Ay(z) is analytic in the do-
main |z — 2% < r” and Ap(2°) = —29. For every z with |z — 2°] < r” and a sufficiently
small " = 7”(2°) € (0,77), this equation has a root 25(z; 29) := —Ag(2) in |29 — 23] < p.

Thus, we have proved that for every given point 2" € CT there exists a neighborhood
|z—2% < r"(2°) such that (4.7) has an unique regular solution zy = 25(z; 2°) with values
in C*. Note that for points 2/ € C* and 2z € C, 2/ # 2", we have zy(z; 2') = 29(z;2")
for all z in {|z — 2| < r"(Z)} N{|z — 2"| <r"(Z")}. By the monodromy theorem (see
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[37], v. 3, p. 269, [38], p. 217), there exists a regular function Z,(z), z € C*, such that,
for every point 20 € CT, Zy(2) = 22(2;2%) for |z — 2°] < 7”(2%). Therefore Zy(z) € N
and it is an unique solution of (4.7).

It is easy to see from (4.7) that Z,(z) is in the class F. Indeed, we note that the func-
tion Fu(Za(2)~ Za(2) € N and, by (3.4), Fyu(Zs(2))— Za(2) = (b+o(1)z, where b > 0
is some constant, for z € C* such that | Re z|/ Im z stays bounded as |z| tends to infin-
ity. Hence the function z + F,,(Z2(2)) — Zs(z) € N and |z + F,,,(Z2(2)) — Zs(z)| — o0
for the same z. In addition | Re(z + F,,(Z2(2)) — Za2(2))|/ Im(2 + F),,(Za2(2)) — Zs(2))
remains bounded as |z| tends to infinity. Therefore, by (3.4),

Fuy (2 4 iy (22(2)) = 25(2)) = (2 4 Fiy (22(2)) = Za(2)(1 + 0(1))
for the considered z. Using this relation, we conclude from (4.7) and (3.4) that
(1

Zy(2) = (1 +0(1)z + o(1)(F,(Z2(2)) = Z2(2)) = (1 4+ 0(1))2

for the same z. Thus Z; € F. The desired result is proved.

Choosing Z,(z) := z— Zs(2) + F,,(Z2(2)), z € CT, we see that Z; and Z, are unique
solutions of (4.6) in the class F. Hence Theorem 2.1 is proved. [

Proof of Corollary 2.2. For simplicity we shall prove this corollary in the case n = 3.
The general case follows by induction.

Denote pa3 1= po B pus. We have, by associativity, g 8 pe B pg = pg 8 po3. By
Theorem 2.1, there exist unique functions W; and Wj 3 in the class F such that, for
zeCt,

z=Wi(z) + Was(z) — Fl,,(Wi(z)) and  F, (Wi(2)) = Fp, ;(Was(2)). (4.11)

On the other hand, again by Theorem 2.1, there exist unique functions Wy € F and
W3 € F such that, for z € CT,

2= Wa(2) + Wa(2) = Fl,,(Wa(2))  and F, (Wa(2)) = Fuiy(Wa(2)).
Hence, replacing z by Wa3(z) in the last equation we get, for all z € CT,
Was(2) = Wa(Was(2)) + Ws(Was(2)) — Fluy (Wa(Was(2))) (4.12)
and
Fpuy (Wa(Wa3(2))) = Fly (Ws(Was(2))). (4.13)
Comparing (4.11) and (4.12), (4.13), we obtain the assertion of Corollary 2.2 with
Zl(Z) = Wl(Z), ZQ(Z) = WQ(W273(Z)) and Zg(Z) = Wg(Wzg(Z)). ]
Corollary 2.3 is an obvious consequence of Corollary 2.2. Note that the continuous

semigroup version of Corollary 2.3 with ¢ > 1 replacing n is proved using Lemma 4.1
and Lemma 4.2, and repeating the arguments of Theorem 2.1.

5. MULTIPLICATIVE FREE CONVOLUTION

1. Consider the case of multiplicative convolution for p-measures of class M, . In
order to prove Theorem 2.4 we need the following two auxiliary results.
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Let 1, ps € My and w € Ct. Introduce the functions

Ky, (2) Ky, (f1(2)) z
2) =w , 2) = 22 and 2)=-——, z€cC" .
i) =w=2= RE =750 5= 56
Lemma 5.1. The function f3 : Ct — C takes the value w € C* precisely once.
Moreover, f3 takes this value in D, :=={z € C:argw < argz < 7}.

Proof. We shall fix w € CT. Let a € (0,argw). Denote by 72 = 7a(c) (see Figure 2)
the closed rectifiable curve consisting of the line segment o : te’®, 1/R < t < R,
connecting €’/ R to Re™, the arc 79 : @ < arg z < 7 on the circle |2| = R connecting
Re™ to —R, the line segment 3 : —R < t < —1/R connecting —R to —1/R, and
the arc 794 : @ < argz < 7 on the circle |z] = 1/R connecting —1/R to €'*/R. Here
the parameter R > 0 and will be chosen later sufficiently large. Let z run through ~,
in the counter clockwise direction.

FIGURE 2

Since the function K, is in the Krein class K, we note that argw < arg f1(2) <=
for all z € C with argw < argz < m. Let z € C such that argw < argz < 7 + argw.
Since K, (2) = K, (2) and 0 < arg(K,, (2)/2) < m—arg z for z € C*, we conclude that
Im fi(z) > 0 on the angular domain {z € C : argw < argz < m + argw}. Therefore
the function fy(ze'*") is in the class N.

On the other hand we see that argw < arg f1(z) < m + argw for all z € C*. Since
K,,(2) = K,,(z) and 0 < arg(K,,(z)/z) < m —argz for z € C*, we deduce that
elarew f,(z) is in the class N

Using the representation (3.3) for functions f € N, we note that if |f(re!)|/r — 0
as v — oo for any fixed o € (0,7), then |f(z)|/r — 0 as r — oo uniformly in
the angle 0 < arg z < m — 0 with any fixed § € (0, 7). From this and from the relations
fa(ze'®8w) € N and e'®8% f,(2) € N we easily obtain that the estimate

|f2(2)]

max
z2€72,2

— 0, R— o0, (5.1)
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follows from the estimate

@ — 0, R— oo. (5.2)

Let us prove (5.2). At the first step we shall consider the behavior of the function
fi(—=R) for R > 1. The functions K,, € K, j = 1,2, admit (see (2.8)) the representa-
tion

K, (2) = a;z + 2g9;(—2) == ajz + 2 / 2 zect, (5.3)
(0,00)

where a; > 0 and the nonnegative measures 7; satisfy the condition (2.9). Hence we
have

AR =w(m+ [ 29 <+ ()

u+ R
(0,00)

Note that ¢g;(R) — 0 as R — oo and, if 7y # 0, then

Tl((O,R)) C
gi(R) = —fn P = (5.4)

for sufficiently large R > 1. Here and in the sequel we shall denote by ¢ positive
constants which do not depend on R. In view of (5.3), we obtain the formula

To(du)
u—w(ay + g1(R))

fa(—R) = as + /

(0,00)

= ay + go(—w(a1 + g1 (R))). (5.5)

If in (5.5) a; > 0, then, it is easy to see, that |fo(—R)| < ¢ and we arrive at (5.2). Let
a; = 0. In this case we need an upper bound for the function |gs(—wg;(R))| for large
R>1.

Since a; = 0, we conclude 71 #Z 0 and write, using (5.4),

o _ g91(R) Imw
Im g5 (—wg:1(R)) (04) (u— g1(R)Rew)? + (g1(R) Im w)?
_ (0Bl (R) | o ()

g1(R) Imw u?
[—91(R) log g1(R),00)

72((0, —g1(R) log g1 (R))) 1 (LY,
<<( n(E) + iisa@r) ~ o) —o B 69

TQ(dU)
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as R — oo. In addition we have
(u—g1(R)Rew)

|Re g2(—waq (R))| = ‘ / (0= 1 (R) Rewp + (g1(B) Imw)? 7o (du) (5.7)
(0,00)
72((0, 2|w[g1(R))) Ta(du)
C< 91(R) i u

[2|w]g1(R),—g1(R)log g1(R))
TQ(dU)) ( 1 )
+ ) =0 =o(R), R — ooc.
/ u g1(R) #)
[~91(R) log g1(R),00)

The estimate (5.2) and, hence (5.1), follows immediately from (5.6) and (5.7).
Now we shall prove that

R max |fs(2)] — 00, R — o0. (5.8)

z€72,4

We shall write f;(z) in the form
fi(2) = w(Re(K), (2)/2) + i Im(Ky, (2)/2))
=wla (u—Rez) 71 (du
—uw(m+ [ 7 \(du)

u—Rez)? + (Im z)?

(0,00)
Im 2

* i(oé) (u—Rez)? + (Im 2)? Tl(du)) (5.9)

Let |z| = 1/R and n|Rez| < Im z, where 7 := min{tan«, 1/10}. For these z, using
(5.9), we obtain for sufficiently large R > 1 the inequality

‘RGM‘ <a+ n((0,2Imz/n) / n(du) _ o(R).  (5.10)

z Im 2 U

[2Im z/n,00)
On the other hand the following lower bound holds

’Re KMI(Z) 2 al_'_l / Tl(du) o 7‘1((0,21mz/77)) (511)
z 2 U Imz
[2Im z/n,00)

In addition, using (5.9), we deduce, for the same z,

7’ K, (2)

qu(z) < Im% <4 (2), (5.12)
where
we) = 02T g, [ D o say)

[2Im z/n,00)
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Comparing (5.11) and the left-hand side of the inequality (5.12), we conclude that
|K,,(2)/z] = c for some positive constant ¢ and the z considered above. From (5.10)
and the right-hand side of the inequality (5.12) we see that |fi(2)| = o(R) for those z.
Moreover by (5.3) and by the definition of fi(z), it follows that argw < arg fi(z) <
7+ argw for z € C*. Hence, we get, for |z| = 1/R,n|Rez| < Imz,

c< fi(z)] =0(R) and argw < arg fi(z) < 7+ argw, (5.14)

with some positive constant c.

Let |z = 1/R and Rez < 0,—nRe z > Im z. Repeating the previous arguments we
obtain the estimate (5.14) for such z. Thus, (5.14) holds for all z € 754.

Using (5.3), it is not difficult to conclude that |K,,(2)| > c(d1,62) for |z| = 6; and
0y < argz < 21 — Jy, where §; > 0, dy € (0, ) are constants and ¢(dy, d3) is a positive
constant depending on d; and ds. Using this estimate, we arrive at the lower bound

’Kuz(fl(z))’ c N
Az 17 1AGRIT R
where N(R) — oo as R — oco. The relation (5.8) follows from this bound.

Now we let z run through 7, in the counter clockwise direction.

We see from the arguments at the beginning of the proof of the lemma that o —
argw < arg fo(2) < m —argw for z € C such that o < argz < w. If z traverses
V2,1, the image ¢ = f53(z) lies in the angular region argw + a — 7 < arg( < argw in
the (-plane.

If z traverses 72 2, by (5.1), the image ¢ = f3(2) lies in the domain |(| > N;(R), argw+
a—7 <arg( < argw + 1 — «, where Ni(R) — oo as R — oc.

If z traverses 7o3, the image ¢ = f3(2) lies in the angular domain argw < arg( <
argw + m™ — .

Finally, by (5.8), when z moves in 7,4, the image ¢ = f3(2) lies in the disk || <
1/Ny(R), where No(R) — oo as R — oo.

In view of these results about the image ( = f3(z), we see that the winding number of
f3(2) around w, when z traverses v, in the counter clockwise direction, is equal to one.
Hence, by the argument principle, the function f3(z) takes the value w precisely once
inside 5. Since this assertion holds for all sufficiently large R > 1 and all 0 < a <
argw, f3(z) takes the value w precisely once in C*. In addition, it takes this value in
the domain argw < arg z < w. This proves the lemma. U

S V2,4,

Lemma 5.2. For every z € C* there exist unique points z; € CT and z € C* such
that z127' € CT U (0,00) and 227! € C* U (0, 00), and

229 = 2K, (z1) and 2120 = 2K, (22). (5.15)
Proof. Fix z € C*. In view of the second relation of (5.15), we have z; = 2K, (22)/ 2.
Since K, (z2) belongs to the class K, we obtain z; € CT and z;z27* € C* U (0, 00)
provided that zo € CT and 227! € C* U (0,00). It remains to solve the functional
equation

K, (20) = K,y (2K, (22)/22). (5.16)
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Rewrite it in the form z = z5/ K (z9; 2), where

K (203 2) 1= Kpy, (2K, (22) [ 22) (2K 1y (22) ) 22) = Ky (1) /21 (5.17)

We see that, for fixed z € C*, the function f3(z) := 23/ K (22; 2) has the same type
as the function f3 in Lemma 5.1. Applying Lemma 5.1 to the function f3, we obtain
the assertion of the lemma. U

We need as well the following auxiliary lemma which is an analogue of Lemma 4.1.
Denote S; :={2€C: 0<Imz <}

Lemma 5.3. Assume that fy has the representation

a 1+uz
fa(z) = —arz + ;2 + /

z—u
(0,00)

o(du), 0<argz <2, (5.18)

where aj > 0, j = 1,2, and o (0 # 0) is a finite nonnegative measure. Then the func-
tion f5(z) := logz + fi(z), f5s : C* — C takes every value in S, precisely once.
The inverse function fé_l) : Sy — C* thus defined has the property that fé_l)(log 2)
belongs to the class K.

Proof. We shall prove that for every w € S, there exists an unique z € C* such that

w = f5(2) =logz + fi(2). (5.19)
Recall that we take the principle branch of the logarithm only. Let a € (0,Imw) and
let 75 be the curve defined in the proof of Lemma 5.1.

Let z traverse 723. The image ¢ = f5(z) lies on the line Im ¢ = 7. Furthermore,
we have log(—R) + fi(—R) = log R+ fi(—R) + im with log R + fs(—R) = (log R)/2,
and log(—1/R) + fi(—1/R) = —log R + fi(—1/R) + im with —log R + f4(—=1/R) <
—(log R)/2.

Let z move in y24. Since

/ u|Z‘ a(du) < CT((O, OO))|Z|d(z), = (C+,

|2 = ul

(0,00)

where d(z) := 1 for Rez < 0 and d(z) := |z|/Im z, for Rez > 0, we easily conclude,
for z € 94, Re 2z <0,
a c
Re(fi(z) +amz—2) <o R—ox,

with some positive constant ¢, and, for z € 24, Rez > 0,

arg <f4(z)+a1z—%> = arg <— / uo(du) +z / o(du) —i—O(l/R)) < 27?—%.

|z — ul? |z — ul?
(0,00) (0,00)
Hence the image ¢ = f5(z) either lies in the domain {( € C: o < Im( < m, |(| >
c(a)log R}, where ¢(«) is a positive constant, or in the half-plane {¢ € C: Im({ < a}.
Let z traverse v, ;. Note that the image ( = f5(z) lies in the half-plane Im ¢ < a.
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Let finally z traverse v55. Since Im f4(2) < 0, we see that the image ¢ = f;5(2) lies
in the half-plane {¢ € C: Im( < a} or in the domain {( € C: o < Im( < 7}.

Assume that ¢ = f5(z) liesin {¢ € C: o < Im({ < 7}. In this case we easily see
that —Im f4(2) < 7 — a and we obtain the inequality

I 1 2
—Im fy(z) :a11m2+a2%+lmz / ﬁa(du) <7 —a, (5.20)
(0,00)
On the other hand note that, for z € v,
u(|z]* — uRez)

|2 — ul?

o(du)+0O(1), R —oo. (5.21)

Re fy(z) = —a; Rez + /

(0,00)

Since, for z € Y29, |fa(2) + 12 — ag/z’ = o(R), we deduce from (5.21) in the case
a; # 0 the bound |Re fy(2)| > ¢R. This means that ( = f5(z) lies in the domain
{¢eC:a<Im(<m, [¢|>1logR}. If a; = 0, then we have from (5.20) and (5.21)

Re fu(2) > / ﬁ o(du) — (1 + sign(Rez))%(w —a)+0(1)

(0,00)

|2 = ul?

(0,00)

We conclude again that ¢ = f5(z) lies in the domain {( € C : a« < Im( < 7, |¢| >
:log R}.

Hence the image ¢ = f5(z) for z € 795 lies in the half-plane {( € C : Im({ < a} or
in the domain {¢ € C: o <Im( <, |[¢| > 5log R}.

Therefore we conclude that the image ¢ = f5(z) winds around w once when z runs
through 7. By the argument principle, there is an unique point z inside 7, such that
(5.19) holds. This relation is valid for all sufficiently large R > 1 and sufficiently small
a > 0. Thus for every fixed w € S, there is an unique point z € C* such that (5.19)

holds. This implies that the inverse function ¢ = féfl) : G, — C* exists and is analytic
on S,.
Let us show that ¢(z) admits an analytic continuation on the half-line v_ : Im z =
m,Rez < 0, and that its value on this half-line is negative. It is easy to see that
1 as / (1 +u?)o(du)

o=y -a-m- | o

- = <0, x<0.
(0,00)

Since f5(z) is analytic on (—o00,0), we conclude that f5(_1) exists and is analytic on
~v_ as well. Since, as shown above, for every fixed w € S, there is an unique point
z € C* such that (5.19) holds, this function coincides for z € C* with the function ¢(z)
obtained early. Introduce the function fs(z) := ¢(log z), z € C*. Note that fs € N and
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6(71)(2) = zexp{fi(2)}, on the domain C*, where féfl) exists. Moreover, the function
f6(2) admits an analytic continuation on (—o0,0).

From the definition of fs(z) it follows that fg(z) < 0 for < 0 and fg(x) — 0 as

x T 0. By Corollary 3.3, fs belongs to the class K and we obtain the assertion of

the lemma. t

Proof of Theorem 2.4. Consider the function
F(Z, 22) = KHQ (2;2) - K/Jl (zKﬂQ (2;2)/2;2)

which, by (2.8), is analytic on C* x CT. By Lemma 5.2, for every fixed z = 2° € C*
the equation (5.16) has an unique solution 2y = 2 € {2z € C : arg2? < argzy < 7}.
Let us show that the function F(z, zy) satifies (3.10) at the point (2%, 29). Note that if
K,y (22) = K, (2K, (22)/22) holds for zo € C* such that |29 — 28| < #/ with r/ > 0,
then this equality holds for all 2o € C*. By (5.2), the function K(—r;2°) introduced
in (5.17) has the property K(—7;2°)/r — 0 as r — oo. Since the relation 2° =
—r/R(—r;2°) holds for r > 0, we arrive at a contradiction. Hence the point (z°, 29)
satisfies the assumptions (3.10) of Theorem 3.7. Now repeating almost word for word
the arguments of the proof of Theorem 2.1, using Lemma 5.2 instead of Lemma 4.2,
and Theorem 3.1, Corollary 3.3, we obtain the assertion of the theorem. [

We prove Corollaries 2.5 and 2.6 in the same way as Corollaries 2.2 and 2.3.

Rewrite the relation (2.13) with n —1 =1 € [0, 00) in the form

Z(z) = z(%)t, zeCh t>0. (5.22)

Consider the function F(z) := K,(z)/z, z € C*. This function belongs to the class
N, is analytic and nonnegative on the negative real axis (—00,0). By Theorem 3.4,
F(z) admits the representation (5.18) with a; = as = 0. By Lemma 5.3, there exists
a function Z(z) € K such that (5.22) holds.

The relation (5.22) implies that there exists a semigroup p; € M, t > 1, such that
(Zu(2))" =2 (2), t 2 1.

2. Consider the case of multiplicative convolution for p-measures of the class M,.
In order to prove Theorem 1.7 we need some auxiliary results.

Lemma 5.4. Let Q € S and Q(0) # 0. Then the function g : D\{0} — C: z +— Q(z)/z

takes every value in C\ D precisely once.

Proof. Without loss of generality we assume that Q(0) > 0. Let w € C\ D and let
r € (0,1). We assume that 1 — r is sufficiently small. It is easy to see that there exist
0 =0(w,r) € [0,27) and @ # argw such that Q(z)/z # w for z = pe? 1 —r < p < 7.
Let v3 = v3(w, 0) (see Figure 3) be the closed rectifiable curve consisting of the two
circles 39 : |2| = 1 —r and 734 : |2| = 7, and the segments 731,733 which coincide
with the segment ~ : te??, 1 — r <t < r, traversed twice in opposite directions.

We note that the number of loops around w by the map z — @Q(z)/z as z traverses
the curve 73 once in the counter clockwise direction is equal to 1. Indeed, if z traverses
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FIGURE 3

73,1 the number of windings around w is equal to some number a. If z traverses «ys 4
the number of windings around w is equal to 0. Finally, moving along ~3 5, the number
of windings around w is equal to —a. Hence traversing 73 1, 34 and 73 3 in the counter
clockwise direction the number of windings around w is equal to 0. Traversing 73,
we wind around w once. Hence, by the argument principle, the function Q(z)/z takes
the value w in the domain {z : 1 —r < |z| < r} precisely once. Since this assertion
holds for all 0 < r < 1, Q(z)/z takes every value w € C\ D in D precisely once. O

Let 4, and 1o belong to the class M,. Denote a; := [1&p;(d€), j = 1,2. Recall
that Q,;(0) =0, a; #0, j = 1,2.

Lemma 5.5. For every z € D\ {0}, there exist unique points z; € D and z3 € D such
that (z1, z2) # (0,0) and

z
29 = zQ’“i(l) and z =z
21 22

(5.23)

Proof. Fix z € D\ {0}. Assume for definiteness |as| < |a1]|. It follows from Proposi-
tion 3.6 that @), (azz) # 0 for every z € D.

By Schwarz’s lemma, |Q,,,(22)/22| < 1, 22 € D. The second relation of (5.23) implies
that if z5 € D, then z; € D as well. Hence, by the first relation of (5.23), we need to
solve the functional equation

Q/JQ (2;2) = Q,ul (zQMQ (2;2)/2;2), 2y € D. (5'24>
Rewrite this relation in the form z5/z = Q(z2), where
Q(22) = Quy (2Qua (22)/ 22) / (2Qs (22) [ 22).

The function @ satisfies Q(0) = Q,, (a22)/(azz) # 0 and Q € S. By Lemma 5.4, we
obtain the assertion of the lemma for all z € D\ {0}. O
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We need as well the following auxiliary lemma which is an analogue of Lemma 4.1
for the semigroup (M., X).

Lemma 5.6. Define

O1(2) = E+ 2

ol o(du), =ze€D, (5.25)
T

where o (o # 0) is finite nonnegative measure. Then the function Qs : D — C, Qo(2) =

zexp{Q1(2)}, takes every value in D precisely once. The inverse Qg_l) : D — D thus
defined is in the class S..

Proof.  Let w € D. Introduce the curve v4 : |z| = r, where r € (0,1) and 1 —r
is sufficiently small. Note that Im Q1(0) = 0. Then, by the minimum and maximum
principles for harmonic functions, for every r € (0, 1) there exist points ¢’ and 6" €
[0, 27) such that Im Q;(re®) < 0 and Im Q;(re?”") > 0. Since for every fixed r € (0,1)
0 — Im Q,(re®) is analytic on the segment [0,27], there are only a finite number of
points {re?}F  with 0 < 0; < 6y < -+ < 0 < 27, such that Im Q;(re'®) = 0, | =
1,2,...,k. Consider the arcs vy, : 0, < argz < 044, |2| = 7, 1 = 1,...,k, with
9k+1 - 91 + 2.

FIGURE 4

Let z run transverse 74, in the counter clockwise direction. Since |exp{Q1(z)}| > 1,
we note that the change in Arg(Qs(z) — w) is equals to

(arg(re™+1 — w) — arg(re' — w))/(2n).

Hence the image ( = @2(z) winds around w once when z transverses -y, once in
the counter clockwise direction. By the argument principle, the function Q)3 : D — C
takes the value w € D in D precisely once. The inverse function ng” : D — D thus

defined is analytic on D and obviously belongs to the class S,. The lemma is proved.
O
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Proof of Theorem 2.7. We assume for definiteness that |as| < |aj|. Consider
the function F(z,2) = Qu,(22) — Qu, (2Qs(22)/22) which is analytic on D x D.
For a fixed z = 2% € D the equation (5.24) has, by Lemma 5.5, a unique solution
7y = 29 € D. Moreover, if F(2° 25) = 0 for 2y in some neighborhood of the point 23,
then F(2° 25) = 0 for all zo € D. This relation is equivalent to 2,/2° = Q(22), 20 € D,
where Q € S. Choosing here |z;| > |2°| we arrive at a contradiction. Hence the function
F(z, 29) satisfies the assumptions (3.10) of Theorem 3.7 at the point (2°, 29). Repeating
almost word for word the arguments of the proof of Theorem 2.1, using Lemma 5.5
instead of Lemma 4.2, we obtain that there exists a neighborhood |z —2°| < r(z") such
that the equation F'(z,z3) = 0 has a unique analytic solution zy = 25(2; 2°) with values
in D. Choosing 21(2;2%) 1= 2Q,,(22(2; 2°))/22(2; 2°), there are two analytic functions
21(2;2°) and z(z; 2°) with values in D which satisfy the equations

21(2;2%)22(2;2%) = 2Q, (21(2;2°))  and  21(2;2%)22(2; 2°) = 2Q,, (22(2; 2°)).

By Lemma 5.5, for the points 2/ € D and z” € D, 2/ # 2", we obtain the identities
21(2;2") = 21(2;2"), 22(2;2") = 22(2;2") for z of the domain {|z — 2/| < r(2')} N
{|]z = 2"| < r(2")}. By the monodromy theorem, there exist analytic functions Z;(z)
and Z5(z), z € D, such that, for every point 2° € D, Z;(z) = 2;(2;2°), j = 1,2, for
|z — 2% < r(2%). These functions belong to the class S and are unique solutions of
equations (2.15) for p;, j = 1,2. Moreover, it is easy to see that Z;, Z, € S.. This
proves the theorem. []

We prove Corollaries 2.8 and 2.9 in the same way as Corollaries 2.2 and 2.3.

Now we prove the relation (2.18) with n =t € [1,00). In the first step we note from
(2.18) that Qux,(2)/2z # 0, z € D. Since this function belongs to the class S, it has

the form
Qu(2) = exp {ai — /
z
T

where a € R and o is a finite nonnegative measure. By Lemma 5.6, we conclude that
there exists Z(z) € S, such that

Z@):ZG&%%g@DY, 2eD. t>0, (5.26)

gszMQ} 2 eD,

We obtain from (5.26) the existence a semigroup p, € M., u > 2, such that
(Z.(2)" =S, (2), u=2. (5.27)
If Qu(2)/z #0, z € D, then, as before, the following relation holds

Z(z) = z<%>t, zeD, t>0, (5.28)

and (5.27) is true for u > 1.
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6. BASIC ARITHMETIC AND KHINTCHINE’S LIMIT THEOREMS FOR
THE SEMIGROUPS (M, o)

In this section we shall prove Theorems 2.10, 2.11 and 2.12.

Introduce sets M” of measures of M in the following way.

Consider the semigroup (M, H). Let I', 5 denote the closure of I'y, 5. Denote by
M@B) the set of those u € M such that F,(2) is univalent on €, where Q, C C* is a
domain, for which F,(9,) D T4 The function F,(z) has an inverse F7Y(2) defined
on T, 5 such that Imp,(2) < 0. We denote M? := M@ where v := (a, ) € G :=
{(a, ) : > 0,5 >0}, a subset of the semigroup (M, H).

Consider (M, X) and let Fa s.a denote the closure of I'} 5 A Recall that I'] 5 \ =
{zeC: <z <A/ a<argz < 21— a}forsomeO<ﬁ<Aand0zE (0, 7). Denote
by Mfﬁ &) a subset of the set of those p € My such that K, (z) is univalent on £,
where Q, C C\ [0,4+00) is a domain, with K,(Q,) D fcj,ﬁ,A' The function K,(z)
has an inverse K,(fl)(z) defined on f:ﬁ’A such that arg¥,(z) < 0 for z € f:ﬂ,A NnCc*
and arg>,(z) = 0 for z € f:ﬂ N C~. As above we write M := MT’Q’A), where

= (o,05,A) € G = {(a,5,A) : a« € (0,m),0 < f < A < oo}, for a subset of
the semigroup (M, X

Consider (M,,X) and let D, denote the closure of D, := {z € C : |z| < a}. Denote
by M¢ the set of those u € M, such that Q,(z) is univalent on Q,,, where Q, C D is
a domain, with Q,(Q,) D D,. The function @,(z) has an inverse Q' V() defined on
D, such that |¥,(z)] > 1. Introduce M7 := M2, wherey:=a € G :={a:0 < a < 1},
for a subset of the semigroup (M., X). Note that M = U,cgM?".

A next proposition shows that the set M7 is hereditary in (M, o).

Proposition 6.1. Given v € G, let p € M” and jp = py o pio, where p; € M, j =1,2.
Then pj € M7, j =1,2.

Proof. At first we shall prove the assertion of the proposition for (M, H). Let
e M@ and = py B g, where pig, jig € M. We should show that p, gy € M@P).
By Theorem 2.1, there exist functions Z;, Z, € F such that

Fu(2) = Fu(Z1(2) = Fu(Za(2)), = € C. (6.1)

By the definition of M(@#) there exists a domain €, such that F, (Z;(2)), j = 1,2,
are univalent on €, and F,;(Z;(€,)) D D', respectively. Consider the domains
Qu, = Zj(Q),j = 1,2. It is clear that Zi(z), j = 1,2, are univalent on , and
Fo(2),j=1,2,are umvalent on Q,, j = 1,2, respectively, thus proving the assertion.

Consider (M, ,K). Let u € Mfﬁ and p = py X po, where p; € My, j =1,2.
Let us show that puq, ps € MT’B’A). By Theorem 1.4, there exist functions Z;, Zs € K
such that

Ku(2) = Ky (Z2(2)) = K,u(Za(2)). 2 € CF. (6.2)
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By the definition of M(®#2) there exists a domain €, such that K, (Z;(z)) are
univalent on Q, and K, (Z;(,)) D Tapa, j = 1,2, respectively. Denote Qy, =
Z;(2,), j = 1,2. We see that Z;(z), j = 1,2, are univalent on Q, and K, (z), j = 1,2,
are univalent on €, , respectively, thus proving the assertion.

Repeating the previous arguments, using Theorem 2.7 instead of Theorem 2.4, we
obtain the assertion of the proposition for M¢ as well which completes the proof of
Proposition 6.1. U

Define an equivalence relation E on M via uFEv if u = vod,, where d, is Dirac measure
with the support at the point a. Here a denotes a real number for (M, H), is a positive
number for (M, ,X) and a € T for (M., X). It is clear that E is an equivalence relation
on the set M” as well. We shall denote the equivalence class of © € M as Epu, and
the element of M/ E by u*, v* etc. Note that M/ F is a semigroup under o multiplication
of representatives. This semigroup has an identity element e := ¢}, where a = 0, 1, 1 for
the semigroups (M, H), M, ,X), (M., X), respectively. In the semigroup (M/E, o)
an element p* is indecomposable if p* = Eu, where p is indecomposable in (M, o).

For p*, v* € M/E define a distance L*(u*, v*) via

L*(p,v") = inf{L(p,v) : Ep =", Ev ="},

where L(u,v) denotes the Lévy metric. It is easy to check that L*(u*,v*) is a metric,
and that {y’} converges to p* € M/E with respect to L* if and only if there is {v,}
with v, € M and u!, = Ev, for each n, and v € M with u* = Ev, such that {v,}
converges to v with respect to L.

By S we denote the set of sequences of elements of M with weak limits in M, and [
denotes the operation of taking the weak limit. We denote by S/E the set of sequences
of elements of M/FE that admit limits with respect to L* and by [ again the operation
of taking the limit.

Define a homomorphism D7 of M"/E to non-negative real numbers with addition
in the following way.

For the semigroup (M, H):

DY (u*) := —Im,(i(8 + 1)), where v = Ep and v € M@0,

For the semigroup (M, X):

D(p*) := —Imlog &, ((8 + A)ei™)/2/2) where v = Ep and v € M5,

For the semigroup (M., X):

D7(p*) :== Relog ¥, (a/2), where v = Ep and v € M2.

Note that D7 is finite-valued and does not depend on the particular v.

Proposition 6.2. Let ;€ M. If the relation DY(u*) = 0 holds, then pu* = e.

Proof. We shall prove the proposition for the semigroup (M, ). Let D@9 (u*) = 0.
Then = —Imy,(i(6 + 1)) = 0, where p* = Ep. Since the function —Img,(z) is
harmonic and nonnegative in I', g and the point (3 + 1) lies in I', g, we conclude, by
minimum principle for harmonic functions, that Im¢,(z) = 0 as z € I', 3. From this
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it follows that there exists a real number a such that ¢,(2) = a as z € ', 3 and we
have F,(z) = z —a, z € CT. Hence 1 = 0, and the assertion is proved.

For the other semigroups (M, X) and (M., X) the proof of the proposition is
similar. U

Proposition 6.3. Let p and p,, n = 1,..., belong to the set M" for a fized v € G.
Let {u:} € S/E and l{p}} = p*. Then DY(p*) = lim, oo DY (p).

We omit the proof of this simple proposition.
Proposition 6.4. The operation o is continuous with respect to Lévy’s metric.

This result is due to Bercovici and Voiculescu [11], [12]. For convenience of the reader
we include a proof.

Proof of Proposition 6.4. Let {u,} and {v,,} € S. Let us prove that {u, Bv,} € S
and l{p, Br,} = {p,} B H{v,}.

At first consider the semigroup (M, H). By Proposition 3.13, the sequences {¢,, }
and {¢,, } converge uniformly on compact subsets of some I', s to the functions ¢,
and ¢,, and ¢, (1y) = o(y), ¢u.(iy) = o(y) uniformly in n as y — +oo. Since
O, (2) = @un(2) + @u,(2) and pum.(2) = @u(2) + ¢u(2) for z € T'y 3, note that
{¢u.@, } converges uniformly on compact subsets of some I'y 5 to the function ¢,m,.
Furthemore, ¢, @, (iy) = o(y) uniformly in n as y — +o00. The assertion for (M, H)
now follows immediately from Proposition 3.13.

Consider the semigroup (M, X). Assume that the sequences {u,} and {v,} con-
verge in the weak topology to measures pu # dy and v # Jg, respectively. Since
R, = 2,2, on the set, where these functions are defined, we easily conclude
from Proposition 3.14 that the sequence {u, X v,,} converges as well to a p-measure
which is not the Dirac measure dy. Indeed, by Proposition 3.14, there exist numbers
a € (0,7) and 0 < B < A such that the sequences {¥,,} and {¥,,} converge uni-
formly on F;rﬂ’ A to the functions ¥, and ¥, respectively. Hence, {¥, ¥, } converges
uniformly on FZ’ s to the function ¥,%, and, by Proposition 3.14, we conclude that
{pn W1, } converges weakly to p X v # &y, which is the desired result.

It remains to consider the semigroup (M., X). By Proposition 3.15, the sequences
{¥,,,} and {¥,,} converge uniformly in some neighborhood of zero, say D,, a € (0, 1],
to the functions ¥, and XJ,, respectively. Since X, &, = 2,,%,, in D,, we conclude
that {¥,,x., } converge uniformly to ¥,3,. Applying Proposition 3.15, we arrive at
the assertion of the proposition for (M,, X). O

In the sequel we denote

a(p) = —Rep,(i(B+1)) for pe M,

a(i) == 1/[Su((B+ A)eTF2 )] for e MY,
and
a(p) = exp{—iargX,(a/2)} for pe MZ.
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Proposition 6.5. If {u’} is any element of S/E, and if, for each n € N, v} is
a factor of pl, then there is a subsequence {n'} of {n} such that {v},} € S/E and

v} is a factor of I{ph}.

Proof.  Let {pu’} converges to p* € M/FE in the metric L*, and let v} be a factor of
wr for each n. Then for each n there exist probability measures pu,, and v,, such that
wh = Eu, and v} = Ev,, v, is a M-factor of u,, and {u,} converges to u in the metric
L, where € M and p* = Ep.

At first let us prove the assertion of the proposition for (M,H). By Proposi-
tion 3.13, the sequence {y,,} converges uniformly on compact subsets of some set
Iy p to the function ¢,, and ¢, (iy) = o(y) uniformly in n as y — +oo. Since, for
pe M@ —Tmep,(2) =0, 2 € Typ, we have —Imp,, (2) < —Im ey, (2), 2 € Tap.
By Theorem 3.9, there exists a subsequence {n'} of {n} such that {—Im¢, ,(z)} con-
verges uniformly on compact subsets of I', g to a harmonic function U(z) > 0. Moreover
—1Imey, ,(iy) = o(y) uniformly in n as y — +oo. Consider the sequence of analytic
functions {¢, ,(z) + a(vw)} = {go,,n,agga(un/)(z)} in ', 5. This sequence converges at
the point #(3 + 1) and hence, by Theorem 3.11, {¢,, ,(2) +a(v,)} converges uniformly
on every compact subset of I', 5. Hence the assumptions of Proposition 3.13 hold for
the sequence {v,sBd,, ,)}. By this proposition, this sequence of p-measures converges
in the weak topology to a p-measure v. Iterating this argument, we see that {p, } con-
verges weakly to p, say, where p, is some cofactor of v, Hd,(,, ) in . By continuity
of the additive free convolution (Proposition 6.4), we have v H p = u, so v is a factor
of p. Thus Proposition 6.5 is proved for (M, H).

Now we shall prove the assertion for (M, X). By Proposition 3.14, the sequence
{%,., } converges uniformly on compact subsets of some F; 5. to the function 3. Recall

that for every p € Mgfl’ﬁ “~) the function log ¥,,(#) is analytic in FI’ 5.4 and, in addition,

—ImlogX,(2) > 0for 2 € T} 5 \\C™ and Imlog ¥, (2) = —Imlog ¥, (2) for z € T} 5 1.
Since —Imlog%,, (2) < —Imlog¥,, (2) for z € T 5 A\ C~, we may apply Theorem 3.9
to {—Imlog¥,, ()} and obtain that there exists a subsequence {n'} of {n} such that
{Imlog3, ,(2)} converges uniformly on the compact subsets of F; . to a harmonic
function U(z). Consider the sequence of analytic functions {log(%, ,(z)a(vw))} =
{log %y, ms,, ,(2)} in I} A- This sequence converges at the point (3 4 A)e/™+)/2 /2
and then, by Theorem 3.11, {Ewma(un,)

subset of F;;B, A- Hence the assumptions of Proposition 3.14 hold for the sequence
{vm Wb, )} and the sequence of p-measures converges in the weak topology to a p-
measure v. Iterating this argument, we see that {p, } converges weakly to p, say,
where p, is some cofactor of v, X 5a(,,n/) in p,. By continuity of the multiplicative
free convolution (Proposition 6.4), we have v H p = p, so v is a factor of u. Thus
Proposition 6.5 is proved for (M, X).

It remains to consider the case of the semigroup (M,,X). By Proposition 3.15,
the sequence {¥,, } converges uniformly on compact subsets of some D, to the func-
tion ¥,. Recall that for every u € M¢ the function log¥,(z) is analytic in D, and

(2)} converges uniformly on every compact
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Relog X, () = log|X,(2)| = 0 for z € D,. Since log|%,, (2)| < log|X,,(2)| for z € D,,
we may apply Theorem 3.9 to {log|>,, (2)|} and obtain that there exists a subse-
quence {n'} of {n} such that {log|%, ,(2)|} converges uniformly on compact subsets
of D, to a harmonic function U(z) > 0. Consider the sequence of analytic functions in
Do {log(X, ,(2)aw)} = {logy, , g(;a(un/)(z)}. This sequence converges at the point «/2

and thus, by Theorem 3.11, the sequence {3, s (z)} converges uniformly on every

a(v,r)
compact subset of D,. Hence the assumptions of PIZLOpOSitiOH 3.15 hold for the sequence
{vw X 5(1(””,)}. By this proposition, this sequence of p-measures converges in the weak
topology to a p-measure v. Iterating the argument, we see that {p, } converges weakly
to p, say, where p, is some cofactor of v, M 4, ,) in p,,,. By continuity of the multi-
plicative free convolution (Proposition 6.4), we have v H p = pu, so v is a factor of p,
thus proving Proposition 6.5 for (M, X).

Proposition 6.5 is completely proved. ([l

Proposition 6.6. If {y)} is any element of S/E, and if, for eachn € N, i = viopk,
where vy, pt € M/E and v}, is a factor of v, then {v:} and {p}} in S/E and l{v}}
and l{pk} are factors of I{p}}.

Proof. We prove this proposition in the same way as Proposition 6.5. We keep all no-
tations and demonstrate the difference between proofs of Proposition 6.5 and Propo-
sition 6.6 in connection with the semigroup (M,H). We shall repeat all arguments
accepting the following. By the assumptions of Proposition 6.6 we have

—Im @un(z) < —Im Prns1 ('Z) < —Im Print1 (Z), A Faﬁ,

for all n > 1. Hence, by Theorem 3.10, {—Im¢,, ()} converges uniformly on compact
subsets of I', g to a harmonic function U(z) > 0. Then we repeat the arguments of
Proposition 6.5 for {¢,,(2) + a(v,)} and obtain that {v, B 6,,)} converges weakly
to some p-measure v. Furthermore, as in the proof of Proposition 6.5 we see that
{pn} converges weakly to p, say, where p,, is the cofactor of v, B d4(,,) in p, such that
pr = FEp,, and vH p = u, so v and p are factors of p. Thus, Proposition 6.6 is proved
for the semigroup (M, ).

The proof for the semigroups (M, X) and (M., X) is similar therefore we omit
it. O
Proposition 6.7. Let {v,} be a sequence of p-measures v, € M7 and let D?(v}) — 0

as n — o0o. For every fized ' € G there ewists n(v') such that v, o 040, € M for
n > n(y).

Proof.  Let us prove the assertion for the semigroup (M,H). Let {v,} denote
a sequence of p-measures v, € M@ and let Imy,,(20) — 0 as n — oo, where
2o :=i(f + 1). We shall prove that for every fixed o/ > a and 0 < ' < 3, there exists
n(c/, ) such that v, B d,(,,,) € M) for n > n(a/, 3').
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The functions Im ¢,, (z) are harmonic non positive-valued functions in I', 5. There-
fore, by the theorem of the mean for harmonic functions,

| Tm ¢, (20)| / | Im ¢, (20 + c€)| df (6.3)

for sufficiently small € > 0. Since Re ¢, ms. . . (20) = 0, we have, by Schwarz’s formula

(see Markushevich (1965), v. 2, p. 151),

2w

/Im P, (20 + €€ /2)

0

a(vn)

ee /2 + (z — z)
ee /2 — (z — z)

)
27r

gpl/naaéa(un) ( ) de

for z € C such that |z — 29| < ¢/2. Using (6.3), we obtain from this formula, for
|z — 20| < /4,
2m

1 it
o () < 57 [ |10 +26/2)

0

e/2+ |z — 2

db
e/2 — |z — 2

3 A
S o / | Tm p,,, (20 + e /2)| d = 3| Tm @, (%) (6.4)

,(2) = 0
uniformly for |z — 29| < /4 as n — oo. Recall that Flf 5132; o ( ) = 2+ ums, g, (2)-

Therefore we easily conclude that F,, ms,,,, = 2+ o(1) and hence G, m,,, (2) =
1/z 4+ o(1) uniformly for |z — 2| < /8 as n — oco. From the last relation we see that

Since |Ime,, (20)] — 0 as n — oo, we conclude from (6.4) that ¢, ms

a(vn)

1 1 2
tm (G”"Eéa(””)(zo)_z_o> ~ Im 2 / u? + (l;m 20)? VB, (du) — 0, as n — oo.

(6.5)
From (6.5) it follows that v,Hd,(,,,) converges weakly to dy as n — oco. The last relation
easily implies the assertion of Proposition 6.7 for (M, H).

We shall consider the assertion for the semigroup (M., X). Let {1} denote a se-
quence of p-measures v, € Mif"ﬁ A and assume that Im log¥,, (z0)— 0 as n — oo,
where zy := (8 + A)e™/2/2 We shall prove that for every fixed 0 < o/ < a,
0<f <pB,and A" > A, there exists n(o/, 3, A") such that v, B, € M@BLAY for
n = n(d, 3, A").

The functions Imlog,, (z) are harmonic non positive-valued functions in the do-
main I'; ; , N C* such that log [2,,%,,,,(20)] = 0. Repeating the previous argu-
ments for the analytic functions log ¥, %, , (z) on F; 5.as We see that these functions
log ¥, %s,,,,(2) — 0 uniformly for [z — 20| < £/4 as n — oo, where as above € > 0 is
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chosen sufficiently small. Hence X, ws,,, , (z) converges to 1 uniformly for |z—zy| < ¢/4
as n — oo. Recalling the definition of ¥, xs,,, (2), we conclude from this relation that

Ky, ®s,,,(2) = 2 (6.6)
uniformly for |z — 29| < /8 as n — oo. Taking into account the representation (2.8)

for the functions K, xs we have

a(vn)’

1 T (dt) n
;Kyn&sa(yn)(z) = a, + / e z€CT, (6.7)

(0,00)

where a,, > 0 and the nonnegative measures 7, satisfy (2.9). We easily see from (6.6)

and (6.7) that

an+/%<c(zo)<oo, n=12...,
(0,00)

where ¢(2) is a positive constant depending on zy. This estimate implies the inequality
| Ky, 25,,,,(2)/2] < cla!,f',A"), n=1,2,..., in every domain '}, 5 , with 0 < o/ <
a,0 < f' < B, and A" > A. Here ¢(/, 7', A’) denotes a positive constant depending
on o, 7, and A’. Hence, by (6.7), we conclude with the help of Vitali’s theorem (see
Theorem 3.12 of Section 3) that the relation (6.6) holds for z € I', , , with any fixed
o/, ', A’. From this relation we immediately obtain the assertion for (M, X).

Let us prove the assertion for (M,,X). Let {v,} be a sequence of p-measures
v, € M¢ such that let log |¥,, (20)] — 0 as n — oo. Here zp := /2. We shall prove
that for every fixed o’ > a there exists n(a’) such that v, Bd,,) € M for n > n(a).

The functions log|¥,, ()| are harmonic non negative-valued functions on D, such
that Imlog Eyng(;a(yn)(zo) = 0. Repeating the previous arguments for the analytic
functions log Eyngga(yn)<2) on D,, we see that log Eynmga(un)(z) — 0 uniformly for |z —
2| < g/4as n — oo. Hence ¥, x5, ,(2) — 1 uniformly for [z — 29| < £/4 as
n — oo. Recalling the definition of ¥, xs,,, (2), we conclude from this relation that
Qv,%,,,,(#) — 2z uniformly for |z —z| < /8 as n — oco. Since for p € S, the function
Qu(2)/z is analytic and |Q,(2)/2| < 1 for z € D, we conclude, by Vitali’s theorem,
that Q,,ws,,,, () — 2z uniformly for z € D, for any fixed o’ € (@, 1). This implies at
once the assertion for (M., X).

Thus, Proposition 6.7 is proved. U

Proposition 6.8. Let {p, :n > 1,1 < k < n} be an array of infinitesimal measures
in M. Then, for every fived v € G, max; <<, D (1) — 0 as n — oo.

This proposition follows from obvious calculations which we omit.
Proof of Theorem 2.10. Let {y;,:1 < s < j < oo} be a array of infinitesimal
measures in M and let

Hu;} =p* € M/E, where pi=p; 00,
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It is clear that p and py, j = 1,..., such that p* = Ep and p; = Epg, j = 1,...,
belong to the set M" with some v € G and, by Proposition 6.1 and 6.8,
Jim max D7 (y15,) = 0.

Let k € N be given. Since max;<s<; D7 (p},) — 0as j — oo and, by Propositions 6.3,
D (p;) — DY(u*) as j — oo, given n € N there exists j(n) so large that we may
group (i, 1 <8 < j(n), via free convolutions into vy, say, 1 < [ < k, such
that 45, = Vi, 00 Vi, and |DY(vj,,) — DY(u)/k| < 1/n for 1 < I < k. By
Proposition 6.5, there is a decomposition y* = v jo---ovy, with D(vy,) = DY (u*) /k
for 1 <1 < k. Hence there is a decomposition pt = v 1 0 -+ - o vy, for every k£ € N such
that v, € M" and D7 () = D(u*)/k for 1 < 1 < k. Applying Proposition 6.7 to
the sequence {vy;} with k =1,... and [ = 1,... k, we see that, for any fixed v € G,
there exists k(7) such that v, € M"Y for k > k(y), I =1,... k.

From this relation we see in the case of (M, H) that ¢, (z) admits an analytic contin-
uation in C* with values C~ UR and hence, by the Bercovici and Voiculescu result (see
Section 2), p is infinitely divisible p-measure. This assertion follows from Lemma 4.1
as well.

In the case of (My,X) we note that the function log,(2) admits an analytic
continuation in C* with values C~ UR. In addition this function is analytic and real-
valued on the negative half-line. Again, by the Bercovici and Voiculescu result (see
Section 2), u is infinitely divisible p-measure. We can obtain this result with the help
of Lemma 5.3 as well.

In the case of (M,,X) the function log ¥, (%) admits an analytic continuation in D
with values in (CT U R). By the Bercovici and Voiculescu result (see Section 2), u is
infinitely divisible p-measure. This result follows from Lemma 5.6 as well.

The theorem is proved. [

Proof of Theorem 2.11. Let ¢ be not a Dirac measure and have no indecomposable
factors. We shall show that g is an infinitely divisible p-measure. Without loss of
generality we assume that p € M7 with some v € G. By Proposition 6.2, D7(u*) > 0.
Let us show that inf,cg D7(v*) = 0, where S is the set of all factors v of p such
that v* # e. For suppose not: call the non-zero infimum 6. By Proposition 6.1,
Proposition 6.5, and Proposition 6.3, there is v§ € MY/E such that vj = Eyy with
vy € S and D7 (1) = b. Since v is a factor of i, it has factors from S, say vy, on which
D7(vy) is less then b, a contradiction.

Consider now all n-fold decompositions D : y =wvj0v50---01,. By Proposition 6.1,
v € M7, j = 1,...,n. Define m(D) := min;—,__, D7(v;), so that 0 < m(D) <
(1/n)DY(u*). Let h := suppm(D). By Proposition 6.5 and Proposition 6.3, there is
a decomposition D’ such that m(D’) = h. Assume that v/}, 14, ..., v}, have been odered
so that D7((v})*) increases with j; then h = D7((v1)*). Now either all D”’s are equal
or there is a least [ with 1 <1 <n and D7((v)*) < D7((v,,1)*). By the first paragraph
of this proof we can write

r_ / / "
Vg1 =P1OpP20 -0 P00V 9,
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p;)*) are all arbitrary small but non-zero. If we choose them

where D7((p})*), ..., D7 ((p,
7((v])*), we shall obtain a decomposition
D' = (o p) oo (o) ol o vl ov,

so that D7((v),)*) > D

which has m(D") > h, a contradiction. So in D’ all the D?’s must be equal, entailing
DY((v})*) = (1/n)D7(u*) for each j, 1 < j < n.

We have a D' for every n: callit D'(n) : u = vi(n)ovy(n)o---ov (n). The D’'(n) forms
a triangular array whose row o-products are equal to p. Further, max;—; _, D?((v;(n))*)
= (1/n)D7(p*). It follows from Theorem 2.10 that p is infinitely divisible p-measure.
The theorem is proved completely. []

Proof of Theorem 2.12. It is clear that 4 € M"” with some v € G. Hence the
homomorphism D7(p*) is defined and finite. By Proposition 6.1, all factors of i belong
to M.

Denote by S; the set of all indecomposable factors of pu. By the assumption of
the theorem, this set is not empty. Denote d; := sup, g, D7(v*). Let an indecompos-
able factor vy of u have the property D7(v}) > dy/2. Since v, is a factor of p, we have
[ = vy 0 p1, where p; € M7,

If p; is an indecomposable p-measure, the proof is complete. In the other case we
repeat the previous arguments for p; and arrive at the relation p = v o 15 0 py, where
vy and po belong to M?, and 15, is an indecomposable p-measure such that

DY (vy) = dy/2, dy == sup D7 (v"),
veSy
where Sy (# () is the set of all indecomposable factors of p;.
Repeating next steps in the same way we obtain

[L=1]0Ly0- 0L} 0 P, (6.8)

where vy, 15, ..., 14 are indecomposable factors of u and p, is an indecomposable p-
measure, then the proof is completed, or we have an infinite sequence of the relations
(6.8). Recall that all p-measures vy, 15, ..., and pg belong to M?. In addition we
have

D (v}) = dyi/2, dy := sup D7 (v"), (6.9)

veSy
where S (# 0) is the set of all indecomposable factors of py_; and, for n > m,
Pm = V41 © Va2 *** O Up O Pp. (6.10)

By (6.8) and (6.9), we see that

o0

1 (o @]
5 Y dp <Y D) < D) < oo (6.11)
k=1 k=1

Applying Proposition 6.6 to (6.8), we see that {vfovio---ovj} and {p}} are elements
of S/E and l{vf ovso---ov;} and [{p}} are factors of u*.
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It remains to show that [{p;} has no indecomposable factors. Applying Proposi-
tion 6.6 to (6.10), we obtain the relation

Py, =W qovso---ovntol{p}, m=1,2,.... (6.12)
Let I{p}} have an indecomposable factor x* such that k* = Ex with k € M". We see
from (6.12) that & is a factor of p,, for every m = 1,2,... and hence belongs to all sets

Sm, m=1,.... By Proposition 6.2, D7(x*) > 0. On the other hand d, > DV(k*) > 0
for all k£ = 1,... and the series > ;- d) should deverge. By (6.11), we arrive at
a contradiction. Thus, [{p} } has no indecomposable factors and the theorem is proved
completely. [J

7. DESCRIPTION OF THE CLASS [; IN (M, 0) AND NONUNIQUENESS OF
THE REPRESENTATION (2.29)

Our next step is to prove Theorem 2.13 for the semigroups (M, o).

Proof of Theorem 2.13. Since I is the set of i.d. elements all of whose factors are
i.d., we should prove that any nontrivial i.d. element in (M, o) has a non i.d. factor.

7.1. Consider the case of (M, H). As we saw in Section 2 a measure u € M is B-i.d.
if and only if ¢, admits a representation (2.20).

Let a < b be real numbers such that v([a,b]) > 0. Consider the function

#(2) :== g / w, zeCt, (7.1)

Z—u
[a,b]

with sufficiently small 5 > 0, depending on v, a,b only, and introduce the functions
fi(2) :==2¢(2) + (=1)7e¢?*(z), j = 1,2. In order to prove the theorem we need the fol-
lowing lemma.

Lemma 7.1. For sufficiently small ¢ > 0, there exist p; € M, j = 1,2, such that
wu,;(2) = fi(2) for z, where @, (2) is defined.

Proof. Consider the function
F(z2):=2+¢(z), ze€Ct.

By Lemma 4.1, I : C* — C takes every value in C* precisely once. The inverse
function F(=1 : C* — C* thus defined is in the class F.

Denote by (C$ the half-plane Im z > n for any real 7. Consider the domains 2, :=
FED(CF), n € (0,1]. Note that €, are domains such that €, C C*.

The boundary of €2, is a curve 75 (7)) characterized by the functional equation Im F'(z+
iy) =n, z € R, y > 0. Using (7.1) rewrite this equation in the form

y(l — €0 / %) =1. (7.2)
[a,b]
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It is easy to see that (7.2) has an unique solution for every fixed x € R. Since F’(z) # 0
for z € Q,, n > 0, we conclude, by the implicit function theorem, that vs5(n), n > 0,
are smooth Jordan curves.

In view of (7.2), we see that the curves ~5(n) lie in the union of domains |z — (a +
b)/2| <b—a+1,Imz >0 and 0 < Imz < 2. Denote by 75(n) the part of the curve
v5(n) contained in the disk |z — (a + b)/2| < b—a+ 1. Let us show that

sup sup |@(z2)] = A < oo. (7.3)

0<n<l z€95(n)

Assume that A; = oo. Then for any N > 1 there exist 7y € (0,1] and 2y = 29(10) €
¥5(no) such that Im F'(zy) > 0 and |F'(z)| > N. Since F'(x) is real-valued for z € R\
[a,b] and ITm 2z Im F'(z) > 0 for |z| > |a|+b|, Im z # 0, and |¢(z)| — 0 for |z| = R — oo,
we easily see, by Rouché’s theorem, that for w € C* with sufficiently large modulus
the equation w = F(z) has a solution z = z(w) € C* such that z(w) = w + O(1).
Recalling that F(z) : C* — C takes every value in C* precisely once, we conclude that
20 = F(29) + O(1), a contradiction for sufficiently large N.

Now let us show, for j = 1,2, that F;(z) := z + f;(z) : C* — C takes every value in
C* precisely once in CT. By (7.3), we see that the inequality 1+ 2(—1)7e Red(z) > 0
holds for z € v5(n), n € (0,1], and for sufficiently small £ > 0. Since Im ¢(z) < 0 and
Im F(z) = n for the same z, we conclude from the formula

Im Fj(z) =Imz + Im ¢(2) + Im ¢(2) (1 +2(—1)’c Re qb(z)) (7.4)

that Im Fj(z) < n for z € v5(n), n € (0,1].

~ Choose R > 1 to be determined later sufficiently large. Denote by a, Rea < 0, and
b, Reb > 0, points of intersection of the curve ~5(n) with the circle |z| = R. Consider
the closed rectifiable curve 6 = v5(n), n € (0, 1], consisting of 71: the part of ~5(n)
lying in the disc |z| < R, connecting a to b, and the arc Vo2 : Re, argh < 0 < arga,
connecting b to a.

Fix w € C*. Assume that n < Imw. If z traverses 71, the image ¢ = Fj;(2)
lies in the half-plane Im{ < 7. If z traverses 762, the image ¢ = Fj(z) is equal to
Re? + o(1), argh < § < argd, as R — oo. We conclude that the image ¢ = Fj(z)
winds around w once when z runs through =g in the counter clockwise direction. By
the argument principle, the function Fj(z) takes the value w precisely once inside 7.
Since this assertion holds for all sufficiently large R > 1 and for all sufficiently small
n > 0, we obtain the desired result.

Thus we conclude that Fj(fl) :Ct — C*, j = 1,2, exist and are analytic functions.

Hence Fj(fl) € N. Moreover it is easy to see that Fj(fl) € F, by proving the lemma.
O

We shall complete the proof of the theorem for the semigroup (M, H).
Since ¢, (z) admits the representation (2.20), we may write g in the form p =
(1 B o B s, where p-measures 1, 12, and ug are determined as follows. The measures
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p1, po are defined in Lemma 7.1. Since, by (7.1),

©ur (2) + ou, (2) = 40(2) = 4y / 1;__1;’2 v(du) — 4eg / uv(du),

[a,b] [a,b]

and ¢, (2) = @, (2) + @u,(2) + @, (2), we easily conclude that

1 1
Ous(2) 1= o+ 4eg / uv(du) + (1 — 4eq) tuz, )+ / T uz

v(du).

Z—U
[a,b] [a,b] R\[a,b]

Z—U

We consider the functions ¢, (2) and ¢, (2), j = 1,2, 3, for z, where they are defined.
By the Bercovici and Voiculescu result [12] (see Section 2), the measure pg is i.d. for
o < 1/4

If v({a}) > 0, then we choose b = a in (7.1). If v({a}) = 0 for all a € R, then we
choose the points a < b such that v([a,a + h]) > coh and v([b — h,b]) > coh for all
0 < h < hg, where ¢g > 0 and hg > 0 depend on the measure v only. Such points exist
by Proposition 3.7. Let us show that under these assumptions the function ¢(z) (see
(7.1)), has the property

—Re¢(a—h+ih) — +o0, h |0, and Re¢(b+h+ih) — +oo, h|0. (7.5)

This property is obvious in the case where a = b and v({a}) > 0. Consider the case
where v({a}) =0 for all « € R. In this case we obtain for small & > 0 the estimates

(u—a-+h)(1+u?)v(du) . / v(du)

—Reog(a — h+ih) :50/

(u—a+h)?+h? ~ 2 u—a+h
[a,b] [a,b]
Wat) = f d
80 a, €0 U
2()—a+hJr /an’u))(u—a—l—h)2

a
min{a+ho,b}
Co€ du CoE
0€0 S _ G%o

2 (u_a)(u—a+h)2/ 4

> log h.

a

This lower bound implies the first assertion of (7.5). In the same way we obtain
the second assertion of (7.5).

Note that the measures p;, j = 1,2, are not i.d. Indeed, the functions ¢;(z), j =
1,2, admit an analytic continuation in C*. We will denote again by ¢,(z), j = 1,
respectively, these analytic continuations. Since

Im g, (2) = 2Im ¢(z)(1 + (—=1)’e Re ¢(2))

and Im ¢(z) < 0, z € C*, we see from (7.5) that there exist points in C* where the
functions Im¢,, (2) and Im ¢, (2) have positive values. By Bercovici and Voiculescu
result [12] (see Section 2), the measures p;, j = 1,2, are not i.d.

Hence the measure i has a non-i.d. factor and p does not belong to the class Iy. [

2,
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7.2. Let us consider the semigroup (M, ,X). In order to prove Theorem 2.13 for
this semigroup we need the following auxiliary lemmas.

Lemma 7.2. For every ¢ > 0 , there exist n; € My, j = 1,2, such that
B (2) = exp { = = + (~1)ivez
for z, where 3, (z) is defined.

Here and in the sequel we shall choose the principle branch of \/z and log z.

Proof. In the first step we consider the function
w=gy(z) :=logz — % —ivez.  zeCt. (7.6)

Let us show that for every fixed w € C* such that 0 < Imw < 7 there exists a unique
z € C* such that w = g1(z). To prove this assertion we consider the closed rectifiable
curve -z, consisting of the interval vz, : ¢, —R < t < —1/R, connecting —R to —1/R,
the arc v75 : €?/R,0 < ¢ < 7, connecting —1/R to 1/R, the interval v73 : ¢,1/R <
t < R, connecting 1/R to R, and the arc v74 : Re’?,0 < ¢ < 7, connecting R to —R.
The parameter R > 1 will be chosen later on sufficiently large.

’Y7,m

—-R710 R~ R

FIGURE 5

Let z traverse 7, in the counter clockwise direction.

If z traverses 7 the image ¢1(771) is contained in the line Im ¢ = =, connecting
log R+ ¢R/2 + VcR + i to —log R+ ¢/(2R) + \/¢/R + ix.

If = traverses 775 the image g1(7,2) is contained in the half-plane Re { < —log R+1,
connecting —log R + ¢/(2R) + \/¢/R + im to —log R — ¢/(2R) — i\/c/R.

If = traverses ;3 the image g;(77,3) is contained in the half-plane Im ¢ < 0, connect-
ing —log R — ¢/(2R) — i/c/R to log R — cR/2 — iv/cR.

Finally, if z traverses 774 the image gi(774) is contained in the domain {|¢| >
cR/4, Im ¢ < 7}, connecting the points log R—cR/2—iv/cR to log R+cR/2+4+/cR+i.

Therefore we can conclude that the image ¢ = ¢1(2), 2 € 7, winds around w once
when z runs through ~7. Hence there is a unique point z inside the curve ~7 such that
w = g1(z). Thus we have proved that for every fixedw € S, ={w € C: 0 < Imw < 7}
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there exists a unique z € C* such that (7.6) holds. Thus the inverse function g

S, — C7 exists and is analytic in S,. Introduce the function K(z) := g(fl)(log 2), 2 €
C*+. We note that K1 € N and K\ V(z) = zexp{—cz/2 —i\/cz} in the domain of C*,
where Kffl) is uniquely defined.

Let us show that K admits an analytic continuation on (—oo,0) and its value on
(—00,0) is negative. Moreover K;(z) — 0 as z T 0. It is easy to see that (e”(®))" > 0
for # < 0. Since () is analytic on (—o0,0), we conclude that (e9)(~! exists and
is analytic on (—o00,0) as well. This function coincides for z € C* with the function
K,(z) defined earlier. From the definition of ¢91) it follows that (%)~ (z) < 0 for
r < 0and (¢9)"Y(z) — 0 as z T 0. By Corollary 3.3, K1(z) belongs to the class K.
Therefore there exists y; € My such that K, (2) = K;(z) for z € C* and we proved
the assertion of the lemma in the case j = 1.

Now we shall consider the function

w = go(2) :=log z — % +ivez.  zeCt. (7.7)

Let us show that for every fixed w € C* such that —27 < Imw < —7 there exists
a unique z € C* such that w = go(2).

To prove this assertion we consider as before the closed rectifiable curve ~7 and as
before z traverses 7, in the counter clockwise direction.

If z traverses 71 the image go(771) is contained in the line Im ¢ = =, connecting
log R+ cR/2 — VcR +im to —log R + ¢/(2R) — \/¢/R + im.

If = traverses 775 the image ga(y7,2) is contained in the half-plane Re { < —log R+1,
connecting —log R + ¢/(2R) — \/¢/R +im to —log R — ¢/(2R) + i\/c/R.

If z traverses ;3 the image go(77,3) is contained in the half-plane Im ¢ > 0, connect-
ing —log R — ¢/(2R) +i\/c/R to log R — cR/2 + iv/cR.

If z traverses 774 the image ga(774) is contained in the domain || > cR/4, Im( <
7, Re¢ <0, and Im¢ < VR, Re¢ > 0, connecting log R — ¢R/2 + iv/cR to log R +
cR/2 — VR + im.

Therefore we deduce that the image ¢ = g2(z) winds around w once when z runs
through ~7. Hence there is a unique point z inside the curve 7; such that w = go(2).
This relation holds for all sufficiently large R > 1. Thus we have proved that for every
fixedw e S_; :={w e C:—27 <Imw < —7} there exists a unique z € C* such that
(7.7) holds. Then we deduce that the inverse function gé_l) : S, — C* exists and is
analytic in S_,. Introduce the function Ks(z) := gé_l)(logz—ZM), z € C*. Obviously,
Ké_l)(z) = zexp{—cz/2 +i\/cz}, where Ké_l) is well defined.

As in the case of j = 1 we show show that K5(z) admits an analytic continuation on
(—00,0) and its value on (—o0,0) is negative. Moreover Ky(z) — 0 as = T 0. Hence,
by Corollary 3.3, Ks(z) belongs to the class K. Therefore there exists pus € M such
that K, (z) = K»(z) for z € C* and we proved the assertion of the lemma in the case
Jj =2 as well. U
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Lemma 7.3. For every ¢ > 0, there exist u; € My, j = 1,2, such that

Zuj(z) = exp {% + (—l)jz' E}

z
for z, where ¥, (2) is defined.

The proof of this lemma is similar to the proof of Lemma 7.2 therefore we omit it.
Let the functions f;(z), j = 1,2, are defined as in Lemma 7.1. In addition we assume
in (7.1) that 0 < a < b < 0.

Lemma 7.4. For sufficiently small € > 0, there exist p; € My, j = 1,2, such that
5 (2) = exp{f;(2))
for z, where ¥, (2) is defined.
Proof. Consider the functions
G(z):=logz+ ¢(z), ze€C*.

By Lemma 5.3, G : C* — C takes every value in S, precisely once. Recall that
S ={2€C: 0 < Imz < x}. For any n € (0,1/10) denote by S, the strip
{zeC:n<Imz<n—n} Consider the domains Q, := G=Y(S,), n € (0,1/10).
Note that €2, is a domain such that Q, C C*.

The boundary of €2, is a curve vs(n) consisting of curves vs1(n) and ~s2(n) char-
acterized by the equations ImG(x +iy) = 7 —n, x < 0,y > 0, and ImG(x + iy) =
n, x > 0,y > 0, respectively. Since G'(z) # 0 for z € €, we conclude, by the implicit
function theorem, that vs1(n) and 752(n), n € (0,1/10), are smooth Jordan curves.

We see, by the definition of 7g1(n), that this curve, connecting oo to 0, lies in
the angular region m — 2n < argz < . By definition the curve s 2(n), connecting 0 to
00, lies in the union of domains |z — (a +b)/2| < b/2, Imz > 0, and 0 < argz < 21.

Denote by 7g(n) the part of the curve vg(n), lying in the disk |z — (a + ) /2| < b/2.
Let us show that

sup  sup |o(z)] == Az < 0. (7.8)
0<n< 5 z€38(n)

Assume that Ay = oo. Then for any N > 1 there exist 1y € (0,1/10] and 2y = zo(n0) €
Fs(no) such that 0 < Im G(z9) < 7 and |G(z)| > N. Note that G(x) is real-valued for
z>0and z € R\ [a,b]. Let Imz # 0, then Im zIm G(z) > 0 for 0 < Rez < a/2 and
for Rez > b+ a/2. In addition ImnG(z) = 7 for x < 0 and ImG(z) > 7 for Rez < 0
and Im z < 0. Moreover |¢(z)|/log|z| — 0 as |z| = R,1/R and R — oo. Therefore we
easily conclude, by Rouché’s theorem, that for w € S, with sufficiently large modulus
the equation w = G(z) has a solution z = z(w) € S; such that z(w) = exp{w(14o0(1))}.
Recalling that G(z) : C* — C takes every value in S, precisely once, we conclude that
20 = exp{G(20)(1 + o(1))}, a contradiction for sufficiently large N.

Now let us show for j = 1,2 that G;(z2) :=logz + f;j(z) : C" — C takes every value
in S, precisely once in G"Y(S,). By the formula

ImGj(2) = argz + Im ¢(2) + Im ¢(2)(1 + 2(—1)’c Re ¢(2)) (7.9)
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and by (7.8), we see that Im G;(z) < n, where z € v52(n), n € (0,1/10), and ¢ > 0 is
sufficiently small.
Using (7.1), we note that, for z € y51(n),n € (0,1/10),

(1 + u?) v(du) 1+0? Im z
— Im<;5(z) =& Imz / (u " Re 2)2 i (Imz)2 < €0 a V([CL, b])m
[a,b]
1+ b2
< 22— w([o, ]}

Therefore we conclude from (7.9) that Im G;(2) > = — 2n for z € v51(n),n € (0,1/10),
and sufficiently small €9, > 0. In addition we see from (7.1) that for |z| = 1/R and
|z| = R the inequality |¢(2)| < ¢ holds, with a positive constant ¢, depending on ¢
only, where R > 1 is sufficiently large.

Let R > 1 be sufficiently large. Denote by ¢ and ¢’ the intersection points of
the curve vg1(n) with the circles |z| = R and |z| = 1/R, respectively. We denote as
well by d” and d’ the intersection points of the curve vg2(n) with the circles |z| = 1/R
and |z| = R, respectively.

Consider the closed rectifiable curve 79 = 79(n), n € (0,1/10), consisting of ~g;:
the part of 7g1(n) lying in the disc 2| < R, connecting ¢ to ¢”, the arc ygo :
e?/R, argd’ < 0 < argc”, connecting ¢’ to d”, the curve 79 3: the part of vz 5(n) lying
in the disc |z| < R, connecting d” to d’, and the arc v94 : Re? argd < 6 < argc,
connecting d’ to ¢.

Assume that w € S5, and n < %min{lm w,m —Imw}. If z traverses 9 1, the image
¢ = G,(2) lies in the half-plane Im{ > 7 — 4n. If z traverses g2, it is easy to
see that the image ( = G;(#) lies in the half-plane Re( < —% log R. If z traverses
Yo.3, the image ( = G;(2) lies in the half-plane Im ¢ < 7. Finally, if 2 traverses g 4,
the image ¢ = G;(2), lies in the half-plane Re ¢ > %log R.

Summarizing, it follows that the image ( = G,(2) winds around w once when z
traverses 9. By the argument principle, the function G;(z) takes the value w precisely
once inside 9. Since this assertion holds for all sufficiently large R > 1 and for all
sufficiently small n > 0, we obtain the desired result.

This result implies that the inverse functions p; = Gg-fl) : 8, —» C", j =1,2, exist
and are analytic on 5.

Let us show that p;(z) admit an analytic continuation on the half-line v_ : Im z =
m,Rez < 0, and that their values on this half-line are negative. It is easy to see that

G (x) = i 420/ (2)(1 + (=1)Yeg(z)) <0, =<0, j=1,2.

Since G;(z) is analytic on (—o00,0), we conclude that Gg_l) exists and is analytic on
~v_ as well. Since, as shown above, for every fixed w € S, there is an unique point
z € GY(CH) such that w = log 2+ f;(2) holds, this function coincides for z € S, with
the function p;(z) obtained early. Introduce the function p;(z) := p;(logz), z € C*.

Note that p; € A" and ﬁ§_1)(z) = zexp{fj(z)}, on the domain C*, where ﬁﬁ»_l) is
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uniquely defined. Moreover, the function p;(z) admits an analytic continuation on
(—00,0).

From the definition of p;(z) it follows that p;(x) < 0 for < 0 and p;(z) — Oasz 1 0.
By Corollary 3.3, pj, 7 = 1,2, belong to the class K and we conclude the assertion of
the lemma. t

Now we complete the proof of Theorem 2.13 for the semigroup (M, X).

At first note that the measure p € M with ¥,(2) = exp{—cz}, where ¢ > 0, does
not belong to the class Iy. Indeed, by Lemma 7.2, there exist measures u; and ps of
M, such that

5., (2) = exp{fj(2)}, where fj(2):=—cz/2+ (—1)Vivez, j=1,2,

for z, where X, (2) are defined. In addition f;(2) admit an analytic continuation in
C*t and Im f](z) have positive values at some points of the half-plane C*. Hence,
by Bercovici and Voiculescu result [11], [12], p;, 7 = 1,2, are not i.d. elements in
the semigroup (M, X). On the other hand ¥,(2) = X, (2)X,,(2) and we see that u
has non-i.d. factors as was to be proved. In a similar way, using Lemma 7.3, we prove
that the measure p € M, with ¥,(2) = exp{c/z}, where ¢ > 0, does not belong to
the class .

Now we consider the case where ¥,(2) admits a representation (2.23) with a = b = 0,
v({0}) = 0 and v((0,00)) > 0.

For every fixed 0 < a < b, we have the representation

ZM(Z) = ZMI (Z)Zm(z)zua(z)a

where

Y (2) == exp {450 / uv(du) + (1 —4ep) / Ltz V(du)} + / Ltz v(du)

Z—U
[a,b] [a,b] R\[a,b]

and X, (z), j = 1,2, are defined in Lemma 7.4. By Bercovici and Voiculescu result
(see Section 2), the p-measure pg is i.d. for gg < 1/4.

If v({a}) > 0, then we assume in (7.1) a = b. If v({a}) = 0 for all a € (0,00), then
we choose the points 0 < a < b such that v([a,a+h]) > ch and v([b—h,b]) > ch for all
0 < h < hg, where ¢ > 0 and hy > 0 depend on the measure v only. Such points exist by
Proposition 3.7. We showed in Section 7.1 that under these assumptions the function
®(z), see (7.1), has the limiting behaviour (7.5).

Note that the measures pj, j = 1,2, are not i.d. Indeed, by (7.5), there exist
points in C* at which the functions Im fi(z) and Im fy(z) have positive values and
the desired assertion follows from Bercovici and Voiculescu result (see Section 2). Hence
the measure p has a non-i.d. factor and p does not belong to the class Ip. [J

7.3. It remains to prove Theorem 2.13 for the semigroup (M., X). We need the fol-
lowing auxiliary result.
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Lemma 7.5. For sufficiently small € > 0, there exist yu; € M., j = 1,2, such that, for
z, where ¥, (2) is defined,

¥, (2) = exp{g;(2)}.
Here qj(z) == 2q(z) + (—1)7ieq?(2), 1 = 1,2, and, for & € T and 0 < A < 1/100,
+z
q(2) == ¢eo g —
{€eT:[6-4ol<A}

In (7.10) €9 > 0 is a sufficiently small constant, depending on v and A only, and
v({EeT: [§—&[<A})>0.

Proof. Let us prove the lemma in the case j = 1. One can prove the lemma in the case
J = 2 in the same way. Without loss of generality we assume that in the definition of
the function ¢(z) the parameter £ is equal to 1.

Consider the function

Q(2) :==logz+q(z), zeD:=D\[-1,0].

This function is analytic on D.

Denote by v10.1, 10,2, and 710,53 the Jordan curves defined by the parametric equations
C=log(1—t)+ir+qt—1),0<t < 1,{ =it+q(—1), —7 <t < 7, and { = logt—im+
q(—t), 0 < t < 1, respectively. Note that Reg(—1) = 0. Define a curvilinear half-strip
S_ as a domain with boundary 191, 7102, and y19,3. Let us show that @ : D — C takes
every value in S_ precisely once. For this we need to prove that for any w € S_ there
exists an unique point z € D such that w = Q(z), provided that gy > 0 is sufficiently
small.

Consider the contour 3 with parameter § = 7 (see Section 5). Choose r € (0,1)
such that 1 —r is small. If z traverses v the image ¢ = (2) lies on the curve 7q .
If = traverses 732 the image ( = @)(2) lies in the half-plane Re( < %log(l —r). If z
traverses 733 the image ¢ = (Q(z) lies on the curve ~03. Finally, by the inequality
Req(z) > 0,z € D, if z traverses 34 the image ¢ = @Q(z) lies in the half-plane
Re( > logr.

Hence, the image ( = @(z) winds around w once when z runs through ~; in
the counter clockwise direction. By the argument principle, the function @Q(z) takes
the value w € S_ precisely once inside 3 for sufficiently small 1 — r and the desired
result is proved. Hence the inverse function QY : S_ — D is defined and is analytic
function on S_.

Let 710.2(n) is the half-open interval of the vertical line Rez = —n,n € (0,1/100),
lying between the curves 7191 and 7109.3. Denote by v11(n) the closed rectifiable Jordan
curve QY (v102(n)). By the definition of vi;(n), we note that ReQ(z) = —n for
z € y1(n), n € (0,1/100). Since Q : D — C takes every value in S_ precisely once,
we note that if z traverses the curve 7;1(n) in the counter clockwise direction, then
Im @(z) is a monotone function such that —7 + a(—n) < Im Q(2) < 7+ a(—n), where,
as it is easy to see, |a(—n) —q(—1)| < 1/10 for n € (0,1/100).

v(d¢), zeD, (7.10)
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Let us prove
sup  sup lg(2)] < 1/3. (7.11)

0<n< a5 2€7111(N)

We shall assume that € (0,1/100). Note that |g(z)| < 1/10 for z € v1(n) N {|z —

1] > 2A}. From the relation ReQ(z) = —n, z € v1(n), and the inequality log |z| >
log(1 — 2A) for z € y1(n) N{]z — 1] < 2A} we see that the bound |Req(z)| < 1/10
holds for such z. In addition it is not difficult to see that the inequality |Q(2)] <
1/10 holds at points of intersection 2’ of v11(n) with the circle |z — 1| = 2A. Since
ImQ(z), z € 711(n), is a monotone function, we have |Im@(z)| < 1/10 and hence
| Imq(z)| < —log(1 — 2A) + arctan(2A) + 1/10 < 1/5 for z € y11(n) N {|z — 1] < 2A}.
Thus (7.11) is proved.

Then, by the relation

log |2] + Reqi(2) = ReQ(2) + Req(2)(1 + 2e Im¢(z))
and (7.11), we conclude that
log |z| + Reqi(2) = —n, z € y1(n), n € (0,1/100). (7.12)
Now we shall prove that G () := 2e%) : D — C takes every value w € D precisely
once in QY (S_) U (~1,0].
Fix w € D. Let n > 0 be sufficiently small. If z traverses ~v11(n) in the counter
clockwise direction we see, by (7.11) and (7.12), that |Arge®®)| < 1 < 7 and |en*)| >

e, respectively. By the argument principle, the function ze? () takes the value w € D
precisely once inside 711(n) for sufficiently small > 0. We obtain the desired result.

Hence the inverse function (jfl) : D — D thus defined is analytic on D and, as it is
easy to see, belongs to the class S,.. The lemma is proved. U

Let us complete the proof of Theorem 2.13 for the semigroup (M., X). Without
loss of generality, we assume that v(A) > 0, where A:={£ € T,|[( - 1| <A} ={ €
T,-A; <argé < Ay} and write

ZM(Z) = Zur (Z)ZW(Z)ZM(Z),

where
Sa(2) = (1 — 42)) / S+ [ S v
§— £—=2
nA
and ¥;(z), j = 1,2, are defined in Lemma 7.5. If v({1} > 0, we assume A := {1}.

If 1/({5}) = 0 for all ¢ € T, we choose the point A; > 0 so that v({€ e T, Ay —h <
arg < Ay} > ch for all 0 < h < hg, where the constant ¢ > 0 and hy > 0 depend on
the measure v only. By Proposition 3.6, such points exist. Repeating the arguments
used in the proof of (7.5), we obtain

Im g(e!"+21) (1 — h)) — 400, h 0. (7.13)
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Note that the measures y;,7 = 1,2 are not i.d. Indeed, ¢2(2) is an analytic function
in D and, by (7.13), there exist points z € D where Re ¢2(2) < 0. Hence, by Bercovici
and Voiculescu result [11], the measure p has a non-i.d. factor and therefore pu ¢ Ip. O

Now we shall prove that there exists a measure ;o € M for which the representation
(2.29) is not unique. We establish this result for the semigroup (M, H). One can prove
this fact for the semigroups (M, X) and (M,,X) in the same way.

Assume to the contrary that every measure p € M, which has indecomposable
factors, admits a unique representation

= By .., (7.14)

where 1, p19, ... are some indecomposable nondegenerate elements of the semigroup
(M, H), with respect to the equivalence relation pu ~ v if p = v HJ, for some a € R.

Let p be an i.d. p-measure. Hence, for every n € N, u = v, B--- By, (n times),
where v, € M. Since the p-measure v, admits an unique representation of the form
(7.14), we see that, for every n € N, u = p?® B p,, where p; denotes the measure
from the representation (7.14) and p, € M. We return to the notation of Section 6.
Note that the measure ; belongs to the set M@ for some o > 0 and 3 > 0. Hence
0 < —Img,(i(3 + 1)) < oo. By Proposition 6.1, ut% p, € M@ as well and
—Img e (i(6+1)) > 0 and —Ime,, (i(6+ 1)) = 0. Since

Im @, (i(6 +1)) = Imp e (i(6 + 1)) + Im e, (1(5 + 1))
= nlmg,, (i((6 +1))) + Im g, (i(6 + 1)),

we have Imp,, (i(6 + 1)) — 0 as n — oo and we get Imyp,, (i(5+ 1)) = 0. By
Proposition 6.2, u; = d, for some a € R. We arrive at a contradiction which proves
the assertion. [

8. DENSE CLASSES OF INDECOMPOSABLE ELEMENTS IN (M, o)

In this section we describe a wide class of indecomposable elements in (M, o). The-
orem 2.14 and Corollary 2.15 follow immediately from our results.
8.1. At first we shall formulate and prove our result for the semigroup (M, H).

Theorem 8.1. Let p € M such that p({a}) > 0, u([b,00)) > 0 and p({a}) +
p([b,00)) =1, where a < b are real numbers and lim,, G, (x) = 0. Then p is an inde-
composable p-measure in (M, H).

From Proposition 3.7 it follows that there exist p-measures p with an unique atom
a satisfying conditions of Theorem 8.1 (see similar arguments in Section 7). Therefore
the statement of this theorem does not follow from Belinschi [5] and Bercovici and
Wang [17] results. This conclusion holds for Theorem 8.2 and 8.3 as well.

Proof. 1t follows from the assumptions of the theorem that F},(z) is an analytic function
on C\ [b,00) and F),(x) is strictly monotone on (—oo,b). In addition F),(z) | —oco as
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x| —oo and F),(x) T 400 as x T b. Using the Stieltjes-Perron inversion formula (3.7),
we see that F),(z) admits the representation

1 t .
Fu2)=z+c+ / (t_z—1+t2)a(dt), 2ect (8.1)
[b,00)

where ¢ € R and o is a nonnegative measure such that f[b,oo) o(dt)/(1+t*) < .

Let p; € M, 7 =1,2,and p = pHps. Let us prove that either p; = pHoq, o = 0_o
Or ft1 = 0_q, flo = pH, with a € R. By Theorem 2.1, there exist functions Z;(z) €
F,j =1,2, such that (2.3) holds and F),(z) = F,,(Z1(2)) = F,,(Z2(2)), z € C*. Using
the integral representation (3.3) for Nevanlinna functions, we rewrite the relation (8.1)
in the form

1 t
ctet / (775 — ) old) = by + Z(2) + Wy(2)
[b,00)
1 t .
= bj+Zj(Z)+/<t_Zj(Z) — 1+t2>crj(dt), zeCt j=1,2, (8.2)
R

where b; € R and 0; are nonnegative measures such that [, o;(dt)/(1+t*) < co. Since,
again by the representation (3.3) for functions in F, we have

1 t ‘
Z](Z):Z‘FCJ‘F/(;—m)VJ(dt), Z€C+, ]:1,2,
R

where ¢; € R and v; are nonnegative measures such that [, v;(dt)/(1+t*) < co. More-
over, by (3.4), |Z;(iy) —iy| = o(y), 7 = 1,2, as y — +o00. We note that the functions
W;(z) € N, j = 1,2, and, as it is easy to see, [W;(iy)|/y — 0, j = 1,2, as y — +oc.
Therefore, by (3.3) and (3.4), W;(z), 7 = 1,2, admit the representation

_ 1 t _
Wj(Z) :Cj+/ (t—Z — m)aj(dt), z € CJr,
R

where ¢; € R and ¢; are nonnegative measures such that [, &;(dt)/(1+t*) < co. Hence,
we finally obtain, for z € C* and 7 = 1, 2,

1 t 5 1 t N
c+ / (t_z—W)U(dt):bj+Cj+Cj+/(t_z—m)(yj+0j)(dt).
R

[b,00)

(8.3)
Applying the Stieltjes-Perron inversion formula (3.7) to (8.3), we see that the measures
v, j = 1,2, have supports which are contained on the set [b, c0). Hence either Z;(z) =
zZ+ ¢y or

Zi(2) =2 +c+ /( ! ! ) vilat), (8.4)

t—z 14+¢2
[b,00)
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where ¢; € Rand [, v;(dt)/(1+¢%) > 0.

Let one of Z;(z), say Z1(z), be of the form Z;(z) = 24 ¢4, then F,, (2) = F,(z —
and we have 1y = p 6., and ¢, (2) = ¢,(2) + ¢1. From the relation (2.4) ¢p,(2) =
©ur (2) + ¢u,(2), we obtain ¢, (2) = —c¢; which implies py = d_,.

It remains to consider the case where both Z;(z) and Z5(z) have the form (8.4). In
this case Z;(z) and Zy(z) are analytic functions on C\ [b, c0). Moreover Z;(z) > 0 and
Zh(x) > 0 for € (—o0,b), and Z;(z) | —oo and Zy(z) | —oo for x | —oc.

By the relation (2.3), we obtain

z=21(2) + Zo(2) = F, (Z1(2)) = Z1(2) + Za(2) — Fl(2), ze€CY.
Recalling that F,(x) T +o0o as T b we see from this formula that one of Z;(2), say
Z1(2), has the property Z(z) T +o00 as x T b.

Since Z(z) € F, the function 1/(t—Z,(z)) is in N and z/(t—Z1(z)) converges to 1 as
z — oo for any fixed ¢t € R. Moreover the function 1/(t— Z;(z)) is analytic on C\ [b, 00)
with the exception of a simple pole § = ((t) € (—o0,b). Note that the function 3(t),
as a function on the variable t, is a strictly increasing continuous function such that
B(t) | —oo ast | —oo and B(t) T b ast T oo. In view of these properties we conclude
that the Nevanlinna integral representation (3.3) for the functions 1/(t—Z;(z)), z € C*
for every fixed ¢ € R, has the form

1 ot 1) e at) pi(du)
t—Zl(z)_ﬁ(t)—z+W(’t>'_ﬁ(t)—z+/ . 89

[b,00)
where a(t) > 0 and p; is a nonnegative finite measure. Moreover «(t) is a continuous
function. We see from (8.5) that W(z,t) € N and W(z,t) is bounded by modulus for

z from every compact set in C* and t € [N, N] for every N > 0. From (8.2) with
j =1 and (8.5) we obtain the relation, for every a > 0,

o [ (il -z [ W, seon

t—z 1+t
[b,00) [—N,N]

(8.6)
where Ty(z) € N.
Since a(t) > 0,t € R, and () < b, t € R, we note that the second summand on
the right hand- 81de of (8.6) can be written in the form

/ s one) Jou(dt) / a(B- 1u(zi)101(du)7

[-N,N] [t1,t2]

Where t1 = [B(=N) < b, ty := B(N) < b, and &7 is a measure such that 7;(B) :=

o1(BY(B)) for any Borel set B. Note that &,([t;,ts]) = o1([-N, N]). Applying to
both sides of (8.6) the inversion formula (3.4), we obtain that oy([—N,N]) = 0 for
every N > 0 and therefore o1(R) = 0. Hence the relation (8.6) implies that o1 = 0.
Thus, F,, (2) = 2+ by and p1y = 6_p,. Hence po = B 0, This implies the statement
of the theorem. O
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8.2. We shall now formulate and prove the result for the semigroup (M, X).

Theorem 8.2. Let € My such that p((0,a]) > 0, u({b}) > 0, and u([0,a]) +
pn({b}) =1, where 0 < a < b, and limgy1, ¥, (x) = —1. Then p is an indecomposable
p-measure in (M, X).

Proof. Denote a; := 1/a and by := 1/b. We have from the assumptions of the theorem
that 1, (2) is an analytic function on C \ [a;, 00) with the exception of the simple pole
bi. Moreover 1, (z) is a strictly monotone function on (—oo,b;) and on (by, a;), and
Yu(z) | =1+ p({0}) as « | —o0, ¥(z) T oo as x T by, ¢Yu(x) | —oo as x | by, and
limgpq, Yu(x) = —1.

Since K,(z) :==1—1/(1 +v¢,(2)), we conclude that K,(z) is an analytic function
on C\ [d,00), where by < d < a; is a point such that lim,4¢,(z) = —1. In addition
K, (x) is a strictly monotone function on (—oo,d), and K,(0) = 0 and K,(z) T oo as
x T d. Since K,(z) € K it admits the integral representation

Ku(2) = vz + /

[d,00)

7(du), (8.7)

u—z

where v > 0 and 7 is a nonnegative measure such that f[d,oo) 7(du)/(1+u) < oo.
Let 1, 1o denote measures in M, and assume that p := p; X ps. We have to prove
that either p; = pXo, and py = 01/, or 1 = 01/, and pp = pXo,, where a € (0, +00).
By Theorem 2.4, there exist functions Z;(z) € K, 7 = 1,2, such that K,(z) =
K,,(Z1(2)) = K,,,(Z>(2)) for z € C* and

Z1(2)Z2(2) = 2K, (2), z€C", j=1,2. (8.8)
Since K,,,(2) € K, j = 1,2, rewrite the first of these relations in the form
Zi(z) :
Kﬂ<2) = dej(Z) + / u_]izj(z)Tj(du), Z € (I:Jr, ] = 1, 2, (89)

(0,00)

where d; > 0 and 7; are nonnegative measures such that f(o 00) 7;(du) /(14 u) < oo.

Let us show that Z;(z), j = 1,2, are analytic functions on C \ [d, 00).

If d; # 0 in (8.9), then, applying the Stieltjes-Perron inversion formula (3.7) to (8.9),
we note that Z;(z) is an analytic function on C\ [d, 00).

Let d; = 0. Recalling the definition of the Krein class K, note that the functions
AE) ey, joy,
u—Z;(2)

belong to IC for every fixed u > 0. Therefore they admit the representation

Kj(zu) = a;(u)z + 2 / Ty (dt)

t—z
(0,00)

Kj(zu) =

. zeCt, wu>0, j=12  (8.10)
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where a;(u) > 0 and 7, ; are nonnegative measures, satisfying the condition

Tu,j<dt)
| <

(0,00)

It is easy to see that a;(u) = 0, u > 0, j = 1,2. Moreover the functions u — 7, ;(B),
where B is a Borel set on (0, 00), are measurable. Using (8.10), we easily deduce from
(8.9) with d; = 0 the relation

K,(z) = / Kj(z;u)Tj(du):z/ th(dt>, zeCt, (8.11)
0,00)

—Z
C (0,00)

where v;(B) = f(o 00) Tu,;(B) 7j(du) for every Borel set on R} and f(o 00) vi(dt)/(1+t) <
00.

By (8.7) and the Stieltjes-Perron inversion formula (3.7), we deduce from (8.11) that
v;((0,d)) = 0. Hence there exists a measurable set B; such that [, 7;(dt)/(1+1) >0

and 7,,((0,d)) = 0 for u € B;. Thus we have from (8.10) the formula

. (dt
Kj(zéu):Z/Tt’ji(), zeCh, weB;, j=12.
—z
[d,00)

Since Z;(z) = uKj(z;u)/(1+ K;(z;u)) for u € Bj, are analytic functions on C\ [d, 00),
we proved the desired assertion.

Hence Z;(z), j = 1,2, are analytic functions on C\ [d, c0) and Z;(0) = 0. Moreover
Zi(z), 5 = 1,2, are strictly monotone functions on (—oo,d). By (8.8), we conclude
that one of Z;(2), say Zi(z), has the following property: Zi(z) T oo as x T d. Since
Z1(z) € K, the function Z;(z)/(u— Z1(2)) is in K for every fixed u € (0, 00). Moreover
the function Z;(z)/(u — Z1(z)) is analytic on C\ [d, co) with the exception of a simple
pole 5 = ((u) € (0,d). Note that the function B(u), as a function of the variable u, is
strictly increasing continuous function such that G(u) | 0 asw | 0 and G(u) [ d as u T
0o. In view of these properties we conclude that the Nevanlinna integral representation
(3.8) for the functions Z(2)/(z(u — Z1(2))), z € C*, for every fixed u € (0,00), has
the form

1 _ 40 _ a(u) ) e a(u) pu(ds)
2 u— Zi(z) ﬁ(u)—z+R(’ ) : 7ﬁ(u)—z+p+/ P (8.12)

[d,20)

where p > 0, a(u) > 0 and p,(ds) is a nonnegative measure such that f[d 00) pu(ds)

/(1 +s) < oco. Moreover a(u) is a continuous function. We see from (8.12) that
R(z,u) € N and R(z,u) is bounded by modulus for z from every compact set in C*
and u € (0, N] for every N > 0. Recalling (8.7), (8.9) with j = 1 and (8.12), we obtain
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the relation, for every N > 0,

o / 7'(du):dlzlz<z)+ / W+TN(Z«), z€CT, (8.13)
(O.N

u—z )—z
[d,0)

where T (z) € N.
Since a(u) > 0, u € (0,00), and 0 < f(u) < d, u € (0,00), we note that the second
summand on the right hand-side of (8.13) can be written in the form

a(w)or(du) [ a8V () Fi(du)
T

(0,N] (0,u1]

Y

where u; := B(N), and 7 is a measure such that 7, (B) := 7,(3"1(B)) for any Borel
set B. Note that 71((0,u;]) = 7((0, N]). Applying to both sides of (8.13) the inversion
formula (3.4), we obtain that 71 ((0, N]) = 0 for every N > 0 and therefore 71 ((0, 00)) =
0. Hence relation (8.13) implies that 7y = 0. Thus, K, (2) = diz and p; = 6;/4,. Hence
fo = B dg4,. This implies the statement of the theorem. U

8.3. It remains to describe a wide class of indecomposable elements in the semigroup
(M., ). Our result in this case has the form.

Denote v, :={C € T: —a <arg{ < a}, 0 <a <, and (, = €.
Theorem 8.3. Let p € M, such that p({1}) > 0, pu(va \ {1}) =0, (T \ v4) > 0,
and limgr, Im 1, (") = —oo, limg)_o Im ¥, (¢”) = co. Then p is an indecomposable
p-measure in (M, K).

Proof. We have from the assumptions of the theorem that 1,(z) is an analytic function
on C\ (T \~,) with the exception of the simple pole 1. Moreover Im ¢, (e?) is a strictly
monotone function on (—«, 0) and on (0, @), and Im ¢, (¢”?) T co as 6 | —a, Im 1, (e) |
—o0 as 0 17 0, Im¢,(e”) 1 oo as 6 | 0, and Ime),(e) | —co as 6 T a. Introduce
the function H,(2) = 1+ 21,(2) and consider the function

H,(z)—1
QM(Z) H“(z) + 1
It is analytic on C\ (T \ 7,) and |Q.(2)| = 1 for z € ~,. It is easy to verify that
ArgQ, ("), ArgQ,(1) = 0, is strictly monotone function on the interval —a < 6 < «
and ArgQ, ('@ ) — ArgQ, (e!2+9) = 4.
Let py, p2, € M, We have to prove that either 1 = pXd, and py = 91/ Or 11 = 614
and ps = pX6,, where a € T. By Theorem 2.7, there exists a function Z;(z) € S,
such that ¢, (2) = ¥, (Z1(2)) = ¢¥u,(Z2(2)) for z € D and

U (4() _ Hu(Z(2) -1
AR = 2QulE) =2 ) =2 T ) T R, (2,(0) 41
(8.14)

zeD.
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for €D, j=1,2, where H, (2) := 2¢,,(2) + 1. We obtain from (8.14) the relation

1+(z [ 14+¢Z(2) .
/ ¢z p(dq) —/%m(do, zeD, j=12 (8.15)
T T

Since the functions

Cy(z56) = T

C1-2Z()¢
belong to the Carathéodory class C for every fixed £ € T, they admit the representation

1
Cili6) = [ o oesld),  zeDy j=12

zeD, j=1,2, (8.16)

T

where o¢ ; are p-measures. Moreover for j = 1,2 the functions £ — o¢ ;(B), where B
is a Borel set on T, are measurable. From (8.15) we deduce the relations

() = [ GO = [{EEn@), zep, (17

T

where v;(B) := [} 0¢ j(B)p;(d§) for every Borel set B on T.

By (8.17) and the inversion formula, the p-measures v; have the property: (7, \
{1}) =0, j = 1,2. Hence, there exist measurable sets B;, j = 1,2, such that u;(B;) =
1 and o¢ ;(7a \ {1}) = 0 for £ € B;. Thus we obtain, for such points &,

LHEZ5(2) _ mpy =y (o) L2 e
ﬁZz(z/)_Cj(z’g)_pj(g)l_Z+/l_CZ

gf,j(d§)7 KA [Da ] = ]-72a
-[r\“/a
(8.18)

where 0 < p;j(§) < 1. Moreovere there exist points & € B;, j = 1,2, such that
p;(&;) > 0. Since
Cj(z: &) — 1
£:7,(2) = %’

Y Ci(z6) +1
we see from (8.18) that the functions Z;(z), j = 1,2, are analytic on C\ (T \ 7,) and
|Z;(2)] =1 for 2z € 7,. Hence Z;(e?) = 9@ j =12 for —a < 0 < a, where g;(0)
are continuous real-valued functions. In addition, as it is easy to see, g;(#), j = 1,2,

are strictly monotone functions on (—a, ) and Z;(1) = 1/¢;.
We note from (8.14) that

J=12

gi(a—=0) = gi(—a+0) + gao(a = 0) = go(—x + 0)
= 2a +arg Q. (") —arg Q,(e'"*TY) = 2a + 4. (8.19)

We conclude from (8.19) that one of Z;, say Z;(z), has the property: gi(o—0)—g1(a+
0) > 2.
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Return to the formula (8.17) with j = 1. We obtain from the definition (8.16) of
the functions Cy(z;e™), 2 € D, — < ¢ < 7, that they have the form

1+ ePW)
where (1)) is a positive continuous function, 3(¢) is a strictly monotone continuous
function on [—m, ) such that —a < B(¢) < a, B(0) = —arg&;, and, for every fixed
Y € [—m,m), M(z;%) is an analytic function on C\ (T \ 7,). Comparing (8.18) and
(8.20) we arrive at a contradiction. Theorem 8.3 is proved completely.

Ci(z;e™) = ay) + M(z; ), (8.20)

4
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