HEAT KERNELS AND GREEN FUNCTIONS ON METRIC
MEASURE SPACES
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ABSTRACT. In this paper we prove that the two-sided estimate of the Green
function on a ball is equivalent to the Harnack inequality either plus the bounds
for the capacity of two concentric balls, or plus the bounds for the weak solution of
Poisson-type equation in a ball. As a consequence, we obtain the new equivalences
for the two-sided estimates of the heat kernel of the strongly local regular Dirichelt
form on a metric measure space. Our arguments are based on the pointview of a

pure analysis.

CONTENTS
1. Introduction
2. Background of heat semigroups
3. Description of the results
4. Maximum principles
5. Green operator and Green function
5.1.  Green operator
5.2.  Harnack inequality and existence of Green function
6. Some Potential theory
6.1. Riesz measures associated with superharmonic functions
6.2. Reduced function
6.3. Capacitory measure
7. Resistance
7.1. Green function and resistance
7.2. Estimates of the Green function
7.3.  Continuity of G f
8. Proof of Theorem 3.10
8.1. Implication (H) + (Rp) = (Gp)
8.2. Equivalence (HG') & (H)
8.3. Implication (Gr) = (H) + (Ep)
8.4. Implication (H)+ (Ep) = (H) + (Rp)
9. Appendix
9.1. Capacity
9.2. Functions in F (2\ A)
References

Date: August 30, 2012.
AG was supported by SFB 701 of the German Research Council(DFG).
JH was supported by NSFC (Grant No. 11071138) and SFB 701.

1

10
14
14
15
26
26
30
32
34
34
38
40
44
44
46
48
49
51
ol
53
%)
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1. INTRODUCTION

We are concerned with the heat kernel estimates for any regular Dirichlet form on a
metric measure space. The heat kernel is the surprising source of many phenomena
in various scientific areas. There are a vast literature to devote to some of these
questions, for example, in [2, 6, 13, 14, 15, 17, 32, 33, 34, 36, 37, 38, 39] for the
Euclidean spaces or Riemannian manifolds, in 8, 10, 24] for torus or infinite graphs,
in [3, 5, 9, 27] for certain classes of fractals and in [12, 26, 28, 30, 31, 41, 19, 20] for
metric spaces.

In this paper we are concerned with certain conditions that are equivalent to
sub-Gaussian two-sided estimates of the heat kernel for all range of time and space
variables. In the simplest case sub-Gaussian estimate has the following form

e & (z,y)\ 7T
pe(z,y) < W exp (—c (Ty) )

where p; (z,y) is the heat kernel in question, d(z,y) is a metric, V (z,r) is the
volume function of metric balls, and § > 1 is a parameter that is called the walk
dimension. One of our main results — Theorem 3.12, ensures that, under some
simple assumptions about the volume function, such an estimate of the heat kernel
is equivalent to the following two conditions: the uniform Harnack inequality for
harmonic functions and to the following estimate of the resistance between two
concentric balls B = B (x,r) and KB = B (z, Kr):

e
Vix,r)

res (B, KB) ~ (1.1)
where K is a large fixed constant. On the other hand, such sub-Gaussian estimate of
the heat kernel is equivalent to a certain two-sided estimate of the Green function.

The main technical result of the paper is Theorem 3.10 that ensures the equiv-
alence of the resistance condition (1.1) to a certain mean exit time estimate from
metric balls. To obtain then Theorem 3.12, we combine Theorem 3.10 with the
results of [26] and [20].

In Section 2 we give necessary background material about abstract heat semi-
groups. In Section 3 we state the two above mentioned theorem and prove Theorem
3.12 using Theorem 3.10. The proof of Theorem 3.10 is postponed to Section 8 after
we develop necessary tools for that.

In Section 5 we prove some properties of the Green operator, in particular, the
existence of its kernel — the Green function, under the Harnack inequality. The
most challenging result in this section is obtaining an annulus Harnack inequality
for the Green function, without assuming any specific properties of the metric d,
unlike previously known similar results [4], [25] where the geodesic property of the
distance function was used. A desire to have the results for a general metric d is
motivated by a number of applications. For example, the proof of the uniqueness of
Brownian motion on Sierpinski carpet in [7] uses Theorem 3.12. Another possible
application could be on self-similar fractals with the resistance metric.

In Section 6 we prove a representation formula for superharmonic function via
Riesz measure. This type of results is very well known in abstract Potential Theory
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[11], but in our setting those results are not directly applicable, so we give an
independent proof based on the heat semigroup.

In Section 7 we prove the pointwise estimates of the Green function using Harnack
inequality and the resistance estimate. This type of estimates were known on graphs
[25] and smooth manifolds [17], but the present singular setting imposes certain
difficulties that we overcome using the potential-theoretic tools from the previous
section.

In Section 8 we give the proof of Theorem 3.10 using all the machinery developed
in the previous sections.

Appendix 9 contains some auxiliary properties of capacities and Dirichlet forms.

ACKNOWLEDGEMENT. The authors thank Wolfhard Hansen for valuable conver-
sations on the topics of this paper.

NOTATION. The sign ~ below means that the ratio of the two sides is bounded
from above and below by positive constants. The letters C,C’ ¢, ¢ will always
refer to positive constants, whose value is unimportant and may change at each
occurrence. The sign U @ € means that U is precompact and U C . For any
bilinear form & (f,g) set E(f) := E(f, f). If B is a ball of radius r then AB is the
concentric ball with radius Ar.

2. BACKGROUND OF HEAT SEMIGROUPS

Throughout the paper, we assume that (M,d) is a locally compact separable
metric space and p is a Radon measure on M with full support. We refer to such a
triple (M, d, 1) as a metric measure space.

Denote by

B(z,r)={ye M :d(z,y) <r}

the open metric ball of radius » > 0 centered at x. We always assume that every
ball B (z,r) is precompact. In particular, the volume function

V(z,r):=p(B(z,r))

is finite and positive for all x € M and r > 0.

Let (€, F) be a Dirichlet form in L? (M, p1). Recall that (&, F) is reqular if F N
Co (M) is dense both in F and in Cy (M), where Cy(M ) is the space of all continuous
functions with compact support in M, endowed with sup-norm. The form (&, F)
is strongly local if £(f,g) = 0 for any f,g € F with compact supports, such that
f = const in an open neighborhood of supp g.

Let £ be the generator of £, that is £ is a self-adjoint and non-positive definite
operator in L? (M, ) with the domain dom (£) that is dense in F and such that,
for all f € dom (£) and g € F,

E(f,g) = _(Efag) )
where (-, -) is the inner product in L? (M, u). The associated heat semigroup
P, =¢*, t>0,

is a family of contractive, strongly continuous, self-adjoint operators in L? (M, p)
that satisfies the Markovian property (cf. [16]).
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Recall that for any f € L? (M, p), the function

te T (= RA)

is increasing as t is decreasing, and for any f € F,

.1
I (f - Pf P =E(). (2.1)
The form (&, F) is called conservative if P,1 = 1 for every ¢t > 0.
A family {p:},., of non-negative 1 x p-measurable functions on M x M is called
the heat kernel of the form (€, F) if p; is the integral kernel of the operator P, that
is, for any ¢t > 0 and for any f € L*(M, ),

Pf () = /M pi(2,9) F (9) dp (9) (2.2)

for p-almost all x € M.

For a non-empty open © C M, let F(§2) be the closure of F N Cy(2) in the
norm of F. It is known that if (€, F) is regular, then (€, F(2)) is also a regular
Dirichlet form in L?(Q, ). Denote by P the heat semigroup of (£, F(f2)), and L%
the generator of (£, F(9)) .

Recall that for any regular Dirichlet form (&,F), there is an associated Hunt
process'. Denote by X;,t > 0, the trajectories of a process and by P,,z € M, the
probability measure in the space of trajectories emanating from the point x. Denote
by E, the expectation of the probability measure P,. Then the relation between the
Dirichlet form and the associated Hunt process is given by the following identity:

Pif(z) = Eo f(X3), (2.3)

which holds for any bounded Borel function f, for every ¢t > 0, and for p-almost all
x € M (note that P, f is a function from L* and, hence, is defined up to a set of
measure zero, whereas E, f(X}) is defined pointwise for all z € M). By [16, Theorem
7.2.1, p.380], such a process always exists but, in general, is not unique. Let us fix
one of such processes once and for all. If (£, F) is local, then the Hunt process X;
is a diffusion, that is, the sample path ¢ — X, is continuous almost surely.

Example 2.1. Let M be a connected Riemannian manifold, d be the geodesic
distance on M, i be the Riemannian volume. Define the space

W'={fel?:Vfel?}

where L? = L? (M, ) and V[ is the Riemannian gradient of f understood in the
weak sense. For all f,g € W', one defines the energy form

E(frg) = /M (V£.¥9) dp.

Let F be the closure of C§° (M) in W!'. Then (&, F) is a regular strongly local
Dirichlet form in L? (M, it). The heat kernel admits (cf. [2]) the two-sided Gaussian

Hoosely speaking, a Hunt process is a strong Markov process whose sample paths are right
continuous and have left limit almost surely.
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pe(2,y) < ieXp ool
P /2 ct '

Similar bounds hold on some classes of Riemannian manifolds (see [18], [32]). Note
that in the above examples the Dirichlet form is local and, hence, the corresponding
Hunt process is a diffusion.

bounds

Example 2.2. On some classes of fractals the heat kernel is known to exist and to
satisfy the following sub-Gaussian estimate:

C d(z,y B/(6-1)
Dt (:E)y) = Wexp <_ ( C(tl/ﬂ)) 3 (24)

for all ¢ > 0 and p x p-almost all z,y € M. Here d(z,y) is an appropriate distance
function, and « > 0 and (3 > 1 are some parameters that characterize the underlying
space in question.

3. DESCRIPTION OF THE RESULTS
Let us introduce the following hypotheses that in general may be true or not.

Definition 3.1. Let €2 be an open subset of M. We say that a function u € F is
harmonic in € if

E (u,v) =0 for any v € F (Q).
A function u € F is superharmonic in € if
€ (u,v) > 0 for any nonnegative v € F (),
and is subharmonic in €2 if

€ (u,v) <0 for any nonnegative v € F ().

Definition 3.2. We say that the elliptic Harnack inequality (H) holds on M if|
there exist constants Cy > 1 and § € (0,1) such that, for any ball B (z¢,7) in M
and for any function v € F that is harmonic and non-negative in B (zy,7), the
following inequality is satisfied:

esup u < Cgy einf w. H

B(zo,0r) HB(QCO#ST) ( )
Let us emphasize that the constants Cy and ¢ are independent of the ball B (xg, r)
and the function w.

Definition 3.3. We say that the volume doubling property (VD) holds if there
exists a constant C'p such that, for all x € M and all » > 0

V(x,2r) < CpV (z,1). (VD)
It is known that (V' D) implies that, for all x,y € M and 0 <r < R,
V (z,R) R+d(z,y)\“
— =< (Cp| ——== 3.1
P <o () ey

for some a > 0 (see for example [20]).
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Definition 3.4. We say that the reverse volume doubling property (RV D) holds if,
there exist positive constants o’ and ¢ such that, for all x € M and 0 < r < R,

Recall that (VD) implies (RV D) if M is connected and unbounded (cf. [20]).
Let F' be a continuous increasing bijection of (0, 00) onto itself, such that, for all

0<r <R, ,
! (E)ﬁ <P (E)ﬁ | (3.3)

r

for some constants 1 < 3 < 3 and C > 1. Consider the inverse function R = F~L.
Obviously (3.3) implies that

o1 (z)l/ﬂ’ - R(T) <C (z)l/ﬁ 5.4

forall0 <t <T.

Definition 3.5. Let €2 be an open set and A be a Borel subset of €). Define the
capacity cap(A, Q) by
cap(A4, Q) :=inf {€ () : ¢ is a cutoff function of (A,Q)}. (3.5)
For simplicity, denote by
cap(A) := cap(A, M).

Recall that a cutoff function ¢ of (A, ) means that ¢ € FNCy(N), 0 <o <1
in M, and ¢ = 1 in a neighborhood of A. It is known that for any open set 2 C M
and any set A € (, there is a cutoff function of (A, Q) (see [16, Lemma 1.4.2(ii),
p.29)).

Note that cap(A) here is different than the 0-order capacity Capy(A) defined as
in [16, p.74] where

Capy(A) :=inf {€ (¢) : p € Fe, ¢ > 1 on A},
where F, consists of all functions u (cf. [16, p.40]) such that |u(x)| < oo, ux(z) —
u(z) for p-a.e. x € M, for some sequence {u,} C F with
E(ug — uy) — 0 (n,m — 00).
Clearly, for any Borel set A,
cap(4) > Capo(A). (3.6)

Recall that each u € F admits a quasi-continuous version u with respect to O-order
capacity Capy(A) [16, Theorems 2.1.3 (p.71) and 2.1.6 (p.74)]. In Appendix, we shall
show a similar result but with respect to our capacity cap(A). Precisely, a function
u is cap-quasi-continuous if, for every € > 0, there exists an open set U C M such
that u is continuous on M \ U, and

cap(U) < e. (3.7)

Then any function u € F admits a cap-quasi-continuous version u (see Lemma 9.1
in Appendix). Note that, thanks to (3.6), if u is cap-quasi-continuous, then it is
also quasi-continuous in the sense of [16, p.69].
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By definition, the capacity cap(A,€) is increasing in A, and decreasing in €2,
namely, if Ay C Ay, C Q, then cap(A;, Q) < cap(Ay, Q), and cap(A, Q) >
cap(A, Qy).

We define the resistance res (A4, Q) by

1
cap(4, Q)
Definition 3.6. We say that the resistance condition (Rp) is satisfied if, there exist
constants K, C' > 1 such that, for any ball B = B (x, ),

F F
e E0) o8, kB) < W)
p(B) 1 (B)
where C' may depend on K, but both constants K and C are independent of the
ball B. Equivalently, (3.9) can be written in the form
F(r)
pu(B)
We introduce the notions of the Green operator and the Green function.
Definition 3.7. For an open 0 C M, a linear operator G : L2(Q) — F(Q) is
called a Green operator if, for any ¢ € F(Q) and any f € L*(Q),

res (A, Q) = (3.8)

(3.9)

res (B, KB) ~ (Rr)

E(Gf,0) = (f.0). (3.10)
If G admits an integral kernel ¢, that is,
6°1(w) = [ o) f@)duly) for any | € 17(0), (311)

then ¢% is called a Green function.

We will address the existence and the properties of the Green operator G in
Lemma 5.1. The issue of the Green function ¢* is much more involved, and is one
of the key topics in this paper (cf. Lemmas 5.2, 5.3, and 5.7).

For an open set 0 C M, the function E® is defined by

E® (z) == G(x) (z € M), (3.12)
namely, the function E® is a unique weak solution of the following Poisson-type
equation

—LO9E% =1, (3.13)
provided that Ay, (€2) > 0.
It is known that
E®(z) =E, (1q) for p-a.a. x € M, (3.14)
where ¢ is the first exit time of the Hunt process {{X;},» . {Ps},cas} associated
with (£, F), that is -
T =1inf{t > 0: X; ¢ Q}, (3.15)
where X; ¢ € means that either X, € M \ Q, or X; = co. Clearly, if the Green
function ¢ exists, then

E® () = G1(z) = / ¢ (z,9) du(y) (3.16)

for p-almost all x € M.



8 GRIGOR’YAN AND HU

Definition 3.8. We say that condition (Er) holds if, there exist two constants
C > 1 and ¢; € (0,1) such that, for any ball B of radius R > 0,

esupE? < CF(R), (Er <)
B
%i%fEB > C'F(R). (Ep >)

Next we introduce condition (Gp).

Definition 3.9. We say that condition (Gr) holds if, there exist constants K > 1
and C' > 0 such that, for any ball B := B (z9, R), the Green kernel g7 exists and is
jointly continuous off the diagonal, and satisfies

R F(s)ds

B

P lany) < [ S forally € B {ao), (Gr <)
0 K—1d(z0,y) Vv (LU, 5) ’ !

R

_ F (s)ds _
B 1 1
g (zg,y) > C / ————forally e K" B\ {xy}. (Gp>
( 0 ) K-1d(@o) sV (JJ,S) \{ 0} ( F )
The following theorem is a key in our paper.

Theorem 3.10. Let (M,d,u) be a metric measure space where all metric balls
are precompact. Assume that (E,F) is a regular, strongly local Dirichlet form in
L*(M, u). If (VD) and (RV D) are satisfied, then the following equivalences take
place:

(H)+ (Rp) < (Grp) < (H) + (EF).

Remark 3.11. Condition (RV D) is required only for proving the implication ( H)+

The proof of this theorem is quite involved, including numerous lemmas and
propositions. We give the flowchart of the proof on the following diagram:

L.5.7
!
L72 «— LT71
! T
L73 — L74 L6.5
! / AN
7.3.10 L.6.2 and L.6.4
AN v
L8.2

Before stating the second theorem of this paper, we introduce more conditions.

(UE) Upper estimate: the heat kernel p; (z,y) exists, has a Holder continuous in
x,y € M version, and satisfies the following upper estimate

o<y G (b (LE0)) wp

for all t > 0 and all z,y € M. Here ¢, C are positive constants, R : =F 1,

and
2 (s) = sup {é - Fb) } |
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(NLE) Near-diagonal lower estimate: the heat kernel p, (x,y) exists, has a Holder
continuous in z,y € M version. and satisfies the lower estimate

pe(z,y) > (NLE)

c
Vi(z,R(t)
for all ¢ > 0 and all x,y € M such that d(z,y) < nR (t), where n > 0 is a
sufficiently small constant.

Denote by (U Ey.eqr) @ modification of condition (UFE) that is obtained by remov-
ing the Holder continuity of p; (z,y) and by relaxing inequality (U E) to px p-almost
all z,y € M. In a similar way, we can define condition (NLFEecq)-

Theorem 3.12. Let (M,d,u) be a metric measure space where all metric balls
are precompact. Assume that (€,F) is a regular, strongly local Dirichlet form in

L*(M, i1). Assume also that (VD) and (RV D) are satisfied. Then the following sets
of conditions are equivalent:
(H)+ (Er) & (Gp)< (H)+ (RF)
& (UE)+ (NLE)
< (UEweak) + (NLEweak> .

Proof. The first line of equivalences is contained in Theorem 3.10. Denote by <EF>
the following condition:

E.7 By ~ F (1) (Er)
for all 7 > 0 and x € M \ N, where A is a properly exceptional set®. Let us show
that the following implications take place:

(UE) + (NLE)
)
(UEBwear) + (N LEyear)
) 1

(H) + <Ep> = [(H) + (Ep)

which contains the remaining equivalences in the statement of Theorem 3.12. Indeed,
by [26, Theorem 7.4] we have the equivalences

(H) + (EF) & (UBuyeat) + (NLEyews) < (UE) + (NLE).  (3.17)
Let us verify that
(EF) = (Ep). (3.18)

Indeed, let B := B(xg,r) be any metric ball in M. For any z € B\ N we have,
using (Er) and B C B(z,2r), that

E,7p < EuTpory < CF(2r) < C'F(r).
2A set N C M is called properly exceptional if it is Borel, u (N) = 0 and

P, (X; e N or X;_ € N for some t > 0) =0
for all x € M \ NV (see [16, p.152 and Theorem 4.1.1 on p.155]).
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Hence, it follows from (3.14) that

esup EP = esupE,75 < C"F(r),
B zeB

thus proving (Ep <). On the other hand, for any « € £B\ NV, we have, using (Ep)
and B(z,r/2) C B, that
]ExTB > E:vTB(x,'r/2) > CilF<7n/2) > CF(T>7

and thus,

einf E¥ = einf E,75 > CF(r),
BJ2 2€B/2

hence, proving (Er >) and (3.18).
It remains to prove that

(H) + (EF) = (UEweak) + (NLEweak) .

For that we use the proof of [26] of (3.17) and verify that the condition (EF) in

that proof can be replaced by a priori weaker condition (Er). By [26, Theorem 3.11]
we have
(H) + (Er) = (FK),
where (FK) denotes a certain Faber-Krahn type inequality (see [26, Definition 3.9]).
It follows from the inequality [22, (6.34)] that
(Er) = (SF),

where (Sr) stands for a survival estimate defined by [20, (5.23)]. By [20, Theorem
2.1] we have

(FK)+ (Sr) = (UEByear) ,
which implies

(H) + (Er) = (UFEyear) -
Arguing as in [26, Section 5.4], one obtains

(H) + (Er) = (NLEuyear) ,
which finishes the proof. [l

4. MAXIMUM PRINCIPLES

We give three maximum principles, and the first two are for a subharmonic func-
tion on one open set, and the third is for a subharmonic function on the difference
of two open sets. All of them will be used later on.

Lemma 4.1 (Maximum principle). Assume that (£,F) is a reqular Dirichlet form
in L*(M, p). Let  C M be open such that A\pin(Q) > 0, and let Q; € Q be open.
Assume that v >0 in M.

(1) If u is subharmonic in 2, then (see Fig. 1 below)

esup u < esup u. (4.1)
Q M\

Consequently, if in addition u vanishes outside (), then

esup u = esup u. (4.2)
Q o\
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Assume in addition that (€,F) is strongly local, ) is precompact, and that
u € L>®(M). If u is subharmonic (resp. superharmonic) in ), then for any
open (g D €,

esupu < esup u, (4.3)

Q 02\
. einfu > einf . 4.4
(resp einfu > g(;;\rlgl w) (4.4)

Moreover, if u is continuous in a neighborhood of 0S), the above inequalities
can be replaced by

esupu = supu (4.5)
a o0

(resp. einfu = infu), (4.6)
Q o9

where 02 = Q\ Q, the boundary of €.

(1). Assume that esupp o, u is finite; otherwise (4.1) is automatically true.

If (4.1) fails, there would have a finite positive number ¢ such that

1 18 subharmonic in €

[RZ] /e H“Hf(mq)

FiGure 1. Maximum principle.

esup u > ¢ > esup u.
Q M\

Since ¢ > 0, the function ¢ := (u —c), is a normal contraction of u ([16, p.5]),
and thus, ¢ € F. Moreover, ¢ € F(Q) since (u —c¢), = 0 outside ;. Using the
subharmonicity of u and the Markov property of (€, F) (cf. [19, Lemma 4.3]), it
follows that

o
Y

E(u, ) = E(u, (u—rc),)
> E((u—0),) 2 Aain(Q) || (u— ), ][5 >0, (4.7)

a contradiction, thus proving (4.1).
If in addition v = 0 in M \ €, we have

esup u = esup u.
M\Qy o\
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Hence, it follows from (4.1) that

esup u < esup u < esup u,
O\ Q O\

showing (4.2).

(2). Let ¢ be a cut-off function for the pair (ﬁ, Qg). Since u,¥ € F N L>®, we
see that uy) € F N L*. For any ¢ € F(Q2), observe that the product of the two
functions u(¢) — 1) and ¢ is equal to zero, and so (cf. [40, Prop. 4.1})

We first assume that v is subharmonic in €. It follows that

E(u, o) = E(u, ) + E(u( —1),¢) = E(u, ) <0, (4.8)
namely, the function uw is also subharmonic in 2. By (4.1), we have
esup u = esup (uy)) < esup (ur)) < esup u,
Q Q M\Qy Q2\ 21

proving (4.3).

We next assume that u is superharmonic in 2. Similar to (4.8), the function uw
is also subharmonic in Q. To show (4.4), consider the function v := (a — )1, where
a := esup,,; u. Then v > 0 in M, and is subharmonic in 2 since for any ¢ € F(Q),
using the strong locality of (&£, F),

E(v, @) = al(Y, ) — E(uih, ) = =E(ur), ) < 0.
Hence, we see from (4.1) that

esup(a —u) = esupv < esupv < esup(a — u),
Q Q M\ Q2\ 21
proving (4.4).
Finally, if u is continuous in a neighborhood of 02, we have that, letting 25 | €,
esup u — sup u.
Q2\ o\
Similarly, letting Q1 T €2, we have

Sup 4 — Sup 4 = sup u.
o\ o\Q o0

Therefore, it follows from (4.3) that

esup u < sup u,
o i)
which gives (4.5), by using the fact that sup,o u < esupgu as 92 C 0. The equality
(4.6) can be proved similarly. O

The second maximum principle is for a subharmonic function u where we do not
know a-priori whether or not u keeps the same sign in the whole domain M, as
required in the first maximum principle, although this function u turns out to be
non-positive hereafter. This maximum principle will be used in the proof of Lemma
6.4 (b).

For an open U C M and u,v € F, denote by

u<v modF (U), (resp. u =v modF (U))
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if there exists some h € F (U) such that u —v < hin M (resp. u —v = h in M).

Proposition 4.2. Assume that (€,F) is a regular Dirichlet form. Let U be open
such that Apin(U) > 0. If

(4.9)

{ u s subharmonic in U,

u <0 modF (U),
then w < 0 in U (and thus also in M ).

Proof. Since v < 0 mod F (U), we have that u, € F(U) (cf. [19, Lemma 4.4,
p.114]). Since w is subharmonic in U, we have that, for any non-negative ¢ € F (U),

E (u,p) <0.
Letting ¢ = u, and noting that

. 1
E(ug,u_) = H%? (uy — Pug,u_) = —11_{%; (Pug,u_) <0,

we obtain that

(AVARVS

and thus, £ (u4) = 0. Therefore,

) € (uy)
[l 2y < Auin(U) "

which implies that « < 0 in U. 0

Finally, we present a third maximum principle where the domain is the difference
of two open sets. It will be used in the proof of Lemma 5.3.

Proposition 4.3. Assume that (£,F) is regular, local. Let ) be open such that
Amin(2) > 0, and let A C Q be compact. Let 0 < u € F (Q)NL> and is subharmonic
in Q\ A, and is continuous in some neighborhood of U, for any open U with
AeU & Then,
esup u = sup u. (4.10)
o\U U
Proof. Since we always have that esupg,; u > supg u, assume on the contrary that

m = supu < esup u,

U O\U
and we will deduce a contradiction.
Choose a small € > 0 such that
esupu > m + €. (4.11)
Q\U

Choose an open set V' such that A C V C U, and

supu < m+¢€/2.
U\V

Let ¢ be a cutoff function of (V,U). Consider the function

*

U= U — up.
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Clearly, u* € F N L*, u*|yy =0, and
uw<u<m+4e/2 inU\V.

Hence, the function v := (u* — (m +¢£/2)), satisfies that v|y = 0. Since v € F (),
by Proposition 9.3 in Appendix, we have that v € F (Q2\ A).
On the other hand, using the locality of (£, F) and the fact that pv = 0, we have

E(up,v) =0.
Therefore, by the subharmonicity of u, we obtain
E(u*,v) = E(u,v) — E(up,v) <0.
It follows that
0> E(u*v) = E(v) > /\min<Q)||v||i2(Q\A)’
showing that v = 0 in ©Q \ A. Hence,
uw<m+e/2 inQ\ A,

in particular, we have that v* < m +¢/2 in Q\ U. But this is a contradiction by
noting that u* = w in Q \ U and using (4.11). O

5. GREEN OPERATOR AND GREEN FUNCTION

5.1. Green operator. We give the existence of the Green operator, and present
its properties.

Lemma 5.1. Let (€,F) be a regular Dirichlet form in L*(M,u), and let Q@ C M
be open such that A\min(Q) > 0. Let L® be the generator of (£, F (), and set
G = (=LY, the inverse® of —L%. Then the following statements are true.

(1) |G| < Auin(2)7, that is, for any f € L*(Q)

HGQfHL2(Q) < )‘min(Q)71 HfHLQ(Q) : (5'1)
(2) For any f € L*(Q), we have that G*f € F(Q), and
EG U 0) = (f.0) for any o € F(Q). (52)

(3) For any f € L*(Q),
GUf = /OOO PEf ds. (5.3)
(4) G% is non-negative definite: Gf >0 if f > 0.
Proof. (1). It is trivial since spec(G) C [0, Anin(2) 7], and so |G| < Awin ()7
(2). Let u = G*f. Then u lies in the domain of £ , and hence, for any ¢ € F(£),
E(G2f, ) = E(u,0) = — (L%, 90) = (f.9).

(3). Using the spectral resolution, we see that

oo

Pf = e NEY f,

3Since A\;(©2) > 0, the operator —£® has a bounded inverse in L?(Q, p).
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/ Pefds = / ( / e‘SAdEyf) ds
0 0 )\min(Q)
= / (/ e‘”‘ds) dESLf
Amin (2) 0

= [ NaER =),
)‘min(Q)

and hence,

showing (5.3).
(4). Finally, since P2f > 0 if f > 0 for any s > 0, we see from (5.3) that G% is
non-negative definite. ]

5.2. Harnack inequality and existence of Green function. If condition (H)
holds, we will show that the Green function ¢ exists and is jointly continuous off
diagonal.

Lemma 5.2. Assume that (£, F) is strongly local, reqular, and that conditions (H)
and (VD) hold. Let Q C M be open such that A\pnin(2) > 0. Then there exists a
function ¢ (x,y) defined for (z,y) € Q x Q\ diag with the following properties:

(1) GQf ng x,2)f(2)du(z) for any f € L*(Q) and a.e. x € Q.

(2) 9%(a, ) 9% (y,x) > 0.
(3) ¢4 (x,y) is jointly continuous in (x,y) € Q x Q\ diag.
(4) F

or any ball B with B C Q and any y € Q\ B,

sup ¢ (z,y) < Cy inf ¢%(z,v), (5.4)
redB zES8B

where constants Cy,0 are the same as in condition (H).

Proof. The proof is quite long. We first show the existence of ¢} (z,vy) for (z,y) €
Q2 x Q\ diag.

Fix a point € Q, a ball B := B(z,R) € Q, and set U = Q\ B. Let f be any
non-negative function in L? () that vanishes outside U. Then G f is harmonic in
B because for any ¢ € F(B),

E(Gf.p) = (f.0) =0.
Hence, by condition (H) and (5.1),
esupGYf < Cy e}gf G f

0B
1 1/2
(s [, (€177 )
CfH:U’((SB)il/2 HGQfHLz(Q)

Crup(6B) ™2 Xmin( Q) 1 f 12y = CL B) [ f 2wy s (5:5)
where the constant (€2, B) is given by

IN

IN

IN

Cn
Auin(2)1/1(0B)

C1(Q,B) =
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Since (€, F) is strongly local, using (5.5) and the fact that G*f > 0, the harmonic
function G** f| 5 satisfies the following oscillation property: for any ball B(z, p) C 6B
and any 0 < r < p,

Osc G . = esup G f — einf G%
S Bl f-gul Gy
)
< 2(5> Osc Gf
p/) Bzp)
N
< 2(—) esup G f (5.6)
1Y 5B
N\
< 20005 (%) Wl (57)

where # > 0 is a constant depending only on constants Cy, ¢ in condition (H), see
26, Lemma 5.2]. Thus the function G2 admits a Holder continuous version in § B,
that will also be denoted by G f.

It follows from (5.5) that

G f(x) < C1(2, B) 1 fll oo

so that the mapping f — Gf(x) is a bounded linear functional on L?(U). By
the Riesz representation theorem, there exists a unique ¢#Y(-) € L%*(U) that is
non-negative in U and such that

GO f(z) = / GO (2) f(2)dp(z) for any f € L3(U).

Let { By }x>1 be a shrinking sequence of balls centered at x such that N By, = {z},
and let U, = Q\ B. Then we obtain a sequence of the functions ¢#Us that is

consistent in the sense that

QU
gy

This allows us to define a function ¢! on Q\ {z} by

|Uk =g,

Q QU
g, =g, * on Uy.

By construction, ¢ € L2 (Q\ {2}), is non-negative in Q \ {z} and satisfies

GO f(z) = / 622 (2)du(2) (5.8)

for any f € L*(Uy) and k > 1.
We claim that (5.8) also holds for any f € L?*(€), that is,

G®f(a) = [ 921 (du(z) fox amy f € L) (59)
Q
Indeed, set fr = f1p, for any non-negative f € L*(Q). Since (5.8) holds for fj:
Gfu(o) = | B (Ndn), (5.10)
Q

we let £ — oo and obtain that

G — GUf in L*(Q)
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2
by using the monotone convergence theorem, because fi gy f and G* is bounded
in L?(Q) by (5.1). This proves our claim.
Observe that for any ball A € U,

Cry/1(6A)
5B) < (/0B (5.11)

since, taking f = 154 in (5.5), we see that

16254l

Ch
Amin (2) v/ 14(3 B)
Let us show that G : L1(§A) — L*>(§B) is bounded, that is, for any f € L'(5A),
(Cn)’
Amin (2) v/ 1(0B) (3 A)
Indeed, interchanging the balls A and B in (5.11), we obtain that

Cuy/noB) (5.13)
)\min(Q) V :u(dA)

)1/2.

HGQ]-JAHLOO(53) < Ci( B) [[L5all 254y = (0 A

max GQf <
5B

11l e sy - (5.12)

HGQlJBHLoo(aA) =

Hence, for any non-negative f € L'(6A),

G2l promy = (G*F,158) = (f. G"15p)
< N fllzsay ||G9153||L°°(6A)

Cr/1(0B)

Amin (2) v/ 11(6A

) [ e

Therefore, using condition (H),

maXGQf < Oy rglénGQf

0B
1 Q
(i 16 s

(Ca)
N OB | (514)

IA

proving (5.12).
Now for y € U, let {5n}n21 be a decreasing sequence of positive numbers shrinking

to 0 such that A := B(y,e1) C U, see Figure 2.
Let w,, := G f,,, where

1

fn, :—13 En)o
Y7 u(Bly,e)) P

such that f, , — d, weakly in Cy(M) as n — oo, where d,, is the usual Dirac function
concentrated at point y. It follows from (5.6) and (5.12) that for B(z, p) C 0B and
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A=B(y,&)

FIGURE 2. Domains A and B.

0<r<np,

o
r
Osc u,, < 2| -] esupu,
Blzr) (p) 5B

IN

f [ (CH>2
2(p) e Vel

B r 0 (CH>2
a 2(p> Amin (Q)1/ (6B (6 A) (5.15)

Therefore, the sequence {u,,} is uniformly bounded and equicontinuous in JB.
By the Arzela-Ascoli theorem, there exists a subsequence {u,, ,} that is uniformly

convergent in 0 B. In fact, the limit is g?, that is,

g, (2) = klim G f,., ,(2) uniformly for » € §B, (5.16)

because, for any ¢ € Cy(0B), using (5.9),
(unkaZﬂgp) = (Gank,y7§0) = (fnk,wGQSO)
— G%(y) = (45, 9),

and hence,
Upyy — gy Weakly in Co(0B) as k — oo.

We now define the function ¢*(y, x) by
gQ(y7x) = g§2<x) = kh_{{.lo GQfTLk»y('T) >0

for almost all (z,y) € Q x Q\ diag.
We next show that such ¢*(y, z) satisfies all the properties (1)-(4).
Indeed, property (1) is clear by (5.9). Property (2) follows by using (5.9),

9'(.7) = Jm Gfoy(e) = tim | G2 fuus (2)n(:)

= g2(y) = g"(z,).
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To show property (3), we have from (5.15) that, for any 0 < r < R,
L)H (Cn)*
OR/ Ain(Q) /(6 B)u(3A)

and hence, passing to the limit as k£ — oo,

Ose G°fyy <2 (

B(z,r

r )" (Cn)”

OR/ Ayin () /(0 B) (8. A)
It follows that ¢*(-,y) is Holder continuous in §B locally uniformly for y € U, and
thus, the function ¢ is jointly continuous away from the diagonal.

More precisely, for any x1,y; € Q and any ry,ro > 0 such that B(xq,r) N
B(yi,m) =0, and B(z1,71) C Q, B(y1,m2) C £, we have that

207" (Cp)* [(d(% 55'2))9
win()/V (21, 0r1)V (y1, 072) 1

()

T2

Osc ¢ (y, - <2<
50,97(y:) <

|QQ($1,y1)—QQ($2,y2)‘ < )\

: (5.17)

where xy € B(x1,0r1) and yo € B(yy, dra). B
Finally, to show the property (4), let B be an arbitrary ball with B C €2, and let
y € B°. Note that u,, satisfies condition (H) in 6B uniformly for n > 1, that is,

max Gy < Chr I%llign G oy (5.18)
Passing to the limit as k — oo, we obtain (5.4). O

The next is the maximum-minimum principle for the Green function ¢ (zo,-).
Since we do not know whether or not the function ¢*(z,-) belongs to F, making
it harmonic in Q \ {x¢}, we are not able to apply directly the maximum principles
established before, as often did when M is a graph or a manifold.

Lemma 5.3. Assume that all the hypotheses of Lemma 5.2 hold. If xo € U € (Q,

then
inf gQ('TOa ) = inf gQ(:EOa ')7 (519>
U\{zo} ouU
sup gQ(‘T07 ) = Sup gg(xm ) (520)
U U

Proof. Let ©,, T € such that €, is precompact open, €2, D U for each n. Let
Uk | {xo} such that each Uy is open, and U; € U. Let

Ug = Gka,azo

where fj ,, — 0, weakly in C(M) as k — oo, for example f ,, = @lyk. By the

proof of Lemma 5.2, the sequence {uy},, converges uniformly to g% (zo,-) on each
compact subset of Q \ {z¢}, as k — 0.

We first prove (5.19). To do this, note that each uj, = G fi ., is superharmonic
in © (and in particular in U), since for any non-negative ¢ € F (§2),

E (U, ) = (frwo,©) > 0.
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As U is precompact, we have from (4.6) that, for each k,

elvnf Up = 1anUf (e (5.21)

Clearly, for each n, we have that 0U C U \ U,, C U, and thus

einf u; < einf u, < inf wuy
U U\Un, ou

for each k. Combining this with (5.21), we see

einf uy, = inf uy.
U\Un, ou

Letting k — 00, we obtain that

inf gQ(‘T07 ) = infgﬂ(w(h ‘)7
U\Un, ou

and then letting n — oo, we conclude that (5.19) holds. B
We next show (5.20). In fact, since each wy is harmonic in  \ U, it follows from
Proposition 4.3 that

Sup U = sup ug
Q\U U

for each n. Letting K — 0o, we have that

sup g*(zo,-) = sup g (zo, -),
Qu\U aU

and then letting n — oo and using the continuity of ¢ (z¢,-) off diagonal, we
conclude that (5.20) holds. O

It is not hard to see that (5.4) is equivalent to the following: if
d(z1,22) < §[d(xg, 21) A d(zo, 22)] (5.22)

for any points zg, 21, 20 € Q, then ¢%(xg, 21) =~ g*(x¢, 22), that is,
07199(1’0,22) < gﬂ(xo, z) < CgQ(xO,ZQ) (5.23)

for some C' > 0.
We introduce the Harnack inequality for the Green function ¢*.

Definition 5.4. We say that the Green function ¢ satisfies the Harnack inequality
if g% is jointly continuous off diagonal, and if there exist some (large) constants K, C
such that for any ball B = B (x, R) and for any precompact open set 2 O KB,

sup gQ(‘TOv ) < C’infgﬂ(:co, ')7 (HG>
OB 0B
where C' may depend on K, but both K and C are independent of the ball B and
the set €.

We will show that (HG) is true if conditions (H) and (VD) hold. For doing his,
we need the relatively connected property of balls.
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Definition 5.5. A metric space (M,d) is relatively (e, K)-ball-connected if, for
constants € € (0,1) and K > 1, there exists an integer N = N (e, K) such that for

any ball B(xg, KR) and for any two points x,y € B(xq, R), there is a chain of balls
{B;}N, of the same radius R inside B(xo, KR) connecting x and vy, that is,

r€By~By~By~---~By3uy,
where B; ~ B; means that B; N B; # 0, see Figure 3.

FIGURE 3. Balls {Bi}z']il connecting two points = and .

We give a sufficient condition for the ball-connectedness.

Proposition 5.6. Assume that (€, F) is a strongly local, reqular Dirichlet form, and
that conditions (H) and (VD) hold. Then (M,d) is relatively (e, K)-ball-connected
for any € € (0,1) and any K > 6", with the same & as in condition (H).

Proof. Fix e € (0,1) and K > § ', and let B := B(x, R). For the ball B(z, KR),
by condition (V' D), there exists a finite number of balls {B;}Y, of the same radius
eR that covers B(xg, KR), where N depends only on K, e (cf. [29, Theorem 1.16,
p.8]). It suffices to show that if X, Xy € {B;} and X; N B # 0 (j = 1,2), then X,
and X5 can be connected by a chain of balls from {B;}.

To see this, denote by €2 the union of all the balls in {B;} that can be connected
to X;. Clearly, the set Q is open. We claim that 2 is also closed in B(zg, KR).

Indeed, for any point y € B(xg, KR) \ €, there exists a ball X in {B;} such that
y € X. If X intersects one of the balls in 2, then X C €2, which contradicts the fact
that y ¢ Q. Thus, X does not intersect any ball from , that is QN X = (), and y has
an open neighborhood XN B(zy, KR) outside Q2. Therefore, the set B(zo, KR) \
is open, showing that € is closed in B(xy, KR).

Let Y := B(z,0 'R) so that B CY C B(xo, KR), and let

A=0NY =QnY.

Then A is compact. Let u be a cut-off function of (4,€2). We will show that u is
harmonic in Y. In fact, for any ¢ € FNCy(Y'), we have that supp (up) C QNY = A
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v is harmonic in Y

FI1GURE 4. function u and domains A, Y.

whilst « = 1 in a neighborhood of A, see Figure 4. Hence, using the strong locality,
we have that £(u, up) = 0. Similarly, £(u, ¢(1 —u)) = 0 because supp (¢(1 —u)) C
Y NAc C Y N Q¢ whilst w = 0 in Q¢. Therefore,

5(u, 90) = 5(“?“90) + g(“a 90(1 - u)) =0,

proving that « is harmonic in Y.

Hence, we can apply condition (H) for the non-negative harmonic function u for
the pair (B,Y).

Let € X;NBCOQNY = A. For any y € X, N B, we obtain

1= wu(z) < Cru(y),

which gives that u(y) > 0. Thus, y € Q since u is a cut-off function of (4,€2) and
u = 0in Q° Hence, Xo N B C (), showing that X, can be connected to X; by a
chain of balls in {B;}. The proof is complete. O

The last part of the above proof was motivated by that in [26, Theorem 7.3(a)].
We next show that condition (HG) holds.

Lemma 5.7. Assume that all the hypotheses in Lemma 5.2 are satisfied, then con-
dition (HG) is true where K > 6. Consequently, for any ball KB C Q with center
Zo,

sup gg(x[): ) < C'inf gﬂ(xoa )
O\B B

for some C' > 0 independent of the ball B and €.

Proof. First observe that (M, d) is relatively ball-connected by using Proposition
5.6. Fix a ball B := B(x, R), and let © be open such that B(zg, KR) C €. Since
g% (zp, -) is continuous on B, let x and y be two points on B such that

gQ(x()w/E) = Supgﬂ(x()a')7
OB

Q : Q
= f 4.
g ('T();y) 18nB g (:EO) )
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We need to show that
g (xo, ) < Cg* (0, ). (5.24)
Clearly, if d(x,y) < 0R, then (5.24) with C' = Cy follows from (5.4). In the sequel,
we assume that d(z,y) > 0R.
Let € = 6°/4, and let {B;} ¥, be any fixed chain of balls with the same radius R
in B(xg, KR) connecting x and y. Denote by B; := B(§;,eR), and note that

xEBONBlNBQNNBNBy

We will prove (5.24) according to the whereabouts of the centers {,,&,,&s, ;&N }
of the balls {B;}Y,. We distinguish two cases.
Case 1: d(z,¢;) > OR for each i (see Figure 5).

FIGURE 5. The point xy lies outside each of the balls B(;,0R).

Consider the function ¢%(xg,-). For i = 0,--- , N — 1, note that
d(&,&601) < 2eR=0°R/2 < J(6R)
< dmin {d(z0,&;), d(z0,&41) } -
Applying (5.23), we obtain that ¢ (z,&;) ~ g% (w0, &,.1), and thus,
9" (0, &) = g% (w0, E)-

Also we have

9" (0, )
QQ(Z‘O;SN) =

Therefore, we conclude that

gﬂ('x(b 50)7
9% (0, ).

gﬂ<x07 l’) = gQ<x07 y)7

proving (5.24).
Case 2: d(z,¢;) < dR for some 1.
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Let 2’ := &, be the point from {{,, &, - - - , £y} such that all the centers £, &,,&5, -+ , &g
lie outside B(xo,dR) whilst the next center §, , lies inside B(zo,dR). Denote by
a" =&, (see Fig. 6).

FIGURE 6. The points 2/, 2" and v/, y".

At the same time, let y' := &, be the point from {{,,&;, -+, &y} such that §; ,
lies inside B(ro,dR) whilst all the next centers £;,&;,;,- -+ ,§y lie outside B(xo, 0 R).
Denote by y” := {;_;. At this stage, we do not care about any ball with the center
n {£k+27 §k+37 o 75]’—2} if any.

We further distinguish three cases.

Case (2a): There exists a point 7 from {y’, Ejv1r ,fN} such that

26°
(See Fig 7).
By Case 1, we have already proved that
gQ(xOMI/) = Q(x07‘r)7
Q

(20, ) (5.25)

xg, ). Since

g
9% (xo,m) =~ g
2

On the other hand, consider the function g

26°
d(xlﬂl) S ?R < 52R < 0 min {d(on,l’/), d(x07n)}7

we see by (5.23) that
gQ<x07 SU/) = gQ('r07 7])7

which combines with (5.25) to show that (5.24) also holds.
Case (2b): There exists a point £ from {50,51,52, e ,§k_1,x’} such that
26
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FIGURE 7. The points 2’ and n are close.

In this case, we can similarly prove that (5.24) holds, as we did in Case (2a).
Case (2c): d(o/,z) > %R forall z € {y/, &1, &y}, and d(y, 2) > %R for

all z € {507&17527 T 7£k—17x/} (See Flg 6)
Consider the function ¢(a',-). For each k = j,j +1,--- , N — 1, we see that

PR

26°
A& &pp) < 2eR= - < ?R

< dmin {d(z', &), d(', &)} -
Applying (5.23), we have that ¢**(2’,&,) ~ ¢*(2/,&5,.1), and so

g2 y) = g* (7 y). (5.26)
On the other hand, consider the function ¢%(y, ). Since

d(y,z") > d(y,x¢) — d(zg,2") > R —0R > §°R,
d(y7 xl) > d(y7 ‘TO) - d(‘ro: l‘//) - d(x//’ I,)
> R—6R—2:R > §’R,

we see that

3
d(z",2") < 2eR= 571% < 0(0°R)

< dmin{d(y,z),d(y,z")}.
Thus, we have by (5.23) that
g (y,2") = g% (y, 2"). (5.27)
Also noting that d(z”,z9) < 0R, and d(y,zo) = R, we apply (5.4) to obtain that

9% (y,2") ~ ¢°(y, o). (5.28)
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Therefore, as ¢ (z',y) = g% (y, 2'), it follows from (5.26)-(5.27) that
9@ y) = g™ (y. o).
Similarly, we obtain that
g™ y) = g (@, o).
Therefore, we conclude that (5.24) also holds. O

6. SOME POTENTIAL THEORY

6.1. Riesz measures associated with superharmonic functions. For any open
0 C M, we show that any non-negative superharmonic function f € F () admits
a regular Borel measure vy such that f can be expressed as an integral of the Green
function ¢ with respect to v;. This measure v is called a Riesz measure associated
with f. Recall that for the classical case, F. Riesz proved this theorem, now called
the Riesz decomposition theorem (cf. [1, T.4.4.1, p.105, and Def. 4.3.4, p.102]).

Lemma 6.1. Assume that (£,F) is a regular Dirichlet form. Let @ C M be non-
empty open, and let f € F in M.
(a) If f is superharmonic in Q0 and if either one of the following two condition
satisfies:
(1) f>01n M;
(2) feF(Q) (f being not necessarily non-negative in M );
then Pf < f in Q for all t > 0.
(b) If P2f < finQ for allt >0 and f € F (Q), then f is superharmonic in €.
Consequently, when 2 = M, any non-negative function f is superharmonic in M
if and only of Pof < f forallt >0

Proof. (a). The function u (¢, -) := P f— f is a weak subsolution of the heat equation
in Ry x Q (cf. [19, Example 4.10, p.117]), and satisfies the initial condition

2
u+(t,-)L£>)Oast—>().

We need to verify the boundary condition
uy (t,) € F(Q). (6.1)

If f>0in M, then u(t,) = P*f — f < P2f in M, and thus, by [19, Lemma
4.4], condition (6.1) is true. If f € F (), so is u(¢,-), and (6.1) is also true. In
both cases, using the parabolic maximum principle (see [19, Prop. 4.11, p.117]), we
obtain that u < 0 in (0,00) x ©Q, that is, P2 f < f in Q for all ¢ > 0.

(b). Assume now that P2f < f € F(Q). Then, for any non-negative function
p € F(Q),

_ pf
et =t (175 0) 20
t—0 t
which means that f is superharmonic in ). ([l

We introduce the Riesz measure exists for any non-negative superharmonic func-
tion.

Lemma 6.2. Assume that (€,F) is reqular, and let @ C M be open. Assume that
0 < feF(Q) is superharmonic in .
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(a) Then, there is a regular Borel measure vy on Q such that

f-Pf
t

where the convergence is weak in Cy (). Moreover, measure vy does not
charge any open set where f is harmonic.

(b) Assume further that Amin (2) > 0, and f € L™ is harmonic in U = Q\ S for
a compact set S. Assume also that ¢ (x,y) eists, and is jointly continuous
off diagonal. Then

—vrast—0, (6.2)

f@) = [ 4" e dvslo) (63)
S
forallx € U and p-a.a. v € S.

It follows from (6.2) that, for any ¢ € F N Cy (),
()= [ vy (6.4

Recall that if f € dom £?, then & (f,¢) = (—L%f, ). Hence, the identity (6.4)

allows to define
— L =y (6.5)

for any non-negative superharmonic function f € F (Q).
Proof. (a) For any t > 0 and ¢ € Cj (Q2), set

f-Pf )
— 5 ¥

e

so that ¢ — & (f, ¢) is a linear functional in Cy (€2). Let us show that lim; o & (f, ¢)
exists for all ¢ € Cj(2). Fix a precompact open set V' C Q and we shall prove
that lim, 0 & (f, ) exists for all ¢ € Cy (V) (which will imply the same for all
¢ € Cy (). Let ¢ be a cutoff function of (V,Q). Then, as ¢t — 0,

;- Py - Py
H_T%_ < A‘—T—WW

It follows that, for sufficiently small ¢ > 0 and for all ¢ € Cy (V),

f-P2f
=

LY(V)

& (f, )] < sup ||
Ly(v)

< [E(f,¥) +1]sup e,

that is, & (f, ) is a bounded linear functional of ¢ € Cy (V'), and the norm of this
functional is bounded uniformly in ¢. Since lim; o & (f, ¢) exists (and is equal to
E(f,)) for all p € F, in particular, for p € F N Cy (V), and the latter set is dense
in Cy (V) by the regularity of (£,F), it follows that lim; .o & (f,¢) exists for all

€ Co(V).
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Since & (f,) > 0 for non-negative ¢, the lim, .o & (f, ) is a non-negative
linear functional on Cj (€2). By the Riesz representation theorem, the functional
lim,_o & (f, ) determines a regular Borel measure v on €2, so that

PI% E(fop) = / edvy for all p € Cy (92). (6.6)
- Q

If f is harmonic in an open set U, then € (f,¢) = 0 for all ¢ € F(U). It follows
that & (f,p) = 0ast — 0 for all p € FNCy(U), and hence,

/gpduf:()
U

for all such ¢. Since F N Cy (U) is dense in Cy (U), we conclude that vy =0 on U.

(b) Since g% is jointly continuous off diagonal and measure p is non-atomic, we
see that ¢*(x,y) is measurable with respect to dv(y)du(z), as the measure of the
diagonal is zero. Then the integral

/ | a" e )duta)

is defined for all p € Cy(M), and hence, by Fubini’s theorem, the integral

/M { /M gﬂ(rﬂ,y)w(m)du(m)l dvs(y)

is also defined. Therefore, the function

G%:/Mgg(x,y)w(l‘)dﬂ(x)

is v -measurable.
We claim that, for any fixed non-negative ¢ € Cy (Q),

E(f,G") /G pdv;. (6.7)
Indeed, note that

ao

flloo < 1l

6. < 5
that is, G* is a bounded operator in L () (see (8.20) below, or [26, Lemma 3.2]).
Hence, the function u := G%p is a non-negative bounded function on . Recall
that, by (5.2),
E(fiu) =E(f.G%) = (f,¢). (6.8)

Let ¢, be a cutoff function of (S5, A), where A is some neighborhood of S. Let V
be a precompact open neighborhood of supp ¢;. By Lemma 9.1 in Appendix, for
any € > 0, the function u is cap-quasi-continuous in €2 (in particular, in V'), that is,
there is an open set F C V such that cap(E) < €/2, and u is continuous in V' \ E.
Let 1, be a cutoff function of E such that &€ (1),) < ¢ (see Fig. 8).

That v € F N L* implies that the following three functions are also in F N L*°:

uy = uyy (1 — ¢2) Uy = u by, uz =u(l—1y).

Note that u; + us +ug = u in M. Let us investigate the terms in (6.7) separately
for each of the functions u,.
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FiGURE 8. Functions ¢; and v,

By construction, u; has compact support and is continuous in 2 (indeed, wu4
vanishes in an open neighborhood of the closure of the set where u is discontinuous).
By (6.4), we have

S(f,ul):/Quldl/f:/su(l—@/)Q)de,

where we have used the fact that v, (S¢) =0 and ¢, =1 on S. It follows that

6@mn—éuwfsnwmﬁ¢ﬂw=nwmswwa.

Next, we have

_ pO
€ (fou)] = lim (f—tpfuw)
— pQ
< fullotig (F7EL ) = & (.

The function ug vanishes in an open neighborhood W of S (where ¢, = 1), we have
that us € F (U) by using Proposition 9.3 in Appendix. Since f is harmonic in U,
we obtain

g (fa U3) =0.
Adding up the above estimates of £ (f,u;) and using the fact that
E(f.s) SE(f)PE ()P < E ()2,

we obtain

< 2lu € ()22

E(f,u) —/Suduf

Since € > 0 is arbitrary, we conclude that (6.7) holds.
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Finally, for any 0 < ¢ € Cj (€2), we have that, using (6.8) and (6.7),
[1@e@dute) = et = [ o av )
Q S

= /S(/QgQ (y,7) ¢ () dp (x)) dvy (y)
- [ ([ i) e,

showing that (6.3) holds for p-a.a. x € Q. Using the joint continuity of g% off
diagonal and the dominated convergence theorem, we see that (6.3) holds pointwise
in S¢="U. 0]

The following example says that for some superharmonic function f, the associ-
ated Riesz measure vy may coincide with the measure p, that is, vy = p.

Example 6.3. Let f = E”1q be the weak solution of (3.13). Then 0 < f € F(Q),
and is superharmonic in  since for any 0 < ¢ € F(2),

E(f, @) = E(E1q,p) = /andu > 0.

Hence, this function admits a Riesz measure v, which actually is equal to p, since

for any ¢ € F N Cy(2),
/s@dﬂzc‘?(f,w)z/wdvf,
Q Q

and then use the fact that the space F N Cp(€2) is dense in Cp(€2).

6.2. Reduced function. We introduce a reduced function u of u € € FN L*> with
respect to (A, 2). Roughly speaking, a reduced function w of (A, ) is the one that
is obtained by cutting off u such that @ = u in A, and @ is harmonic in 2 \ A, and
u € F () that vanishes outside (2.

Lemma 6.4. Assume that (€,F) is regular, and let Q@ C M be precompact with
Amin (2) > 0. Let A be a compact subset of Q and set U = Q\ A. Fizx a function
u € FNL® and fix a cutoff function ¢ of (A,Q), and let f € F be the solution to
the weak Dirichlet problem in U :

f is harmonic in U, (6.9)

f=uyp modF (U). '
Define the function w on M (see Fig. 9) by

~ u in A,

u= { Foin A° (6.10)

(a) Then u € F(Q).
(b) If in addition w > 0 in M and u is superharmonic in €, then u is also
superharmonic in 0, and 0 < u < wu in M.

The function w is called a reduced function of u with respect to (A, ). For exam-
ple, the capacitory potential of (A, Q) is a reduced function of any cutoff function
of (Q, M), see Proposition 9.2 in Appendix.
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FI1GUrRE 9. Functions u and 7.

Proof. (a) We have uyp € F N L*°, and the Dirichlet problem (6.9) has a unique
weak solution (cf. [26, Lemma 7.1]). It follows from (6.9) that

vi=uyp—feFU).
Let us verify that w = f in M, that is,
u=uwp—v in M. (6.11)

Indeed, in A we have

u=f=up—v
by the definition of v. Since uyp € F () and v € F (U) C F (1), it follows from
(6.11) that u € F(Q).

(b) Since wyp > 0 and A\yin (U) > Amin (€2) > 0, we have by the maximum principle
(cf. Proposition 4.2) that f > 0in M and, hence, u > 0 in M. The function f—u is
obviously subharmonic in U. Since f—u < f—wp in M and f—wp =0 mod F (U),
we have

f—u<0 modF (U).
Hence, using the maximum principle again, we obtain that f —u < 0in M. There-
fore, u < w in M.

It remains to show that u is superharmonic in 2. By Lemma 6.1(b), we need to

show that
P < @ for any t > 0. (6.12)
Indeed, we have that in A,

P < Py <u=1. (6.13)
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To prove (6.12) in U, observe that w(t, -) := P21 —1 obviously is a weak subsolution
of the heat equation in R, x U, and satisfies the initial condition

2
wy(t,-) "0 0as t — 0.

We claim that the boundary condition
w(t,) € F(U) (6.14)
also holds. To see this, note that, using part (a) and (6.11),
P -1 < Pu—tu<u—(w)—v)
= (1—-%¢)u+wvin M. (6.15)
The function h := (1 — ) u vanishes in an open neighborhood of A, and thus, by
Proposition 9.3 in Appendix, we see that h € F (U). As v € F (U), it follows from
(6.15) that
w(t,") <h+veFU),
thus proving our claim (6.14) by using Lemma 4.4 in [19].

Finally, using the parabolic maximum principle (see [19, Prop. 4.11, p.117]), we
conclude that w < 0 in R, x U. This finishes the proof. 0

6.3. Capacitory measure. We give some properties for the capacitory measure
(also called the equilibrium measure).

Lemma 6.5. Assume that (€, F) is strongly local, reqular. Let Q@ C M be precompact
open such that Apnin(Q2) > 0, and let U be open such that U € Q). Then there exists
a regular Borel measure v, supported on OU such that

v, (0U) = cap(U, Q). (6.16)

If in addition the Green function ¢ exists and is jointly continuous off diagonal,
then the capacitory potential u, can be written as

up(x) = /BU ¢z, y)dv,(y) for all z € Q\ U, (6.17)

In particular, we have

/ ¢ (z,y)dv, (y) =1 for all x € U. (6.18)
ouU

Proof. Let u, be the capacitory potential of (U, €2), then u, € F(Q),0 <wu, <1in
Q, uply =1, and
& (up,) = cap (U, ), (6.19)

and 1, is harmonic in Q\ U. Note that u, is a reduced function of any cutoff function
of (ﬁ, M ), and is superharmonic in  (cf. Proposition 9.2 in Appendix).

We claim that, for any two open subsets Uy, U, of © with U; € U € Us, the
potential function w, is harmonic in Q \ S where S := U, \ U;.

Indeed, for any 0 < ¢ € F(Q\S), by Proposition 9.4 in Appendix, we can
decompose ¢ = ¢, + ,, where ¢, € F(U),p, € F(Q\U). Therefore, as u, is
harmonic in Q \ U and (&, F) is strongly local, it follows that

g (up7 90) = g (upv ¥1 + 902) = g (upa 901) + g (up7 902)
- g (U’p7 301) - 07
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thus proving our claim.

Therefore, by Lemma 6.2, there exists a regular Borel measure v, associated with
u, as in (6.2), and v, is supported on S = Uy \ U, for any U, € U € Us.

On the other hand, let {u;};, be a minimizing sequence of w,, that is, each w
is a cutoff function of (U,Q), and & (uy) — E(u,). By (6.4),

E (up, ug) Z/del/p.
S

Since u; = 1 in a neighborhood of U, and 0 <wu, <1in M, we see that

OU) <0\ £ [ i, < 0,02\ V),

and hence, B
vp(OU) < & (up, ur) < vp(Ua \ Un).
Letting k — oo and then using (6.19), it follows that, for any U; € U € Uy,
vp(OU) < cap (U, Q) < v, (Us \ Uh).
By the regularity of v, the measure v,(Us \ Uy) — v,(0U) as U; T U and Uy | U.
Therefore, we conclude that
cap (U> Q) = g (UP) = Vp(aU)a

thus proving (6.16).
Finally, if ¢ exists and is jointly continuous off diagonal, then (6.17) follows
directly from (6.3). O

For any point x( € €2 and any ¢ > 0, consider the set
Ac(o) = {y € Q: ¢” (w0,y) > c}. (6.20)
We look at the capacity cap(A.(x), ).
Proposition 6.6. Assume that (€, F) is regular, strongly local, and let Q@ C M
be precompact open such that A\pin(2) > 0. Assume that the Green function g
exists and is jointly continuous off diagonal. For any ¢ > 0, if xog € A.(xo) and if

A (zo) € Q, then

cap(A.(z0),2) = 1 (6.21)

C

Proof. Since g% is jointly continuous off diagonal, the set U := A.(xg) is an open
subset of €2, and the boundary

U = 0Ac(z0) = {y € Q: g% (z0,y) = c}.
As zy € U, it follows from (6.18) that
1= [ 4 o) vy () = e, (00).
Combines this with (6.16), we obtain
cap(U,Q) = v, (0U) = 1

c
This finishes the proof. 0
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7. RESISTANCE

7.1. Green function and resistance. The following lemma gives a two-sided es-
timate of the resistance res (U, Q) in terms of the values of the Green function g%
on the boundary oU.

Lemma 7.1. Assume that (€,F) is reqular and strongly local, and that conditions
(H) and (VD) hold. Let Q2 C M be open such that Apin(2) > 0. If xg € U € 2, we
have that

inf g (g, ) < res (U, Q) < sup g (20, ) . (7.1)
ou U

Proof. Let A.(zg) be defined as in (6.20), and let
a = Sung(fEm '>7
oU
b =inf g%(xo,").
inf g"(zo, )
Since g% (xg, -) is non-negative and jointly continuous off diagonal, we see that
0<b<a< .

Note that a > 0; otherwise ¢ (zp,-) = 0 on OU, and thus, using (6.18), we have

1 =/ 9% (z0,y) dv, (y) = 0,
oU

where v, is the capacitory measure for cap(U, (), leading to a contradiction.

Note that if b = 0, the first inequality in (7.1) is clear, and the second one can be
proved in a similar way as below. In the sequel, assume that b > 0. Let € > 0 be
arbitrarily small.

We first show

iar%]fgQ (xo,-) <res(U,Q). (7.2)
Indeed, by Lemma 5.3, we see that
inf g (20, -) = inf ¢ (x9,-) = b > b — ¢ > 0,
U oU

and thus U C Ay_.(x). Since g% (g, -) is continuous in © \ {zo}, we can choose an
open set Uy such that U C U; € €2, and

gt (zg, ) > b — ¢ for any x € U,
where OU; is contained in a neighborhood of OU. Let
Ay (xg) = Uy N Ap_c(z0).
Then, we see that zp € U C A]__(zo) € £, and for any y € 0 (Ag,s(xo)),
g% (20,y) 2 b—e.
It follows from (6.18) and (6.16) that

1 = @ Zo,Yy) dvy
/8 (o) g (z0,y) dvy (y)
> (b—e) vy (9 (Ay_.(w0))) = (b —e) cap(A]_.(z0), Q)
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where v, is the capacitory measure for cap(A4;__(zo),€2). Therefore,

1
Cap(U7 Q) < Cap(Ag—a(:EO)? Q) < h—e’
that is, b — e < res (U, ), proving (7.2).
We next show the second inequality in (7.1), namely,
res (U, Q) < sup g% (w0, -) . (7.3)
oU

Indeed, by Lemma 5.3, we see that

sup g (2, ) = sup g* (20, -) = a,
o\U oU

and thus A,(zo) C U, and
Cap(‘Aa(mO)’ Q) < Cap(Uv Q)
If zy € Ay(29) C U € Q, using Proposition 6.6, we have
1
cap(Ay(zg), Q) = —, (7.4)

a

thus proving (7.3).
If zg ¢ Au(x0), by definition of A,(x), we have that

g (zo,20) <a<ate.

Using the continuity of g** (g, -), we can choose a neighborhood N,, of o such that
Nz, C U, and

g (z0,2) < a+¢ for any x € N,,.
Denote by the set
Al (xg) == Au(x0) U Ny .
Then, we see that 79 € N,, C A, (x0) C U € Q, and for any y € A’ (z),

9% (z0,y) Sa+te.
It follows from (6.18) and (6.16) that

1 = / 9% (z0,y) dv, ()
0A! (z0)

< (a+e) v, (04 (z0)) = (a+ ¢) cap(A4,(z0), ),
where v, is the capacitory measure for cap( A’ (zy),2). Therefore,

cap(U,Q) = cap(U,Q) > cap(4, (), Q)
1
a+e’
that is, a + ¢ > res (U, ?), thus proving (7.3).
Finally, combining (7.2) and (7.3), we finish the proof. O

>

As a consequence of Lemma 7.1, we have the following.
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Lemma 7.2. Assume that (€, F) is reqular and strongly local, and that conditions
(H) and (VD) hold. If Q is a precompact open set containing a ball KB where
B = B (x0,R) and K > 6", and such that A\ () > 0, then

inf g% (w0, -) =~ res (B, Q) ~ sup g** (o, -) - (7.5)
oB 5B
Proof. Since condition (HG) holds, we see that
inf g (20, ) =~ Sup g (0, ) -
Using (7.1), we obtain the desired. O

We next estimate the sum of a finite number of resistances. For this, we need the
following lemma.

Lemma 7.3. Assume that (€, F) is reqular. For any two open sets 21,y in M
such that Q; € Qg and A\pin (1) > 0, and for any non-negative f € L* (), we have

esup (G2 f — G f) < esup G f (7.6)
Qo Q2\U

where U is any open subset with U € Q. If G2 f is continuous in a neighborhood
of 082y, then

esup (GQQf — GQlf) = esup G2 f. (7.7)
Qo Q2\

Proof. Let u := G2 f — G*™*f. Then u > 0 in M, and is harmonic in ; since for
any ¢ € F(),

E(u, ) = E(G"f =G f,0) = (f,9) = (f,0) = 0.
Therefore, for any U € €2, by the maximum principle (4.1), we have

esup u < esup u = esup u.
ol M\U Q\U

Asu < G2 f in M, we see that

esupu < esup G2 f.

QQ\U QQ\U
Hence, it follows that
esupu < esup G2 f, (7.8)
91 Q2\U

which implies that, using the fact that Q9 \ € C Qo \ U,

esupu = esupuV esup u = esupu \V esup G2 f
Qo Q1 Q2\ 1 91 Q2\
< esup G2 £ V esup G f = esup G2 ¥,
Q2\U 2\ Q2\U

proving (7.6).
If G*%2 f is continuous in a neighborhood of 9Q;, we let U T € in (7.6) and obtain

esupu < esup G2 f.
Qo Q2\
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On the other hand, it is obvious that

esupu > esup u = esup G2 f.
QQ Qz\Ql Q2\Ql

Thus, we conclude that (7.7) holds. O

Lemma 7.4. Assume that (€,F) is reqular and strongly local, and that conditions
(H) and (VD) hold. Fiz a ball B(xy, R) and set B, = K"B forn = 0,1,2,--- |
where K > 8. For alln >m >0, if Auin(B,) > 0 then

n—

sup g7 (g, -) =~ res(By, Byy1) = inf g% (x0,-). (7.9)
9By, OBm

—_

Bl
]
3

Proof. For each k > 0, let us show that for any y € M \ {z},

g7 (w0, y) — 97 (wo,y) < sup g™ (xo, ). (7.10)
By41\Bg
Indeed, note that (7.10) trivially holds for any y ¢ By. We will prove (7.10) for any
y € Bp \ {zo}.
To do this, we have from (7.6) that, for any concentric ball B’ € By,
esup (GBk“f — GB’“f) < esup GB1f, (7.11)
Bt By+1\B’

and thus for any fixed point y € By, \ {0},
GPf(y) = G f(y) < esup GPf, (7.12)

By 11\B'

Choose f = fnzo — 04 weakly in C'(M) as n — oo. The function GPr+1f, . is
harmonic in By, \ B’ since f, ., vanishes in a small neighborhood of z,. Hence,
using the maximum principle (4.10),

esup GB"'“fn,xo = esup GBk“fn,xo.
oB’

By +1\B’
As GBr+1f, s continuous in By \ B', letting B’ 1 By, we obtain from (7.12) that
GBkan,xo (y) — G Srzo (y) < sup GBkan,xo (7.13)
OBy,

By (5.16), we have already shown that, as n — oo,

GO frao(y) — 97 (20,9)
G frag(y) = g7 (20,) 4
and at the same time,
GBkJrlfn,mo(') - gBk+1 (JIO, )
uniformly in the compact subset 0B;,.

Therefore, passing to the limit as n — oo in (7.13), we obtain that

951 (z0,y) — g%* (z0,y) < sup "+ (20,) < sup g%+ (wo,7),
OBy, Biy1\Bi

thus showing that (7.10) holds for any y € By \ {zo}.
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It follows from (7.10) that, using (5.20) and (7.5),

g7+ (20, y) — g7 (zo,y) < sup g (z0, )

By+1\Bg
= sup g+ (g, ) < Oy res (By, Bry1),
OBy
for some Cy > 0. Adding up k from m—+1 to n—1, we obtain that for all y € M\ {zo},
n—1
g (z0,y) — g% (20,y) < C4 Z res (B, Byt1) - (7.14)
k=m+1

On the other hand, using (7.5) again, we have

Sup gBm+1 ($07 ) ~ res (Bm7 Bm-i—l) . (7.15)
Therefore, combining (7.14) and (7.15), we conclude that
n—1
sup g (x0,) < Cy ) res (By, Biyr) - (7.16)
OBm k=m
We next show that
n—1
res (By, Bgt1) < Cy 8i]rglf g% (z0, ), (7.17)
k=m m

for some Cy > 0. Indeed, since (£,F) is strongly local, we have (cf. [23, Lemma

2.5, p.157]) that
1

res (By, Brr1) < res (B, B,) .

n

e
I
3

Using (7.5), we have
res (B, Bn) ~ aigf g7 (0, ) .

Therefore, we obtain (7.17).
Finally, combining (7.16) and (7.17), we obtain (7.9). O

7.2. Estimates of the Green function. We give upper estimate of the Green
function under conditions (H) and (Er <).

Theorem 7.5. Assume that (€, F) is reqular and strongly local, and that conditions
(H), (VD) and (Er <) all hold. Then, for any ball B := B (x, R), the Green kernel
g® exists and satisfies the following estimate: for all y € B\ {0},

B[ (s)ds
B < C\e e
g (x())y) = C[/4 sV (IL'Q,S)’

(Gr <)

where r = d (xo,y), where C' > 0 is independent of the ball B.

Proof. Fix a point y € B\ {x}. Let r := d (z0,y), and let n be an integer such that
2"R<r<2 YR

For k=0,1,--- ,n, let

T = 2_kR and Bk = B(ZEo,T‘k)-
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Let 0 < f € L2. Note that for U C Q,

1
einf Gf < —/GQfd
i w@) Sy T

- ( / g“<x,y>f<y>du<y>) ()
1

_ M—U)/Q(/Ugﬂ(x,y)d/i(x)) f(y)du(y)

IEWhﬂm‘

< G [l - (7.18)

Since the function GB* f — GPr+1 f is harmonic in By, for each k, we have by (H)
that it is Holder continuous in By, and, using (7.18), (VD) and (Er <),

sup (Gka — Br+1 f) < Oy inf (Gka _ GBkﬂf)

6Bk+1 6Bk?+1

< Cy inf GBf

0Bg41

HE&MM”WUH
11 (0By41) !

F(ry)
< C#(Bk) 11l -

Ch

Therefore, for k =0,1,--- ,n,

F(rg)
p (By)

G f (o) =GP f (o) < C—25 | £,

Choosing f = f,, — 0§, weakly in Co(M), and using the facts that GB»+1 f, , =0
and || fny|l, = 1, we obtain that

G” frylzo) = [GP¥ frogy(0) — G fry(20)]

IA
Q

Hence, letting n — oo and using (5.16), we have

) < Y ot (7.19)
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On the other hand, as both F' and V' (g, -) are non-decreasing and r/4 < 2= "V R =
Tni1, the integral

k=0
Frga) (™ F(rg41)
> =1In2 7.20
N Z V anrk> /'fk+1 S ! Z V anrk ( )
> i . . 21
> C Z V (o 0) (using (3.3) ) (7.21)
Combining (7.19) and (7.21), we obtaln (Gr <). O

7.3. Continuity of G f. We investigate the continuity of the function G f. Before
doing this, we need the following general result.

Proposition 7.6. Assume that conditions (3.3) and (VD) hold, and let 0 < A\, \; <
1 and B := B(xo, R). For anyt >0, let

B F(s)ds
f(t) ::/ L
ae SV (o, 8)
Then, we have

CiF(R) < [ f(d(zo,y))duly) < CoF(R), (7.22)

B
where constants C,Cy are independent of the ball B, but may depend on X\, \;. If
further condition (3.2) holds, then

1
oo, () < CO) X 08 40 P, 129
B
where C'(X) is independent of Ay and R.

Proof. Since f is non-increasing, we have that
fd(zo, y))dp(y) = fF(AR)V (0, M R). (7.24)
B
As the functions F' and V' (zg, -) are non-decreasing, we see that, using (3.3),
B F(s)ds
MR) = / —_—
fuR) g SV (o, 5)
F (AN fod F
Vi(zo, R) Jaar s V (20, R)
Therefore, it follows from (7.24), (7.25) that, using (V' D) again,

fld(zo,y))du(y) > fF(MR)V(zo, M R)

" V(Io, )\1R)F (R)
V (SL’Q, R)

(7.25)

v

C'(A\ )

A%

C'F(R),
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thus proving the first inequality in (7.22).
We next show the second inequality in (7.22). Indeed, we have that

MR
fld(zo,y))du(y) = f()dV (xo,t)

B 0

MR
_ f(t)V(:co,t)glR—/o V(xo, t)f'(t)dt

< fMR)V (2o, MR) — / A1RV(350,¢) Fi(t)dt. (7.26)

By (3.1), we see that
1 . 1 V (SL’Q, R)

Vv (l‘o, )\)\1R) Vv (.1'0, R) Vv (ill'o, )\)\1R>

1 \“ 1
CD ()\)\1) ‘/(ZEO,R)7

F(MR) = /AR F(s)ds __ F(R) /AR ds

and hence,

me SV (20,8) T V (20, AMR) Joar S
F(R) 1
In
1% (LU(), )\>\1R) )\)\1
1\*/. 1\ F(R
< —_— | . 2
S ()\)\1) (HA)\l) V (2o, R) (7.27)
On the other hand, using (3.1) and (3.3),
MR MR F ()\t)
< — ) (t)dt = ) ——————

I T A e e

< oo /AIR EOY e — covrm) /AIR%%

) AR by B dt 3
< C'(NF(R) =) T = CONF®). (7.28)
0
Therefore, it follows from (7.26), (7.27) and (7.28) that
1 “ 1 V(Q?(), >\1R)F (R)
< — 1

Fatanan) < o (53) (g ) T

+CMNF(R) (7.29)
Finally, it remains to show (7.23). Note that

B F(s)ds
f()\lR>V(I‘0,)\1R) = V(l’o,)\lR)//\)\R%

_ V(xO,AIR){/AMRM+/AR M}(m@

MR sV (%a 3) 1R sV (%78)

B



42 GRIGOR’YAN AND HU

By the monotonicity of F' and V' (xo, -), the first integral

Vi) [T < Fomg e
< C(A)F(MR) = C(\F(R) F PE?;?
< C'(A)F(R)(\)? (using (3.3)).  (7.31)
Similarly, using (3.3) and (3.2), the second integral
Vi) [ G05 = Fw [ R
< e [ () (%)

If 3 =d/, we have

and if 3 # o/, we have

//\11 P "lgs — 3 _1 = (1 — (/M)Bial) )

Hence, the second integral

R F (S) ds ’ 1 /

V(zo, MR —— < cF(R) (A In—+ A + A7) 7.32
o) [ O <or) (e a0).

Therefore, it follows from (7.30), (7.31), (7.32) that

| /
FOLR)V (x0, MR) < C"(\)F(R) (A? In =+ A + Alﬁ) . (7.33)
1

Combining (7.26), (7.33), and (7.28), we arrive at (7.23). O

Lemma 7.7. Assume that (€,F) is reqular and strongly local, and that conditions
(H), (VD) ,(RVD) and (Er <) all hold. Let Q be a bounded open subset of M with
Amin(2) > 0, and let f € L>=(Q2). Then, the function

GO f(x) = / ¢°(29) (9)du(y)

is continuous for x € Q. In particular, the function E® = G%1q is continuos in €.

Proof. Without loss of generality, assume that || f||., < 1. Fix a point z, € Q, and
let R > 0,p > 1 such that

B := B(x, R) € Q C B(xo, pR).
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Let {xy},-, C B such that z; — zy as k — oo. Let n > 0 be small, and let
d(zy, x0) < 0(nR) for any k > 1, where ¢ is the same as in (H). Then,

/Q g™ (@n 1) () dp(y) — / 620, 9)f (4)du(y)

Q

|G f () = G f(wo)| =

< /B - 9% (@, y)dply) + / 9% (o, y)dp(@)34)

B(zo,mR)
+/ 19" (e, y) — 6% (o, )| duly).  (7.35)
Q\B(zo,nR)
We claim that

Jim 9" (1, y) — 9% (20, y)| du(y) = 0. (7.36)
T JQ\B(z0,nR)

Indeed, as ¢% is jointly continuous off diagonal, we have that, for any y € Q\
B(zo,nR),

lim g%(zx, y) = %(x0,)-
Noting that zp € B(xo,d6(nR)) for all £ > 1, it follows from (5.4) that, for any
y € Q\ B(xo,nR),

9@k, y) < Cug®(xo,y).
By condition (Er <), the function ¢%(xy, ) is integrable in €2, that is,

/Q 6% (z0, y)dpu(y) = E%(x0) < CF(R).

Therefore, applying the dominated convergence theorem,
lim Plen)dnt) = [ e y)duy),
=% JO\B(zo,nR) O\B(z0,mR)

proving our claim.
We next estimate the two terms in (7.34). It is enough to consider the first term.
The second one is treated similarly. Now fix k£ > 1, and let

20R s)ds
f(t):/ M

e SV (2r,8)

By Theorem 7.5, we have that, using that fact that Q@ C B(zg,pR) C By =
B(.CEk,QpR),

/ e y)duly) < / 0P (e, y)duly)
B(zo,nR) B(zk,2nR)

< C /B ) duty)

Using (7.23) with A\; = n/p,A = § and with R,z being replaced by 2pR,
respectively, we obtain that

! 1 !
/ fd(ze,y))du(y) < C <77“ In—+n% + 77‘3) F(2pR)
B(zg,2nR) n

= o(n). (7.37)
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Therefore, it follows from (7.34), (7.35), (7.36) and (7.37) that

lim ‘G flzg) — GQf($0)| < 20(n),

k—o0
thus proving the continuity of G f. 0

Remark 7.8. Under the hypotheses of Lemma 7.7, the essential supremum and
essential infimum in conditions (Er <) and (Er >) in Definition 3.8 can be replaced
by supremum and infimum, respectively.

8. PROOF OF THEOREM 3.10
8.1. Implication (H)+ (Rr) = (GFr).
Proof. Let B := B (9, R) and choose K > 4V § . We split the proof into two steps.

Step 1. We prove the lower bound (Gp >): there exists some C' > 0 such that
for all y € K~'B\ {z0},

9" (wo,y) > C™ K]:T %, r=d(zo,y) - (Gr 2)
Indeed, choose the integer n > 1 such that
K"™'R<r<K™"R, (8.1)
and for ¢ > 0, set
ri = K 'R and B; := B (2, 7;). (8.2)

As K~'r > K™"72?R, similar to (7.20), we have that

B F(s)ds Q s)ds - F(r;)
< <1 K —Z
/ 1, sV (xo,s) 2:/1+1 sV (o, s Z ;

K- xOv /rl-i-l)
n+1

< C’Z Flriv) g0 3.3)), (8.3)

510077“1+1)

The last two terms for ¢ = n and ¢« = n + 1 in the sum can be bounded by the term
Frn) _ “since we have that, using (3.3) and (VD)

V(zo,rn)’
F(rng)  _ Flra)  Flrawa)  Vizo,r)
Vv (‘7:07 TnJrl) Vv ('1'07 Tn) F(?”n) Vv ('1'07 TnJrl)
F(ry,)
< O————
o V ((L’(), Tn)’

and a similar bound for the other term:

F(rny2) F(ry)
<C .
v (:L‘()y rn+2) - vV ([Eo, Tn)
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Hence, it follows from (8.3) that

/R Fls)ds _ i§n Flria)
x-1, SV (xg, s) — V (r0,7i11)
n—1
< C”Zres(BiH,Bi) (by condition (Rp >))

1=0

< C"inf g% (x0,-) (by (T.9)). (8.4)

On the other hand, using the fact that y € B,, \ B,11, we have from (5.19) that
(

9" (wo,y) 2 inf g” (x0,-) = inf ¢” (wo, ).

This combines with (8.4) to prove that (Gr >) holds.
Step 2. We prove the upper bound (Gr <): there exists some C' > 0 such that
for all y € B\ {0},

o zo) < C

w1, SV (xg, s

§ L)dS)7 r:d(xo,y). (GF S)

Fix y € B\ {zo}, and set r = d(zo,y) as before.
Case (a) when y € K~'B\ {xo}. Let n,r; and B; be respectively defined as in
(8.1), (8.2). It follows that
P(z0,y) < sup g (wo,") = sup g” (zo,) (by (5.20))
B\Bn+1 8Bn+1

CZres(BHl,Bi) (by (7.9) )

9

IN

/ 7“1 .-
< C Z Vi +1) (by condition (Rp <)). (8.5)

0, Tz—l—l

Therefore, using (7.20), we obtam (Gr <).
Case (b) when y € B\ K~'B. We want to derive (Fr <), and then using Theorem
7.5, we are done.
Let x € B. We see that
B C B(z,2R) := B'.
It follows that, using (5.20),

EP(r) — /ngydu / 0" () duly)

B

= / 9% (z,y) du(y) + / 9% (z,y) du(y)
5B’ B\6B'

= / 9" (x,y) du(y) + sup g” (z, )u(B). (8.6)
5B’ a(6B')

By (7.5) and (3.3),

, F(26R)
B / !

sup g~ (z,-) ~res (0B, B") < C ~ < e

o(8B") (@) ( ) p(0B’) w(B')
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and hence,
sup g” (x,-)u(B') < C'F(R). (8.7)
d(sB')
It remains to estimate the integral on the right-hand side of (8.6). Indeed, by Case
(a), we have that for y € §B’,

2R
/ F (s)ds
B <C —_—.
9" (@) < w1, SV (2, 5)
i _ (2R F(s)ds :
Therefore, by Proposition 7.6 where f(t) = [_., Vs Ve obtain

| s @) < €[ )
< C'F(2R) < CF(R). (8.8)

Finally, adding up (8.8) and (8.7), we prove that condition (Er <) holds.
This finishes the proof. 0

8.2. Equivalence (HG') < (H). We introduce an alternative Harnack inequality
for the Green function g on a ball B, and will show that (HG') = (H) by using
Lemmas 6.4 and 6.2.

Definition 8.1 (Condition (HG")). We say that condition (HG") holds if, for any
ball B in M, the Green function gP exists and is jointly continuous off diagonal,
and for any y € By \ By with some balls By = p;B, By = p,B (0 < p, < p; < 1),

GSU.pr(',y> < O}I e/inng(-,y), (HG/>
5/32 ) BQ
where C7; > 1 and ¢’ € (0,1) are independent of B and y, but §' may depend on
pa; p1, and Con ', py, py.

We now show the implication (HG') = (H).

Lemma 8.2. Assume that (€, F) is a local, reqular Dirichlet form, and that Ay, (B) >
0 for any ball B in M. Then,

(HG') = (H).
Consequently, if in addition that (€,F) is strongly local and (VD) holds, then
(HG') & (H). (8.9)

Proof. Fix aball Bin M, and let w € L*>°(M) be non-negative in B and be harmonic
in B. We need to show that
esupu < Cp einfu (8.10)
5B 6B

for some constants C'y > 1 and 6 € (0, 1), which will imply condition (H). It suffices
to prove (8.10) assuming in addition that u € L* (M), because then the Harnack
inequality for arbitrary u follows by the argument in [26, p.1280 (proof of Theorem
7.4)].

Assuming in the sequel that v € L*>, we divide the further proof into four steps.
Let By and B be the same as in condition (HG’).
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Step 1. We cut off the function u such that it becomes non-negative globally in
M, but still in F. For doing this, let ¢ be a cutoff function of (By, B). Let

Uy = uQ.

This function u; will do. Indeed, it is easy to see that u; > 0 in M (noting that wu;
vanishes outside B), and u; € F N L.

Let us further show that w; is harmonic in By. Indeed, let ¢ € F (B;). We have
that € (u, ¢) = 0 by the harmonicity of u. Noting that u(¢—1) = 0 in a neighborhood
of By, we see that € (u(¢ — 1), ¢) = 0 by the locality of (£, F). Hence,

E(u, ) = E(up, ) = E(ulg — 1), ) + & (u,p) =0,

showing that u; is harmonic in Bj.

Step 2. We will work on the function u;, and want to modify it such that it is
superharmonic in By. This can be done by using a reduced function. Let @ be a
reduced function of u; with respect to (E, Bl), as we did in Lemma 6.4. Note that

u € F(By),
@y is superharmonic in By, (8.11)
uAl = U1 in BQ.

Step 3. We further show that @ is harmonic in B,. Indeed, let ¢ € F (Bs).
By Step 1, the function u; is harmonic in By, and thus, &€ (uq,p) = 0. Since the
function @3 — g vanishes in By, by the locality of (£, F),

8(,&/\1 _'U/17§0> = 0
Hence, we conclude that
5(6\1790) = 5(u1,g0) +€(ﬂ\1 _u1790) =0,
proving that @7 is harmonic in Bs.

Step 4. Let S = B\ By. By Step 3, the function @ is harmonic in By = By \ S.
Since Apin (B1) > 0, it follows by Lemma 6.2 that

uy(x) = /gB1 (z,y)dv(y) for all = € Bs,
S

where v := vz is a regular Borel measure determined as in (6.2) whose support is
contained in S. By condition (GH'), for any x1, 2y € §' By and for any y € B\ By =
S,

g7 (21,y) < Cr g™ (22,9).
Therefore, we conclude that

u(m) = @(e) = / g™ (21,) du(y)

< o, / 9P (22, 9) d(y) = Cly @ (22) = Cly ulz).

Let Cy = CY, and choose § > 0 such that 6B = §' By, that is, § = p,d’. Therefore,
we obtain (8.10).
Finally, by Lemma 5.2, the opposite implication (H) = (HG") is clear. Indeed,

we may choose p; = 3,p, = 1 and & = ,C}; = Cy, and then apply (5.4). Hence,
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the equivalence (8.9) does hold. This finishes the proof of (8.10) for bounded u and,
hence, the entire proof. O
8.3. Implication (Gp) = (H)+ (Ep).

Proof. Fix a ball B := B(xg, R). Let K be the same as in condition (Gr). We split
the proof into three steps.
Step 1. (GF) (H). By Lemma 8.2, it suffices to prove that (Gr) = (HG").

Choose §' = 2 and

B, = (4K)™'B and B,:= (6K)"'B.
We need to show that there exists a constant C' = C(K) > 0 such that, for all
X1, T € (5/B2 = (8K)71B and all Yy e By \ BQ,

C™g" (21,9) < ¢° (22,9) < Cg” (21,9) . (8.12)

Let us prove the first inequality in (8.12).
For ¢ = 1,2, we have that

d(y,zi) < d(y,wo) + d(zo, ;)
< (4K)'R+ (8K)'R=3(8K) 'R,

and that
d(y,.’l%) Z (y7x0) d<x07:€i)
> (6K)'R— (8K) 'R = (24K)'R.
As B C B(y,2R), we have by (Gp ) that
9" (x1y) < @ 2R)( 1Y) —gB(y’zR) (y, 1)
/ s)ds
<
d(y,1) SV (y,s )
< / F(s)ds
K-1(24K)~-1R SV (y,s )
F(R (similar to (7.27) ) (8.13)
imilar : .
QV( ) similar to

On the other hand, as B(y, R/2) C B, we have by (Gr >) that, using the fact that
d(y,z9) < 3(8K)~ 1R <K' (R/2),

9" (w2,y) = gPWR? (2y,y) = gPV T (y, 1y)
R/2
> 03/ F(s)ds
K—1d(y,z2) sV (y7 S)
R/2
> 03/ F(s)ds
K—2R/2 sV (y, s)
F(R) .
> lar to (7.25) ). 8.14
> Cigrpgs (snilar to (7.25)) (5.14)

Combining (8.13) and (8.14), we obtain the the first inequality in (8.12).
The second inequality also holds by interchanging x; and x,. Hence, condition
(HG') holds.
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Step 2. (Gr) = (Er). We first show that, for some Cy > 0,
sup EP(z) < CoF (R). (8.15)

zeB
Indeed, for = € B, we have that B C B(z,2R), and thus

Ef(z) = /BgB(%y)du(y)

< / gB @20 (1 y) du(y)
B

/B [C /2R M] du(y) (using (Gr <))

K—1d(z,y) sV (ZE, S)
< CyF(R) (using (7.22) ),

IA

thus proving (8.15).
We next show the opposite inequality, that is, for some C; > 0,

inf FP(x) > C1F (R), (8.16)

€SB

where § = K~'. Indeed, fix x € §B, and let B’ := B(z,(1 — §)R). Then B’ C B,
and thus

EP(z) = /BgB(:v,y)du(y)
> /B 9% (z,y) du(y)

> [ e [T M] n(y) (using (G 2)

K-1d(zy) SV (x,s)
> C1F(R) (using (7.22) ),
thus proving (8.16). O

8.4. Implication (H) + (Er) = (H) + (Rr). We need the following two lemmas.

Lemma 8.3. Assume that (€,F) is reqular. Then, for any two open subsets U & )
of M such that Apin () > 0, we have

res (U, Q) < (8.17)

Proof. Let u, be the capacitory potential of (U, 2), that is, u, € F (), u,ly = 1,
and

€ (up) = cap(U, Q).
It follows that Hup||; > n(U), and
Q
)\min (Q) S (C: (up2) S Cap(U7 )7
[[upl p(U)

(8.18)

showing that
1

s (U < ) ()

(8.19)



50 GRIGOR’YAN AND HU

On the other hand, we claim that

1
— < ||EY| . 8.20
e (520
Let u. be a non-negative minimizing function for the first eigenvalue

Awin (Q) = inf & <“2),
weF @M} [lul?

(such a function u. exists), that is, 0 < u, € F () and
€ () = Mmin®) [ e for any o € F (),
In particular, taking ¢ = G%1g = E*, we have
€ (ue, G%1q) = )\min(Q)/Que (G10) dp.

Observing that
£ (ue,Gﬂlg) = / Uedt,

Q
it follows that

ed
Amin (Q) — fQ UQ ”
Jo te (G91gq) dp
- Jo, uedp _ 1
— Gl Jouedn |Gl
proving our claim.
Finally, combining (8.19) and (8.20), we finish the proof. O

Lemma 8.4. Assume that (€, F) is reqular, strongly local. Let Q@ C M be open with
Amin (Q) > 0, and assume that the Green function g exists and is jointly continuous
off diagonal. Then, for any open set U € 2,

(infaU EQ)2

p () NE o
Proof. Let u, be the capacitory potential of (U, 2). By (8.18),
cap(U, )

H%Hg

res (U,Q) > (8.21)

)\min (Q) S

Clearly, we see that

2
2 2 (fQ upd“)
= dy > 2~ 72
||Up||2 /Qup H= U(Q)

Note that by Lemma 6.5, for all z € 2\ oU,

up () = /a : 97 (z,y) dv, (y)
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where v, is the equilibrium measure of (U, 2) supported on OU. Hence,

[w@dn@ = [ [ @i,

= / E%(y)dv, (y) > v, (OU) inf E*
= cap(U, Q) inf E,

whence, it follows that
cap(U, Q) (2)

Amin (£2) : 2
[cap(U, Q) infyy E9]
_res (U, Q) ()
© (infyy ER)?
Substituting (8.20) into this inequality, we obtain (8.21). O

We now turn to the proof.

Proof of (H) + (Er) = (H) + (Rp). Fix a ball B := B(z, R). We split the proof
into two steps.

Step 1. (H) + (Er) = (Rr <).

Indeed, this easily follows from (8.17): for any 6 € (0, 1),

1B, _ F(R)
1 (6B ) ( )

res (0B, B) <
Step 2. (H) + (Er) = (Rr >).
Let 0 < § < §; where ¢, is the same as in condition (Er >), and let
U=6B and Q) = B.

Note that by Lemma 7.7, the function E? is continuous in B. Hence, by condition
(Er >), we have that

inf £ > inf B = einfE* > C'F (R) .
12104 U U

Therefore, using (8.21) and condition (Er <), we conclude that

(infaU EQ)2
res (0B, B -
OBE) = LT
1
_ CUERE L FR)
u(U) [CF (R)] pw(B)’
thus proving condition (Rp >), as desired. O

9. APPENDIX

9.1. Capacity. Recall that the capacity cap(A) is defined by (3.5), and the defini-
tion of cap-quasi-continuous is given by around (3.7). Observe that for any Borel
sets A,B C M,

cap(A U B) + cap(AN B) < cap(A) + cap(B),



52 GRIGOR’YAN AND HU

and hence, for any Borel subsets {A4;};°, of M,
cap(U2, A4;) < anp(Ai). (9.1)

Lemma 9.1. Assume that (€, F) is a reqular Dirichlet form. Then, each u € F
admits a cap-quasi-continuous version.

Proof. We modify the proof given for [16, Thm 2.1.3 (p.71)] to our capacity.
We first show that, for each u € F N Cy(M) and each A\ > 0,

4
cap({z € M : |u(x)| > A\}) < FS (u). (9.2)
Indeed, consider the sets
G : ={xeM:|uz) > A},
A
G :{xel\/[:]u(:c)|>§},

both of which are open as u is continuous in M. Then G = {x € M : |u(z)| > A} C
G'. Set

:——/\1
72

Clearly, ¢ € FNCy(M), and ¢ = 1 on G', and hence, it is a test function for cap(G),
that is

4
cap(CG) < E(9) < € (u),
proving (9.2).
For each w € F, by the regularity of (£, F), there exists a sequence {u,}, -, C
F N Cy(M) such that w, % w as n — co. Without loss of generality, assume that
E(upy —uwy) <273 1> 1. (9.3)
Let
G = {zeM:|un(z)—w(z)|>2"},
Fio = (UZG)" = N2 (Go)°
For x € Fy, (k > 1), we see that
1 (2) — wy ()] < 27 for any 1 > F,
and hence, the sequence {u;(z)} is a Cauchy, and it converges uniformly to a con-
tinuous function on Fj. Let
u(z) = llim w(x).
Then @ is defined on U2, F, and u|p, is continuous for each & > 1. Moreover, using
(9.1), (9.2) and (9.3), we have

= 4
cap (F,°) < E cap(G)) SE ﬁ (w1 — wy)
1=k

IN
Il
N
[\
!
oo
S
=
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We conclude that u is continuous on F, and M \ F, = F}© is open, and cap (Fj¢) <
8 - 27%. Therefore, noting that & = wu p-a.e., we obtain that u is a cap-quasi-
continuous version of u. O

The next proposition shows that the capacitory potential u, of (A, () exists for
any compact subset A. In the classical potential theory, this issue is called the
equilibrium problem or the Robin problem (cf. [35, p.189]). It turns out that the
capacitory potential u, of (A,€) is a reduced function of any cutoff function of
(ﬁ, M ) for any precompact open €2 with Ap, (2) > 0.

Proposition 9.2. Assume that (€, F) is a regular Dirichlet form. Let @ C M be
precompact open such that Ay, (2) > 0, and let ¥ be any cutoff function of (ﬁ, M)
and A be a compact subset of Q. Then the capacitory potential u, of (A,2) is a
reduced function of ¥ w.r.t. (A, Q). If in addition (€, F) is strongly local, then u,
18 superharmonic in 2.

Proof. Let u, be the capacitory potential of (A, ). By the standard approach, there

exists a minimizing sequence {uy},, of cutoff functions of (A, ) such that w S Up
as k — oo, and

€ (up) = cap (A,Q),

and moreover, the function u, € F(2),0 < u, < 11in Q, and u,|4 = 1. Note
that this potential u, is unique. Also w, is harmonic in U = 2\ A, since for any
¢ € FNCy(U) and any number a, each function u, + ap for k > 1 is a cutoff
function of (A, ), and thus

cap (A4,Q) < & (up +ap) = & (ug) + 2a€ (ug, @) + a*€ (p)
— & (up) + 2a€ (uyp, ) + a’E (©),

which implies that 2a€ (uy, ¢) + a*€ (p) > 0, showing that & (u,, @) = 0.

Since v is a cutoff function of (ﬁ, M ), it is straightforward to verify that u, is a
reduced function of .

Finally, if (£, F) is strongly local, the cutoff function v is harmonic (in particular
superharmonic) in €. Therefore, we obtain from Lemma 6.4 that u, is superhar-
monic in €. O

9.2. Functions in F (2\ A). The following give a sufficient condition for a func-
tion belonging to the space F (2\ A), and it can be viewed as a supplement of
Proposition 2.8 in [21].

Proposition 9.3. Assume that (£,F) is a reqular Dirichlet form. Let Q C M be
open, and let S C 2 be compact. If v € F(Q) vanishes in a neighborhood V of A,
thenv e F (Q2\ A).

Proof. Note that v = v, —v_, and v = v_ = 0 in V, and that v.,0o_ € F. It
suffices to assume that v > 0 in 2. We can also assume that v is bounded because
otherwise consider a sequence vy := v A k that tends to v in F-norm as £k — o0
by [16, Theorem 1.4.2(iii), p.28]; if we already know that v, € F (Q2\ A) then we
can conclude that also v € F (2 \ A). Hence, we can assume in the sequel that v is
non-negative and bounded in M, say 0 < v < 1.
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Let ¢ be a cut-off function of (A, V). Let {v;},, be a sequence of functions from
F N Cy(£2) such that vy, 2, vas k — oco. Consider

Ug = Vg — U N\ @.

Note that each ux, € FNCy(N2), ur, = 0in A, and hence, the support of wy, is outside
a neighborhood of A, that is,

U € fﬂCO(Q\A)

We claim that {u} converges to v weakly in F:
Uy, A vas k — oo.

Indeed, as v > 0 and v 7, v, we have by [16, Theorem 1.4.2(v), p.28] that

lvp — ¢ EA lv — |, as k — oo. It follows that

1
whg = gloet e —|oe— el
F 1
= glote—fo—v=vAge,

and hence, uy = vy — vk A @ Lv—vA ¢ = v, proving our claim.
Since up € F N Cy(2\ A), we conclude that v € F (2 A). O

As a conclusion of this subsection, we will give a decomposition of a function
u = u +uy € F(UUV) such that vy € F(Uy),us € F (V1) for any disjoint
neighborhoods Uy, V; of U,V respectively.

Proposition 9.4. Assume that (£,F) is a reqular Dirichlet form. Let U,V be
two precompact open subsets of M such that their closures U,V are disjoint. If u €
F U UV)NL>®(M), we can decompose u = uy+us, where uy € F (Uy) ,uy € F (V1),
and where Uy, Vi are any respective neighborhoods of U,V with disjoint closures
Uy, V1.

Proof. Let ¢ be a cutoff function of (U,U;). Since u € F N L™, we see also that
uy = u¢p € FN L®. We show that u; € F (Uy). In fact, since the support of u; is
contained in the set

supp (u) Nsupp (¢) STUV NU, =U C U;.

Hence, as U is precompact, we obtain by [21, Prop. 2.8, p.2620] that u; € F (U;).
To show that uy := (1 —¢)u € F (V7), observe that the support of us is contained
in the set

supp (u) Nsupp (1 —¢) STUUVNM\U =V C V.

Hence, using [21, Prop. 2.8, p.2620] again, we have that uy € F (V7).
Finally, note that

u=ud+ (1 —d)u=1u + us.
We finish the proof. ([l
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