ON WEIGHTED POINCARE INEQUALITIES

BARTLOMIEJ DYDA AND MORITZ KASSMANN

ABSTRACT. The aim of this note is to show that Poincaré inequalities imply corresponding
weighted versions in a quite general setting. The proof is short and does not involve covering
arguments.

1. INTRODUCTION

Let (X, p) be a metric space with a positive o-finite Borel measure dx, we will write |E| =
f  dx for the measure of a Borel set E' C X. We fix some point o € X and set B, = {z €

X :p(z,m0) <r}, B, ={x € X : p(x,20) <7}

We call a function ¢ : By — [0,00) an admissible weight, if ¢ is a radial function, i.e.
¢ = @(p(-, o)) and its profile ® is nonincreasing and right-continuous with left-limits. We
assume that ¢ is not identically zero on B; \ B /2-

For any admissible weight ¢ there exists a positive, non-zero o-finite Borel measure v on
(3, 1], such that

M) o) = [ )= [ xwlo)vid), @€ B\ B

(z,20)V1/2
(Note that we put [, f(t) v(dt) := [, F(t) v(dt).)

For a function u we denote by

ug = — [ u(x)dx
£ im) Jp
the mean of u over the set E, and by
o [ u(x)p(x) de

the mean of u over the set £ C B; with respect to the weight function ¢.

Our main result is the following:
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Theorem 1. Let 1 < p < 0o and let ¢ be an admissible weight with ¢ = ®(p(-,x0)). Let
F:LP(X) x (5,1] — [0,00] be a functional satisfying

(2) Flu+a,r)=F(u,r), a€R,

(3) ; u(x) = up, [" dz < F(u,r),

for every r € (%, 1] and every u € LP(X). Then for M = ?;‘5;' @q()f%)

(4) i ju(w) = uf, IPo(x) de < M 1/2F(U,75) v(dt)

for every u € LP(By), where v is as in (1).

By choosing the functional F' appropriately, (4) becomes a Poincaré inequality with weight
¢, see Section 3. Such inequalities have been studied extensively because of their importance
for the regularity theory of partial differential equations, see the exposition in [5].

2. PROOF

Lemma 2. Let Q be a finite measure space and p > 1. Assume f € LP(Q) with [, f = 0.
Then

I1f + alleey = 51 f o)
for every a € R.

Proof. We may assume a > 0. Then

/ fraps / P and / frap>2? / P
Qn{f>0} Qn{f>0} QN{f<—2a} QN{f<—2a}

Furthermore, since [o oy [f| = [on(ps0y | /], we obtain

/ P < (20 / 1 < (20! / il < 2 / f+ap,
QN{—2a<f<0} QN{—2a<f<0} Qn{f>0} Qn{f>0}

where we use a?~'b < (b + a)P~}(b + a) for positive a,b. Combining these observation we
obtain the result. O

Proof of Theorem 1. First we observe that it is enough to prove that

q~5 ~ 22p|Bl| !
(5) |u(e) — up, [Po(r) dr < F(u, t) v(dt),
By ' ’Bl/2| 1/2
where ¢(z) = ¢(z) A ®(3). Indeed, we have
(3)

B0 00 < 00 A 2() < 9(a)
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Hence if (5) holds, then

s PO
‘I)(%)
®(0)

where in the last line we have used Lemma 2.

/B juz) — ub, Pé() da

By

—2297p i u(z) — u, [Po(x) da,

Now we prove (5). To simplify the notation, we assume that ¢(z) = ®(3) for x € Bys, so
that ¢ = ¢.

Because of (2), by subtracting a constant from w, we may and do assume that u%l =0,
which means that

(6) 0:/31 w(@)b(z) dx:/1/12 /Btu(m) dz v(dt) :/1:2u3t|3t| u(dt).

We start from the integral on the right hand side of (4) and use (3)

R = / F(u,t)v(dt) > / lu(z) — up, |’ dx v(dt)

1/2 1/2
1 1
= 5/ lu(z) — up,|P dxv(dt) + / / —up,|”xp, () v(dt)dx
1/2 J By By J1/2
== [1 -+ IQ

(In fact I; = Iy, but we treat them differently.) We now deal with the inner integral in I5.
For x € By, we have

1
[ lute) = un e (o) [ )~ s vl
1/2 ’Bl| 1/2

Since f11/2 up,|Bt|v(dt) = 0, by Lemma 2 we obtain

1 1
/ () — up, P|By| v(de) > 27 / s, | Bl ().
1/2 1/2

Therefore

27P ! 27P|Byjo| (1
bz [ il de =25 [ Pl v,
2[B1| JB,,, J1y2 ' 2|Bi| Jipe '

Using inequality |a[? + |[b|P > 2'7P|a + b|P we obtain

B
hi+h> / / (’u ) — g+ '”2'\&!”) de v(dt)
1/2 J B, | B |

27P|B 1
s 21Buply1y / ()P da v(dt)

T 2By 1/2./B
_ |Bipl,- »

= x)dx
B2 | @Pe

and the proof is finished. O
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3. APPLICATIONS

Let us discuss some corollaries. Corollary 3 is well-known [5], although our class of admissible
weights is more general. Proposition 4 allows to deduce a weighted Poincaré inequality for
fractional Sobolev norms from an unweighted version. Corollaries 5 and 6 give a more
concrete result for fractional Sobolev norms. The first allows for more general kernels and
exponents p. Corollary 6 improves [2, Theorem 5.1] because the result is robust for s — 1—
and allows for general weights and exponents p.

Corollary 3. Let p > 1 and ¢ be an admissible weight. Consider X = R? equipped with the
Lebesgue measure and the Euclidean metric. There exists a positive constant C depending
on p,d and ¢ such that

(7) u(@) = ufy, [Po(x) de < C | |Vu(e)[P(x) de
Bl Bl
for every u € W'P(By).
Proposition 4. Let p > 1 and let ¢ be an admissible weight of the form ¢ = ®(p(-,x0)).

Assume that for some kernel k : By x By — [0,00) and some positive constant C' the following
1nequality holds

) ule) ~un P dr < C [ [ Ju(e) - ul)Ph(z.p) dy o,
B, < By
whenever r € (1,1] and uw € LP(X). Then with M = ?;'112" ;()f%)
(9) [uz) — ug, [P$(x) da < CM/ u(z) — u(y)[Pk(z,y)(o(y) A ¢(x)) dy dz
Bl Bl Bl

foruw e LP(X).

Corollary 5. Let ¢ be an admissible weight of the form ¢ = ®(p(-,z0)) and p > 1. Let
k : By X By — [0,00) be a kernel satisfying k > ¢ for some constant ¢ > 0. There is a
positive constant M depending on d,p and ® such that for v € LP(X)

(10) lu(z) — ufp, [Po(x) do < - () = u(y)[Pk(z, y)(d(y) A ¢(x)) dy d

B, ¢ JB /B
foru e LP(X).

Corollary 6. Let p > 1,7 > 1 and 0 < s < s < 1. Consider X = R? equipped with
the Lebesque measure and the Fuclidean metric. Let ¢ be an admissible weight of the form
¢ = ®(]-|). Then there exists a positive constant C' depending on p,d, so and ® such that

(11)
; u(z) —ufy [Po(x) de < C(1—s) P00 /B/B ‘u|x_y|d+ps’ X{lo—y<23 () A(2)) dy du

for allu € LP(By).

Proof of Corollary 3. It is well-known that the following Poincaré inequality holds

(12) lu(z) —up, [Pde <cr? | |Vu(z)|Pde

B B
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for every uw € W'?(B,) and r > 0 where ¢ > 0 depends on p and d. Set

Fu,ry=cr? | |Vu(z)]dx,

By

for u € WP(B;) and F(u,r) = oo otherwise. Then for u € W?(B)

/ Flu,t) v(dt) = c / 2 [Vl Py, (@) de v(d)

1/2 1/2 B

Vu(@)P | xp,(z)v(dt)de=c [ |[Vu(z)["¢(x)dz

By 1/2 B

By Theorem 1 the assertion follows with C' = 237+4 qgl(%)c O

Proof of Proposition /. Let

F(u,r) / . lu(z) — u(y)|Pk(x,y) dy dx.

Then
F(u, = u(x) —u(y)|Pk(x B, B, () dydxv(dt
/1/2<t>< //2/51311 2) — u(y) Pk, y) s (9) s, () dy do v(dt)
—c / | ) - um PG ) / Xo ) () ) dy o
e / [ fute) — )Pk, ) 0l) A 6(0)) dy d
The assertion now follows from Theorem 1. ]

Lemma 7. Let r > 1, p>1cmd()<s<1. Then

(13) // ule lpdyda:< 3r)P 1// [u(z ’px 1, dy dx
r—y|<=
B1J By !:E—y]dﬂos 5., y‘ders {lz—yl<3}

for all uw € LP(By).

Proof. Let n be a natural number such that n > 2r > n — 1. We introduce

Ak:Ak(x,y):%y+"T_kx, k=0,1,...n

)P u(Ag_1) — u(A
B 31 \:c—y\ +ps B/ B ]x—y] be

<ty // [u( Ay —du(Ak)V’d dr.
B:J B |95— |+ps

Note that |Ag_1 — Ak| = %|x —y|. If we substitute 7 = Ay_1, § = Ay, then djdi = n~4dy dx
(which follows by an elementary calculation, see also [3, page 570]). Moreover, Z, § € B

Then
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with |z — | < 2 < 1. Hence
|u(@) —u(@) I
p—ps
I'<n /B/B |$_ |d+ps {\i—ﬂ\ﬁi}dydx'
1 1
Since n < 2r + 1 < 3r, the assertion follows. O

Proof of Corollary 5. First we use a well-known argument to obtain a nonweighted Poincaré
inequality. By the convexity of the function z +— |z|? it holds |a+b[P > |a[? +bp|a|P~" sgn(a).
Thus

[ [ ) stk payde = e [ ] @) < s+, — ui) Py i

whenever v € LP(B,) and 3 <r < 1.

The assertion follows now from Proposition 4. O

Proof of Corollary 6. From [4] and [1, page 80] we know that there exists a constant C' =
C(p,d, sp), such that for s < s <1

s |u(z) — u(y)l”
(14) / lu(z) — up, |P de < C(1 — s)rP / / 7= |d+p8| dydzx,

T

for all u € LP(By). The assertion follows now from (14), Proposition 4 and Lemma 7. O
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