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Abstract

The Euler-Maruyama scheme is known to diverge strongly and numerically weakly when applied to nonlinear
stochastic differential equations (SDEs) with superlinearly growing and globally one-sided Lipschitz continuous
drift coefficients. Classical Monte Carlo simulations do, however, not suffer from this divergence behavior of Euler’s
method because this divergence behavior happens on rare events. Indeed, for such nonlinear SDEs the classical
Monte Carlo Euler method has been shown to converge by exploiting that the Euler approximations diverge
only on events whose probabilities decay to zero very rapidly. Significantly more efficient than the classical Monte
Carlo Euler method is the recently introduced multilevel Monte Carlo Euler method. The main observation of this
article is that this multilevel Monte Carlo Euler method does — in contrast to classical Monte Carlo methods — not
converge in general in the case of such nonlinear SDEs. More precisely, we establish divergence of the multilevel
Monte Carlo Euler method for a family of SDEs with superlinearly growing and globally one-sided Lipschitz
continuous drift coefficients. In particular, the multilevel Monte Carlo Euler method diverges for these nonlinear
SDEs on an event that is not at all rare but has probability one. As a consequence for applications, we recommend
not to use the multilevel Monte Carlo Euler method for SDEs with superlinearly growing nonlinearities. Instead we
propose to combine the multilevel Monte Carlo method with a slightly modified Euler method. More precisely, we
show that the multilevel Monte Carlo method combined with a tamed Euler method converges for nonlinear SDEs
with globally one-sided Lipschitz continuous drift coefficients and preserves its strikingly higher order convergence
rate from the Lipschitz case.

1 Introduction

We consider the following setting in this introductory section. Let T' € (0,00), d,m € N :={1,2,...}, let (Q, F,P) be
a probability space with a normal filtration (F).c[o,r) and let £: € — R? be an Fy/B(R?)-measurable mapping with
E[||§||§d] < oo for all p € [1,00). Moreover, let u: R — R? be a smooth globally one-sided Lipschitz continuous
function with at most polynomially growing derivatives and let o: R — R?™ be a smooth globally Lipschitz
continuous function with at most polynomially growing derivatives. In particular, we assume that there exists a
real number ¢ € (0,00) such that (z —y, u(x) — p(y))ga < cllz — yl|zq and [|o(x) — o(y)||gaxm < |z — y[|ga for all
x,y € R?. These assumptions ensure the existence of an up to indistinguishability unique adapted stochastic process
X:[0,T] x Q — R with continuous sample paths solving the stochastic differential equation (SDE)

dXt :‘[L(Xt) dt+O'(Xt) th, XO :E, (1)

for t € [0,T] (see, e.g., Alyushina [1], Theorem 1 in Krylov [28] or Theorem 2.4.1 in Mao [30]). The function y is the
drift coefficient and the function o is the diffusion coefficient of the SDE (1). Our goal in this introductory section
is then to efficiently compute the deterministic real number

E[f(Xr)] (2)
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where f: R? — R is a smooth function with at most polynomially growing derivatives. Note that this question is
not treated in the standard literature in computational stochastics (see, for instance, Kloeden and Platen [27] and
Milstein [33]) which concentrates on SDEs with globally Lipschitz continuous coeflicients rather than the SDE (1).
The computation of statistical quantities of the form (2) for SDEs with non-globally Lipschitz continuous coefficients
is a major issue in financial engineering, in particular, in option pricing. For details the reader is refereed to the
monographs Lewis [29], Glasserman [10], Higham [16] and Szpruch [40].

In order to simulate the quantity (2) on a computer, one has to discretize both the solution process X : [0, T]xQ —
R? of the SDE (1) as well as the underlying probability space (2, F,P). The simplest method for discretizing the
SDE (1) is the Euler method (a.k.a. Euler-Maruyama method). More formally, the Euler approximations Y,V :  —
R n € {0,1,...,N}, N € N, for the SDE (1) are defined recursively through Y := ¢ and

T
Yn]\—]‘,-l = YnN + IU‘(YnN) " AT

~ +o(t) (Wesne = wae ) (3)

for all n € {0,1,...,N} and all N € N. Convergence of Euler’s method both in the strong as well as in the
numerically weak sense is well-known in case of globally Lipschitz continuous coefficients p and o of the SDE (see,
e.g., Section 14.1 in Kloeden and Platen [27] and Section 12 in Milstein [33]). The case of superlinearly growing and
hence non-globally Lipschitz continuous coefficients of the SDE is more subtle. Indeed, Theorem 2.1 in the recent
article [23] shows in the presence of noise that Euler’s method diverges to infinity both in the strong and numerically
weak sense if the coefficients of the SDE grow superlinearly (see Theorem 2.1 below for a generalization hereof).
In this situation, Theorem 2.1 in [23] also proves the existence of events Qx € F, N € N, and of real numbers
0,c € (1,00) such that P[Qy] > 6(-N") and Y (w)| > @) for all w € Qn, N € N. Clearly, this implies the
divergence of absolute moments of the Euler approximation, i.e., limy ]E[|YI{,V|”] = oo for all p € (0, 00).

The classical method for discretizing expectations is the Monte Carlo Euler method. Let Y,V:¥: Q — R4 n €
{0,1,...,N}, N € N, for k£ € N be independent copies of the Euler approximations (3) (see Section 3 for the precise
definition). The Monte Carlo Euler approximation of (2) with N € N time steps and N2 Monte Carlo runs (see
Duffie and Glynn [6] for more details on this choice) is then the random real number

1 (X
=D ) (4)
k=1

Convergence of the Monte Carlo Euler approximations (4) is well-known in case of globally Lipschitz continuous
coefficients p and o (see, e.g., Section 14.1 in Kloeden and Platen [27] and Section 12 in Milstein [33]). Recently,
convergence of the Monte Carlo Euler approximations (4) has also been established for the SDE (1). More formally,
Corollary 3.23 in [21] (which generalizes Theorem 2.1 in [20]) implies

Jim E[f(XTﬂ—% if(vav"“) =0 (5)
k=1

P-almost surely (see also Theorem 3.1 below). The Monte Carlo Euler method is thus strongly consistent (see, e.g.,
Nikulin [37], Cramér [2] or Appendix A.1l in Glasserman [10]) for the SDE (1). The reason why convergence (5) of
the Monte Carlo Euler method does hold although the Euler approximations diverge is as follows. The events Qy,
N € N, on which Euler’s method diverges (see Theorem 2.1 below) are rare events and their probabilities decay to
zero faster than any polynomial in N as N — oo, see Lemma 2.6 in [22] for details. Therefore, for large N € N the
event Qy is too unlikely to occur in any of N2 Monte Carlo simulations in (4).

Considerably more efficient than the Monte Carlo Euler method is the so-called multilevel Monte Carlo Euler
method in Giles [8] (see also Creutzig, Dereich, Miiller-Gronbach and Ritter [3], Dereich [4], Giles [7], Giles, Higham
and Mao [9], Heinrich [13, 14], Heinrich and Sindambiwe [15] and Kebaier [24] for related results). In this method,
time is discretized through the Euler method and expectations are approximated by the multilevel Monte Carlo
method. More formally, let Y,V:0F: Q — R? n € {0,1,...,N}, N € N, for | € Ny := {0,1,2,...} and k € N be
independent copies of the Euler approximations (3) (see Section 6 for the precise definition). Then the multilevel
Monte Carlo Euler approximations for the SDE (1) are defined as

N
N log, (V) 2l

0 2 T () () o

k=1 =1 k=1

for N € {2%,2223 ...}, In the case of globally Lipschitz continuous coefficients of the SDE (1), this method has
been shown to converge significantly faster to the target quantity (2) than the Monte Carlo Euler method (4).
More precisely, in the case of globally Lipschitz continuous coefficients p and o, the multilevel Monte Carlo Euler
method (6) converges with order %— while the Monte Carlo Euler method converges with order %— with respect to
the computational effort (see Section 1 in Giles [8] or Creutzig, Dereich, Miiller-Gronbach and Ritter [3] for details).
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Figure 1: Four sample paths of the approximation error of the multilevel Monte Carlo Euler approximation (6) for
the SDE (7) for N € {2',22,...,27} with T = 1.

In the general setting of the SDE (1) where p does not need to be globally Lipschitz continuous, convergence of the
multilevel Monte Carlo Euler method (6) remained an open question.

The convergence (5) of the Monte Carlo Euler method and the fact that Euler’s method diverges on very rare
events only shaped our first guess that the multilevel Monte Carlo Euler method should converge too. However,
convergence of the multilevel Monte Carlo Euler method fails to hold in the general setting of the SDE (1). To prove
this it suffices to establish non-convergence for one counterexample which we choose to be as follows. Let d = m =1,
let u(z) = —25, o(x) =0, f(z) = 22 for all z € R and let £ : @ — R be standard normally distributed. Clearly, this
choice satisfies the assumptions of the SDE (1) and the SDE (1) thus reduces to the random ordinary differential
equation

dX; = — X} dt, Xo=¢ (7)

for ¢ € [0,7]. The main observation of this article is that the approximation error of the multilevel Monte Carlo
Euler method for the SDE (7) diverges to infinity. More formally, Theorem 4.1 below implies

N
. 2 1 o (1042 o g1 [ 2! 1,k \? 20-1 1 \?
b o] 50008 (S oz -« e
logy (N)EN k=1 =1 k=1

P-almost surely. Note that the multilevel Monte Carlo Euler method diverges on an event that is not rare but has
probability one. Thus — in contrast to classical Monte Carlo simulations — the multilevel Monte Carlo Euler method
is very sensitive to the rare events on which Euler’s method diverges in the sense of Theorem 2.1 below. To visualize
the divergence (8), Figure 1 depicts four random sample paths of the approximation error of the multilevel Monte
Carlo Euler method (6) for the SDE (7) with 7' = 1 and shows explosion even for small values of N € {21,2% 23 .. 1.
We emphasize that we are only able to establish the divergence (8) for the simple SDE (7). Even in this simple case,
the proof of the divergence (8) is rather involved and requires precise estimates on the speed of divergence of Euler’s
method for the random ordinary differential equation (7) on an appropriate event of instability; see below for an
outline.

Comparing the convergence result (5) for the Monte Carlo Euler method and the divergence result (8) for the
multilevel Monte Carlo Euler method reveals a remarkable difference between the classical Monte Carlo Euler method
and the new multilevel Monte Carlo Euler method. The classical Monte Carlo Euler method applies both to SDEs
with globally Lipschitz continuous coefficients and to SDEs with possibly superlinearly growing coefficients such as our
SDE (1). The multilevel Monte Carlo Euler method, however, produces often completely wrong values in the case of
SDEs with superlinearly growing nonlinearities. This is particularly unfortunate as SDEs with superlinearly growing
nonlinearities are very important in applications (see, e.g., [29, 41, 40] for applications in financial engineering). We
recommend not to use the multilevel Monte Carlo Euler method for applications with such nonlinear SDEs.



Nonetheless, the multilevel Monte Carlo method can be used for SDEs with non-globally Lipschitz continuous
coefficients when being combined with a strongly convergent numerical approximation method. For example, in [22]
the following slight modification of the Euler method (3) is proposed. Let ZN: Q — R, n € {0,1,...,N}, N €N, be
defined recursively through Z§' := ¢ and

2 ez 4 — I X gy (Weasnr — Wag ) )
D T 2 N
for all n € {0,1,...,N —1} and all N € N. Following [22] we refer to this numerical approximation as a tamed

Euler method. Additionally, let ZY:bk: O — R, n € {0,1,...,N}, N € N, for | € Ny and k € N be independent
copies of the tamed Euler approximations (9). In Theorem 6.2 below we then prove convergence of the multilevel
Monte Carlo tamed Euler method for all locally Lipschitz continuous test functions on the path space whose local
Lipschitz constants grow at most polynomially In particular, Theorem 6.2 below implies the existence of finite
random variables C.: Q — [0,00), € € (0, 3), such that

N
T

1 XN logz (V) ol 2! , -1 C
Blion| - 532 A(2) - X § (X s(@) sz | = i (10)
k=1 =1 k=1

for all N € {2,22,23 ...} and all € € (0, 1) P-almost surely. To sum it up, the classical Monte Carlo Euler method
converges (see (5)), the new multilevel Monte Carlo Euler method, in general, fails to converge (see (8)) and the
new multilevel Monte Carlo tamed Euler method converges and preserves its striking higher convergence order from
the Lipschitz case (see (10)). Thus, concerning applications, the message of this article is that the multilevel Monte
Carlo Euler method (6) needs to be modified appropriately when being applied to SDEs with superlinearly growing
nonlinearities. This is a crucial difference to the classical Monte Euler method which has been shown to converge
for such SDEs and which does not need to be modified. However, when modified appropriately (see, e.g., (9)), the
multilevel Monte Carlo method preserves its strikingly higher convergence order from the global Lipschitz case and
is significantly more efficient than the classical Monte Carlo Euler method even for such nonlinear SDEs. Thereby,
this article motivates future research in the construction and the analysis of “appropriately modified” numerical
approximation methods.

For the interested reader, we now outline the central ideas in the proof of (8). For this we use the random
variables £%: Q — R, | € Ny, k € N, defined by &F := YOM’l’k for all M € N, [ € Ny, k € N. Then we note for every
M,k €N, €Ny and every w € Q that |YV;*F(w)] is strictly increasing in n € {0,1,..., M} if and only if |¢"*(w)| =
YR (w)| > (2M)3T—3. It turns out that |V, b*(w)| increases in n € {0,1,..., M} double exponentially fast for
> (2M)iT~ 3}, 1 € Ny and all k, M € N (see Lemma 4.4 and Corollary 4.7 below for details). A central
observation in our proof of the divergence (8) is then that the behavior of the multilevel Monte Carlo Euler method is
dominated by the highest level that produces such double exponentially fast increasing trajectories. More precisely,
a key step in our proof of (8) is to introduce the random variables Ly: Q — {1,2,...,1d(N)}, N € {21,2%,23 ...},
by

Ly = max({l} U {z e{1,2,... 1d(N)}: Tk e {1,2,..., X} [¢hh] > 24T“}) (11)

for all N € {2!,22,23 ...}, Using the random variables Ly, N € {22223 ...} we now rewrite the multilevel
Monte Carlo Euler method in (8) as

N
N logz(N) ol
1 10k:2 21,k )2 201 1 1\?
v () Z(Yzl”) - (™) (12)
k=1 =1 k=1
X 5
2l 2 YQLvlvk 2 2l ; Y2(171)1lvk ’ (13)
= > Xt - v 2 (™)
1€{0,1, log, ()} k=1 le{1,2, logy (M)} T k=1
ZLn1.Ln 4Ly
N N
( XY - 2 N L (Ly—1) 2
9Ly —1) 2EN=D L1k oLN 2EN Ly k2 QLN Y2 N Y Ly
TN Z (Yz(LN*U 5 Y2LN 2<LN 1) (14)
k=1 k=1

for all N € {2!,22,23 ...}, Due to the definition of Ly, N € {21,22,23 ...}, it turns out that the asymptotic
behavior of the multilevel Monte Carlo Euler method (12) is essentially determined by the three summands in (14)
(see inequality (61), estimate (68) and inequalities (73), (74) in the proof of Theorem 4.1 for details). In order
to investigate these three summands, we - roughly speaking - quantify the value of the largest summand in each
of the three sums in (14). For this we introduce the random variables ny: Q — [0,00) and Ox: Q — [0, 00) for
N € {2!,22,23, ...} by

NN ::max{|§LN’k|€R:kE{l,Q,..., N }} (15)

2L N
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and
On ;:max{|§LN*1v’“|eR;ke{l,Q,...,M%}} (16)

for all N € {21,22,23 .. .}. Using the random variables ny: © — [0,00) and y: Q — [0,00) for N € {21,22,23 ...}
we then distinguish between three different cases (see inequality (61), inequality (68) and inequalities (73), (74)

(Ly+1)

below). First, on the events {ny > 21 T-7} € F, N € {21,22,23 ...}, the middle summand in (14) will be

positive with large absolute value and will essentially determine the behavior of the multilevel Monte Carlo Euler
L 1

approximations (12) (see estimate (61) for details). Second, on the events {ny < 23 )T_%} N{ny <Oy} € F,

N e {2%,22,23 ...}, the left summand in (14) will be positive with large absolute value and will essentially determine

the behavior of the multilevel Monte Carlo Euler approximations (12) (see inequality (68) for details). Finally, on

(Ln+1)

the events {ny < 2ﬁT_%} N{ny > Oy} € F, N € {21,22,23 ...}, the right summand in (14) will be
negative with large absolute value and will essentially determine the behavior of the multilevel Monte Carlo Euler
approximations (12) (see inequalities (73) and (74) for details). This very rough outline of the case-by-case analysis
in our proof of (8) also illustrates that the multilevel Monte Carlo Euler approximations (12) assume both positive
(first and second case) as well as negative values (third case) with large absolute values. We add that this case-by-case
analysis argument in our proof of (8) requires that the probability that the random variables ny and 6y are close
to each other in some sense must decay rapidly to zero as N € {2122 23 ...} goes to infinity (see inequality (115)
below). We verify the above decaying of the probabilities in Lemma 7.5 below which is a crucial step in our proof
of (8). Additionally, we add that the level Ly is approximately of order log(log(N)) as N goes to infinity (see
Lemma 7.1 for the precise assertion). In view of the above case-by-case analysis of the multilevel Monte Carlo Euler
method, we find it quite remarkable to observe that the essential behaviour of the multilevel Monte Carlo Euler
method in (8) is determined by the levels around the order log(log(N)) as N goes to infinity.

The remainder of this article is organized as follows. Theorem 2.1 in Section 2 slightly generalizes the result on
strong and weak divergence of the Euler method of Hutzenthaler, Jentzen and Kloeden [23]. Convergence of the
Monte Carlo Euler method is reviewed in Section 3. The main result of this article, i.e., divergence of the multilevel
Monte Carlo Euler method for the SDE (7), is presented and proved in Section 4. We believe that the multilevel Monte
Carlo Euler method diverges more generally and formulate this as Conjecture 5.1 in Section 5. Section 6 contains
our proof of almost sure and strong convergence of the multilevel Monte Carlo tamed Euler method for all locally
Lipschitz continuous test functions on the path space whose local Lipschitz constants grow at most polynomially.

2 Divergence of the Euler method

Throughout this section assume that the following setting is fulfilled. Let T € (0, 00), let (Q, F,P) be a probability
space with a filtration (F3)icjo,r) and let W: [0,T] x @ — R be a one-dimensional standard (F})¢c[o,7]-Brownian
motion. Additionally, let £&: Q@ — R be an Fy/B(R)-measurable mapping and let p,0: R — R be two B(R)/B(R)-
measurable mappings. We then define the Euler approximations Y,V : Q — R, n € {0,1,..., N}, N € N, recursively
by YV := ¢ and

T
V=YY u) 5+ o(VN) - (Weasnr — W ) (17)

for alln € {0,1,...,N —1} and all N € N. The following theorem generalizes Theorem 2.1 in Hutzenthaler, Jentzen
and Kloeden [23].

Theorem 2.1 (Strong and weak divergence of the Euler method). Assume that the above setting is fulfilled and let

a,c € (1,00) be real numbers such that |p(z)| + |o(x)| > % for all x € R with |x| > ¢. Moreover, assume that
P[o(€) # 0] > 0 or that there exists a real number 8 € (1,00) such that P[|¢| > z] > B=") for all € [1,00). Then

there exists a real number 0 € (1,00) and a sequence of nonempty events Qn € F, N € N, such that P[QN} > o(—")

at+l

N
and ’YI{,V(w)| > c((%) ) for all w € Qn and all N € N. In particular, the Euler approximations (17) satisfy
limy— o0 ]E[|YI{,V|”] = oo for all p € (0,00).

Theorem 2.1 immediately follows from Lemma 2.2 and Lemma 2.3 below. More results on Euler’s method for SDEs
with possibly superlinearly growing nonlinearities can, e.g., be found in [12, 11, 34, 35] and in the references therein.
Lemma 2.2 (Tails of Y{¥, N € N). Assume that the above setting is fulfilled and let P[o(£) # 0] > 0. Then there
exists a real number 3 € (1,00) such that P[[Y{N| > z] > ﬂ(f(Nm)ﬁ) for all x € [1,00) and all N € N.
Proof of Lemma 2.2. By assumption we have P[|o(£)| > 0] > 0. Therefore, there exists a real number K € (1,00)
such that )

0:=P|lo(@) = 2, €|+ TIu(€)l < K| € (0,00). (18)



Moreover, we have

B[] > o] = P|[§+u(OF +o(©Wg| > 2| > P|lo(Wg | - |¢l - TIn(&)| > o]

> Blo(€)] > £, Ie] + Tu(©)] < K, |o(©Wz| — |e] - Tlu(©)] > ]

> Blo(©)] 2 & I6+ Th(6)] < &, [ Wy | - K > 2]
for all x € [1,00) and all N € N. Definition (18) and Lemma 4.1 in [23] therefore show

p[mN\ > :17] > P[|a(§)| > L e+ Tu()] < K] ~]P’[%|W%| K> x] - ﬂ-IP{T5|WT| > T iN K (2 + K)

cexp( — TTINK2(z+ K)?) > exp( — AT K4 (Na)? )

S ¥ U
T 4T 4T
5 —2(Nz)?
_ s ) <64T71K4)(—(N1) ) S 64T71K4 n 4\/T ( )
4T - )

for all € [1,00) and all N € N. This completes the proof of Lemma 2.2. O

Lemma 2.3. Assume that the above setting is fulfilled and let o, ¢ € (1,00) be real numbers such that |p(z)|+|o(z)| >
[=I® for all x € R with |x| > c¢. Moreover, assume that there exist real numbers Ny € {0,1,2,...}, 5 € (1,00) such

c

that P[|Yx | > x] > ﬁ(f(Nz)B) for all x € [1,00) and all N € NN{No,No+1,...}. Then there exists a real number
0 € (1,00) and a sequence of nonempty events Qn € F, N € NN{Ny,No + 1,...}, such that IP’[QN] > 0(="°) and

a+1

N
’YI{,V(w)‘ > c(( ) ) forallw € Qn and all N € NN{No, No+1,...}. In particular, the Euler approximations (17)
satisfy imy o0 B[[YR|P] = 00 for all p € (0,00).

Proof of Lemma 2.3. Define real numbers ry € [0,00), N € N, by

2
INC\E D
TN = max <c, <Tc> > (19)

for all N € N. We also use the function sgn: R — R defined by sgn(x) := 1 for all € [0,00) and by sgn(z) := —1
for all z € (—00,0). Furthermore, we define events Qn € F, N e NN {No, Ng+1,...}, by

Qn = (ﬂnN_]%,o {w eN: sgn(,u(YnN(w)) . U(YnN(w))) . (W# (W) = Waz (w)) > i;})
N{wea:miwrz o0 e

for all N € NN {No, No + 1,...}. In particular, the definition of (2x)nenn{ng,Ny+1,...} implies

T T
W2 @) 3+ oY )+ (Wesspor () = W )| = 7 IO D] + o )] - [Wiagr () — W )
N N N N N
(21)
forallm e {No,No+1,...,.N—1}, we Qy and all N e NN {No, No+1,...}.
In the next step let N € NN {Ny, Ng+1,...} and w € Qn be arbitrary. We then claim
V¥ (@) = () () (22)

for all n € {Ng, No+1,..., N}. We now show (22) by induction on n € {Ng, Ng+ 1,..., N}. The base case n = Ny
follows from definition (20) of Q. For the induction step assume that (22) holds for one n € { Ny, No+1,...,N—1}.
In particular, this implies

atl

V@) > ) (EF)) > ry > e 1 (23)
Moreover, definition (17), the triangle inequality and equation (21) yield

YL 2 N @) 5 + o (@) - (Wear (@) — Wy <w>)\ D]

= B @)] + o @] [Wiagr (@) — Wag @) [¥3 )] 2 52 ([N @))] + o @] ) = [ )]



and the estimate |u(z)| + |o(x)| > % for all x € R with |z| > ¢, inequality (23) and definition (19) therefore show

T T (at+1)
’Ynl\—[i-l(w)| Z FC ’YnN(w)|a - |YnN(w)| Z N76 |YnN(w)’a - |YnN(w)| ?
= |YnN(w)\(a;1) (13;0 ‘nyv(wﬂ@ - 1) > ’YnN(w)|(a;1) (J\ZCC (ry) T - 1) > |YnN(w)‘w
The induction hypothesis hence yields
o INCE.25) NG
Y] 2 N @] 2 () CF) T = o (7))

Inequality (22) thus holds for all n € {Ng, No+1,..., N}, w € Qy and all N € NN{Ny, No+1,...}. In particular,
we obtain

o N “ N
Y )] 2 () ((F)7) 5 o(55)) (24)
for all w € Qn and all N € NN {Ny, No + 1,...}. Additionally, Lemma 4.1 in [23] yields

E|1 ’]-'L 25
[ {sennr) o) (Wear -wag )25} 17 ] (25)
T T , T e~ /T
= n — n > —| = > — | = 2 > — - -
P[(W( w WTT) - N] P[Wﬁ = N} PIT>Wr 24/ 2 VN

P-almost surely for all n € {0,1,..., N — 1} and all N € N. Therefore, we obtain
i1 No (N—No)
P[] :P[\Y]f,\u > () () )] : (P[T‘5WT > ﬁ])
(1 om0 (k"
> 5( (N N)( 2 )) : <IP’[T‘5WT > %}) 25( (N N)( 3 )) . (WT)

(7(N7~N)((QTH)NO‘3)) VT N
(%)

for all N € NN {Ny, Ny +1,...}. This shows the existence of a real number 6 € (1, c0) such that

>e 1.8

Ploy] > 60N (26)

for all N € NN {Ny, No + 1,...}. Combining (24) and (26) finally gives

Jim E[[YF['] > gim E[lo, [y@["] = gim (IP’[QN} -c(p'(ﬁlm) > lim <9(N"> .C(P~(”21)N)> = %0

~ N—oo

for all p € (0,00). This, (24) and (26) then complete the proof of Theorem 2.1. O

3 Convergence of the Monte Carlo Euler method

The Monte Carlo Euler method has been shown to converge with probability one for one-dimensional SDEs with
superlinearly growing and globally one-sided Lipschitz continuous drift coefficients and with globally Lipschitz con-
tinuous diffusion coefficients according to [20]. The Monte Carlo Euler method is thus strongly consistent (see, e.g.,
Nikulin [37], Cramér [2] or Appendix A.1 in Glasserman [10]) for such SDEs. After having reviewed this convergence
result of the Monte Carlo Euler method, we complement in this section this convergence result with the behavior
of moments of the Monte Carlo Euler approximations for such SDEs. More precisely, an immediate consequence of
Theorem 2.1 is Corollary 3.2 below which shows for such SDEs that the Monte Carlo Euler approximations diverge
in the strong LP-sense for every p € [1,00). We emphasize that this strong divergence result does not reflect the
behavior of the Monte Carlo Euler method in a simulation and it is presented for completeness only. Indeed, the
events on which the Euler approximations diverge (see Theorem 2.1) are rare events and their probabilities decay to
zero very rapidly (see, e.g., Lemma 4.5 in [20] for details). This is the reason why the Monte Carlo Euler method is
strongly consistent and thus does converge according to [20] (see also Theorem 3.1 below and Corollary 3.23 in [21]).

Throughout this section assume that the following setting is fulfilled. Let T' € (0, 00), let (£2, F,P) be a probability
space with a normal filtration (F3)¢cjo, 77, let Wk [0,T]x Q2 — R, k € N, be a family of independent one-dimensional
standard (F;);e[o,7)-Brownian motions and let & Q= R, k€N, be a family of independent identically distributed



Fo/B(R)-measurable mappings with E[|£*|P] < oo for all p € [1,00). Moreover, let y,0: R — R be two B(R)/B(R)-
measurable mappings such that there exists a predictable stochastic process X: [0,7] x Q@ — R which satisfies

r X))+ |o(Xs 2 ds < oo P-almost surely and
fo K y

X, =€+ / p(X.)ds + / o (X,) AW (27)

P-almost surely for all ¢ € [0,T]. The drift coeflicient y is the infinitesimal mean of the process X and the diffusion
coefficient o is the infinitesimal standard deviation of the process X. We then define a family V,V¥: QO — R,
n€{0,1,...,N}, N,k € N, of Euler approximations by YON’k = ¢F and

T
YN = YN (0N 5 4 o (V) - (Whinr — Wiy ) (28)
N N
for all n € {0,1,...,N — 1} and all N,k € N. For clarity of exposition we recall the following convergence theorem

from [20]. Its proof can be found in [20].

Theorem 3.1 (Strong consistency and convergence with probability one of the Monte Carlo Euler method). Assume
that the above setting is fulfilled, let p, o, f: R — R be four times continuously differentiable and let ¢ € [0, 00) be a real
mumber such that (z ~ y) - (u(x) — p(y)) < clz —yP*, |o(z) — o(w)| < [z — y| and [ (@)| + oW (@)] + | 1O (x)| <
c(1+|z|°) for all x € R. Then there exist finite F /B(]0, 00))-measurable mappings C.: Q — [0,00), € € (0,1), such
that

N2
s[r0m)] - g | 108 )| < s (29)

for all N € N and all € € (0,1) P-almost surely.

In contrast to pathwise convergence of the Monte Carlo Euler method for SDEs with globally one-sided Lipschitz
continuous drift and globally Lipschitz continuous diffusion coefficients (see Theorem 3.1 above for details), strong
convergence of the Monte Carlo Euler method, in general, fails to hold for such SDEs which is established in the
following corollary of Theorem 2.1, i.e., in Corollary 3.2. As mentioned above we emphasize that Corollary 3.2 does
not reflect the behavior of the Monte Carlo Euler method in a practical simulation because the events on which the
Euler approximations diverge (see Theorem 2.1) are rare events and their probabilities decay to zero very rapidly
(see Lemma 4.5 in [20] for details).

Corollary 3.2 (Strong divergence of the Monte Carlo Euler method). Assume that the above setting is fulfilled and
let a,c € (1,00) be real numbers such that |pu(z)| + |o(x)| > @ for all x € R with |z| > ¢. Moreover, assume that
P[o(&') # 0] > 0 or that there exists a real number B € (1,00) such that P[|€'| > z] > 5(7113) for all x € [1,00).
Moreover, let f: R — R be B(R)/B(R)-measurable with f(x) > %|x|% —c for allz € R. Then

N2 P
tim B |B[7(r)] - < | S0 || | =ee (30)
k=1

N—o0

for all p € [1,00).

| 1

Proof of Corollary 3.2. The triangle inequality, Jensen’s inequality and the estimate f(z) > %|x c—cforallz € R

give

E[7(Xr)] - 53 | S A0 > I sodn| - E[lre]]
Lr(4R) Lr(;R) (31)

> e | 00| ~fsexn] ~ o] el o] = L2
k=1

} — c—E[|£(Xr)]]

for all N € N and all p € [1,00). Combining (31) and Theorem 2.1 then shows (30) in the case E[|f(X7)|] < oo. In
the case E[|f(X7)|] = oo, the estimate f(z) > —c for all € R shows E[f(X7)] = oo and this implies (30) in the
case E[| f(Xr)|] = oo. The proof of Corollary 3.2 is thus completed. O



4 Counterexamples to convergence of the multilevel Monte Carlo Euler
method

Theorem 4.1 below establishes divergence with probability one of the multilevel Monte Carlo Euler method (6) for
the SDE (7). This, in particular, proves that the multilevel Monte Carlo Euler method is in contrast to the classical
Monte Carlo Euler method not consistent (see, e.g., Nikulin [37], Cramér [2] or Appendix A.1 in Glasserman [10])
for the SDE (7).

Throughout this section assume that the following setting is fulfilled. Let T, € (0,00), let (2, F,P) be a
probability space and let &4%: Q — R, I € Ny, k € N, be a family of independent normally distributed F/B(R)-
measurable mappings with mean zero and standard deviation . Moreover, let X: [0,7] x @ — R be the unique
stochastic process with continuous sample paths which fulfills the SDE

dX; = —Xpdt, Xo=¢ (32)

for t € [0,7]. We then deﬁne a family of Euler approximations Y,V'%*: O — R, n € {0,1,...,N}, N € N, [ € Ny,
Nl k Lk o
keN, by Y, =&
r

N,k . N,k _ (v N,Lk\?
Y =Y, (Yn ) N

n+1 (33)
foralln € {0,1,...,N -1}, Ne N, € Ny and all k € N.

Theorem 4.1 (Main result of this article: Divergence with probability one of the multilevel Monte Carlo Euler
method for the SDE (32)). Assume that the above setting is fulfilled. Then

d(N) _, oF
A3 -
A}l_l?éo Z ‘Yl ,0, k|p + Z ( Ygll,l,k’p _ ‘Y;(El_ll)),l,k p) ’ — (34)
1d(N)eN =1 k 1

P-almost surely for all p € (0, 00).
The proof of Theorem 4.1 is postponed to Subsection 4.2 below.

4.1 Simulations

We illustrate Theorem 4.1 with numerical simulations. To this end we observe that the exact solution of the random
ordinary differential equation (32) satisfies
§

(1+ 4te4)T
for all ¢t € [0,1]. The real number E [(X 1)2] can then be computed approximatively by numerical integration or by the
Monte Carlo method. Figure 1 depicts four random sample paths of the approximation error of the multilevel Monte
Carlo Euler approximations in the case T = 1 and & = 1 in (32) where E[(X1)?] &~ 0.28801 (calculated with the
integrate-function of R). The sample paths clearly diverge even for small N € {2%,22 23 ...}, For some other SDEs,
however, pathwise divergence does not emerge for small N € {2%,22 23 ..}, For example, let us choose a standard
deviation as small as & = 0.1 in (32) where 7' = 1. Here the exact value satisfies E[(X7)?] ~ 0.009971 (calculated
with the integrate-function of R). Then sample paths of the multilevel Monte Carlo Euler approximation seem to
converge even for reasonably large N € {2122 23 ...} (see Figure 2 for four sample paths). So the sample paths of
the multilevel Monte Carlo Euler method for some SDEs first seem to converge but diverge as N € {21,22,23 ...}
becomes sufficiently large. To see this in a plot, we tried different values of & and found sample paths in case of
o = % and T = 1 which first seem to convergence to the exact value E[(X1)?] &~ 0.09248 (calculated with the

3
integrate-function of R) but diverge for larger values of N € {2%,22 23 ...} (see Figure 3 for four sample paths).

Xy = (35)

4.2 Proof of Theorem 4.1

First of all, we introduce more notation in order to prove Theorem 4.1. Let y¥* € R, n € {0,1,...,N}, N € N,
x € R, be defined recursively through yév @ = x and

g =y — (yl )5-ﬁ:yiv’ <1(yiv’ )4'N> (36)

for all n € {0,1,...,N — 1}, N € N and all z € R and let p € (0,00) be fixed for the rest of this section. This
notation enables us to rewrite the multilevel Monte Carlo Euler approximation in (34) as

1 N Id(N) 21 a1
1,0,k (P 2! zk 2 Lk|P
§ M S TS (e )
k=1 =1
d(N) ; o A(N) ., 3 ld(N) ol X d(N) ., 3
2 2 1k 2 2(1’1),l,k 21,§Lk 2 o(1—1) 517@
S S{ ELC S o 1| E B 5 9 F 2 (0 o ol
=0 k=1 =1 k=1 =0 =1 k=1
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for all N € {21,22,23 ...}, Additionally, let Ly: Q — {1,2,...,1d(N)} be defined as
Ly = max({l} U {z €{1,2,..JA(N)}: Tk e {1,2,..., 4}: [ebk] > 2%T*%}) (38)

for every N € {2%,22 23 ...}, Furthermore, define ny: Q — [0,00) and Ox: Q — [0, 00) by

N = max{|§LN’k| cR: ke {1,2,...,2£VN}} (39)
and
On = maX{|§(LN*1)7k| cR: ke {1’27""WN*1>}} (40)

for every N € {2!,2223 ...}, Moreover, we define the mappings [-],|-]: R — Z by [#] := min{z € Z: z > z} and
by |z] := max{z € Z: z < z} for all 2 € R. Additionally, we fix a real number § € (0, 1) for the rest of this section.
In the next step the following events are used in our analysis of the multilevel Monte Carlo Euler method. Let Ag\l,),
A, AP AW e F N € {2!,22,23,...}, be defined by

AY = {Ly < [210(@*THm(N) |} (41)
AD = {31 €{0,1,2,...,1d(N)}: (Fk e {1,2,..., 0}: |ebF| > Q%JT‘%N)} (42)
A = {31e N, [21(FTHn(N)) | STSIAN) +1: 2877 % <y < 2877145072 L (4g)
AY = {|77N —On| < 4(72(LN71))77N} (44)

for all N € {2!,22,23,...}. Additionally, define Ny € {2!,2223 ...} and N;: Q — {21,22,23 ...} U {c} by
M G
Ny = 2{exp(4a T2 ) 40" 1% and by
Ni(w) 1= min({oo} U {n € {No,2'No, 22No, ... }: Vm € {n,2'n,2%n, .. }rw ¢ AD UAD UAD UADY)  (45)
for all w € Q. Next we prove a few lemmas that we use in our proof of Theorem 4.1.

Lemma 4.2 (Dynamics for small initial values). Assume that the above setting is fulfilled. Then we have |yflvx| <
1 1
x| < (%)4 foralln e {0,1,...,N}, |z| > (%)4 and all N € N.

W=

Proof of Lemma 4.2. Fix N € N and |z| < (3))". We prove |y2"*| < || by induction on n € {0,1,...,N}. The
base case n = 0 is trivial. For the induction step n — n + 1, note that the induction hypothesis implies

T 4
N,z | _ T T T
W] = i 1= 02 < e < b (16)
for all n € {0,1,..., N — 1}. This completes the proof of Lemma 4.2. [

Lemma 4.3 (Dynamics for large initial values). Assume that the above setting is fulfilled. Then we have |y,f:”| >

1 1
|z| > (%)4 for alln € {0,1,...,N}, |z| > (%)4 and all N € N. In particular, we have

=¥ (5 ) 1) ()

N,z
ynJrl

1
for alln € {0,1,...,N —1}, |z| > (28)* and all N € N.
T

1
Proof of Lemma 4.3. Fix N € N and |z| > (%)4 We prove |y,1LVI‘ > |z| by induction on n € {0,1,...,N}. The
base case n = 0 is trivial. For the induction step n — n + 1, note that the induction hypothesis implies

N,x
yn+1

2T T
= | ) = = e () 1) 2 e 2 e (48)

for all n € {0,1,...,N — 1}. This completes the induction. The assertion (47) then immediately follows by taking
absolute values in (36). O

Lemma 4.4 (Growth bound for large initial values). Assume that the above setting is fulfilled. Then we have
1 1 (5™)
(5 i) < ()" 1) (49)
for alln € {0,1,...,N}, |z| > (%)% and all N € N.

11



1
Proof of Lemma 4.4. Fix N € N and |z| > (2%)". We prove (49) by induction on n € {0,1,..., N}. The base case
n = 0 is trivial. For the induction step n — n + 1, note that Lemma 4.3 and the induction hypothesis imply

1 - 1 1 5 1 5"\ ° 1 (st 1)

(B ] = B el (5 62 - 1) < (B ) < (B1el) ) = () 1ol (50)
for all n € {0,1,..., N — 1}. This completes the proof of Lemma 4.4. O
Lemma 4.5 (Monotonicity). Assume that the above setting is fulfilled. Then we have

lyn | = [y (51)

or allm € {0,1,..., N}, all z,y € R satisfying |z| > |y, |z| > (X T and all N € N.
Y ying Y T

Proof of Lemma 4.5. Fix N € N and z,y € R with || > |y|, || > (%)% We prove (51) by induction on

n € {0,1,...,N}. The base case n = 0 is trivial. For the induction step n — n 4 1, note that Lemma 4.3 and the
induction hypothesis imply

T T
= o] (G bl = 1) 2 ) (e 1) = i)

for all n € {0,1,..., N — 1}. This completes the proof of Lemma 4.5. O

N, N,

1=

Lemma 4.6 (Dynamics of multiples of the initial value). Assume that the above setting is fulfilled. Then we have

[yMe| > MO |y (53)

1
for alln € {0,1,...,N}, |z| > (%)4, M €[1,00) and all N € N.

Proof of Lemma 4.6. Fix N € N. We prove (53) by induction on n € {0,1,...,N}. The base case n = 0 is trivial.
For the induction step n — n 4 1, note that Lemma 4.3 and the induction hypothesis imply

N,Mz| _ |y Me| (]7\; ‘yTJZ/,Mx|4 _ 1) > MG Tk (]1\; (M(5”) y | )4 _ 1>

yn—i—l

(54)
n x T n z 4 5™ 5(n+1) T
> 0y (5 (MO ] ) = 26 ) = 3O
1
for all n € {0,1,...,N — 1}, |x| > (%) * and all M € [1,00). This completes the proof of Lemma 4.6. O

n l
Corollary 4.7. Assume that the above setting is fulfilled. Then we have |y,IlVT| > MO )(%)4 for all n €
{0,1,...,N}, |z| > M(Z)*, M € [1,00) and all N € N.

N,(2) T N1 .
Proof of Corollary 4.7. Lemma 4.5, Lemma 4.6 and |y, | = (%)% imply

Sl

Nz NM(%)% ™|, N3 (5™) (2N \%
[y > |yn > MOy = MG (2N) (55)

1
for all m € {0,1,...,N}, |z| > M(%)ﬂ M € [1,00) and all N € N. This completes the proof of Corollary 4.7. [

Lemma 4.8. Assume that the above setting is fulfilled. Then we have
1 5(1—rN
> ()t e

‘yzj\v” (56)

1
for all |z] > (28)* (1+50"N)), N € N and all r € (0, 0).

Proof of Lemma 4.8. We apply the inequality 1 + z > exp(Z) for all z € [0,2]. Noting that 5(-"V) < 1 < 2 for all

N € N and all r € (0,00), we infer from Corollary 4.7

2
2

1 (™) 1 (5™) 1 (50-mN
yo| > (2t (1+5(—TN)) > (2 {exp (%5(—TN)>} (2 N ) (57)

for all |x| > (%)% (145-™¥)), N € N and all r € (0,00). This completes the proof of Lemma 4.8. O

Lemma 4.9 (Almost sure finiteness of N1). Assume that the above setting is fulfilled. Then IE”[Nl < oo] =1.

12



The proof of Lemma 4.9 is postponed to the appendix in Section 7. We now present the proof of Theorem 4.1.
It makes of use of Lemma 4.9.

Proof of Theorem 4.1. Fix p € (0,00) throughout this proof. Our proof of Theorem 4.1 is then divided into
four parts. In the first part we analyze the behavior of the multilevel Monte Carlo Euler approximations on
the events {ny > 2N +DAT-14 N IN; < N} = {w € Q: ny(w) > 2EN@FDATIA N, (W) < N} for N €
{21,22,23, ...} (see inequality (61)). In the second part of this proof we concentrate on the events {fx > nn}
N {ny < 2EN+HDAT=1/4L A {N] < N} for N € {21,22,2%, ...} (see inequality (68)). In the third part of this
proof we investigate the events {2LN/4T*1/4 < (‘)N} N {0n <nn} N {77N < 2<LN+1)/4T’1/4} N {N; < N} for
N € {21,22,23, ...} (see inequality (73)) and in the fourth part we analyze the behavior of the multilevel Monte
Carlo Euler approximations on the events {2LN/4T_1/4 >0n}N{0n <nn}n{ny < 2(LN+1)/4T_1/4} N{N, < N}
for N € {2%,22,23 ...} (see inequality (74)). Combining all four parts (inequalities (61), (68), (73) and (74)) and
Lemma 4.9 will then complete the proof of Theorem 4.1 as we will show below. In these four parts we will frequently
use

{N1 < N} € (45) N (ARF)" 0 (A7) 0 (AR))° (58)
for all N € {2%,22 23 ...},

We begin with the first part and consider the events {ny > 2<LN+1)/4T_1/4} N{N; < N} for N € {2%,22 23 ... }.
Note that Lemma 4.5, the inequalities ny > 2(E~+1/47- 1/4(1 4 p(—02" N)) on {nN > 2(LN+1)/4T 1/4} N{N; < N}
(see (43)) and |¢VF] < 20-V/AT1/AN on {N; < N} forall k € {1,2,..., %}, 1 € {1,2,...,1d(N)} (see (42)) and the
definition (38) of Ly imply

N N
ld(N) o ol gl » 1d(N) 2l BV S e
Z Z’ - N ’yzu b
k=1 =1 k=1
N N
oLn L P Lx 2l 2! (1—1) ¢,k ld(N) 2l 2! 2U=1) ¢lk
> N ‘yng’nN’ - N Z ’yg(za)’g Z ’yQ(l Y (59)
1=1"" k=1 1= LN+1 =
9LN ZLN’(Q(LI;“))% (1+5(—52LN)> oLy 2(171)7(2”7;1))%]\/ P 1d(N) 20=1) 2?)1 P
> N YLy *Z Ysu-1) - Z yg(z 1)
=1 I=Ln+1
on {ny > 2(LN+1)/4T*1/4} N{N; < N} and Lemma 4.8, Lemma 4.4 and Lemma 4.2 hence yield
1d( N) 21 1d(N) ; 2ﬂl
ol glik 2 QUi=1) ¢k P
Z Z IS NZ!@/QH
=1 =1
1 p _ p 5(1—1) 1d(N) p
1 9. 2LN by (5(175)2141\,) Ly 2([ 1)\14 (p-5( )) 2l 1
> — — N — —
> 5|55 Ve > (%5 > (%
=1 I=Ln+1
o(Ln-1\T (. 5(EENTY) QUA(N)\ ¥
2N71T?4 exp(p 5(1 5)2LN> —LN N(? > —ld(N)
T T
on {ny > 2ENFVAT-VAL AN < N} for all N € {21,22,2%, .. }. Therefore, we obtain
d(N) ., o A(N) ., o
9l 9l ghk ol 9(=1) gLk
> N ‘le Z NZ‘?JW D
1=0 =1 =1 k=1
. AP G A 60
> N-IT% -exp(g : 5<1-5>2LN) —1d(N)N1T~% ~N<p ) —1d(N)NTT~% (60)

P

.exp(g  p(1=0)2N ln(N)) 7k ~N<

IS

1+%+p~5(2(LN71))>

Y

T

on {ny > 2E~NFV/AT=1/4 A [N < N} and the estimate 224 > 62/T'In(N) on {N; < N} (see (41)) hence shows

N N
ld(ZN) 9l ol ‘y o lcg) 9! ol ‘y2(1 1) glok
N 2! N o(-1)
= Vo = Vo (61)
> inf { p(%-S((l_‘s)m)—ln(ND —eXp(ln(N) (1+Z+p~5§)>] T~% >¢(N)-T"%
z€[72V/TIn(N),00)
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on {ny > 2E~NFTV/AT-V4L AN < N} for all N € {21,22,2%, ...} where r: N — R is a function defined by

N) = inf 2. 5((1=8)2) _aN)) — In(N) (142 +p.5% ]
r( ) 1:6[62\/%11(1\7),00) |:exp(2 n( )) eXp(n( )( 4 TP 2))

for all N € N.

In the next step we analyze the behavior of the multilevel Monte Carlo Euler approximations on the events
{On >} N {ny < 2EVFDAT-VAY A LN < N} for N € {2%,22,23, ...}, To this end note that Lemma 4.5, the
inequalities Oy > (1+4(72(LN71)))7]N on {Ox > nn}N{Ny < N} (see (44)) and |¢8F| < 20=D/AT=1/4N on {N; < N}
forall k € {1,2,..., 5}, 1€ {1,2,...,1d(N)} (see (42)) and the definition (38) of Ly imply

A(N) ; of ld(N &
2 2l7§lk oU=1) ¢lk
N Yo E You-1)’
=0 =1 l 1
N N
Ln—1 . o 1d(N) X
1| o@n-1 g P 2EN=1) = 2D | gy gk P 2L S| gl-1) gtk |P
> N Yoy -1) Y- 1) - § ~ Ysa-1) - E N Ysu-1)
=1 =1 I=LnN+1 k=1
o (Ly—1) P 1 1 p 1d(N 1P
1 2(LN*1),(1+4( 2N ))771\7 oLy =1) 1P Inz 9(i—1) (2“ 1))4N () 2(171))(%)4
2 = |Yorn-1) Yy y-1) Ysa-1) - Ys-1)
N V2N 2 2 2
=1 I=Ln+1

on {0y >nn} N {ny < 2ENFDAT-VAL A LN < N} for all N € {2,22,23,...}. Lemma 4.5, Lemma 4.4 and
Lemma 4.2 therefore show

N N
1) 2 ol ghk 4 ld(N) 2l 2! 2=V ¢lk P
Z N ’ Z‘%(H)
1=0 k=1 l 1
1 o(LN— (1+4( o(LN— 1)))771\7 p oLy~ 1) ’ ‘ oLy — ‘p (62)
= 2N Yoy -1) yQ(LN 1 2N yQ(LN 1)
Ly—1 9(1-1) §N<p_5(2(zf1)>> 1d(N) ol 5
S E
=1 lI=LnN+1

on {0y >nn} N {ny < 2ENFVAT-VAL N LN, < N} for all N € {2%,22,23, ...}, By definition of ny and of Ly
we have ny > 2EN/4T=1/4 on {N; < N} (see (41)) for all N € {2',22,23,...}. Consequently we get the inequality
nn > 2kn/Ap=1/4 (1 + 5(_5'2<LN71))) on {N; < N} (see (43)) for all N € {2%,2223 ...}, Lemma 4.6 and Lemma 4.5
hence yield

ld(N & ld(N) , ar (2En 1)
ol ¢k 2 9U=1) ¢hk o(Ln—1) p-5 o(En—1), P
Z‘y - Z ‘yga 1 = YN ( 14406 ))( ) — 1| Wy
l 0 1
1 — p
1 2(LN—1)7(21;N )41; (1+5(—52(LN 1))) (63)
+ 5N Yown-1

oLn-2)\1 <p.5(2<LN‘2>)> old(N)\ ¥
- N —1d(N
o (5) 00 (%)

on {Ox >nn} N {nn < 2(LN+1)/4T_1/4} N{N; < N} for all N € {21,22,23 ...}, Lemma 4.8 and Ly < 1d(N)
therefore imply

ld(N) o ld(N)

N
ol Elk 2l 2! o(t=1) ¢lok
Z‘y - Z‘yzu b
(g(LN 1))

9Ly p-5 o(Ly—1) p

( 1-‘1-2 ))< >—1 Yooy - 1)nN‘
1
2N

(QLN> eXp@ 5((1_5)2(LN1))) —1d(N) (QLN>4 N<”'5(2(LN_2))> —1d(N)NET~%

T
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on {On >nn} N {ny < 2ENFDAT=LAY A IN < N} for all N € {21,22,23, ...}, The inequalities 1 < Ly < 1d(N)
and 1+ 2(-%) > exp(2(=#=Y) for all = € [0, 00) hence give

N
ld(N) o otk |P ld(N) ol 2 o(t=1) ¢l |P
> 2l v 2t
=0 l 1
1 _ P
- (2N'exp<2(2 T s _1) Y " o
’ . ( (Ln 2))
+ﬁ exp(§ - 502 )) _g1a(n)v wig-i n )
4

on {On >y} N {ny < 2ENFDAT-VAL A LN < N} for all N € {21,22,2%, ...}, This shows

1d(N)

N
21 Ik Ql 2t 9U=1) ¢l k p
Z Z Z Yau-1)
=0
o(Lny—1) 2(L1\,71)7
> (% -exp(s (@) >) - 1) GO
+ % .exp<g . 5((1—5)2“1"71))) —r%.N
4
S\ (2058 D) 2IN-1) p
> (e (8- ) 1) [z o
p

+ inf [exp(p 5(1=0)e) _ (2N)) —eXp(ln(N) (1 + 2 +p-5§))} T4

xG[Q(LNfl),oo)

p

()

on {0y >y} N {ny < 2ENTDAT=I/AY AN < N} for all N € {21,22,23,...} and, using the estimate 2(-¥ 1) >
72V/TIn(N) on {N; < N} (see (41)),

A(N) ; of d(N) Lo
U elk 2 (1-1) ¢l,k|P
Z e N2 v
=0 k=1 l 1
52V/TIn(N (Ly—1) p
> (2N eXP( (%)( ( ))> - 1> ‘yguj\vx—m’w (65)
+ inf [exp(g . 5(1=8)2) —1n(2N)) —exp(ln(N) (1+Z+p~53))} T
ze[&Qﬁln(N) )
on {0y >y} N {ny <2ENFDATAY A IN) < N} for all N € {21,22,23, ..}, It follows from
2
ngn o exp(p N ﬁln(5/4))> =00 (66)
that there exists an Ny € {21,22,23 ...} such that
1
ﬁexp(p N(@ 2ﬁln<5/4>)) ~1>0 (67)
for all N € [Ny, 00). Using this, we deduce from (65)
N N
kg%) 9l 2! ‘ o ghk|P 1) 9l 2! o(=1) bk
AT y217 - AT ‘yQ(l 1)
= Nia = N (68)

l
> (g -exp(§ - N(TVTRE/D)) —1) V™[ (V) TE 2 (V) T
on {0y >y} N {ny <2ENFDATI/AY A IN; < N} for all N € {Na, 21 N5, 22N,,.. . }.

Next, we analyze the behavior of the multilevel Monte Carlo Euler approximations on the events {QLN /Ap=1/4 <
On < ny < 2ENFDAT-IAL AN < N} for N € {2!,22,2%,...}. Note that Lemma 4.5 and the inequality
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€0k < 2U=D/AT=1/AN on {N; < N} for all k € {1,2,..., 5}, 1€ {0,1,2,...,1d(N)} (see (42)) imply

W) X ld(N) o

I 2
Z Z 2L’§Lk 2 Z 2(=1) ¢lk P
Ysu-1)
=0 l 1
(N) ., o A(N) ; of
2 o(—1) ¢lk|P 2 9l ghk
> E N ’yQ(l—l) - E N You
=1 k=1 =0 " k=1 (69)
N N
Lny—2 ol 1d(N ol
1| sn- Do |P 2LN=D g |P il 9l 2! ol ghk |P (M) 9l 2! ol glk|P
> = N Yoon- 1) ~Yen-1 - § N Yo - N Yo
=0 k=1 I=Ln k=1
Ly—2 _ 1 p 1d(N 1p
(Ly—1) p (Ly—1) 1 (Ly-1) p N 2l’(2<l 1>)4 ) Ql’(M)‘l
2 SN 2 O |P 2 N T T
> - = - -
= oN Yoy -1 Yoon-1 ON Yyry-1) Yo You
=0 l=Ln

on {2E8/ATV4 < gy < py < 2ENFDAT/AY N IN] < N} for all N € {21,22,23, ...}, Therefore Lemma 4.5, the
inequality ny > (1 + 4(_2(LN71)))9N on {Oy <nn}N{N; < N} (see (44)) and Lemma 4.2 result in

N N
AN o 3 kP AN o 1) ghk |7
N ‘yQI - N ’yQ(l 1)
=0 k=1 =1 k=1
- p
1 o(Ly—1) 1_,_4(*2( N 1)))91\7 2Ln=1) g P 1 2LN=1 o P (70)
= ﬁ Yoy -1) “Yyen-1 ‘ +2N Yooy -1) ‘
B2 g () n]" D a0
-2 | -2 (77
=0 I=Ln

on {2LV/AT-V4 < gy <y < 2ENEDAT-VAL A (N; < N} for all N € {2%,22,23, ...}, Lemma 4.6, Lemma 4.5
and the estimate ny > 2L~v/47—1/4 (1 + 5(_5'2(LN71))) on {N1 < N} (see (41) and (43)) and Lemma 4.4 hence yield

1d(N

2

l

2l 1d(N)
ol gl

N You

N 2

k=1 =1 k=1

o
ol ol 2 Q(i=1) ¢k P

N Ysu-1)

)
0
(LN 1))
1 oLy 1) P'5(2 2LN-1) g
z(mw LI [P

1
2N

2(LN71))(2LTN)% (1+5—5-2(LN’1>) P
Yown-1

L]

+

_ LEQ (2l)4 M) g d(N)NET-

T
1=0

on {2LN/4T*1/4 <Oy <nny < 2(LN+1)/4T*1/4} N{N; < N} for all N € {2%,22,23 ...}, Therefore Lemma 4.8
implies

N N

1d(N) ol bk P 1d(N) ol 2 o> gob

Z N ‘ygl - N ‘ygu 1)

1=0 k=1 =1 k=1
(LN—l))

1 P'5(2 _ p
> (2 (1 + 2(2LN))< )_ 1 ‘yjfﬁﬁii’”) (71)
+

LonE ) ’ (2N )
1 (2 N) eXp(g . 5((1=8)2N D)) - 21d(N)N§T—§N<p5 )
<

on {2LN/4T_1/4 <Oy <nn Z(LN+1)/4T_1/4} N{N; < N} for all N € {2!,22,23 ...}, The inequality 14 2(-*) >
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exp(2(-*=1) for all x € [0, 00) hence shows

N N
1d(N or 1d(N S
() 9l 2! ol gk P (N) 9l 2! 9U=1) ok P
2 N2t | 2 2 ey
=0 k=1 =1 k=1

1 - - P
Z ( . exp(2(_2LN_1> “p- 5(2(LN 1>)) _ 1) ‘yg((iZ—i;,eN (72)

(e

4 # ~exp(§ . 5((1—6)2(LN—1))> _T-%.N

on {2E8/ATV4 < gy <y < 2ENHDAT-VAL A LN, < N} for all N € {2!,22,23,...}. Consequently

[z

1d(N) 1d(N)

2l ol glik 2! 2! QUi=1) ¢k P
Z ‘ Z N Z ‘yzu—l)
= =1
1 o(LN—1) 2EN-1) g
> <2N exp( (%)( )) — 1) ‘yZ(LN—l) o

+ inf [exp(g 5(1=d)z) _ 1n(2N)) - exp(ln(N) (1+2+p-57) )] T

JJE[Q(LN_U ,oo)

p

on {2LN/4T_1/4 <Oy <nny < 2(LN+1)/4T_1/4} N{N; < N} for all N € {2%,22,23 ...}, The estimate 2(F~v=1) >
72V/TIn(N) on {N; < N} (see (41)) therefore implies

ld(N) Lglk d(N) (1=1) ¢lk
2 2
N Z ’y - Z ‘yzu b’
1 &2VTIn(N In-D gy P
> <2N exp<p (%)( ( ))> - 1> ‘y;LanﬂN’

] p . 5(1=8)z) _ _ j4 .5% 7%
g[8 0 ) ) 144959

on {2E8/AT14 <oy <y < 2ENFDATZAL A LN < N} for all N € {2!,2%,2% .. }. Finally, we obtain

Id(N) o S ld(N) & R
Z\ © Z\yzu b
l 0 z 1 (73)
-1 p P P
> (g exp(§ - NEYTRO)) 1) |20 () TR 2 (V) T

on {2871 <oy <y < 2ENFDATZAL AN < N} for all N € {Na, 21Ny, 22N,, .. .}

Finally, we analyze the behavior of the multilevel Monte Carlo Euler approximations on the events {9N <
2LN/4T*1/4} N {0N <ny < 2(LN+1)/4T*1/4} N{N; < N} for N € {2!,22,23 ...}. Note that Lemma 4.5 and the
inequality |¢4F] < 20=D/AT=V4AN on {N; < N} for all k € {1,2,..., 5}, 1€ {0,1,...,1d(N)} (see (42)) imply

N
1d(N Id(N ST
( ) 21 ol bk ( ) 2l 2! g(i=1) ¢k P
IR DL o ol
N
1d(N o 1d(N
( ) ol 2l 211 ik (P ( ) 2l ot gl
S35 Y 500 Z Z y
il 2(1-1) 2l
N
_ i 1d(N
1 o(LN— 1) p L2 2l 2! zl,gl,k p ( ) 2 21 1,k
> 5 un-o ™| = D0 2 |v - Zy
=0 k=1 l= LN 1
_ p — p 1d(N 1P
1| 2En—D (22N )5 (145-02N D)) fv2 2,(2(ZT1)) N W L(zE)1
> N Yoy -1) - Yo Z Yo
=0 I=Ln—1

on {0y < 2LN/AT=1/AV N Loy < ny < 2ENFTD/AT-1/4V A AN < N for all N € {21,22.23 ...} and, applyin
{ 7 ,2%,2°, , applying
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Lemma 4.8, Lemma 4.5, Lemma 4.4 and Lemma 4.2,

1
ld(N) o 21,5““ d(N) ol 2 201 gl
w2l ¥ 2 [t
l 0
1 9Ln z\[<5<175>2<LN—1>> PoLn2 ol §N<p-5(2l)) ‘W 9090\
—N(T)e ‘Z<T> _Z<T>
1=0 I=Ln—1

) B o(Lx—2) ? (D) 9 . 9ld(N) b

> N-l7-% .exp(g . 5(1*5)2(LN )) — Ly ( T > N<p ) —1d(N) <T>

on {fy < 2LN/4T*1/4} N{y <y < 2<LN+1)/4T*1/4} N{N; < N} for all N € {2!,22,23,...}. Therefore, we
obtain

ld(N ld(N) .

N
ol ghik ol 2 g(i=1) ¢k P
Z‘y - Z‘yza—w’

1

IS
IS

'N<p~5(2(LN72))> 1) (2]\7>

> N-I7-% . exp(p 5(1=82n - ”) JA(N)NET~ -
1+%+p-5(2(LN72)))

b

>T"1 exp(% L5182t 1n(N)> —T ~N<

on {9N < 2LN/4T’1/4} N {9N <nny < 2(LN+1)/4T*1/4} N {N; < N} and hence, using 2(Ln=1) > 52\/T1n(N) on
{Nl S N}7

N N
1d(NV) ol 2 oy ld(N) ol 2 201 gk [P
Z N ?/2' Z‘yw—n
1=0 l 1 (74)
> inf ex £-5<<1—5>w>—1n2N)—ex (1nN 1+2+4p-58 )}-T‘ﬁer~T‘i
xewﬁw)m)[ o (2N)) - exp(In(N) (1+§ +p-5) )

on {0y < 2IN/AT-V4 N {oy <y < 2ENTDAT-Y4Y A {N) < N} for all N € {21,22,23 . }.
Combining (61), (68), (73) and (74) then shows

40) oy o d(N) ; of
gk |P 2 2= ¢lk _p
Z Z S0 D) N N0 OB (75)
- =1 " k=1
on {N; < N} for all N € {Na,2'Ny,22Ns,...}. Equation (37) and inequality (75) imply
L 4N) o L .
,0,k 4 k Yk
N I+ 32 IS (el )
k=1 =1
a(N) ., o 1d (N & (76)
2l 2! ol glik P 2l 2! o(—1) ¢lk( y|P p
— N ’yy’g (w ) Z ‘y2(1—1)’£ ( )‘ > ’I“(N) T4
=0 " k=1 1

for all N € {N;(w),2 - Ni(w),2? - Ny (w),...} N [Ng,oo) and all w € {N7 < oco}. The fact limy_,00 7(N) = o0
therefore shows

1 o |10 ld(N)ngl 2 1Lk 201 g
: 0, P 1 P p\| _
Jim &SR - Y 5 Y (Y - ) )| = oo (7
1d(N)eN k=1 =1 = k=1
for all w € {N; < oo}. Hence, Lemma 4.9 finally yields
| X W), & l .
. 1,0, k 28 1Lk 2=V ke \| _
NENED MR D IO W (R S T B IR 2
Id(N)eN | k=1 k=1
P-almost surely. This completes the proof of Theorem 4.1. O
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5 Divergence of the multilevel Monte Carlo Euler method

Motivated by Figure 4 below and by the divergence result of the multilevel Monte Carlo Euler method in Section 4,
we conjecture in this section that the multilevel Monte Carlo Euler method diverges with probability one whenever
one of the coefficients of the SDE grows superlinearly (see Conjecture 5.1). Whereas divergence with probability
one seems to be quite difficult to establish, strong divergence is a rather immediate consequence of the divergence
of the Euler method in Theorem 2.1 above. We derive this strong divergence in Corollary 5.2 below. For practical
simulations the much more important question is, however, consistency and inconsistency respectively; see, e.g.,
Nikulin [37], Cramér [2], Appendix A.1 in Glasserman [10] and also Theorem 4.1 above and Conjecture 5.1 below.
Throughout this section assume that the following setting is fulfilled. Let T' € (0, 00), let (£2, F,P) be a probability
space with a normal filtration (F):eqo, 1), let WHE 10, T] x Q — R, I € Ny, k € N, be a family of independent one-
dimensional standard (F3)¢c(o,7)-Brownian motions and let k. Q - R, 1 € Ny, k €N, be a family of independent
identically distributed Fy/B(R)-measurable mappings with E “50,1 |p] < oo for all p € [1,00). Moreover, let p,0: R —
R be two continuous mappings such that there exists a predictable stochastic process X : [0, T] x Q2 — R which satisfies

fo |1(Xs)| + |o(X,)]? ds < oo P-almost surely and

t t
X, :§O,1+/ M(Xs)ds+/ o(X,) dwd! (79)
0 0

P-almost surely for all ¢ € [0,7]. The drift coefficient y is the infinitesimal mean of the process X and the diffusion
coefficient ¢ is the infinitesimal standard deviation of the process X. We then define a family of Euler approximations
YNEE Q5 R, ne{0,1,...,N}, NeN, 1 €Ny, k€N, by Y;""* := ¢lF and

T
V= Y 0 o (W - W )
N

for alln € {0,1,...,N—1}, Ne N, € Np and all k € N.

Conjecture 5.1 (Divergence with probability one of the multilevel Monte Carlo Euler method). Assume that the

above setting is fulfilled and let a,c¢ € (1,00) be real numbers such that % < |u(@)| + |o(@)] < clz|® for all
x € R with x| > c. Moreover, assume that P[o(§%') # 0] > 0 or that there exists a real number 5 € (1,00)

such that P |€%] > z] > 6(7766) for all x € [1,00). Moreover, let f: R — R be B(R)/B(R)-measurable with
%|:c\% —c< f(x) <e(l 4 |x|°) for all x € R. Then we conjecture

N 1d(N)
Jim B[ £00n)] - 37 f0) - Z ZfY“k FORY )| = o0 (80)
1d(N)eN k: =1

P-almost surely.

To support this conjecture, we ran simulations for the stochastic Ginzburg-Landau equation given by the solution

(Xt)te[o,l] of
dX, = (2X, — X7)dt +2X, dW,,  Xo=1 (81)

for all t € [0,1]. Its solution is known explicitly (e.g. Section 4.4 in [27]) and is given by
exp (2W5)
\/1 +2 fot exp (4Wy) ds

for t € [0,1]. We used this explicit solution to compute E[(X;)?] ~ 0.8114. Figure 4 shows four sample paths of the
approximation error of the multilevel Monte Carlo Euler method for the Ginzburg-Landau equation (81). Only finite
values of the sample paths are plotted. The next corollary is an immediate consequence of Theorem 2.1 above.

Corollary 5.2 (Strong divergence of the multilevel Monte Carlo Euler method). Assume that the above setting is

fulfilled and let a,c € (1,00) be real numbers such that % < |u(@)| + |o(z)] < cl|z|® for all x € R with |z| > c.
Moreover, assume that P[o(£%1) # 0] > 0 or that there exists a real number B € (1,00) such that P[|¢%]| > z] >

g(==") for all z € [1,00). Additionally, let f: R — R be B(R)/B(R)-measurable with %|x|% —c< f(z) <e(l+|z[9)
for all x € R. Then we obtain

ld(N) b

N
lim EE[fXT}— Z v 0k ZN ZfY”k JO2 )| | = (83)

N
(V)N =1

for all p € [1,00).
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Agcproximation error of the multilevel Monte Carlo Euler method
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Figure 4: Four sample paths of the approximation error of the multilevel Monte Carlo Euler approximation for the
Ginzburg-Landau equation (81).

Proof of Corollary 5.2. First of all, note that the assumption E[|§0’1|p] < oo for all p € [1,00), the continuity of
w,o: R = R, the inequality |u(z)| + |o(z)] < c|z| for all z € R with |z| > ¢ and the estimate | f(z)| < ¢(1+ |z|¢) for
all z € R imply E[|f(Y""")|] < oo for all N € N. Therefore, we obtain

N
al y L0k W (& 2 1k 20=1) N,0,1
SR ST ST - 2 ) | = E o)
N =1 =1

for all N € {21,22,23,...}. The estimate f(z) > L|z|¢ — ¢ for all # € R and Theorem 2.1 hence give

)

1d(N) 9l 2
N

N
lim E Z vOR) 4
k=1 =1 k=

- 1
FOG) = FOE Y || = ( lim EUY&V’“
ANV SN 1 ¢

N —o0

In the case E[|f(X7)|] < oo, the triangle inequality and Jensen’s inequality then yield

N 4w T
. 1 10y 2l 1, k) 2U=1) &
Jim E[£(X1)] = = 5 Z DI = 0™
1d(N)eN k=1 =1 k=1 LP(QR)
1 & 1L g1 of ! -1
> lim B> F0 = 3 S D00 = r05. 5 || - E[|7(n)]] = o (84)
1d(N)EN k=1 =1 k=1
for all p € [1,00). This shows (83) in the case E[|f(X7)|] < co. In the case E[|f(Xr)|] = oo, the estimate f(z) > —c
for all # € R shows E[f(Xr)] = oo and this implies (83) in the case E[| f(X7)|] = oco. The proof of Corollary 5.2 is
thus completed. O

6 Convergence of the multilevel Monte Carlo tamed Euler method
In this section we combine the multilevel Monte Carlo method with a tamed Euler method. We aim at path-dependent

payoff functions. Therefore, we consider piecewise linear time interpolations of the numerical approximations, which
have continuous sample paths and which are implementable. Thereorem 6.1 shows that these piecewise linear

20



interpolations of the tamed Euler approximations converge in the strong sense with the optimal convergence order
according to Miiller-Gronbach’s lower bound in the Lipschitz case in [36]. Theorem 6.2 then establishes almost
sure and strong convergence of the multilevel Monte Carlo method combined with the tamed Euler method. The
payoff function is allowed to depend on the whole path. We assume the payoff function only to be locally Lipschitz
continuous and the local Lipschitz constant to grow at most polynomially.

Throughout this section assume that the following setting is fulfilled. Let T € (0, 00), let (2, F,P) be a probability
space with a normal filtration (F)¢cjo,7], let d,m € N, let WEF.[0,T] x Q — R™, | € Ny, k € N, be a family of
independent standard (F;);e[0,7)-Brownian motions and let £%: @ — R?, I € Ny, k € N, be a family of independent
identically distributed F/B(R?)-measurable mappings with E[[[£%![|,] < oo for all p € [1,00). Here and below we
use the Euclidean norm ||z||g. = \/27 + 2% + -+ + 22 for all = (zy1,22,...,2,) € R" and all n € N. Moreover, let
p: R4 — R? be a continuously differentiable and globally one-sided Lipschitz continuous function whose derivative
grows at most polynomially and let o = (05 ;)ic{1,2,....a},je{1,2,....m} : R?% — R¥*™ be a globally Lipschitz continuous
function. More formally, suppose that there exists a real number ¢ € [0,00) such that (z —y, pu(x) — p(y))ge <
cllz = ylza, |1 (@) Lray < 1+ [J2]lg) and [|o(z) — o(y) || @m re) < |z — yllga for all z,y € R Here and below

we use |z| = (Zle |z;2)2 and (T, Y)ga = Zle x; -y for all 2 = (2, 29,...,24),y = (y1,...,94) € RL Then
consider the SDE
dX, = p(Xy) dt 4+ o(X) dW',  Xo =% (85)

for t € [0,T]. Under the assumptions above, the SDE (85) is known to have a unique solution. More formally, there
exists an up to indistinguishability unique adapted stochastic process X : [0,T] x Q — R¢ with continuous sample
paths fulfilling

t t
Xt:govlju/ M(Xs)ds—i—/ o(X,)dwd! (86)
0 0

P-almost surely for all ¢t € [0,T] (see, e.g., Theorem 2.4.1 in Mao [30]). The drift coefficient yx is the infinitesimal
mean of the process X and the diffusion coefficient o is the infinitesimal standard deviation of the process X. In
the next step we define a family of tamed Euler approximations Y,V't*: Q — R? n € {0,1,...,N}, N € N, [ € Ny,
k €N, by YVhE .= ¢bk and

Lk, L
Nik\ T

N,k
yNLE _ y Nk

w1 + (V) (Wﬁ;’L)T - Wiy ) (87)
N

Rd

for all m € {0,1,...,N — 1}, N € N, I € Ny and all £ € N. In order to formulate our convergence theorem for the
multilevel Monte Carlo tamed Euler approximations, we now introduce piecewise continuous time interpolations of
the time discrete numerical approximations (87). More formally, let YV4F: [0, 7] x Q@ = R, N € N, 1 € Ny, k € N,
be a family of stochastic processes with continuous sample paths defined by

nT
SN LK (t—"F) (onik tN N.Lk tN
Y, =Y Nk 7£N (Yn+1 — YnN’l’k) = (T —n | Y\ (n+1 - e y Nk (88)
N
for all t € (2T "4UT) 1y € 0,1,...,N =1}, N €N, l € Ny and all k € N.
The following corollary is a direct consequence of Hutzenthaler, Jentzen and Kloeden [22] and Miiller-Gron-

bach [36] (see also Ritter [38]). It asserts that the piecewise linear approximations Y, N € N, converge in the
strong sense to the exact solution. The convergence order is % except for a logarithmic term.

Corollary 6.1 (Strong convergence of the tamed Euler method). Assume that the above setting is fulfilled. Then
there exists a family R, € [0,00), p € [1,00), of real numbers such that

(E ] ) < g, VITHD) (59)

—N,0,1
sup HXt—Y ” ‘
te[0,77] ! R VN

The convergence rate N~ (1+1d(N))2 for N € N obtained in (89) is sharp according to Miiller-Gronbach’s lower
bound established in Theorem 3 in [36] in the case of globally Lipschitz continuous coefficients (see also Hofmann,
Miiller-Gronbach and Ritter [18]).

for all N € N and all p € [1,00).

Proof of Corollary 6.1. Let YV : [0,T] x Q — R, N € N, be stochastic processes defined by

- Yy N1y . (y — »nT
YtN — YnN,O,l 4 (Y, 13[707<1 TN ) T O_(YnN,O,l) (WtO,l B Wiﬁ)
L |p(Ya ™) - Fllga N
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for all t € [2F, W], n € {0,1,...,N —1} and all N € N. Theorem 1.1 in [22] then shows the existence of a
family R, € [0,00), p € [1,00), of real numbers such that I supseo,r 1 Xt — YQNHRELHLP(Q_R) < 5—% for all N € N and

all p € [1,00). The triangle inequality hence yields

R - _

N,0, N0,

) e M1 O B ™ 0

€lo.1] LP (R €l L?(2R)
for all N € N and all p € [1,00). Moreover, we have
~ - tN
|7 = o] = lloron (Wit - wit) - ( - n) o(v,V0) <W?;L>T - WO) (91)
R4 N T N N R4

< HO_(YN,O,l)H WOl _ ol _ IN o) (wor ol
- " L(RmRY) || 7 S T (ot ) |l gm

for all t € [%F, (DT ' € {0,1,...,N — 1} and all N € N. Combining (90), (91) and Holder’s inequality then gives

N
sup HXt NOl’ < &4' max HU v, o) ||L(Rm Rd)
i S R g PRI S P
tN
max sup ‘Wto’l — WSTl - ( - n) <W?,111)T - WST1> (92)
n€{0.L N=1}, rag (7] ~ \T N N/ Al
L2 (Q4R)
i 44/ r c- sup max ||YnM’0’1||Rd + o (0)[| . &m gy max - sup |5 —t- B
N MeN ||n€{0,1,. (4R) 7 n€{l 2N} tefo,1] L27(Q4R)

for all N € N and all p € [1,00) where 5": [0,1] x Q@ — R, n € N, is a sequence of independent one-dimensional
standard Brownian motions. Moreover, Theorem 1.1 in [22], in particular, implies

< 0 (93)
L (R)

sup
MeN

M,0,1
“6{(1)1,11?).(.,1\4} HY” HRd

for all p € [1,00). Additionally, Corollary 2 in Miiller-Gronbach [36] (see also Ritter [38]) shows

sup | (1+ 1d(N))_% max sup |8y —t- Br] < oo (94)
NEN n€{0,1,...,N} ¢e[0,1] Lr(QR)
for all p € [1,00). Combining (92), (93) and (94) finally completes the proof of Corollary 6.1. O

Proposition 6.2 (Strong consistency, converence with probability one and strong convergence of the multilevel Monte
Carlo tamed Euler method). Assume that the above setting is fulfilled, let c € [0,00) and let f: C([0,T],R?) — R be
a function from the space of continuous functions C([0,T],R%) into the real numbers R satisfying

1f(v) = f(w)”C([O,T],]Rd) <c (1 + HU”CC([O,T],]Rd) + ”wHCC([O,T],Rd)) l[v— w”C([O,T],]Rd) (95)
for all v,w € C([0,T],R%). Then there exists a family Cp, € [0,00), p € [1,00), of real numbers such that

1
Pl \r

[z

d(N) ol

Y
E||E[£(x) —%E FHOR) § Y2lvl»k)—f(172“*”7lvk) < ¢, UFUI))E
k=1

o "

Jor all N € {2',22,23, ...} and all p € [1,00). In particular, there are finite F/B([0,00))-measurable mappings
C.: Q —[0,00), € € (0, ), such that

N
B[f00] = 5 st = S ST g ) < (97)

for all N € N and all £ € (0, 3) P-almost surely.



The convergence rate N~z (1+ ld(N))% for N € N obtained in (96) is the same as in Remark 8 in Creutzig,
Dereich, Miiller-Gronbach and Ritter [3]. For numerical approximation results for SDEs with globally Lipschitz
continuous coefficients but under less restrictive smoothness assumption on the payoff function, the reader is referred
to Giles, Higham and Mao [9] and Dérsek and Teichmann [5]. Moreover, numerical approximation results for SDEs
with non-globally Lipschitz continuous and at most linearly growing coefficients can be found in Yan [43], for instance.

Proof of Proposition 6.2. The triangle inequality gives

N A(N) o, [ o
[ } Z Y10k Z% Z YQ’Zk (Y2(l’1),l,k)
=1 =1 -1 Lo (R)
N
< [B[s00] —Elraron] |+ L5 (Bl on] - sorton)
k=1 LP(4R)
ld(N)Zl e 20,01y 20D o1\ ev2lk 2= 1k
3 SIS (B[ on] —E[pr= 0] - p(rany 4 g2t )
=1 k=1

Lr(;R)

for all N € {2!,22,23 ...} and all p € [1,00) and the Burkholder-Davis-Gundy inequality in Theorem 6.3.10 in
Stroock [39] shows the existence of real numbers K, € [0,00), p € [1, 00), such that

1 MO o (S i
]E{f(X)} 4 Zf(YLo,k:) _ Z — Zf(yz ,l,k:) _ f(Y2 ,l,k)
k=1 1=1 k=1 Lr(4R)
\ KP v 1,0, _ y 1,0,
< EUf(X) - f(YN’O’l)ﬂ + o [Rlroren] - saren|
ld(N)

+Z

for all N € {21,22,2% ...} and all p € [1,00). In the next step estimate (95), Holder’s inequality and the triangle
inequality show

[ Y2l,o,1)} _E[f(f/z(l*l),o,l)] _ f(}_/ZL,O,l) +f(172(171)’0’1)‘

L? (Q;R)

N ld(N)
E[f(X)] _ kazf(}—/l,o,k lz: Zf Y2 lk (Y2<l*1>,z,k)
=1 1

Lr(R)

<c (1 + 1X 220 @i 0,71 R2y) T ”YN’O’lHZ%(Q;C([o,T],Rd))) 1X =Y L2 000,27,

N) o(i+1
2K, 101 23+ )K 21.0,1 2(-1 01
+\/NprY "LP(SZR)+Z N JAS) =Y ”))

Lr(R)
and Corollary 6.1 and again estimate (95) hence give
N 14 2! o 1 (1—1)
10Ky o lky 2D Lk
BlA00] = 5 7000 = 3 T S - g
=1 =1 k=1 Lo (O:R)

1+ 1d(N _
Q:C([0,T],R¢ () Hf(YLO’l)HLp QR
@comr | T N IN (@7)

< %Ry (1 + sup [P0

1d(N)
2(3 +2)CK M,0,1 20,1 207D 01
+ - 7\/N <1+1\S4HII)\IHY Hszc(Q c([o,1], ]Rd))> HY -Y ’

L2 (;C([0,T7,RY))

for all N € {21,2223 ...} and all p € [1,00). The triangle inequality, again Corollary 6.1 and the estimate
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1) leqoryz < @+ 17O) o) (1 + [0 za) for all v € C((0, 7], RY) then yield

1d(N) X

RS L0.kY 2' [ 2tk 207D Lk
E[f(X)] = 5 2SO0 = 30 | Doy - p(r2
Ni= 1=1 k=1 Lr(:R)

_ ¢ 1+1d(N)
M,0,1
< 2eRy (1 + ]\54“61?\] HY HL%(Q;C([O,T],Rd))) N

> (c+1)
+ 2KP (2C + ”f(O)HC([O,T],Rd)) (1 + H}/LQ1 HLp(c+1)(Q :C([0,T] Rd))) \/—

1d(N) 9(£+3) 11 1d(2)

=R

+ CKpRQp (]. + ]?/[ue% ||}7]\4,0’1 ||z2pc(ﬂ;c([o7T]7Rd))>

and finally
L 40N) oy o -
1 — o(l—1
]E|:f(X):| _ N E Yl 0, k E N Y2 7l,k‘) _ f(Y2 ,l,k)
k=1 =1 k=1

Lr(;R)
3
& M,0,1(€ (1+1d(N))®
2cRy (1 + Sup Y HLQC(Q;C([O,T],R"’))> VN
3

c 1+ 1d(N
+ 2KP (20 + ”f(O)HC([O}T],Rd)) (1 + Hyl 0 1H(L;(Lc1ll> Q;C([0,7] Rd))) (\/(N))

IN

M,0,1(|¢ (1+ld(N))§
+ IQCKI)RQ;D <1 + 1\5411611)\I ||Y HLQPC(Q;C([O,T],RCI'))) \/N
for all N € {2%,22,23 ...} and all p € [1,00). This shows (96). Inequality (97) then immediately follows from Lemma
2.1 in Kloeden und Neuenkirch [26]. This completes the proof of Proposition 6.2. O

It is well-known that the multilevel Monte Carlo method combined with the (fully) implicit Euler method converges
too. The following simulation indicates that this multilevel Monte Carlo implicit Euler method is considerably
slower than the multilevel Monte Carlo tamed Euler method. We choose a multi-dimensional Langevin equation as
example. More precisely, we consider the motion of a Brownian particle of unit mass in the d-dimensional potential
1|z||* — 3||z||?, z € RY, with d = 10. The corresponding force on the particle is then z — ||z||? - z for z € R?. More
formally, let T =1, m =d = 10, £ = (0,0,...,0), u(z) = z — ||z||* - 2 for all z € R? and let o(z) = I be the identity
matrix for all # € R%. Thus the SDE (85) reduces to the Langevin equation

ax, = (X0 = X7 X, ) de+awf’, Xo=¢ (98)

for t € [0,1]. Then the implicit Euler scheme for the SDE (98) is given by mappings Y,V : Q@ — R% n € {0,1,...,N},
N € N, satisfying Y = ¢ and

o N =y, T N N |17 e 0,1 0,1
Yn+1 = Yn + N : Yn+1 - ’ Yn+1H : Yn+1 + W(ﬂrJrl)T - Wﬂ (99)
N ~
forallm € {0,1,..., N—1} and all N € N. Note that we used the MATLAB function fsolve(...) in our implementation

of the implicit Euler scheme (99). Figure 5 displays the root mean square approximation error of the multilevel Monte
Carlo implicit Euler method for the uniform second moment E{supte[o)” HXtHﬂ of the exact solution of (98) as
function of the runtime when N € {2526 ... 28}, In addition Figure 5 shows the root mean square approximation
error of the multilevel Monte Carlo tamed Euler method for the uniform second moment E[SuPt o | Xt||2

the exact solution of (98) as function of the runtime when N € {25,256 ...,225}. We see that both numerical
approximations of the SDE (98) apparantly converge with rate close to % Moreover the multilevel Monte Carlo
implicit Euler method was considerably slower than the multilevel Monte Carlo tamed Euler method. This is
presumably due to the additional computational effort which is required to determine the zero of a nonlinear equation
in each time step of the implicit Euler method (99). More results on implicit numerical methods for SDEs can be

found in [19, 17, 42, 41, 40, 31, 32], for instance.

7 Appendix: Proof of Lemma 4.9

Before the proof of Lemma 4.9 is presented, a few auxiliary results (Lemmas 7.1-7.5) are established.
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Langevin equation with additive noise

_||""+® Multilevel Monte Carlo implicit Euler
107+ —e— Multilevel Monte Carlo tamed Euler
““““ Order line 1/2

:
10° 10° 10° 10

Runtime in seconds

Root mean square approximation error

Figure 5: Root mean square approximation error for the uniform second moment E{SUPte[OJ] ||Xt||2 of the exact

solution of (98) as function of the runtime both for the multilevel Monte Carlo implicit Euler method and for the
multilevel Monte Carlo tamed Euler method.

Lemma 7.1. Assume that the setting described in Section 4 and Subsection 4.2 is fulfilled. Then we have
> P[Af)]| < oo (100)
n=1

Proof of Lemma 7.1. The definition (38) of Ly, N € {2%,22,23 ...}, and independence of "%, [ € Ny, k € N, imply

P{Aﬂ :P[\ﬂ €N, |21d(62T*In(N)) | <1 <1A(N)Vk € {1,2,..., ¥} |ebF| < 2%T*%}

) or
1d(N) X 1d(N) 5
- I1 P{|§l”“| < ﬁTﬂ = I1 (IP’[|§O’1| < 2§T—%} >
I=|21d(52vTIn(N))] k=1 1=[21d(32VTIn(N))]|

1d(N)

N
- I1 (1 — P{6’1|§°’1| > 2ia*1T*%} )2l

1=|21d(32v/TIn(N)) |
for all N € {Ny, 2! Ny, 22Ny, ...}. The inequality

© 1 e Vi e
Pla7M" > 2] =2-Plo~ ¢ > 2] = 2/ \/ﬂe’%dy o[ N

(101)
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for all z € [0, 00) therefore yields

1d(N) 1 L
M7 « _l2e 3.2
P{AN} = H <1 6575 TP\ 71 a2VT

1=[21d(52vTIn(N))]

. 9(21d(3°VTIn(N))] /4 3.9l2 1d(52vTIn(N))] /2 2L21d(52Nﬁ1n(N))J
< — -exp| —
- 65T P 452+/T
9(21d(5vTIn(N))] /2 2L2ld(a2Nﬁ1n(N))J
<|1- - exp
6UT4 0'2\/> (102)
3 21d(a2\fln(N)) 2L214(521\\}T111(N))J
<[1- - ex
= p 40_2\/>
A, 3.0°VTIn(N) FAETVTIR)
- ex
- P 43T
N
1d(<o2f1n(N>) ) 1 3\ (e2VTIn(N))2
=(1- ~exp| ——In ’ =(1— CNTE
( 65T% p( o )>> ( 65T )
for all N € {Ny, 2" Ny, 22Ny, ...}. Next we estimate 1 — x < exp(—=x) for all z € R to get
o N
1 (32VTIn(N))?
Sela]= > pla]s ¥ RN > (1ot
n=1 Ne{2!,2223 ..} Ne{2! 2223 ..} Ne{2!,2223 ..} 601"
N<Ny N>No N>No
0o N 0o 1
1 3 (52VTIn(N))2 N1z
< No + |:eXp (— — -N_4>} = Ny + exp <__5> < 00.
N;Vo 65711 N;Vo 65571 (In(N))>?
This completes the proof of Lemma 7.1. O
Lemma 7.2. Assume that the setting described in Section 4 and Subsection 4.2 is fulfilled. Then we have
> p[aR] < . (103)

n=1

Proof of Lemma 7.2. Subadditivity of the probability measure P and the inequality P[g—1|¢%1] > 2] < % exp ( — %2)
for all z € (0,00) (e.g., Lemma 22.2 in [25]) imply

1d(N) o
P[Aﬁ)] :]P’[Hle{0,1,2,...,1d(N)}3k6{1,2,...,21 €l *%N] <y 1}»“ *iN}
1=0 k=1
1d(N) 1d(N) -1 1d(N) _ 1 =1 .9
N - N 2 N T 2 N
- Z 7.@[‘50,1| ZQ%T*%N} — Z Sopletet > 222 < Z iy (‘1771)4 exp ,%
1=0 2 =0 2 ol =0 28 9N 26272
Id(N) _, 1 =1 12 2
ol 22 N 11 N
< 2P ) — d(N) 1) a2t T N S
< ; e exp< 202T§> (d(N)+1)a exp( 2302T§)
(104)
for all N € {21,22, 23 ...}. Summing over N € {2!,22,23 ...} results in
- 2 o1l N2
Z {AQH} < Y (d(N)+1)e2i T exp [~ | < o0 (105)
225272
n=1 Ne{21,22,23 .}
O

and this completes the proof of Lemma 7.2.

Lemma 7.3. Let (0, F,P) be a probability space and let Z: Q@ — R be a standard normally distributed F/B(R)-

measurable mapping. Then
IP’“Z\ <x+y‘|Z| zm} < 5ay (106)

for all x € [%,oo) and all y € [0,00).

26



Proof of Lemma 7.3. Monotonicity of the exponential function yields

zt+y 2 2 2

Plz<|Z|<x+4+y|=2-Plx<Z<z+ :2/ e T dr < ——ye~ T 107
[z < [Z] | [ Yl A Norid (107)
for all 2,y € [0,00). Apply the standard estimate P[|Z| > 7] > 75 \/27 exp (— %) for all € (0,00) (e.g., Lemma
22.2 in [25]), inequality (107) and 1+ z > ¢ for all # € [, 00) to get
2 _z?
Plx < |Z Nt
P[|Z|<x+y\|2\2x}= [xIP_>|Z|§x+y]§ . \/Qﬂ - W gy
[1Z] > =] Tha? Vo OXP ( 7) (117)
for all x € [%, o0) and all y € [0,00). This completes the proof of Lemma 7.3. O

Lemma 7.4. Assume that the setting described in Section 4 and Subsection 4.2 is fulfilled. Then we have

ip[Ag?} < o0. (108)

n=1

Proof of Lemma 7.4. Let K: Ny x Ng x Q@ = NU {oco} be defined as
K(v,0) := min({k € N: [¢*] > 20771} U fo0}) (109)
for all v,l € Ny. Inserting definition (43) we get

P[AQ] = P[31e N, [210(*THm(V)) | <1< 1a(N) +1: 25778 < gy < 2477 (1450527)

1d(N)+1
1—
< 3 P[2A774 <y < 2577 (1450727))]
1=|21d(a2VT In(N)) |
1d(N)+1
< 3 P[Hve{l,z,...,ld(N)};Q%T*% < mex || < 2577 (1450 “”’1”)}
1=|21d(52VT In(NV)) | ke{1,2,....28%}
1d(N)+1 1d(N) (110)
< 3y ZPHer{L...,QU €5 > 2574}
1=|21d(a2VTIn(N))| ¥
{sz €{1,..., My [evk] < 2577 (14 5002 ”>)H
1d(N)+1 1d(N)
< 3 P[{K(v,0) < £} {jemF 0] <274 (145072 ) 1]
1=|21d(52VTIn(N))| v=1
for all N € {Ng, 2Ny, 22Ny, ...}. The method of rejection sampling hence results in
Pl4y]
1d(N)+1 1d(N)
1 -1
< > 3 IP’[\&“K(”’ZH <2573 (145052 ) K(0,1) < oo]
1=|21d(a2VT In(N)) | v=1
1d(N)+1 1d(N) 111
— Z Z [‘50 1| < 24T (1 + 5(-= 52(171))) ‘ |€0,1| > 2%]’*%} ( )
1=|21d(a2VT In(N)) | v=1
1d(N)+1 L (1—1)
)
_ Z 1d(N) - {|7—1§o,1|< 4(1+57 I ‘ 510 > 2 J
1=|21d(32VT In(N)) | o
for all N € {Ny, 2" Ny, 22Ny, ...}. In order to apply Lemma 7.3, we note that
9% 2\_21d( &>VTIn(N)) | /4 2(21d( 7*>VTIn(N))—1)/4 21c1( a*>VTIn(N))/2
> >
oTs — oT3 - ol o123 (112)
_W/eWTN)  /(N) _ /In(2) !
oTi24 21 T 2% T2



for all I € NN [[21d(a2T2In(N))|,00) and all N € {2',22,2%,...}. Lemma 7.3 applied to the standard normally
distributed variable = 1£%1 thus leads to
[ Id(N)+1 L L _§.20=1)
2 21 . 5(—02 )
P[Am < 1d(N) 3 5.2t E ST
1=]21d(52VT In(N)) |

1d(N)+1 2% L

L= (zalevmm)] (113
1d(NV)+1 21d(52V/T In(N))—1
9UA(N)+1)  (_s.5(219¢ (v)-1)

1=]21d(52VT In(N)) |
(~4(e*vTm)?) _ 10N e (_554T(IH(N))2>

10N
—oml

02Tz

)

< (Id(N))* -

S

=27

Q

for all N € {Ny, 2" Ny, 22Ny, ...}. Summing over N € {2%,22 23 ...} results in

)P D DU VT U SR T

n=1 Nef2',2°,2%,...} Nef2',2°,2%,.}
N<Ng N>No (114)
< N+ Z ,210; . N(3=8a'TIn(N)/4) o
Neno 7 Tz
This completes the proof of Lemma 7.4. O

Lemma 7.5. Assume that the setting described in Section 4 and Subsection 4.2 is fulfilled. Then we have
> P[AQ)] < oo (115)

Proof of Lemma 7.5. First of all, define a filtration le, 1€{0,1,...,1d(N) — 1}, through

N = o (g“vk,k eN,ve {ld(N) = L1d(N) =1 +1,... ,1d(N)}) (116)
for all I € {0,1,...,1d(N) — 1} and every N € {2',2%,2% ...} where oq(-) denotes the smallest sigma-algebra
generated by its argument. Moreover, define an F/B(R)-measurable mapping Ly : © — {0, 1,...,1d(N)—1} through
Ly :=1d(N) — Ly for every N € {2,22,23,...}. Next observe that the identity

Ly =1d(N) = Ly = 1d(N) — max({l} U {z €{1,2,...,1d(N)}: Tk e {1,2,..., M}: |gbF| > 2%T*%})

- min({ld(N) —1}U {l €{0,1,...,Jd(N) —1}: 3k € {1,2,..., guaiy=ry }: |14 =0F| > 2(“(1\;)_”Ti})

for every N € {2',22,23, ...} shows that Ly is a stopping time with respect to the filtration 7V, I € {0,1,...,1d(N)—
1}, for every N € {2!,22,23 ...}, Consequently, the sigma-algebras féVN ={AeF:(Vie{0,1,....,1d(N)}: An
{Ly =1} e .7:"ZN)} for N € {2!,22 23 ...} are well-defined. By definition (116) the random variables ¢L¥~1F k€ N,
are independent of ]:"gN for every N € {2%,22 23 ...}, Indeed, observe that (116) shows that

1d(N)—1
P[{¢bv - eatnp| = 3 P[{¢ e nBn{Ly =1}]
=0
ld(N)—1 1d(N)—1
= P{dM=I=1k e AV (BN {Ly =1}) | = Pl Lk ¢ AT P|BN {Ly =1}
; [ . N } ; { N } (117)

Svand
1d(N)—1
—Pl™ ca]| Y P[Bn{ly=1}] | =P[¢" € 4] -P[B]
=0
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for all A € B(R), B € ]:"évN, k € Nand all N € {2',22,23 ...}, Next we note that ny: Q — [0,00) is ]}éVN/B(R)—

measurable for every N € {2122 23 ... }. Indeed, observe that

{nv <l {Lly=1} = {max{\f’:”’k| eR:ke{1,2,...,57-}} <c}ﬂ{f,N:l}

= {max{|g4M e Rk e {12, =} <ef n{n =1} € FY
N———

N eFN
EF} i

(118)

forallc e R, 1€ {0,1,...,1d(N) -1} and all N € {2!,2%,2%, ... }. In the next step we observe that (117), (118), the
fact that Ly: Q@ — {1,2,...,1d(N)} is measurable with respect to ng for all N € {2%,22 23 ...} and the inequality

P[[|€%] — 2| <e] < P[|E%] < 2¢] <2607 for all z € R and all € € (0, 00) show

P[IGN ~ | < a2 TY) g UT"N‘]—"N }

_ (Ly—1) ~
gP[er{l,Q,...,m}: |Ex =1k =y | < 4(=2EN ) fiN‘;gN}
%
S Ly—1k (2N D) N o 1 =N
< Y P[RR -] <4 2N | FY ]
k=1

N o1 _
Zm'P[HS’ |—77N|S4(

2(LN—1)) (Ln

2N | 7Y
Ly

L 2
< N g () Ea Ty o 2N
- Q(LNil) - 6T%2(2LN)

P-almost surely for all N € {21,22 23 ..}, Now we apply inequality (119) to obtain
c c
LA (42 n (4]
{145 o <3 4

P|{Inv — x| < 4(’2(LN71))2%T%N} N (Agé)ﬂ

_oN-D) EN=D 1 7
:E{H(A§§>)C.P[77N_9N|§4< R “N‘févNH SE[ (a3)"

2N?
FTho(2iN)

for all N € {21,22, 23 ...}, Next we observe that

oln > 9[21(a*T3m) | 5 o(210(*T31m(N) -1) _ % 9ld((@*TFm(N))?) _ %54T (In(N))?

on (AE\P)C for all N € {21,22 23 ...}. Inserting (121) into (120) results in

P[0 (4@ 0 (4] <E[1<A(Ap>c.&Tizé{yj(mw)]

2
< 2N exp(—lnf)a“T (1n(N))2) _ 9517} N(2-In@a TIn(N)/2)

ol

IS

for all N € {21,22,23 ...}. Combining (122), Lemma 7.1 and Lemma 7.2 then shows
Z pAf)] = [Ag‘%) N (AR) n (al) ] + S {Ag%) N ((aR) 0 (al) )]
n=1
[Ag‘i? N (A;%))C N (AS))C} + i P [A;%) U A;ﬂ

IA

Mgﬁmg

3
Il
_

45-17-% N(-Im@& TN 2) | iP{Ag}} n iP[A;)} < 0.

1 n=1 n=1

2
Il

This completes the proof of Lemma 7.5.

We now present the proof of Lemma 4.9. It makes use of Lemmas 7.1-7.5 above.
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Proof of Lemma 4.9. Combining the subadditivity of the probability measure P and Lemmas 7.1, 7.2, 7.4 and 7.5
shows

o0 o0 o0 o0 o0
Soplaf) ual v Al ual] < SR[AQ)] + DO PAR)] + Yo P[aR] + Y P[AD)] < . (124)
n=1 n=1 n=1 n=1 =

n=1
The lemma of Borel-Cantelli (e.g., Theorem 2.7 in [25]) therefore implies
P {lim sup (AS) uAP uAR U Ag@)} =0. (125)
n—oo

Hence, we obtain
IP’[Nl < oo} = P[{w €Q:3n € {Ny,2' Ny, 22Ny, ...} : Vm € {n,2'n,2%n,... }:w ¢ U?_IA%)}]

P{{wegz IneN:Vme{nn+1,.. . }:we AL UAPZ UA;izuAgéz}] (126)

n—roo

—P {lim inf (Ag? uAR U AR U Ag‘,‘?)c] —1.
This completes the proof of Lemma 4.9. O
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