Convergence of the stochastic Euler scheme
for locally Lipschitz coefficients

Martin Hutzenthaler! and Arnulf Jentzen?

'LMU Biozentrum, Department Biologie II, University of Munich (LMU),
D-82152 Planegg-Martinsried, Germany, e-mail: hutzenthaler (at) bio.lmu.de
Phone: +49-89-2180-74179, Fax: 449-89-2180-74104

2Program in Applied and Computational Mathematics, Princeton University,
Princeton, NJ 08544-1000, USA, e-mail: ajentzen (at) math.princeton.edu
Phone: +1-609-258-2654, Fax: 4+1-609-258-1735

November 16, 2011

Abstract

Stochastic differential equations are often simulated with the Monte Carlo Euler method. Conver-
gence of this method is well understood in the case of globally Lipschitz continuous coefficients of the
stochastic differential equation. The important case of superlinearly growing coefficients, however,
has remained an open question. The main difficulty is that numerically weak convergence fails to
hold in many cases of superlinearly growing coefficients. In this paper we overcome this difficulty and
establish convergence of the Monte Carlo Euler method for a large class of one-dimensional stochastic
differential equations whose drift functions have at most polynomial growth.

1 Introduction

Many applications require the numerical approximation of moments or expectations of other functionals
of the solution of a stochastic differential equation (SDE) whose coefficients are superlinearly growing.
Moments are often approximated by discretizing time using the stochastic Euler scheme (see e.g. [11],
[15], [21]) (a.k.a. Euler-Maruyama scheme) and by approximating expectations with the Monte Carlo
method. This Monte Carlo Euler method has been shown to converge in the case of globally Lipschitz
continuous coefficients of the SDE (see e.g. Section 14.1 in [11] and Section 12 in [15]). The important
case of superlinearly growing coefficients, however, has remained an open problem. The main difficulty
is that numerically weak convergence fails to hold in many cases of superlinearly growing coefficients;
see [7]. In this paper we overcome this difficulty and establish convergence of the Monte Carlo Euler
method for a large class of one-dimensional SDEs with at most polynomial growing drift functions and
with globally Lipschitz continuous diffusion functions; see Section 2 for the exact statement.

For clarity of exposition, we concentrate in this introductory section on the following prominent
example. Let T' € (0, 00) be fixed and let (X¢)¢cjo,77 be the unique strong solution of the one-dimensional
SDE

dX; = —XPdt +adW;,  Xo = o (1)
for all ¢ € [0,T], where (W})ic[o,r] is a one-dimensional standard Brownian motion with continuous
sample paths and where ¢ € [0,00) and zy € R are given constants. Our goal is then to solve the
cubature approximation problem of the SDE (1). More formally, we want to compute moments and,
more generally, the deterministic real number

Ef(Xr)] (2)
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for a given smooth function f: R — R whose derivatives have at most polynomial growth.

A frequently used scheme for solving this problem is the Monte Carlo Euler method. In this method,
time is discretized through the stochastic Euler scheme and expectations are approximated by the Monte
Carlo method. More formally, the Euler approximation (Y,Y),c(0,1,...,n} of the solution (Xt)te[o,T] of the

SDE (1) is defined recursively through Y{¥ = x4 and

T .
v =vY - () o (Wesie = Wag ) (3)

N

for every n € {0,1,...,N —1} and every N € N := {1,2,...}. Moreover, let Y,¥™ n € {0,1,...,N},
N € N, for m € N be independent copies of the Euler approximation defined in (3). The Monte Carlo
Euler approximation of (2) with N € N time steps and M € N Monte Carlo runs is then the random real

number
1 &l N,m
7 (Z fF(ya )). (4)
m=1

In order to balance the error due to the Euler method and the error due to the Monte Carlo method, it
turns out to be optimal to have M increasing at the order of N?; see [2]. We say that the Monte Carlo
Euler method converges if

1 X m
Jim (B[ (x7)] - Nz 2 0] =0 (5)
holds almost surely for every smooth function f: R — R whose derivatives have at most polynomial
growth (see also Appendix A.1 in [4]).

In the literature, convergence of the Monte Carlo Euler method is usually established by estimating
the bias and by estimating the statistical error (see e.g. Section 3.2 in [20]). More formally, the triangle
inequality yields

E[£(¥r)] - 2 NZ Fm| < [E[reen)] - [r )]+ B[ )] - 2 Nz Fm)|

absolute value
approximation error of the of the bias statistical error
Monte Carlo Euler method

for every N € N and every smooth function f: R — R whose derivatives have at most polynomial growth.
The first summand on the right-hand side of (6) is the absolute value of the bias due to approximating the
exact solution with Euler’s method. The second summand on the right-hand side of (6) is the statistical
error which is due to approximating an expectation with the arithmetic average over independent copies.
The bias is usually the more difficult part to estimate. This is why the concept of numerically weak
convergence, which concentrates on that error part, has been studied intensively in the literature (see
for instance [14], [12], [15], [20], [1], [5], [9], [17] or Part VI in [11]). To give a definition, we say that
the stochastic Euler scheme converges in the numerically weak sense (not to be confused with stochastic
weak convergence) if the bias of the Monte Carlo Euler method converges to zero, i.e., if

)] e[ g
holds for every smooth function f: R — R whose derivatives have at most polynomial growth. If the
coefficients of the SDE are globally Lipschitz continuous, then numerically weak convergence of Euler’s
method and convergence of the Monte Carlo Euler method is well-established; see e.g. Theorem 14.1.5
in [11] and Section 12 in [15].

The case of superlinearly growing coefficients is more subtle. The main difficulty in that case is that
numerically weak convergence usually fails to hold; see [7] for a large class of examples. In particular,
the sequence IE[(YK,V )2], N € N, of second moments of the Euler approximations (3) diverges to infinity
if & > 0 although the second moment E[(X7)?] of the exact solution of the SDE (1) is finite and, hence,
we have

lim ‘E[(XT)Q} —]E[(Y]{,V)QH = (8)

N —oc0



instead of (7). The absolute value of the bias thus diverges to infinity in case of SDEs with superlinearly
growing coefficients. This in turn implies divergence of the Monte Carlo Euler method in the mean square
sense, i.e.,

2

1 N N 2 2 2 1 A N
2 m 2 N\2 ,m
E ‘E[(XT)}—NQZ(YN )| | = [B[(xn)?] - B[r)?]| + var 5 2 (] 0 (9)
m=1 m=1
squared bias —oo
mean square error of the variance of the Monte
Monte Carlo Euler method Carlo Euler method

as N — oo. Clearly, the mean square divergence (9) does not exclude the almost sure convergence (5).
Indeed, the main result of this article proves the convergence (5) of the Monte Carlo Euler method. For
proving this result, we first need to understand why Euler’s method does not converge in the sense of
numerically weak convergence. In the deterministic case, that is, (1) and (3) with & = 0, the Euler
approximation diverges if the starting point is sufficiently large. This divergence has been estimated
in [7] and turns out to be at least double-exponentially fast. Now in the presence of noise (& > 0), the
Brownian motion has an exponentially small chance to push the Euler approximation outside of [N, N].
On this event, the Euler approximation grows at least double-exponentially fast due to the deterministic
dynamics. Consequently, as being double-exponentially large over-compensates that the event has an
exponentially small probability, the L?-norm of the Euler approximation diverges to infinity and, hence,
numerically weak convergence fails to hold.

Now we indicate for example (1) with 2o = 0 and & = 1 why the Monte Carlo Euler method converges
although the stochastic Euler scheme fails to converge in the sense of numerically weak convergence.
Consider the event Qn = {supg<i<r |[Wi] < /N/(2T)} and note that the probability of (Qx)¢ is
exponentially small in N € N. The key step in our proof is to show that the Euler approximation does
not diverge on Qy as N € N goes to infinity. More precisely, one can show that the Euler approximations
(3) are uniformly dominated on Qy by twice the supremum of the Brownian motion, i.e.,

sup (11QN |Y}VV;> < 2( sup |Wt|> (10)

NeN 0<t<T

holds. Consequently, the restricted absolute moments are uniformly bounded

P
supE{ﬂgzN’Yﬁ[F] < 2p~E[( sup |Wt|) } < o0 (11)
NeN 0<t<T

for all p € [1,00). This estimate complements the divergence

. NP _
ngnooE[ﬂ(QN)c V| } ~ (12)
for all p € [1,00), which has been established in [7]. Now once the restricted absolute moments are
uniformly bounded, an adaptation of the arguments of the globally Lipschitz case leads to the modified
numerically weak convergence

Jim E[1o, f(V)] =E[7(Xr)] (13)

for every smooth function f: R — R whose derivatives have at most polynomial growth, see Lemma 4.6.
By substituting this into an inequality analogous to (6) and by using the exponential decay of the
probability of (Qx)¢ in N € N, one can establish convergence of the Monte Carlo Euler method. Note
that a domination as strong as (10) holds for more general non-increasing drift functions if the diffusion
function is identically equal to 1. For more general drift and diffusion functions, however, both Qx and the
dominating process are more complicated in that they depend on the Euler approximation. Nevertheless,
the dominating process can be shown to have uniformly bounded absolute moments; see Section 4 for
the details.

Our main result, Theorem 2.1 below, establishes convergence of the Monte Carlo Euler method for
SDEs with globally one-sided Lipschitz continuous drift functions and with globally Lipschitz continuous
diffusion functions. Moreover, the coefficients of the SDE are assumed to have continuous fourth deriva-
tives with at most polynomial growth, see Section 2 for the exact statement. The order of convergence



turns out to be as in the globally Lipschitz case. In that case, the stochastic Euler scheme converges
in the sense of numerically weak convergence with order 1. The Monte Carlo simulation of IE[ f (Y]{,V )]
with M independent Euler approximations has convergence order %—. For a real number r > 0, we write
r— for the convergence order if the convergence order is better than r — ¢ for every arbitrarily small
€ € (0,7). We therefore choose M = N? in order to balance the error arising from Euler’s approximation
and the error arising from the Monte Carlo approximation. Both error terms are then bounded by a
random multiple of N~ with € € (0,1). Since O(M - N) = O(N?) function evaluations, arithmetical
operations and random variables are needed to compute the Monte Carlo Euler approximation (4), the
Monte Carlo Euler method converges with order %— with respect to the computational effort in the case
of global Lipschitz coefficients of the SDE (see [2]). Theorem 2.1 shows that 1— is also the convergence
order in the case of superlinearly growing coefficients of the SDE. Simulations support this result, see
Section 3.

Let us reconsider the standard splitting (6) of the approximation error into bias and statistical error.
Theorem 2.1 of [7] implies that the absolute value of the bias diverges to infinity as N — oo. This together
with our Theorem 2.1 below yields that also the statistical error diverges to infinity. More formally, we
see that

elrm)] - s 35 1087 < el B0+ 0] - e 3 10

m=1

(14)

absolute value _,

approximation error of the of the bias statistical error —oo

Monte Carlo Euler method —0

P-a.s. as N — oo for every smooth function f: R — R with at most polynomially growing derivatives
and with f(z) > c|z|° — 1/c for all x € R and some ¢ € (0,00). This emphasizes that the standard
splitting of the approximation error of the Monte Carlo Euler method into bias and statistical error is
not appropriate in case of SDEs with superlinearly growing coefficients.

2 Main result

We establish convergence of the Monte Carlo Euler method for more general one-dimensional diffusions
than our introductory example (1). More precisely, we pose the following assumptions on the coefficients.
The drift function is assumed to be globally one-sided Lipschitz continuous and the diffusion function
is assumed to be globally Lipschitz continuous. Additionally, both the drift function and the diffusion
function are assumed to have a continuous fourth derivative with at most polynomial growth.

We introduce further notation for the formulation of our main result. Fix T' € (0, 00) and let (2, F,P)
be a probability space with a normal filtration (]:t)te[o,T]- Let £™): Q — R, m € N, be a sequence of inde-
pendent, identically distributed Fy/B(R)-measurable mappings with ]E[\g(l) P] < oo for every p € [1,00)
and let W™ [0,T] x Q — R, m € N, be a sequence of independent scalar standard (]:t)te[07T]—Brownian
motions with continuous sample paths. Furthermore, let pu,0: R — R be four times continuously differ-
entiable functions. Generalizing (1), let (X¢):ep0,77 be a one-dimensional diffusion with drift function
and diffusion function o. More precisely, let X : [0,7] x 2 — R be an (up to indistinguishability unique)
adapted stochastic process with continuous sample paths which satisfies

t t
P[Xt§(1)+/0 p(Xs)ds+/0 a(Xs)dWs(l)} =1 (15)

for every t € [0,7]. The functions p and o2 are the infinitesimal mean and the infinitesimal variance
respectively.

Next we introduce independent versions of the Euler approximation. Define F/B(R)-measurable
mappings Y,V'": Q - R, n € {0,1,...,N}, N €N, m € N, by YON’m(w) = ¢M)(w) and by

VAT ) = V) + o (V) + o (V) (W“”% () - Wﬁgm) (16)

for every n € {0,1,...,N—1}, N € N and every m € N. Now we formulate the main result of this article.



Theorem 2.1. Suppose that f,u,0: R — R are four times continuously differentiable functions with
‘f(")(a:)‘ + ‘u(")(m)‘ + ‘U(n)(l‘)‘ <L(1+z]°) VzeR (17)

for every n € {0,1,...,4}, where L € (0,00) and ¢ € (1,00) are fized constants. Moreover, assume that
the drift coefficient is globally one-sided Lipschitz continuous

(@—y) ()= p) <L@—y)* Vo,yeR (18)
and that the diffusion coefficient is globally Lipschitz continuous
lo(z) o) < Llz—yl Va,yeR (19)

Then there are F/B(]0,00))-measurable mappings C.: Q@ — [0,00), € € (0,1), and a set Q e F with

P[Q] =1 such that

N2
B[ x| - gz | X 50w )| < 0 (20)

holds for every w € Q, N € N and every € € (0,1).

The proof is deferred to Section 4. For further numerical approximation results for SDEs with super-
linearly growing coefficients, see e.g. [6], [13], [16], [19] and the references in the introductory section
of [7].

Note that the assumptions of Theorem 2.1 ensure the existence of an adapted stochastic process
X:[0,7] x Q — R with continuous sample paths which satisfies (15) and

IE{ sup |Xt|p} < o0 (21)
0<t<T

for all p € [1,00) (see Theorem 2.6.4 in [3]). Therefore, the expression E[f(Xr)] in (20) in Theorem 2.1
is well-defined.
Since O(N 3) function evaluations, arithmetical operations and random variables are needed to com-

pute the expression = (Zan; f(Ylévm(w))) in (20) for w € Q, Theorem 2.1 shows that the Monte Carlo

Euler method converges under the above assumptions with order %— with respect to the computational

effort. This is the standard convergence order as in the global Lipschitz case (see e.g. [2]).

3 Simulations

In this section, we simulate the second moment of two stochastic differential equations. First we simulate
the stochastic Ginzburg-Landau equation with multiplicative noise, which we choose as there exists an
explicit solution for this SDE. Let (X¢);e[0,1] be the solution of

1
dX, = <2Xt - Xf) dt+ Xy dW,,  Xo=1 (22)

for all ¢ € [0,1]. The exact solution at time 1 is known explicitly (see e.g. Section 4.4 in [11]) and is given
by
exp (W1)

1= .
\/1 +2 fol exp (2Wy) ds

The exact value of the second moment E[(X7)?] = E[(X1)?] is not known. Instead we use the exact
solution (23) at time 1 to approximate the second moment. For this, we approximate the Lebesgue integral
in the denominator of (23) with a Riemann sum with 3 - 10> summands. Moreover, we approximate the
second moment at time 1 by a Monte Carlo simulation with 107 independent approximations of X;. This
results in the approximate value E[(X1)?] &~ 0.4945.

X

(23)




N=2[N=2| N=22[N=22 [ N=2%
1.1379 | 0.9118 | 0.4258 | 0.2942 | 0.4386
N=2|N=2]N=2"|N=28] N=2
0.4641 | 0.4663 | 0.4859 | 0.4904 | 0.4935

Table 1: Monte Carlo Euler approximations (24) of E [(X1)2] of the SDE (22).

Next we approximate the second moment at time 1 with the Monte Carlo Euler method. We will
sample one random w € ) and calculate the Monte Carlo Euler approximations for this w € €2 for different
discretization step sizes. More precisely, Table 1 shows the Monte Carlo Euler approximation

A 2
= 2::1 (v (@) (24)

of the second moment at time 1 of the SDE (22) for every N € {2°,2!,22 ... 2%} and one random w € €.
In Figure 1, the approximation error of these Monte Carlo Euler approximations, i.e., the quantity

Approximation error of E(X,)” of the stochastic Ginzburg-Landau equation for N=2°2',..., &

m—— Approximation error
+® - Order lines 1/8, 1/3and 12

Approximation error

1 .
10° 10' 10 10* 10 10° 10° 107 10° 10°
Computational effart N*

Figure 1: Approximation error (25) of the Monte Carlo Euler approximations (24) of E[(X1)2] of the SDE (22).

N2

1 2
0.4945 — — (vav’m(w)) , (25)

is plotted against N3 for every N € {20,2!,22 ... 2%}  Note that N3 is the computational effort up
to a constant. The three order lines in Figure 1 correspond to the convergence orders é, % and %
Hence, Figure 1 indicates that the Monte Carlo Euler method converges in the case of the stochastic

Ginzburg-Landau equation (22) with its theoretically predicted order %—.



N=2[N=2| N=22[N=22 [ N=2%
1.4516 | 0.5166 | 0.4329 | 0.5308 | 0.4285
N=2|N=2]N=2"|N=28] N=2
0.4452 | 0.4602 | 0.4517 | 0.4548 | 0.4537

Table 2: Monte Carlo Euler approximations (27) of E[(X1)?] of the SDE (26).

Next we simulate our introductory example. Let (Xt);c[o,7] be the solution of the SDE (1) with
T=1,6=1and 2o =0. The SDE (1) thus reads as

dX; = =X} dt + dW;, Xo=0 (26)

for all t € [0,1]. Here there exists no explicit expression for the solution or its second moments. As
an approximation of the exact value IE[(X 1)2], we now take a Monte Carlo Euler approximation with a

larger N. We choose N = 2!? and obtain the value 0.4529 ~ E[(X;)?] as an approximation of E[(X1)?].
Table 2 shows the value of the Monte Carlo Euler approximation

IR 2
N2 C®) (27)

of the second moment at time 1 of the SDE (26) for every N € {20, 2t 22 .., 29} and one random w € Q.
In Figure 2, the approximation error of these Monte Carlo Euler approximations, i.e., the quantity

Approximation emor of E(X, ¥ of equation {1} for N=22", . 2%

— Approximation error
0+ Orckr lines 176, 1/3and 172

Approximation error

L . . 1 L L L L )
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Figure 2: Approximation error (28) of the Monte Carlo Euler approximations (27) of E[(X1)2] of the SDE (26).



04529 — — Y (V3" (w))?], (28)

is plotted against N3 for every N € {20,2!,22 ... 29} Note that N3 is the computational effort up to a
constant. The three order lines in Figure 2 correspond to the convergence orders %, % and % Therefore,
Figure 2 suggests that the Monte Carlo Euler method converges in the case of the SDE (26) with its
theoretically predicted order %7.

4 Proof of Theorem 2.1

First we introduce more notation. Recall the standard Brownian motion W™ [0,T] x Q — R and the
Euler approximations Y,V'!': Q — R, n € {0,1,..., N}, N € N, from Section 2. Throughout this section,
we use the stochastic process W: [0,7] x  — R and the F/B(R)-measurable mappings Y,V : Q — R,
ne€{0,1,...,N}, N € N, given by

Wi(w) = Wt(l)(w) and YN (w) =YV (w) (29)

n

for every t € [0,T], n € {0,1,...,N}, w € Q and every N € N.

4.1 Outline

For general drift and diffusion functions, our proof of Theorem 2.1 somewhat buries the main new ideas.
To explain these ideas, we give now a very rough outline (the precise estimates and assertions can be
found in Subsections 4.2-4.7 below). The main step will be to establish uniform boundedness of the
restricted absolute moments of the Euler approximations

sup E|:]1QN|Y1</V}:| < oo (30)
NeN

where (Qn)nen is a sequence of events whose probabilities converge to 1 sufficiently fast. From here,
one can then adapt the arguments of the global Lipschitz case to derive the modified numerically weak
convergence (13) and to obtain Theorem 2.1.

The idea behind (30) is now explained on the example of negative cubic drift and multiplicative noise.
Formally, we consider u(z) = —3, o(x) = z for all 2 € R and £ (w) = 1 for all w € Q. The Euler
approximation (29) is then given by Y{¥ = 1 and

vy :YN—Z(YN)3+YN~(W ~ W) (31)
n+1 n N\ n % LTT
for all n € {0,1,...,N — 1} and all N € N. Fix N € N and assume that the Euler approximation
(YkN)ke{O,l,...,N} does not change sign until and including the n-th approximation step for some n €
{0,1,..., N} which we fix for now, that is, Y} > 0 for all k € {0,1,...,n}. Then, using 1 + z < exp(z)
for all z € R, we have

T
=Y - N(Ykl\il)S +YY (W% - Ww)

< Yk]\il (1 + Wer — W(k—l)T) (32)
N N

< ij\il exp (WkT — W(k—l)T)

N ~

and iterating this inequality shows

YkN < Yk]\l2 exp (W(k—l)T — W(k—Q)T) exp (WkT — W(k:—l)T)
N N

N N

= YN, exp (W% W, _2>T) (33)
N

e

<...< YON eXp(WkT) =: D,QV

e ]



for all £ € {0,1,...,n}. Thus the Euler approximation (YkN)ke{o,l,...,n} is bounded above by the domi-
nating process (D,iv )ke{0,1,....n}- This dominating process has uniformly bounded absolute moments. So
the absolute moments of the Euler approximation can only be unbounded if the Euler approximation
changes its sign. Now if Y} happens to be very large for one k € {0,1,..., N — 1}, then Y, is negative
with absolute value being very large because of the negative cubic drift. Through a sequence of changes
in sign, it could happen that the absolute value of the Euler approximation increases more and more. To
avoid this, we restrict the Euler approximation to an event 2y on which the drift alone cannot change the
sign of the Euler approximation. On 2y, the Euler approximation changes sign only due to the diffusive
part. As the diffusion function is at most linearly growing, these changes of sign can be controlled. In
between consecutive changes of sign, the Euler approximation is again bounded by a dominating process
as above. Through this pathwise comparison with a dominating process, we will establish the uniform
boundedness (30) of the restricted absolute moments. For the details, we refer to Lemma 4.2, which is
the key result in our proof of Theorem 2.1.

4.2 Notation and auxiliary lemmas

In order to show Theorem 2.1, the following objects are needed. First of all, define ¢ := % for every
n € {0,1,...,N} and every N € N and let the B(R)/B(R)-measurable mapping 6: R — R be given by

o(x)—o(0
(cw)=aO) ;4 -
0 tx =0

for all z € R. Moreover, let the F/B(R)-measurable mappings a>™: Q — R and Y™ : Q — R be given
by

TL  _ nm m m
QW) = =2+ VW) - (W @) - W W) (35)
and T0(0)
B w) = = 4 0(0) - (W (@) — W () (36)
for every w € Q, n € {0,1,..., N — 1} and every N,m € N. For simplicity we also use oY, 3): Q — R

given by al¥ (w) := a'1(w) and BY (w) := BN (w) for every w € Q, n € {0,1,..., N — 1} and every
N € N. Using these ingredients, we now define the dominating process. Let the F/B(R)-measurable
mapping D{X;;”: Q0 — R be given by

N,m

DV () = eSS e @) (T |1(0)] + | (0)] + \5(’") (w)\ + 1)

R

= w—1 _N,m (37)
3 sV @) el Tt ol ) gy
k=v

for every w € Q, v,w € {0,1,..., N} and every N,m € N, where sgn: R — {—1,1} is given by sgn(z) := 1
for every x € [0,00) and sgn(z) := —1 for every z € (—o00,0). As usual, Z;‘;}l afv’m(w) = 0 for every
ve{w,w+1,...,N}, w € {0,1,...,N}, w € Q and every N,;m € N. Note that D{X;;": Q — R only
depends on the Brownian motion W™ : [0,T] x @ — R and the initial random variable £(™): Q —
R for every v,w € {0,1,...,N} and every N,m € N. Therefore, ij\%”, m € N, is a sequence of
independent random variables for every v,w € {0,1,..., N} and every N € N. We will show that the
Euler approximation is dominated by the dominating process since the last change of sign. More formally,

let the F/P({0,1,...,n})-measurable mapping 7.¥: Q — {0,1,...,n} be given by
()= ({0} U {k € (1,20} s 1) # sV ) } ) (38)

for every w € Q, n € {0,1,..., N} and every N € N. The random time 7¥: Q — {0,1,...,n} is the last
time of a change of sign of YV, k € {0,1,...,n}, for every n € {0,1,..., N} and every N € N. Lemma 4.2
below shows that |Y;V| is bounded by Dﬁ&ln on a certain event Qy, for every n € {0,1,..., N} and
every N € N. Next we define these eventns’QN,n, n € {0,1,...,N}, N € N, such that the drift alone



cannot cause a change of sign and such that the increment of the Brownian motion is not extraordinary
large. Let the real number ry € [0, 00) be given by
1
! G-D
N1z N
I |max 0, -1 (39)
T (Supse[le] ' (s)| + 3L)

for every N € N. Now define sets Qy ,, Q%}, Qn € F by

ry = min

QN i=qw e sup |D1],Vu}(w)| <rn, sup ‘WtN (w) — Wy~ (w)‘ <N (40)
v,we{0,1,...,n} ’ ke{0,1,....n—1} k+1 k
by
Rem{een] s NPl e W) - W@ <N @y
v,we{0,1,...,N'} ne{0,1,...,N—1} n+l n
and by
QN = QN,N:Q}\/’ (42)

for every n € {0,1,..., N} and every N,m € N. Finally, define QerF by

o M?

Q=1 U N e

NeNM=N m=1

ﬂmweﬂ

e>0

2 (B ) £0 7)) — E [0, 7))

NeN N(+e) =%

Note that Q is indeed in F. Moreover, we write || Z|, := (E [|Z|p])% € [0,00] for all p € [1,00) and all
F/B(R)-measurable mappings Z: @ — R. Our proof of Theorem 2.1 uses the following lemmas.

Lemma 4.1 (Burkholder-Davis-Gundy inequality). Let N € N and let Z1,...,Zn : Q@ — R be F/B(R)-

measurable mappings with E|Z,|> < oo for alln € {1,...,N} and with E[Z,1|Z1,...,Z,]) = 0 for all
ne{l,...,N —1}. Then we obtain

[SE

120+ o+ Znll < Ky (120050 + -+ 12511 (44)

for every p € [2,00), where K, p € [2,00), are universal constants.
The following lemma is the key result in our proof of Theorem 2.1.

Lemma 4.2 (Dominator Lemma). Let Y,¥: Q@ = R, Dl - Q@ = R, 7¥: Q@ — R and Qn, € F for
n,m € {0,1,...,N} and N € N be given by (29), (37), (38) and (40). Then we have

Y,V (@) < DXy (@) (45)

N (w),n
for every w € Qn ., n € {0,1,..., N} and every N € N.

The domination (45) might not look helpful at first view since Divﬁln depends on the Euler approximation

and since 7 is in general not a stopping time for n € {1,..., N} and N € N. However, the dependence of
the dominating process on the Euler approximation can be controlled as ¢ is bounded and the dependence
of Df]’vln on 7} foralln € {0,1,...,N} and all N € N is no problem as D];} can be controlled uniformly
inv,we {0,1,...,N} and N € N. This is subject of the following lemma.

Lemma 4.3 (Uniformly bounded absolute moments of the dominator). Let D), : Q — [0,00) for

n,m € {0,1,...,N} and N € N be given by (37). Then we have
sup E sup |D7]JV;HP < oo (46)
NEeN v,we{0,1,...,N} ’

for all p € [1,00).

10



From Lemma 4.2 and from Lemma 4.3, we immediately conclude that the restricted absolute moments
of the Euler approximation are uniformly bounded.

Corollary 4.4 (Bounded moments of the Euler approximation). Let the Euler approzimation Y,N :  —
R forn € {0,1,...,N} and N € N be given by (29). Then we have

sup sup E {HQN_H |YnN|p} < o0 (47)
NeNne{o,1,...,N} '

for every p € [1,00).
Next we estimate the probability of Qy for every large N € N.

Lemma 4.5 (Full probability). Let Qn € F for N € N and Q € F be given by (42) and (43). Then we
have that

;lé% (N4 . IP’[(QN)CD < oo and P[Q] =1 (48)

holds.
Using the above lemmas, we establish the following modification of numerical weak convergence.

Lemma 4.6 (Modified weak convergence). Let X: [0,7] x @ — R, Qy € F and ,V: Q — R for
ne€{0,1,...,N} and N € N be given by (15), (42) and (29). Then we obtain that

sup (N- 'E[ILQN ~f(XT)] - E{ﬂﬂN 'f(YI{,V)} D <0 (49)
NeN
holds.

While the proof of Lemma 4.1 can be found in Theorem 6.3.10 in [18], the proofs of Lemma 4.2,
Lemma 4.3, Lemma 4.5 and Lemma 4.6 are given in Sections 4.3-4.7 below.

4.3 Proof of Theorem 2.1
Proof of Theorem 2.1. Consider the F/B ([0, 00))-measurable mapping Z: @ — [0, 00) given by

2
s [ 22 [ S [y
Z(w) = sup | =5 Z FON @] | (1= Ty o) @) (50)
for every w € Q. Finiteness in (50) follows from
(Ut ) @) = Loyang_yo ag) () = 1a) = 1 (51)

for every w € Q. Moreover, define F/B([0, 00))-measurable mappings R.: Q — [0,00), € € (0,1), by

Ro(w) := sup [ Lg( )‘ZZ; (ﬂﬂx(w%f(YAjy’m(w))f]E[]lQN 'f(YJ{,V)])‘
<(w) == su o(w

NeN N{+e) (52)

for every w € Q and every € € (0,1). By definition of 2, the mappings R.: Q2 — [0,00), € € (0,1), are
also finite. Additionally, let the real number C € [0, 00) be given by

¢ sup (- ]E[HQN 06| - 5[0, - £0)] D o (v2or[@vr]). e

NeN NeN

11



which is finite due to Lemma 4.5 and Lemma 4.6. Moreover, we have

|7t - 52 (NZ f (Y]é“"%w)))

< ’E[f(XT)} - E[HQN -f(XT)}
i 9] (8 6870) )

+ % (Tijlf (ij,v’m(w)> . ]lgz;(;(w)) — % (g: f (ng(w)))‘

for every w € Q and every N € N. Using (53), we then obtain

E[f(XT)} e (gjlf (Y/J’m(w)))

< ‘]EKl - ]1szN) ‘f(XT)] +C-%

and

< ftonr- s - 2
A 3 (g )1 (7 @) -2 10, f(w)])'

+ % (i ‘f (ij,v’m(w)) ‘) <m€{ls;1f)”m} (1-1qp (w))>

for every w € Q, N € N and every ¢ € (0,1). Hence, we get
1 (&
E[f(XT)} - (Z ! (Yé“%)))
m=1
1
< ]E|:1(QN)° : |f(XT)|:| +C0

YN (Tag @) - f (Y™ (@) —E[1ay - £ (V)]
(Bl 08 ) st 0D ..

+ % (mi_:l ’f (Y]\]y’m(w)) ‘) <m€{1b";13’N2} (1-1op (m))
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and

N7
E[f(Xﬂ} - (g_jlf(Y]éV ’“(w)))‘
< <]E {Lw)c]y : (IE[|f(XT)\2])é +C- % + R.(w)- NG (55)

S ICE| )

for every w € Q, N € N and every ¢ € (0,1) by using Holder’s inequality and the definition (52) of
R.: Q — [0,00), € € (0,1). Therefore, the polynomial growth assumption (17) implies

E| )| - 52 (mNZf (Yﬁ”"(w))) |

< (IP’[(QN)CDé . (m[ﬁ (1+ |XT6)2]>é FO b Ruw) N
3 (SO0 ) 0t )

< (IP[(QN)CDé o+ (l201+ XTIQ‘S)D; FC R N

y (le (mz_l\f (vav’mw)\) (1- ﬂmgam(“))) N

for every w € Q, N € N and every ¢ € (0,1). Furthermore, we have
1 (&
E[f(XT)} Nz Z f (ijfv’m(“’»
m=1
3 3 1
< (P[(QN)CD 2L - (1 + IE[XT|25D +C 5+ Re(w) -NED

+ (;/, (mil ’f (ijvv,m(w))‘) (1 - 1(mﬁNﬂ£ﬁlQm(w)>) N1

for every w € Q, N € N and every ¢ € (0,1). Using the definition (50) of Z: Q — [0, 00) then yields

1 (& Nm
N2 (Zf(YN’ (W)> ‘

E[f(XT)

< 2L (}P’ :(QN)CD : (1 +E[XT|25: ) e % +R.(w)-NCEY 4 Z(w) - N1

[N
-

<2L- (1@ (QN)CD : (1 +E[XT|25 ) +C-NEY 4R (w)- NV 4 Z(w) - NED

13



and finally

§%~@{mmﬂ)é(LH%MH”D+(O+R&@+ZWOaMg”

< 2LVCON™! (1 +E {|XT|25D +(C+ Re(w) + Z(w)) - NV

< (2LVC (1+E [1Xr[*] ) + O+ Refw) + Z(w) ) - NV

for every w € Q, N € N and every ¢ € (0,1) due to the definition (53) of C'. The right-hand side is finite
according to Theorem 2.6.4 in [3]. This completes the proof of Theorem 2.1. O

4.4 Proof of Lemma 4.2

Proof of Lemma 4.2. Roughly speaking, ry is chosen such that the drift term alone cannot change the
sign of the N-th Euler approximation as long as the N-th Euler approximation is bounded by ry where
N € N. Now we formalize this and observe that

x’<x+Jz\;.“(m)lev(m> :x2+%'ﬂf'ﬂ(fﬂ)*x~ﬂ;\§0)

T/;\EO)‘ — 2 _ % |- Jp(x) — w(0)]

>x—‘ x-pu(r)—x-

N’
=" - % (Lp-1y(2) - [u(2) = p(O)] + Lry—1,1y(2) - [u(z) — u(0)])
Tlz|

> - —; (1[_171](33) 2] - < sup Iu’(8)> + 1,1 (2) - [u(2) —u(0)|>

s€[—1,1]

holds for every « € R. Moreover, using that x: R — R has at most polynomial growth (see (17)) shows

(e Lo - A0

> 72— % <]1[—1,1]($) | - < sup |M’(8)|> + Ig\[—1,1(2) - L - (2 n x|6)>

and hence

T|x
>ﬁ_jQ<mummm-<w |00+m“nm%%ww>
s€[—1,1]
T
> 2 x|< sup |+3L> ]1 )] + Ty 1,0y () - \xl‘;)
N \se, 1]
T
> 2 Tlz| sup s)| + 3L \x| + |x|
N \se[-1, 1]
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for every x € R. This implies that

x-@+7\m@—TMm)zﬁ—

8 4 2 (1+9)
N N ( sup |/ (s)] +3L) (x + || )

s€e[—1,1]

T
=z2(1-= [ su "(8) +3L ) (1+]x®Y 56
( i~ (SE[_% 1 (s)] (14 12/07) (56)
>z 1— T sup |u'(s)|+ 3L {1 + (rN)([s*l)}
N s€[—1,1]

holds for every = € [—ry, rn]. Therefore, we finally obtain

T N
> g2 1_N ( sup |//(5)|+3L> 1+ max | 0, -1 )
T (supsc—1 11/(s)| + L) (57)

N
T (su | (s)| + 3L
Pse[—1,1] M

T
= z? 1_N sup |,u’(s)|+3L>

=22(1-1)=0.

for every x € [—ry,ry]. Hence, we have shown that

T Tu(0)
. — >
x + N p(x) N 2 0 (58)
holds for all z € [0,ry] and that
T Tu(0)
. — <
x + N p(x) NS 0 (59)

holds for all € [-rx,0). The estimates (58) and (59) give us control on the effect of the drift function in
one direction. In addition, we need to bound the growth in the other direction. The one-sided Lipschitz
continuity of p (see (18)) implies

and hence

for every x € R. Therefore, we obtain
w(@) — L — u(0) <0 (60)

for every z € [0, 00) and
@) — Lz —p(0) =0 (61)

for every z € (—o00,0). With these inequalities at hand, we now establish (45) by induction on n €
{0,1,..., N} where N € N is fixed. First of all, we have 7" (w) = 0 and therefore

Y5¥ ()| = [6w)| < T1p(0)] + |o(0)] + [€(w)] +1

e(ZiZ0 o @) (7 114(0)| + |0/(0)] + [€(w)] + 1)

e(Z:TéVM "ZN(“)> (T [(0)] + 1o (0)| + |E(w)| + 1)

+ i sen(VY (w)) e(Zimke ol ) gN () = DN - (w)

¢ (w),0
k=78 (w)
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for every w € Qn,0, which shows (45) in the base case n = 0. Suppose now that (45) holds for one fixed
n € {0,1,2,...,N — 1}. Moreover, we fix an arbitrary w € Qn n+1 C Qn,, and we now show (45) for w
and n 4+ 1. For this we distinguish between the following four different cases.

1.) First of all suppose that ¥, (w) > 0 and that Y, (w) > 0 holds. Then 7 (w) = 7,1 (w) and

0 S Ynjykl(w)

=YN(w)+ % (YN (W) + o (VY (w)) - (th+1 (w) = Wy (w))

= V@) 4 (1 (N )~ LY @) = pl0) + YN @)
+ O (o (1 @)~ 0(0) - (W, ()~ Wi (@) +0(0) - (W, () — Wiy (@)
and hence
0 ¥N() S V@) + 12 v () + T
+ (05 @) = o(0) - (W, (@) = Wiy (@) +0(0) - (Wi, (w) = Wiy (@)

due to (60). Therefore, using 1 + x < e for all x € R yields
N N TL ., N
0V @) SVN@)- (14 =7 +6 (46 w) - (Way,, (@) = Wiy (@)

; (T’Z‘V(O) +0(0)- (W, (@) = Wiy ()

SY;fV(w)~e<

+ (T‘Z‘V(O) +0(0) - (WtN (W) — Wy (w))
=YV (w) - e @ 4 N (w)
= [N (@)] - e @) 4 sgn(V,N () - BY ().

The induction hypothesis then implies

N

0 <Y, (w) € DNy (@) e @ +sgn(¥,Y (w)) - 87 (w)

i (w).m

= (Ziy 0 2T ) (o)) + o (0)] + () + 1)
0 sen(V () elEien o @) BN () 4+ sgn(VY (@) - B (@)

k=1 (w)
and hence

(Zzn:r};f(w) O‘ZN(“)) (

V()| <e T |p(0)] + [o(0)] + [€(w)] + 1)

n
+ Y sV (W) el Tk ol @) g () (62)
k=7 (w)
N,1 N1
= D‘rflv(w),n+1(w) - DTflVJrl(w),nJrl(w)’
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which shows that (45) holds in this case for w and n + 1.
2.) Suppose now that ¥,V (w) < 0 and that ¥, ; (w) < 0 holds. Then we also have 7\ (w) = 7Y, | (w) and

0> Y1)
=YY@+ gk (@) 4o (V@) - (W, (@)~ Wiy (@)
=V @)+ g (0 (@) — L YN @)~ p(0) + 5 V(@)
+ O (o (v @)~ 0(0) - (W, () — Wy (w)) +0(0) - (Wi, (@) = Wiy ()
and hence
0> ¥V ) 2 V() + o v w) + 0
+ (0N @) = o(0) - (W, (@) = Wiy (@) +0(0) - (W, (w) = Wiy (@)

due to (61). Therefore, we obtain

i (TI;V(O)+ 0 (Was,, () ~ Wiy ()

n41 n )
L4 5(YN(w w)— w
>V, (w)- e< (Y ) ( Wy, @ Wa )>>
T'p(0)
+ (N +0(0) - (W% (w) — Wy (w)))
=YV (W) e @ 4 5 ()
=~ (VN @] e +sgn(v¥ @) Y (@)
Hence, the induction hypothesis yields
V@) < DX @) - e @+ sgn(VN (@) - BY (w)

(27:T$<w>al @) ) (T'|u(0)] + o (0)] + [E(w)| + 1)

Z sgn(YyY (w)) e(imme o ) 8N (1) 4 sgn (VN (w)) - Y ()
k=71 (w)

_ (Elye el @) (T |1(0)] + | (0)] + |€(w)] + 1)

Y s () el o) Y )

k=7 (w)
N1 N1
:DTN(w)n+1( ):Dn+1(w) n+1( w),

which shows that (45) also holds in this case for w and n + 1.
3.) In the third case assume that Y,V (w) > 0 and that ¥, ; (w) < 0 holds. Then we obtain 7, (w) = n+1.
Additionally, note that

Y V()] < sup

k,1€{0,1,...,n}

Dgil(w)‘ <ry (63)
holds due to the induction hypothesis and since w € Qn 41 C Q. Hence, (58) yields

@)+ e (7 ) - A0 5 (64)
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and therefore

O:>}ﬁil()

= VN @)+ o (G @) + o (5N @) - (W, (@)~ Wy (@)

— (YnN (w) + %,u (YnN (w)) — T'lj\(fo)> + T/;\EO) +o (YnN (w)) . (Wtw (w) — Wy (o./)) (65)
Tp(0)

> - (YnN(UJ)) . (Wt§+1 (w) — Wyn (OJ))

n

and
(w) = Woy ()|

WtN( )’

0> Y0 > =B o (@) \wtw

> —Tu(0)] = (L - [VN ()| +]o(0) ]WtN

n+1
This implies
0> V(@) = ~Tu(0)| (L - DiVNl(w>n< )+ 10 (O)]) W, (@) = Wy )]

n

T 1p(O)] = (L +10(0)]) - |[Wi,, (@) = Wy ()|

> ~T |u(0)] - <L~ =y |o<o>) Wiy

n41

(@) = Wiy (@)

and

02V, ) = =T |u(0)] = (Jo(0)] + N*¥) - ~12 =T |u(0)| - |o(0)| ~ 1 (66)

A=

L~ _ o0l
7 = T ()] - 5

and finally
V.51 )| < T [u(0)] + o (0)] + 1+ €(w)]

= o o TN (T u(O)] + [0 (0)] + 1+ 6@)) + D sen(VN (@) el oT ) 5 )
k=n+1

s N (w) - n
= ) () 4 o)1+ 14 fee) + 30 sl ) e O )
=7 (@)
_ N1
L)n+ﬂw)”+1( )
which shows that (45) also holds in this case for w and n + 1.
4.) In the last case assume that ¥, (w) < 0 and that ¥, | (w) > 0 holds. Then we also obtain 7Y, ; (w) =
n + 1. Note that

Y (@) < sup
kl€{0,1,...,n}

DY )| < v (67)

holds due to the induction hypothesis and since w € Qn 41 C Qn . Therefore, (59) implies
T Tp(0)

YN @)+ ou(v @) - A <0 (68)
and hence
0< YZil( )
= V(@) 4 o (@) + 0 (@) - (W, (@) = Wi ()
= (YnN(w) + %u (V¥ () - T’J‘\EO)> + T‘]‘éo) +0 (VN (w)) - (Wt5+l(w) — Wy (w)) ()
< DO o (v @) - (Won, () - Wiy (@)



and

0< YN, (w )<’T‘;\§O)’+\0(YN [ Wy (@) = Wiy ()]
< T1aO)] + (L [V (@)] + |o0)]) - [Wi, (@) = Wey (@)| (70)

n+1

< T|u()] + (L DXk, 1) +10(0)])

Woy, (@) = Wy ()]

n+1

This shows
YN @)] S TIRO) + (L -y +1oO)]) - [Wey, (@) - Wiy ()|
< T |u(0)] + <L R a<o>|> Wy, @) = Wy @) (71)
< Tl + (Io)+ N - =Ty + 2P 41
and finally
VN1 (@)] < T 1(0)] + |o(0)] + 1+ [¢(w)
= e(Zinns o) (T |u(0)] + o (O)] + 1+ 6@ + Y sen(Y () e o) g (o)
k=n-+1
= ™) () 4 00 +1 4 )

+ Y sen(Y (W) eZen T @)gN @) = DN L (),

n+1
k:TTILV+1 (w)

which shows that (45) holds in this case for w and n+ 1 and which finally yields (45) for every w € Qn
n€{0,1,2,...,N} and every N € N by induction. O

4.5 Proof of Lemma 4.3

In order to bound the moments of the dominating process, we need to estimate the absolute moments of
a normally distributed random variable.

Lemma 4.7. Let Y: Q — R be a normally distributed F /B(R)-measurable mapping. Then we obtain
that
1Yl <pIIYlL (72)

holds for every p € [1,00).

Proof of Lemma 4.7. First of all, Holder’s inequality implies

Yl 1Yl < pIYLe (73)
for every p € [1,2), which shows (72) in the case p € [1,2). Denote now the mean of Y: & — R by
¢:=E[Y] € R and the standard deviation by o := ,/E {(Y - 0)2} €[0,00). If Y: Q — R is a standard
normally distributed F/B(R)-measurable mapping, then

1
I, =lo7 el <ot el = (B[ +4" )™
e e L7
1
<= (Y ok [ e ||
<8l e (ra)

k=0

1

[p] fpl

_ Z( (21 >|a|kE’Y’k|c|(m_k)

k=0
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holds for every p € [2,00). Using E[V[*F < (k — D2 for all k € {2,3,...}, E[¥]| < \/E(V)2 = 1 and
(lo] +|e)? < 2(0? + ¢?) yields

[p] T

[p] k Ll (Tp1—k)
¥ < { () wlt @m0 e -
=V([pl = 1) (o[ +lc]) < vp (o] + lc]) < pV/(o® + ) =p|Y]| 2
for every p € [2,00), which finally shows (72). O

Lemma 4.8. Let Y: Q — R be a standard normally distributed F /B(R)-measurable mapping. Then we
obtain that )
Hecy — lHLP < |efele P (76)

holds for every ¢ € R and every p € [1,00).

Proof of Lemma 4.8. We establish (76) in the case ¢ € (0,00) since the case ¢ = 0 is trivial and since
the case ¢ € (—o0,0) immediately follows from the case ¢ € (0,00). In order to show (76) in the case
¢ € (0,00), note that

E Uecy - 1|p} =E [H{YzO} e (1 - e_cy)p} +E [1{Y<0} (1- 6CY)p}
S c? - E []l{yzo} GCPY |Y|p] + K []1{y<0} |Y|p]
= E[(Liyzoy e + Ly <qy) Y]]

2cpY 3 2p 2c2p? | 1 : 2p
< P (E[e*PY] +PY <0])? \E|Y| =cP [ e*P +3 EY|
and the estimate ||Y|| 2 < 1/2p — 1 therefore shows that

1
1\ 2r
W”—wm<cwa+z>Yu@<a$£ﬂwm%<aw“w

for all ¢ € (0,00) and all p € [1,00). This completes the proof of Lemma 4.8. O

Lemma 4.9. Let ol : Q = R forn €{0,1,...,N —1} and N € N be given by (35). Then we obtain

_ N

<LNTH (\/fe(LQT“)T’ + T) (77)

forallm € {0,1,...,N}, N € N and all p € [1,00).
Proof of Lemma 4.9. The triangle inequality and Lemma 4.8 impliy

N TL

N
Lp

e |
Lp Lp

—e N e_&(Y"N)(W‘ﬁ] —thy) -1 + (1 - 67%>
Lp
T 2T TL
<Ly =elF R+ 4 22
<L Ne N + N
< LNz (x/fe(LQT“)p + T)
for all n € {0,1,...,N — 1}, N € Nand all p € [1,00). This completes the proof of Lemma 4.9. O
Proof of Lemma 4.3. Let C € (0,00) be a real number satisfying
S5HLA6+T+[p0)]+]0(0) <C, |p(@)] + [ (2)] < C (1+]2|) (78)
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for all z € R. Such a real number C' < oo indeed exists since the derivative of u is assumed to grow at
most polynomially according to (17). Since the exponential function is convex, we obtain that

€xp <nzl Z- 5(Y1N) ) (Wtﬁrl - Wtﬁ)) (79)
1=0

is a positive submartingale in n € {0,1,..., N} for every z € {—1,1} and every N € N. Therefore,
Doob’s inequality (see e.g. Theorem 11.2 (ii) in [8]) shows

7

e(EzN;ol z5(YV)- (WtN ) —thz\r))

B sup e(Zz":_ol2'5(Y1N)'<W111\L*Wt{\f)>

ne{0,1,...,N}

p
<(-2 )\ E
<p—1>

p

P
=) E
(p—1> ‘

p

—<p>]Ee
p—1

due to the moment generating function Elexp(cY)] = exp(c?/2), ¢ € R, of the standard normally dis-
tributed random variable YV := \/% (Wt% - W

tN—1

pe (S 500 (W, Wi )

N—2 /N
Y)W —-W - 2
pz (Zz:o a(Y;™) ( t{YH f{\’> eé(PZ'U(YJ{I\CQ) %

) and hence, using |6(z)| < L for every x € R,

(St =a0i) (Wiy ~wy )
sup e L+t !
ne{0,1,...,N}

Lpr

e (=3 6<Yz”>-(thV+th£V>>] e’ L% }; (81)

{ p pN—l % P
< () II eészzﬁ} _ () (LT
p—1 Pl p—1

for every p € (1,00), z € {—1,1} and every N € N. This implies

IN
—N
N

k]
| ‘@
—_
N———
k]
=

IN

n—1 N
sup A (Zi o)
ne{0,1,...,N}

Lp
o ne{0,1,...,N} Lo
< ¢TL ( b )e;pﬁT < 23 (LPHL)T L B(+C?T+C?) L BC% - fC?
< b1 < < < <
for every p € [2,0), z € {—1,1} and every N € N. Moreover, Lemma 4.9 shows
et ] <10 (e
Lr
2 (83)

< 2N (;e(CSH)H 1) <o+ rpy-1 €

forallm € {0,1,...,N — 1}, N € N and all p € [2,00). With these estimates at hand, we now bound the
p-th absolute moment

E

sup  |DYV:} p] (84)
v,we{0,1,...,N}
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of the dominating process for every N € N and every p € [2,00). By definition (37) and by the triangle
inequality we have

sup DN < sup  e(ZiSeN) ) (€2 4 ¢)
v,wef0,1,...,N} ’ I v,wef{0,1,...,N} o
+ sup Z sgn(Y;Y) (il o )ﬁN
v,we{0,1,...N} | .=, I
and, using Holder’s inequality,
sup DNl <|| sup eCHRIM) (2 4 e pa)
v,we{0,1,...,N} ’ Ip 0<v<w<N L2p
sup Z sgn(YV)e (Zi5d o )5}@\[
0<v<w<N Ir

for all N € N and all p € [2,00). Therefore, we obtain

w—1 N
sup ’D,ijwl < sup e(zl:v ar’) (02 + HﬁHsz)
v,we{0,1,...,N} Ip 0<v<w<N L2p (85)
+ sup ( Zzu 01 O‘l Zl 09 )ﬁN )
0<v<w<N Lr
and
sup |Df,vvj
v,we{0,1,...,N} e
< sup  e(TiZ'el) sup e (ZiZg o) (C? 4 ||€]|z2v) (86)
we{0,1,...,N} rap ||vEL0.1, N} L
+ sup (i o) sup Z sgn(YY) ~(Zioed )ﬁN
we{0,1,...,N} 2p ||0SvSWSN Lo
for all N € N and all p € [2,00). Inequality (82) therefore yields
sup |D£Vu%
v,we{0,1,...,N} Lp
4 4 2 4 wol k N
4 4
<@ (C7 4 |[¢] ) + €0 || sup | sgn(YY) e~ (Zimool) g (87)
0<v<w<N o Lop
< epc4 (02 + HEHHP) + 26%()4 sup Z sen Yk —(Xioo i )5{6\]
we{0,1,...,N} L2p

for all N € N and all p € [2,00). By definition of Y, n € {0,1,...,N — 1}, N € N, (see (36)) we then
obtain

N-1
P T
sp DX <O felaan) + 268 [ 3 [lsan(r) e (Bhoet) Do)
v,we{0,1,...,N} » pr L
+2¢5Y" sup Z sgn(YY) ~(Zizoed’) o(0) (Wtiv L WtkN)
we{o 1, ,N} k=0 * L2p
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and therefore

N-1
sup |Df)vwl < epcll(C2 +11€llz20) + 2C2 N5 Z He_(zilo O‘ZN)‘
v,we{0,1,...,N} v P L2v
+ 208" sup Z sgn(V;V)e™ (Zioed’) (thkv L Wtzkv)
wef0,1,....N} | . * L2p
for all N € N and all p € [2,00). The triangle inequality and again estimate (82) hence yield
N,1 pC* /2 2 24
sup |D < e (C7 + ||€]|p2r) +2C%e>
v,we{0,1,...,N} e
+ 205" sup Z sgn(Y;Y) (Ziz o) (e_o‘kN — 1) (Wthv - Wti-v)
we{0,1,...N} | 1o + ' Lop
+2Ce5¢" sup Z sgn(YVY) —(Zi5 o) (WtN - Wtzv)
wef0,1,....N} | .2 e g ,2p

and Doob’s inequality (see, e.g., Theorem 11.2 (ii) in [8]) and Davis-Burkholder-Gundy’s inequality (44)
then show

< (P JJEl|a»)
Lr
P30 e ) o, ) )
et (S0 o, )
k=0

for all N € N and all p € [2,00). Holder’s inequality thus gives

N1
sup ’me
v,we{0,1,...,N}

1
2 2
L2»

< 2N (C? + |[€] 12
Lp

N1
Sup |Dv,w
v,we{0,1,...,N}

N
et (X et en), oot ], g, )
.6p 1.6 N || ep
1
N-1 9 2
4 o 1N
e5C KQPHI/[@ S |le (Zfo“l)’
N || L4p =0 L4p

and inequality (82), inequality (83) and Lemma 4.7 finally yield

sup |D£vvj|
v,we{0,1,...,N} '

< erC’ (02+ ||f||L2p +e4 <Z espc4 T

H 88
+e4 sz 4p\/7<zespc4> ( )

< 2PN (C2 4 ||¢]|20) + €2PC 6pVT + €€ KopdpV'T

aw
3

Lr

for all N € N and all p € [2,00). This shows the assertion in the case p € [2,00). The case p € [1,2) then
follows from Jensen’s inequality and this completes the proof of Lemma 4.3. O
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4.6 Proof of Lemma 4.5

Proof of Lemma 4.5. First of all, we have

P sup Wy — Wyn
ne{0,1,...,N—1} ntt "

>N4p{u oo o -mista] 1)

N-1

P[|Wey,, - Wir| > N7H]
n=0 "
and

P sup ‘Wtw - WtN’ > N"i
nef{0,1,....N—1} ntt "

gN-PHWtN—WtN >N‘ﬂ
1 0
N N
:2N~IP’[W1 >N—ﬂ —9N.P [,/WT > N=i [~
N T N T
and
P sup ‘Wtw —Wtz\r‘>N_<i
ne{0,1,...,N—1} nit "
22 | T .2
<2N/l = d$§2N 1 ﬁx]:[/:e_de
4 N 4 a
T Ve (90)
: 1 42 18=00
=2N1 \F/ —xe 2da::2N2\/T—{—e_7] 1
L Vor e =
—INIT—— e = | 2INIVTe F < NAVTe
V2T ™

for every N € N. Additionally, note that

(QAN)=qwen sup |D1])Vu}(w)‘ >ry o U sup ’WtN — Wyn
v,we{0,1,....,N} ’ nef0,1,...,N—1} ntt "

> N—i} (91)

for every N € N. Therefore, inequality (90) implies

IP’[(QN)C} <P [ sup ‘DIZJVUH >y
N}

+P
v,we{0,1

.....

1
sup ‘Wtw —Wtw‘ > N1
nef{0,1,....N—1} ntl "

p
1+ sup |D > (1+7rn)? + NiVTe ¥
v,we{0,1,...,N} ’

for every N € N and every p € [1,00). Now we apply Markov’s inequality to obtain

P
E[<1+Supvw€{01 N}’DfJVuH)}
Pln)e| < el ’ NI Te
o] < T+
< (sup
MEN
1+ sup | DY

sup
MEeN v,we{0,1,...,M}

c| 1+ sup
MeN

<P

M,1
1+ sup |Dv7u’j
v,we{0,1,...,M}

» X (93)
L>(1+T G + NiVTe™ o

p
) o NPmin(F gt

Lr

and

IN

P [(QNV]

)+N\F6W

IN

M,1
sup ‘Dv)w
v,we{0,1,...,M}

p
)] N—p~min(% : )+N4\/>€ 3
Lp
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for every N € N and every p € [1,00), where we used

; < C.N*mi“(%ﬂ(sin)
(I+ry) —

for every N € N with ¢ € (0,00) given by ¢ := supyey (]\ﬂmn(i (5*1))/ (1+ TN)> < 0. Moreover, (94)

with p := 4max(4,§ — 1) yields
4max(4,6—1)
)] + N\/TeiT\/Tﬁ
[Amax(4,6—1)
v,we{0,1,...,M}

c| 1+ sup
MEN
4max(4,6—1)
ﬂ (9%)
L4 max(4,6—1)
\/T sup xse*%
z€[0,00)

c (1 + sup
MEeN
for every N € N. The right-hand side is finite by Lemma 4.3. This proves

IP’{(QN)“} <N* sup | DY

v,we{0,1,...,M}

<N?

sup | D%bl

+N?

¢:= sup <N4 .P[(QN)CD € [0, 00). (96)
NEN
Next we show that the event Q has probability 1. We have
co  M? oo M? ¢ oo M?
Pl ew|=t-P|| ) o] |=1-P| J U @w° (97)
M=N m=1 M=N m=1 M=N m=1
and hence
P ﬂ ﬂQm >1—ZZ { ]1—2<M2.p[(QM)CD>1—<ZeM2>
M=N m=1 M=N m=1 M=N M=N

for every N € N due to (96). This implies
oo  M? foe) 1 s=00 z
P Qr Zlé(/ ds)—lé[} =1———
MDN le " N-15° 5]s=N-1 (N —1)
for every N € {2,3,...}, which shows
co  M? co  M?
U N Naow = Jlim P N (ol =1 (98)
NEN M=N m=1 | M=Nm=1
Moreover, we have

N? m
. ‘Zm:l (ﬂﬂm FOYR™) = E [Lay fF(YY)]
e N(+e)

N? m
o |0 (Tag - PO — E [10, s 00]) |

<E Z N(+e)p
N=1

o | SN2 (Log - FOR™) ~E 1oy s )|
5 I 08 w0

o (% (S0 10y F0R) - B (10, S )
N (1+e)p

N|=

y

IN

2
I
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due to Lemma 4.1 and therefore

£ s 1007 )

B e N(+e)
(Kp- N - [|Lay FOVE) = E [Lay FOON]],,)
< Z 1 %(Hg)p Q WL
2 (99)
> P |Lon FOR) — E[Lay SRS
1\/21( Q NNEP Q N L

P (Z N—8P> (sup E [‘lﬂNf(Ylffv) —E [Loy f(YR)] |PD
N=1

NeN

for every p € [2,00) and every € € (0,00). Hence, we obtain

o[ [ |2 (o 70— 10 O]

) <§N> (s 110, 5020])
(ZN sp) (bupE[]lQNLP (1+\Y | ) D
(ZN ) (s [t (121

and

’ETNn; (]197; . f(Yzjvv’m) -E [ﬂﬂNf(YzfrV)])‘
E sup N

(ALK,) (Z N- EP) <1+ sup E [ 1o, |YA§VIP6D < 0

NeN

for every p € (1,00) and every € € (0,1) due to Corollary 4.4. This implies

plfwen

for every ¢ € (0, 00) (see also Lemma 2.1 in Kloeden & Neuenkirch [10]). Putting together (98) and (100)
shows P[] = 1. This completes the proof of Lemma 4.5. O

o [Z05 (10 ) 10370 B Lo 09| _ of| =1 )

NeN N(+e)

4.7 Proof of Lemma 4.6

It is somewhat inconvenient to compare the exact solution, which is a continuous time process, with the
Euler approximations, which are time-discrete stochastic processes. Therefore, we consider the following
interpolation process of the Euler approximation. Let YV : [0,7] x @ = R, N € N, be given by

YV (W) = YN (@) + (¢ = 17) - n(VY (@) + o (V) (@) - (Wa(w) = Wiy (@) (101)
for every t € [tN,tN 1], n € {0,1,...,N — 1}, w € Q and every N € N. Note that YN (w) = Y,V (w)

for every w € Q, n € {0,1,...,N} and every N € N. Before we prove Lemma 4.6, we show that the
restricted moments of the interpolation processes are uniformly bounded.
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Lemma 4.10. Let YN: [0,7] x Q = R for N € N be given by (101). Then we have

sup sup E []lg ’f’tNﬂ < 0 (102)

tN
NENO0<t<T Nl

for every p € [1,00).

Proof of Lemma 4.10. Inserting the definition (101) of the interpolation process and the polynomial
growth of p and o shows

J1on. 5], <

Lo, (1+[V7]) <1 + LT+ L|W, - WtM)

Lp p

for every t € [t ). ,], n € {0,1,..., N — 1} and every N € N. Now we apply Hélder’s inequality, the
triangle inequality and Lemma 4.7 to arrive at

all

§

(o 2
1

< (1 + (E [0y, [¥Y]) ) (14 LT+ 12pVT)

for every t € [t t5 1], n € {0,1,..., N —1} and every N € N. The right-hand side of (103) is uniformly
bounded in n € {0,1,..., N} and N € N according to Corollary 4.4. This completes the proof. O

Jra. [57].. ) (L IT LW = Wi )

(103)

Proof of Lemma 4.6. Let X5%: [s,T] x @ — R, s € [0,T], z € R, be a family of adapted stochastic
processes with continuous sample paths given by

t t
Xt —at [ p( s [o (X dw, Pas (104

for every t € [s,T], s € [0,T] and every z € R. Moreover, assume that the mapping X;"(-): R x 2 - R
with (z,w) — X" (w) for all z € R, w € Q is (B(R) ® F;)/(B(R))-measurable for every s, ¢ € [0,T] with
s < t and assume that the mapping X;" (w): R — R with z — X;"*(w) for all € R is continuous for
every s,t € [0,T] with s < ¢ and every w € Q. We will show in (128) below that the difference between

N N
Xtt:j/" and Y, is of order O(5) in a suitable weak sense for every n € {0,1,..., N — 1}. Summing
over n € {0,1,..., N — 1} for each N € N will then prove the assertion.

First we need several preparations. According to Theorem 2.6.4 in [3], there are real numbers &, €
[0,00), p € {2,4,6,...}, such that

E[IX777] < kp (14 |2 ) (105)

holds for every s,t¢ € [0,T] with s <t and every p € {2,4,6,...}, € R. This implies

N yN D Ny N P
sup E{]lgNn XY }: sup E |Lay E ‘Xt"’ | Fow
N <t<T ' LN <t<T ' "
<kp- IE{HQN)TL (1 T |YnN|”)} (106)

< rp (14+E 10y, [v[])
for every p € {2,4,6,...}, n € {0,1,...,N} and every N € N. Corollary 4.4 hence implies

tN oy N

nin
Xt

P
sup sup sup E |:]19N,n } < o0 (107)

NeNne{0,1,...,N} tN <t<T

for every p € [1,00).

Now define w : [0,T] xR — R by u(t,z) = E[f(X;x)] for every ¢ € [0,T] and every x € R. Moreover,
let the n-th partial derivative of u with respect to the second argument be the function u,: [0,T] xR — R
defined through

un(t,7) = ( ; u) (t,2) (108)
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for every n € {0,1,...,4},t € [0,T] and every z € R. Additionally, we use the functions u, @: [0,T] xR —
R given by

1
(t,2) = w1, 2) - w(@) + sua(t,2) - (0(2))” (109)
and p L/ o2
= = 7~ . —_ 7~ . 2
i) = (551 (o) ulo) + 5 (5227) () o) (110
for every t € [0,T] and every x € R. Moreover, let R € [54,00) be a real number which satisfies
fu(t, @) < R (1+]2") fur (1) < R (1+ J2|"),
fus(t,2)] < R (1+1]21") fus (t,2) < R (1+121")
fua(t, ) < R (1+121") jat o)l < R (1+2]"), (111)
I~ R J . R
|u(t,z)|§R(1+|x\ ), ‘(axu> (t,x) §R(1+|x| )

for every t € [0,T] and every x € R (see also Corollary 2.8.1 and Theorem 2.8.1 in [3]). The existence of
such a real number can be shown by exploiting (17), (18) and (19). In our estimates, we will need the
real number C € [0, 00) defined by
)
tN oy N

Loy, (2 + ‘th ;

C:=sup (N*-P[(Qn)‘]) + sup sup YN
NeN NENO0<u<T

IQN,L%J <2+

L6

+ L+ R+T+ sup sup sup < oo. (112)
NENne{0,1,.., N} tN <t<T

)

Indeed, C € [0, 00) is finite due to Lemma 4.5, Lemma 4.10 and due to (107). Moreover, since

L4

t t

u(YnN)ds+/ o(YNydw,  P-as. (113)
&

N
t’!L

holds for every ¢ € [t t],,], n € {0,1,...,N — 1} and every N € N, Ito’s formula yields
u(tr]erlv YnJYH) = u<tr]>,+1v Y;,g’:l)

= (i) +

tN

e -
u1 (tnN+1a YSN) p(Y,Y) ds

o ] (114)
+ / un (N0 V) o (V) aw,
t

N
n

N

1 tn+1 -

+ 3 / U (tT]YH, YSN) (O'(YnN>)2 ds P-a.s.
2
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for every n € {0,1,...,N — 1} and every N € N. Again It&’s formula yields

T
( n+1aYn]\-]-1) = u( n+1aYN) N ( n+1»YN)

( a1 YN % drds

K
I

) (u
( N) o (Y M) u(YN) dW, ds
) YN)drds (115)

+/

fe ol
+/N wn (N0 V) o (V) aw,

tTL

EEY. N N Ny 3
+7/ / u3<tn+1,YT )(U(Yn ))? dW, ds

2 e ey

1t N N N4
+ - U4(tn+1,YT )(O'(Yn ) drds P-a.s.
oy ey

for every n € {0,1,..., N — 1} and every N € N.

Now we estimate all non-stochastic integrals on the right-hand side of (115) restricted to the events
QN1 for n € {0,1,...,N —1} and N € N. For the first integral on the right hand side of (115), we
obtain

tﬁﬁrl s B
HQN n41 / / (0 (t,]erp YTN) (/L(YnN))Z drds
C e Sy

tﬁg_l S

th Jtl

tNV s

s 2 N N N |26
[ (02) ()

and, using the polynomial growth estimate (111) of ug,

t71:1+1 s 5 9
]lQN,7L+1 /tN /tN U2 (ti\q_hYTN) (/.L(YnN)) dT dS

Ll

us (10, V) (V)7 dr s (116)

1

tgﬁ»l s - R
S/ / 2L2R‘ Loy <1+ g ) (1+ yYnN\%) dr ds (117)
tN SN Lt
th s . IR R
g/ / 2L2R‘]lQNm+l <1+ g )(2+]YHN\ )| dras
o Juy L

and, applying Holder’s inequality and the definition (112) of C € [0, c0),

tN+1 S

n -~ 2

]lQN,nH/ / u2(t,1;’+17YTN) (M(YHN)) dr ds
N JeN

t&rl s - R
§2LQR/ / Loy, <2+ s >
NSy ' L
5 R 2 1 T 2
< 2L?R ( sup ||l ) ( N ) ) 3 (N) (118)
, L2

0<u<T
< L’RT?C?’N2<(C"N?
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for every n € {0,1,...,N — 1} and every N € N. In addition, we have

t71:7+1 s 5
]lQNm/_'_l / / us (trJY+1,YrN) (U(YnN))Qu(YnN) dr ds
ty Jtl

N
toy1 S
<
AT

tuva [ ~ 2 §
g/ / 217 ||V, patis (2, ) (1 (02 P) (14 18| s
tNJiN Lt

L1

]lQN,nJrlu?) (t’r];[+1’ YTN) (U(Yriv)f N(YnN)HLl drds

and
ti:ﬂrl S B 9
]lQN.nH/ / us3 (tg+1,1/TN) (O'(YnN)) w(YN) drds
oy o
tnN+1 s - R 2 5
g/ / 2L3R‘ Loy oo <1+ vy > (14 ) (14 | )H dr ds
tN SN ' 1%
e 8 on | B N|R N|R
g/ / 2L3R’]19Nn+1 <1+ v )(2+]Yn | )(2+\Yn | ) dr ds
NSy ' Ia
and
e o N  §N N2, (N
Tog,... us (N0, V) (0 (V) 0V dr ds
tﬁ] tﬁ] Lt
ti,\,,+1 s - R R\ 2
g/ / 2L3R‘ Loy (2+ YN ) (2+\Y,f\’] ) dr ds
tN N ' It

< 2R ( sup f’uN

0<u<T

HQN,L%J <2+

< LPRT?2C3N 2 < (C'N~2

)35 )

for every n € {0,1,...,N — 1} and every N € N. Next we use the estimates |o(z)| < L(1 + |z|) and
(1 + |z))* < 8(1 + %) for every z € R to obtain

1 [t s - 4
Lon / / Uy (tfy_H, YTN) (a()ﬁfv)) drds
4y Sy

1 tg+1 S
4 Jin Jew

tg—*—l s -
< [0 2 o (20,5 (1 ], s
Sy Lt

1

Loy e (ti:crhf/rN) (U(Y”N))4HL1 drds (120)

and

1 tg+1 S -
]].QN,nJrlZ/ /t U4 (tnN+17Y;~N) (U(YnN))4dT ds

N N
tn n

tﬁ]+1 s
<2L*R / /
N Jey
tN
<2I*R / +/
N Jen

s

R) (1 + {YnN|4)
) (2 v ")

Y/TN

]1QN,n+1 <1 +

dr ds (121)
Ll

Tan i (1 + Yer

dr ds
Ll
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and

1 [tasps .
]]-QN n+14/ ,/tN Uy (t,,1Y+17YN) (O'(YnN))4dT‘dS

<wn [, blh
§2L4R< sup R) ;) ( >2 (122)

0<u<T
for every n € {0,1,...,N — 1} and every N € N. Combining (115), (118), (119) and (122) hence yields

L1

HQN ;41 <2+ ]lQNn+1 <2+|YN| )HL2 dr ds

1
Oy, uf )

< L*RT?C?’N2 < (N2

T
‘]E[]]‘QN.JH»I ( n+1aYnA—[i-1)] _E|:]]‘QN,7L+1 { (tn+17YN) + N (tn+1’YN)}] ‘

<3C°N?+|E RQMH/ / us n+1,YN) o(Y,Y) (YnN)dWTds]

n+1
+ E HQN,71+1 /N ( n+17YN) (YnN) dWs‘|
t"l

[ 1 [t s - 3
+ |E ]lQNmﬂﬁ/N /N U3 (tﬁq_hyTN) (a(YnN)) dw, ds]
t'n, tﬂ,

for every n € {0,1,..., N — 1} and every N € N. Due to Qn n11 C Qn,, we have

]lQN,n+1 = ]l(QN,7L+1l’WQN,n) = ]]‘QN.n+1 ’ ]]‘QN,n (123)

and therefore

T
E[HQN,nHU(tnNJrI’ Yn]\il)] —E |:]]‘QN,7L+1{ (tn+17 YN) + N (thrl’ YN) }] ’

<3C°N"? +|E 10 +/ / Loy, uz (N0 V) (V) (Y,fv)dWTds]

n+1
+ |E ]1(21\7,714-1 /N ]191\7,71 <n+1aY;N> (YnN) dWS‘|
tTL

r N
1 oy 8 - 3
—+ E ]]'QNJHrli/N /N ]]-QN,nUS (tg+1,KN) (O(YnN)) dWT dS]
t"r tﬂ,

and, using that the expectation of every involved stochastic integral is equal to zero,

T
‘E[nwmu(tgﬂ,ynﬁl)] -ty fuln 1) + v} ’

9 Ar—2 toi
<3C°N +/ ds

2

E [I(SZN,H+1)C /N Loy, uz (tnNJrh }N/TN) U(YnN) M(YnN) dWT]
t

n

+ |E

tf+1 N
]l(QN,n+1)C /tN ]IQN,n,ul (tfmv+17 YsN) U(YnN) dW@]

n

ds

]]'(QN,nJrl)C /N ]]‘QN,n ( n+1?YN) ( ( nN>)3 dWr]

n
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for every n € {0,1,...,N — 1} and every N € N. This implies

T _
Bt V2]~ B [, fulefn ) + g (507 |
Lo,
<3C°N~2+ (IP’[(QNmH)C]) /
2
1
¢ 2
+ <P[(QN,n+1) ])
1 . 3 t7111+1
Aefonr])
y

and, using (Qn n+1)° C (Qn)° and the It6 isometry,

ds

[ v (0 Y ) o) (v i,
t

N
n

L2

Tt ~
/ ]IQN,nul (tflv—i-h YGN) O—(YnN) dW@
t

N
n

L2

ds
L2

s - 3
/ Ty, us (tfjﬂ, YTN) (c(¥ X)) dw,
t

N
n

T
ot V)] - Bty {0 V) + i (020,72
% t7]:,]+1 s - 2
<seon+ (planr|) [ ( [ o s (850 75) o) | dr) s
tN N ' L2
% tﬁ]+1 2
4 <]P’{(QN)CD / ds
N L2
1 c ot ’ N N N 3|12
—|—§ P| (Qn) /tN /tly ‘]].QNYnUg(tn_,’_l,Y; )(O’(Yn ) )L2 dr | ds

n

N|=

[

]1521\;,7,“1 (tﬁ;la Y/;N) U(YnN)’

N

for every n € {0,1,..., N — 1} and every N € N. Hence, (112) shows

T .
‘E[HSZN,n+1u(t£‘LV+1’ Yn]\—[&-l)] -E []IQN,W,+1 {u(tﬁf+lv YnN) + ﬁu (tfy—o—lv YnN) }] ‘

<3C°N 24+ (CN~2

1

tg+1 s _ R s 2 2
/ (/ Loy, R <1+ vy )L(1+|Y,{V|)L(1+|YnNy ) dr) ds
N ey L
o i = n|F N ? :
+CN / loy. R <1+ Y, >L(1+ VYD ds
N L2

2 3
dr | ds
L2

i ]|

1
2 2
dr) ds
L2

1 tﬁﬁrl s
+ -CN~? / /
2 N ¢y

‘E[HQM”HU(%NH,Y”%)] _ E[RQN%H{U@VH,YRN) +

< 3C°N2

RL2CN 2 el
wrion= [ [

Loy, R (1 + ‘Y/TN‘R) AL (1 n yYnN\?’)

and

=1

?N

BICTE)

lQN,n (2 +

tﬁ]-f—l _ IR R 2 3
+ RLON™? ( / P (2 + vy ) (2+ hed ) ds)
tnN L2
L s R R 2 3
+2RL3CN 2 / / Ty, <2+ v )(2+ had ) dr| ds
N N 2
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for every n € {0,1,...,N — 1} and every N € N. Therefore, we have

T
BlLan (e V2]~ B 10 (e 1)+ o (v )
tﬁ:ﬁrl s R 2 %
<3C°N~?4 RLZC’N_Q/ (/ ( sup ) ) dr) ds
tN tV 0<u<T L6
W 2 2
+ RLCN™? (/ ( sup ) ds)
tN 0<u<T 14
1
3 _2 o s R\ |2 2
+2RL°CN sup dr | ds
tN tN \0<u<T L4

tTLN 1 t']rLV+l
<3C°N~2 4+ RL>*CN~? / " VTCds + RLON~>VTC + 2RL3CN 2 / VTC ds
N tN

)

]].QN’L%J (2+ f

ILQN,L%J <2+ “

for every n € {0,1,..., N — 1} and every N € N. This finally shows that

T .
EI::IlQN,n+1u(t’]rLV+1’ Yn]YH)] - E |:]1QN,7L+1 { ( n+1» YN) NU’ (t71¥+17 YnN) }] ‘
<3C°N~2 4 RL*C*VTTN~? + RLC*VTN~2 + 2RIL*C*VTTN 2 (124)
<3C'N24+C'N24+C°N24+208N"2<7C°N~?

for every n € {0,1,..., N — 1} and every N € N.

NyN

Next we aim at a similar estimate as (124) with Y, ; replaced by X v forn e {0,1,...,N -1}

and N € N. Itd’s formula implies

oY
( n+1aXt17\L7 ' )

N
n+1 N N N N
N N t7L 7Y7L t’”. 7Y”L
= ( n+17Yn ) / U1 (tn-‘rlaxs ) N(Xs ) ds
t

N
n

thia v Ny N (125)
+/ 1 (MhX"’ " )J(XS"’ " )dWs
ty
1 tg+1 N N 2
g [ (0 x) (o (x0T s s
2 £y
for every n € {0,1,..., N — 1} and every N € N. This shows
N N thia Ny N
(n+1aXt17\Lf7n):U( n+1;Y ) /N <n+1;X1L7 ")ds
tTL
ti N Ny N N N
+/ w (th,Xs"’ " )U(X " )dWS P-a.s.
ty
and
wYY
( n+1?Xt17\Lf )
—u(tN, YV + YN + / / Y dr ds
- n+1> n+17 n+17
(126)
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for every n € {0,1,...,N — 1} and every N € N by It6’s formula. Hence, we obtain
vy T
B[t (e X)) B o ful ) + G ¥ |
tg+1 S
< / / E |:]]‘QN ntl
ty ty ‘
o ' N N YN Ny N
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N ’ N
tg—%—l N Ny N N yN
]]‘QN,n+1 / U1 (tnﬂ—l?XSn) " ) O'(‘XSTL7 " ) dW
ty
for every n € {0,1,...,N — 1} and every N € N. By (123) we obtain
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for every n € {0,1,...,N — 1} and every N € N. Therefore, we have
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for every n € {0,1,..., N — 1} and every N € N. Hence, we finally obtain
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and hence

N N T _
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for every n € {0,1,..., N — 1} and every N € N. Combining (124) and (127) yields
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for every n € {0,1,...,N — 1} and every N € N. Our interpretation of (128) is that the difference
between the Euler approximation and the exact solution after a time of order O(%) is in a weak sense
of order O(ﬁ) Now we split up the interval [0,7] into N € N subintervals and sum up all differences
which arise in the subintervals. Rewriting the weak difference between the exact solution and the Euler
approximation by a telescope sum yields
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for every N € N. Therefore, we obtain
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and, using the Markov property and inequality (128),
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for every N € N. Finally, using Qn n11 € Qnp forall n € {0,1,...,N — 1}, N € Nand [z]° < 1 + |z|®
for all x € R, we arrive at
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for every N € N due to (112). This proves the assertion of Lemma 4.6. O
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