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Abstract

We give a detailed survey on abstract differential calculi on associative
algebras and its application for construction of a formalism of differential
forms on finite directed graphs
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1 Introduction

This paper deals with the notion of a differential calculus on an abstract associative
unital algebra A over a commutative unital ring K. The classical differential calculus
of first order is defined by the algebra A = C*° (R) of smooth functions over R and
the operation of ordinary differentiation. An example of a differential calculus of
higher order is provided by the graded algebra of differential forms on a smooth
manifold with the operation of exterior differentiation. A distinctive feature of
differentiation in the both cases is the product rule that becomes a defining property
for an abstract differential calculus.

In fact, our interest to this notion is motivated by a modest desire to develop
a calculus of differential forms on finite graphs (rather, directed graphs). A direct
construction of such calculus was given in [6], where it was used to develop a homol-
ogy theory on finite graphs. In this paper we stay on more algebraic point of view of
[1], [2], which makes some constructions more functorial and gives an opportunity
to use more effectively methods of homological algebra [10].

This approach to homologies on digraph is not new and was used by A.Dimakis
and F.Miiller-Hoissen in a series of publications, in particular, in [4] and [5]. How-
ever, a detailed account of the necessary algebraic background for this approach
seems to be missing in the literature.

In Section 2 of this paper we give a detailed survey of classical results on abstract
differential calculi on associative algebras in the form that is adapted to further
application to graphs. We give a systematical description of the subject and provide
several technical theorems which are based on the classical algebraic results (see [1],
[8], and [10]) which will be helpful in the next sections. Starting with a standard
construction of a first order calculus from [1], we give two methods for construction
of higher order universal differential calculi and prove their equivalence. We also
show that all possible differential calculi on a given algebra A can be obtained by
taking a quotient of the universal differential calculus over a graded ideal.

In Section 3, we define the differential calculus on the algebra of functions on a
finite set and describe its basic properties.

In Section 4, we define the calculus on simple finite digraphs. We use the alge-
braic machinery developed in previous sections and prove that we have a functor
from the category of digraphs with inclusion maps to the category of differential
calculi with morphisms of the calculi. We describe some homology properties of
these calculi and prove among others the following cohomology realization theorem:

for any finite collection of nonnegative integers ko, k1, ...k, with kg > 1,
there exists a finite digraph G such that the cohomology groups of its
differential calculus satisfies the conditions

dim H'(Qg) = k; for all 0 <i <n.



In Section 5 we consider a category of monotonic graphs and transfer to this case
the results of previous section. We describe a sufficiently wide class of graphs for
which the differential calculus admits geometrical realization in terms of simplicial
complexes.

2 Differential calculus on algebras

In this section we provide a self-contained introduction to differential calculus on
associative algebras. Most of the topics of this section can be found in a number of
textbooks, such as [1], [10]. We present this material in the form that is convenient
for further applications.

2.1 Associative unital algebras

Let K be a commutative unital ring and A be an associative unital algebra over K.
The latter means that A is a unital ring with operations addition a,b — a + b and
multiplication a, b — ab, where a,b € A, and at the same time A is a left module over
K with the same operation addition and with multiplication by a scalar k,a — ka,
for k € K and a € A; the two multiplications are compatible in the following sense:

(klal) (k?gag) = (k?lkg) (a1a2> (21)

for all ki,ks € K and aq,a2 € A. The unity of K will be denoted by 1k and the
unity of A — by 14.

For example, if X is any set and A is the set of all K-valued functions on X, then
A has a natural structure of an associative unital algebra over K, where addition
and multiplication on functions are defined pointwise.

Our purpose is to construct the notion of exterior derivation on A. We will
define a graded algebra Q4 = @, with Q% = A and operators d : Q) — Q&H
that possess natural properties of differentiation. For example, if A is the algebra of
smooth real-valued functions on a smooth manifold, then % amounts to the space
of differential forms of order p, and d is the exterior derivative.

The core of this program — construction of !, is taken from [1]. Construction
of 2 for all p was sketched in [2], [3], [9] as well as in [4], [5], but without details
that we add here.

This construction is based on the notion of a tensor product of bimodules that
is described below.

2.2 Tensor product of bimodules

Let R be aring. We say that A is a R-bimodule if A is both left and right R-module,
and the left and right multiplication by the elements of R are related by the identity

(sa)r = s (ar) (2.2)

foralla € Aand r,s € R.



Let A and B be R-bimodules, and let us define the notion of their tensor product
A®pg B.

Definition 2.1 Denote by F' a free abelian group generated by the ordered pairs
a® b with a € A and b € B. The tensor product A ®g B is defined as the quotient
group

A®rB=F/G,

where G is the subgroup of F' generated by the elements of the form

(a1+a2)®b—(a1®b+a2®b)
a®(bl+b2)—(a®bl+a®b2) (23)
(ar) @ b—a® (rb)

for all a,a, s € A, b, bl,bg S B, r e R.

The elements of A ®g B are also the finite sums of the terms a ® b, but subject
to the following relations

(a1+a2)®b:a1®b—l—ag®b
a®(bl+b2):&®bl+a®62 (24)
(ar)®@b=a® (rb),
for all a,a, s € A, b, bl,bg S B, r € R.
It follows from the third identity in (2.4) that

a®0=a®00=a0®0=0®0
and similarly 0 ® b = 0 ® 0. Consequently, we have
a®b+0®0=a®@b+a®0=a®(b+0)=a®b

so that 0 ® 0 is a neutral element of the abelian group A ®g B.
Define in F' the left and right multiplication by the elements of R as follows. Set
first
r(a®b):=(ra)®b and (a®b)r=a® (br) (2.5)

forall r € R,a € A,b € B, and then extend this operation to all the elements of F
by additivity. It is easy to verify that rG C G and Gr C G. Hence, multiplications
(2.5) are well-defined on A ®p B, and thus making A ® B into R-bimodule.

It is clear from (2.4), (2.5) that the mapping

(a,b) — a®prb, a€ Abe B,

defines a R-bilinear mapping from A x B to A ®gr B.
We shall call an R-bimodule A by an R-module, if the left and right R-module
structures of A are identical, that is,

ra = ar (2.6)



for all a € A and r € R. If A, B are R-modules then also A ®g B is a R-module
since by (2.4), (2.5), (2.6)

r(a®b)=(ra)@b=(ar)@b=a® (rb) =a® (br) = (a@b)r

foralla e A,be B, r € R.

Let S be another ring, and assume that A is both R- and S-bimodule. We say
that the two bimodule structures of A are compatible if for all a € A,r € R and
sesS

(sa)r =s(ar) and (ra)s=r(as).

If each A, B is R- and S-bimodules with compatible structures then A ®r B can be
regarded also as a S-bimodule, where S-bimodule structure on A ®g B is defined
by the identities (2.5) for all » € S,a € A,b € B. It follows from (2.5) that the
structures of R- and S-bimodules of A ®r B are compatible.

Let each A, B,C be R- and S-bimodules and compatible structures. Then the
following associative law for tensor products is satisfied:

(A®r B)®s C = A®g (B®sC).

Indeed, the elements of the both sides are the finite sums of the terms a ® b ® ¢ with
a € A,b € B,c € C subject to the following generating relations generalizing (2.4):
the distributive laws with respect to a, b, c and the identity

arbs@c=a1rb® sc (2.7)

forallr € R,se S,ae A,be B,ce C.

By induction one defines the tensor product of any finite number Ay, ..., A, of
bimodules. Let Ry, ..., R,—1 be rings, and assume that each A; is an R;-bimodule
for all ¢ = 1,...,n and j = 1,...,n — 1, and that all R;-bimodule structures are
compatible. Then Ay ®g, Ao®g,...®r, , A, is again a R;-bimodule for each R;, and
all R;-bimodule structures are compatible. The elements of A1 ®p, Ao®g,...Qr, , An
are finite sums of the expressions a; ® as ®...®a, with a; € A; subject to the obvious
generating relations generalizing (2.4) and (2.7).

2.3 A first order differential calculus

From now on K is a commutative unital ring and A is an associative unital algebra
over K.

Definition 2.2 A first order differential calculus on the algebra A is a pair (', d)
where I' is an A-bimodule, and d: A — I is a K-linear map such that

(1) d(ab) = (da) - b+ a - (db) for all a,b € A (where - denotes multiplication
between the elements of A and I').



(7¢) The minimal left A-module containing d.A, coincides with I', that is, any
element v € I' can be written in the form

with a;, b; € A, where i run over any finite set of indexes.

By [1, III, §10.2], a mapping d satisfying (i) is called a derivation of A into T.
The condition () implies

dlg=d(1ala) = (dla)1a+14(dla) =2d14
and hence d14 = 0. The K-linearity implies then that d(k14) = 0 for any k € K.

Example 2.3 Set A = C™(R) for some m > 1, I' = C™ ' (R), and let - be
a usual multiplication of functions from A and I'. Then the ordinary derivative
df = f' defines a first order differential calculus on A. Indeed, the condition ()
is the classical product rule, while (ii) follows from the following observation: any
function v € C™! (R) can be represented in the form f - dg with C™-functions

f=1land g = [~ (z)dx.

Example 2.4 Let A =T = C(R) and define the product - between f € A and
~v € I as follows:

(- @)= f(@)y(@) and (y-f) (@) =7(z)f(z+1) (2.9)

where [ € R is a fixed non-zero number. It is easy to see that I' is indeed a .A-
bimodule, but its left- and right A-modules are different. The operator

df () := f(x+1) = [ (2)

is a derivation of A into I" because

d(fg)(z) = fle+)g(@+1)—f(z)g(z)
(fa+l)=f@)g@+)+f(@)(g@+1)-g(x))
df (x) g (x +1) + f () dg (z)

(df g+ f-dg)(z).

Moreover, the operator d satisfies also the condition (ii) as any function v € C' (R)

can be represented in the form f-dg with C-functions f = and g (z) = % Hence,

(I, d) is a first order differential calculus on \A.

Let us describe a construction of the first order differential calculus for a general
algebra A. It follows from (2.1) that the mapping

e:K— A, e(k)=klu (2.10)



is an injective homomorphism of algebras K and A, so that K can be identified
as a subalgebra of A. Taking ay = 14 and k; = 1k in (2.1) we obtain ka = ak,
that is, the elements from K commute with elements from A. In particular, A can
be regarded as a K-module. Then the tensor product A ®x A is also defined as a
K-module.

Note that A has a natural structure of A-bimodule using the algebra multipli-
cation in A, and the A- and K-bimodule structures of A are obviously compatible.
Therefore, AQk A has also a compatible structure of an A-bimodule. We will denote
by - the product of the elements of A by those of A ®k A, so that

c-(a®b)=(ca)®b and (a®Db)-c=a® (bc) (2.11)
for all a,b,c € A.

Notation 2.5 In what follows we will always denote Rk simply by ®. Later on we
will consider also tensor product over A where the full notation ® 4 will be used.

Define the following operator
d: A—- AR A, da:=1,Q0a—a® 1y, (2.12)

and observe that it satisfies the product rule. Indeed, it follows from (2.11) and
(2.13) that

da-b = (1y®a—a®1ly)-b=14® (ab) —a®b

a-db = a-(14b—-0R014)=a®b— (ab) ® 14
whence

da-b+a-db=14® (ab) — (ab) @ 14 = d(ab).

Hence, d is a derivation from A into A ® A. Now we reduce the A-bimodule A ® A
to obtain a first order differential calculus.

Definition 2.6 Define QY as the minimal left A-submodule of A ® A containing
dA. In other words, QY consists of all finite sums of the elements of A ® A of the
form a - db with a,b € A (cf. (2.8))

In particular, we have dA C QY so that d can be regarded as a mapping from A
to Q4.

Proposition 2.7 Q! is a A-bimodule and, hence, (4, d) is a first order differential
calculus on A.

Proof. Let u € QY and ¢ € A. We need to prove that ¢-u and u - ¢ belong to
QY. By definition of QY, it suffices to verify this for u = a - db where a,b € A. Then

c-u=(ca)-dbe QY



and
u-c=(a-db)-c=a-(db-c)=a-(d(bc)—b-dc)=a-d(bc) — (ab) - dc € Q.

Hence, Q1 satisfies all the requirements of Definition 2.2. m
Let us give an alternative equivalent description of Q. Define a K-linear map

p:A®RA— A N<Zai®bi>22aibi (2.13)

where ¢ run over a finite index set. By (2.11) the map g is a homomorphism of
A-bimodules. It follows from (2.11), (2.12) and (2.13) that, for all a,b € A,

p(a-db) =p(a®b) —p(ab® 1y) =ab—ab=0,
so that a - db € ker u and, hence, QY C ker pi. In fact, the following is true.

Theorem 2.8 [1, III, §10.10]

(i) We have the identity QY = ker u, where p is defined by (2.13).

(1i) For every differential calculus of first order (I',d") over the algebra A there
exists exactly one epimorphism p of A-bimodules

p: 9}4 — T
such that the following diagram is commutative

d

A — Ol
1id b (2.14)
A L7

that is, d = pod.

Definition 2.9 The pair (Y, d) is called the universal first order differential cal-
culus on A.

Example 2.10 As in Example 2.3, consider the R-algebras A = C™ (R) and ' =
C™ 1 (R) and the usual derivative of functions f from A that will be denoted by
d'f. Let us describe explicitly the epimorphism p : QY — T' from Theorem 2.8(ii).
Define a mapping p: A® A — I" by

p(f@g)=5(fd~1f9)

1
2
and extend it additively to all elements of A ® A. Let us show that p|Qi‘ is a
A-bimodule homomorphism. By Theorem 2.8(i) any element w of Q) has the form

w=3(fog) (215)

)



where f;, g; € A and

Zfigi = 0.

Therefore, for any a € A we have

pla-w) = p (Z (af; @ gz)) = %Z (afigi — (af) gi)

(2

(2

7

= %Z (afigi — afigi) — %Za/figi = ap (w)

and similarly p (w - a) = p(w)a.
Observe that f ® g — g ® f € Q) and

(fd ~ ')~ 5 af 4N =(fg) . (216)

DN | —

p(fRg—g®f)=

Since (fg)' can be any function from T, we see that p : Q4 — T is an epimorphism.
Finally, for any f € A we have by (2.16)

(pod) f=p(l@f-fal)=/f
so that p o d is the ordinary first order derivative on A.

Example 2.11 Generalizing the previous example, let M be a smooth manifold,
A be the R-algebra of "™ functions on M, and I' be linear space of all first order
differential forms on M. Clearly, I" is also a A-module. Denote by D the exterior
derivative acting from A to I, so that (I', D) is a first order differential calculus on
A. Then the mapping p : QY4 — T that satisfies (2.14), is given by

p(f®9)=3 (7D~ (Df)g),

which is proved in the same way as in Example 2.10.

Example 2.12 As in Example 2.4, consider R-algebras A = I' = C'(R) and the
operator d : A — T" defined by

df(z)=flz+1)—f(z)

for some non-zero real I. Let us describe explicitly the epimorphism p : QY — T
from Theorem 2.8. Indeed, first define a linear mapping p: A ® A — T by

p(f®g)(x)=f(x)g(z+])

for all f,g € A. Observe that p is a A-bimodule homomorphism as for any a € A

pla-(f@g)=p(af)®@g)=a(x)f(x)g(x+1)=a p(f®g)



and

p((f®g)-a)=p(f®@(g9a) = f(z)g(x+)a(z+1)=p(f®@9)-a

Now we restrict p to QY and show that p (@) = T. Indeed, for the element f -dg €
Q!4 we have

fdg = [-(la®g—g® 1)
= f®g—(fg)®@14

and

p(f-df)=f(@)g(z+1)—f(z)g(x).
Setting ¢ (x) = % we obtain p (f - dg) = f whence the claim follows.
Finally, we have for any f € A

(pod) f=p(l@f—fol)=1()f(x+1)—f(@)1(e+)=d]

whence d' = f o d follows.

2.4 Higher order differential calculus

Let us pass to construction of a higher order differential calculus on A. We start
with the following two definitions.

Definition 2.13 A graded unital algebra A over a commutative unital ring K is an
associative unital K-algebra that can be written as a direct sum

A= P A
p=0,1,...
of K-modules AP with the following conditions: the unity 1, of A belongs to A and

u€eAN, veEAN = uxve AP

where * denotes multiplication in A. If u € AP then p is called the degree of u and
is denoted by deg u.

The operation of multiplication in a graded algebra is called an exterior (or
a graded) multiplication. A homomorphism f: A’ — A” of two graded unital K-
algebras A’ and A” is a homomorphism of K-algebras that preserves degree of ele-
ments.

Definition 2.14 A differential calculus on an associative unital K-algebra A is a
couple (A, d), where A is a graded algebra

A:@AP

p=0,1,...

over K such that A° = A, and d : A — A is a K-linear map, such that

10



(i) dAP C AP+
(i) d® =0

(171) d(uxv) = (du) x v + (=1)Pu * (dv), for all u € AP, v € A, where x is the
exterior multiplication in A;

(iv) the minimal left A-submodule of AP™! containing dA? coincides with APT!
that is, any w € AP™! can be represented as a finite sum of the form

w = Zak * dvy, (2.17)

k

for some a; € A and v, € AP.

The property (ii7) in Definition 2.14 is called the Leibniz rule or the product rule.
A classical example of a differential calculus is the calculus of exterior differential
forms on a smooth manifold with the wedge product and with the exterior derivation.
This calculus is based on the algebra A of smooth functions on the manifold.
The following property of a differential calculus will be frequently used.

Lemma 2.15 Let (A,d) be differential calculus on A. Then for any p > 0 any
element w € APcan be written as a finite sum

w:Zaé*da{*daé*uwda;, (2.18)
J

where af € A for all 0 < i <p and * is the exterior multiplication in A.

Proof. Representation (2.18) for p = 0 is true by A° = A. Let us make an
inductive step from p— 1 to p. By part (iv) of Definition 2.14, it suffices to show the
existence of the representation (2.18) for w = a * dv with a € A and v € AP~!. By
the inductive hypothesis, v admits the representation in the form

_ [ B B
v—g ay * day x day * - - - * daj

J

where all a{ € A. Using the associative law, the Leibniz rule and d? = 0, we obtain

— J J J ... J
dv = E day x day x day * - - - x daj,

J

whence (2.18) follows with a) = a. =

11



2.4.1 First construction

The first method of construction a differential calculus on A uses multiple tensor
products ®xk of A by itself as in the following definition.

Definition 2.16 Given an arbitrary associative unital K-algebra A, define a graded
K-algebra T as follows:
- @

p=0,1,...
where
A, p=0
TP=q ARA®--®A p=>1, (2.19)
p times ®

and the exterior multiplication 7% e T9 — TP is defined by
(@1 ®---®a,)e(by@b®---®bj) =ag®@a1® - @ayby @by ®--- @by, (2.20)
for all a;,b; € A.

It is a trivial exercise to check that the multiplication e is well-defined and that
T is indeed a graded associative unital K-algebra with the unity 17 = 14. The
multiplication e by elements of A = T° endows each K-module T? by a structure of
A-bimodule.

Note, that the original multiplication in the algebra A coincides with the exterior
multiplication 7° ¢ T° — T°, and the multiplication - of the elements of A = T, and
A® A =T defined in (2.11), coincides with exterior multiplication 7° ¢ T+ — T*.

Define a K-linear map d: T? — T?* (p > 0) by a formula

+1
d(ap ® -+ ® a,) = pZ(—l)%@---@ai_l RIURGR - ® ap, (2.21)
i=0
for all a; € A. In particular, for any a € A = Ty we have
dao=140a—a® 1y
that matches the previous definition (2.12). Also, for all a,b € A we have
da®b)=14®ab—a®@1,b+aRb® 14. (2.22)
It is easy to verify that the operator d is well-defined.

Proposition 2.17 For the operator (2.21) we have d*> = 0. In particular, d deter-
mines the following cochain complex

0— 70 4t 4,

T? — ...

of K-modules.

12



Proof. Straightforward computation. m

Remark 2.18 The homomorphism : K — A defined in (2.10) evidently satisfies
the property doe = 0. Hence we can equip the cochain complex T by the augmen-
tation €. We shall denote this cochain complex with the augmentation € by T°.

Proposition 2.19 The map d defined in (2.21) satisfies the following product rule:
dluev)=duev+ (—1)Puedv (2.23)
for allu € T? and v € T1.

Proof. It suffices to prove (2.23) for u = ¢y ® a1 ® --- ® a, € TP and v =
bp @by ®--- @by € TY. We have

d(uov) = d(a()@al®"'®pr0®bl®"'®bq)
= Xp:<_1)ja0®"'®aj1®1A®a/j®"'®apb0®bl®"'®bq
=0
()P g ® - @ ayoy ® apby ® 14 @by ® -+~ @ b,
+1
+qZ(—1)p+iCL0®"'®®ap1®apbo®b1®"'®bi1®1A®bi“'®bq
=2

_}_k\.

On the other hand, we have

duev+ (—1)Puedv

= i(—l)ja(]@---@aj1®1A®aj®---®ap)-(bo®b1®---®bq)
j=0
=1 (@@ @a,@14) e (by @b @ @ by) [term with j = p + 1]
+H(=1)Plag®@ - ®a,) @ (la®@by® - Rb,) [term with i = 0]
+H(=1)Plag®@ - ®a,) (1) (b R14Q@b ® - ®b,)  [term with i = 1]
q+1
H(=1 (@ @a,) @Y (1)@ @b @1a®b; @ @b, .
1=2

Noticing that the terms with 7 = p+ 1 and ¢ = 0 cancel out, we obtain the required
identity. m

Now we reduce the graded algebra T introduced above, to obtain a differential
calculus in the sense of Definition 2.14.

Definition 2.20 Set Q% = A = T°. For all integers p > 0, define inductively Q5
as the minimal left A-submodule of TP*! containing d€2%, that is, Qﬁ“ consists of
all the elements of the form (2.17) for some a;, € A and v;, € Q.

It follows from this definition that each Q% is a K-module and that dQ"; C Q’;"Ll.
Clearly, for p = 1 Definition 2.20 is consistent with previous Definition 2.6.

13



Theorem 2.21 For all p,q > 0

ueQh, veQy = ueve Q. (2.24)
Consequently, the direct sum
Qa= P %
p=0,1,...

with the multiplication e and with differential d is a differential calculus on A.

Applying (2.24) with ¢ = 0, we obtain that 2, is also a right A-module, that is,
0% is an A-bimodule.

Proof. The proof by induction in p. For p = 0 the statement is trivial, as by
definition Q% is a left A-module. Let us make an inductive step from p — 1 to p. It
suffices to prove that uev € Q% for u = a e db where a € A and b € Qi’fl. We
have by the associative law and by the Leibniz rule

uev = (aedb)ev=ae((db)ev)
= aeld(bev)+ (—1)"bedv
aed(bev)+ (=1 (aeb)eduv.
By the inductive hypothesis we have be v € Qf)fq_l whence d (bev) € Q% and
aed(bev) € Q5" Also, we have a @b € Q% " and dv € Q4" whence by the
inductive hypothesis (a o b) e dv € Q5. Tt follows that u e v € Q7.

Finally, (Q 4, d) satisfies all the conditions of Definition 2.14 by Propositions 2.17,
2.19, Definition 2.20 and by (2.24). Hence, (24, d) is a differential calculus on A. m

2.4.2 Second construction

Now let us describe a different construction of the differential calculus on A that is
based on the first order differential calculus 9}4 from Definition 2.6. Define for each
p > 0 a A-bimodule € by

Q&:A, 5229}4®AQ}4®A...®AQ}4 for p > 1. (2.25)

~
p—1 times ® 4

In particular, SNZ}‘\ = Q4. Clearly, each (NZZ is also a K-module. Define the following
multiplication * between the elements v € 2, and v € Q%:

Ju-w, ifp=0orq=0

where - denotes the multiplication in 5254 by the elements of A that comes from the
A-bimodule structure of Q4. Clearly, multiplication x is associative, has a unity 14,
and makes the direct sum B B

Q= P o

p=0,1,...

into a graded K-algebra. It turns out that the graded algebras Q A and Q4 (cf.
Definition 2.20) are isomorphic as is stated below.
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Theorem 2.22 (i) There exists an unique isomorphism
FrQu— (2.27)
of graded K-algebras given by A-bimodule isomorphisms
Jo: QU — Q% p20,

where fo: A — A and f1: QY — 52}4 are identical maps.
(it) Define an operator d : Qf — Q&H to make the following diagram commuta-
tive:

B Ly
lfp lprrl (228)
d

P p+1
QA QA

Then (QA, c?) is a differential calculus that is isomorphic to (Q4,d).

Clearly, the operators d and j on A are the same. As in the proof of Lemma 2.15
we obtain that any element of Q) can be represented as a finite sum of the terms

ag * day x ... % da,,

and the following identity holds:

d (ao * Jal * .. % gap> = c?ao * Jal * .. % Jap.
Proof. We will use the following property of the tensor product:
A4 A= A (2.29)
where 2 stands for a A-bimodule isomorphism. Indeed, consider the mapping
p: A= A4 A pla)=a® 1y (2.30)

that is clearly homomorphism of A-bimodules. This mapping is injective for the
following reason. By Definition 2.1, A® 4.4 is the quotient group F/G where F' is a
free abelian group generated by all symbols a ® b, and G is the subgroup generated
by the relations (2.3). Consider the mapping p : FF — A given by

N (Z a; @ bi) = Zaibi-

It is clear from the inspection of (2.3) that wu(u) = 0 for all u € G. However,
p(a®1y) =a#0 for any non-zero a € A. Hence, a ® 14 ¢ G and, hence, a ® 14
represents a non-zero element of F'/G. Next, the mapping ¢ is surjective as for all
a,b € A we have

a®b=a® (bly) = (ab) ® 14 = v (ab).

15



Hence, ¢ is a A-bimodule isomorphism between A and A ® 4 A. N
In order to construct a mapping f as in (2.27), define first a A-bimodule T? by

™ = A
" = (AQA) @4 (ARA) @4...04 (AR A), p>1.

[ J/

~-
p—1 times ® 4

Since Q! is a sub-module of A ® A, it follows that @?4 is a sub-module of TP.
Recall that Q% is a sub-module of T? where T? was defined by (2.19). Let us
show that, for all p > 0,
TP =~ TP, (2.31)

For p =0 and p =1 it is obvious as
TO=A=T" and T'=A®A=T"

If (2.31) is already proved for some p > 1 then we have by the associative law of
tensor product, (2.29) and the inductive hypothesis

TP = TP, (A®A)

TP @4 (A® A)

(TP '2 A) @4 (A® A)
= T Ae,4 A @A
"' AR A

T+

I

I

which proves the inductive step. B

Denote by f, the mapping from 7% to T? that provides the isomorphism (2.31).
For p = 0,1 the mappings f, are identity mappings. It follows from the above
computation and (2.30) that for p > 2 and for

uw= (a1 @ b)) R4 (a2 @ by) @4 ... 04 (ap @ by) € TP (2.32)
where a;,b; € A, we have

fp(w) = a1 ®bras ® braz @ ... @ by_1a, @b, € T?. (2.33)
Set

- @ P

p=0,1,...

and define the exterior multiplication * in T by (2.26), so that T becomes a graded
K-algebra. Set f = @®,>¢f, and show that the mapping f : 7' — T is an isomorphism
of the graded algebras T" and T' (cf. Definition 2.16). It suffices to verify that

fluxv) = f(u)e f(v) (2.34)
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for all u,v €T.Let u€ TP and v € T9. If p=0, that is, u € A, then uxv =u - v
and

fluxv)=flu-v)=u-f(v)=f(u)ef(v).
The same argument works for ¢ = 0. For p = 1 it suffices to prove Assume now that
p>1and ¢ > 1. It suffices to verify (2.34) for u as in (2.32) and for

v=(1®03) Q4 (a2 ® B5) ®a ... ®a (0 ® §,)
where a;, 3; € A. Then by (2.26) and (2.33)
fluxv)=a®ba;® ... @b, 10, @b, @ f1as @ ... ® 3,
whereas by (2.20)
fwef(w) = (a1®baz®..0by,10,@b,) 8 (1 @ B2 ® ... ® B, 104 ® B,)
= a1 ®b1aa ® ... by 1a, @ bya; @ P ® ... @ B,

which proves (2.34).
Let us prove that the restriction of f to 24 provides an isomorphism of the
graded algebras €24 and €4, that is,

F(Q0) = Qf).

For p = 0,1 it is clear. Assume p > 2. By Lemma 2.15 any element of Q2 can be
written as a finite sum of the terms

W=v evye---0U,
where v; € QY. For the element
v = vl*vg*...*vpeﬁi
we have by (2.34) and f[q = id
@) =f(v)ef(vg)e..0f(v,) =vievge---euv,=uw,

which implies the inclusion B
F(2) > Q.
P

Let us prove the opposite inclusion. By definition (2.25) of QZ, any element of Q 7
is a finite sum of the terms
UV =1U1 % Vg% ..k0Up

where v; € Q}4. As above we have
f()=vievye.. e, (2.35)
that belongs to %) by Theorem 2.21, whence
(%) € Q.

The last argument proves also the uniqueness of the isomorphism (2.27) of the graded
algebras Q 4 and 4. Indeed, since fy and f; must be the identical maps, they are
uniquely determined, and the uniqueness of f, follows from (2.35).

Finally, the claim (i) is a trivial consequence of (7). m
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2.4.3 Universality
Theorem 2.23 The differential calculus
(2, d) = (Q4,)

has the following universal property. For any other differential calculus (A,d') over
A, there exists one and only one epimorphism p : Q4 — A of graded A-algebras
given by

p=Ere e - A
K

with py = id and such that, for all k > 0, the following diagram is commutative:

af L Ok
lpk lpk+l

Ak LN Akz—i—l

Proof. Denote by x the exterior multiplication in A. By Lemma 2.15 any
element w € AF with k£ > 1 can be written as a finite sum

w:Zaé*da{*daé*---*da{C (2.36)
J
where af € A for all 0 <[ < k. Consider a graded algebra

i- @

k=0,1,...

where A* for k < 1 is defined by

A=A, A=A

and for £ > 2 by B B B
Ak:A1®A...®AAIJ_
kf;crtors

The exterior multiplication * in A is defined as in (2.26). The condition (2.36)
implies that the maps py and p; induce an epimorphism ¢ : A — A of the graded
algebras, where

q= @ dk

k=0,1,...

and gy : A*¥ — A* are defined as follows: qo and q; are the identity mappings, while
for k£ > 2 the mapping ¢; is defined by

qr (w1 * we * -+ - x wg) = q1(wy) * q1(wg) * -+ *x gy (wy) € AF

18



for all w; € A'. Let fo =1d. By Theorems 2.8 and 2.22 we have an unique epimor-
phism f; = p of A-bimodules making the following diagram commutative:

A oy
lfo lf1 (2.37)
A LR

The diagram (2.37) induces an epimorphism f : Q4 — A of graded algebras given

by
f= @ K

k=0,1,2...
where for £ > 2 the mapping

fo: QYo% QY — Al s Al

k factors k factors

is defined by _
fe(wy x - wy) = fr(wy) *---* fi(wy) € AF

for all w; € 52}4.T hus, we obtain an epimorphism p : Q 4 — A of graded algebras

defined by
p= P = P aoh:

k=0,1,... k=0,1,...

such that py = Id and p; = p.
To finish the prove of the theorem we must check the commutativity of the
diagram

o L Qi
| PR (2.38)

!
Ak d Ak+1

for all £ > 0. By Theorem 2.22 we can identify in the first line of (2.38) the graded

algebra ()4 with Q 4 and d with d. Let us prove by induction in k that this diagram
is commutative. For k = 0 this is true by Theorem 2.8. Inductive step from k£ — 1
to k assuming k& > 1. It suffices to check the commutativity of (2.38) only on the
elements w € Q% of the form w = a e dv, where a € A and v € Qi_l. Since p is a
homomorphism of graded algebras, the inductive hypothesis and d”? = 0, we obtain

d'pr(aedv) =d(axpp(dv)) =d(a*xdpp_1(v)) =daxdpe_1(v).
On the other side, using the Leibniz rule and the inductive hypothesis, we obtain
prr1d(a e dv) = pry1 (da e dv) = py (da) x pp (dv) = d'a* d'pr_1(v).

The comparison the above two lines proves that the diagram (2.38) is commutative.
n
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Corollary 2.24 Under the hypotheses of Theorem 2.23, there exists a two-sided
graded ideal

j:@jl, %CQ_A

1=1,2,...
of the graded algebra 24 such that

A= Qb JT5, QuTQaC T, dT* C T forall k>0, and J° = {0}.

(2.39)
Furthermore, the following diagram is commutative:
00— 0 — 0 — 0 —...
| | !
0— 0 — J L g2 L
l l l
0— o % o, -4 o L. . (2.40)
lpo lm lpz
0— A Lot Lop 4
l l l

00— 0 — 0 — 0 —...

where the mappings J* — Qﬁ are the identical inclusions. In diagram (2.40) the
rows are chain complexes of K-modules, and the columns are exact sequences of
K-modules.

Proof. Indeed, define J by
J" = Ker{py : Qf — A*}.

Since p is an epimorphism of graded algebras, the statement follows from the com-
mutativity of the diagram (2.38). m

Definition 2.25 The differential calculus (24, d) is called the universal differential
calculus on algebra A.

Proposition 2.26 Let (Q4,d) be the universal differential calculus on algebra A
and J C Q4 be a graded ideal, that satisfies the property dJ C J. Denote by dy
the map of degree one

Q_A/j — QA/j
that is induced by d. Then (Q4/T,d7) is a differential calculus on algebra A.

Proof. It is easy to check that d% = 0 and d satisfies the Leibniz rule. m

Corollary 2.27 Under assumptions of Corollary 2.24, we have the following co-
homology long exact sequence:

0 — H°(Q4) — H°(A) — HYJ) — H'(Q4) — H'(A) — ...

Proof. This follows from the commutative diagram (2.40) by means of the
standard homology algebra [10]. =
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2.5 Quotient calculi

Theorem 2.28 Let for all p > 1 we have a K-linear subspace

EP C OF,
such that
e~ @e
p>1

1s a graded ideal of the exterior algebra 4. Consider a subspace

J=PI’co=p,

p>1 p>0
defined by
TP — EP, forp=1
EP +dEPTL, forp > 2.
Then
J = @Jp C Oy
p>1

1s a graded ideal of algebra Q24 such that dJ C J. In particular, the inclusion
T — Qy
18 a morphism of cochain complexes.
Proof. Any element w € J? can be represented in the form
W = w; + W (2.41)
where w; € £” and wy = d(v), v € E271. For x € Oy, y € ¥, we have
Twy = TW1Y + TWey = TWY + T (dv) Y.

The element zw,y lies in &, since by our assumption &£ is an ideal. Now, using the
Leibniz rule, we have

d(zvy) = (dx) vy + (=1)'zd(vy) = (dz) vy + (=1)'z (dv) y + (=1)"(=1)"" 'z (dy)
and hence

p(dv)y = (=1)[d(wvy) = (dr)vy + (=1)"zo(dy)]
= (=1)'d(zvy) + (=1)"" ' (dz)vy + (—=1)"zo(dy)

In the last sum ' o
(=1)'d(zvy) € dQ TP

and two others element lie in Q7P since £ is an ideal. Thus we proved that J is
an ideal. For an element w with decomposition (2.41) we have

w = dw; + dwy = dw; + d (dv) = dw, € d€P € J,

which finishes the proof. m
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Corollary 2.29 Under assumptions of Theorem 2.28 we have a commutative dia-
gram of cochain complezes

00— 0 — 0 — 0 —
l il i
00— 0 — jl i> jQ i>
! ! !
d d d
0— 9?4 — Q}4 — Qi‘ — ... (2.42)
i il i
0— 0 -5 oyt 5oy L
i il i
00— 0 — 0 — 0 — ...

where the columns are exact sequences of K-modules and the differentials d' are
induced by d. Commutative diagram (2.42) induces a long exact sequence

0 — HQu) — H(Qu/T) — H'(J) — H'(Qa) — H (Qu/T) — ...

Corollary 2.30 Let for any p > 1, E» C F? be K-linear subspaces of ¥y such that
&= @Ql EP and F = @Ql FP are graded ideals of the exterior algebra €2 4. Define

JP and IP by
P — Er, forp=1
S EP+d(EPTY), forp>2 0
and
v _ FP, forp=1
PP d(FPTY), forpz2,
and set
\7 - @jp) Z = @Zp
p>1 p>1
Then
JPcIP Cc

which induces inclusions of cochain complezes
J — I — Qyu. (2.43)

Proof. Indeed, it is easy to check that we have the inclusions J? C ZP C Q%
that commute with differentials. =

Corollary 2.31 Under assumptions of Corollary 2.30 we have the following short
exact sequence of cochain complezes of K-modules

0 —Z/T — Qu/T — Qu/T — 0 (2.44)
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which can be written in the form of a commutative diagram of K-modules

00— 0 — 0 — 0 — ...
! ! !
0— 0 — IYT' — /7 — ..
l ! l
0— Q% — QY J' — Q47 — ... (2.45)
l | l
0— Q% — QLY/I' — QY77 — ...
! ! !
00— 0 — 0 — 0 — ...

In (2.45) all columns are exact and rows are cochain complexes. All the differentials
in (2.45) are induced by differential d. The diagram (2.45) induces a cohomology
long exact sequence

0 — HQu/T) — HYQU/T) — H'(T/T) — B(Qu/T) — ...
Proof. For k > 1, by [8, III, §1] we obtain short exact sequences of K-modules
0 — T/ g — O4/TF — QT — 0,
that are the vertical maps in (2.45). Differentials in (2.45)
Th Tk s e kL
O/ T* — QG T+,

and
in‘/z‘k _ Q];l-‘rl/z'k-i-l

are induced by d by passing to quotient space. Checking the commutativity is trivial.
|

2.6 Functorial properties

Now we discuss functorial properties of differential calculi. Consider a category
ALG in which objects are associative unital K-algebras and morphisms are homo-
morphisms of K-algebras.

Definition 2.32 Define a category DC' of differential calculi by the following way.
An object of DC' is a differential calculus (A 4, d4) on unital associative algebra A4
(see Definition 2.14). A morphism

At (Aa,da) — (A, dp)
in the category DC(C'is given by a preserving degrees morphism of graded algebras

A= @ )\i:A.A_>AB7

i=0,1,...
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where . .
Ait Ny — A, i >0,
N: A— B

is a morphism in the category ALG, and the maps \; (i > 0) are homomorphisms
of K-modules which commutes with the differentials, that is

Aig1da = dgAi, © 2> 0.
The composition of morphisms from category DC'is evidently a morphism in DC.

Let A and B be unital associative algebras over a commutative unital ring K
and g: A — B be a homomorphism. Now we would like to define an induced by g
morphism

A=EP N =uUg): (Qu,da) — (2, ds)

0,1,...

of the universal differential calculus (. 4,d4) to the universal differential calculus
(Qg,dg).
Let T4, T be graded algebras defined by algebras A, and B as in Definition 2.16.
Let
¢ Th —Tg, k>0,

be a homomorphism of K-modules (see [1, II, §3.2]) defined by

Orplag®a; @ -+ @ ag) = glag) @ gla1) ®@ -+ ® gag).

0= P o Tu=PTi — Ts=EPT;
k

k=0,1,... k

Denote by

a graded homomorphism of graded K-modules. The map ¢ is a degree preserving
homomorphism of graded algebras, since

Prl(ao®@a1 @@ a) e (by @b ®--- @ by
g(ag) ® g(a1) ® - @ glaghy) @ g(by) @ - @ g(by)
= glag) ®gla1) @+ @ glag)g(bo) @ g(by) @ -+ ® g(by)
= ¢pla@Ra1®---@ap) e Py @0 @b .

The maps ¢, commutes with differentials, since g(14) = 15.
Let A\; ( > 0) be a restriction

/\izﬁbi

Qy - Qiﬁl - Tlii’
and set A = PA;.

Proposition 2.33 The homomorphism of K-modules \i is a morphism of differ-
ential calculi

(Q4,da) — (25.dp)
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Proof. We must check only that
A (Q5) € Q.

This follows from the fact that ¢, commute with the differentials and from the
inductive definition of Q%, QF as in Definition 2.20. m

Theorem 2.34 We can assign to any associative unital K-algebra A a universal
differential calculus U(A) = (Qa,da) and to homomorphism g: A — B of such
algebras a morphism

A=U(g): (Qu, da) — (2, ds)

of the universal differential calculi. Thus, U is a functor from the category of asso-
ciative unital K-algebras to the category of differential calculi.

Proof. It is easy to see, that
U(ld) = 1d,
and for homomorphisms of algebras
g A—DB, h:B—C

we have

U(hog)=Uh)oU(g).

Theorem 2.35 Let (2, d) be a differential calculus on an algebra A with an exterior
multiplication e. The multiplication e induces a well-defined multiplication

HP(Q) e« H(Q2) — Hp+q(Q)
that is associative.

Proof. Let w,v € Q and dw = 0,dv = 0. Then d(wv) = 0 by Leibniz rule.
Now, let
w, =w+dxr, v =0v+dy,

where dw = 0 and dv = 0. Then we have

wyev; = (w+dz)e(v+dy)
= wev+wedy+ (dr)ev+ (dr) e (dy)
= wev+d(fwey)+dxev)+d(red(y))

where we have used the Leibniz rule
dlwey)=dwedy+wedy==+wedy,
dxev)=drevtredv=(dr)euv,
and d(z e dy) = (dx) e (dy). m
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3 Differential calculus on finite sets

From now on let K be a field. We apply the general constructions of the previous sec-
tions to the algebra A of functions V' — K defined on a finite set V = {0,1,...,n}.
The algebra A has a K-basis

e:V-K, i=0,1,...,n
where
. : I, =74
s — 8§ .— K> I
) =4 “{ 0, ]
for all 0 <14,5 < n, and the following relations are satisfied:

eled = §led, Z e =1y (3.46)
i=0
Denote by (92, d) the first order differential calculus (Y, d) defined in Section
2 with the exterior multiplication e.

Theorem 3.1 The K-module O3, has a basis {e' @ e’} where 0 < i,j < n, i # j.
The differential

d: A— Q,
on the basis elements €' of A is given by the formula
de’ = Z (/@€' —e' ®eé). (3.47)
0<j<n, j#

Also, the following identity is satisfied:
i J— e’ ® ejy ' i 7£ .]
¢’ o de { e ® ki (3.48)
Proof. For 0 <i,j < n, we have by (2.13)
, . o : 0, i#j
) J) — olpd — St )
ple' ®el) =e'el =d; {17 iz

Hence ¢! @ e/ € Qf, for i # j and ' @ ' ¢ Q, for 0 < i < n. The finite dimensional
K-module A ® A has basis {¢' ® e’} for 0 < 4,57 < n (see [1, I §7.7 Remark]),
whence the first statement follows.

By definition d we have

det = 1A®ei—ei®1AbY(:3'46) (Z ej>®ei—ei®<z ej>

0<j<n

= Z&@ei—Zei@ej: Z (e —e e,

0<j<n 0<j<n 0<j<n,j#i
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which proves (3.47). Next, we have
clede! = cle (1A®ej—ej®1A)
s ¢ ® e, i# ]

Noticing that

e —e® (Zek) :—Zei@)ek,
k

ki

we obtain (3.48). =
Let Qf = Q% c T% (k> 0), and

Qy =y

be the graded algebra defined in Section 2 with the multiplication e. Let us introduce
the following notation:

el i i @ 6l 2 62 @) ... @ ek
assuming that 4,, # 4,41 for all 0 < m < k — 1. Clearly, e are the elements of

Q.

Theorem 3.2 (i) The elements {e*} form a K-basis in QF,.
(13) The exterior multiplication e of the basis elements is given by the following

formula
o0k g IOl — O? W # Jo
okl = o
(1ii) The differential d is given on the basis elements by

k+1

deio---ik — Z Z (_1)m eiO---imfljim---ik'

m=0 jZim—1,im

Proof. (i) The elements e with i,, # i,,41 for all 0 < m < k —1 are linearly
independent in the K-module T* (see [1, II §7.7 Remark]). We must only prove that
such elements lie in QF, C T*. By Theorem 2.22 we have an isomorphism of graded
algebras B

f: Q A — QV =0 A

with an isomorphism of K-modules
fi: Oy — QY. k>0,

which is identity isomorphism for £ = 0,1. Hence the statement (i) is true for
k = 0,1 by definition of algebra A and by Theorem 3.1. For k > 2, consider an
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element w = €% € T% with 4y, # ip1 for all 0 < m < k — 1. Then the elements
el ez etk Jie in QY and hence their x-product

W = 0% 182 4.y ikt
is contained in %, and, hence, f(w) € QF. By definition of f; we have

I (eioil etz .. *eik,lik> = £ (eioil) o fi (e’hiz) o o f (eikﬂz'k)
= fi(e" @) e fi(e" ®e?)e ... 0 fi(e" T ®e)
= "® (") ®... (ei’“—lei’“—l) Q e

etk

so that fj (w) € QF.
(21) This follows from definition of multiplication e in Definition 2.16 and (3.46).

(7i1) We prove this by induction on k. For k = 0 it is proved in Theorem 3.1.
For k =1, let i # j. We have using (3.46)

de®e) = 14@e@c -l +ef®e @1y
= Y (Fadad-dadedtedadad)
k

= (R -—cerd - +e'e ®e)
+Y oo - Y deded+) dodad
por Kkt oy

The sum in the brackets is equal to zero, and we obtain the result for £ = 1. For
k > 2 we have, using the Leibniz rule,

d(ei°®ei1 ®~--®ei’“)
= d((e"@e") e (" @R - ®et))
= (" e("Re?2®---@e*) — (") ed(e" @2 ® - @ ')

The result then follows by the inductive hypotheses and elementary transformations.
|

As in Remark 2.18 we have a homomorphism
e K— A
such that de: K — €, is trivial. Consider a cochain complex Q5 with the augmen-
tation e

0 —K—Q) —Q, — ... — QL — ... (3.49)

Proposition 3.3 The first cohomology group H°(Q%,) of the cochain complex (5.49)
15 trivial.
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Proof. Let w € Q(‘), be such that dw = 0. The element w can be written in the

form n
w= 3 g
i=0
where f; € K. By Theorem 3.1 we have
dw = Zfi (Z(ek Re' —e'® e’“)) = Z(fz — fr)ef @ e
i ki ki

Since for i # k, ¢! ® ¢’ are the basic elements, the last sum is trivial if and only if
fi = fx for all 4, k. Then we obtain

w = fy (Z ei) = foe(1) = (fo),

that is, w belongs to the image of £. m

Let SET be a category in which objects are finite sets and morphisms are the
maps of finite sets. Let V' and W be finite sets, and A(V) = Ay, A(W) = Aw be
algebras of K-valued functions respectively. For any map

Fv-w
define an induced homomorphism of algebras
AF)=F": Ay — Ay

by
F*(fy=foF, fc Ay, foFc Ay. (3.50)

Proposition 3.4 The map A is a contravariant functor from the category SET to
the category ALG of associative unital algebras.

Proof. It is trivially to check that all conditions are satisfied. m

Corollary 3.5 For a finite set V, let U(Ay) = (Qv,d) be the universal differential
calculus (Qy,d) on algebra Ay of K-valued functions on V. Let us assign to any
map F:'V — W of finite sets a morphism

UA(E)) = UE"): (Qw,d) — (Qv,d)

where F* is defined in (3.50). Then the composition U o A defines a contravariant
functor from the category SET to the category DC of differential calculi.

Proof. Since the composition of functors is again a functor, the result follows
from Proposition 3.4 and Theorem 2.34. m
Now let
F:V-W
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be a identical inclusion of a set V' = {0,1,...,k} into aset W = {0,1,...,n} where
k < n. As before, let A and B be the algebras of K-valued functions on V' and W,
respectively. Define a K-linear subspace J of 2y by

T = OmzoI ™"
where
J? =span{eft! ... e"} C Q% =B

and for m > 1, a subspace J™ of QI is generated by the elements e such that
the set {ig,1,...,%m} contains at least one number from the set {k+1,k+2,...,n}.

Proposition 3.6 (i) The subspace J C Qyw is an graded ideal in the graded algebra
Quw such that
dgm c gmtt for all m > 0.

Thus, the restriction of the differential d to J induces a cochain complex
0—J° —J' —J°— ...
of K-modules such that the natural inclusion
J — OQw

18 a morphism of cochain complexes.
(12) The factor algebra Qw /T endowed with the induced differential is a differ-
ential calculus which is isomorphic to the differential calculus .

Proof. (i) Let e™i» € JP, eio-da € O, elo-Ir € OF .. Then by Theorem 3.2 the
product

J0--Ja g pi0-ip g plo-dr

lies in JPT9*". The condition dJ™ C J™! is satisfied by definition of J and
Theorem 3.2.
(1) Any element [w] € Qf,/JP has a unique representative

w = E w’io...ipelo.”lp

where wy,..;, € K and the sum goes over indices i; € {1,...,k} for 0 < j < p.Define
a map

Sp: Q%,/jp — Q]‘D/
by s,[w] = w and set

S:@Spi Qw/jHQV
p

Then the map s is a well-defined homomorphism of graded algebras that commutes
with differential. It is easy to see that it an epimorphism with a trivial kernel. Hence
it is an isomorphism. m
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Remark 3.7 The composition
QW — Qw/j i> Qv,

where the first map is a natural projection, coincides with the morphism of U (A(F))
from Corollary 3.5 for the inclusion F': V — W.

Corollary 3.8 Under the hypotheses of Proposition 3.6 we have a cohomology long
exact sequence

0— HJ) — H'(Qw) — H°(Qy) — H (T) — ...

Theorem 3.9 For any finite set V' the cohomology group HP () is trivial for
p=>1

Proof. Follows from Theorem 5.4 in [6]. =

Corollary 3.10 Under assumptions of Proposition 3.6

HP(J)=0, for p>0.

4 Differential calculus on graphs

A directed graph G is couple (V) E) where V is any set and E is a subset of V' x
V. Elements of V' are called the vertices and the elements of F — directed edges.
Sometimes, to avoid misunderstanding, we shall use the extended notations Vg and
E¢ instead of V' and F, respectively.

All graphs considered in this paper are directed graphs with a finite set of vertices.

Let H = (V, F) be a simple complete graph consisting of n+1 vertices {0, 1,...,n}
and all directed edges {i,7} (i # j). The "simple” means that we have no edges
{i,i}. Let A be the algebra of K-valued functions on the set V', where K is a field.

Definition 4.1 The differential calculus on a full finite simple digraph H is the
universal differential calculus (Q2y, d) on the algebra A constructed in Section 3.

By Theorem 3.2 the multiplication e in (€, d) is given on the basic elements by

ploi1 ik o pJ0jL-il _ { 0, i 7 Jo (4.51)

etotl kJ1 l7 1 = ]0‘

Now let G be a subgraph of the graph H with the same set of vertices V =
{0,1,2,...,n} and a set Eg C Ep of edges. Denote by g: G — H the natural
inclusion.
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Definition 4.2 (i) A basic element e € QF is called allowed if {i;,1;11} € Eg
for all 0 < 7 < k — 1, and non-allowed otherwise.

(17) Let £ be a K-submodule of Qf, generated by non-allowed elements (in
particular, £ = {0}), and set

&=Pecav.
k>0
Proposition 4.3 The set &, is a graded ideal of algebra Qy .
Proof. The result follows from (4.51). m

Definition 4.4 Denote by

Tk 5!;, for k=0,1,
g 55 + dé';*l, for k > 2,

a K-submodule of QF, and set

I, =PI,

k>0

Proposition 4.5 The set J, is a graded ideal of algebra Sy, dJ, C J,, and the
inclusion
jg B— QV

1s a morphism of cochain complexes. In particular, we have an exact sequence of
cochain complexes
0—J, — Qv — Qy/T, — 0.

Proof. Follows from Proposition 4.3 and Theorem 2.28. m

Definition 4.6 Let g: G — H be an inclusion of a graph G into the simple complete
graph H with the same set V' of vertices. The differential calculus on G is the calculus

Qe, d) = (Qv/ Ty, d)
on the algebra A with a differential that is induced from differential d on Qy,.

In particular,

0 0
and we have a cochain complex

O—>QOG—>Q};—>QQG—>—>Q"G—>
and a cochain complex with an augmentation

0—>K—>QOG—>Q};—>Q%;—>—>QZ—>
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Proposition 4.7 Under assumption above, there is a short exact sequence
0—K-— H'(Q¢) — H'(J,) — 0
and there are isomorphisms
H'(Qc) = H(T,)
fori>1.

Proof. A short exact sequence of cochain complexes from Proposition 4.5 pro-
vides a cohomology long exact sequence

0— H(Qv) — H°(Q¢) — HY(J,) — H'(Qy) — H'(Qg) — ...

By Theorem 3.9 H*(Qy) =0 for k > 1 and H°(Qy) = K by Proposition 3.3. Now
the result follows. m
Consider a commutative diagram

F =, G
Y 9 (4.52)
H

of inclusions of graphs F' and G into H with the same number of vertices. Let &
and &, be the subspaces generated by non-allowed elements for the inclusions f and
g correspondingly, and Jy C Qy, J, C €y are the graded ideals defined above.

Theorem 4.8 We have the inclusions of the chain complexes
Jy C T C Qy,

which induce a short exact sequence of chain complexes

0 — T3/ Ty — /Ty == Q) Tp — 0. (4.53)
The cohomology long exact sequence of (4.53) has the following form

0 — HQg) — HQp) — H'(J}/T,) — H'( Q) — H'( Q) — ...
(4.54)

Proof. Any non-allowed element from &, is evidently non-allowed in £¢. Now
the result follows from Corollaries 2.30 and 2.31. =

Now consider an arbitrary inclusion of graphs o: F' — G, where F' = (Vg, EF)
and G = (Vg, Eg). Let Hy and Hs be complete simple digraphs with the same
number of vertices as F' and G, respectively. Consider a commutative diagram

F Z G
Lf Ly (4.55)
H =% H,
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where vertical maps are natural inclusions, and
Oy H1 — H2

is the inclusion defined by o. By Corollary 3.5 and Definition 4.1, the map o,
induces a morphism

Z/{(O'U)I QVG — QVF-

Thus by Proposition 4.5 we can write down the following diagram

0 0
l l
jg jf
! !
Oy, 1), (4.56)
! l
Qg Qp
l !
0 0

where the vertical columns are exact sequences of cochain complexes.
Lemma 4.9 [In diagram (4.56) we have
u(jg) C Ty C Qv
and hence the induced morphism
U(o): Qe — QF
of differential calculus is defined.

Proof. Let
do-in € g5 C O,

be a non-allowed element for the graph G. If all ¢; for j = 0,1,..., % are contained
in the image of oly,: Vp — Vg, then U(eo~*) = e C &; by diagram (4.55)
since the map ¢ is an inclusion. In the opposite case by Proposition 3.6 and Remark
3.7 we obtain U(e~%*) = 0. Hence U(E,) C &. From now the result follows
from definition 7, since vertical maps in diagram (4.56) are morphisms of cochain
complexes. m

Denote by GR the category in which objects are simple finite directed graphs
and the morphisms are inclusions.

Theorem 4.10 Let U(G) be a differential calculus (g, d) defined in Definition 4.6,
and for an inclusion o: F'— G of graphs let

U(o): Qe — QF

be a morphism of differential calculi defined in Lemma 4.9. Then U is a contravari-
ant functor from category GR to the category DC'.
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Proof. We must only check that for two inclusions of graphs
c:F—G and 7:G—- M

we have

U(Too)=U(c) oU(T).

By Lemma 4.9 we have a commutative diagram

0 0 0
! l l
In — Ty — Ty
l !
Oy, o, 4o (4.57)
| | !
o oo, 12 g,
! ! l
0 0 0

By Corollary 3.5 we have U(o,) oU(T,) = U(T,0,). The commutativity of diagram

TIm — Ty
N /
Vi

follows from Lemma 4.9. This implies the claim, since the vertical columns in (4.57)
are exact sequences. W

Remark 4.11 Let s: F — G be an inclusion of graphs with the same number of
vertices. Then U(s) coincides with the morphism s* from Theorem 4.8.

Definition 4.12 Let G be a simple graph with the set of vertices V' and the set of
edges Fq. Define a simple graph GG with the same set of vertices V' and with the set
of inverse-directed edges

E@ = {{17.]} : {]72} € EG} .
Note that the mapping G — G is an involution on the set of simple graphs.

Theorem 4.13 Let G be a simple graph. Then we have an isomorphism of cochain
complezxes
QG — Q@
which is given on the basic elements by the following map
€i0i1...ip71ip SN (_1)k‘e’ipip71...i1io

I

where k =1 for p=1,2mod4 and k =0 for p=0,3mod 4.
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Proof. Let H be a full simple digraph with the same number of vertices V =
{0,1,...,n} as the graph G, and

g:G—H §:G—H
be the natural inclusions. Define a K-linear map
7:Qy — Qy,
on the basic elements by the following way:
- (eioil...z‘p,lip) I ——
The map 7 an anti-automorphism of the graded algebra €2y since
T(vw) = 7(w)T(v), T(v+w)=TW)+ T(W).

It is easy to see that the diagram

2k+1 d 2k+2
QV ’ QV

L7 LT

2k+1 d 2k+2
Qy — Qy

is commutative, that is 7d = dr, and the diagram

ko _d 2k-+1
Qz2h Qy
LT LT
2%k _d 2k-+1
Qy Qy
is anti-commutative that is 7d = —dr. Thus, we obtain a commutative diagram of

chain complexes

0 K — 0% -4 @} 02 L3
|= L7 -7 | -7 7 (4.58)

0o—» K — % 4 o 4 02 L o0

d

where all the vertical maps are isomorphisms of K-modules.
Since
Tle,: € — &

is clearly bijective, £, = =&, and & = —&;, the restriction of the vertical maps in
(4.58) to J, provides isomorphisms J? — jgp , whence the result follows. =

By a graph with a pointed vertex we mean a couple (G,v) where G is a graph
and v is one of its vertices.
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Definition 4.14 Let {(G;,v;)};c4 be a finite family of graphs G; = (V;, E;) with
pointed vertices. Assume that all the vertex sets V; are disjoint. The wedge sum
(or bouquet) (G, v) of the graphs (G;,v;) is a graph with the set V' of vertices that
is obtained from the disjoint union

U= JV

€A

by identification of all pointed vertices v;, i € A, with one vertex v, and with the
following set of edges:
E=|]JE

i€A

with the same identification of the endpoint.
We shall denote the wedge sum by

G=\/G.

i€A
From now we shall consider a wedge sum of two graphs
G =G\ G,
with pointed vertexes v; € G, v9 € Gy and v € G. Denote
Wi =Vi\{vi}, Wa=Va\{va}.

Let Hy, Hy, and H be complete simple graphs with the set of vertices V;, V5, and
V', respectively. Let

g1: Gy — Hy, go: Go — Hy, g: G — H
be natural inclusions. The graded ideals
Eg Ty, &gy Ty, &g CQy
are defined as above as well as the graded ideals
Tg CQviy Tygy C vy, Ty C Qy.
Lemma 4.15 Let G = G1\/ Gy as above. Let a basis element
gioin-in ¢ OF,

be such that the multiindex {i,i1,...,i,} contains at least one vertex iy, € Wy and
at least one vertex i,, € Wy. Then

eloll--~lp c %
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Proof. Let e’ be as in the hypotheses. Consider two cases. If the pointed
vertex v does not belong to the sequence {ig,i1,...,%,} then, by definition of the
wedge sum, e®-'» € £ C J,, since it is non-allowed. Now assume that

v e {io,il,...,ip}.

In this case we have necessarily p > 2. For p = 2 the element €% can be written
as
et ¢ Q%/ where 1 € Wy, 15 € Wy

(or i; € W5 and i € Wy). By definition of the wedge sum,
el ¢ &g

Hence

+

deiliQ — ([Z eiilz’g] - [Z eiliig

i#v

Zeimi] _ enmg) cJ,
i
Here first three summands lie in &;, whence

e e J,.

Now consider the case p > 3. Then there exists 1 <[ < p—1 such that v = 4;. Then
either
11 € Wi and il+1 € Wy

(or 4,1 € Wy and 4,41 € Wy). Using the case p = 2 we conclude that

1101
eH—1Vl+1 Ejg,

which implies
ezgn...zp c %

since J, is a two-sided ideal in Qy. =
Theorem 4.16 Let G = G4\ Gy where G; (i = 1,2) are connected graphs. Then
H(Qg) =K

and, for any k > 1,
H*(Q6) = H*(Qc,) © H*(Qa,)-

Proof. Let V; (i = 1,2) be the set of vertexes of the graphs G;, and we recall
that these sets are disjoint. Let V' be the set of vertexes of the graph G. Let H;
(1 = 1,2) be complete simple graph with the set of vertexes V;, and H be a complete
simple graph with the set of vertexes V. Let

fiZHi—>H, 221,2
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be the natural inclusions of complete simple graphs. Define for any mapping f;
the graded ideal J; of Qy as in Proposition 3.6. By definition, JF is a K-linear
subspace of QF that is generated by the elements e € QF such that the set
{ig,41,...,iy} contains at least one vertex from V' \ V;. The subspace Jy C QF is
defined similarly. By Proposition 3.6 the graded ideals 7; of €2y, induce short exact
sequences of K-modules

0—>j1i>QVLQV1—>O,

(4.59)

O—>j2£>QV£>QV2—>O
where p; and ﬁ are chain maps. Then
p=(p1,p2): Qv — Oy,
is a chain map. We denote by p* a restriction of p to f.. In dimension 0, the map
P’ QY — Q?/I D Q?/Q

is a monomorphism with a one-dimensional cokernel generated by e”* &0 (or 0®e®?),
since
P(e”) = e et
The map p is an epimorphism in dimensions £ > 1. Indeed, consider an arbitrary
element
eloll 1k fan) 630]1 Jk c QV1 fan) QVz'

Set av = {igiy .. .4} and define a new multiindex o by the following rule: if a does
not contain the pointed vertex v; then o/ = «, otherwise o’ is obtained from « by

changing vy to v. Similarly, using multiindex 3 = {joj1 . .. jx } we define a multiindex
3. Then we have

/

p1(€a) — eioil---ik, pQ(eﬁ/) — eJodt--Jk

and it is clear that
p2(€a ) =0, p1<€6) =0.
It follows that

P (ea' + 65') — ploin- ik ® elodi-jk ¢ Q@l D Q%,

which proves that p is an epimorphism in dimensions k& > 1.
Observe that
x71k2 = 1k N j2k
is a graded ideal in Qy and Ker p = J5. Note, that J% = {0} and we have a short
exact sequence

0— Q) Q) ®0Q) — (e ®@0) — 0. (4.60)
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Consider now the case k > 1. In this case we obtain a short exact sequence of chain
complexes

0— Jh Lo 2 ab @l —0, (4.61)

where f = filz, = falz, and p are chain maps. Recall, that the ideal Jy, is
generated by e € Qy such that the set {ip,i,...,4;x} contains 4, € W, and
im € Wa.

Let us introduce the following notations:

k k k
Ty = G211y, Ty = GenJ,, T, = G J,

and
IV = @k219€/ and QIVZ = EBICZIQ%'

Lemma 4.17 Under the above assumptions (k > 1) there is a commutative diagram
of chain complexes

0 — Jh — I L geg, — 0
|| lmono lmono (462)

0 — Th — % L e, — 0

where the rows are exact sequences and two right vertical maps are natural inclusions.

Proof. The bottom exact sequence is the exact sequence (4.61). The inclusion
Ty — jg’ follows from Lemma 4.15 and we obtain that the left square is commuta-
tive. Set

q=plg: Ty — A, ©Qy,
where we identify J; with a subspace of {2j,. It remains to prove that the image of
qis J,, ©J,,
Let us first prove that
Tn®J0, Cq(T)) (4.63)

For i = 1,2 we shall define the grade preserving homomorphisms of K-modules
Si . sz — Qv.

For any basic elements e® = e' € Q. let o/ be the multiindex that is equal to a
if o does not contain the pointed vertex vy, and otherwise o’ is obtained from « by
changing all occurrences of vy in a to v. Similarly define ¢ for e = elo-ir € Q.
Then set

s1(e®) = e and sy(e?) =

and extend s; and so by linearity to all the spaces 2y, and €y, respectively. It
follows immediately from this definition, that

s1(e?) € &, ife* €&,y

and
So (eﬁ) €&, ife’ €&,
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Note, that the maps s; do not commutes with the differentials, but they satisfy the

following properties:
Id: QF —QF i=j
pisj_{ O:Q"ZHQ"Z, i (4.64)

and, for e* € Q"“/l,

dy(s1(e®)) = s1(dg, (%)) + Z f-€?, where Z fe’ e Jh (4.65)

and a similar identity holds for ¢’ € Qf, . Let
U= u; D uy Ejgkl @Jgk; C Ql{j—l@Ql{’/2.
By definition of Jg’j we have
uy = wy + dy, (W) € J) CQy, where  wy,w) € &,
Note that s;(wy), s; (w]) € &€, whence it follows that
si(wi) + dp(s1(wy)) € Ty
Using by (4.64) and (4.65) we obtain that

p1(si(wi) +du(si(w)))) = wi+pi(da(si(w))))

= w1+, (Sl(dHl (wy)) + Z f767>

wy + dg, (w))

where we have used that

S fe € Jip and p(Jiz) = 0.
-

By the same line of arguments we obtain

P2 (s1(w1) + dp(s1(wy))) = wi + pa2 (du(s1(wy))) =0,

and

pa (s2(w2) + du(s2(wy))) = g,
p1 (s2(we) + dg(s2(why))) = 0.

Hence,
p((s1(w1) + du(s1(wh)) + s2(w2) + du(sa(wh))) = ur © ug,

which proves the inclusion (4.63).
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Let us prove the opposite inclusion. Any element of J, has the form w + duw’
where
w =51 (u1) + 52 (u2) + us

w' = 51 (u)) + 59 (uh) + uj
where uy,u) € &, ug, uy € &, and ug,uy € Jr2. As above we obtain for i = 1,2
pi (w+ dw') = u; + dg,u; € Ty,

which finishes the proof of Lemma. m
By Lemma 4.17 we obtain a commutative diagram of chain complexes in which
rows and columns are exact (in dimensions k& > 1):

0 0 0
! ! !
0 — Jo — J, — Jy0J, —0
= ! !
0 — Jo — Qv AN Qy, ®Qy, —0 (4.66)
! ! !
0 — 0 — Q¢ =, QGl D QG2 — 0
! ! |
0 0 0

In dimension 0 we have isomorphisms
0 0 0 0 0 0
Q¢ =y, Q¢ =0y, Qg, =y,
and an exact sequence
0— QY LQ?/I ® ), — (" d0) — 0.

Now from (4.66) and the last exact sequence we obtain a commutative diagram

0— 0 — 0 — 0 — ...
! ! !
0— 0 — o L ey
\l/ - =
0— 0 o0 2 ol ool 4 02 ey 4. (4.67)
00— (e"®0) — 0 — 0 — ...
| ! l
0— 0 — 0 — 0 — ...

where the columns are exact sequences, and the rows are chain complexes. Using
the obvious identity

H*(Qc, ©Qq,) = H (Qa,) © H*(Qq,)

and a cohomology long exact sequence of (4.67) we finish the proof of the theorem.
[ |
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Corollary 4.18 Let

G=\/G

i€A

be a finite wedge sum, and all G; are connected graphs. Then
H(Qg) =K

and

H'(Qg) = ®icaH' (Qg,).

Proof. Induction by 7. m
Let G be a graph with the set of vertices V' ={0,1,...,n}.

Definition 4.19 [6] (¢)The cone CG of the graph G is obtained by adding a new
vertex v to the set of vertexes V' and new edges {i,v} for all 0 < i < n.

(77) The suspension SG of the graph G is obtained from the graph G by adding
two new vertices v and w and new edges {i,v}, {i,w} for all 0 <i <mn.

We recall here the following result from [6].

Theorem 4.20 For any graph G we have

K, p=20
p ~ )
H(QCG)_{O, p>1,
K, p=—1
H" (Qs6) = ¢ HQg), p=0
HP(QG>7 P Z 1

where Q. 1s a cochain complex with the augmentation.
One of the main results of this paper is the following theorem.

Theorem 4.21 For any finite collection of nonnegative integers ko, k1, ...k, such
that kg > 1 there exists a digraph G such that the cohomology groups of its differential
calculus satisfies the conditions

dim H'(Qq) = k;, for all 0 <i < n. (4.68)

In particular, if kg = 1 then the graph G is connected.
Proof. At first we construct a connected graph G™ (m > 1) such that

1, p=0m
0, otherwise.

mmH%Qm):{ (4.69)

For m = 1 this is the graph with the set of vertexes V' = {0, 1,2} and the set of
edges E = {{0,1},{1,2},{2,1}}. Then, by induction we define G = SG™. By
Theorem 4.20 it satisfies (4.69).
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For any m > 1, define the graph F™ as follows. If k,, = 0 then F"™ consists of
a single vertex, and if k,, > 1 then F™ is equal to the wedge some of k,, copies of
G™. By Theorem 4.20, we have

L, p=0,
HP(Qpm) = ¢ kpm, p=m, (4.70)
0, otherwise.

Let Fy be a graph, consisting of kg vertexes and no edges. Now define
G= \/
m=0,1,2,....kn

Then (4.68) follows from Theorem 4.20. =
The next result can be helpful for computational purposes.

Corollary 4.22 Under assumption of Theorem 4.21, there exists a graph G with
ko + 2ky + 4k + 6ks + -+ - + (2n)k,

vertices such that ‘
dim H'(Qs) = ki, V0 <i<n.

Proof. This follows from a direct computation of the number of vertices of the
graphs in the proof of Theorem 4.21. m

The number of vertices of G in Corollary 4.22 can be easily improved. An
interesting open question is to find the minimum number of vertices of the graph
satisfying (4.68).

5 Differential calculus on monotonic graphs

Definition 5.1 (i) A complete monotonic graph T' is a finite simple graph with a
set of vertices V' ={0,1,2,...,n} and the set of directed edges

E={{i,j}:i<y3;i,j=0,1,2,... ,n}.
(72) A monotonic graph G is any subgraph of a complete monotonic graph I'.
We have a natural inclusion
v: I' — H,

where H is a full finite simple digraph with the set V' of vertices defined in Section
4.
By Definition 4.2 and Proposition 4.3 of Section 4 we have a graded ideal

&= cPal =, (5.71)

p=>0 p>0

where £ = {0} and &7 for p > 1 is generated by non-allowed elements.
Recall that A is an algebra of K-valued functions on the set V.
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Proposition 5.2 Forp >0
+1
dé’i’ C 55 ,

and differential calculus (Qr,dr) from Definition 4.6 coincides with the calculus
(Qy/E,,d). In particular, we have an exact sequence of cochain complexes

0—& — Qy — Qp — 0.

Proof. For p > 1, an element e~ € £P is non-allowed if and only the
sequence {7, %1,...,4,} is non monotonic increasing. Now the result follows from
description of differential on basic elements in Theorem 3.2. m

Corollary 5.3 (i) The basic elements of the differential calculus (Qr,dr) of the
graph T’ can be represented by classes of elements e~ € QF, such that 0 < iy <
0 < <ip<n.

(73) For 0 < k,l < n, the exterior multiplication e of basis elements is given by
the following formula

(eioil.“ik) ° (ejojl...jl> — { 07 Zk 7£ jO

L I S T

(1ii) The differential dr is given on basis elements by

—_ N —
d (eioil...ik) _ 2 :6ji0i1‘..ik . 2 : giodinir 4

J#io J#i0;5701
— —
+(_1)l+1 Z ez’oz‘l...z’ljz’m...z’k 4t (_1)k+lzeioi1...ikj7
JAU A1 J#ik

where ~— over the sign > means that in summation are present only the elements
with strongly monotonic increasing sets of indices.

Proof. Follows from Theorem 3.2 and the proof of Proposition 5.2. =
We shall omit subscript I' in the differential, if it is clear from context what
cochain complex we consider.

Corollary 5.4 For k > n,
QF =0

and the maps
55 — Q’f{

are 1somorphisms.
Proof. The space QF is generated by basic elements e where 0 < iy <
11 < --- < 1 < n. Any finite sequences of more than n + 1-elements from the set

V =4{0,1,2,...,n} has at least two equal elements. Now the statement follows from
Corollary 5.3. =
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Now we recall a definition of simplicial homology groups of a simplicial complex
[11].

Let S be a simplicial complex, and let every simplex A™ € S is given by a fixed
ordered collection of vertexes A™ = [ig, i1, ...,4,]. We suppose also, that every face
AF € A" is given by a subset of vertexes having the induced order. The simplexes
[i0, @1, - .-, in) and [ig(0), o1, - - - Go(n)] Where o is a permutation are oriented equally
if sign(o) = 1, and the have an opposite orientation if sign(c) = —1. Consider a
chain complex C"(S),n = —1,0,1,2,... over the ring K generated in dimension
n > 0 by all simplexes A" € S and C~(S) = 0. The equally oriented simplexes
with the same vertexes we will not distinguish and opposite oriented simplexes with
A we shall denote by —A, such that the sum of these two simplexes is zero. Thus
for n > 0, C"(S) is a K-module consisting of elements

Y kAP, k€K, AfeS.

finite
Define a boundary map

C"(S) — C"H(S),
by
Olio, v, in] = Y (=1)[ig, i1, ... 1. .. 1n), for n > 15 O(A) =0 for all A,

For example,
It is easy to check, that 92 = 0.

Example 5.5 Let A™ be a simplicial complex consisting of one simplex A" =
0,1,...,n]. Every k-dimensional face (0 < k < n) is given by a simplex A*F =
[ig, 1, .-y ik] 0 which 0 < ip < iy < -+ < i, < n is an increasing subsequence of
0<1<2<---<n. Let C(A™) be a chain complex with k-dimensional modules
Cy(A™) generated by k-simplezes of A™. The homology groups of the chain complex
C(A™) are non-trivial only in dimension zero by (see [11]), and H° (C(A")) = K.

Let A be a cochain complex
0— A —A'— — A" —

of K-modules with a differential d. Recall a definition of adjoint (dual) chain complex
to A consisting of K-modules

A, = Homg (A?, K)
and the boundary maps
op: Ay — AJ 1, p >0,
where 9y = 0 and J, for p > 1 is defined by the rule
[0,(fp)] (w) = fp(dw), f, € A;a Jpi AP =K, we AP

Note that §,_1 0 6, = 0 (see, for example, [10]). We shall usually omit subscript in
differential § if this does not lead to confusion.
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Definition 5.6 The chain complex
00— A — Al — ... — A} — ...

with the boundary map ¢ is called dual to the cochain complex A and will be denoted
by A*.

If e, e, ..., e is a basis in the K-linear space A” then A} is a K-linear space
with the dual basis €}, , e’ , ..., e, defined by the rule
1, fora=p
*( B\ __ )
ea(e ) - { 07 fOI' a ?é /6 (572)

In particular, the linear spaces H?(A) and H,(A*) are dual and hence isomorphic.

Theorem 5.7 Let (v /E,,d) = (Qp,d) be the differential calculus on the complete
monotonic graph I' with the set of vertexes V.= {0,1,...,n}, and Qf be the dual
chain complex with the basis e} ; , (0 <iy < iy < --- < i, < n) which is dual to

10%71...0

the basis described in Corollary 5.3. Then the boundary operator
6: Q] — [Qr]; 4

18 given on the basic elements by the rule

5(6%1'1...1‘,,) = Z (_1>k€;(0...ik_1ikik+1...ip

0<k<p

where 1, means omitting the symbol iy, from the multiindex.

Proof. Let e/0/1-J»-1 be a basic element of Q%'. Then

[B(ef s, o (eMTdnty = er . (dedotdvt)
P —
= Gy | D D (L)l ik
q=0 &k
p

= i/(_l)qe’joil...ip [ejojl”'Jq_lqu'“jp_l]
0 k

q:
where =~ means that only elements with monotonic multiindices are used in the
summation. We have
e:oil...ip [ej0j1~~~jq71qu~~~jp71} —1
only if
{ivir ... ip} = {Jog1 - Jg—1kJq - Jp-1}
for some place g. This means that the sequence {jo, j1,...,Jp—1} is obtained from
the sequence {ig,i1,...,%,} by deleting a term i, = k. For such basic elements we
have

(€5, (€)= 1, ¢ =0;
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[6(€yi,..0,) (€7 7) = =1, ¢ = 1;
and generally

(€5, (00 0-ri00100) = (—1)1, 0 < g < p.

i1 <Sq=
Hence, we obtain
* _ _ q *
6(€i0i1...ip) =(-1) § Cigi..ig_12giqi1..ip
0<q<p

which finishes the proof. m

Corollary 5.8 Let A" is a simplicial complex from FExample 5.5. Under assump-
tions of Theorem 5.7, for k > 0 consider the maps

Tki [QF]Z — Ck(An),

of K-modules given on basic elements by formulas

*

€ipir.iy — (1050155 2p)s 0 <idg <y <-or < <

The maps Ty, commutes with differentials, that is
Tk—16 = di7
and define an isomorphism between the chain complezes

T=T7: 0 - ca").
k

Proof. Follows from Theorem 5.7, Corollary 5.3, and Example 5.5. m

Corollary 5.9 Under the assumption of Corollary 5.8,

K, p=0
HP(QF):{ 0 §>1.

Proof. Follows from Corollary 5.8 and Example 5.5. m

Now let G be a monotonic graph with a set of vertices V' = {0,1,2,...,n}, T
be the complete monotonic graph with the same set of vertices V and H be the
complete simple graph with the set of vertices V.

We have a commutative diagram of inclusions of graph as (4.52)

G AN r

N\ v/
. (5.73)

The exact sequence of chain complexes (4.53) has the following form
0 — Jy/& — Qr — Qg — 0 (5.74)

where
O /&, = Qr, /T, = Q.
Recall, that J; = 0 and £ = 0.
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Theorem 5.10 For p > 1, we have an isomorphism
H(Q0) = H™(J,/€,)
and an exact sequence
0 — K— H(Q¢) — HY(J,/E,) — 0.
Proof. By Corollary 5.9

K, forp=0
P _ )
i (QF)_{ 0, forp>1.

Now the result follows from exact sequence (5.74). =

Definition 5.11 Let £2 = 0 and £?, p > 1 be a subspace of QF. generated by those
et ¢ OF that are non-allowed elements for the graph G. Let

TP =&V +dpEl' C O

where dr is the differential in Qr described in Corollary 5.3. Denote

0<i<n 0<i<n
Proposition 5.12 The submodule
Js CQr

15 an graded ideal such that the inclusion is a morphism of chain complexes and the
exact sequence

is isomorphic to exact sequence in (5.74). In particular, we obtain an isomorphism
Qr/Ts = Q.

Proof. The subspace & € Qr is evidently a graded ideal. Now, as in proof
of Theorem 2.28, we can see that J, C Qr is a graded ideal and the inclusion is a
morphism of chain complexes. By definition, we have a graded isomorphism

Qv/E — Qp.
It follows from Definition 5.11 and Corollary 5.3 that a restriction of this map to
jg/ 57 - QV/ 57
correctly defines a graded isomorphism
Tg/E — Ts
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which agrees with the differentials. The Proposition is proved. =
Let I" be a complete monotonic graph with the set V' ={0,1,2,...,n} of vertices
and the set of edges

E={{i,j}:i<y7;i,j=0,1,2,... ,n}.

Let F and G be monotonic graphs with the same number of vertices such that we
have a commutative diagram of inclusions
F s G
N\ s/ (5.76)
r

where the horizontal map is an inclusion r: F' — G and swallow maps are inclusions
into I.

Theorem 5.13 Let & and & be the subspaces generated by non-admissible elements
in Qr for the inclusions s and t respectively,, and J, C Qr, J; C Qr are the ideals
defined in Definition 5.11. Then we have the inclusions of chain complexes

t7SC\7tCQF’

which induce a short exact sequence of chain complexes
0— F/Ts — u/Ts — /T — 0 (5.77)

where (Qr/Ts, d) = (Qq, d) is a differential calculus of the graph G and (Qr /T, d) =
(Qp, d) is a differential calculus of the graph F'. The cohomology long exact sequence
of (5.77) has the following form

0 — H°(Qq) — H°(Qp) — HY(T/)Ts) — H'(Qg) — ... (5.78)
Proof. Similarly to the proof of Theorem 4.8. =

Remark 5.14 In the case of an inclusion r: F'— G from (5.76) we can write down
a commutative diagram similarly to (4.52)

F SN G
NS 9/
H

where H is a simple complete graph. Theorem 4.8 is applicable in this situation, as
well. The advantage of Theorem 5.13 is in simplification of all computations, since
we can work with very small number of basic elements directly described in Corollary
5.3.
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Remark 5.15 The monotonic graphs with inclusion maps give a subcategory of the
category GR. The realization Theorem 4.21 is true in the category of monotonic
graphs. It is easy to see, that we can define suspension and a wedge sum in the
category of monotonic graphs. Now let Dy be a monotonic graph that has two vertices
and no edges. Then

~ [ K% k=0
Hk(DZ):{o k#0
~ K k=01
Hk(SDz):{o k> 2.

Now we can repeat all the constructions from the proof of Theorem 4.21 in the
category of monotonic graphs.

Now we describe some more sufficiently wide classes of monotonic graphs for
which there exists a geometric realization of differential calculus similarly to Corol-
lary 5.8.

Let I" be a complete monotonic graph with the set V' ={0,1,...,n} and © be a
complete monotonic graph with the set W = {0,1,...,k} (k < n) of vertices. We
have a natural inclusion

c:0 —=T.

By Lemma 4.9 we have a morphism of cochain complexes
U(o): Qr — Qg

which induces a morphism of chain complexes

U(o)": Q5 — Qrx
by standard rule

U(o)'(f) = folUlo), [:Qe—K

Proposition 5.16 There exists a commutative diagram of chain complexes

Q% L@: QF*

T 1T

C(AF) = oA

where T, is induced by natural inclusion 7: A¥ — A™ on the first k-face.

Proof. Follows from Proposition 3.6, Corollary 5.3, and Corollary 5.8. m

Let T be a complete monotonic graph with the set V' ={0,1,...,n} of vertexes
and the set Er of edges, and let s: Gy — I" be the natural inclusion of the subgraph
G, with the same set of vertexes and the set of edges Ey = Eq, = Er \ {{k,k+1}}
where k is a number 0 < k < n — 1. That is the graph G}, is obtained from I" by
deleting exactly one edge {k,k + 1}.

By Proposition 5.12 we have an exact sequence

0—>._75—>Q[‘—>ng—>0

where J, is defined in Definition 5.11.
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Proposition 5.17 For the inclusion s we have JP = EP where
EX=1{0}, &l = (" 1i=k,j=k+1),
and for p > 2
EP = (e (0 < i < -+ <ip <) and {k,k+ 1} C {ig,i1,...,1p}) C OF,
where (A) means a subspace generated by A.

Proof. For p = 0,1 the statement follows from Definition 5.11. The inclusion
EP C J? follows from Definition 5.11. Let

w = eiOiln.[k][k—i-l]...ip,l c gp—l C Q[I)‘_l p > 2
S ) -

be a basic non-allowed element of Q{Z_l. By Corollary 5.3

e~

p
dw = (_1)l+1 Z 011l ip -1
JFWIF 4
where ~~ means that in the summing contains only elements with strongly mono-

tonic increasing sets of indices. Since we can not put integer number between k and
k41 to obtain monotonic increasing sequence, the all elements e® in the sum satisfy
condition {k,k + 1} C {a}. Hence dw € £P, and Proposition is proved. m

Corollary 5.18 (i) The basic elements of the differential calculus (Qg,,dg,) =
(Qp/js, d) of the graph Gy can be represented by classes [e-r] € Qf, of elements
eon-tr e QF such that 0 <ig < iy < -+ <1, <n and {k,k + 1} is not a subset of
{io,i1, ... iy}

(17) For 0 < p,q < n, the exterior multiplication e of the basis elements is given
by the following formula

[eioil...ip] ° [€j0j1---jq] _ { 07 ip 7£ jO

[eioil...ipj1-~-jq] ) Z'p = jO'

(t4i) The differential dg, is given on basis elements by

de [eiOilmiP} — Z[ejiOilmiP] _ Z [eiojil...ip] + .
J#io J#i03i 701
+(_1)l+1 /Z\ [eioil...iljiHl...ip] et (_1)k+1z/\[6i0i1...ipj]’
I TA J#ip

where ~ means that every element eim in the sum satisfies the condition 0 <
ig < -+ <ty <nand {k,k+ 1} is not a subset of {ig,i1,...,im}.
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Proof. Follows from Proposition 5.17 and Corollary 5.3. =
Let as in Example 5.5 A" be a simplicial complex given by the simplex A" =
[0,1,...,n]. Let

Apd =001, kk+2,...,n] CA"=0,1,...,7]

and
At =10,1,...,k—1,k+1,...,n] CA" =[0,1,...,n]

be two subcomplexes of A" that are given by (n — 1)-dimensional faces of A™.
Define a simplicial complex

n—1 __ n—1 n—1
Ak,k—l—l — Ak U Ak+1

that geometrically corresponds to the union of two (n—1)-faces of A™. The definition
is correct, since an intersection

AP INAYT =100,1,...,k—1Lk+2,...,n]
is a (n — 2)-simplex AZ;?H.

Theorem 5.19 We have a commutative diagram of chain complexes

Q*Gk LLS)? QF*
17 | T (5.79)

C (M) — Cam
where T" and T are isomorphisms, and 7, is induced by a natural inclusion T : AZ;IH —

A",

Proof. In diagram (5.79) the right vertical isomorphism and the horizontal
morphisms are already defined. We must define 7" and check, that

Tol(s)*=7.0T".

Consider a basic element [e;,.;,]* € [Qq,]5 that is dual to [e™~"r] € QF, which is a
basic element described in Corollary 5.18. Define 7" on the basic elements by

T'([eig...i,]") = lio - -, ip] € CP(A").

and extend to [Qg,]; by linearity.
The simplex T"([e;,..;,]*) lies in CP (AZ;IH) since the set {ig,...,7,} does not
contain as a subset {k, k + 1}, and any simplex from C' (AZ;frl) lies in the image of

T’. From Theorem 5.7 and Corollary 5.18 we obtain, that

5G([€io...z‘p]*) = (-1)* Z [eioil...iq_li;iq+1...ip]*

0<g¢<p
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*

where [e; ;. ;- ., |" are the basic elements of [(2¢,];_;. Hence, 7" commutes
with the differentials. By Proposition 5.17 the projection Qp — ¢, is given on the
basic elements by the formulas

o _){ 0, if {k,k+1} C {ig,...,i,}

[eo-] | otherwise

Hence,
U(s) (leig.ip]™) = €5 i [€i0.ip]” € [Qa,lps €5y, € (O]

and the diagram is commutative, which finishes the proof. =

Corollary 5.20 Under the assumptions of Theorem 5.19, we have

i ~ ) K, ifi1=0
H(QG;)_{ 0, ifi>1.

Proof. Mayer-Vietorias exact sequence for simplicial complexes (see [11]). m

Now let I' be a complete monotonic graph with a set of vertices V' ={0,1,2,...,n}.
Let K C V be asubset such that n ¢ K. Consider a monotonic subgraph s: G — I’
with the same number of vertexes and the set of edges

Ex = Eq, = Ep\{{i,i+1}:i € K}.

Theorem 5.21 There exists a simplicial complex Sk with an inclusion T: Sk — A"
such that the following diagram is commutative diagram

QEK M QF*

L7 T

T (5.80)
C(Sk) — C(A")

where T" and T are isomorphisms, and 7, is induced by a natural inclusion 7: S —
A",

Proof. The proof is based on the same line of arguments as the proof of Theorem
5.19, that we briefly repeat. By Proposition 5.12 we have an exact sequence

0 —Js — Qpr — Qg, — 0

where J, is defined in Definition 5.11. Similarly to the proof of Proposition 5.17 we
see that d€! C £ and, hence, JP = EP where

E=1{0}, & = (M) e K),
and, for p > 2,

EP = (e € O : J k € K such that {k,k+ 1} C {io,i1,...,4p}) C O,
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where (A) means a subspace generated by A. The basic elements of the differential
calculus (Qg,,dx) = (Qr/Ts,d) of the graph Gk can be represented by classes
e € QF,  of elements e € QF such that 0 <idp < iy < --- <1, < n and,
for any k € K, {k,k + 1} is not a subset of {ig,%1,...,7,}. The differential df is
given on the basis elements by

— —

dK [eioil...ip] _ Z[ejioh...ip] . Z [eiojil...ip] + ..
J#io JFi0;5 71
+<_1)l+1 Z [eioil...iljil+1...ip] NI (_1)k+1z[ei0i1”.ipj]
JFUIFE 4 J#ip

where ~ means that every element e’ #m of the sum satisfies the conditions 0 <
ip < -+ < iy < n and, for any k € K, the pair {k,k + 1} is not a subset of
{io, %1, .,4m}. Let for a number k € K

n—1 __ n—1 n—1
Al = Ay T UAY,

be a simplicial complex, defined above, that geometrically corresponds to union of
two (n — 1)-faces of A™. It is given by the union of all simplexes from A”™ that does
not contain the edge {k,k + 1}. Set

_ n—1
Sk = ﬂ Ak,kJrl :
keK

Equivalently, Sk can be described as the union of all the simplexes from A™ that
do not contain an edge in the form {k,k + 1} for & € K. In the diagram (5.80) the
right vertical isomorphism and the horizontal morphisms are already defined. We
must define 77 and to check, that

Tol(s)* =7.0T".
Define T” on the basic elements by
T’([eiomip]*) = [’io, . ,’ip] C Cp(An)

and extend to [, ¥ by linearity. We obtain an isomorphism 7": [Q¢ . ]* — C(Sk)
of K-modules which commutes with differentials. The projection Qp — Qg is given
on basic elements by the condition

gionin 0, if {k,k+1} C {io,...,3,} for at least one k € K
[eloir] - otherwise

Hence
U(s) (leip...i,]7) = €5 [€i0.ip]” € [Qay s €54, € (O],

and the diagram (5.80) is commutative, which finishes the proof. m
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Let I' be a complete monotonic graph with the set V' ={0,1,...,n} of vertexes
(n > 2) and the set Er of edges. Let s: F, — I' be the natural inclusion of the
subgraph F}, with the same set of vertexes and the set of edges

Ey, = EFk = EF\{{k’k+2}}

where 0 < k < n — 2. That is, the graph Fj is obtained from I' by deleting exactly
one edge {k, k+ 2}.

Theorem 5.22 There exists a simplicial complex AZ};LQ with an inclusion T : AZ’ZLQ —
A" such that the following diagram is commutative

Q}K M(—S)> Qpx
17 1T (5.81)

C(Afh) — CAm)

where T" and T are isomorphisms, and T, is induced by a natural inclusion T : AZ;iz —

A",
Proof. By Proposition 5.12 we have an exact sequence
0 —Js — Qpr — Qp, — 0
where 7 is defined in Definition 5.11. By definition, £ = {0} and, for p > 1,
EV = (" € Ot iy, = kyiigr =k + 2, fOr iy, ipep1 € {do, 1, .., 0p)) C Q.

Now we can describe JP. For ¢it-[kllk+2-i ¢ £p by description of differential in
Corollary 5.3, we obtain that

dF(eioil...[k][k—&-Q]...z’p) _ (:t1>(eioz’l...[k}[k+1][k+2}...ip> + w, where w € gg)—l—l.

Hence,
\750 _ {O}, ‘751 _ <e[k][k+2]> _ gsl’
and, for p > 2, J? is generated by those e € QF for which

i = ki1 = k42, 0T iy iyt € {ioyits. ... ip} or {k, k+1,k+2} C {ig, i1, ... iy},

Consider a simplicial complex AZ’;}H which is the union of two (n — 1)-simplexes
Ap, =101, kk+1,k+3,....n]CA"=[0,1,... . kk+1,k+2,...,n]

and

A =101, k=1L k+1,k+2,...,n]CA"=[0,1,....kk+1,k+2,...,n]

where
AP NN =AY, =101, k—Lk+1,k+3,....n]
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The basic elements of [Q2f, |7, are given by the classes

[6:0..‘1'7”]7
where {ig,...,i,} does not contain pair {i;,i;41} = {k,k + 2} and triple {k,k +
1,k +2}. We define
T'([€5,...0,,)) = {dos - im} C AR,
Then the proof is finished similarly to that of Theorems 5.19 and 5.21. m
Corollary 5.23 Let Fj, be a graph from Theorem 5.22. Then

H<QFk):{0 i>1.

Now let I be a complete monotonic graph with a set of vertices V' = {0,1,2,...,n}.
Let K C V be a subset such that n ¢ K, and L C V such that n ¢ L,(n—1) ¢ L.
Consider a monotonic subgraph s: Gx ; — I' with the same number of vertexes as

I' and the set of edges
Ex = Eg, = Ep \[{{i,i+1} i€ K} U{{j,j+2}:j € L}]

Theorem 5.24 There exists a simplicial complex Sk 1, with an inclusion 7: Sk 1 —
A" such that there exists a commutative diagram of chain complezes

U(s)*

QEKL — Qp*
|7 | T (5.82)

C(Skr) — C(A")

where T" and T are isomorphisms, and T is induced by a natural inclusion T: Sy j, —
A",

Proof. The simplicial complex Sk 1, is defined as

seo= (Nt ) (i)
kEK leL
The same line of arguments as in the proof of Theorems 5.19, 5.21, and 5.22 finishes
the proof. m
Theorem 5.24 obviously reduces computation of cohomologies for a wide class of
graphs to that of simplicial homologies.

Example 5.25 Let I be a complete monotonic graph with the set of vertices V =
{0,1,2,3,4} and let G be the graph that is obtained from I" by removing the edges
{1,2},{2,3},{1,3}. Then G satisfies the hypotheses of Theorem 5.24 and, hence,
can be realized as a simplicial complex S as shown on Fig. 1.

Let G’ be the graph that is obtained from G by further removing the edge {0,4}
(see Fig. 2).

Graph G’ does not satisfy the hypothesis of Theorem 5.24, and one can show
that it does not admit a geometric realization as a simplicial complex. The chain
complex of the graph G’ was explicitly described in [7].
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complete monotonlc graph | grath S|mpI|C|aI complexS

Figure 1: Graph G and its geometric realization as a simplicial complex S

3

Figure 2: Graph G’
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