PLURICANONICAL MAPS OF STABLE LOG SURFACES

WENFEI LIU AND SONKE ROLLENSKE

ABSTRACT. Stable surfaces and their log analogues are the type of varieties nat-
urally occuring as boundary points in moduli spaces. We extend classical results
of Kodaira and Bombieri to this more general setting: if (X, A) is a stable log
surface with reduced boundary (possibly empty) and I is its global index, then
4I(Kx + A) is base-point-free and 8I(Kx + A) is very ample.

These bounds can be improved under further assumptions on the singularities
or invariants, for example, 5(Kx + A) is very ample if (X, A) has semi-canonical

singularities.
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1. INTRODUCTION

It is a general fact that moduli spaces of nice objects in algebraic geometry, say
smooth varieties, are often non-compact. But usually there is a modular compact-
ification where the boundary points correspond to related, but more complicated
objects.

Such a modular compactification has been known for the moduli space M, of
smooth curves of genus g for a long time and in [KSB88] Kollar and Shepherd-
Barron made the first step towards the construction of a modular compactification
M for the moduli space M of surfaces of general type. Even though the actual
construction of the moduli space was delayed for several decades because of formi-
dable technical obstacles to be overcome, it was clear from the beginning that the
objects parametrised by 91 should be surfaces with semi-log-canonical singularities
and ample canonical divisor, for short stable surfaces.

A more general version also incorporates the possibility of a (reduced) boundary
divisor (see Section 2.2 for the precise definitions); this is the higher dimensional
analogue of pointed stable curves and was worked out by Alexeev [Ale96, Ale06].
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In recent years, several components of the moduli space of stable varieties or pairs
have been investigated in detail!. On the other hand, many of the standard tools to
study, for example, smooth surfaces of general type are not yet available for stable
surfaces. In this paper, we make the first steps in the understanding of pluricanonical
maps of surfaces.

Pluricanonical maps are one of the main tools in the study of smooth surfaces of
general type and their canonical models. They have been an active subject of research
ever since Bombieri’s seminal paper [Bom73|. Recall that the m-canonical map of a
variety X is the rational map ¢y, : X --» PV associated to the linear system |mKx|.
Then the roughest version of Bombieri’s results says that on a surface of general
type with canonical singularities and ample canonical divisor ¢,, is an embedding
for m > 5; it had been proved earlier by Kodaira that ¢, is a morphism for m > 4
|[Kod68]. These results are sharp but can be much refined and we refer to [BHPV04,
Sect. VII| or the recent survey [BCP06] for more information.

The singularities of a stable surface are much worse than canonical singularities:
in general they are non-normal, not Gorenstein and not (semi-)rational. Thus many
of the techniques which one can use to prove Bombieri-type theorems do not carry
over directly. The following theorem is proved in Section 4 by applying a Reider-type
result of Kawachi’s on the normalisation combined with a detailed analysis of the
non-normal locus.

Theorem 4.1 — Let (X,A) be a connected stable log surface with global index I.?

(i) The line bundle wx (A)™] is base-point-free for m > 4.
(i) The line bundle wx (A)™] is base-point-free for m > 3 if one of the following
holds:
(a) I >2.
(b) There is no irreducible component X; of the normalisation such that
(m*(Kx + A)|Xi)2 = 1 and the union of A and the non-normal locus
s a nodal curve.
(c) X is normal and we do not have I = (Kx + A)? = 1.

For normal stable surfaces without boundary this recovers [KM98a, Cor. 3, Cor. 4].

Our results on pluri-log-canonical embeddings are somewhat more involved. We
follow an approach due to Catanese and Franciosi [CF96|, later refined in collabo-
ration with Hulek and Reid [CFHR99]: for every subscheme of length two find a
pluri-log-canonical curve containing it and then prove that this curve is embedded
by |mI(Kx + A)|. Without further assumptions on singularities and invariants we
get:

General bounds (Theorem 5.1) — Let (X,A) be a connected stable log surface
of global index 1.

(i) The line bundle wx (A)™) is very ample for m > 8.
(i) The line bundle wx (A)™) defines a birational morphism for m > 6.
(iii) The line bundle wx (A)™ is very ample for m > 6 if I > 2.

IThe following is a probably incomplete list of results in this direction: [Has99, Lee00, Hac04,
vO05, vOO6b, vO06a, AP09, HKT09, Rol10, Liul2, Laz12, BHPS12, Pat12].

21\/Iultiplication with the index is clearly necessary since ¢, cannot be a morphism if m(Kx +A)
is not a Cartier divisor. However, it does make sense to ask which is the first pluri-log-canonical
map to be birational. In the normal case Langer has given an explicit but still unrealistically large
bound [Lan01, Sect. 5].
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We do not believe all of these bounds to be sharp. The main obstacles in our
proof are the extra contributions from the worse than canonical singularities and the
fact that curves containing irreducible components of the non-normal locus and the
boundary do not behave well under normalisation. We explain this more in detail in
Section 5.1, see also Remark 5.8.

Under additional assumptions we can improve the bounds obtained above. In
particular, if X is semi-canonical then we obtain the same bound as in the classical
case.

Bounds for milder singularities (Theorem 5.2) — Let (X,A) be a connected
stable log surface of global index I.

(i) The line bundle wx (A)™ is very ample for m > 7 if one of the following
holds:

(a) There is no irreducible component X; of the normalisation such that

(m*(Kx + A)]XZ_)Q =1 and the union of A and the non-normal locus
15 a nodal curve.
(b) X is normal and not (Kx + A)? = 1.

(i) The line bundle wx (A)™ is very ample for m > 6 if the normalisation X
18 smooth along the conductor divisor and has at most canonical singularities
elsewhere.

(iii) The line bundle wx (A)™ is very ample for m > 5 if DU A is a nodal
curve, X is smooth along the conductor divisor, and X \ D has at most
canonical singularities.

In particular these conditions are satisfied, if (X,A) has semi-canonical
singularities.

For a connected stable surface X with canonical singularities the bi-canonical
map is a morphism as soon as Kg( > 5 and the tri-canonical map is an embedding
as soon as K% > 6 (see [Cat87]). Such behaviour cannot be expected for stable
surfaces: in Example 7.2 we construct an irreducible, Gorenstein stable surface with
Kg{ arbitrarily large but the bi-canonical map not a morphism and the tri-canonical
map not an embedding.

A natural extension of the aforementioned results is the study of the (index)-
canonical ring. We do not engage in a detailed study but only state the results that
follow by standard methods from Theorem 4.1.

Theorem 6.1 — Let (X,A) be a stable log surface of index I. Then the indez-log-
canonical ring,
R(I) = @ HO(Xv WX(A)[mI])v

mEZZO

1s generated in degree at most 13 and in degree 10 under the same assumptions as in
Theorem 4.1(it).

All the results should only be regarded as a first step towards a precise under-
standing of pluri-log-canonical maps and pluri-log-canonical rings of stable surfaces.

Our method relies on the rough classification of semi-log-canonical singularities
and thus does not generalise to higher dimensions at the moment.

Acknowledgements: We had the pleasure to discuss parts of this project with
Fabrizio Catanese, Michael Lonne, and Markus Zowislok. We rely heavily on the
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1.1. Notations and conventions. We work exclusively with schemes of finite type
over the complex numbers.

e The singular locus of a scheme X will be denoted by Xjin,.

e A surface is a reduced, projective scheme of pure dimension two but not
necessarily irreducible or connected.

e A curve is a purely 1-dimensional scheme that is Cohen—Macaulay. A curve
is not assumed to be reduced, irreducible or connected. For a point p € C
we denote by p,(C) its multiplicity.

e For a curve C' (possibly non-connected) we define the arithmetic genus to
be pa(c) =1- X(OC)'

e Let X be a scheme which is Gorenstein in codimension 1 and Sy. For a
sheaf F on X we denote by F™ = #omo, (#omo, (F,0x),Ox) the
reflexive powers.

We switch back and forth between multiples of the canonical divisor,
mKx, and reflexive powers of the canonical sheaf wggﬂ.

o We call a Q-Weil divisor reduced if all non-zero coefficients are equal to 1.

Some further notation on demi-normal schemes or semi-log-canonical pairs will be
fixed in Notation 2.4

2. SET-UP

We will now recall the definition of semi-log-canonical singularity and stable log
surface and some of their properties. Our main references are [Kol12, KM98b| but
for simplicity we stick to dimension 2 from the beginning.

2.1. Log-canonical pairs in dimension two. Let X be a normal surface and
m: Y — X be a birational morphism. Using the negative definiteness of the intersec-
tion form on exceptional divisors Mumford defined the pullback for all Weil divisors
in X and consequently a Q-valued intersection pairing on Weil-divisors on a normal
surface (see [Sak84, Sect. 1]).

Let A be a (possibly empty or non-effective) Q-Weil-divisor on X and 7: ¥ — X
a resolution of singularities such that the union of the strict transform of A and the
exceptional divisor is a simple normal crossing divisor. Denote by E; the exceptional
divisors. Then there exist unique rational numbers a;, called discrepancies, such that

T (Kx 4+ A) ~g Ky + (17 1)A =) " aiE.

Definition 2.1 — Let X be a normal surface and A a reduced Weil-divisor on X.
The pair (X, A) is called log-canonical (resp. canonical) if Kx + A is Q-Cartier and,
in the notation above, a; > —1 (resp. a; > 0) for all 7.

Remark 2.2 — There are several related definitions of singularities (terminal, klt,
dlt, ...), which however will not play a role for us.
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We recall the following facts from the classification of surface singularities (see
[KMO98b, Sct. 4.1]): if x € X is a normal surface singularity without boundary then
x is

e a smooth point, or
e an ordinary double point of type A,, D,, or E, (canonical), or
e a finite quotient singularity, or
a (quotient of a) simple elliptic or cusp singularity (log-canonical).

If x € A C X is a log-canonical singularity then x € X is a finite quotient singularity,
A is either smooth or has an ordinary double point at z. The extended resolution
graphs, basically specifying the tangent direction of A are classified in [KM98b,
Thm. 4.15].

2.2. Non-normal surfaces. We now define stable log surfaces and explain some
parts of [Kol12, Ch. 5]. For the sake of simplicity we restrict to dimension two from
the beginning.

2.2.1. Demi-normal surfaces.

Definition 2.3 (Kollar) — A 2-dimensional scheme X is called demi-normal if it
satisfies Serre’s condition Sy and at each point of codimension 1, X is either regular
or has an ordinary double point.

We now fix some notation that will be used in the rest of the article.

Notation 2.4 — Let X be a demi-normal surface with normalisation 7: X — X.
The conductor ideal condx = #omp, (1.Ox,Ox) is an ideal sheaf in both Ox and
Ox and as such defines subschemes

Dc X and D C X,

both reduced and of pure codimension 1 [Kol12, Sect. 5.1]; we often refer to D as
the non-normal locus of X.

The map 7: D — D is generically a double cover and if we normalise the non-
normal locus and its preimage we get a diagram

X<~—D~<~"D

R
X <~—D<"D"
where 7: D¥ — DV is a double cover. Thus there is an involution®
7: D” — DY such that D” = D”/t.

Weil-divisors containing a component of the non-normal locus do not behave very
well, so in order not to repeat ourselves over and over again we encode the property
in a definition, which we will also need for pairs.

Definition 2.5 — A log surface is a demi-normal surface X together with a reduced
Weil-divisor A, called boundary divisor, such that the support of A does not contain
any irreducible component of the conductor divisor D.

A Q-Weil-divisor C' on a log surface (X, A) is called well-behaved on (X, A) if its

support does not contain any irreducible component of D U A.

31t is an important point here that, in general, 7 does not induce an involution on D.
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A demi-normal surface X is Gorenstein in codimension 1 and Sy and we can use
the theory of generalised divisors from [Har92|. In particular, for every integral Weil-
divisor A there exists an associated reflexive sheaf Ox(A) and if A is well-behaved
on X in the sense of Definition 2.5, then it is almost Cartier. Almost Cartier divisors
form a group under addition. The corresponding operation on the level of reflexive
sheaves is first taking the tensor product and then the double dual.

Let wx be the dualising sheaf which coincides with the pushforward of the canoni-
cal bundle on the Gorenstein locus. A canonical divisor Kx is an integral Weil divisor
such that Ox(Kx) = wx. By a local computation we have (7*wx )N 2 wy (D).

Definition 2.6 — Let X be a demi-normal surface.

(1) We define a Q-valued intersection pairing for well-behaved Weil-divisors in
the following way: let A, B be well-behaved Weil-divisors on X and A, B
their strict transforms the normalisation X. Then the intersection number
is

AB := AB
where we use Mumfords intersection pairing for normal surfaces. (see e.g.
[Sak84]).
(#) For a Q-Cartier Weil divisor F' and a curve B on X we denote by

1
deg F|p := o deg Ox (mF)|p,

where m is a positive integer such that mF is Cartier. such that f*A —
(f71)«A is f-exceptional and f*AE = 0 for all f-exceptional curves E.

Remark 2.7 — The intersection form defined in this way has some unexpected prop-
erties: For example, if A and B are contained in different irreducible components
of X then their intersection number is zero even if they intersect in the non-normal
locus.

On the other hand, if in (i) both F' and B are well-behaved then deg F'|p = F'B.

Remark 2.8 — If A is an almost Cartier divisor and B is a well-behaved curve in
X then the restriction Ox(A)|p = Ox(A) ® Op may have torsion; we will use
the notation Op(A) := (Oy(A) ® Op)/tor, where tor denotes the torsion part of
Oy (A) ® Op.

Note that if A is Q-Cartier but not Cartier then our definition of degree deg A|p =
AB does not satisfy the usual Riemann—Roch formula for curves, that is, in general
X(Op(A)) # deg A|g + x(Op) (see Proposition A.5). Thus our definition of degree
agrees with the definition in [CFHR99| only for Cartier divisors.

2.2.2. Semi-log-canonical and stable log surfaces. Philosophically, semi-log-canonical
singularities are the analogue of log-canonical singularities for demi-normal schemes.

Definition 2.9 — Let (X, A) be a log surface and let A C X be the strict transform
of A in the normalisation. The log surface (X, A) is said to have semi-log-canonical
(semi-canonical) singularities if Kx + A is Q-Cartier and the pair (X, D+ A) is log-
canonical (canonical). The global index I of (X, A) is the smallest positive integer
such that I(Kx + A) is Cartier.

The log surface (X, A) is called stable if it has semi-log-canonical singularities and
Kx + A is ample. If the boundary is empty then we simply call X a stable surface.

Semi-log-canonical will often be abbreviated as slc. A rough classification of slc
surface singularities without boundary is already given in [KSB88|; an additional
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list of slc surface singularities with reduced boundary can be deduced from their
normalisations (|Kol12, Theorem 4.15], [Kol10, 17]) and the gluing process explained
after Theorem 2.13. Equations for all two-dimensional slc hypersurfaces can be found
in [LR12b].

The definitions can be extended to include a fractional boundary divisor but we
do not need this more general setting.

If one is only interested in surfaces of general type and their degenerations one
can assume A = 0 throughout. However, stable log surfaces have found several
interesting applications to moduli of plane curves, abelian varieties, K3-surfaces and
del Pezzo surfaces?.

Definition 2.10 — Let (X, A) be a log surface and B a well-behaved reduced curve
on X. Let B” be the normalization of B. Suppose wx (A + B)™ is a line bundle
for some positive integer m. Then the different Diff pv (A) is a Q-divisor on B” such
that

wx (A + B)M |5 = oI (mDiff g (A)).

Though surfaces with slc singularities can be recovered from their normalisations
together with some additional data (see Theorem 2.13), it is sometimes useful to
consider their semi-resolution, first considered by Kollar and Shepherd-Barronc and
independently by van Straten under a different name.

Definition 2.11 (|KSBS8S§|, [Koll12]) — A surface Y is called semi-smooth if every
point of Y is either smooth or double normal crossing or a pinch point®.
A well-behaved smooth rational curve E on a semi-smooth surface Y is called a
(—1)-curve, if E? = —1 and deg Ky|p < 0.
A morphism of demi-normal surfaces f: Y — X is called a semi-smooth resolution
if the following conditions are satisfied:
(i) Y is semi-smooth;
(7) there is a semi-smooth open subscheme U of X such that the codimension
of X \ U is two and f is an isomorphism over U
(éi1) f maps the singular locus of Y birationally onto the non-normal locus of X.

A semi-resolution is called minimal if it does not contract (—1)-curves.

Theorem 2.12 (|vS87|, [Koll2, Thm. 9.53|) — Let X be a demi-normal surface.
Then X has a unique minimal semi-resolution.

The possible configurations of exceptional divisors on the semi-resolution of an slc
point will be discussed in Section A.4.
The following result was proved by Kollar in any dimension:

Theorem 2.13 (Kollar) — The normalisation procedure described in Notation 2./
gives a bijection of sets
(X, D—l:A) log-canonical pair,
stable log o D, Ky + D + A is ample,
surface (X, A) 7: DY — DY is an involution,
Diff 5. (A) is T-invariant.
We comment briefly on the proof. We have seen above that any stable log surface
gives rise to a triple as above, where only the 7-invariance of the different remains

4See for example [Hac04], [Ale02], [HKT09], [Laz12].
5A local model for the pinch point in A3 is given by the equation z? + yz2.
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to be proved. This is not difficult, because wg(D)|p, = 7 (wx|pr), see [Koll2,
Prop. 5.12].

The other direction is more subtle. If we are given a triple (X, D+A, 7) we need to
construct X and then prove that it is a stable log surface. First one uses results about
quotients with respect to finite equivalence relations [Kol12, Cor. 5.30, Cor. 5.34| to
construct X as an algebraic space. Then one has to prove that Kx + A is Q-Cartier
[Kol12, Prop. 5.15, Thm. 5.40] and finally conclude that K x +A is ample on X by the
version of Nakai-Moishezon valid for algebraic spaces [Kol90, Thm. 3.11]. Proving
that the equivalence relation has the required properties and that the log-canonical
bundle is Q-Cartier becomes quite technical in higher dimensions.

Since we are especially interested in pluri-log-canonical maps and thus sections of
pluri-log-canonical bundles, the following will play a role.

Proposition 2.14 ([Koll12, Prop. 5.8]) — Let (X, A) be a stable log surface, m > 1.
A section s € HO(X,wg(D+A)™) descends to a section in HO(X,wx (A)™) if and
only if its residue at the generic points of DV is T-invariant if m is even respectively
T-anti-invariant if m is odd.

If wg(D + A)[m} 1s a line bundle then this is equivalent to the image of s in
H(DV, w[DmV] (mDiff 5. (A))) being T-invariant if m is even respectively T-anti-invariant
if m is odd.

The alternating signs are related to the Poincaré residue map: localising at a
codimension 1 nodal point we look at the local model A2 D X = Z(zy) = L, U L,
so that a local generator for wy2(X) is dxz A dy/xy. Taking residues along the two

lines we have
dz Nd d dz Nd d
Resy, < ‘ y> = —y, Resr, < ° y> = ——x,
xy Y xy T

so they differ in sign at the node.
For later reference we also state

Proposition 2.15 — Let X be a stable surface with normalisation X. In the nota-
tion above we have K% = (K + D)? and x(Ox) = x(Ox) + x(Op) — x(Op).

Proof. The first part is clear. For the second note that 7,0 (—D) coincides with
the ideal sheaf of the non-normal locus in X and thus we get the result by using
additivity of the Euler characteristic for the two sequences

0— Og(—D) = Og — Op — 0,

0 — m0x(—D) — Ox — Op — 0.
O

2.3. The curve embedding theorem. The technique of restriction to curves will
play a major role in our approach and thus we will often need the following numerical
criterion due to Catanese, Franciosi, Hulek and Reid. We state it in a slightly weaker
version that suffices for our purpose.

Theorem 2.16 ([CFHR99, Thm. 1.1]) — Let C' be a projective curve (over an
algebraically closed field) which is Cohen—Macaulay but not necessarily irreducible or
reduced and L a line bundle on C'. Then L is base-point-free if for every generically
Gorenstein subcurve B C C

degp L = x(Op) — x(£L|B) = 2pa(B) = 2(1 — x(OB))
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and L is very ample if the inequality is strict.

Note that for an irreducible and smooth curve this gives the classical bounds.

3. A VANISHING THEOREM ON SLC SURFACES

We will need the following basic vanishing result, which is a variant of [KSS10,
Cor. 6.6], and some consequences. All of these results follow from general vanishing
theorems in [Fuj12| but the surface case is technically much simpler.

Proposition 3.1 (Generalised Kodaira vanishing) — Let X be an slc surface and
A a well-behaved, integral, ample, Q-Cartier divisor on X. Then

HY(X,0x(-mA) =0  foralli<?2andm > 1.

Proof. Choose k € N such that Ox(kA) is a very ample line bundle and let B be
the divisor of a general section. In particular, B is a reduced divisor contained in
the locus where X has at most normal crossing singularities and B is non-singular
where X is smooth. Now consider the ramified simple cyclic cover

k—1
m: Y = Specy (@ OX(k:A)> —- X
i=0
with the following properties:
(i) Y is Cohen—Macaulay by construction since each Ox(—kA) is Sy and Y is
a surface.
(7) Y has Du Bois singularities by [Kol12, Cor. 6.20].
(iii) (7*Ox(A))M is locally free [Kol12, 2.56.6] and ample because the pullback
of an ample divisor via a finite map is ample.
(iv) Let Z C X be a codimension 2 subset such that X \ Z is Gorenstein. For
every reflexive sheaf 7 on X we have

ol
—

e (P = (1,0y 0, )V = @ (Ox(—kA)) @0, F)I

%

I
o

because all sheaves above are Ss and isomorphic over X \ Z where 7 is flat.

Now by (i) the sheaf 7*(Ox (—mA)) is line bundle on Y whose inverse is ample
for m > 1. Since Y is Cohen—Macaulay and Du Bois, the Du Bois version of Kodaira
vanishing [Kol12, Thm. 9.41] implies for i < 2 and m > 1

0= H'(Y,(7*Ox(—mA)))
= HY(X, (7" Ox (—mA))
k—1
= H' (XaEB (Ox(~kA)) ®oy 0X<—mA>>[”> by (iv)

1=0

k—1
=H (X, P ox((-m - k)A)>
1=0

O H' (X, 0x(—mA))
This concludes the proof. ]
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Remark 3.2 — The reason for the restriction to dimension 2 in the above theorem is
that the index-1-cover constructed in the proof may well fail to be Cohen—Macaulay
in higher dimensions.

Lemma 3.3 — Let X be a demi-normal surface, A a well-behaved, integral Weil di-
visor on X, and F,G reflexive sheaves on X that are locally free outside codimension
two. Then

Ext (F(A),G) = Bxtx (F,G(—A)).
Proof. We first claim that &zt (F,G) = 0. Indeed, let j: U < X be the inclusion

of an open subset where all sheaves in question are locally free and such that the
complement is of codimension 2. Then by [Har66, Ch. 2, Prop. 5.8]

P&ty (F,G) = Eatp, (*F,j*G) =0

so that éoxté)x (F,G) is torsion supported in codimension 2.

To study é"xtéx (F,G) we may assume that X is affine. Since both F and G are
reflexive, in any extension 0 - G — & — F — 0 the sheaf £ is also reflexive. Thus
the extension is determined outside codimension 2 as can be seen from the diagram

0 g & F 0.

|

Thus the extension splits if it splits outside codimension two and & xtéx (F,G) has
no torsion supported in codimension 2. By the above it is actually zero.

Returning to the claim of the lemma, the local-to-global-Ext-spectral-sequence
induces an exact sequence

0 — H'(X, #omo (F(A),G)) = Extx(F(A),G) — HY(X, Extp, (F(A),G))

so by the above we have Ext (F(A),G) = HY(X, #ome, (F(A),G)). Since the
sheaves omo, (F(A),G) and Home, (F,G(—A)) are both reflexive and isomor-
phic on U they are isomorphic and hence

Extk (F(A),G) 2 HY(X, #omo, (F(A),G))
= H' (X, #omoy (F,G(—A))) = Extx (F,G(-A))
which concludes the proof. O

Corollary 3.4 — Let (X, A) be a stable log surface with global index I. Then for
all i > 0 and all integers m > 2,

(3) HI(X, i (m = 1)A)) =0,
(ii) HY(X,wx (A = 0.

In particular, if X is a stable surface (with empty boundary) then H"(X,wg?]) =0
for all i > 0 and all integers m > 2.

Proof. By Serre duality on the Cohen—Macaulay scheme X and Lemma 3.3, we have
o (X, W (m — 1)A)) =~ Ext% (W (m — 1)A), wy)
= H2(X wx () ),
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so by Proposition 3.1, w&n}((m — 1)A) has no higher cohomology for m > 2 which
proves the first item as well as the case without boundary.

For the second item consider the exact sequence

0 = W (mI = 1)A) = wx (A 5 wx (A4 = 0,

whose long exact cohomology sequence gives
(1) HYX,wx(A)™) = YA wx(A)M]y),  HY(X,wx(A)™]) =o.

Thus we need to prove that H'(A, wy (A)™A) =0 for m > 2.

We argue by contradiction, so assume H'(A,wx(A)™|A) # 0. By Lemma A.2
there is a subcurve B C A with a generically onto morphism Ap: w X(A)[mI ] B — wp.
On the other hand, since (X, A) is a stable log surface, wx (A)!!)|5 is an ample line
bundle and thus has positive degree on B. Furthermore deg(wx (A))|5) > deg(w$7)
because the different is effective, see Lemma 4.7. Hence for m > 2 the degree of
wx (A5 is strictly larger than the degree of w%l and there cannot exist a Ap as

above —a contradiction. Thus H'(A, wx(A)™]|A) = 0 as claimed and equation
(1) concludes the proof. O

Corollary 3.5 — Let (X,A) be a stable log surface with global index I and I the
ideal sheaf of D UA C X. In the notation of Section 2.2 we have

(i) HO(X,Twx (A)M™) = HY(X ,wg(D + A)™(—=D — A)) for m >0,
(i) HY(X,Twx(A)™) =0 for all i > 0 and all integers m > 2.
Proof. Let Z be the ideal sheaf of D U A in X. Then we have m,Z = Z. Now
we(D+ A)M(—D — A) = Twx (D + A = Ir*wy (A)m]
and it follows that
mewg (D + A (D — A) = 7,7 @ wx (A)M] = Zwx (A)m,
Since 7 is a finite morphism, we have by the Leray spectral sequence that
HY(X, Zwx (A1) = H/(X,wg(D + A)™ (=D — A)) for i > 0.

In particular (7) is proved. By applying Corollary 3.4(i) to the pair (X, D+ A), the
second item also follows. 0

The first item is also a direct consequence of Proposition 2.14.

4. BASE-POINT-FREENESS OF PLURI-LOG-CANONICAL MAPS

Many of the standard techniques do not work directly on non-normal and possibly
reducible surfaces. Thus to prove base-point-freeness we first use a Reider-type result
of Kawachi on the normalisation to produce pluri-log-canonical sections vanishing
along the non-normal locus. Then we analyse the restriction of the pluri-log-canonical
bundle to the non-normal locus directly. The overall result is

Theorem 4.1 — Let (X, A) be a connected stable log surface of global index I.
(i) The line bundle wx (A)™) is base-point-free for m > 4.
(i) The line bundle wx (A)™) is base-point-free for m > 3 if one of the following
holds:
(a) I >2.
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(b) There is no irreducible component X; of the normalisation such that
(m*(Kx + A)]XZ_)Q =1 and the union of A and the non-normal locus
s a nodal curve.

(c) X is normal and we do not have I = (Kx + A)? = 1.

This result is sharp in the sense that there are examples of smooth surfaces such
that w?}?’ has base-points [BHPV04, Remark on p.287]. However, the conditions in
the theorem are by no means neccessary for base-point-freeness.

In the case of surfaces with canonical singularities the bi-canonical map is a mor-
phism as soon as Kg( > 5. We will show in Example 7.2 that this does not generalise
to stable surfaces, even irreducible ones.

Remark 4.2 — If |/mI(Kx + A)| is base-point-free, the fact that Kx is ample implies
that the pluri-log-canonical map ¢,,7: X — PV does not contract any curve on X,
hence defines a finite morphism from X to its reduced image.

4.1. Base-point-freeness on the complement of boundary and non-normal
locus. We now analyse the base-point-freeness of pluri-log-canonical maps outside
the non-normal locus and the boundary of a stable log surface, starting with the
following auxillary result.

Proposition 4.3 — Let (X, A) be an irreducible (hence connected) log surface with
log-canonical singularities, K ¢ + A ample and I the global index. Assume m > 3 if
I > 2 and in addition (m — 1)*(K g + A)? > 4 if the index is 1.

Then for every x € X \ A there is a section of wg(A)™(—A) not vanishing at
x. In particular, the rational map associated to ws(A)™ is a morphism on X \ A.

Proof. Let f :}7 — X be the minimal resolution of those singularities of X that are

contained in A. We can write Ky = f*(Kg + A) — Ay — E, where Ay is the strict
transform of A and F is exceptional. Since f is the minimal resolution along A, the
divisor F is effective. B o
Consider the divisor M = (mI —1)(Kg + A). The pullback f*M (in the sense of
Mumford) is a big and nef Q-divisor on Y and
Ky +[f"M] = [Ky + [ M]
=[f"(Kx+A)— Ay —E+ f*M]
= ['mI(Kg +A) — Ay — | E]
is Cartier. Thus, as soon as
(2) f*M? >4 and f*M.C > 2

holds for all curves C' not contained in the exceptional locus of f, we can apply
[Kaw00, Thm. 2| to conclude that Ky + [ f*M] is base-point-free outside the excep-
tional locus of f. Since

HY(Y,0y(Ky + [f*M])) = H(Y, Oy (f*mI(Kx + A) — Ay — | E]))
C HYY,O5(f*mI(K% + A) — Ay))
>~ HY(X, f.O05(f*mI(Kx + A) — Ay))
>~ HY(X,0¢(mI(Kg + A) — A))
= H(X,wg(A)™(-A))

all sections of Ky + [ f*M7] descend to sections of wy (A)™](=A). Via the inclusion
wg (AP (—A) < wg(A)™] we can also interpret these as section of wyg(A)]
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vanishing along A. The restriction f: Y\ f~'A — X \ A is an isomorphism and
thus base-point-freeness holds on X \ A under the assumption (2).

It remains to show that (2) holds in the cases given above. First we note that for
m > 3 and for every non-exceptional curve C' C Y we have

ffM.C = (mI-1)(Kg+A)f.C =21(Kg+A)f.C+(m—2)[-1)(K5+A)f.C > 2

because I(Kg + A) is an ample Cartier divisor.
Noting that I(Kg + A)? is a positive integer, because it is the intersection of an
ample Cartier divisor with an integral divisor, and writing

2
ffM?=(Im—-1)*Kgs+A? >4 <m — }) I(Kg +A)? > %

we see that if 7 > 2 and m > 2 the inequality is satisfied. If I = 1 we need that
(m —1)?(K ¢ + A)? > 4 in addition to m > 3. O

We now descend the above result to a possibly non-normal stable log surface.

Corollary 4.4 — Let (X, A) be a stable log surface with global index I. Then the
base-points of wX(A)[mI] are contained in the union of the non-normal locus D and

the boundary A if
(i) m >4, )
(ii) m > 3 unless the index I = 1 and there is an irreducible component X; of
the normalisation such that (7*(Kx + A)’Xi)2 =1.

Proof. We use our standard notation from Section 2.2. On every irreducible compo-
nent X; of the normalisation X, we apply Proposition 4.3 to the pair (X;, (A+ D) %,)
which, under our assumptions, gives for every point Z € X \ (A U D) a section of
wg(D + A)™I (=D — A) not vanishing at 7.

Via the inclusion

wi(D+ A (—D — A) — wg(D + A)lm

the sections of wg (D4 A)™(—D—A) are mapped to sections of wg (D +A)™ that
vanish along D U A and thus descend to sections of wx (A)™] by Proposition 2.14.
Consequently, wx (A)™] has no base-points outside A U D. O

4.2. Restricting to non-normal locus and boundary. In this section we con-
centrate on the geometry of the non-normal locus D of a stable log surface (X,A),
using the same notation as in Section 2.2. We start with a definition that will turn
out to describe all possible singularities of the non-normal locus.

Definition 4.5 — Let B be a reduced curve, p € B and p = i, (B) the multiplicity
of pin B. We call p a y-multi-node, if locally analytically at p the curve is isomorphic
to the union of the coordinate axes in A*.

Thus a 1-multi-nodal point is smooth and a 2-multi-node is just an ordinary nodal
point.

By the correspondence between stable log surfaces and their normalisation ex-
plained after Theorem 2.13 (see also [Kol12, Thm. 8.12(3)]), the non-normal locus
D is quotient by the finite equivalence relation on D induced by 7. In other words, as
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a set D is the set of equivalence classes of the equivalence relation on DY generated

by
(3) p~qif 7(p) = q or v(p) = v(q),

and the scheme structure on D is determined by the requirement that the diagram
<7
. l o
2 pv

O<~—=0

is a pushout diagram.

Recall that D is a nodal curve by the classification of log-canonical singularities. If
D is smooth then 7 is an isomorphism, so D¥ = D/ satisfies the pushout property
and D = DY. Applying the same argument locally, it follows that if p € D is a point
such that 7=!(p) contains only smooth points of D then p itself is smooth.

Now let p be a singular point of D. Write the preimage of p as

(mop) (p) = {a1,b1, ..., an, by, 1. 1}

such that #(a;) = v(b;) is a node of D and ¥(c;) is a smooth point of D. By the
above there is at least one node mapping to p, so k > 1. Since the preimage is an
equivalence class with respect to the relation generated by (3), we have | € {0, 1,2}
and, up to reordering, the following cases can occur (compare also [Koll10, 17.4]):

Type I: The preimage consists only of nodes and we glue in a circular fashion:
T7(bj)) = aiy1(t =1,...,k — 1), 7(b) = a1. In this case we get a smooth
point of D if £k =1, so we assume k > 2.

Type II: We glue the preimages of the nodes in a chain 7(b;) = a;+1 (i =
1,...,k — 1) and have two remaining points a; and by at the ends. At
each end we have two possibilities which we spell out only for ay: either
7(a1) = ay or 7(a1) = ¢; for a point ¢; mapping to a smooth point of D.

To determine the local structure of D at p, we replace D by a small analytic
neighbourhood of p such that p is the only singular point and 7 has no fixed points on
DY\ (7 o #)"}(p). Then, possibly shrinking D further, the normalisation D¥ = D¥ /7
consists of k (Type I) or k 4+ 1 (Type II) branches, each containing a unique point
that maps to p, and D consists of k nodal and possibly one or two smooth branches
for Type II.

Thus there are maps from D and DY to a neighbourhood of a multi-nodal point
compatible with the equivalence relation. These satisfy the pushout conditions be-
cause if the tangent directions were not independent then the map to D would factor
over the multi-nodal point. So every singular point p € D is a py-multi-nodal point
for some p > 2.

By Theorem 2.13 the different Diff 5, (A) is 7-invariant and thus has the same
coefficient for each point in an equivalence class of the relation generated by (3). In
particular, if p € D is singular then the preimage contains at least one node and the
different has coefficient 1 at each point mapping to p. This restricts the possibilities
for the smooth points 7(c;) € D occuring in Type II: by the classification of log-
canonical singularities they are either dihedral points of X or smooth points of D
where D intersects A.

The first two items of the next lemma sum up the discussion so far.
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Lemma 4.6 — Let (X,A) be a log surface with slc singularities and D C X the
non-normal locus. Let p € D UA. Then the following holds.

(i) p is a p-multi-node of DU A for p = pu,(DUA) > 1.

(i) If p is a singularity of D U A then the inverse image w'(p) contains at
least one node of DUA and at each point of D¥ mapping to p the different
Diff 5. (A) has coefficient 1.

(iii) Let B C DUA be a subcurve. Then pa(B) = pa(B”) +>_,(1p(B) — 1).

Proof. It remains to prove the last item. We compare the arithmetic genera of B
and BY by taking Euler characteristics in the short exact sequence

0— OB — I/*OBV — V*OBV/OB — 0.

Since all singular points are p-multi-nodes the length of the subsheaf of v,.Opv/Op
supported at the point p is exactly u,(B) — 1, 80 pa(B) = pa(B”) + >, (1p(B) — 1).
O

Now we analyse the restriction of the log-canonical bundle to the non-normal locus
and the boundary.

Lemma 4.7 — Let (X,A) be a stable log surface with normalisation (X, D + A).

Consider a subcurve B C D U A, with normalisation BY. Let s be the number of
smooth points of B that are singular points of D U A. Then

deg(Kx + A)|pr > 2pa(B") =2+ > 1p(B)

pe(DUA)sing
>2pu(B) —2— Y (2 mp(B)) +s
pEBsing
>2p(B) —2— Y (2— my(B))
pEBsing

Proof. Let By = BN D and By = BN A, that is, By (resp. Bs) is the subcurve of B
contained in D (resp. A). As Weil divisors we can write D+ A=A+ B =A;+ B;
with A (resp. A;) being the complement curve of B (resp. B;). We adopt our usual
notation for strict transforms in X and normalisation: for example, B is the strict
transform of B in X, BY is the normalisation of B while B is the normalisation of
B.

Note that 71: BY — BY is a double cover and mo: BY — BY is an isomorphism.
Thus by Hurwitz formula

(4) KBIu:Tr*KBlv—I-RandKBé/:ﬂ'*KBE

where R is the (reduced) ramification divisor on BY.
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Now we compute the degree of Kx + A restricted to B:
deg(Kx + A)|p = deg(Kx + A)[p, +deg(Kx + A)|p,

1 o L
= 5 deg(Kg + D+ )y + deg(Kg + D+ 8)|y
1 _ _

1 _ _
@ deg <2 (WTKBT + R+ Diﬂ“B{(Al)) + WSKBQV + DiffBg(Ag)

L/, = . =
= deg(KBIV + KBS) + deg <2 (lefgll, (A) + R) + Dlﬁgg (AQ))

1 : i
= deg Kpv + deg <2 (Diﬂ?glu(Al) + R) + Diff (A2)>

Let p be a point in B such that p,(D U A) > 2. Then we can decompose the
multiplicity p,(B) = pp(B1) + pp(B2). Taking the degree of the maps into account
we have

p(B1) = 5#01 0 7))+ 5 (1 0m) L) N R).
pp(B2) = #(v2 0 m2) ™' (p),

where v;: BY — B;, i = 1,2, are the normalisations and R is the set of ramification
points of 7.

The different Diff 5. (A) = Diff By (A;) + Diff By (Ag) is effective and has coefficient
1 over every singular point of D U A which lies in B (Lemma 4.6). Combining this
with (5) and (6), we have

deg(Kx +A)[p > degKpv + Y (p(B1) + p1p(B2))
pe(DUA)

(6)

sing

=2pa(B") =2+ > mp(B)
pe(DUA)

sing

and using Lemma 4.6(iii)

>2pa(B) =2+ s+ Z pip(B) — 2(pp(B) — 1)

pEBsing
=2pa(B) =245+ > 2—p,(B)
pGBs‘mg
> 9u(B) =2+ 0 2 iy(B).
pEBsing
This concludes the proof. O

Proposition 4.8 — Let (X, A) be a stable log surface with global index I.

(i) If m > 4 then the line bundle wX(A)[mH’DuA s base-point-free and the
associated morphism is birational.
(i) If m >3 and I > 2 then the line bundle wx (A)™|pua is base-point-free.
(iii) If m > 2 and D U A is a nodal curve then the line bundle wx (A)™|poa
is base-point-free.
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In each case the line bundle is very ample if the inequality is strict.

Proof. By the curve embedding theorem 2.16 it suffices to check that for every
(Cohen-Macaulay) subcurve B C D U A we have degmIKx|p > 2p,(B) for base-
point-freeness respectively degmIKx|p > 2po(B) + 1 for very ampleness. We con-
centrate on the base-point-freeness now, the proof for very ampleness being the same.

We start with (i77) where B is a nodal curve. Recall that I(Kx + A) is an ample
Cartier divisor and thus has degree at least one on each irreducible component of B.
If pa(B) < 1 the inequality degmIKx|p > 2p,(B) is trivially satisfied for m > 2. If
Pa(B) > 2 then by Lemma 4.7

deg I(Kx+A)|p > deg(Kx+A)|p > 2pa(B) =2+ Y 2—p1p(B) = 2pa(B)—2 > 2
pEBsing

and thus deg 2/ (Kx + A)|p > 2pq(B).
Now suppose B is singular. We compute, using Lemma 4.7,

deg2(Kx + A)|pr = deg(Kx + A)|pv + deg(Kx + A)|pv
>2p(BY) =2+ Y mp(B)+2pa(B) =2 > (2 p(B))

peBsing peBsing

— (B - 142 Y (my(B)—1)
PE Bsing
> 204(B) + 2pa(BY) — 4+ 24{p € B | up(B) > 2}
> 2pa(B) 4 2(po(BY) — 1) (because B is singular)

If B has a irreducible components then p,(BY) — 1 = —x(Opv) is at least —a and
thus we continue the computation to get

deg2(Kx + A)|pv = 2pa(B) — 2a > 2pa(B) — 21 deg I K x|pv,

where the second inequality follows because the degree of the line bundle I Kx is at
least 1 on each irreducible component of BY.

Therefore we have deg(2] + 2)Kx|p» > 2p,(B). Consequently if m > 2+7121 then
degmIKx|p > 2pq(B). This proves the base-point-freeness in case (i) and (ii).

It remains to prove that wx (A)™!|p A gives a birational map for m > 4. Since
this map is very ample if I > 2 or m > 4 by the above, we may assume that I =1
and m = 4.

Let p,q be two smooth points of D U A and let Z = Opua(—p — q) € Opua
be the corresponding (invertible) ideal sheaf. To show that wyx(A)4 separates p
and ¢ is suffices to prove HY(DU A, wx(A)¥ ®Z) = 0. Assume on the contrary
HYDUA, wx(A)M®T) # 0. Then, by Lemma A.2, there is non-empty subcurve
B C DU A such that

(7) X(B,wx (MM ®I|p) < x(B,wp)

with equality if and only if wx (A)* ® Z|p = wp. On the other hand, we have shown

above that degwx (A ®Z|p > 2p,(B) — 2 with strict inequality if B is nodal.
Hence B is not a nodal curve, (7) is in fact an equality and wp = wx (AU @ Z|p is
a line bundle. But the dualising sheaf a curve with a p-multi-node with ¢ > 3 is not
a line bundle by [Kol12, Aside 5.9] — a contradiction. O
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Remark 4.9 — Examining the proof closely the bounds can be improved under ad-
ditional assumptions, for example if there are no rational irreducible components of
D U A on which wx has small degree.

Numerically, the worst case occurs if X is Gorenstein, the non-normal locus D
has just one singular point, and every irreducible component B of D is rational
with a 3-multi-nodal point such that deg(wx|g) = 1. In this case, denoting by k the
number of irreducible components of D, we have p,(D) = 2k and hence deg(w$*|p) =
2pq(D)—E. Such examples can be constructed explicitly, see [LR12a|. We will analyse
the simplest such curve, a rational curve with a single 3-multi-node in Example 7.3.
We will see that the conditions of Proposition 4.8 are not neccessary for base-point-
freeness on such a curve but the bound for very ampleness is sharp: wy (A)*|p A
need not be an embedding.

The following technical result will be used later on.

Corollary 4.10 — Let (X, A) be a stable log surface with global index I. Assume
m >3 if DUA is a nodal curve and m > 4 otherwise.
Then for each irreducible component B C D U A the image of the restriction map

pp: HO(D,wx (A)™|pua) — HO(B,wx (A)M| )
has dimension at least three.

We will see in Example 7.3 that the bound cannot be improved if D U A is not a
nodal curve: it is possible that h°(B,wx (A)™|p) =2 for m = 3.

Proof. Let B be an irreducible component of D and n the dimension of the image
of the restriction map pp. By Proposition 4.8 the map induced by wx (A)™!|p A
is a birational morphism if m > 4 and an embedding if m = 3 and D U A is nodal.
Thus im pp defines a birational morphism p: B — ¢(B) C P! and ¢(B) is a
non-degenerate curve of degree degwyx (A)™|g > 3. Therefore dime im pp > 3 as
claimed. 0

4.3. Proof of Theorem 4.1. Let m > 4, or m > 3 if one of the conditions in
Theorem 4.1(4i) holds. Note that (#i)(b) implies (ii)(c) by the classification of log-
canonical singularities with reduced boundary.

The restriction map v: HO(X,wx(A) ™)) — HO(D U A, wx(A)M™|pua) is sur-
jective by the vanishing in Corollary 3.5. By Proposition 4.8 and the surjectivity of
7, we know that wx (A)™!] has no base-points on D U A under our assumptions.

Combining this with Corollary 4.4 we conclude that wx (A)™!] has no base-points
for m > 4 and for m > 3 under the conditions given in Theorem 4.1(ii).

Remark 4.11 — According to the proof of Theorem 4.1, ¢,,,; (m > 4) already sepa-
rates the points on different irreducible components of X, that is, the image has the
same number of irreducible components; in addition no normal point of X is mapped
to the image of D U A.

5. PLURI-LOG-CANONICAL EMBEDDINGS

In this section we prove our results on pluri-log-canonical maps. For a general
stable log surface we can prove the following:

Theorem 5.1 — Let (X, A) be a connected stable log surface of global index I.
(i) The line bundle wx (A)™) is very ample for m > 8.
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(i) The line bundle wx (A)™) defines a birational morphism for m > 6.
(iii) The line bundle wx (A)™1 is very ample for m > 6 if I > 2.

Under further assumptions on singularities and invariants we can improve these
bounds.

Theorem 5.2 — Let (X, A) be a connected stable log surface of global index I.

(i) The line bundle wx (A)™ is very ample for m > 7 if one of the following
holds:
(a) There is no irreducible component X; of the normalisation such that

(m*(Kx + A)|Xi)2 =1 and the union of A and the non-normal locus
s a nodal curve.
(b) X is normal and not (Kx + A)? = 1.

(i) The line bundle wx (A)™ is very ample for m > 6 if the normalisation X
1s smooth along the conductor divisor and has at most canonical singularities
elsewhere.

(iii) The line bundle wx (A)™ is very ample form > 5 if DUA is a nodal curve,
X is smooth along the conductor divisor, and X \ D has at most canonical
singularities. In particular these conditions are satisfied, if (X, A) has semi-
canonical singularities.

We cannot prove and do not believe all bounds given in the Theorems to be sharp;
we will discuss some evidence for this in Remark 5.8.

Remark 5.3 — One should resist the temptation to believe that X is Gorenstein if
the normalisation is smooth: for example if we take D C X to be the coordinate axes
in the plane and pinch both lines via the restriction of p — —p then the resulting slc
surface has index 2. A local trivialising section of wg (D) is d“"T/\;ly and the residue
along the x-axis —dx/z is invariant under the involution and thus does not descend
to X by Proposition 2.14.

However, in this case the index is always at most 2.

5.1. Outline of the proof and preliminary results. The strategy of our proof is
classical: for every subscheme £ of length two, find an appropriate pluri-log-canonical
curve C' containing it, and then prove that mI(Kx+A) embeds this curve and hence
& by the numerical criterion of Theorem 2.16. There are two obstacles that restrict
the choice of a curve C' that we can handle:

e If C has a common irreducible component with D U A then it does not
behave well under normalisation on which we need to compute intersection
numbers and the adjunction.

e If (X, A + D) has worse than canonical singularites then some of the con-
nectedness properties of ample curves are needed to counter-weigh the con-
tributions from singularities, so in this case we can only effectively handle
reduced curves C.

We start with some preliminary considerations how to construct well-behaved curves
and how to get around the failure of the adjunction formula. At the end we include
a version of the connectedness lemma for ample Cartier divisors on normal surfaces.

5.1.1. Construction of well-behaved curves.

Lemma 5.4 — Let (X,A) be a stable log surface and & C X a subscheme of length
2.
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(4) If wx(A)™) has no base-points but prle is not an embedding then there
exists a well-behaved reduced curve C € |/mI(Kx + A)| containing &.
(ii) Assume m >3 and m >4 if DUA is not a nodal curve. Then there exists
a well-behaved curve C in |mI(Kx + A)| containing &.
In addition, if |mI(Kx + A)| has no base-points then C' can be chosen to
be reduced unless pprle is an embedding and the line spanned by @p,r(§) is
contained in the branch locus of @mr.

Proof. Let &€ C X be an arbitrary subscheme of length 2 and Z its ideal sheaf. Recall
that if ¢,,7 is a morphism then it is automatically finite (Remark 4.2).

In case (i) let Z C PRO@A)™)-1 16 the image of ¢,,; and p be the image of
£, a reduced point. Then the preimage of every hyperplane containing p contains &
and the base locus of this linear system of hyperplanes is exactly the point p. Thus
a general hyperplane section of Z containing p is reduced by Bertini and does not
contain any irreducible component of the image of the non-normal locus or of the
branch locus of ¢,,7. Pullback gives the required curve C.

We now prove (ii). First assume that D U A is empty, i.e., we are on a normal
surface without boundary. Then by Blache’s version of Riemann—Roch for normal
surfaces [Bla95, 3.4, 3.3(c), 2.1(d)] and Corollary 3.4, which applies as m > 3, we
have

m I—-1
WX, = X(Ox (miKx) = x(Ox) + ™ = gy
I—1
> y(0x) + MM =D s 06 1324

where in the last step we used x(Ox) > 1 from |Bla94, Theorem 2|. Thus there are
at least 4 sections and at least a 2-dimensional space of sections vanishing on &.

Now assume D U A is non-empty. Consider, for an irreducible component B of
D UA, the diagram with exact rows and columns

0

|

HO(X,wx (A @ 1)

LT

HO(X, wx (A)m) HY(D,wx (A)mp) —=0

|o»

HO(B,wx (A ).

By Corollary 4.10 the kernel of pp has codimension at least three under our assump-
tions while the image of 1 has codimension at most two. Thus a general section
in HO(X,wx (A" ®T) does not restrict to zero on any irreducible component of
DUA.

Now assume in addition that |mI(Kx + A)| has no base-points. Because of (1), to
get a reduced curve we only need to consider the case where ¢p,7¢ is an embedding.
In that case ¢,,7(€) spans a line which is the base locus of the linear system of
hyperplanes whose preimage contains £. Since a general curve C' € |mI(Kx + A)|
that contains £ is well-behaved, as is shown above, we can choose a hyperplane with
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reduced preimage if and only if the line is not contained in the branch locus of ¢y, .

0

5.1.2. Corrections to adjunction. Now our aim is to bound the correction terms oc-
curing in the adjunction formula for a well-behaved curve on a stable log surface.
Let (X,A) be a stable log surface. We consider the minimal semi-resolution
f:Y = X. Let n: Y — Y be the normalisation whose conductor divisor is de-
noted by Dy. The map Y — X factors through X the normalisation of X, whose
conductor divisor will now be denoted D¢ (instead of D); we get a commutative

diagram

Y —+ X
oA
y - x.

Let B € X be a well-behaved curve. We fix some notation to formulate the first
result:

By CY and Bg C X are the strict transforms of B.

By C Y is the hat transform of B , defined in Appendix A.

I, = By — By and 'y = f*Bg — By.

Ag C X the strict transform of A.

e A= f*(Ky + Dg) — (Ky + Dy) is the codiscrepancy of the pair (X, Dg).
Note that A > 0 because f .Y — X is the normalisation of the minimal
semi-resolution.

In the next lemma we estimate the failure of adjunction on the singular surface
X in terms of data on the normalisation of the semi-resolution.

Lemma 5.5 — Let (X, A) be a stable log surface and let B C X be a well-behaved,
not neccessarily reduced curve. Then with the above notation we have

(Kx + A+ B)B > (Kx + B)B > 2pa(B) =2+ (A~ T, +T5 ) Tp, — g ).

Proof. Since B is well-behaved, AB = A ¢ By > 0 and it suffices to prove the second
inequality. By Proposition A.22, p,(B) < pa(éy) + B?QD’_’, and hence, by adjunction
on Y, we have

2pa(B) — 2 < (K¢ + Dy + By)By.
It follows that
(Kx + B)B — (2pa(B) — 2)
=(Kx + Dx + Bx)Bx — (2pa(B) — 2)
>(Kx + Dx + Bg)Bx — (Ky + Dy + By)By
=(Ky + Dy + A+ By + T _)By — (Ky + Dy + By + I'p.)(By +T'ny)
=(A+Th, —Tp,)By — (Ky + Dy + By + T )l'p,
and since By E; = —I‘EXEZ- and (Ky + Dy + A)E; = 7" Kx E; = 0 for any i

=(A+T3, —Tp)(-Th. ) — (—A—Th +Tp )5,
= (A - FB;( +F*BX)(FB;( - F*BX)a
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Bringing 2p,(B) — 2 to the other side gives the second inequality. O

Lemma 5.6 — Let (X, A) be a stable log surface of global index I, m > 1 and let
C € |mI(Kx + A)| be a well-behaved reduced curve. Then for every subcurve B C C
we have, in the notation introduced in Section 5.1.2,

(mI+1)(Kx +A)B=(mI+1)(Kg +Dg +Ag)Bg > 2p.(B) — 2.

Proof. The first equality is clear and we only prove the second. We decompose
C = A+ B as a Weil-divisor and let Ay, Ay, Cg, and Cy be the strict transform
of A and C' in X resp. Y.

We have
mI(Kx + Dx + Ag)Bx — By = (Cx — Bx)Bx
= AgBg
= (f"A%)(f*Bx)
= (Ay + T4, )By
> 1%, By (since Cy is reduced, Ay By > 0)

— (T4, ~ T3 )Th,

where in the last line we use that E(By + ' By) = 0 for every f-exceptional curve
E.
Adding this to the equation resulting from Lemma 5.5 we get

(8) (mI+ 1)(K)‘( + Dy + A)_()BX
> 2p(B) —2— (Ppy — T )T, —A) —Th (T, —Tpy).

By the definition of hat transform (Definition A.18) the intersection numbers of
g, =T Ex and T’ *Bx with any exceptional divisor of f are non-positive. On the

other hand I't,  — f‘Bg > 0 by Lemma A.19(4i). Also f‘Bg — A has non-negative

coeflicients at every exceptional divisors mapped to B g because at each of those I By
has coefficients at least 1 while the coefficients of A are at most 1 for the log-canonical
pair (X, Dx). So

(P ~ T ) (P = A) = Ty (T, — L) >0
and the claim follows from (8). O

5.1.3. Connectedness of ample Cartier divisors on normal surfaces. This section pro-
vides a connectedness result about ample Cartier divisors on normal surfaces.

Lemma 5.7 — Let X be a projective normal surface and M an ample Cartier divisor
on X. Let n € N>9 and C € [nM|. Suppose C = Cy + Cs is a decomposition into
two (non-empty) curves. Then

1
01022n—mzn—1,

and C1Cy = n — 1 if and only if M? =1 and one of the C; is numerically equivalent
to M.
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Proof. We can numerically write (|[Bom73, §4, Lem. 1|)

Ci=aM+e¢e, Co=(n—a)M —¢,

where a = J‘]/\I/I(’;l and Me = 0.

If f: Y — X is a resolution then, by [Sak84, p. 878|, the Picard lattice of Y
contains the subspace of f-exceptional curves as a direct summand on which the
intersection form is negative definite. Thus the Hodge index theorem on Y implies
that the intersection form on X has signiture (1, k) for some k > 0. Hence —¢? > 0,
with equality if and only if € = 0.

Since M is an ample Cartier divisor, we have M C; > 0 for ¢ = 1,2, and both of
the intersection numbers are integers. Therefore

MC; 1
S VR
and also
1 MC; MCsy 1
< —a=n-— <

M2= T T T e =T g
The expression a(n — a)M?, considered as a quadratic function in a, attains its
minimum for the smallest (or biggest) possible value of a and thus

1 1
(9) ClCQZCL(n—CL)M2—€22TL—W—€2ZH—WZ’I’L—l.

The inequalities in (9) are all equalities if and only if M2 =1, =0, and a = aM? =
1 or a =aM? =n—1. This is possible if and only if one of the curves is numerically
equivalent to M. O

5.2. Proof of Theorem 5.1(%). Let £ C X be a subscheme of length 2. By Theo-
rem 4.1 the 4-canonical map 47 is a morphism. If 4r|¢ is an embedding then ¢, r|e
is also an embedding for m > 8, because |(m — 4)I(Kx + A)| is base-point-free,
again by Theorem 4.1. If @47|¢ is not an embedding then by Lemma 5.4 there exists
a well-behaved reduced curve C' containing &. Corollary 3.4 yields a surjection of
global sections

HY (X, wx (MM o HO(C,wx (A)™)| ) for m > 6.

Therefore to show that ¢,,; (m > 8) is an embedding, it suffices to show that
wx (Ao defines an embedding for any subscheme ¢ of length two that are con-
tracted by @47. By Theorem 2.16 it suffices to show that, for any subcurve B C C,
we have 8I(Kx + A)B > 2p,(B) + 1.

By Lemma 5.6, applied to B, we have (41 + 1)(Kx + A)B > 2p,(B) — 2. Since
I(Kx+A) is an ample Cartier divisor and thus has degree at least 1 on B, we obtain

8I(Kx +A)B >2p,(B) =24 (41 — 1)(Kg + Dg + Ag)Bg > 2po(B) + 1,
which concludes the proof.

Remark 5.8 — Employing a trick used below in the proof of Theorem 5.1(7%) one
could get a better bound of 71 for those £ € X that are not embedded by ¢47. This
does not allow us to conlude that @7 is very ample in general: let £ be a subscheme
of length two such that ¢ar|¢ is an embedding. Then ¢77|¢ is an embedding at £
unless £ is supported on a base-point of 3I Kx.

However, in the latter case we do not know how to find a well-behaved reduced
curve in |3I(Kx + A)| or |[4I(Kx + A)| containing £. This seems to be an artifact of
our method and we are led to believe that the bound in Theorem 5.1(¢) is not sharp.
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5.3. Proof of Theorem 5.1(#i7) and Theorem 5.2(¢). Let £ C X be a subscheme
of length 2 and assume we are in the case of Theorem 5.1(744) or Theorem 5.2(¢). Then
by Theorem 4.1 the tri-canonical map 37 is a morphism. If @sr|¢ is an embedding
then ¢, r|¢ is also an embedding for m > 6, because |(m — 3)I(Kx + A)| is base-
point-free, again by Theorem 4.1. If p37|¢ is not an embedding then by Lemma 5.4
there exists a well-behaved reduced curve C' containing &.

Corollary 3.4 yields a surjection of global sections

HY (X, wx (MM o HO(C,wx (A)™)6) for m > 5.

Therefore to show that ¢,,; (m > 6) is an embedding, it suffices to show that
wx (A)™| 4 defines an embedding. By Theorem 2.16 it suffices to show that, for
any subcurve B C C, we have mI(Kx +A)B > 2p,(B)+1. As m > 5, this is trivial
if po(B) < 2, so we assume p,(B) > 3.

By Lemma 5.6, applied to B, we have (3] + 1)(Kx + A)B > 2p,(B) — 2 and thus

3 -1
I(K AYB > 2p,(B) — 2 2pq(B) — 2
61K x +A)B 2 20(B) 2 + 51 (20a(B) —2)
A(31 —1) _
> Y S el >
> 2p.(B) — 2 STl (since po(B) > 3)
- 2pa(B) + ¢ I>2
~ | 2pa(B) I=1

Since 61 (K x + A)B is an integer, we have the required 61(Kx + A)B > 2pq(B) +1
if I >2. If I =1 then 7TI(Kx + A)B > 2p,(B) + 1 because (Kx + A)B > 1. O

5.4. Proof of Theorem 5.2(%¢). For any subscheme £ C X of length two we
have a well-behaved curve C' € [4Kx| (not necessarily reduced) containing & by
Lemma 5.4(it).

Corollary 3.4 yields a surjection of global sections

HO (X, wx (MM o HO(C,wx (A)™)|0)) for m > 6.

Therefore to show that ¢,y (m > 6) is an embedding, it suffices to show that
wx (A)™]|o defines an embedding for any subscheme & of length two. By Theo-
rem 2.16 it suffices to show that, for any subcurve B C C, we have 6I(Kx + A)B >
2pa(B) + 1.

We continue to use the notation from Section 5.1.2. By assumption, X is smooth
along D¢ and has canonical singularities elsewhere. Thus A = f*(Kg¢+Dyg)—(Ky+
Dy ) is supported on the preimages of the nodes of Dg. On the other hand the divisor
By, the strict transform of B in the normalisation, is Cartier in a neighbourhood
of Dg. The hat transform was defined in terms of intersection numbers, which are
defined via the normalisation, and thus T Bg — FTBX is trivial on those exceptional

divisors mapping to the nodes of Dg. Therefore A and fBX — F};X have disjoint

support on Y and the intersection number A(fBX - F*ch) = 0.
Lemma 5.5 now implies

(Kx +A+B)B>2py(B) =2+ (A—Tp, + T )T, —Th.)
(10) > 2pa(B) =2 — (T, =T} )
> 2pa(B) -2

because the intersection form is negative definite on the exceptional divisors of f.
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If B=C € |4I(Kx + A)| then B is a well behaved Carter divisor and adjunction
gives
6/[(Kx +A)B=(Kx+B)B+AB+ (2] —1)(Kx +A)B

> 2pa(B) — 2+ 421 — DI(Kx + A)? > 2pa(B) + 1.
If B < C then there is at least one irreducible component X; of X such that

By, == Bx NX;, <CgnNX;=: Cx,-
Now Lemma 5.7 says that Cg, By, — Bg—(i > 3. Hence

AIKxB — B} = CxBg — B} > Cx,Bx, — B} > 3.
Combining with (10), we have
61(Kx +A)B > 2p,(B) + 1.

As before gr embeds C' by Theorem 2.16. This implies that pgr embeds €. Since &
is an arbitrary subscheme of length two, @gr embeds X. O

5.5. Proof of Theorem 5.2(4i¢). The proof is exactly the same as for the previous
case with the twist that, under our assumptions, we can choose the curve C' to be
contained in |3/ K x| by Lemma 5.4. Even though we get weaker connectedness from
Lemma 5.7, the numerical criterion is still satisfied for m > 5. U

5.6. Proof of Theorem 5.1(iz). Let S be the finite subset of X defined as the
union of
{P € D|n ' (P) contains a singular point of X}
and
{P € X\ D| P is worse than a canonical singularity}.

Let & be the length 2 subscheme consisting of two general points in X. Then there
exists a well-behaved curve C' € |[4I K x| containing £ and choosing C' general we
can assume that C' does not intersect S. Repeating the argument from the proof of
Theorem 5.2(i7) in Section 5.4 we conclude that ygr|c is an embedding. Thus gy
is a morphism that separates every two general points in X, hence is birational. [

6. THE INDEX-LOG-CANONICAL RING

In this section we study the implications of our results so far for the log-canonical
ring of a stable log surface. For a log surface (X, A) the log-canonical ring is

R(X, Kx +A) = (P H(X, Ox(Im(Kx + A)))).
m>0
Our results only apply to the index-log-canonical ring which is the Veronese subring
R(X, Kx + )0 = G HO (X, wx(A)");
k>0

we do not believe them to be sharp.

Theorem 6.1 — Let (X, A) be a stable log surface of index I.

(i) The index-log-canonical ring R(X, Kx +A)D is generated in degree at most
13.
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(ii) The index-log-canonical ring R(X, Kx +A)Y) is generated in degree at most
10 if one of the following holds:
(a) I>2,
(b) There is no irreducible component X; of the normalisation such that
(m*(Kx + A)|X¢)2 = 1 and the union of A and the non-normal locus
s a nodal curve.
(c) X is normal and we do not have I = (Kx + A)? = 1.

Proof. For the first item let L be the ample line bundle w%ﬂ. Then L is base-point-
free by Theorem 4.1. By Corollary 3.4, the line bundle wg?ﬂ] is O-regular with respect

to L for m > 10. Thus the multiplication map
HO(X, Wi @ HO(X, w1l — HO(X, Wi )

is surjective for m > 10 by Mumford’s Lemma [Laz04, Thm. 1.8.5], which is also
valid for reducible varieties. Thus the ring is generated in degree at most 13, as
claimed.

The second item is proved in exactly the same way, noting that under the given
conditions, L = wgl] is base-point-free and ample and wg?ﬂ] is O-regular with respect
to L for m > 8. ]

Remark 6.2 — One can also deduce from [Mum70, Thm. 3| that the line bundles

w[)?” in case (1) respectively w[)?]] in case (i) satisfies property N, that is, the image

of @195 respectively g is projectively normal and cut out by quadrics.

7. EXAMPLES

In this section we construct some examples of stable surfaces and analyse line-
bundles on a rational curve with a single 3-multi-node.

We concentrate on examples strictly related to the topic of this article; for further
constructions and observations we refer to [LR12a].

Example 7.1 (Very ampleness of K ¢ + D does not descend) — Let D be a smooth
plane quartic curve invariant under the involution of 7(z,y, z) = (—x, —y, 2) on P?;
to be concrete set D = {f = 2%+ y* + 2% = 0}. Then let X be the (semi-smooth)
stable surface corresponding to the triple (P2, D, 7|p), that is, we glue D to itself
via 7. The quotient D = D/ is an elliptic curve and thus by Proposition 2.15 the
invariants of X are K% =1 and x(Ox) = 3.

We will now study the canonical ring R = @, H°(X, w}e}k) of X and show that
while W*w?}k = Op2(k) is very ample for £ > 1 the line bundle w?}k is very ample
only for k > 5.

Consider the residue sequence 0 — wp2(D)®*(—D) — wp2(D)®F — w%k — 0
which gives

0 — HO(P2,O(k — 4)) — HO(P*,wg(D)®*) L5 HO(D,wEF) — 0.

It turns out that, if we identify HY(P? wg(D)®*) with elements of degree k in
S = Clz,y, 2] then the residue of a section is (anti)-invariant if and only if its
residue is zero or the section is (anti)-invariant under the induced action of 7 on the
polynomial ring S. Thus, by Proposition 2.14, Ry, = f - Sk_4 + S,:fT where ngtT are
the invariant or anti-invariant polynomials of degree k according to the parity of k.
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Writing out the first degrees explicitly it is easy to see that as a subring we have
R =Clz,y,2% 2f] C S,

and X is the hypersurface in P(1, 1,2, 5) given by the equation w3 —ws(wi+wj+w3)?.
In particular, as long as k < 4 the k-canonical map factors over the quotient P? /7 =
P(1,1,2) and it is very ample for k > 5. So while wy (D)®* is very ample on X = P2
for every k > 1 this very ampleness does not descend to X.

Incidentially the canonical ring of a smooth surface of general type with p, = 2
and K2 = 1 is known to be of the same form [BHPV04, VIL.(7.1)], so we have
constructed a surface in the boundary of that irreducible component of the moduli
space of smooth surfaces.

Note that this example also shows that our Ansatz to prove base-point-freeness is
sharp: the space of sections of w%k vanishing along the non-normal locus might be
empty for k < 4.

Example 7.2 (Large K% is not enough for non-normal surfaces) — For a (con-
nected) stable surface X with canoncial singularities, the bi-canonical map is a mor-
phism as soon as Kg{ > 5 and the tri-canonical map is an embedding as soon as
K% > 6 (see [Cat87]).

We will now construct examples of non-normal stable surfaces (Gorenstein and
irreducible) with K)Q( arbitrarily large but the bi-canonical map not a morphism and
the tri-canonical map not an embedding. Morally, the obstructions to being base-
point-free as well as the increase of Kg( happen locally, so that they cannot affect
each other.

Fix once for all an inhomogenous coordinate z on P! and let 79(z) = —z. On
X =P xPllet H, = P! x {z} and V,, = {2} x P! and consider for k > 2 the divisor

k
Dy = Ho+ Hy + Hoo + Y _(V; + V).
j=1

We specify an involution 7 on the normalisation DY = HolHy LI Ho |_||_|§:1(Vj uv_;)
by

id
T|Hy = 70, 7: H — Hy,

T Vii—V_p, 2

1—2z
Because T preserves the preimages of the nodes of Dy it preserves the different
Diff . (0) and thus by Theorem 2.13 the triple (X, Dy, 7) determines uniquely a
stable surface X.

We determine the singular points of the non-normal locus as described in Sec-
tion 4.2: for all j = 1,...,k the points (+4,0),(£7,1), (£j,00) are mapped to a
single point P; € X}, and every P; is a 6-multi-node of Dj. The non-normal locus
Dy, has k + 2 irreducible components: a smooth rational curve containing all P,
which is the image of Hy, a nodal rational curve with a node at each P;, which is
the image of Hy U Hu, and for j = 1,...k rational curves C; = n(V; U V_;) with a
single 3-multi-node at P;.

The only non-semi-smooth singularities of X}, are degenerate cusps at the points
Pj, where X}, locally looks like the cone over a cycle of 6 independent lines. Thus
X} is a Gorenstein stable surface.
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We have x(Op,) = x(Opy) —x(v«Opr /Op,) = k+2—5k = 2 —4k. On the other
hand it is easy to calculate X(ODk) = 3 — 4k, so by Proposition 2.15 the invariants
of Xy are x(Ox,) =1+ (2 —4k) — (3 —4k) =0 and K%, = (Kg + Dy)* = 4k — 4.

To prove that w?}: has base points and w?}: is not an embedding we analyse the
restriction the the curves Cj. Its degree is

1 _
deg(wx,lo;) = 5 (Bx, + D) (V; + Vo) = L.

Our claim now follows from the properties of line bundles of low degree on rational
curves with a single 3-multi-node analysed in Example 7.3 below.

Example 7.3 (A special curve) — Let B be a rational curve with a single 3-multi-
node, v: B — B its normalisation. Then x(Op) = x(Opr) —2 = —1 and B has
arithmetic genus p,(B) = 2.

For any line bundle £ on B the following properties hold.
(i) If deg £ > 2 then HY(B,£) =0 and h°(B, L) = deg £ — 1.
(i) If deg £ = 2 then h°(B, L) = 1 and L does not define a morphism.
(#i) If deg £ = 3 or deg L = 4 then |L| is base-point-free but not an embedding.
(iv) If deg £ = 4 then |L£| defines a birational morphism, which is an embedding

on the smooth locus.

(v) If deg £ > 5 then |£]| defines an embedding.

Proof. By Serre duality H'(B, £) = Homp, (L,wp). If HY(B, L) # 0, then there
is a non-zero \: L — wp. As A is an isomorphism at the generic point and L is
torsion-free A is automatically injective and the cokernel is supported on a finite set
of points. Thus

1 =x(wp) >x(L)=deg L+ x(Op) =degL-1 << degl <2.

As deg £ > 2 by the assumptions, we have deg £ = 2. Then A is an isomorphism. On
the other hand, since B has a 3-multi-node, wp is not locally free— a contradiction.
So there is no non-zero A and H'(B, £) = 0. This implies the formula for h°(B, £)
by Riemann-Roch and we get (). The second item is an immediate consequence.

For (ii1), note that the embedding dimension of the 3-multi-node is 3 while £ has
at most 3 sections so we cannot have an embedding.

Note that, for p a smooth points of B, part (i) applies to L(—p) so H'(B, L(—p)) =
0 and p is not a base-point. If p is the 3-multi-node then the ideal sheaf Z, of p is
v.Opv(—q1 — g2 — q3), 80

HY(B,L®1I,) = H (B, v*L(—q1 — ¢2 — q3)) = 0,

~

because v*L(—q1 — g2 — ¢3)) is a line-bundle of non-negative degree on P! = BV,
Thus also the 3-multi-nodal point is not a base-point.

If p,p’ are smooth points of B then H' (B, L(—p—p')) = 0 if deg £ > 4 by (i) and
L separates smooth points and tangent vectors at smooth points. This proves (iv).
The last item follows from Theorem 2.16. U

Consequences of Example 7.3 — Assume that X is a stable surface such that
the non-normal locus D contains a rational curve with a single 3-multi-node. If
deg IKx|p = 1 then war is not a morphism and @31 is not an embedding, because
the respective restriction to B has this property. In particular, this applies to Example
7.2.
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APPENDIX A. CURVES ON SURFACES WITH SLC SINGULARITIES

We fix some notation for this section: let X be a surface with slc singularities and
(possibly empty) non-normal locus D. Let f: Y — X be the minimal semi-resolution
(Definition 2.11) with conductor divisor Dy. In some instances when working near
p € X we replace X by a small affine or analytic neighbourhood of p.

Let v: Y — Y and n: X — X be the normalisations. We have a commutative
diagram

vy 21, %

(11) | di

y L o x

Denote by Dy C Y and Dg C X) the conductor divisors. Then
(i) K¢ + D is a Q-Cartier divisor and Ky + Dy is a Cartier divisor.
(71) Dy and Dy are smooth and n|p, : Dy — Dy is a double cover.

(i) D has at most p-multi-nodes (see Definition 4.5), D has at most nodes and
m|p: D — D is generically two to one.

Now let B C X be a well-behaved curve. Our aim is to construct a curve By C Y,
the hat transform such that we control the difference of the arithmetic genera pq(B)
and p,(By ), where By C Y is the strict transform of By. This will be achieved in
Proposition A.22. The same idea has been used for surfaces with canonical singu-
larites in [CFHR99|, but we have to work harder because our singularites are a lot
worse.

Remark A.1 — Let X be a demi-normal surface and B C X a well-behaved curve.
Recall that for an almost Cartier divisor A on X the sheaf Op(A) is the restriction
Ox(A)|p modulo torsion (see Remark 2.8).

This notation behaves well in the following respect: consider the structure se-
quence 0 - Ox(—B) — Ox — Op — 0. Tensoring with Ox(A) we have a natural
surjection Ox(A) - Ox(A) ® Op — Op(A). The kernel of this surjection is Sa by
the depth lemma and coincides with Ox (A — B) outside a finite set of points. Thus
there is a short exact sequence

0— Ox(A—-B)— Ox(A) — Op(A) = 0,
which generalises the standard sequence we get when A is Cartier.

A.1. Automatic adjunction lemma. The following technical result will be used
several times so we state it here for further reference.

Lemma A.2 — Let C C X be a well-behaved curve and A an almost Cartier divisor
on X. Then HY(C,0Oc(A)) # 0 if and only if there is a non-empty subcurve E C
C with a generically onto A\g: Op(A) — wg. For such a subcurve E, we have
X(E,0r(A)) < x(E,wg) and equality holds if and only if Op(A) = wg. We can

choose E to be connected.

Proof. By Serre duality, H'(C,Oc(A)) # 0 if and only if there is a non-zero ho-
momorphism A: Oc(A) — we in the dual space Hom(O¢(A),we). By automatic
adjunction [CFHR99, Lem. 2.4], there is subcurve E of C such that A restricts to a
generically onto A\g: Op(A) = wg.
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On the other hand, if F is a subcurve with a generically onto Ag: Og(A) — wg,

then the composition
Oc(A) = Og(A) 25 wy < we

is the corresponding non-zero morphism from O¢(A) to we.

Since Op(A) is torsion free, the morphism Ag is injective. Being generically onto,
Ar has a finite cokernel Q. So we have the following short exact sequence

0— Op(A) »wg — Q—0,
which yields
X(E,wp) = X(E, Op(A)) + length(Q) = x(E, Op(4)).

This is an equality if and only if the length of Q is 0 which is in turn equivalent to
Ag being an isomorphism. 0

A.2. Holomorphic Euler characteristics of well-behaved curves.

Definition A.3 — Let F' be a well-behaved curve on the semi-smooth surface Y
and Fy its strict transform in Y. We denote by I;(Fy, Dy) the intersection number
of Fy and Dy at a point t € Y.

For a point ¢ € Y we will define the local genus correction ny(F) of F at ¢ and
the local intersection difference dy(F') of F' at g such that the relation

2ny(F) +dy(F) = ) I(Fy,Dy)
ten~1(q)
holds. If ¢ is a normal crossing point with preimages t1, ¢y then
n!I(F) = min{ly, (Fy, Dy), It,(Fy, Dy)},
dq(F) = I, (Fy, Dy) — 11, (Fy, Dy)|.
If ¢ is a pinch point with preimage t then
1
nQ(F) = ngnfl(q) (Ff/, DY)Ja
1
dy(F) = Ii(Fy, Dy) — 2[5 1(Fy, Dy) ).
At a smooth point g € Y we set ng(F) = dy(F) =0

Remark A.4 — Let F,G be two well-behaved curves on a semi-smooth surface Y.
Elementary arithmetics with minimum and round down show that, for ¢ € Y4ing,
—min{dy(F), dg(G)} < ng(F) + ng(G) —ng(F +G) <0
and the inequality on the right hand side is an equality if one of F' and G is Cartier
at gq.
We call ¢ a bad point with respect to F' and G if ng(F) +ng(G) — ny(F + G) < 0;
we have dy(F), dy(G) > 1 for bad points g¢.

We now use these locally defined corrections to prove global identities for the
holomorphic Euler-characteristic of well-behaved curves on semi-smooth surfaces.

Proposition A.5 — Let F' and G be well-behaved curves on'Y and Fy CY (resp.
Gy ) the strict transforms of F' (resp. G). Then

(i) x(Y,O0x(=F)) =x(Y,0v) = x(Fy, Ory ) + X ey, Ma(F)-

(ZZ) X(F7 OF) - X(Ff/ﬂ OF{/) - quysing nQ(F);
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(iii) (G, Oc(~F)) = X(G,0g) = FG + Yoy, n(F) +1y(G) = ny(F + G).
Proof. Recall that the map
77|D37 : DY — Dy

is a double cover between smooth curves; the branch locus of n|p.. consists exactly
of the pinch points of Y. Thus

1.0p;. = Op, & L7

where L is a line bundle on Dy with £%? = Op,, (35 pinch point P)-
There is a commutative diagram of sheaves with exact rows and columns:

0 0 0
0—— Oy (-F) Oy OF 0
(12) 0 — 0.0y (—Fy) —= 0.0y —=n.0p, —0
0 M ! R 0

0 0 0

where M is cokernel of the natural morphism Oy (—F) — 1n.Oy(—Fy). Here, be-
cause of the Snake Lemma, the last row is exact at M. Using the additivity of the
Euler characteristic, we have

X(Y,Ox(=F)) = x(Y,0y) = x(Y,OFp)
x(Y,0y) = x(Y,0.0r; ) + x(Y, R)
x(Y, Oy) = x(Fy,Op.) + x(Y,R)  (since 7 is finite).

(13)

Note that R is finite with support in By N Dy. For (i) it suffices to prove the
following claim.

Claim. For a point ¢ € Yiiue we have dimc Ry = ng(F), where ng is the local
genus correction defined above.

Proof of the claim. We can calculate R analytically locally around q.

If ¢ is a double normal crossing point of Y, then analytically locally Y is (zy =
0) ¢ C3,, with ¢ = (0,0,0) and Dy = (z = y = 0). The normalisation is
Y = Cim L sz and the preimages t1,to are the origins in the components.
The cokernel of inclusion of the coordinate rings C[Y] — C[Y] is isomorphic to
C[Dy] = C[z]. If Fy is defined by f(z,z1) in one irreducible component C3  and
by ¢(y, z2) in the other irreducible component (C;ZQ, then the image of its defining
ideal Zr, = (f(x,21),9(y, 22)) in the localised ring C[Dy], = Cl[#];) is the ideal of
Cl2](z) generated by f(0,z) and g(0, z). Note that the orders of f(0,2) and g(0, 2)
in z is just the intersection numbers Iy, (Fy, Dy ), ¢ = 1,2. Therefore we have

dim¢ Ry = dim¢ C[z](z)/(f(ov 2),9(0, 2))
= min{ly, (Fy, Dy ), It,(Fy, Dy)}
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If ¢ is a pinch point of Y, then analytically locally Y is (22 — y?2z = 0) c C?
with p = (0,0,0) and Dy = (z = y = 0). The normalisation Y of Y is C%,y with
normalisation map

Yy - Y
(w,y) = (uy,y,u?).
The preimage t of q is the origin in Y = Cz’y and the conductor divisor Dy is defined
by y = 0 in Y. The cokernel of the inclusion of coordinate rings C[Y] — C[Y] is
naturally isomorphic to uC[Dy] = uC[z]. (Note that in C[Y] we have z = u%.) Now
suppose Fy is defined by f(u,y) = 0 locally around ¢ = (0,0). Then Zr,, is the ideal
of Clu, y] generated by f(u,y). Note that the order of f(u,0) is just the intersection
number [;(Fy, Dy ). Then the image of Zp, in the localised module uC[z],y is a
submodule generated by uz¥, where dim¢ Ry = k = | $I;(Fy, Dy)]. This concludes
the proof. O

The first row of (12) gives x(F, Or) = x(Y, Oy ) —x (Y, Oy (—F)), so (i) is implied
by ().

The short exact sequence 0 — Oy (—F — G) — Oy (—F) — Og(—F) — 0 gives
X(G,O0g(=F)) = x(Y,0y(=F)) — x(Y,Oy (~F — G)). Applying (i) to both terms
on the right hand side and then substituting (i) gives (7). O

A.3. Resolution graphs and semi-rationality. We will now recall some more of
the classification of slc singularities. The resolution graphs of log-canonical surface
singularities are well known (e.g. [KM98b, Ch. 4]) so we concentrate on the non-
normal case; our sources are [Koll0, 17] and [KSBS88, Sect. 4].

Over a non-normal point p € X we can write Y analytically locally Y = UY,, as
the union of local irreducible components. On each component the f-exceptional
divisors together with the components of the double locus give rise to an (extended)
dual graph: every f-exceptional component, which are all rational because we are
over a non-normal point of X, gives a vertex which is either marked with “o” or with
the negative self-intersection; we add a “e” for every component of the conductor
divisor Dy and connect two vertices if the corresponding curves intersect.

The edges connecting the resolution graph to the boundary components are marked
with the coefficent of the different Diff p _(0) at the corresponding point of the con-
ductor divisor on X.

The following three cases can occur:

1
1=35

(C1) °

where 9§ is the determinant of the intersection form of the exceptional divisors.

cp — -+ — Cp (c; >2)

(C2) oicl—---—cnio (¢i >1)

and if some ¢; = 1, then n = 1, because we consider the minimal semi-resolution.

/
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According the the type of extended dual graph associated to the curves in an irre-
ducible component Y, we say Y, := n(Y,) is of type (C1) (resp. (C2), (Dh)).

The whole extended dual graph of an slc singularity is obtained by attaching
graphs of the types (C1), (C2), and (Dh) along the boundary components, with the
restriction that the differents should match (see Theorem 2.13). There can be free
boundary components in the resolution graph if the exceptional divisor intersects
the conductor on Y in a pinch point (compare [KSB88, Prop. 4.27] for more details).
Thus the exceptional divisors form a tree of rational curves unless we glue a number
of components of type (C2) in a circle, that is, the singularity is a degenerate cusp.

The following is an important property of a singularity.

Definition A.6 ([KSB8S8, Def. 4.14], [vS87, Def. 4.1.1]) — If R'f,Oy = 0 then we
say X has semi-rational singularities.

Morally all results valid for rational singularies hold also in the semi-rational case.
The following makes the connection to slc singularities.

Lemma A.7 — Let p € X be a slc surface singularity and f: Y — X the minimal
semi-resolution.

The point p is not semi-rational if and only if p is simple elliptic, a cusp, or a
degenerate cusp. In this case dimg (R f.Oy), = 1. (This number is sometimes called
the geometric genus of a singularity.)

Proof. In the normal case this is well known, see for example [Kaw88, Lem. 9.3]. In
lack of an appropriate reference we sketch a proof in the non-normal case.

The statement that dimc(R! f«Oy)p = 1 for a degenerate cusp is contained in
[vS87, Thm. 4.3.6]. So it remains to prove that in all other cases the singularity is
semi-rational.

Suppose first p € X is a non-normal Gorenstein point but not a degenerate cusp.
By [KSB88, Thm. 4.21]| p is a normal crossing or a pinch point and thus semi-rational.
So it remains to show that a non-Gorenstein slc singularity p € X is semi-rational.

Let p € X be the canonical index one cover of p € X. Then X — X is a G-
covering branched only at the single point p ([KSB88, Thm. 4.24]) for some finite
group G.

If p € X is semi-canonical, i.e., a normal crossing or pinch point, then we can
argue as in [Kov00, Thm. 1|, which works for semi-rationality as well.

Otherwise p € X is a denegerate cusp. Let §: W — X the minimal semi-
resolution. Then the G-action lifts to W and we have a commutative diagram

W*k W:=W/G

J P
X —=Xx=X/G

Argueing again as in [Kov00, Thm. 1], we see that W has semi-rational singularities.

Denote by ¢¢ (resp. AY) be the composite functor of pushforward and taking the
G-invariant part. Then ¢¢ (resp. AS) is an exact funtor from the category of G-
equivariant O g-modules (resp. Oyj-modules) to the category of Ox-modules (resp.
Ow-modules). Then g, 0 A& = ¢% o g, and by the Grothendieck spectral sequence
we get

R'g,Ow = RY(g. 0 A9)(05,) = R (9% 0 §)(Op) = ¢S R'3.(0O43,) = (R'3.(04,)° .
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With the same argument as in [Kaw88, Proof of Thm. 9.6, p. 143| one proves that G
acts effectively on R'§,(Oy;,) = C thus R'3.(0y;,))¢ = 0 and p € X is semi-rational
also in this case. This concludes the proof. ]

An alternative approach to this result is to compute the fundamental cycle on a
stable improvement in the sense of [vS87] and then use [vS87, Thm. 4.1.3].

Remark A.8 — Let p € X be a slc point and Y the semi-resolution of a sufficiently
small neighbourhood of p. Then for every effective divisor F supported on the
exceptional divisors we have a surjection

(R'f.Oy), = H'(Y,Oy) - H'(E,Op).

Thus if p is semi-rational then h'(E,Of) = 0 and x(E,Of) = h%(E,0g) > 1;if p
is not semi-rational then h*(E,Og) <1 and x(E,Og) > h°(E,Og) —1 > 0.

More precisely, in the non-semi-rational case equality can only occur if the support
of E is the full exceptional locus since otherwise F is supported on the exceptional
divisor of a semi-rational singularity.

A.4. Semi-numerical cycle. .

Definition A.9 — Let p € X be a non-semi-smooth point and FE; the exceptional
divisors over p. The semi-numerical cycle Z over p is a minimal Weil divisor Z =
>, aiE; of Y such that

(i) a; € Z for any i;
(i) (Zy + Dy)E; y <0 for any i.

Remark A.10 — If X is normal, then Dy is empty and Definition A.9 coincides
with the usual definition of a numerical cycle (|[Rei97, Sect. 4.5]); the existence and
the uniqueness of a semi-numerical cycle is proved in the same fasion as for the
normal singularities, using the negative definiteness of the intersection form on the
exceptional curves. The semi-numberical cycle turns out to carry the cohomology
R .0y (cf. Remark A.13).

See |vS87, 3.4| for a discussion of the notion of fundamental cycle for a more
general class of non-normal surfaces singularites.

In the case where p € X is normal, the numerical cycle is nicely elaborated in
|[Rei97, Section 4] (see also [KM98b, Thm. 4.7]), so we concentrate on the non-normal
case.

Remark A.11 (Semi-numerical cycle on non-normal slc singularities) — Let p € X be
a non-normal slc point. Locally analytically around the preimage of p we decompose
the resolution Y into irreducible components of the type presented in Section A.3
and correspondingly the semi-numerical cycle Z = |J,, Z, where Z, C Y,. Since
the intersection form is defined via the normalisation the divisors Z, are uniquely
determined by the configuration of exceptional curves and boundary components on
Y.

Computing in each of the different cases we see that Z, is the reduced sum of
exceptional divisors except in the the following cases:

(i) The component Y, is of type (C2) with extended dual graph
e — 1 — o

and Z, = 2F, where FE is the exceptional curve.
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(ii) The component is of type (Dh) with dual graph

-2 — . — 2

and denoting by E’ and E” the two exceptional curves on the right of the
fork and by FE; the exceptional curve in the chain to the left of the fork the
restriction of the semi-numerical cycle is Z, = E' + E" + 2377, Ej.

In particular, Z has multiplicity at most 2 at each irreducible exceptional curves.

The next result shows the importance of the semi-numerical cycle for the compu-
tation of higher pushforward sheaves.

Lemma A.12 — Let C' and F be well-behaved curves on X and Y respectively
such that f. ' = C as Weil divisors. Suppose moreover FFE < 0 for any effective
exceptional divisor E over p. Then R'f.Oy(—F), & HY(Z,0z(—F)) where Z is
the semi-numerical cycle over p.

Remark A.13 — Applying the above to an empty curve we see that H'(Z,0y) =
(R'f.Oy), where p € X and Z is the semi-numerical cycle over p.

Proof. If p is semi-smooth then the map f is finite in a neighbourhood of p and both
sides are 0. So assume p to be a non-semi-smooth point of X. Let E be any effective
divisor supported on the exceptional locus over p. We have a commutative diagram

0 0
Oy(~Z —E—F)——Oy(~Z — E—F)
0 Oy(~F - 2) Oy (—F) Oz(—F) —=0
0 Op(-F - 2) Oz+p(—F) Oz(—F) —=0
0 0

where the exactness of the columns and the middle row follows from Remark A.1.
Hence also the last row is exact and we get an exact sequence in cohomology:

HYE,Op(—Z ~F)) - HY(Z + E,Oz,p(~F)) — H(Z,04(—F)) = 0.
Claim. HY(E,Op(—Z — F)) = 0.

Proof of the claim. Suppose on the contrary that H'(E,Og(—Z — F)) # 0. By
Lemma A.2, there is a subcurve E’ C E such that

(14) X(E',Op/(=Z - F)) < x(E',wgr) = —x(E', Op).
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Recall that by Remark A.8
X(E',Og/) > 0 and

15
(15) X(E',Op/) > 1 unless p is not semi-rational and supp E' = f~1(p).

Applying Proposition A.5(iit) to Op/(—Z — F) equation (14) becomes

(16)  2X(E',Op)+ Y ng(E")+ng(Z+F) —ng(E' +Z+F) < (Z+ F)E'
qe}/;ing
If p € X is normal, then
> ng(E)+ng(Z+F) —ng(E'+ Z+F)=0
qeysing
and hence
2x(E',Op) < (Z + F)E' <0.

If p € X is rational or supp(E’) # f~1(p), then 2x(E’, Og/) > 2 by (15) —a contra-
diction. If p € X is not rational and supp(E’) = f~!(p) then E' = Z + E" for some
effective E”. Hence (Z + F)E' < ZE' = Z? + ZE" < Z? < 0 while 2x(E’,Og) > 0
which again contradicts (15). B

Now we can assume p € X is non-normal. Let E;—/ C Y be the strict transform of
E'. Then
(17) ng(Z+F)—ng(E'+Z+F)>— >  IL(Ey, Dy)>ZE

ten~'(q)

where the last inequality is because of the definition of the semi-numerical cycle.
Combining (16) and (17), we have

2X(E',Op)+ > ng(E) < FE <0.
qE€Ysing
where the last inequality is by our assumption on F'.
If p € X is non-semi-rational with supp(E’) = f~!(p), then quysmg ng(E") >0
and x(E',Og/) > 0 by (15) —contradiction. Otherwise x(E’,Op/) > 1 and again
we get a contraction.

Thus a subcurve E’ as in (14) cannot exist and HY(E,Op(—Z — F)) = 0 as
claimed. O

Therefore HY(Z,04(—F)) = HY(Z + E,Oz,p(—F)) for every effective excep-
tional divisor E over p. Moreover, the surjection Oy (—F)|z+r - Ozig(—F) in-
duces an isomorphism HY(Z + E, Oz, p(—F)) = HY(Z + E,Oy(—F)|z+r) because
the kernel is supported on points. By the theorem on formal functions (|Har77,
Thm. 111.11.1]) we have R'f.(Oy(—F)), = HY(Z,0z(—F)) as claimed. O

We now give some lower bounds on the Euler characteristic of subcurves of semi-
numerical cycles.

Lemma A.14 — Let Z be the semi-numerical cycle over p € X and E C Z a
connected subcurve. Then

2(E,0p) > Y dy(E)
qey’sing

with equality if and only if E satisfies one of the following
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(i) p € X is simple elliptic singularity or a cusp and E = Z. B
(it) p € X is non-normal, E is reduced and every connected component of E is
a chain of smooth rational curves intersecting Dy in two points.

Proof. If p € X is normal, then d,(E) = 0 for all ¢ and the assertions follow from
Remark A.8. So in the following we assume p € X is non-normal and that E is
connected.

Denote by E the strict transform of E in Y. Let E(®) (1 < a < n) be the
connected components of £ and E@) := 5, E(® the pushforward as Weil divisors.
We arrange the labels in such a way that B 0 E@+tD £ ¢ for 1 <a <n—1. By
Proposition A.5, we have

(18)  X(E,0p) =x(E,0p) = Y ng(E)=Y x(E®,050)~ Y ne(E),

qEYSing a=1 qG}/s;ing
and similarly
n
(19) X(Ered: Op,) = Y X(ELL 0p) = Y ng(Frea).
a=1 red qe}/sing

First we look at the reduction FE,.q of E, which we assumed to be connected. If
p € X is either semi-rational or non-semi-rational but supp(E) # f~!(p), then Fieq
is a reduced tree of rational curves; we have x(Eyed, OF,.,) = 1 and since a local
intersection difference can only occur at the end points »° .y e dg(Ereq) < 2.

If p € X is a non-semi-rational non-normal point then it is a degenerate cusp, and if
supp(E) = f~!(p) the divisor Eyq is a cycle of rational curve so that X (Ereq, OF,.,) =

0 and quYsing dq(Ereq) = 0. In both cases we have

(20) 2X(Ered7 OEred) - Z dq(Ered) > 0
qeysing

with equality if and only if F,eq is as described in (7).

In general, E is obtained from FE,.q by adding some irreducible components of
FEieq. More precisely, let Fi,..., Fj be the irreducible components of F — E,eq SO
that we can write E = Eieq + Zlgjgk F;. We order in such a way that Fy,..., Fj
have non-empty intersection with Dy while Fy/y1,..., Fi do not intersect Dy.

Using the computation of semi-numerical cycles from Remark A.11 we distinguish
three possible cases for F; C Y, ).

(a) Fjis a (—1)-curve. Then E) = 2F; because the only possibility is type
(C2) of length 1. By the adjunction formula on Y, we have y(E (%), Opap) =
3. Also quYsmg > ten-1(g) 1t(Fj, Dy) = 2 for such a curve Fj.

(b) Fj lies in an irreducible component Y, C Y of type (Dh) and intersects
Dy. Write E(®) = E§aj) + Fj. Computing Euler characteristics for the
structure sequence of EYX]') C E@) in the explicit situation of Remark
A.11 one obtains that X(E'(aj),(’)E(a].)) > 2. For such an Fj, we have
quYsing ZtEn—l(q) It(F.% DY) =1

(c) Fj lies in an irreducible component Y,, C Y of type (Dh) and but there is no
non-reduced irreducible component of E, intersecting the conductor. Thus
Elas) is supported on the exceptional divisor of a rational surface singularity
and x(E), 0 ;) > 1 by [Rei97, Prop. 4.12].
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Let ri := #{j|1 < j < K, Fjisa (-1)-curve} and ro := k' — r;. Then since by

classification X(Eﬁe C% ,O E(“)) =1 for every connected component of E in total we get
red

(21) 23 X(E®,0pw) -2 X(EY), Ope)) 2 2(2r1 + 12).
a=1 a=1 e
On the other hand, we have
> 2ng(Ereq) + dg(Brea) — Y 2ng(E) + dg(E)

qe)/sing quZqing
=F,qDy — EDy  (by Definition A.3)

k/
=-> F;Dy
j=1

—(2r1 + 1)
Adding these equations and using (18), (19) and (20), we have

2x(E,Of) — Z dg(E) > 2X(Ered; OF,.,) — Z dg(E)+2r1+19 > 2r1 +1r9 > 0.
qe}/smg qe}/sing
If equality holds then r; = rp = 0 and 2x(Ered, OF,.,) = Z ey Aq(E) 50 Ereq is as

sing

described in (7i). As a conseqence, no irreducible component of F,q is contained in
a component of type (Dh) and there cannot be non-reduced irreducible components
not intersecting the conductor. Thus E = E\q and FE is as in ().

On the other hand it is easy to see that equality holds if E is as in (ii). U

Lemma A.15 — Let F C Y be a well-behaved curve such that FE; < 0 for any
exceptional curve E; over p € X. Then we have

. , 1
dime R f.Oy (—F), < dimg (R £,0y), + 3% {q€ f(p)|dy(F) >0},
where the function dg is as in Definition A.3.

Proof. If p € X is semi-smooth then the map f is an isomorphism in a neighbourhood
of p and dim¢ R! f,Oy (—F), = 0. So we may assume that p is a non-semi-smooth
singularity of X. Let Z C Y the semi-numerical cycle over p. By Lemma A.12 we
have

R'f.(Oy (=F))p = H'(Z,05(~F)).

and it remains to estimate the dimension of the right hand side.

Suppose HY(Z,Oz(—F)) # 0. Then, by Lemma A.2, there is a connected subcurve
E C Z such that x(E,Op(—F)) < x(F,wg) = —x(F, Og) with equality if and only
if Op(—F) = wg. Combining with Proposition A.5(44i) yields
(22) 2X(E,0p) + Y ng(E)+ng(F)—ng(E+F) < FE,

qex/sing
with equality if and only if Op(—F) = wg. By Remark A4
ng(E) + ng(F) — ng(E + F) = —min{dy(E), dq(F)} = —d¢(E)

and hence

2X(E,0p)+ Y ng(E)+ng(F) —ng(E+F) > 2x(E,0p) = > dq(
qEYsing qEYslng
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where the last inequality comes from Lemma A.14. Since F'E < 0 by assumption we
have equality in (22) and Og(—F) = wg. This implies FE = 0,

X(E,0p) = Zd

qGYsmg

and ng(E) +ng(F) —ng(E + F) = —min{dy(E),dy(F)} = —d4(E) for all ¢ € Yying.
In particular,

(23) 0y(F) > dy(E).

Case 1: p € X is normal. By Lemma A.14, p € X is either a simple elliptic
singularity or a cusp and E = Z. In particular

W Z,07(—F)) = h'(Z,wz) = 1 (Z,07) =1,

and we have equality in the claim of the Lemma.
Case 2: p € X is non-normal. Let £ be set of connected subcurves E of Z such that
there is a generically onto homomorphism \g: Op(—F) — wp.

Claim: If F # E’ € € then E and E’ have disjoint support.

Proof. Interpreting the morphisms \: Og(—F) — wg and X: Op/(—F) — wg as
elements in H'(Z, Oz(—F)) a general linear combination will give a generically onto
morphism supported on F U E’. Thus our claim follow if we can show that for a
curve F¥ € £ no connected proper subcurve can be contained in £.

By Lemma A.14, E lies completely in the union of irreducible components of
type (C2), so E is a reduced nodal curve of arithmetic genus 0 or 1. By the
above Op(—F) = wp. For every connected proper subcurve E/ C E we have
deg Op(—F)|p = degwg|pr > —1 > —2 = degwps and thus there is no generi-
cally onto morphism from Og/(—F) to wgr. O

Since different curves in £ are disjoint, we have

(24)  HY(2,02(-F)) =@ H'(E,0u(-F)) = P H'(E,wr) = C#*.
Ec& Ec&

If po(FE) = 1 for some E € & then p is a degenerate cusp and E is the reduced
preimage of p. Thus €& = {E} and HY(Z,0z(—F)) = H'(E,wg) and the claimed
inequality holds.

Otherwise by Lemma A.14, every E € £ is a chain of rational curves such that
the end(s) of the chain intersect the conductor in two (different) points ¢; and g¢o;
at these intersection points g; we have 1 = dg, (E) < dg, (F) by (23). Since every two
different curves in £ are disjoint the following inequality holds

#€ < J#la € F7 ) dy(F) > 0}

Together with equation (24) and Lemma A.12 this completes the proof of the lemma.
O

A.5. A relative duality. As a preparation for the relative duality result we need
the following lemma.

Lemma A.16 — Let C be a well-behaved curve and A an almost Cartier divisor on

X. Then ExtéX(OC,wX(A)) = Extbx(OC(fA),wX).
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Proof. We look at the structure sequence
0—O0x(-C)—=O0x - 0c—0
and, applying s#omo, (-,wx(A)), obtain an exact sequence
0 = wx(A) = Homo, (Ox(—C),wx(4)) = Exty, (Oc,wx(A)) = 0.

Since Ox(A) is S, Homp, (Ox(—C),wx(A)) is also Se by [AH11, Lem. 5.1.1].
Therefore we have 7 omo, (Ox(—C),wx(A)) = wx(C + A), since the two coincide
outside a finite set of points and both are S5. So there is a short exact sequence

(25) 0 = wx(A) = wx(C+A) = Eatp, (Oc,wx (A)) = 0.
By Remark A.1 we have an exact sequence

0—O0x(—C—-A) - Ox(—A) - Oc(—A) — 0.

Applying #ome, (-,wx) to this sequence, we get
0 — Homp, (Ox(—A),wx) = Homo, (Ox(—C — A),wx)

— gmtéX(OC(—A),wX) — gmtbx(ox(—A),wX(A)).

As before, by the Sy property of the relevant sheaves, there are isomorphisms
Homo, (Ox(—A),wx) Zwx(A),
HHomo, (Ox(—C — A),wx) Zwx(C + A).

Also we have &aty, (Ox(—A),wx(A)) = 0 by the proof of Lemma 3.3. So we obtain
a short exact sequence

(26) 0— wx(A) = wx(C+ A) —>é"mt}9X(OC(—A),wX) — 0.

Comparing (25) and (26) gives éamt}ox (Oc,wx(A)) = é":vt}QX(OC(—A),wX). Now,
Homo, (Oc,wx (A)) and #omo, (Oc(—A),wx) both being zero, the claim follows
from the local-to-global-Ext-spectral-sequence. ]

Proposition A.17 — Let C and F be well-behaved curves on X and Y respec-
tively such that f. ' = C' as Weil divisors. Then, for any p € X, the vector spaces
R'f.Oy(—F), and (wx (C)/ fawy (F)),, are dual to each other.

Proof. Let E be the reduced exceptional divisor over p. As in [Kol85, Lem. 3.3.3] we
have, using Lemma A.16,

(wx (C)/ frwy (F)), = Hp(wy (F))
= lim Exto,, (Onp, wy (F)) 2 lim Exto, (Onp(=F), wy)

The surjection Oy (—F)|ng — Ong(—F) has torsion kernel and thus by Serre duality
Exté, (Onp(—F),wy) = H'(Y, Opp(—F))" = H'(Y, Oy (= F)|ng)".
Combining these equations we have by the theorem of formal functions ([Har77,

Thm. 111.11.1])

(wx(C)/ frwy (F)), = Jm HY(Y, Oy (=F)|sp)" = R f.Oy (~F)y

n

which concludes the proof. ]
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A.6. The hat transform.

Proposition/Definition A.18 — Let B C X be a well-behaved curve. Then there
ezists a unique minimal integral almost Cartier divisor By C Y such that fuBy = B
and for all exceptional divisors E of f

ByE <0.
We call By the hat transform of B with respect to f.

Proof. We can take a well-behaved very ample Cartier divisor H of X that contains
B. Then f*H—(f1).(H— B) contains the strict transform of B and has nonpositive
intersection with any exceptional divisor E; for any ¢. The existence follows.
Suppose B; and B, are two hat transforms of B under f. Write By = By +
Aq, By = B3+ Ay, where A7 and As are two well-behaved effective divisors with no
common irreducible components. Let E be a reduced and irreducible exceptional
divisor of f. If E C Ay then E ¢ Ay, and B3E = (By — A2)E < 0; if E C Ay then
E ¢ Ay, and B3E = (B — A1)E < 0. By the minimality of a hat transform we have
By = By = Bs. The uniqueness is proved. O

We start to gather some properties of the hat transform.

Lemma A.19 — Let By C Y be the hat transform of B. Then the following holds.
(7) By — By contains only exceptional curves of f:Y — X.
(i) Let By := f*By = By + I'* be the numerical pullback of By, so that
B3, E; =0 for any exceptional curve E; of f: Y — X . Then By > By.
(iir) If C C X is an effective Cartier divisor such that B < C then B < f*C.
In particular, if B is Cartier then By = By,.

Proof. Recall that By is well-behaved.

For (i), if By — B contains some curve A that is not exceptional then (By —A)E; <
0 for any exceptional Ej;, contradicting the minimality of By-.

For (ii), note that BiE = 0 for any exceptional divisor E . So (By — B&)E < 0
for any exceptional curve F. Since the intersection form is negative definite on the
exceptional divisors and By — By, is supported only on exceptional divisors, we have
By > B;.

For (4ii), note that f*C'is an integral divisor, since C'is Cartier. Moreover f*C'E =
0 for any exceptional curve E, and the strict transform By of B is contained in f*C.
By the minimality of By, the inequality By < f*C follows. O

Remark A.20 — Note that since we used normalisation to define intersection num-
bers both By and Bj- can behave unexpectedly: they might not contain all excep-
tional curves mapping to B. See also Remark 2.7.

Proposition A.21 — In the situation above we have
(i) R fuwy (By) = 0;
(i) R'fuwp = 0;
(iit) x(wp,) = x(fewg,)-
Proof. For (i) we look at the diagram (11) and consider the exact sequence

0 — nwwy (By) = wy(By) = Qy — 0
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where Qy is supported on Dy. Applying f, we have
(27) R! f.n.wy (By) — R fuwy (By) — R f.Qy.

Since f|p, is finite, R'f.Qy = 0. On the other hand, using the Leray spectral
sequence and finiteness of 1 and w, we have

R! finuwy (By) = RY(fn).wy (By)
= R'(nf).wy(By)
= ’/T*le*CU* (B*
The argument for [CFHR99, Claim 4.3 (iv)] gives R'fuwy(By) = 0 and hence
R finwy(By) = 0. Now the vanishing of R!f.wy(By)

sequence (27).
For (ii), we apply s€omo, (-,wy) to the short exact sequence

\._/'”<\

follows from the exact

0 — Oy(—By) = Oy — Op, — 0,
and get
0— wy — wY(By) — wBY — 0.
Applying f. to the above sequence and using (i) gives R! f.w By = R! f*wy(By) =0.
The last item is a direct consequence of (7i) and the Leray spectral sequence. [J

We now prove the main result of the section, an estimate for the change in arith-
metic genus of the strict transform of the hat transform.

Proposition A.22 — Let B be a well-behaved curve on X and EY C Y the strict
transform of the hat transform of B. Then
.~ . ByDy
pa(B) < pa(By) + —L7F.

Proof of Proposition A.22. The short exact sequence 0 — wx — wx(B) — wp — 0
fits into the diagram

0 0 Kp
0—— fuoy ——— fuwy (By) fewp, —=0
3
0 wx wx(B) wpB 0
wx/ fawry —= w(X)(B)/ fuwy (By) Qp 0
0 0 0.

The first row is exact by Proposition A.21 and the rest of the diagram is exact by
defining Kp (resp. Qp) to be the kernel (resp. cokernel) of fuwp = — wp. The snake
lemma together with the duality from Lemma A.17 gives

dime Kp — dime Qp = h°(R' £,0y) — hP(R' £,0y (= By)).
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Now we have

pa(BY) =1-

x(Op,)
=1+ x(wg, )
=14+ x(fewp,) (by Prop. A.21(iii))
=14 x(wp) + dim¢ K — dim¢ Op
( )

=1+ x(wp) + (R £.O0y) — h°(R! £.Oy (—By))

> pa(B) — 5# {q € By N Dy |dy(By) > 0} (by Lem. A.15)

Zpa(B)_% Z dq(BY)

qES/Sng

Thus, using Proposition A.5(iz) for By, we get

Pa(B) < palBy) +5 3 dylBy)

qES/sing
A A 1 .
= pa(By)+ Y nq(By) + 5 > dy(By)
qe)/;ing qeyvsing

R By Dy
= pa(BY) + %

where the last equality is by Definition A.3. This concludes the proof. O

[AH11]

[Ale96]
[Ale02]
[Ale06]
[APOY]

[BCPO6]

[BHPS12)]

[BHPV04]

[Bla94]
[Bla95]
[Bom73]

[Cat87]

REFERENCES

Dan Abramovich and Brendan Hassett. Stable varieties with a twist. In Classification
of algebraic varieties, EMS Ser. Congr. Rep., pages 1-38. Eur. Math. Soc., Ziirich, 2011,
arXiv:0904.2797. (cited on p. 40)

Valery Alexeev. Moduli spaces Mg (W) for surfaces. In Higher-dimensional complex
varieties (Trento, 1994), pages 1-22. de Gruyter, August 1996. (cited on p. 1)

Valery Alexeev. Complete moduli in the presence of semiabelian group action. Ann. of
Math. (2), 155(3):611-708, 2002. (cited on p. 7)

Valery Alexeev. Higher-dimensional analogues of stable curves. In International Congress
of Mathematicians. Vol. II, pages 515-536. Eur. Math. Soc., Ziirich, 2006. (cited on p. 1)
Valery Alexeev and Rita Pardini. Explicit compactifications of moduli spaces of
Campedelli and Burniat surfaces., 2009, arXiv:0901.4431. (cited on p. 2)

Ingrid C. Bauer, Fabrizio Catanese, and Roberto Pignatelli. Complex surfaces of general
type: some recent progress. In Global aspects of complex geometry, pages 1-58. Springer,
Berlin, 2006, math.AG/0602477. (cited on p. 2)

Bhargav Bhatt, Wei Ho, Zsolt Patakfalvi, and Christian Schnell. Moduli of products of
stable varieties, 2012, arXiv:1206.0438. (cited on p. 2)

Wolf P. Barth, Klaus Hulek, Chris A. M. Peters, and Antonius Van de Ven. Compact
complex surfaces, volume 4 of Ergebnisse der Mathematik und ihrer Grenzgebiete. 3.
Folge. Springer-Verlag, Berlin, second edition, 2004. (cited on p. 2, 12, 27)

R. Blache. Positivity results for Euler characteristics of singular surfaces. Math. Z.,
215(1):1-12, 1994. (cited on p. 20)

R. Blache. Riemann-Roch theorem for normal surfaces and applications. Abh. Math.
Sem. Univ. Hamburg, 65:307-340, 1995. (cited on p. 20)

E. Bombieri. Canonical models of surfaces of general type. Inst. Hautes Etudes Sci. Publ.
Math., (42):171-219, 1973. (cited on p. 2, 23)

Fabrizio Catanese. Canonical rings and “special” surfaces of general type. In Algebraic
geometry, Bowdoin, 1985 (Brunswick, Maine, 1985), volume 46 of Proc. Sympos. Pure
Math., pages 175-194. Amer. Math. Soc., Providence, RI, 1987. (cited on p. 3, 27)



44

[CF96]

[CFHR9Y]
[Fuj12|
[Hac04]

[Har66]

[Har77]

[Har92]

[Has99]

[HKT09]

[Kaw88]

[Kaw00]
[KM98a]

[KMO8b]

[Kod68]
[Kol85]
[Kol90]
[Kol10]
[Kol12]
[KovO00]
[KSBSS]
[KSS10]
[Lan01]

[Laz04]

[Laz12]

WENFEI LIU AND SONKE ROLLENSKE

Fabrizio Catanese and Marco Franciosi. Divisors of small genus on algebraic surfaces and
projective embeddings. In Proceedings of the Hirzebruch 65 Conference on Algebraic
Geometry (Ramat Gan, 1993), volume 9 of Israel Math. Conf. Proc., pages 109-140,
Ramat Gan, 1996. Bar-Ilan Univ. (cited on p. 2)

Fabrizio Catanese, Marco Franciosi, Klaus Hulek, and Miles Reid. Embeddings of curves
and surfaces. Nagoya Math. Journal, 154:185-220, 1999. (cited on p. 2, 6, 8, 29, 42)
Osamu Fujino. Fundamental theorems for semi log canonical pairs, 2012,
arXiv:1202.5365. (cited on p. 9)

Paul Hacking. Compact moduli of plane curves. Duke Math. J., 124(2):213-257, 2004.
(cited on p. 2, 7)

Robin Hartshorne. Residues and duality. Lecture Notes in Mathematics, No. 20.
Springer-Verlag, Berlin, 1966. Lecture notes of a seminar on the work of A. Grothendieck,
given at Harvard 1963/64. With an appendix by P. Deligne. (cited on p. 10)

Robin Hartshorne. Algebraic geometry. Springer-Verlag, New York, 1977. Graduate
Texts in Mathematics, No. 52. (cited on p. 36, 40)

Robin Hartshorne. Generalized divisors on Gorenstein schemes. K-Theory, 8(3):287-339,
1992. Proceedings of Conference on Algebraic Geometry and Ring Theory in honor of
Michael Artin, Part IIT (Antwerp, 1992). (cited on p. 6)

Brendan Hassett. Stable log surfaces and limits of quartic plane curves. Manuscripta
Math., 100(4):469-487, 1999. (cited on p. 2)

Paul Hacking, Sean Keel, and Jenia Tevelev. Stable pair, tropical, and log canonical
compactifications of moduli spaces of del Pezzo surfaces. Invent. Math., 178(1):173-227,
2009. (cited on p. 2, 7)

Yujiro Kawamata. Crepant blowing-up of 3-dimensional canonical singularities and its
application to degenerations of surfaces. Ann. of Math. (2), 127(1):93-163, 1988. (cited
on p. 33, 34)

Takeshi Kawachi. On the base point freeness of adjoint bundles on normal surfaces.
Manuscripta Math., 101(1):23-38, 2000. (cited on p. 12)

Takeshi Kawachi and Vladimir Magek. Reider-type theorems on normal surfaces. J.
Algebraic Geom., 7(2):239-249, 1998. (cited on p. 2)

Janos Kollar and Shigefumi Mori. Birational geometry of algebraic varieties, volume 134
of Cambridge Tracts in Mathematics. Cambridge University Press, Cambridge, 1998.
With the collaboration of C. H. Clemens and A. Corti, Translated from the 1998 Japan-
ese original. (cited on p. 4, 5, 32, 34)

Kunihiko Kodaira. Pluricanonical systems on algebraic surfaces of general type. J. Math.
Soc. Japan, 20:170-192, 1968. (cited on p. 2)

Janos Kollar. Toward moduli of singular varieties. Compositio Math., 56(3):369-398,
1985. (cited on p. 40)

Janos Kollar. Projectivity of complete moduli. J. Differential Geom., 32(1):235-268,
1990. (cited on p. 8)

Janos Kollar. Moduli of varieties of general type, Aug 2010, arXiv:1008.0621. (cited on
p. 7, 14, 32)

Janos Kollar. Singularities of the Minimal Model Program. 2012. book in preparation.
(cited on p. 4, 5, 7, 8,9, 13, 17)

Sandor J. Kovécs. A characterization of rational singularities. Duke Math. J., 102(2):187—
191, 2000. (cited on p. 33)

Janos Kollar and Nick Shepherd-Barron. Threefolds and deformations of surface singu-
larities. Invent. Math., 91(2):299-338, 1988. (cited on p. 1, 6, 7, 32, 33)

Sandor J. Kovacs, Karl Schwede, and Karen E. Smith. The canonical sheaf of Du Bois
singularities. Adv. Math., 224(4):1618-1640, 2010. (cited on p. 9)

Adrian Langer. Adjoint linear systems on normal log surfaces. Compositio Math.,
129(1):47-66, 2001. (cited on p. 2)

Robert Lazarsfeld. Positivity in algebraic geometry. I, volume 48 of Ergebnisse der Math-
ematik und threr Grenzgebiete. 3. Folge. Springer-Verlag, Berlin, 2004. Classical setting:
line bundles and linear series. (cited on p. 26)

Radu Laza. The KSBA compactification for the moduli space of degree two K3 pairs.
arXiv:1205.3144v1, preprint, 2012. (cited on p. 2, 7)



[Lee00]
[Liul2]
[LR12a
[LR12b]
[Mum70]
[Pat12]
[Rei97]
[Rol10]
[Saks4]
[vO05]

[vOO064]

[vO06b]

[vS87]

PLURICANONICAL MAPS OF STABLE LOG SURFACES 45

Yongnam Lee. A compactification of a family of determinantal Godeaux surfaces. Trans.
Amer. Math. Soc., 352(11):5013-5023, 2000. (cited on p. 2)

Wenfei Liu. Stable degenerations of surfaces isogenous to a product II. Trans. Amer.
Math. Soc., 364(5):2411-2427, 2012. (cited on p. 2)

Wenfei Liu and Sénke Rollenske. Stable surfaces: examples and geography, 2012. un-
published preprint. (cited on p. 18, 26)

Wenfei Liu and Sénke Rollenske. Two-dimensional semi-log-canonical hypersurfaces. Le
Matematiche (Catania), 67, 2012. (cited on p. 7)

D. Mumford. Varieties defined by quadratic equations, volume Questions on Algebraic
Varieties (C.I.M.E., III Ciclo, Varenna, 1969), pages 29-100. Edizioni Cremonese, Rome,
1970. (cited on p. 26)

Zsolt Patakfalvi. Fibered stable varieties. preprint, arXiv:1208.1787, 2012. (cited on p. 2)
Miles Reid. Chapters on algebraic surfaces. In Complez algebraic geometry, volume 3 of
IAS/Park City Math. Ser., pages 3-159. Amer. Math. Soc., Providence, RI, 1997. (cited
on p. 34, 37)

Sonke Rollenske. Compact moduli for certain Kodaira fibrations. Ann. Sc. Norm. Super.
Pisa Cl. Sci. (5), 9(4):851-874, 2010, arXiv:0905.2536. (cited on p. 2)

F. Sakai. Weil divisors on normal surfaces. Duke Math. J., 51(4), 1984. (cited on p. 4,
6, 23)

Michael van Opstall. Moduli of products of curves. Arch. Math. (Basel), 84(2):148-154,
2005, math.AG/0307094. (cited on p. 2)

Michael van Opstall. Stable degenerations of surfaces isogenous to a product of curves.
Proc. Amer. Math. Soc., 134(10):2801-2806 (electronic), 2006, math.AG/0407462. (cited
on p. 2)

Michael van Opstall. Stable degenerations of symmetric squares of curves. Manuscripta
Math., 119(1):115-127, 2006. (cited on p. 2)

Duco van Straten. Weakly mnormal surface singularities and their improvements.
PhD thesis, Leiden, 1987. Currently available at:http://www.mathematik.uni-
mainz.de/arbeitsgruppen/algebraische-geometrie /publikationen-1/kleine-skriptie.

(cited on p. 7, 33, 34)

WENFEI Liu, FAKULTAT FOUR MATHEMATIK, UNIVERSTAT BIELEFELD, UNIVERSITATSSTR. 25,
33615 BIELEFELD, GERMANY
E-mail address: 1iuwenfei@math.uni-bielefeld.de

SONKE ROLLENSKE, FAKULTAT FUR MATHEMATIK, UNIVERSTAT BIELEFELD, UNIVERSITATSSTR.
25, 33615 BIELEFELD, GERMANY
E-mail address: rollenske@math.uni-bielefeld.de



	1. Introduction
	2. Set-up
	3. A vanishing theorem on slc surfaces
	4. Base-point-freeness of pluri-log-canonical maps
	5. Pluri-log-canonical embeddings
	6. The index-log-canonical ring
	7. Examples
	Appendix A. Curves on surfaces with slc singularities
	References

