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ABSTRACT. Even surfaces of general type with K2 = 8, pg =4and ¢ =0
were found by Oliverio [Ol05] as complete intersections of bidegree (6,6) in a
weighted projective space P(1,1,2,3,3).

In this article we prove that the moduli space of even surfaces of general
type with K2 = 8, pg = 4 and ¢ = 0 consists of two 35-dimensional irreducible
components intersecting in a codimension one subset (the first of these com-
ponents is the closure of the open set considered by Oliverio). All the surfaces
in the second component have a singular canonical model, hence we get a new
example of a generically nonreduced moduli space.

Our result gives a posteriori a complete description of the half-canonical
rings of the above even surfaces. The method of proof is, we believe, the
most interesting part of the paper. After describing the graded ring of a cone
we are able, combining the explicit description of some subsets of the moduli
space, some deformation theoretic arguments, and finally some local algebra
arguments, to describe the whole moduli space.

This is the first time that the classification of a class of surfaces can only
be done using moduli theory: up to now first the surfaces were classified, on
the basis of some numerical inequalities, or other arguments, and later on the
moduli spaces were investigated.

1. INTRODUCTION

Algebraic surfaces with geometric genus p, = 4 have been a very natural object
of study since Noether’s seminal paper [Noe70] in the 19-th century. Because their
canonical map has image ¥; which most of the times is a surface in the projective
3-dimensional space P3, defined therefore by a single polynomial equation.

In the 20-th century new examples of such surfaces were found by several authors
([Max37], [Fra39], [Enr49], [Kod65]), and a substantial part of Chapter VIII of
Enriques’s book [Enr49] is devoted to the discussion and the proposal of several
constructions, in the range 4 < K? < 10. New examples were then found in [Cat81]
and [C81] (see also [Cat84]). Nowadays the investigation of such surfaces is an
interesting chapter of the theory of surfaces with small invariants, encompassing
(easier) existence questions and (harder) investigation of moduli spaces.

By the inequalities of Noether and Bogomolov-Miyaoka-Yau, minimal surfaces
of general type with p, = 4 satisfy 4 < K2 < 45. Only recently the upper bound
K? = 45 was shown to be achieved ([BC08]), while the first historical examples of
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surfaces which we mentioned above are surfaces with 4 < K? < 7; by the work of
Ciliberto and Catanese, [C81] and [Cat99], existence is known for each 4 < K2 < 28.

Irregular surfaces with p, = 4 were later investigated in [CS02]: in this case
K? > 8 since, by [De82], one has KZ> 2pg for irregular surfaces 1; while K2 > 12
if the canonical map has degree 1.

Surfaces with p, = 4 and K? = 4 were classified by Noether and Enriques, but
it took the work of Horikawa and Bauer ( [Ho76a, Ho76b, Ho78, B01]) to finish
the classification of the surfaces with p, = 4 and 4 < K? < 7 (necessarily regular).
These are ‘essentially’ classified, in the sense that the moduli space is shown to be
a union of certain (explicitly described) locally closed subsets: but there is missing
complete knowledge of the incidence structure of these subsets of the moduli space.
We refer to the survey [BCPO6b] for a good account of the range 4 < K? < 7,
and to [Cat97] for a previous more general survey (containing the construction of
several new examples).

Minimal surfaces with K% = 8, p; = 4, ¢ = 0 have been the object of further work
by several authors [C81, CFM97, Ol05]. The surfaces constructed by Ciliberto have
a birational canonical map, are not even, and have a trivial torsion group H;(S,Z)
(unlike the ones considered in [CFM97]); the ones constructed by Oliverio are simply
connected (see [D82]), and they are even (meaning that the canonical divisor is
divisible by two: i.e., the second Stiefel Whitney class wa(S) = 0, equivalently, the
intersection form is even).

Therefore, for K% = 8,p, = 4,q = 0 there are at least three different topological
types [Ol05, Remark 5.4], contrasting the situation for (minimal) surfaces with
pg =4, K 2 < 7 which, when they have the same K2, are homeomorphic to each
other. Recently Bauer and the third author [BP09] classified minimal surfaces with
K? =38, pg = 4,q = 0 whose canonical map is composed with an involution (while
examples with canonical map of degree three are given in [MPO00]).

Their work shows that the moduli space of minimal surfaces with K2 = 8,p, =
4,q = 0 has at least four irreducible components: and a new fifth one is described
in the present paper.

Therefore the classification of minimal surfaces with K% = 8, p, = 4, ¢ = 0 seems
a very challenging problem, yet not completely out of reach.

The present article provides a first step in this direction, classifying all the even
surfaces and completely describing the corresponding subset MgY  of the moduli
space.

This is our main result: denote by Mg , the moduli space of even surfaces of
general type with K2 = 8, pg = 4 and ¢ = 0. We show that Mg ;, which a
priori consists of several connected components of the whole moduli space Mg 40,
is indeed a single connected component of the moduli space Mg 4,9. Oliverio [O105]
found out that, if |Kg| is base point free (this condition determines an open set of
the moduli space) the half-canonical ring R(S, L) realizes the canonical model X of
the surface X as a (6,6) complete intersection in P(12,2,3%). Since conversely such
complete intersections having at worst Du Val singularities (i.e., rational double
points) yield such canonical models, one gets as a result that this open set is an
irreducible unirational open set of dimension 35 in the moduli space Mg ,, hence

IThat the case K2 = 8, pg = 4 and ¢ = 1 actually occurs is shown by the family of double
covers of the product E x P!, where E is an elliptic curve and the branch divisor has numerical
type (4,6).
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it gives rise to an irreducible component which we denote by Mz (here F stands
for “free” canonical system). We treat here the case where |Kg| has base points
and, completing Oliverio’s result, we obtain the following

Theorem 1.1. The moduli space Mg") o consists of two 35-dimensional irreducible
components Mz and Mg, such that the general points of Mx correspond to surfaces
with base point free canonical systems, while all points of Mg correspond to surfaces
whose canonical system has base points. Moreover Mz and Mg intersect in a
codimension one trreducible subset.

The subscript £ in Mg stands for ‘extrasymmetric’, since the general points of
Mg correspond to surfaces whose half-canonical ring admits an ‘extrasymmetric’
presentation.

Let us also point out that we are describing the Gieseker moduli space, and that
in fact all the surfaces in the component Mg have a node, hence the Kuranishi
family for S is non-reduced at each point of this component.

Our proof starts with Reid’s method of infinitesimal extension of hyperplane
sections (cf. [R88]), which is the algebraic counterpart (in terms of graded rings)
of the inverse of the classical geometrical method of sweeping the cone: taking the
projective cone Cone(X) with vertex P over a projective variety, any hyperplane
section of Cone(X) not passing through P is isomorphic to X, and one can make
it degenerate to a hyperplane section of the cone passing through P, which is the
cone Cone(H NX) with vertex P over the hyperplane section of X, HNX. Viewing
the process in the inverse way, one may see X as a deformation of Cone(H N X)
and indeed Schlessinger, Mumford and Pinkham ([Sch73, Mum?73, Pi74]) set up the
theory of deformations of varieties with a C*-action to analyse this situation.

The advantage in the surface case is that the hyperplane section is a curve C
and the graded ring of the cone over C' is much more tractable than in the higher
dimensional case.

It is so once more in our special situation. In order to describe the graded ring
R(S, L) associated to a half canonical divisor L, we first calculate (Proposition 4.4),
in the case where the canonical system has base points, the quotient ring R asso-
ciated to the restriction of R(S,L) to a smooth curve C in |L|. Then we would
like to recover R(S,L) as an extension ring, which of course can be viewed as a
deformation of the cone Cr associated to the graded ring R.

We can find some of these extension rings using two different “formats”, an old
one and a new one; the old one consists in writing the relations in R in terms of
pfaffians of certain extrasymmetric skewsymmetric matrices (Example 5.2), while
the new one is more complicated (see Example 5.10). These formats produce in a
natural way two families of such surfaces embedded in a weighted projective space
of dimension 6 (see Propositions 5.7 and 5.13) via their half-canonical rings.

As written in the abstract, our method gives only a posteriori a complete de-
scription of the half-canonical rings of the above surfaces (this was first achieved
by the second author via heavy computer-aided calculations which are impossible
to be reproduced in a paper).

We then prove that these two families fill the moduli space via a crucial study
of the local deformation space of the cone Cr, obtained by first studying the in-
finitesimal deformations of first and second order. Then, using some local algebra
arguments, we show that there cannot be higher order obstructions.
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An interesting novel feature is that the deformation space has embedding codi-
mension two and is not a local complete intersection.

Acknowledgements. Part of this paper is contained in the second author’s thesis
(in Chinese) submitted to Peking University in fulfillment of the duties required
for earning the doctoral degree; the second author would like to thank his advisors
J. Cai and F. Catanese for their support and for useful suggestions during the
research. The authors would like to thank Ingrid Bauer and Paolo Oliverio for
useful conversations.

2. PRELIMINARIES
This section collects some notions and facts that will be used in the sequel.

2.1. Notation. The varieties that we consider in this paper are defined over the
complex numbers C.

Throughout the article S shall be the minimal model of a surface of general
type with K2 = 8, p,(S) = 4 and ¢(S) = 0, and we shall assume that S is even,
which means that there exists a divisor class L such that 2L = Kg, = denoting,
as classically, linear equivalence. The first simple observation is that, if .S is even,
then S is minimal, since for an exceptional curve of the first kind £ one would have
—1=F -Kg=2F- L, a contradiction.

Observe moreover that L is not a priori unique, since the class of L is determined
up to addition of a 2-torsion divisor class, and these form a finite group (only a
posteriori we shall see that the class of L is unique, since all our surfaces will be
shown to be deformation equivalent to a weighted complete intersection, hence they
are all simply connected).

Hence we shall throughout consider a pair (S, L) as above, observing that de-
formations of the pair (S, L) correspond to deformations of S up to an étale base
change.

Given a projective algebraic variety Y and a line bundle L,

R(Y,L) := ©p>0H(Y,nL)

is the graded ring of sections of the pair (X, L).

The canonical model of such a surface of general type S is the projective spectrum
X := Proj(R(S, Kg)) of the canonical ring of S; X is also the projective spectrum
= Proj(R(S,L)) of the semicanonical ring associated to the class of L, and is
the only birational model of S with ample canonical class and at most rational
double points as singularities. The above (graded) rings are all finitely generated
C-algebras. Observe that the line bundle L descends to a line bundle on X by the
results of Artin in [Art66].

Observe that any deformation of S yields a family of relative canonical alge-
bras and (up to étale base change) a family of relative half canonical algebras. In
particular, by the semicontinuity theorem, a minimal system of (homogeneous) gen-
erators for the semicanonical ring R(S, L) yields an embedding of X into a weighted
projective space P(dy, ds, . ..,dp), and locally a deformation of S yields a family of
projectively normal subschemes of P(dy, ds, ..., dp).

By abuse of notation, we denote sometimes an element of a polynomial ring and
its image in some quotient ring by the same symbol.

Cle] := CJ[t]/(?) is the ring of dual numbers, so that € is meant to be a first order
parameter, i.e., € has degree 0 and €2 = 0. Given a C-algebra R, R[] := R ®¢ Cle].
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Finally, let M = (m;;) be a 4 x 4 skewsymmetric matrix. Then recall that the
pfaffian of M is
pf(M) = miamas — mi3mag + migmas.

2.2. Deformation of closed subschemes and graded rings. As we shall some-
times not only use the analytical theory of deformations, we observe the connection
between Hilbert schemes and deformation theory, which is central in our arguments.

Theorem 2.1 (Ideal-Variety Correspondence). There is a natural bijection between
the set of closed subschemes of a weighted projective space and the set of saturated
homogeneous ideals of the (weighted) polynomial ring, which associates any closed
subscheme to its saturated homogeneous ideal.

Proof. For closed subschemes of usual projective space, see for example [Ha77,
Ex. I1.5.10]; for the weighted case, see [D82, 3.1.2(iv)]. O

Theorem 2.2. The deformation functor of closed subschemes in weighted projec-
tive space satisfies Schlessinger’s conditions Hy, He, H, Hy, and hence is prorepre-
sentable.

Proof. This is [Sern06, Prop. 3.2.1]. O

Let X be a closed subscheme of a weighted projective space P. Let A =
Clx1,- - ,x,) be the polynomial ring of P and I C A the saturated homogeneous
ideal of X.

Theorem 2.3. If depthA/I > 2, then the deformation theory of the embedded
projective scheme X is the same as that of the corresponding graded ring A/I.

Proof. For the case of usual projective space, we refer to [Hal0, Prop. 8.8]; for the
weighted case, one can adapt the same proof as [ibid]. 0

Thus in good situations, in particular in ours, we can study the deformations of
weighted projective schemes via the deformations of their graded rings, indeed the
parameter spaces we shall use will be locally dominating the Hilbert scheme.

Theorem 2.4 (Hilbert scheme). There is a natural scheme parametrizing the set
of closed subschemes of a fized weighted projective space having a given Hilbert
polynomial.

Proof. This result is due to Grothendieck [Groth64], and has been generalized in
the multigraded case by [H-S04]. O

The role of the Hilbert scheme becomes more apparent when we shall take the
deformation theory of the cone Cone(H N X) over the hyperplane section of the
canonical model X in its half-canonical embedding in a weighted projective space.

Here we shall use the results of Schlessinger and Pinkham ([Sch73], [Pi74]), in
particular Pinkham’s result

Theorem 2.5 (Hilbert scheme and deformations). The natural morphism of the
Hilbert scheme to the Kuranishi space of Cone(H N X) is smooth.

It is important to remark that, whereas the Kuranishi family is versal at any
point, it is only semiuniversal at the point corresponding to Cone(H N X): this
is due to the C* action which stabilizes the cone Cone(H N X) but not its small
deformations.
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Observe finally that the local structure of the Gieseker moduli space is the quo-
tient of the Kuranishi space of X by the finite group Aut(X) (see [Cat08] as a
general reference), hence, in order to study the irreducible components of the mod-
uli space, openness questions are reduced to the study of the Kuranishi space,
in turn this is locally dominated by the Hilbert scheme (or any parameter space
dominating the latter).

3. OLIVERIO’S SURFACES

Oliverio [0105] studied the even surfaces of general type with K% = 8, p, = 4
and ¢ = 0 whose canonical system is base point free, showing that their canonical
models are the general complete intersections of bidegree (6,6) in the weighted
projective space P(12,2,3%).

Let S be an even surface of general type with K% = 8, p, = 4 and ¢ = 0. Let
L be a half-canonical divisor, that is, 2L = Kg. We recall one more preliminary
result.

Lemma 3.1. (i) For any k € Z, h*(S,kL) = 0.

(ii) hO(S,L) =2, h°(S,2L) =4, h°(S,kL) = k* — 2k +5 for k > 3.
Proof. This is the content of Lemma 2.1 and Lemma 2.2 of [O105]. O
Remark 3.2. Tt shall be our standard notation that 1, x5 be a basis of H°(S, L),
while y completes wg := 172, w; 1= 23, wy = x5 to a basis of HY(S,2L), 21,20
complete

.1‘:1‘), 33%.’1?2, .%‘133%7 .’Eg, Yri,Yyxra
to a basis of H°(S,3L).

Observe that, since the canonical map of S can’t be composed with a pencil (see
[Xia85, Corollary 1 of Theorem 5.1] or [Pigl2, Theorem 3.4] for the case of genus 2
fibrations, [Bea79] for the higher genus case), this implies that ¢x(S) is a quadric
cone {w|wiwy = w}.

Conversely to the above remark, we show a result of independent interest:

Proposition 3.3. Let S be a minimal surface with K% =8, p; = 4 and ¢ = 0
and assume that the image of the canonical map ¢ (S) is a quadric cone. Then,
denoting by L the pull back of a line on the quadric cone, we have Kg = 2L + F
where
(1) either F =0 and S is even, or
(2) L?=1,Ks-L=3,F-L=1,|L| is a pencil of genus 3 curves having a
simple base point, and the canonical map has degree 3, or
(3) L2 =0, Ks-L =F-L =2, |L| is a base point free pencil of curves of
genus g = 2, and the degree of ¢ is equal to 2, or
(4) L? =0, Ks-L=F-L =4, hence |L| is a base point free pencil of curves
of genus g = 3 and the degree of ¢ is equal to 4.

Proof. As usual write Kg = 2L + F, and observe that Kg and L are nef divisors.
Then

8=K%=2LKs+ FKg=4L>+2LF + FKg > 4L* + 2LF > 4L
The above shows that L? € {0,1,2} and that F K is even.
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If L? = 2, then FKg = 2LF = F? = 0: hence first F is a sum of (—2) curves,
and then we get F' = 0 since the intersection form is strictly negative definite on
the set of divisors which are sums of (—2) curves.

If L? = 1, then KgL is odd, at least 3, but KL = 2+ LF, whence by the above
inequality LF = 1 and KgF = 2, F? = 0. Hence |L| is a pencil of curves of genus
3, and the degree of ¢ is then the intersection number KgL = 3.

If instead L? = 0, then LKg = LF is even and > 2, so there are only the
possibilities LKg = LF = 2, or LKg = LF = 4. In the latter case FFKg = 0, thus
F is a sum of (—2) curves, in the former we have 4 = FKg = 4+ F? hence F? = 0,
FKg = 4. Again the degree of ¢ equals the intersection number KgL.

O

Observe that examples of all the above cases have been found (see [MP00],
[BP09]).

We turn now to a slight improvement of Oliverio’s result concerning the first
case of proposition 3.3.

Theorem 3.4. The canonical models X of even surfaces S of general type with
K% =38, py =4 and ¢ = 0 whose canonical system is base point free are exactly the
complete intersections of type (6,6) in the weighted projective space P(1%,2,3%) with
at worst rational double points as singularities. In particular, there are coordinates
T1,%2,Y, 21, 22 such that X is defined by equations of the type

() f = 21422 A(21, T2, y)+F (21, 22,9) = 0, f = 25+2 A (21,22, y)+F' (21, 22,y) = 0.

These surfaces form an open set in an irreducible unirational component of dimen-
sion 35 of the moduli space of surfaces of general type.

Proof. [0105, Theorem 5.2] proves that minimal even surfaces of general type with
K% =8, p, = 4 and g = 0 whose canonical system is base point free have a canonical
model X which is a complete intersection of type (6,6) in the weighted projective
space P(12,2,32) (hence X has at worse rational double points as singularities).

Conversely, if X = {f = f/ = 0} is a complete intersection of two sextics in
P(12,2,3%) with only rational double points as singularities, then Kx = Ox(2),
K% =8, p, =4 and ¢ = 0 and the only nontrivial thing to show is that the Weil
divisor L such that 2L = Kx is indeed a Cartier divisor (then the minimal model
S is an even surface) and that the induced linear system is base point free.

To this purpose it suffices to show that |Kx| = |2L| and |3L| are base point
free: because then Ox(2) and Ox(3) are invertible sheaves, hence also Ox(1) is
invertible. Notice the surjection H°(Op(2)) — H°(Ox(Kx)) which implies that
the base locus of |K x| is the locus of zeros of all degree two monomials.

Choose weighted homogeneous coordinates 1, s,y, 21,20 in P := P(12,2,3%)
and write

f=alz1,22) +9g, f'=d(z1,22) +
with g,¢" € (z1,22,y) and ¢, ¢’ quadratic forms in 21, z3. Assume by contradiction
that the base locus of |Kx| is not empty, i.e., that X N {z; = 29 = y = 0} # 0.
Then g and ¢’ have a common factor, say z, and the canonical system of the surface
has a base point at @ = [0,0,0,0, 1].

Note that @ is a singular point of P(12,2,3%), a quotient singularity of type
%(1, 1,2,3) with Zariski tangent space of dimension 7, whose basis is given by the
monomials x’ixg_i, x3y, z1. Since Op(;2 232)(6) is Cartier, the Zariski tangent space



8 FABRIZIO CATANESE, WENFEI LIU, AND ROBERTO PIGNATELLI

of X at @ has then dimension at least 7 — 2 = 5, contradicting the assumption on
the singularities of X (they have Zariski tangent dimension at most 3).

Similarly, if |3L| were not base point free, then X would contain the point @ =
[0,0,1,0,0], a quotient singularity of type %(17 1,1,1) with Zariski tangent space
of dimension 10: this again contradicts the fact that the singularities of X have
Zariski tangent dimension at most 3.

Therefore the quadratic forms ¢, ¢’ have no common factor, and we can change
coordinates so that the equations of X take the desired form (**), where however
A(0,0,1) #0 or A’(0,0,1) #0 :
f= Z%+Z2A($1,JC27y)+F($1,$27Z/) =0, f'= 254‘2114/(3317332,?/)+F/(3017932,y) = 0.

These equations naturally exhibit X as a 4-1 cover of the quadric cone, and
show that our surfaces form an open set in an irreducible unirational component of
dimension 35 of the moduli space (since we have 6 affine parameters for A, A’, 15
projective parameters for F, F/ and we divide out by a group of dimension 7, the

group of automorphisms of the quadric cone P(1,1,2); at any rate, the dimension
follows also from [0105, Corollary 5.3]). O

4. THE HYPERPLANE SECTION

Let S be an even surface of general type with K2 =8, p, =4 and ¢ = 0 and let
L as above be a half-canonical divisor. We shall view the half-canonical curves as
hyperplane sections of a suitable embedding of the canonical model into a weighted
projective space, and we shall describe the associated graded ring.
Lemma 4.1. If |Kg| is not base point free, then
(i) |Kg| has two base points Q, Q" with Q" infinitely near to Q;
(ii) |L| has two base points Q, Q" with Q" infinitely near to Q and Q" # Q’;
(iii) a general curve in |L| is smooth of genus 4.

Proof. These results are in Lemma 3.1, Lemma 3.3 and Theorem 4.1 of [O105]. O

Let us fix a smooth curve C € |L|. Then @ € C and Oc(L) = Oc(2Q) by
Lemma 4.1. Let z1 be a section in H°(S, L) with div(z;) = C. Using the long
exact cohomology sequence associated to the exact sequence

0— Os((k—1)L) = Os(kL) = Oc(2kQ) — 0,
we have, by Lemma 3.1(i), the exact sequence
(4.1) 0— H°(S, (k—1)L) 2 H(S,kL) — H°(C,2kQ) — 0
and it follows that

R(S, L)/(21) = R(C,2Q) = R(C,Q)® € R(C,Q),

where R(C,Q)? := @, R(C, Q)2 is the even part of R(C,Q). In other words,
Proj R(C,2Q) turns out to be a weighted hyperplane of Proj R(S, L).

Lemma 4.2.
R(C,Q) = C[¢,n,¢]/(p)

where deg(&,m,¢) = (1,3,5) and p is a weighted polynomial of degree 15. Moreover
one can, up to automorphisms of P(1,3,5), assume that

p=C -0+ &

where p' is some suitable weighted polynomial of degree 14.
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Proof. We first calculate h°(C, mQ) for all m > 0. By the exact sequence (4.1), we
have

hY(C, 2kQ) = h°(S, kL) — h°(S, (k — 1)L)
for any k£ > 0. Together with Lemma 3.1, this yields in particular
h(C,0c) = h°(C,2Q) =1, h°(C,4Q) =2, h°(C,6Q) =4,

which in turns implies h°(C, Q) =1, h%(C,5Q) = 3.
Since @ is a base point of |Kg], it is also a base point of [4Q| = |Ks|c| = [Ks|c,
which implies that

ho(C,3Q) = h°(C,4Q) = 2.

For m > 7, we have h°(C,m@Q) = m — 3 by the Riemann-Roch theorem.
Now take a nonzero section £ € H(C, Q). Then

HY(C,Q)=<¢>, HYC,2Q)=<¢* >

and ¢ has only a simple zero at Q. There are sections n € H°(C,3Q) \ EH°(C, 2Q)
and ¢ € H°(C,5Q) \ ¢H(C,4Q).

Since both n and ¢ do not vanish at @, there exist nonzero a,b € C such that
an® — b¢? vanishes at Q. Therefore there is a polynomial p’ in &7, ¢ of degree 14
such that

an® —b¢* = ¢&p'.

Up to rescaling the generators, we have p =n° — (3 + &p’ = 0.

Now, £,m, ¢ give a morphism into P(1,3,5). Therefore the image is an irreducible
curve and there are no other relations than p holding among the three elements
&n,¢.

In other words we get by pull back an injective ring homomorphism from C[¢, 7, ¢]/(p)
to R(C, Q). Since, by the first part of our proof, both rings have the same Hilbert
function, they are isomorphic.

O

Remark 4.3. Conversely a general curve C = {p = 0} of degree 15 in P(1,3,5) is
smooth of genus 1+% =4 and R(C, Q) is naturally isomorphic to C[¢,n, (]/p,
where {Q} := C'N (£ = 0) is a Weierstral point whose semigroup is generated by
3 and 5; the proof of Lemma 4.2 shows that every smooth curve of genus 4 with a
Weierstrafl point of this form arises in this way.

The smooth curves of degree 15 in P(1, 3, 5) form a linear system of dimension 12.
Since dim AutP(1,3,5) = 5, they form a subvariety of dimension 7 in the moduli
space of curves of genus 4; note that it is a divisor in the locus of the curves whose
canonical image is contained in a quadric cone, which are those possessing only one

93-
Proposition 4.4.
R(Ca QQ) = (C[il,'g, Y,z1,22,U, U]/I
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where deg(x2,y, 21, 22,u,v) = (1,2,3,3,4,5), and I is generated by the equations

f1=a22 — deg4
fa = xo2u —yz degb
fs=yu— 2129 deg 6
fa=zov— 27 deg 6
s =yv—z1u deg7
fo = zov — u? deg 8
fr=21A—yB+xsD deg8
fs=uA—zB+yD deg9
fo=vA—uB+ D deg 10

Here A, B, D are general polynomials of respective degrees 5, 6 and 7. Up to auto-

morphisms, one can assume A =v, B = 23.

Proof. We have shown that the graded ring R(C, Q) corresponds to a projectively
normal embedding in the weighted projective plane P(1,3,5). Therefore the subring
R(C,2Q) is the even degree part of R(C,Q), a quotient of the graded ring of the
Veronese embedding of the plane P(1,3,5).

In other words, since the three generators £, 7, of R(C,Q) have odd degrees,
the even part R(C,2Q) is generated by the six products

T2 1= 52? Y= '577, 21 = §C7
20 :=1n%, w:=nl v:=C_2

These in fact define a closed embedding ¢ : P(1,3,5) — P(1,2,3% 4,5). Generators
of the ideal of p(P(1,3,5)) are the 2 x 2 minors of the 3 X 3 symmetric matrix

) Yy 21
Y z92 u
21 u v

Note that C' is the curve defined by p = 0 in P(1,3,5). So the ideal I of ¢(C) is
generated by the defining equations of ¢(P(1,3,5)) plus &p, np, (p.
In view of Lemma 4.2, we can write these three homogeneous polynomials in
terms of xs,y, 21, 22, U, V:
&p1s = 210 — yz% + xoD
NP5 = uv — 23 +yD
2

(p15s = v° — zgu + 21D

O
Note that R(C,2Q) is Cohen-Macaulay. In fact for any smooth projective curve

C' and an ample line bundle H, the graded ring R(C, H) is Cohen-Macaulay (see
[HalO, Prop. 8.6] and its proof).

5. TWO FAMILIES OF SURFACES

Recall that R := R(S,L)/(z1) = R(C,2Q), where z is an element of H°(S, L)
defining the curve C. The hyperplane section principle [R88, Prop. 1.2] gives the
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following, which is the explicit counterpart of the existence of a flat 1-dimensional
family induced by the function x1:

(i) R(S,L) needs exactly one more generator, namely x1, and the other gen-
erators are lifted from R;
(ii) therelations F7,... Fy among the generators of R(S, L) are liftings of f1,--- , fo;
(iii) moreover the first syzygies among the f; are lifted to those among the F;.

Point (iii) is the tricky part of the principle, and is where “formats” are useful in
order to write explicitly a flat family having as basis a locally closed set of an affine
space. A format is simply a way to write an ideal in such a way that the obvious
first syzygies are all the first syzygies (in other words, one produces automatically
a flat family).

We will describe two formats. Each of them will produce a family of minimal
surfaces of general type with p, =4, ¢ =0, K = 8 and even canonical divisor.

5.1. The extrasymmetric format. This format was first introduced by M. Reid
and D. Dicks (see [R88], and [BCP02, BCP06a] for further applications and a
discussion).

Consider a 6 x 6 skewsymmetric extrasymmetric matrix

ny N2 N3 Ng ns
ne nr Ny L2
ng anry ans

bn6 bng

abn1

=
|

b

and let Zg C Ag := C[ni,na, ..., ng,a,b] be the ideal generated by the 4 x 4 pfaffians
of N. A minimal system of generators of Zg is given by 9 of these pfaffians, the last
6 being just repetitions of simple multiples of them. This 9 generators are yoked by
exactly 16 independent syzygies, which we can explicitly compute (see also [R88,
5.5]).

Definition 5.1. Let A be any weighted polynomial ring and consider a ring homo-
morphism @: Ag — A; then the ideal I generated by ¢(Zg) is generated by the 4 x 4
pfaffians of the 6 x 6 skewsymmetric matriz o(N), obtained by N by substituting

to each entry its image. We will say that (N )is an extrasymmetric format for the
quotient ring A/I.

Ezample 5.2. Computing the 4 x 4 pfaffians of the matrix
A B z1 y xo

D u 2z y
_ voou 2z

N = 0 o0}’
0

the reader can check that it is an extrasymmetric format for R. Here A = Clzo, y, 21, 22, u, v]
with the grading given in Proposition 4.4.

Let us consider, in Example 5.2, Ag graded by the grading making ¢ a graded
homomorphism. Since ¢ is surjective, it yields an isomorphism of graded rings
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A2 Ag/ker o and
kerp = (a — 1,b,n1 — A(TM),TLQ — B(nl), ng — D(nz))

where A, B, D are obtained by A, B, D replacing the variables x2,y, 21, 22, u, v by
ns, N4, N3, Ng, N7, Ng respectively.

Consider R = Ag/Ig, and write fl, e ,fg for the nine pfaffians of N generating
Ze. Here we can arrange the indices so that w(ﬂ) = f; for 1 < i < 9. Note that
R=R ®z, A is such that Spec(R) a codimension five complete intersection in

Spec(R).
Lemma 5.3. Tor’l&g (A,R) = 0.

Proof. This follows since A = Ag /ker ¢ and ker o is generated by a regular se-
quence, see [Matsu86]).
O

Corollary 5.4. The first syzygy module of R is a reduction of the one of R.

Proof. Let Le — ]:2~ — 0 be a free resolution of R over Ag. By Lemma 5.3,
A Qi Le — A @, B — 0is exact at A @, L1, which implies the corollary. ([

Therefore, to calculate the syzygy module of R, it suffices to work out that of R.
Corollary 5.5. The syzygies

o1:—21fi+yfo—x2f3 =0 deg 7
oy —ufi +2fa—yfz =0 deg 8
o3:z21fo—yfataafs =0 deg8
og:vfit+zifs—zfstyfs =0 deg9
o5 :vfi —ufo+yfs —x2fe =0 deg 9
o6 :Vfo—ufs+2z1f5=0 deg 10
or:—ufs+z22f5 —yfe =0 deg 10
os:—vfstufs —21f6 =0 deg 11
o9:Bfi —Afs —yfr+x2fs =0 deg 10
o10: —Bfe + Afs+21f7 —22fo =0 deg 11
on:Dfi —Afs —zfr+yfs =0 deg11
o12: Bfs — Afs —21fs +yfo =0 deg 12
o13: —Dfs+ Afs +ufr —yfo=0 deg 12
o14: Dfs — Afs —ufs +22fo =0 deg 13
o15: —Dfs+Bfs+vfr —21fo =0 deg 13
ow6: Dfs —Bfs —vfs +ufog=0 deg 14
generate all the syzygies between f1,..., fo.

Proof. This follows by Corollary 5.5 and by the computation of the relations among
the pfaffians of N done in [R88, 5.5]. O

This is useful because we can then easily construct flat deformations of this ring.
Indeed, if we lift the matrix to a bigger ring B, we will get automatically a new
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ideal in B generated by lifts of I, and also the first syzygies of R will automatically
lift, yielding flatness. More formally

Corollary 5.6. Consider the map p: Ag — A in Example 5.2, a surjective ring
homomorphism w: B — A, and a ring homomorphism 1: Ag — B such that ¢ =
mo (i.e. 4 lifts p”).

Let Fy,...,Fy be the nine pfaffians of N such that w(F;) = fi. Then every
relation among the f; lifts to a relation among the F;.

Proof. Each relation o; is obtained by applying ¢ to a relation ¢; among the f]
Applying 1 to the same relations will give the required lifts. ([l

By the hyperplane section principle, we can use the above to construct a family
of surfaces.

Proposition 5.7. Consider the extrasymmetric matriz

A B = Yy T2

D u 2z y
_ voou oz

N = 0 01’
0

where A, B, D are weighted polynomials of respective degrees 5, 6 and 7 in the
graded polynomial ring Clx1, 22, y, 21, 22, u, v| with weights (1,1,2,3,3,4,5), and let
X CP(12,2,32,4,5) be given by the vanishing of the 4 x 4 pfaffians of N.

Then, for general choice of A, B, D, X is a surface with at worse rational double
points as singularities. In this case K% =8, py(X) =4, ¢=0, Kx = Ox(2) and
|K x| is not base point free. We obtain in this way a 35-dimensional unirational
family Mg in the moduli space of surfaces of general type.

Proof. Varying A, B and D we let X move in a fixed threefold, the cone over the
weighted Veronese surface (its ideal is generated by the 2 x 2 minors of the 3 x 3
submatrix on the top-right corner of A') which has a single point which is not
quasismooth, with coordinates [1,0,0,0,0,0,0]. The same point is also the only
base point of the linear system. By Bertini’s theorem, the general surface X is
singular away from that point. If the coefficient of 7 in D does not vanish, then
this point is a node of X.

By Corollary 5.6 and its proof there is a Gorenstein symmetric free resolution of
the ideal of X which lifts a resolution of the ideal of the curve C = {z1 =0} NX in
P(1,2,3%,4,5): both are images by a suitable ring map of the Gorenstein symmetric
resolution of Zg. Since K¢ = O¢(3), then Kx = Og(2), and it follows immediately
that the invariants are as stated.

We show that the canonical system of S has a base point. Indeed, in the 2-plane
{z1 = 29 = y = z1 = 0} the equations reduce to asking that the rank of the matrix

ZQ’LLA
u v B

is not 2. Such a determinantal condition defines a locus of codimension at most 2,

and with non-trivial cohomology class, hence not empty.
2
To compute the dimension of the family, we note that, on X, zo = Z—Q, u =
2
0 = ;—12 Then, forgetting the variables z9,u and v, we get a projection map
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7: X --» P(12,2,3) which is birational onto its image, a surface Y of degree 10
whose equation is general in the ideal

5 3 2 2 3 .2 2 3
(51) (y y L2y, L2y Zl,$2y21,$221,$2y,$221,5€2)-

These surfaces Y belong to a family depending on 47 free parameters, so Y = 7(X)
varies in a 46 dimensional family. We have to subtract from this dimension the
dimension of the subgroup of AutP(12,2,3) preserving the ideal (5.1).

Note that Y = 7(X) has a point of multiplicity > 3 at the point p of coordinates
[z1,22,y,21] = [1,0,0,0].

The subgroup of automorphisms of AutP(12,2,3) preserving the ideal (5.1) is
exactly, as one can verify, the isotropy group of p, a group of dimension 11. Finally
we obtain 46 — 11 = 35. O

5.2. The MV format. Consider a 5 X 5 skewsymmetric matrix M and a vector
V' as follows

mi2 M1z Mi4a Mis U1

5 M3 M24 M25 5 U2
M = m34 M35 , V=1wvs|,

mys V4

U5

and let 7y, C Ay, := Clmaa, ..., mys5,v1,...,vs] be the ideal generated by the 4 x 4
pfaffians of M, and by the entries of MV
This gives 10 polynomials, which form a minimal system of generators of Zy:

g1 : — Ma23Mys + MagM3s — M34M25
g2 :M13My5 — M14M35 + M34M15

g3 1 — Mi12Mys + M14Mas — MagMis
g4 ‘M12M3s — M13Mas + Ma3Mis

gs : — M12M34 + M13Mag4 — Ma3Miy
g6 1M12V2 + M13V3 + M14V4 + M15V5
g7 ‘MM12V1 — M23V3 — T24V4 — M25U5
g8 M13V1 + Ma3V2 — M34V4 — M35V5
g9 1M14V1 + MagV2 + M34V3 — Mys5V5

g10 1M15V1 + M25V2 + M35V3 + M45V4
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yoked (c.f. [CR0O2, pages 20 and 21] ) by 16 independent first syzygies (i.e., rela-
tions):
mi12g2 + M13gs + M1ags + misgs = 0
—m12g1 + Ma3gs + Masgs + Masgs =0
—m13g1 — M23ge + M34gs + m3s5g95 = 0
—M14g1 — M2492 — M3493 + Mys5g5 = 0
—m1591 — Masg2 — M3593 — Mas5gs = 0
U594 — Vags — Masge + mizgr — miags =0
—v593 + V395 — M24ge + Mi1agr — Mi2go = 0
—Usg2 + V295 + M3ag6 — M14gs + Mi13gy =0
—U591 + V195 — M34g7 + Maags — Maszge = 0
V493 — U394 — M25g6 + M15g7 — Mi2gio = 0
—v392 + V293 + Mas5ge — M1599 + Mi1agio = 0
V491 — V194 — M3597 + Masgs — Mazgio = 0
—v3g1 + V193 — Masg7r + Masgo — M24910 = 0
V291 + —V1g2 — Masgs + M3599 — M3ag10 = 0
V492 — V2g4 + M3596 — M15gs + Mizgio = 0
v1g6 + V297 + v3gs + V499 + V5910 = 0

Remark 5.8. In the previous cases we had a codimension 4 Gorenstein subscheme
of a weighted projective space defined by an ideal with 9 generators: the ideals
I C Aand Zg C Ag.

Here we need 10 generators. Moreover, the locus has codimension 5: indeed, the
5 pfaffians describe a codimension 3 Gorenstein subscheme, and at the general point
of it M has rank 2, so the latter 5 polynomials give locally just two conditions.

The important point for us is that the number of first syzygies is 16, as in the
previous cases.

Definition 5.9. Let A be any weighted polynomial ring, consider a ring homomor-
phism p: Ay — A, and set M := (M), V = (V). Let I be the ideal generated by
©(Zy); I is generated by the 4 x 4 pfaffians of M and by MV = 0. In this situation
we will say that (M, V) is an MV format for the quotient ring A/I.

Example 5.10. We write an MV format for our ring R.

Again we choose the graded ring A = C[zs, y, 21, 22, u, v]. By Proposition 4.4 we
can assume A = v. Then the pair of matrices (M, V'), where M is antisymmetric
and V is a vector, and with

v ou z9 D To
2y B -y
M = 0 w , V==,
U 0
0

is an MV format for R.



16 FABRIZIO CATANESE, WENFEI LIU, AND ROBERTO PIGNATELLI

Indeed if we compute the image of the 10 generators of Z), we get exactly (up
to a sign) the polynomials f;: ¢(g1) = f5, p(g2) = —f6, ¢(g93) = —fs, ©(94) = fo,

©(g5) = fs, ©(g6) = = f5, p(g7) = —fa, 0(gs) = —fa2, (g0) = —f1, ¥(g10) = —f7-
The polynomial which we obtain twice is f5, which is produced twice by M, the
first row of M: — f5 equals both M1V (= ¢(gs)) and the pfaffian of M which ignores

it (—¢(g1))-

Lemma 5.11. The map ¢: Ay — A given by Ezample 5.10 maps the 16 relations
among the 10 generators of Iy onto a generating system of the relations between

fl""?fg‘

Proof. This is a straightforward computation, comparing the images of these rela-
tions with the relations in Corollary 5.5. ([l

In this case a general lift of ¢ will not produce a flat family, because the ideal of
the general fibre will need 10 generators. Still, a useful weaker statement holds.

Corollary 5.12. Consider the map @: Ay — A in Ezample 5.10, a surjective
ring homomorphism m: B — A, and a ring homomorphism ¢: Ay, — B such that

w=mo (i.e. “P lifts p”). Assume moreover 1(gg) = —1p(g1), i.e. that p(M,V)
equals the image by 1 of the pfaffian obtained by deleting the first row and column
of M.

Then {(g;)} has cardinality 9: denote its elements by £Fy,...,+Fy so that
W(Fl) = fl (‘907 e.g, Fs = 790(92))

Then every relation among the f; lifts to a relation among the F;.

Proof. ¢ maps the 16 generating relations among the g; to a set of generating
relations among the f;; ¥ maps the same relations to relations among their lifts,
the F;. Since a generating system of relations lift, every relation does. O

This format produces naturally a family of surfaces.

Proposition 5.13. Consider, in the graded polynomial ring Clzy,22,vy, 21, 22, u, V]
with weights (1,1,2,3,3,4,5), a number ¢y € C, three general homogeneous polyno-
mials D, B, and l of respective degrees 7, 6 and 1 of the form

l = c1x1 + coxg
B =vB, +uBy + 2B, + 21B., +yB, + B,
D =vD, +uD, + 20D,, + 21D, + yD, + D,.
Then consider the pair of matrices (M, V) (cf. Example 5.10) with

vouU 2z D To
21y B —y + 1B, — coD,
M= l v+ lBy — C()Dy , V=| xn+1B,—¢cD, |,
u—IB,, +¢D;, IB., —coD.,
Co

Assume moreover that coD, = IB,,.

Let X C P(12,2,32,4,5) be the zero locus of the ideal generated by the 4 x 4
pfaffians of M and by the entries of MYV. We get in this way a reducible family
of surfaces with reducible base T. The open subset {co # 0} C T is irreducible, as
well as its closure T7.
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Then, for a general choice of D, B, | and ¢y in T1, X is a surface with at worse
Du Val singularities (rational double points). If X has Du Val singularities, then
X is the canonical model of a surface of general type and, if S is the minimal model
of X, then K% =8, p,(S) =4, ¢ =0, Kg = Og(2), and S is an even surface.

The case cy # 0 gives exactly all the surfaces with base point free canomnical
system, described in Theorem 3.4. T1 gives a 35-dimensional irreducible locally
closed set Mx, in the moduli space of surfaces of general type, which contains the
set of Oliverio surfaces. Moreover Mz N Mg is irreducible of dimension 34.

Remark 5.14. First of all, we may write the polynomials B,,... uniquely if we
require that B, is a polynomial only in the variables z1, 22, B, is a polynomial
only in the variables z1,z2,y, and so on, following the increasing weight order
r1,22,Y,21,22,U, V.

The parameter space T is reducible, since in fact the equation

CO’DE = le <~ CoDm = (Clﬂfl + CQ.TQ)B;E

is equivalent to requiring either that ¢y # 0 and then D, = ¢ 1(clx1 + cowe) B, or
that cg =¢c1 =c3 =0, or ¢cg = B, =0.

The closure of the irreducible affine set 7 N {¢y # 0} shall be denoted by Ti,
while T3 := {cp = ¢1 = co =0}, T3 := {co = B, = 0}.

On T3, B, and D, are arbitrary, hence 75 N 77 is the subset where B, divides
D,. Similarly, on T3, | = (c121 + cax2), D, are arbitrary, hence 73N 7y is the subset
where | = (¢1x1 + coxg) divides D,. The intersection of the three components
Ti N T2 N T3 is easily seen to be equal to {co = ¢1 = co = B, = 0}.

In the above theorem we consider only the first irreducible component 77, the
closure of {cg # 0}. By the forthcoming Theorem 6.6 all the other surfaces shall
belong to Mr U Mg.

Proof. One can verify that the assumption ¢yD, = I3, boils down to the fact that
the two equations produced by the first row coincide (i.e., the pfaffian of the minor
of M where one erases the first row and column equals the first entry of MV).

Then, by Corollary 5.12 we have a flat family with base 77, giving an irreducible
locally closed set of the moduli space, which we denote by M£.

We consider the subset Mg r of the moduli space of surfaces of general type given
by the image of {¢o =1=0}NT;.

We have that Megr C Mg: to write a surface in Mg 7 in the format of Proposition
5.7 it suffices to take A = v.

We deduce then the existence of a surface X with at most rational double points
as singularities in M¢x as in the proof of Proposition 5.7. By flatness and Propo-
sition 5.7, its minimal resolution has K2 = 8, p,(S) = 4, ¢(S) = 0 and Kg is the
pull back of Kx = Ox(2).

We compute the dimension of Mgr, forgetting the variables zo,u and v and
taking the associated prozjection as in the proof of Proposition 5.7, and then using

2
i — Y=
ZQ—F,U—I2

. , U= % The image of S is a surface ¥ of degree 10 general in
the ideal

5 3 2 2 3.2 2 2 .26, .3
(Y?, m2y”, T2y~ 21, T2Y21, T22Y, T3Y ", T2Y21, Ta2], T3T1Y, Th).

Comparing with the ideal (5.1), we have only 46 parameters: the monomial we

are missing is x2x32;. Arguing as in the proof of Proposition 5.7, dim Mg¢r =

45 — 11 = 34 = dim Mg — 1.
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When ¢y # 0, the two equations of smaller degree eliminate u and v, embedding
the surface as a complete intersection of type (6,6) in P(12,2,32), so, by theorem
3.4, the canonical system is base point free.

Conversely, all the isomorphism classes of canonical models of such complete
intersection surfaces are here. Indeed, choosing for simplicity ¢ = ¢; = 1, co = 0,
D, = x1B; (to ensure that we are in 71) we get wu = —D,, +..., v = Dy + ...
and X becomes the complete intersection in P(12,2, 3%) of the two sextics which are
obtained eliminating u, v in the sextics yu—z1 20 —x1v and B+x1(yB,, —z18u)+. . .,
where the terms in “--” do not depend on D, D,, or B. It follows that we get
all pencils of sextics (with base locus a surface with at most rational double points
of singularities) containing a sextic in the ideal generated by z1, y and z122. On
the other hand, if we cannot find such a sextic in the pencil even after a projective
coordinate change, then, argueing as in the proof of Theorem 3.4, the canonical
system has a base point, a contradiction.

Therefore we have shown that the surfaces X; in the family M admit a smooth
deformation Xg; Xo is an even surface, because it is smooth and Ox(Kx,) =
Ox,(2). Hence all the minimal models S; of our canonical models X3, being diffeo-
morphic to Xg, are even surfaces.

By Theorem 3.4 the surfaces with base point free canonical system form a 35-
dimensional irreducible open set of the moduli space, so Mz is an irreducible com-
ponent of the moduli space, containing the set of Oliverio surfaces.

Finally, we have already proved that Mg N Mz contains the irreducible family
Mg 7 of dimension 34. On the other hand, let X be a surface in M which is also
in Mg. Then Kx has base points, so ¢g = 0. Moreover, the equation of degree 4
must be of the form WZ — Y? for some forms W,Y, Z of respective degree 1,2 and
3: this forces ¢; = 0, so | = cox2. A long but straightforward computation shows
that we can make a coordinate change so that the generators are still produced by
matrices M and V as in the statement, but with [ = 0. So X € Mgr. O

6. DEFORMATIONS OF THE CONE AND THE MODULI SPACE

Our next goal is to prove that Mg and Mz fill Mg . By Theorem 3.4 and
Proposition 5.13 it suffices to restrict our considerations to surfaces S in Mg o
such that |Kg| = |2L] is not base point free. It will be convenient to consider only
the canonical models X of such surfaces, observing that Kx = 2L and R(X, L) is
an extension ring of degree one ([R88]) of the ring R = R(C,2Q), where C' is a
general curve in the pencil |L| (this simply means that R = R(X,L)/(z1), where
the coordinate x; has degree 1, which is the algebraic counterpart of the geometric
process of taking a hyperplane section).

First of all, if no nonsingularity condition is set forth, a trivial extension ring of
R=A/(f1, -+, fo), where A is the polynomial ring C[xs,y, 21, 22, u, v], is given by
the cone

Cr = Proj(B/(f1,--- , fo))
where B is the polynomial ring C[z1, 2, y, 21, 22, u, v] and deg(z1, T2, Y, 21, 22, 4, v) =
(1,1,2,3,3,4,5).
Every extension ring of R can be viewed as a deformation of Cg, since in both

situations the issue is to lift the same generators fi,--- , fo of the graded ideal and
their first syzygies o1, ,016.
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Pay attention that the ideal J of Cg is different from the one of R, since J is
generated by f1,---, fg in the bigger polynomial ring B.

An explicit calculation of the infinitesimal deformations of C'r occupies the main
part of this section.

6.1. First order deformations of Cpr. As usual, we begin by calculating the
space T of first order deformations: since we know that the Kuranishi family is
parametrized by a complex analytic subspace of T'.

A first order deformation of Cr (see for instance [Sch73], Section 1) is an element
of Hom(J,B/J) and can be therefore written in the following form:

(6.1) FV=five Y akfly, 1<i<o,
k>0
where f], € A = Clxa,y, 21, 22, u, v] which is viewed as a subring of the polynomial
ring B; so the Fi(l)’s are elements in Ble].
A standard observation is that each fz’ . can be viewed as an element of R which
is a quotient of A. In fact, supposing that Fi(l) and GZ(-I) define two first order
deformations of C'r and that Fi(l) — Gl(-l) isin e-J for 1 <4 < 9: then they actually

define the same first order deformation, since Fi(l)’s and the Ggl)’s generate the
same ideal of Ble].
For 1 < j < 16, suppose the relations (first syzygies) o; are >, ,glijfi =0

(see Corollary 5.5). Then the relations between the Fi(l) should be of the form
> W+ e-mi)FY =0
1<i<9

where m;; is an element of B. The possibility of lifting the relations is equivalent
to the condition that we get a homomorphism of J into B/J and yields the exact
restrictions on the f;; in (6.1).

Lemma 6.1. For the first order deformations, it suffices to lift the following five
of the sizteen relations (first order syzygies): c1,03,05,09,010-

Proof. Indeed, we have the following equivalences (mod J) between the first order
syzygies

2109 = U0 Yo11 = V02 + 2209
_ _ 2
Yoy = —2102 + 2203 T2012 = — (2301 + vo3 + 2109 + yo10)
2106 = V03 21013 = V0g + U010
To0g = VO] + 2105 21014 = V08 + UO12
_ _ .2
Vo7 = U0g Z1015 = 2506 + V010
_ .2
21016 = 2908 + Vo012
Since the variables xo, . . ., v are not zero-divisors in Cr, the syzygies o1, 03, 05 imply
09,04,06,07,08 mod J by the first column, and o1, ...,019 imply the remaining
ones 011,...,016 by the second column.

O
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We can calculate the fil,k separately, since they correspond to different degrees
in 1. Denote by Vj the space of first order deformations having degree k in x1,
and by V/ the subspace of V}, induced by variations of the entries of the matrix N
(while preserving the extrasymmetric format) in Example 5.2. Due to the previous
observations, we see that the calculations of first order deformations essentially take
place in the quotient ring B/J .

Proposition 6.2. (1) Vi =V for k > 2, that is, every 1st order deformation
of Cr with degree 2 in x1 is obtained from the extrasymmetric format.
(i) dim V1/V] =dim Vo /V§ =1, that is, in degrees 1 (resp. 0) in x1, the first
order deformations that are induced by the matriz format build a subspace
of codimension 1.

Proof. For every k > 0, let Fi(l) = fi + em’f i”k, 1 <4 < 9 be a first order
deformation of Cg, with degree k in z1. We will compare V/ and V}, for each k > 0.

Note that deg(fi,..., fo) = (4,5,6,6,7,8,8,9,10) and deg f;, = deg fi — k. If
k > 10, then lek = 0 by degree reason. If k = 10, then

! !
flao="=flw=0.

By the relation 019, we have

2
—23f510 +vf110 + 21f710 — T2f910 = 0,

and it follows that fg, is also 0. A similar argument shows that, if & = 8 or 9,
then fi’,k =0 for 1 <i <9. Therefore Vj, =0 for k£ > 8 and also V)] = 0 a fortiori.
Next we show that Vi /V/ = 0 for every 2 < k < 7. Since the calculations are
similar, we treat only the case when k = 7 and leave the rest of the verifications to
the reader.
Case k = 7: for degree reasons, one has f] , = --- = f; ; = 0. The syzygy o3
implies that

21fs 7 —yfag+x2fs =0

and it follows that f; ; = 0. In turn we have fg, =0 by o5 .
Then o9 and oy¢ yield

yf§,7 = 5C2f§,77 Z1f§,7 = $2fé,7

which implies that (f7 -, fg 7, fg.7) = (cx2, ey, cz1) with ¢ € C, but this infinitesimal
deformation is induced by varying one entry of the 6 x 6 antisymmetric matrix N:
D+ D + ecal.

For (ii) (resp. (iii)), we will show that, up to a scalar, there is exactly one first
order deformation with degree 1 (resp. 0) in 27 that cannot be induced by varying
the entries of the matrix N.

Let us treat now the case k = 1: as before, we have that the degrees

deg(f{vl,...,féyl) =(3,4,5,5,6,7,7,8,9).

Using the infinitesimal matrix entry changes of the form 2 +— 20 + exy - (--+) and
To > T + €axry, We can assume le = c121. A similar change of the entry v allows
us to assume that f; ; = cou. Then the relation oy gives

*Zlf{,l erfé,l - x2f?/,,1 =0
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and we see that f5; =0, f3; = —c1v. Now making an appropriate change at v we
can assume fﬁ,1 = C4,1Y%2 + ca20. We have the following equations by o3, 05:

—yfi1+Tafs 1 =0, wfii+yfs,—x2f5,=0

and it is not hard to see that

fi,1 = —C1yz2, fé,1 = —c123, fé,l =—aD.
Next, up to appropriate first order changes of v, z%, D in the top left corner of N
by multiples of x1, we can assume f§71 = c7zou. The relations o9, 019 imply that
2 pl / ! / / !/
szl,l - yf7,1 + ~T2fs,1 =0, Uf471 + Zlf771 - ~T2f9,1 =0
and we find that
C7 = C1, fé71:f9/>,1:0

Summing up, we have the following first order deformation with degree 1 in z;:

fii=ciz, f31 = —civ, fi1 = —c1yzo,
fé,l = *Clzga ff/j,l =—aD, fé,l = 122U, f£,1 = fé,l = fgll,l =0
which is evidently not induced by the entry changes of N.

Case k = 0: since the calculation is similar to the case k = 1, we leave it to the
reader. The codimension of the space of first order deformations in degree 0 that
come by entry changes of the matrix N is one and a basis of V;/V{ is represented
by

flo=—cou, fio=coza(dopz1 — 22), f10=—co(Dyz1 + do2220),

fog=—cov, fso=—co(0z5+ Dyy+ Dz 1), fag = co(6a521 + Dsy0),

f30=0, fe0= —co(625y + Dyzo + D, u), fo.0 = —coDyv

where we have decomposed D as D = (5.%"27 +Dyy + D, 21 + do222u.
O

Recall that the subspace of elements of non-positive grading in the space of first
order deformations Hom(J,B/J) yields the tangent space to the Hilbert scheme at
the point corresponding to the cone Cg.

However, to calculate the tangent space to the Kuranishi family, we must consider
isomorphism classes of first order deformations, i.e., we must divide by the subspace
generated by the action of the Lie algebra of vector fields on the weighted projective
spae, the tangent space to the group of projective automorphisms.

We divide therefore by these infinitesimal coordinate changes and, using Proposi-
tion 6.2, we can assume that any first order deformation of the cone Ck is equivalent
to one of the form

(6.2) FO = fitelflgrafiy+ > abflh), 1<i<9
k>0

where f], (resp. f) is the deformation with degree 0 (resp. 1) in z; in the proof
of Proposition 6.2 and the f; + 3, ok i1 (1 <i<9) are the 4 x 4 Pfaffians of
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the following antisymmetric matrix:

AL M)
PO w2y oy

<
8
)

(1) _ v u Z1
(6.3) N -
0

with

AW =y 4 e = v + easat,
BW =22 4 B’ = 22 + e(b1x1v + box2u + b zy + be?),
DW =D 4 €D’ = 6z} + Dyy + D., 21 + do azou + €(8'zh + Dyy + D2 21 + dj 520u)
+ e(di 119U + dl,gxlzg + dg’ll'%yzg + dg,gl‘%v + dgasi’u
+ d4,19:‘1121 + d47217‘1l22 +dsxly + d7a:I).

so that AN —p = eA’, BY) — 22 = B/, D) — D = €D’ are first order infinitesimals.
Here we have thrown as many terms as possible from AM and BMY to DM using
the equations f; =--- = fg = 0.

Remark 6.3. If we use neither the coordinate changes nor the entry changes of N in
the proof and keep track of the free parameters, then we obtain all the dimensions:

e dimcVy =0, for k > 8.

o dimc{V7,...,Vo} ={1,2,4,6,11, 16,23, 30}.
Since Vi, = Hompg(J/J? R)_j ([R88, Theorem 1.10]), these dimensions can be
calculated in Macaulay 2 for an explicitly assigned D as follows.

--We count here the dimensions of first order deformations
--of the graded ring R=C[x_2,y,z_1,z_2,u,v]/(£f_1,...,£_9) with D=0.

AA=QQ[x_2,y,z_1,z_2,u,v,Degrees=>{1,2,3,3,4,5}];
f_1=x_2%z_2-y~2;

f_2=x_2*%u-y*z_1;

f_3=y*u-z_1*z_2;

f_4=x_2*v-z_1"2;

f_b=y*v-z_1%u;

f_6=z_2*%xv-u~2;

f_7=z_1xv-y*z_272;

f_8=uxv-z_273;

f_9=v~"2-z_272xu;
I=ideal(f_1,f_2,f_3,f_4,f_5,f_6,f_7,f_8,f_9);

--the ideal of R;

I°=I/1"2;R=AA/1;

H=Hom(I’,R) ;h=hilbertSeries (H,Order => 1)

--h is the hilbert series of Hom_R(I/I"2,R) up to degree 0;
--the coefficients of h are exactly the dimensions of V_k, 0<=k<=7.

6.2. Lifting to higher orders. We shall now try to lift the first order deformations
obtained in Section 6.1 to higher order. We shall do this in several steps, first
of all we shall calculate the tangent cone to the base B of the Kuranishi family
(equivalently, to the Hilbert scheme).
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We shall in this way obtain some quadratic equations which a posteriori will be
shown to yield the equations defining B; but since we do not want to use computer
assisted calculations, we shall proceed in steps, first showing that these equations
define the tangent cone, then that these equations define B after a possible coor-
dinate change, and only in the proof of the main theorem we shall see that these
equations define B in the initially chosen coordinates.

Proposition 6.4. If a first order deformation of Cr as defined in (6.2) lifts to a
genuine deformation, then

coas = cras = cody — c1bg = 0 (mod IM3),

M being the maximal ideal of the origin in the vector space of first order deforma-
tions.

Proof. Starting with Fi(l) (1 <i<9), we can write a one parameter family of
deformations of order n as

where fl.(l) = flo+xifl 1+ ps0 #h f]y is the part defining Fi(l) in (6.2) and ¢ is an

infinitesimal parameter of order n (i.e. t"*1 = 0). Therefore the Fi(") are elements
in B[t]/(t"*1). For m < n, there is a natural surjection of rings

B[t]/(t" ) — B[t]/(t™ ),

and we denote by F™ the image of F\™ in B[t]/(t™+!). The first syzygies
o1, ,016 between the f; should lift to those between the Fi(m) for any m < n, so

that the Fi(m) define a deformation of Cr of order m.
The relation o7 between f; lifts to the second order as

—lel(Q) + yF2(2) - x2F3(2) :t(clxlFf) - 00F5(2)) —t?¢2(D — dp azou) + 2 Ealyzy
— tPeoerdo gt zrze + 2 (2 f7 4y S + 2 fSY)

and from this we see that f2(2) does not contain z5.

The first syzygy o3 lifts as

ZlFQ(Q) — yF4(2) + LEQFS(Q) :t(Co(d07222F2(2) — F7(2)) — 61I122F1(2))
+t2(ciaiz120 — g Dyz1 + co(21 A" — yB' + 22D))
+ tQ(Zlfz(z) - yff) + 332f5(2))

Note that t?cyz1. A’ contains t2coaszfz; and t2coraD’ contains t2codrzixs (cf.
(6.3)). Since t?coasxiz; could only be cancelled by 2z f2(2), but unfortunately f2(2)
does not contain x3, cpas must be 0. Besides t?cod7z{z2 can only be absorbed into
t2z2fé2), so the coefficient of 27 in fég) is —cody.

The relation o5 gives
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UFI(Q) — uFQ(Q) + yFéQ) — fEQFéQ) :t(clx1F7(2) + Co(DyFl(Q) + D21F2(2))
+ t2(c(2)(uDy +vD,, ) + cocrdo, 21220 + cixizou
—t2eiz1 (21 A — yB + 22D)
2 2 2 2
+ 2wf® = uf® 4y f® — g 1)
The term t?cjasaSz; in t2c12121.A’ cannot be absorbed in any of t2fi(2), i =
1,2,5,6, hence cias = 0. On the other hand the term tQClbﬁny in t?cix1yB’ can
only be absorbed into t2yf5(2), so the coefficient of 2! in f5(2) is —c1bg. Comparing
with the coefficient of 27 in féQ) determined by o3 above, we obtain cod7; = ¢1bg = 0.
Summing up, we have the following restrictions on the coefficients:
Coas = O, ci1as = 07 Cod7 = Clbﬁ.

]

For the reader’s benefit, we observe that the above equations describe the alge-
braic set

{a5 = Cod7 — C1b6 = 0} ] {CO = C = O},

which is not a complete intersection since it has codimension two, while the space
of quadrics containing it has dimension three.

6.3. The moduli space. Let’s come back to our original problem about the moduli
space of even surfaces with K? = 8, pg =4,q=0.

In the next lemma we are essentially continuing with the previous calculations,
except that we set for convenience

a:=as, d:=d7, b:=bg.

Our purpose is to show that our previous equations, which were among the
equations defining the tangent cone to the base of the Kuranishi family, are indeed
the equations of the base of the Kuranishi family.

Lemma 6.5. Set
fO = ¢pa, fl =ca, g:= C()d — Clb.

Let P be the polynomial ring Cla,b, co,c1,d,u1, ... uy] and consider an ideal
J C P such that J contains polynomials Fy, F1,G such that

Fo = fo (mod M3) Fy = f1 (mod M3) G =g (mod M3,)

M being the maximal ideal of the origin.

Let W the subscheme associated to J, and assume that W contains two dis-
tinct irreducible components of codimension 2. Then, up to an analytic change of
coordinates, we may assume that

(xx)J = (fo, f1,9), W=W1UW,, W1 =V(co,c1), Wao =V(a,g).

In particular, W is schematically the union of two irreducible components of
codimension 2 which are complete intersections.
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Proof. We divide the proof in several steps.

Step 1. Observe that W is a subscheme of V(I), where I is the ideal I :=
(Fo, F1,G).

W.L.O.G. we may replace J by I. In fact, once the final assertion () is proven
for I, W is a subscheme of V(I) = W; U W5 containing two irreducible components
of codimension 2, hence W = V(I), and the proof is finished.

Step 2. Assume henceforth J = I. We observe first that W cannot have any
component of codimension 1. Else there would be a function F' dividing Fy, F1, G:
in particular the leading form f of F' would divide fy, f1, 9, therefore f would be a
constant , and F’ would be a unit in the local ring of the origin.

Let Z; := V(F;,G): the same argument shows that neither Zy nor Z; has a
component of codimension 1, hence Zy, Z; are complete intersections of codimension
2.

Step 3. Consider now the irreducible decomposition W = U;W; of W into
irreducible components. By what we have seen, each W; has codimension either 2
or 3. We assume that W; and W5 have codimension equal to 2.

Step 4. Consider now the tangent cone C of W at the origin. The irreducible
decomposition W = U;W; of W yields a decomposition C = U;C;. Observe moreover
that C is a subscheme of

W/ = V(f07f1ag) = LUQ7 L= V(C(),Cl), Q = V(Chg)

We may assume W.L.O.G. that L is the tangent cone of W7, and @ is the tangent
cone of Wy

Step 5. Note that W’ = LUQ holds schematically, and we have a corresponding
projective subscheme of codimension 2 and degree 3 of which C has a subscheme.
Hence there are no other components W; of codimension 2: these would contribute
to a higher degree of the subscheme C. Hence, if there are other components Wi, . . .,
they have codimension 3. We shall now show that these latter do not exist.

Step 6. Since the tangent cone L to Wi is smooth, then W; is smooth at the
origin, and, by a suitable local change of coordinates, we may assume that

W1 = V(Co701).

Since moreover Fy, F},G are in the ideal (cg,c1), we obtain, after a suitable
change of coordinates

Fo=coa+c1p, Fi =ci(a+a)+cobo, G =cod— 1,

where «, By, 81 have all order at least 2 at the origin. Moreover, we can assume
(changing the coordinate a and adding possibly a multiple of G to Fy and Fj that

(6.1) the variables ¢y and b do not appear in (1, and «

(6.1) the variable ¢; does not appear in .

Step 7. Consider now W\ W7, and intersect with ¢y = 0: we obtain the algebraic
set

co=b=0 =(a+a)=0,

which must have codimension 3.

It follows that (a 4+ «) divides 8;. We can therefore subtract a multiple of F} to
Fy and obtain that ¢g divides Fg.

Whence, we can finally assume that Fy = cpa.

Step 8. Now, the components of V(Fy,G) are Wy = L, Q@ = V(a,G) and
V(Co, b) .
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But WNV (cp, b) = {co = b = c¢1(a+a) = 0}, which has codimension 3. Whereas
WnQE =V(a,G,cia+ cofop); this component must have codimension 2, so it must
be @, and F; belongs to the ideal (a,G). We can subtract a multiple of G to Fj
hence we may obtain that a divides F7, i.e., that a divides 8y and «.

Step 9. We may now write

F1 = a(cl(l + A) + C()B),

hence, subtracting a multiple of Fj to F}, we may assume that B = 0.
Furthermore, multiplying by the unit (14 A) and its inverse the variables ¢; and
b, we finally get new coordinates where

Fo = coa,F1 = cla,G = Cod — Clb.

This is exactly what we wanted to show.
O

Theorem 6.6. MY, is connected and its irredundant irreducible decomposition
18 Mg;‘;o = Mz U M¢.

Proof. We already know that Mz, Mg are irreducible unirational subsets of MgY ,:
indeed each of them is defined as the closure of a morphism from an open set of an
affine space into the moduli space.

We also know that My is the closure of the open set M$ of MgY  consisting of
surfaces with base point free canonical system: hence Mz is clearly an irreducible
component of MgY ,, and it suffices to show that every surface not in M$ lies either
in Mz or in Mg, and that these two subsets do intersect. This will accomplish the
proof.

Suppose then that S is an even surface with K2 = 8, p, = 4, ¢ = 0 and that | Kg|
is not base point free. As before, let L be a half-canonical divisor, i.e., Kg = 2L.
Let X be the canonical model of S.

Then X is a small deformation of the cone Cr over a smooth hyperplane section
H of X, and the basis of the Kuranishi family B of C'r consists, by 5.7, 5.13,
6.4 and 6.5 of two irreducible components: we want to show that the open set B’
corresponding to the smoothings of Cr remains connected, and that the points of
one component of B’ correspond to canonical models in Mz and the points of the
other to canonical models in Mg, thus our statement shall follow.

We can translate everything back into the algebraic description of the extension
rings of R = R(C,2Q) for a smooth C' € |L| and @ € bs|L| (see Section 4).

The half-canonical ring R(X, L) is an extension ring of R = R(C,2Q) hence it
can be put in the form of (6.2), (we take now a small and general specialization
e € C) and, by Proposition 6.4, cpas = c1as = codr — c1bg = 0 , up to higher order
terms. Let us note that, up to a coordinate change in R we can always assume that
the coefficient of #7 in D vanishes: just choose ¢ and 7 with a common zero.

Now, if ¢y = ¢; = 0, the equations are in the extrasymmetric format of Proposi-
tion 5.7, so X is an element of Mg. Else, a5 = 0. Moreover, since we assumed the
vanishing of the coefficient of #7 in D, we can decompose B and D as in Proposition
5.13 with B, = bgz$ and D, = d7x]. Then cod; — c1bg = 0 gives c1x1Bx = coD,.

It follows that R(X, L) is as described in Proposition 5.13 with [ = ¢y, and
therefore X € Mx.
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We see then directly that the base B of the Kuranishi family of Cr contains the
subset B” := {cpas = c1a5 = cod7 — c1bg = 0}, hence by Lemma 6.5 it equals B and
we have shown that X belongs to Mz U Mg.

Finally, the condition Mz N Mg # 0 was shown already in Proposition 5.13.

O
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