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Abstract

The article concerns the subalgebra U, (w) of the quantized universal envelop-
ing algebra of the complex Lie algebra sl, 1 associated with a particular Weyl
group element of length 2n. We verify that U, (w) can be endowed with the
structure of a quantum cluster algebra of type A,. The quantum cluster algebra
is a deformation of the ordinary cluster algebra Geif-Leclerc-Schréer attached to
w using the representation theory of the preprojective algebra. Furthermore, we
prove that the quantum cluster variables are, up to a power of v, elements in the
dual of Lusztig’s canonical basis under Kashiwara’s bilinear form.

1 Introduction

Cluster algebras are commutative algebras created in 2000 by Fomin-Zelevinsky [18]
in the hope to obtain a combinatorial description of the dual of Lusztig’s canonical
basis of a quantum group.

A cluster algebra comes with a distinguished set of generators called cluster vari-
ables. Each cluster variable belongs to several overlapping clusters. Every cluster,
and hence every cluster variable, is obtained from an initial cluster by a sequence of
mutations. Every mutation replaces an element in a cluster by an explicitly defined
rational function in the variables of that cluster. We refer to Fomin-Zelevinsky [18] for
definitions and to Fomin-Zelevinsky [22] for a good survey about cluster algebras.

It quickly turned out that Fomin-Zelevinsky’s theory of cluster algebras has many
interesting applications and coheres with various mathematical objects. Let us mention
the representation theory of quivers and finite-dimensional algebras, the representation
theory of preprojective algebras, root systems of Kac-Moody algebras, Calabi-Yau cat-
egories, quantum groups, and Lusztig’s canonical basis of universal enveloping alge-
bras.

A momentous step in the development was the additive categorification of acyclic
cluster algebras by cluster categories. Cluster categories were defined by Buan-Marsh-
Reineke-Reiten-Todorov [5] and independently by Caldero-Chapoton-Schiffler [11] for
type A. The cluster category Cq associated with a quiver () is an orbit category of the
bounded derived category of the category of representations of (). Keller [35] proved
that cluster categories are triangulated categories. Key ingredients for the verification
of the additive categorification of acyclic cluster algebras by cluster categories are due
to Buan-Marsh-Reiten-Todorov [8], Buan-Marsh-Reiten [6, 7], Gei3-Leclerc-Schroer
[25, 27], and Caldero-Keller [12, 13]. The process of mutation in the cluster algebra



resembles the process of tilting in the cluster category. Hence, we obtain a link be-
tween quiver representations and triangulated categories on one side and a large class
of cluster algebras on the other side.

Furthermore, Geif3-Leclerc-Schroer [28] provided an additive categorification by
categories arising from the study of Kac-Moody groups and unipotent cells. In this
construction the categorified cluster algebras are not necessarily acyclic. Let g be the
Kac-Moody Lie algebra attached to () and let g = n_ @ h @ n be its triangular decom-
position. Geil3-Leclerc-Schréer’s construction is related to the preprojective algebra
A associated with (). Buan-Iyama-Reiten-Scott [4] attached to every element w in the
Weyl group of corresponding type a subcategory C,, C mod(A). GeiB-Leclerc-Schrier
[28] endow the coordinate ring C[N (w)] of the unipotent group N (w) with the struc-
ture of a cluster algebra .4(w). Here, N denotes the pro-unipotent pro-group associated
with the completion 1 and N(w) = N N (w~!N_w). The coordinate ring C[N (w)]
is naturally isomorphic to a subalgebra of the graded dual U (n);;r of the universal en-
veloping algebra of n. The cluster variables are d-functions of rigid modules over the
preprojective algebra. All cluster monomials lie in the dual semicanonical basis.

Let us mention that cluster algebras also gained popularity in other branches of
mathematics, for example Poisson geometry, see Gekhtman-Shapiro-Vainshtein [30],
Teichmiiller theory, see Fock-Goncharov [16], combinatorics, see Musiker-Propp [43],
integrable systems, see Fomin-Zelevinsky [20], mathematical physics and Donaldson-
Thomas invariants [37], etc.

In this article we transfer to the quantized setup. We consider the case g = sl,,11
(for some natural number ) and choose a particular Weyl group element w of length
2n which is equal to the square of a Coxeter element. The reasons for this particu-
lar choice are the following three: First, in this case the stable category C,, is triangle
equivalent to the corresponding cluster category Cg by a result of GeiB3-Leclerc-Schroer
[28, Theorem 11.1]; second, there exist recursions for quantum cluster variables (sim-
pler than the mutation relations) which allow to connect quantum cluster variables with
canonical basis elements; third, cluster algebras of almost all types can be realized as
A(w) for some square w of a Coxeter element in the Weyl group of a Kac-Moody Lie
algebra of the same type, see Gei3-Leclerc-Schroer [29, Section 2.6].

We establish a quantum cluster algebra structure on a subalgebra U, (w) of the
quantized universal enveloping algebra U, (n) of n. Quantum cluster algebras were in-
troduced by Berenstein-Zelevinsky [10]. The quivers corresponding to g = sl are
Dynkin quivers of type A,,. We choose a particular orientation: let Q = (Qo, Q1) be
the Dynkin quiver of type A,, with an alternating orientation beginning with a source.
We denote the set of vertices by Qo = {1,2,...,n}. Figure 1 illustrates the example
n = 13. The choice of the orientation matches the choice of the Weyl group ele-
ment w. The reduced expression of w (that is used to construct U, (w)) and its initial
subsequences (that are used to construct the generators U, (w)) are related to the inde-
composable injective modules over the path algebra of () and their Auslander-Reiten
translates, respectively.
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Figure 1: The quiver Q) of type A;3



The construction of U, (w) is due to Lusztig [42]. The algebra is generated by
2n elements that satisfy straightening relations; it degenerates to a commutative al-
gebra in the classical limit v = 1. The generators are constructed via Lusztig’s T-
automorphisms. The quantized universal enveloping algebra U, (n) is a self-dual Hopf
algebra. Also, the subalgebra U, (w) is isomorphic to its dual, i.e., it is isomorphic to
the quantized coordinate ring C, [N (w)]. The algebra U, (w) possesses several distin-
guished bases, including a Poincaré-Birkhoff-Witt basis for every reduced expression
for w, a canonical basis, and their duals. The article concerns the dual of Lusztig’s
canonical basis under Kashiwara’s bilinear form [33].

It is conjectured (see for example Kimura [36]) that the quantized coordinate rings
Cy[N(w)] are quantum cluster algebras A,(w) in general and that the set M, of all
quantum cluster monomials, taken up to powers of v, is a subset of the dual canonical
basis B*, i.e., the following diagram commutes:

Ay (w) ——Cy[N(w)] C Uy(n)g,

b

M, ———= B*

The conjecture has only been verified in very few cases, see Berenstein-Zelevinsky [9]
for type A, and As, and the author [38] for an example of Kronecker type.

We verify that in our case the integral form U, (w)z of U,S (w) is (after extend-
ing coefficients) a quantum cluster algebra. The proof relies on the exact form of the
straightening relations. The description of the straightening relations features (besides
Lusztig’s T-automorphisms) Leclerc’s embedding [39] of U, (n) in the quantum shuffle
algebra. The exact form of the straightening relations enables us to verify that recur-
sively defined variables satisfy a lattice property and an invariance property so that they
are elements in the dual canonical basis.

The cluster algebra A(w), just as the quantum cluster algebra A, (w), is of type
A,,. Every cluster contains n frozen and n mutable cluster variables. Altogether there
are n + @ mutable and n frozen cluster variables. Most of the cluster variables
can be realized as minors of certain matrices, see Section 2.5. The structure of these
minors implies that there is (besides the usual cluster exchange relation) a recursive
way to compute these cluster variables avoiding denominators. Theorem 4.11, the main
theorem, asserts that the recursion can be quantized to a recursion for the corresponding
quantum cluster variables. The quantized recursions imply quantum exchange relations
so that the integral form U’ (w)z of U, (w) becomes (after extending coefficients) a
quantum cluster algebra.

Furthermore, it follows from our construction that the quantum cluster variables are
(up to a power of v) elements in the dual of Lusztig’s canonical basis under Kashiwara’s
bilinear form [33].

2 Representation theory of the quiver of type A and
cluster algebras

2.1 The indecomposable modules over the path algebra

Let k be a field. In what follows we study the category rep, (Q) of finite-dimensional
k-representations of ) over the field k. (For more detailed information on represen-
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Figure 2: The quiver Q' of type A1

tations of quivers see for example Crawley-Boevey [14].) The category rep,(Q) is
equivalent to the category mod(kQ) of finite-dimensional modules over the path alge-
bra kQ. Gabriel’s theorem [23] asserts that the quiver () admits (up to isomorphism)
only finitely many indecomposable representations. In fact there are @ indecom-
posable representations (up to isomorphism) and they are in bijection with the set of
intervals [i,7] = {i,9+1,i+2,...5} C Zwith1 <1i < j < n. The indecompos-
able representation associated with the interval [, j] is V}; jj = ((Vs)seqos (Va)acq,)
defined by k-vector spaces

k, ifi<s<y;
Vs = .
0, otherwise;

associated with vertices s, and k-linear maps

s L V= Vi=k
‘o 0, otherwise;

associated with arrows a: s — .

All further considerations will basically depend on the parity of n. For a compact
and effective handling of all cases we make the assumption that n is odd. Denote by
Q' = (Qy, @) to be the quiver obtained from Q) by removing the vertex n. The quiver
Q' is of type A,,_1, and the examination of both Q" and @ covers all cases. Note that
every representation of Q' can be viewed as a representation of @) supported on the first
n — 1 vertices. An example of the quiver @’ is shown in Figure 2.

If n = 1, i.e., the quiver has one vertex and no arrows, then the category rep;, (Q)
can easily be described. In this case modules over the path algebra k£Q) are k-vector
spaces, and the k-vector space k of dimension 1 is the only indecomposable module.
In the other cases, the most suggestive way to illustrate the category rep, (@) is given
by its Auslander-Reiten quiver. For an introduction to Auslander-Reiten theory we
refer to Assem-Simson-Skowronski [1, Chapter IV].

The simplest non-trivial example is the Auslander-Reiten quiver of type Ao which
can be seen in Figure 3. In this case there are (up to isomorphism) three indecompos-
able representations, two of which are injective. The representations are displayed by
numbers that represent basis vectors and composition series; cf. Geif-Leclerc-Schroer
[28, Section 7.5]. The solid arrows represent irreducible maps; the dashed arrow rep-
resents the Auslander-Reiten translation. Note that the Auslander-Reiten translate of
the injective representation associated with vertex 2 is the zero representation.

In what follows we are interested in the indecomposable injective kQ-modules I;
associated with vertices ¢ € () and their Auslander-Reiten translates 75 (f;). Sim-
ilarly, we are interested in the indecomposable injective kQ’-modules I] associated
with vertices ¢ € Q) and their Auslander-Reiten translates 740 (I}). (For simplicity,
we drop from now on the index attached to 7 whenever it is clear which algebra we are



Figure 3: The Auslander-Reiten quiver for n = 2

referring to.) The choice of the alternating orientations of the quivers () and Q’ ensure
that from type As onwards we have 7(I) # 0 for every indecomposable injective kQ-
module. (This would not be true for the linear orientation of the Dynkin diagram A,,.
The Auslander-Reiten translate of the indecomposable injective representation corre-
sponding to the sink would be zero in this case.) The direct sum M = @', I; & 7(I;)
is a terminal k@Q-module in the sense of Geil-Leclerc-Schroer [28, Section 2.2], and
so is the kQ’ module M’ = @7~ I & 7(I}).

/2\ ............ /
\1/’ \

Figure 4: The Auslander-Reiten quiver forn = 3

The small cases A3 and A4 will have to be treated separately. Figure 4 and Figure 5
display the indecomposable injective modules (red), their Auslander-Reiten translates
(blue), and irreducible maps between them for the case n = 3 and n = 4, respectively.

If n = 3, then M is the direct sum of all indecomposable k(Q-modules, i.e.,
mod(kQ) = add(M).

2 4\1 3 / 2
I . 4\3 /

Figure 5: A part of the Auslander-Reiten quiver for n = 4

From As onwards a uniform description is possible. For type A,, (remember that
n is assumed to be odd) the indecomposable components of M can be written down



explicitly:

[i:V[m’]’ ifiisoddand 1 <i <n,
L=V

li—1,i+1]s ifiiseven and 2 < i < n,

ifiisoddand 3 <i<n— 2,

I
=
|
ul\J
E
N

i) = Vii—3,i+3), ifiisevenand 4 <i <n — 3,

We display the relevant part of the Auslander-Reiten quiver of A,, in Figure 6 for the
case n = 13. As above, the indecomposable injective modules are colored red, their
Auslander-Reiten translates blue.

There are only a few changes if we restrict @ to Q'. Observe that I] = I; for
i€{1,2,...,n—3}, and that 7(I]) = 7(I;) fori € {1,2,...,n — 3}. Note that the
latter modules are £@Q-modules supported on the first n — 1 vertices and may therefore
be viewed as k@Q’-modules. Furthermore, we have

~

7/;71 = V[n—z,n—l]a

(17/173) = V[n—6,n—1]7
(I} —9) = Vin—a,n—1)»
7'(17/1—1) = ‘/[n74,n73]~

An example of type A;s is illustrated in Figure 7.

2.2 The preprojective algebra and rigid modules

The representation theory of the path algebra k() is closely related to the representation
theory of the corresponding preprojective algebra A defined as follows. For every
arrow a: s — tin Q1 introduce an additional arrow a* : ¢ — s in reverse direction and
denote by QF = {a*: a € Q1} the set of all reversed arrows. The double quiver of @
is defined to be the quiver Q = (Q,, @;) given by a vertex set Q, = Qo and an arrow
set Q; = Q1 U Q3. The preprojective algebra is defined to be

A=kQ/(c)

where the ideal (c¢) is the two-sided ideal generated by the element

c= Z (a*a — aa®) € kQ.

ac@Q1

The algebra A is finite-dimensional, since () is an orientation of a Dynkin diagram, see
Reiten [45, Theorem 2.2a]. The category mod(A) of finite-dimensional A-modules
is equivalent to the category rep,,(Q, (c)) of finite-dimensional representations M =
((Ms)seqq (Ma)aeél) of @ such that for any two vertices s, € Qo and any linear
combination Y .-, \;p; € (c) of paths p;: s — ¢ with scalars \; € k the associated
linear map Y ;- , \; M, is zero.
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Figure 6: A part of the Auslander-Reiten quiver of mod(kQ)



2 4 ( ................................................. 2
1 3 5 ( .....................................
2 4 /
3 5 7 ( ......................................... 3 5
4 6 4
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4 6 /
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6 8 6
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10 12 ( ........................................ 10
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Figure 7: A part of the Auslander-Reiten quiver of mod(kQ")



i ifiisoddand 1 <i<n

Tijo,0) =
ifiisevenand 2<i<n-1

Figure 8: The modules T} jo g

There is a restriction functor m¢g: mod(A) — mod(kQ) given by forgetting the
linear maps associated with a* for all a € @ in the corresponding representation of
the quiver Q). Ringel [46, Theorem B] proved that the category mod(A) is equivalent to
the category C(1, 7) whose objects are pairs (X, f) consisting of a kQ-module X and
a k@-module homomorphism f: X — 7(X) from X to its translate 7(X) and where
amorphism h: (X, f) — (Y, g) is given by a kQ-module homomorphism h: X — Y
for which the diagram

Y
|

f
7(x) ~"% v

Xt

commutes.

Using the correspondence from above Geif3-Leclerc-Schréer [28, Section 7.1] con-
structed for every i € (Jp and any natural numbers a, b satisfying 0 < a < b < 1la
A-module Tj (4 5 = (Ii7[a,b],ei7[a7b]) where I; [q.1) = @b 77(I;) and the map

Jj=a

b+1

eifap): Lifap) = T (Lijap)) = @ (1)
j=a+1

is identity on every 7J (I;) fora+1 < j < b and zero otherwise. We study A-modules
T ja,p) for i € Qo and 0 < a,b < 1. We display the modules in Figures 8, 9, 10.

The modules T; (44 for i € Qo and 0 < a,b < 1 are rigid and nilpotent. Recall
that a A-module 7" is said to be rigid if Ext} (7, T) = 0 and it is said to be nilpotent
if there exists an integer N > 0 such that for each path a;as - - - ax of length N in Q
the associated linear map T, T, - - - 15 is zero. Rigidity follows from GeiB3-Leclerc-
Schréer [28, Lemma 7.1]; nilpotency follows from Lusztig [41, Proposition 14.2].

Similarly, the representation theory of the path algebra k@’ is closely related to the
representation theory of the corresponding preprojective algebra A’.

2.3 Notations from Lie theory

The representation theory of the quiver () is related with Lie theory. Let k = C. The
Lie algebra associated with the Dynkin diagram A,, is g = sl,,41, i.e., the Lie algebra
of (n 4+ 1) x (n + 1) matrices with complex entries and vanishing trace. It admits a
triangular decomposition g = n_ @ h @ n. Here, n and n_ denote the Lie algebras of
strictly upper and strictly lower triangular (n 4 1) x (n + 1) matrices, respectively, and
b denotes the Lie algebra of (n 4+ 1) x (n + 1) diagonal matrices. The Lie algebra n is
called the positive part of g.
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Figure 9: The modules Ti,[o,l]
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i — 2 A i+ 2 4<i<n-3
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Figure 10: The modules T; [ 1
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Let C' = (a; j)1§i7 j<n be the Cartan matrix associated with the quiver Q; its entries
are:

2, if i = j;
aij =4 -1, ifli—jl=1
0, otherwise.

The Lie algebra g = sl,4; is studied by its roots. The root lattice R is de-
fined to be the free abelian group generated by oy, aa,. .., a,. Here, the elements
a1,Qa,...,a, € h* are defined by «;(diag(dy,ds,...,d,)) = d; — d;+1 and they
are called simple roots. By RT™ C R we denote the set of all linear combinations
i, dia; with d; € N. There is a symmetric bilinear form (-,-): R x R — R
which is on generators given by (o, ;) = a;; for1 < i,j < n. By At C R
we denote the set of positive roots of the corresponding root system. Then AT =
{a; + aig1+ -+ a;: 1 <i<j <n}. Under the bijection of Gabriel’s theorem, a
positive root a; +aj 41 +- - -+ with 1 < 4 < j < n is mapped to the indecomposable
representation VJ; ;) from Section 2.1.

The simple reflections s1,59, ..., S, : h* — h* act on the simple roots by

si(ay) = Qi + oy, if i —j| = 1;
a;, otherwise.

The group W generated by the simple reflections is called the Weyl group of type g.
The simple reflection satisfy the following relations

$iS; = $;8i, if | — j| > 2; (D
S8i858; = S;j8iS4, if ‘Z 7]‘ = ]., (2)
si=1, 3)

for all 1 < 7,5 < n. Therefore, the Weyl group W is isomorphic to the symmetric
group S,.
To every terminal k£Q-module Gei-Leclerc-Schréer [28, Section 3.7] attach a QQ°P-
adapted Weyl group element. The (Q°P-adapted Weyl group element associated with the
terminal module M from Section 2.1isw = $15385 - $,525486 * * * Sp—_15153S5 * * * $,525456 * * * Sp—1-
The given expression for w is reduced. Let j1, ja, . . ., jon € [1,n] such that for the re-
duced expression for w from above we have w = s;, 55, - - - 55,,,. We put 81 = o, and
Bk = $j,8j, S, () for 2 < k < 2n. Denote by Af = {81, 82,...,P2n} C
AT the set of all 8, with 1 < k£ < 2n. Note that the notation is well-defined. If we
choose another reduced expression w = sj; s, - -+ s, for w, then

{ssi - sq (o) 1<k <20} = {B1,Bo )

Furthermore, notice that under the bijection of Gabriel’s theorem, the 2n positive
roots B with 1 < k < 2n, correspond to the dimension vectors of the indecomposable
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direct summands of M (compare Figure 1). More precisely, for n > 5,
Al ={a;: isoddand 1 <i < n}
U{aj—1+a; +ajy1: isevenand 2 < i <n—1}
U{as+asztU{an—2+an_1}
U{aj—a+ -+ a;r2: isoddand 3 <i<n—3}
U{aw+as+as+astU{ap—a+an3+ap_o+ay,_1}
U{aj—3+ -+ a;r3: isevenand 4 <i<n—4}.

The universal enveloping algebra U (n) of n is the associative C-algebra generated
by E; (1 < i < n) subject to the relations

EiEj = EjEi, fOI‘ ‘Z —jl Z 2, (4)
E?E; — 2E,F;E; + E;E? =0, for |i — j| = 1. 5)

The last relation is called Serre relation.

Similarly, the representation theory of the quiver Q’ of type A,,_1 is linked with the
Lie algebra g’ = sl,, with Weyl group W’. The Lie algebra g’ = sl,, similarly admits a
triangular decomposition g’ = n’_ & b’ @ n’. The Weyl group element associated with
M’ is w' = 518385 55,_2595456 - Sp—1515355 - Sp—2828486 - - Sp—1 € W'.
The universal enveloping algebra U(n’) may be viewed as the subalgebra of U(n)
generated by E; (1 <i<n-—1).

2.4 The cluster algebra attached to the terminal module

To the terminal CQ-module M from Section 2 Geil3-Leclerc-Schroer ([28, Section 4])
attached the subcategory Cp; = Wél (add(M)) C nil(A) of the category of nilpotent
A-modules. Here, add(M) C mod(CQ) is the subcategory consisting of all modules
isomorphic to direct summands of direct sums of finitely many copies of M.

The projective and injective objects in Cp; coincide, so Cys is a Frobenius cat-
egory and the stable category C,, is triangulated according to Happel [31, Section
2.6]. Furthermore, Geifl-Leclerc-Schroer [28, Theorem 11.1] showed that there is an
equivalence of triangulated categories C,; =~ C¢ between C,, and the cluster category
Cq as defined by Buan-Marsh-Reineke-Reiten-Todorov [5] to be the orbit category
D" (mod(CQ)) /" o [1].

With every Cy; GeiB-Leclerc-Schroer [28, Section 4] associated a cluster algebra
A(Cpr); it is constructed as a subalgebra of the graded dual of the universal enveloping
algebra of the positive part of the corresponding Lie algebra, i.e., A(Crr) C U(n)y,.
For a definition of and a general introduction to cluster algebras see Fomin-Zelevinsky
[21]. The cluster algebra A(Cyy) is also called A(w).

There is an isomorphism between U (n) and an algebra M of C-valued functions
on mod(A). We refer to Geif-Leclerc-Schroer [28] for a precise definition of M. It
is generated by functions d; that map a A-module X to the Euler characteristic of the
flag variety of X of type i. Prominent elements in A(Cys) are (under the described
isomorphism) the d-functions of the rigid A-modules T; 4 5 With i € Qo and 0 < a <
b<1.Forl<i<nput

Py =0r, 1515

v 0T, 1g.0» if 2is 0dd;
0T, 1y, i éiseven;
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P < P1<>Z2<:Y1
P; = Y-
P, < 3>z4<:3
P = Y:
B —m
P = Y.
Py < 7>Zg<:7
Py = Yy

Figure 11: The initial seed for the case n = 9

7, = {(5@.’[0’0], if 7 is even;
Or, y4y» if 2isodd.
Note that the module T o 17 corresponding to the variable P; (for 1 < 7 < n)is a
projective object in the category Cyy, but it is in general not projective in mod(A).
The initial seed of the cluster algebra A(Cyy) for the case n = 9 is shown in Figure
11. The vertices represent the cluster variables in the initial cluster, the arrows describe
the initial exchange matrix. Just as in Keller’s mutation applet [34], the blue vertices
are frozen, the red vertices are mutable. The frozen variables P;, P, ..., P, may
be viewed as coefficients in the sense of Fomin-Zelevinsky [22]. The cluster algebra

A(Cyr) is of type A,,, and therefore of finite type. Besides the n frozen variables there
are n + ") mutable cluster variables grouped into Cy, 41 = 5 (2 2) clusters,
where C,, 11 denotes the (n+ 1)th Catalan number (see Fomin-Zelevinsky [19, Section
12]). The Catalan number C), 11 is the number of triangulations of a convex polygon
with n 4 3 sides using only diagonals.

The J-functions of P;, Y;, and Z; for i € @)y are not algebraically independent. For
example, the equation

P =YZ; — Z;_ 1Zi1 (6)

holds for every i € (Qy. The equations are due to Geil-Leclerc-Schroer [28, Theo-
rem 18.1] and called determinantal identities. Here and in what follows we use the
convention Zy = Z,4+1 = 1.

Similarly, we can construct a cluster algebra A(Cy,/) associated with the terminal
CQ’-module M’ from Section 2. The initial seed of .A(Cy-) is obtained from the initial
seed of A(Cys) by ignoring the vertices Y,, and P, and all incident arrows. We denote
the corresponding cluster variables of A(Cp/) by P/, Y/, and Z] (for 1 <i <n —1).

2.5 The description of cluster variables

In this subsection we describe the cluster variables explicitly. Note that our desription
of cluster variables differs from the explicit description of GeiB3-Leclerc-Schroer [28,
Section 18.2] due to a different choice of orientation of the quiver. Put ¢; = %
forl <i<n.

i
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Definition 2.1. For two natural numbers 7,5 with 1 < ¢ < 7 < nlet M;; =
((Mij)rs)i<y oc; bethe (j —i+ 1) X (j — i+ 1) matrix defined by
Y,

o=, ifr=s;

(Mij)rs = ifs>rorr=s+1;

L,
0, otherwise.

Put A; ; = ¢iciy1 -+ - ¢j - det(My;), i.e., A, ; is given by the following determinant:

Lo 1 1 1 11
Y 1 1 111
i+ 1
1 w2 1 11
i4+2
0 0 1 Y 1 11
Ci+3
Ajj = cicip1 ¢ : :
0 Y 1
Cj—2
0o .- 1 Y g
Cj—l
0 - 0 1 4
Cj
Remark 2.2. Note that
Y; (& Ci (& ce Ci (& (&
Civ1 Yit1 Cit1 Cig1 c Cig1l Gyl Ciyl
0  ciy2 Yiqo ciy2 0 Ciy2  Ciy2  Ciq2
0 0  cit3 Yigz -+ Cit3  Cit3  Ciys
A/L)J = . . . . .
0 0 0 0 s ij‘,g Cji—2 Cj—2
0 0 0 0 L Cj—1 1/}_1 Cj—1
0 0 0 0 0 c;j Y;

for 1 < i < j < n. It follows that each A; ; (1 < 4,j < n) is actually a polynomial
inY; 1 <i<n)and Z; (1 < i < n),ie,N;; € LYy, Zy: 1 < k < n] for all
1 < j. Polynomiality follows from Gei3-Leclerc-Schroer [28, Theorem 3.4], but is also
follows directly from the formula above once we notice that c;c;11 - - - ¢j € Z|Z: 1<
k <mn]foralli,jwithl <i<j<n.

Proposition 2.3. Forall ¢, with 1 < ¢ < j <mnand j — ¢ > 3 the equation
Aij=YjAi i1~ Zj1Pj 2l j 3
holds.

Proof. Perform a Laplace expansion of the determinant on the last row. The last row
has only two non-zero entries and it is easy to see that the two occuring summands in
the Laplace expansion are the two summands in the recursion formula. O

For 1 < i < nletA;;—1, Aj;—2, and A;;_3 be the unique elements from
Q(Yk, Z: 1 < k < n) such that the recursion formula from Proposition 2.3 also holds
for j =i+2,j =i+1,and j = i. Explicitly, we put A; ; 1 = 1, Aj; 5 = o—2—,
and A; ;_3 = 0. The next lemma follows easily from Proposition 2.3.
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Figure 12: The base seed for the case n = 9

Lemma 2.4. For all ¢, j with 1 <14 < j < n the equation
A jZj = PjAij1+ Zjp1Pj1 jo
holds.

Proof. Fix i. We prove prove Lemma 2.4 by induction on j. The statement is true
for j = isince Y;Z; = P, + Z;11Z;—1. If the statement is true for j — 1, then by
Proposition 2.3

AijZ5 =YiZjNij1 = Zjt1ZiPj-2 i -3
=PiAij 1+ ZjZj18ij1 — Zj ZiPi o 3
=PiAij 1+ Zjp Pl jo,

and the statement is true for j. O
Lemma 2.5. The mutable cluster variables are 71, Z2, Z3,...,Zy, and A; ; for 1 <
1<j<n.

Proof. Starting with the initial seed (which is shown in Figure 11 for the case n =
9) perform mutations at the odd vertices 1, 3,5, ...,n, consecutively. In each step,
because of the equation Y;Z; = P, + Z,_1 7,41, the cluster variable Y; for odd ¢ with
1 < i < nis replaced by the cluster variable Z;. Therefore, the mutations generate
a seed whose mutable cluster variables are 2, Zs, Z3, ..., Z,. We refer to that seed
as the base seed. The exchange matrix of the base seed is described by the associated
quiver. By the rules of quiver mutation the mutable vertices of the base seed form an
alternating quiver of type A,, isomorphic to (). The only other arrows are the following.
For every ¢ with 1 < ¢ < n there is an arrow between Z; and P; starting in P; if ¢ is
odd and starting in Z; if 7 is even. The quiver of the base seed for the example n = 9
is shown in Figure 12.

We now claim that starting from the base seed the cluster variable obtained by
consecutive mutations at ¢, i+1,7+2,...,jis A; j forall 1 < ¢ < j < n. The equation
N jZj = PjA; j_1+Zj11Pj_1A; j_o from Lemma 2.4 is the exchange relation. For
a proof consider the mutation of the quiver of the base seed. Fix ¢. We assume that
1 1s odd. (If 7 is even, then reverse all arrows in the following argumentation.) We
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Ai,i At,z
Ajit1 Ajit1
A Y A Y
Aiito Ajivo
Aiis Ajiya
A Y A Y
AV Ajita
A
Aij-a Aij-a
A Y
Az,j—3 Aw—3
A Y
Ao AV
Y A
A1 A1
v / \
Zj ZJ

Figure 13: The mutated seed for even 5 (left) and odd j (right)

prove the statement by induction on j. The statement is true for ¢ = j since mutation
at ¢ yields (P, + Zi—1Z,4+1)/Z; = Y; = A, ;. Itis also true for j = i + 1 because
Niiv1Ziv1 = PipiDii + Zipo PN i1 = P Ay + Zio P

Now assume that j > 7+ 2 and that consecutive mutations at 7, ¢+1,¢+2,...,7—1
yield cluster variables A; ;, A j41,..., 4 j—1. Let us describe the quiver after these
mutations; let us first concentrate on the subquiver given by all mutable vertices. It is
easy to see that the subquiver supported on vertices (Z1, Za, ..., Z;—1) is the same as
in the base quiver; similarly, the subquiver supported on vertices (Z;, Z; 11, ..., Zy) 18
unchanged. The description of the other remaining part depends on the parity of j. If
Jj is even, then it consists of the two sequences Z; 1 — A;; = Ajiro = Ajita —
s — Ai,j—l and Ai,j_Q — Ai7j_4 — s = Ai,i+3 — Ai,i—i—l and of an oriented tri-
angle Z; — A; j_1 = A; j_o — Z;. If j is odd, then it contains of the two sequences
Zi—l — Aiﬂ' — Ai,i+2 — Ai,i+4 — = Ai7j_2 and Ai,j—l — Ai,j—S — =
Ai,i+3 — Ai77;+1 and an oriented triangle Zj — Ai’j,Q — Ai,jfl — Zj.

Now let us consider frozen vertices. Consider a natural number k with ¢ < k < j.
We are interested in the vertices Z; resp. A;; with & < [ < j — 1 to which P, is
connected. In the base seed the vertex Pj is only connected with Zj. Let us assume
that k is even. (If k is odd, then reverse all arrows in the following argumentation.)

16



We have an arrow Z — P, in the base seed. The adjacency relations for Pj, remain
unaffected by mutations at ¢,7 + 1 ...,k — 1. After mutation at k the arrows reverses
(and Zj, is replaced by A; ;) and we get an additional arrow Z;; — FP;. Mutation
at k + 1 cancels the arrow P, — A; ; whereas the arrow Zj 41 — P, is replaced by
an arrow P, — A; ;4+1. Afterwards all adjacency relations for Py, with vertices Z; for
k < [ remain unaffected.

The adjacency relations for the vertices together with the induction hypothesis and
the mutation rule for cluster variables imply that (P;A; j_1+ Z; 41 Pj—10i j—2)/Z; is
the cluster variable obtained from consecutive mutation at ¢,7 + 1,...,5. By Lemma
2.4 itisequal to A, ;.

The number of mutable cluster variables of a cluster algebra of finite type is the
sum of the rank of the cluster algebra and the number of positive roots of the associated

root system. Since the n + % cluster variables Z1, Z>, Z3, ..., Z, and A; ; for
1 <1 < j < nare all distinct these must be all mutable cluster variables. O

By Lemma 2.5 the recursion provided by Proposition 2.3 allows to compute itera-
tively every cluster variable in terms of the Y; and Z; (1 < i < n).

Example 2.6. Let us look at an example. We put n = 3. The initial cluster contains
three mutable and three frozen variables. Itis (P;, P2, Ps, Y1, Za,Y3). One can check,
by hand or by using Keller’s mutation applet [34], that the following figure describes
the exchange graph of the cluster algebra .A(Cy) in the case n = 3. This particular ex-
change graph is known as associahedron or Stasheff polytope K3, see Fomin-Reading
[17, Section 3.1]. The mutable cluster variables are colored red, the frozen cluster vari-
ables blue. Beside the 3 + 3 initial cluster variables there are 6 further cluster variables,
namely Z1, Ys, Zs,

Y1 ¢ Ys ¢

Ay = 021 le =YY — 23, Ap3= C; YZ =YoY3 — 7y,
Yi a o

Aiz=|ca Yo ca| =YY —Y17) — Y323+ Zs.
0 C3 Y3

The cluster variables are grouped into Cy = 14 clusters.

Remark 2.7. Formulae for cluster variables in A(Cy;/) can be obtained from these
formulae by setting Y,, = Z,, = P,, = 1.

Remark 2.8. The exchange relation (6) implies that mutation of the base seed at Z; for
somei € {1,2,...,n} yields the cluster variable Y;. Note that the base seed is acyclic,
i.e., the corresponding quiver does not contain oriented cycles. Hence, by Berenstein-
Fomin-Zelevinsky [3, Theorem 1.16] the cluster algebra A(Cys) is equal to its lower
bound, i.e., the set {Y;, Z;: 1 < i < n} generates A(Cps).

Remark 2.9. The cluster variables correspond to d-functions of indecomposable rigid
objects in Cp;. These objects have been classified by Rohleder [47, Theorem 7.3].
Besides the 3n objects of the form Ti’[a,b] forl <i<mnand0 < a <b<1,these are
(when viewed as elements in C'(1, 7)) the objects M; ;

P re @l @ e @ P

i<r<j i<r<j i<r<j i<rlj
7 odd T even 7 odd T even
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Figure 14: The exchange graph for n = 3: a Stasheff polyhedron
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T(Lit1) _

for 1 < j < n where f|‘r(I~) = 1 for all even ¢ and f|¥ = 0 for all other direct

summands X, Y.

3 The quantized universal enveloping algebra

3.1 Definition of the quantized enveloping algebra

Let v be an indeterminate. The quantized universal enveloping algebra U, (g) is a
deformation of the ordinary universal enveloping algebra U(g). To describe this con-
struction we introduce quantized integers and quantized binomial coefficients.

Definition 3.1. For a natural number k, denote by [k] = ”::U”: reQ (v) the quantum

integer and by [k]! = [k][k — 1] - - - [1] the quantized factorial. For two natural numbers
k and [, define the quantum binomial coefficient by

K K]
H = e < e

Remark 3.2. Both [k] and m are actually Laurent polynomials in v. If we specialize
v=1,then [k] =k, [}] = (}), and [k]! = k!. Some authors such as Kac-Cheung [32]
use a different convention for quantum integers.

Definition 3.3. The quantized enveloping algebra U, (g) is the Q(v)-algebra generated
by E;, F;, K, K;l fori=1,2,...,n, subject to the following relations

K:K; = K;K;, (i #J) @)
KK '=K 'K, =1, (i=1,2,...,n) (8)
K,E;K; ' = v Ej, (1<i,j<n) ©)
K, FK ' =v " Fj, (1<i,j<mn) (10)
Ki—K!
EiFj_FjEz’:éijv_iv_lla (1<id,j<n) (11)
E?E; — 2|E,E;E; + E;E? =0, li —j| =1, (12)
F?F; — [2|F;F;F; + F;F? =0, li —j| =1, (13)
EiE; = E;E;, li —jl > 2, (14)
F,F; = F;F;, li —j| > 2, (15)

where §;; is the Kronecker delta function. Note that [2] = v + v, so we may write
equation (12) as E?E; — (v+v ') E;E;E; + E;E? = 0.

Definition 3.4. The subalgebra generated by E; fori = 1,2, ..., n is called the quan-
tized enveloping algebra U, (n).

The only relations in U, (n) remain (12) and (14). These are called quantized Serre
relations. The algebra U, (n) specializes to U (n) in the limit v = 1.

Remark 3.5. The algebra U, (g) is a graded algebra. It is graded by the root lattice R
if we set deg(F;) = ay, deg(F;) = —ay, and deg(K;) = 0 forall 1 < i < n. Note
that deg(A) € R* for all A € U,(n). We also use the abbreviation deg(A) = |A| for
A € U,(n).
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Remark 3.6. Put o(v) = v~! and 0(E;) = E; for all i with 1 < i < n. By the
symmetry of the relations (12) and (14) in U, (n) the map o extends to an algebra anti-
homomorphism o : U, (n) — U,(n), i.e., a Q-linear map o: U, (n) — U, (n) such that
0(AB) = o(B)o(A) forall A, B € U,(n). By construction ¢ is an antiautomorphism
and an involution, i.e., 02(A) = A forall A € U,(n).

Remark 3.7. In literature the deformation parameter v is sometimes called q. There
are also different sign conventions for the exponent of the deformation parameter. We
adopt Lusztig’s convention [42]. It matches Leclerc’s usage [39] if we set ¢ = v L
Remark 3.8. The quantized enveloping algebra U,(g') = U,(sl,,) associated with
Q' is defined similarly and may be regarded as the subalgebra of U, (g) = U, (sl,+1)
generated by the elements F;, F;, K;, K Z._l forl<i<n-—1.

3.2 The subalgebra U, (w) and the Poincaré-Birkhoff-Witt basis

We introduce Lusztig’s T-automorphisms. For 1 <4 < j put

~K;'F, if i = j;
Ty(E;) =< E;E; —v 'EE;, if|i—jl=1;
Ej if [i —jl > 2
—EK;, if i = j:
T,(Fj) = § FiFy —vF;F, it |i - j] = 1
Fj if i —j| > 2

Ty(K;) = KK, ™.

Lusztig [42, Chapter 37] shows that every T; can be extended to an Q(v)-algebra ho-
momorphism 7;: U,(g) — Uy,(g). (In Lusztig’s book [42] it is called 7] _;.) In fact,
every T; is an Q(v)-algebra automorphism. The images of the generators of U, (g)
under the inverse T[l are given by

~FK;, if i = j;

T ' (EBj) = EiE; —v 'E;E;, if |i —j| = 1;
E; if [i — 4] > 2;
-K;'E;, if i = j;

T (Fy) = { FjF, —vFFy, if )i —j| = 1;
F; if |i — 4] > 2;

T H(K)) = KK, 7.

Remark 3.9. If g € U,(g) is homogeneous of degree 3, then T;(g) is homogeneous
of degree s;(5).

Remark 3.10. Furthermore, the T; satisfy braid relations. For brevity we write T;T}
for T; o T} for all 4, j € Qp. The braid relations are

TZ‘TJ‘ZTJ‘TZ', if |’L—j| 22;
T,T;T; = T;T;T;, if [i —j| = 1.
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Definition 3.11. To w = $15385 - S$,528486 *** Sp_1515385 * * * $,525456 " * * Sp—_1
we attach elements in U, (g). If j1,jo2,...,jon € [1,n] are indices such that for the
reduced expression from above we have w = s;, 55, - - - 5;,,,, then we consider the el-
ements 1}, Tj, ---Tj, _,(E;,.) for 1 < k < 2n. Since deg(T},Tj, - -- T}, ,(E;.)) =
8§18, -+ Sj._, (aj,) = By for all k, we introduce the shorthand notation E(8y) =
T;,T, - T, (Ej, ) foralll <k < 2n. Here, E(f1)is assumed tobe E(S;) = Ej,.
Definition 3.12. For i € )y and a € N put Ei(a) = ﬁEﬁ € U,(n). For a natural
number k with 1 < k£ < 2n and a € N put

B (Br) = Ty, Ty, -+ Ty, (Byy) =

Ik

1
—FE(B)".
aif)

The following theorem is due to Lusztig [42, Theorem 40.2.1]. It also contains the
definition of the subalgebra U, (w) which is crucial for our further studies; moreover,
it enables us to define the Poincaré-Birkhoff-Witt basis of U, (w). For an idea of a
proof different from Lusztig’s [42] see Bergman’s diamond lemma [2].

Theorem 3.13. The set
P — {Eml)(ﬁl)E(aa)(ﬁQ) B (By): (a1, s, .. ., aon) € NQ"}

is linearly independent over Q(v). It forms a Q(v)-basis of a Q(v)-subalgebra U,}" (w) C
U,(n). Moreover, U, (w) is well-defined in the sense that it is independent of the

choice of the reduced expression for w. If we choose another reduced expression w =

Sj1 84y -+ 8, forw, then the set of all E](.flh) Ty (E](;”)) Ty Ty - Tyy (EJ(-Z?L))

for all sequences (ai,as,...,as,) € N2 is also a basis of the same subalgebra

Ul (w) C Uy(n).

Remark 3.14. The basis P is called the Poincaré-Birkhoff-Witt basis of U} (w) asso-
ciated with the reduced expression. Unlike the canonical basis which we will define
later the Poincaré-Birkhoff-Witt basis P depends on the choice of the reduced expres-
sion for w. Every choice of a reduced expression for w induces a bijection between
N?" and a basis for U, (w). In this sense P is not canonical. The various bijections
are called Lusztig parametrizations.

Remark 3.15. Theorem 3.13 particularly implies that E(8)) € U,(n) for every 1 <
k < 2n which is not abvious from the definition of the 7-automorphisms.

For any vector a = (ay,as,...,as,) € N?" we introduce the shorthand nota-
tion E[a] for E(@)(5;)E(@2)(By) - - - E(@2r)(3,,,). We also use a different notation for
E(B) with 1 < k < 2n; namely we put

U; = T1T3T5 s Ti,Q(Ei), for odd 7 with 1 < ) < n,
v = T1T3T5 s TnT2T4 s Ti_Q(Ei)7 for even ¢ with 2 S ) S n— ].,
w; = TT1T3T5 s E_Z(Ei), for odd 7 with 1 <1< n,

Tr; = TT1T3T5 s TnT2T4 s T;,Q(Ei), for even i with 2 < ) <n-— 1,

where T' = Th 1315 - - T, T5T4Tg - - - T,,_1. In what follows we use the convention
T; = idy, () for i ¢ Q. Because of the braid relation T;T; = T} T; for |i — j| > 2 and
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T;(E;) = E;, T;(F;) = Fj, and T;(K;) = K for |i — j| > 2 the formulae simplify to

u; = By, foroddis.t. 1 <1 <n,
v; = T 1T (Es), forevenis.t.2<i<n-—1,
wi = T 2T Ty o Ti 1 T (E5), foroddis.t. 1 <i<n,

;=T 3T 1\ Ti1 Tip3Ti 2 Ti Ty 2T 1 Tir (E;), forevenist. 2 <i<n-—1.

Note that w; = T'u; for all odd 7 with 1 < ¢ < n and x; = T'v; for all even 7 with
2<i<n-—1.

Remark 3.16. The degrees of these variables are in bijection with the dimension vec-
tors of the indecomposable direct summands of the terminal module 7', compare Fig-
ure 6. To be more precise, let 1 < i < n. If i is odd, then we have F(5;) = u; and
E(Bn+i) = w;; if i is even, then we have E(8;) = v; and E(Bp44) = ;.

Remark 3.17. Similarly, we can associate elements E(8;) € U,(n') C U,(n) for1 <
k < 2(n—1) to the reduced expression $15385 -+ Sn—2825456 * * * Sp—1 515385 * * * Sp—2
-$98486 -+ - Sp—1 of the Weyl group element w’ € W’. The elements generate an
algebra U,f (w') C U,(n’), and the set of all ordered products of the F(fy) is a
Poincaré-Birkhoff-Witt basis of U, (w’) just as above. Elements u, w} (for odd ¢ with
1 <4 <n—2)and v}, (for even ¢ with 2 < ¢ < n — 1) in U, (n') are defined
analogously. Under the inclusion U, (n") C U,(n) they are literally the same as the
corresponding elements except for

V1 =Tho(En_1),

U);L o =TnuTyp 2T 3T, 1(Epn_2),

e =TTty oy 5T 3T 1T aTh—2(Epn_3),
1= TnaTy 2T 3T 1 Th 2(En_1).

3.3 The quantum shuffle algebra and Euler numbers

Rosso [48] noted that we may embed the quantized enveloping algebra U,(n) < F
into the quantum shuffle algebra F. Hence we may view U,(n) as a subalgebra of
F. As we will see below F is defined in purely combinatorial terms. As Leclerc
[39, Section 2.5, 2.6] observes, the embedding U, (n) — F is very useful for explicit
calculations.

Definition 3.18. Let r, s be natural numbers. A permutation 7 € S, is called a
shuffle of type (r,s) if m(1) < 7(2) < -+~ <w(r)andw(r+1) <w(r+2)<--- <
w(r+ s).

The following definition is due to Leclerc [39, Section 2.5].

Definition 3.19. For every sequence (i1, iz, ..., i) € Qf of elements in Qg of length
r > 0 define a symbol w(iy,i2,...,%|. (Especially, we have a symbol w| | for the
empty sequence.) Let F be the Q(v)-vector space generated by all w[iy, ia, ..., .| for

all » > 0. Define the quantum shuffle product on two basis elements by

. . . . L e(m . . .
’LU[21,127...,ZT] *IU[ZT+1,ZT+27...,15] = § v ( )w[lﬂ'(l)717r(2)u-‘-77fﬂ(r+s)]a
7 shuffle
of type (r,s)
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where the function e: S, — Z is defined as
e(ﬂ—) = Z (aiwmaiﬂ(z))'
k<r<l,m(k)<m(l)

It is easy to see that the product is associative. We extend the product bilinearly to a
map *: F X F — F. The algebra (F, %) is called the quantum shuffle algebra.

Remark 3.20. The shuffle product * on the quantum shuffle algebra F is not com-
mutative. Hence, F is a non-commutative Q(v)-algebra, but it degenerates to the
classical commutative shuffle algebra when we specialize v = 1. Furthermore, the
quantum shuffle algebra F is graded by the root lattice if we set deg(wli]) = «; for all
1€{1,2,...,n}.

Lemma 3.21. The map F; — wli] extends to an embedding of graded algebras
U,(n) — F. In other words, U, (n) is isomorphic to the subalgebra of F generated by
all U}[’L] fori € Q(].

Proof. See Leclerc [39, Theorem 4]. O

From now on we view U,(n) as a subalgebra of F. In the rest of the section
we expand the generators u;, v;, w;, T; € U;r (w) in the shuffle basis. The following
elements will be important for the description.

Definition 3.22. For integers ¢, j such that 1 <¢ < 5 < n put

i

—1) (=1
Xij = Ti( Tz‘+1)

—1)7—2
T B
By definition, X; ; € U,(n) C F.

Example 3.23. Let us give some examples of X; ; expanded in the shuffle basis: First
of all, we have X; ; = Ey = u; = w[1]. Moreover,

Xl’g = Tl(EQ) = E2E1 — U_lElEQ = w[2] * w[l] — v_lw[l] * ’LU[Q]
= w[1,2] + v w[2,1] — v~ (w[Q, 1]+ vl 2]) — (1 — v 2)w[l,2]

is a second example.

The next lemma shows that we can compute the expansion of X; ; for all pairs
(4, 4) in the shuffle basis explicitly.

Lemma 3.24. Let ¢, j be integers such that 1 <7 < j < n. Then
Xij= =027y Jwln(i),n(i+1),...,7(5)]

where the sum runs over all permutations 7 of {i,i 4+ 1,...,j} such that for every
even number k with i < k < j — 1 we have 7~ 1(k) > 7~ !(k + 1) and for every even
number k withi + 1 < k < j we have 7= (k) > 7~ 1(k — 1).

Proof. By backwards induction on ¢ we see that the X; ; (for 1 <14 < j < n) satisfy
the following recursion:

X — E;Xij-1— U_lXi,j—lEj, if j is even;
v Xij-1Ej — U_lEij'_h if 5 is odd.
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Now fix ¢. We proceed by induction on j — ¢. The statement is trivial for j = .
Suppose that j > i and that X; ;1 = (1—v=2)7 717> wlr (i), n(i+1), - ,7(j—
1)], where the sum is taken over all permutations of {i,7 + 1,...,4 — 1} such that for
every even number k withi < k < j — 2 we have 7~ !(k) > 7~ (k + 1) and for every
even number k withi +1 < k < j — 1 wehave 7~ 1(k) > 71 (k — 1).

We consider two cases. First of all, assume that j is even. Let m be a permuta-
tion of {i,i+1,...,7 — 1} as above. When shuffling the sequence (j) of length 1
with the sequence (7 (), 7(¢ + 1),...,m(j — 1)) of length j — i, we get j — i + 1
permutations of {i,7+ 1,...,5}. Among these we distinguish two kinds of permuta-
tions. The permutations m; where j comes after j — 1 satisfy Wfl(k) > wl_l(k +1)
and 77t (k) > 7 '(k — 1) for all even numbers k such that i < k < j — 1 or
i+ 1 < k < j, respectively. Conversely, every permutation 7y of {é,4+ 1,...,j} sat-
isfying these conditions is uniquely obtained from shuffling (j) with a such a sequence
(w(i),m(i+1),...,m(j — 1)) such that j comes after j — 1.

We also get permutations 7o where j occurs before j — 1. Now we see that

wlj] xwlr (), 7(i+1),...,7(j — 1)]
= Zw[ﬂ—l(i)? e 77T1(j)] + U_l Zw[,ﬁ?(i)’ . 'u772(j)]u

T2

wlr(@),n(i+1),...,7( — 1)] *x w[j]
=v™ Y wlm (i), .., mG)] + Y wlma(i), ..., w2 ()]

2
It follows by induction hypothesis that
Xy = wljl* Xijo1 —v ' Xy xwlj] = (1 =027y wlm).
The other case where j is odd is proved similarly. O

Remark 3.25. The number a(4, j) of permutations of {i,i+ 1,...,5 — 1} such that
for every even number k with i < k < j — 2 we have 7= 1(k) > 7~ (k + 1) and for
every even number k withi +1 < k < j — 1 we have 7= 1(k) > 7= 1(k — 1) only
depends on j — i. The table displays some values of a(z, 7).

i JOJ1[2[3[4 5] 6
ai,j)) [ 11251661272

The numbers are called Euler numbers. The sequence of Euler numbers is listed as
A000111 in Sloane’s Encyclopedia of Integer Sequences [50]. Its exponential generat-
ing function is sec(z) + tan(z), see Stanley [51, Proposition 1.61].
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Lemma 3.26. The following formulae for the generators of U’ (w) are valid:

u; = Ej, for odd i with 1 < i < n;

v; = i,lel(EiH), for even i with2 <i <n — 2;
wi =Ty (B3);

w; =TT\ TiT (Biga), for odd i with 3 < i <n — 3;

Wn = n—2(En—1)§

zo = Ty ' T3 H(EBs);

vi =T 3T ST ATy ' Tii T 5(Eigs),  foreveniwithd <i<n—4;
Tp1=TnoaT, 3T o(En1);

Proof. The equation u; = E; for odd i follows from definition. Note that by definition
of Lusztig’s T-automorphisms we have T;1(E;) = Ti’l(EiJrl) forl<i<n-1
and that T;_1(E;) = T, '(F;_,) for 2 < i < n. The first equation is equivalent to
T;T;+1(E;) = F;11, the second one is equivalent to T;7;_1(E;) = F,;_1. Therefore,
for even ¢ we have v; = T;_1T;4+1(E;) = Tl-_lTi_l(EH_l).

For all further calculations the formula

Tl 1T (E;) = Tf_llTi(EiH) = Ti:_llTi(Eifl)
which holds for 2 < i < n — 1 will be crucial. To verify the formula note that by the
braid relation we have ﬂflTiTiflTi+1(Ei) = TZTZ,1ETZ+1(E1) = TiTifl(EH,l) =
T;(E;+1). Application of T;ll gives the first part of the equation, the second part is
proved analogously.

Now we COI’l’lplltC wp = T1T3T2 (E1 = T3T1T2 (El) = T3 (EQ) = T2_1(E3)
Similarly, w, = Tp—2TnTh-1(Eyn) = Th—2(E,—1). Furthermore, for odd ¢ with
3 <1< n— 2 wecompute
wi = T; o T3 Ty 2T 1 Tir (B) = Ti—oTi 2T Ty 1 T 1 (Ey)

= i72Ti+2T7;7_11Ti(Ei+1) = ﬂfzﬂf_llTiTHz(EiH) = Ti72T;_11TiTi:_11(Ei+2)~

Moreover, we see that o = T1T3T5T2T4T1T3(E2) = T1T3T5T4Tf1T2(E3) =
TsTsTyTo(Es) = TsTy ' T3(Ey) = Ty "T53T5(Ey) = Ty ' T5T; (Es), and

Tn—-1 = Tn74Tn72TnTn73Tn7lTn72Tn(Enfl)
= n74Tn72TnTn73T;1Tn71(En72)
= n—4Tn—2Tn—3Tn—1(En—2) = Tn—4Tn_,13Tn—2(En—l)-
Finally, for even ¢ with 4 < ¢ < n — 3, the equation
i =T 3T 1\ Ty 1 Tiy 3Ty o Ti T 2T 1 T (E5)
=T 3T 5T oTi 1T 2Ty 1 Tip3 Ty 2 TiTio1 Ty 1 (E5)
=T, 3T, ST 1Ty Ty 1Ty 1 T3 Tio T A Ti(Ei)
=T, 3T, ST 1Ty 9Ty 1 Ti3TioTi(Eiy 1)
=T 3T 5T 1 Ti—oTiy 3T, ' Tiy1(Big2)
=T 3T 5T 1T " Ti—oTi3Ti41(Eiso)
=T, 3T, 5Ti AT, Tin T, (Biys).

holds which is the last equation to be checked. O
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Remark 3.27. Lemma 3.26 shows all generators w;, v;, w;, z; (for appropriate ¢) of
U,f (w) are of the form X ; (for appropriate i’, j'). Hence, the formula of Lemma
3.24 applies. In each case, V};» j is the associated k£(Q)-module from Figure 1. In other
words, in each case deg(Xy j/) = ay + g1 + ... + .
Remark 3.28. With the same argument we can conclude that for Q’ the equations
vy = Tn2(Epn-1)
w;«LfQ = Tn74Tn7,13Tn72(En71)
xln—l =Ty _4(En_3)
o3 = Tn6Ty 25 Tna T, 25 Tpo(Ep1)
w!, x!

li /
'Lavia

hold. Hence, Lemma 3.26 and Remark 3.27 also true for the generators u.
(for appropriate 7) of U, (w’).

3.4 The straightening relations for the generators of U, (w)

The following lemma expands every E(5;)E(8;) with 1 < ¢ < j < 2n in the
Poincaré-Birkhoff-Witt basis P. The relations of Lemma 3.29 are called straighten-
ing relations. Iterative use of the straightening relations from Lemma 3.29 allows us to
write an arbitrarily ordered monomial in the generators E(S;) with 1 < k < 2n (and
hence every element in U,/ (w)) as a linear combination of Poincaré-Birkhoff-Witt ba-
sis elements F[a] with a € N?".

Lemma 3.29. The generators of U," (w) satisfy the following relations

Vit1U; = VUVjt1, for i = 1735"' ,’I’L-Q,
Vi 1U; = VU051, fori=3,5,...,n,
Wi42U; = VU;Wi+2, fori = 1,3,...,77,—2,
Wi_oll; = VUW;_3, fori=3,5,...,n,

-1
wiUl =V “UIWi + Vg,
-1 .
wit; = ww; + (v — V7 ) V1041, fori=3,5---,n—2,

—1
WplUp =V UpWp + Un—1,

Ti4+3U; = VU;T543, fori = 1,3,...,77,—4,
Ti_3U; = VU;T;_3, fori=5,7,...,n,

-1 .
TicqU; = Uii—1 + (V— 07 )vip1wi—a, fori=3,5,...,n—2,

-1
Tp—1Up =V " UpTp—1 + Wp-2,

-1
ToU1 =V "UIT9 + W3,

-1 .
Tip1U; = UiZip1 + (0 — 07 )V_1Wi42, fori=3,5,...,n—2,
Wit1V; = VU W41, fori=2,4,...,n—1,
W;—1V; = VV;W;i—1, fori:2,4,...,n—1,
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TiyoV; = VU Tiya, fori=2,4,...,n—3,

T;_oU; = VV;Ti_2, fori=4,6,...,n—1,
1 .

TV, = V;T; + (U—U )wiflwl’J’,], fori=2,4,...,n—1,

Tj41W; = VW;Ti41, for i = 1,3,...,77,72,

T 1W; = VW;Ti_1, fori=3,5,...,n.

For every i, j with 1 < ¢ < j < 2n such that E(3;)E(f;) is not listed on the left-hand
side above the commutativity relation E(8;)E(8;) = E(8;)E(8;) holds.

Proof. Let i be an integer with 1 < ¢ < n — 1. We have

T,Tiv2(Eit1) = Ty(Eis1Eiy2 — v ' EipaEiyq)
= (Ei1Ei —v 'EiEi11)EBiry — v 'Eio(Eij1 B —v ' EiEiyq)
=Ei1EEio —v 'E;Eiy1Eiyo
~ v B 0B Ei + v BB 0 Fiyy. (16)

Now let 7 be an odd integer with 1 < ¢ < n — 2. Then v; = E; and v;4; =
T;T;+2(E;+1). By equation (16) the following relations hold:

vigrt; = (Eip1 B} —v 'EiEi1E;) Eipo + Eiyo (v ?E;Ei 1 E; —v 'Ei 1 E})
uvi1 = (BB By — UﬁlE?EiH) Eiio+ B (072E§Ei+1 - 'UflEiEH»lEi) .

By equation (12) we get v;y1u; — vu;v;4; = 0. The equation v;_ju; = vu;v;—1,
for odd 7 with 3 < 7 < n, is proved analogously. Application of 7' to the last two
equations yields z;11w; = vw;x;41, for odd integers ¢ with 1 < ¢ < n — 2, and
Ti—1w; = vw;x;_1, for odd integers ¢ with 3 < i < n.

Now let ¢ be an even integer with 2 < ¢ < n — 1. Then v; = T;_17T;41(E;) and
wiv1 = 3T 1Tir1 Ty 3T Tiro(F;i11). With he same argument as above we have
EE+Q(E1'+1)E1‘ = ’l}Eiﬂﬂ+2(Ei+1). Apply the automorphism E_3ﬂ_1ﬂ+1ﬂ+3
to the last equation. Using the equation T; _3T; 1T 11T 43(E;) = Tio1Tiv1(E;) = v;
we get w;+1v; = vv;w;1. Similarly, the equation w;_1v; = vv;w;_1 holds.

Let ¢ be an integer with 1 < ¢ < n — 1. We have

~Tit1(Bi)FK; = —Uil(EHinH - U71E1+1Ei+2)FiKi
= —FKi(Eiy2Eiy1 —v 'Ei1Eiys) = —FKTi1(Eiya).
Application of the composition of automorphisms 7;7; 2747} 3 yields
TiTi2TinaTia Ty 3(Biy2) By = vE T Ti 2T s Ty 1 Ty 3(Eiy2). (17)

Now let ¢ be more specifically an odd integer with 1 < ¢ < n—2. The previous equation
(17) asserts that w;you; = vu;w;42. The equation w;_ou; = vu,;w;_2, for odd ¢ with
3 < i < n, is proved analogously. Now let ¢ be an even integer with 2 < i < n — 3.
From (17) we see after application of T; 17} 17;37; 45 that x;40v; = vv;x;42. The
equation x;_ov; = vv;x;_9, for even ¢ with 4 < ¢ < n — 1, is proved analogously.
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Furthermore, there holds:
— FlKl(ElEQ — ’UflEgEl)
= —’UF1E1E2K1 + F1E2E1K1
(K1 — Kt
o 221

v—op1 v—op1

K, — K;!
- E1F1> EyKy + B (E1F1 - 11) K,

= (B By —v BB K + (ByK} — v By — EoK? + E»)

v—ol

= —’U(ElEQ — ’U_lEQEl)FlKl — ’UEQ.

Application of the map 7375 yields to uyw; = vwiu; — vve which is equivalent to

wiu; = v tujw; + ve. The next equation wy,u, = v upwy + Upoq is proved

analogously.
Let 7 be an integer with 2 < ¢ < n — 1. Introduce the abbreviation
S=T,_1T;11(E;)
=E,E;_1Eis1 —v 'E;_1E;Eiy1 —v 'Eip1 BB + v °E;i B E;.

We have K;S = SK;, so —F; K;S is equal to

(-FE;E;_1Eiy1 + v 'Ei 1 FEE; 4
+v ' B BB E; —v B 1B FE)K;
1
v—u

— U71E1'+1(Ki — Ki_l)Ei_l + Uﬁin_lEH_l(Ki — Kl_l):|

[(Kz‘ — Kfl)EiniH - 'U_lEifl(Ki - Kfl)Ez‘H

—1

1
= —SFle + — |:(U_2 _ 1;—2 _ U_2 + U_2)Ei—1Ei+1Ki2
v

+ (—’1)2 +2— ’U_Q)EiflEiJrl}
= -SFK;+ (v ' —v)Ei;1E; 1. (18)

Now let ¢ be more specifically an odd integer with 3 < ¢ < n — 2. After applica-
tion of T;_»T;T; o the previous equation (18) asserts that u;w; = w;u; + (v_l —
v)v;+1v;—1. If i is an even integer with 2 < ¢ < n — 1, then application of the com-
position T;_3T; _1T;41T;43T;_2T;T; 15 to equation (18) yields v;x; = x;v; + (vil —
U)wi+1 Wi—1-

Let ¢ be an odd integer with 1 < ¢ < n — 4. Since T;41T;+2T;+4(E;+3) is a linear
combination of monomials in E; 1, E;49, E;43, and E; 4 with each factor appearing
once, we see that

—Ti1 TipoTipa(Eiy3) B K = —vF KTy 1 Ty o Ty a(Eigs). (19)
Applying T;T; 19T+ 4T 6Ti4+3T5+5 to (19) yields x;43u; = vu;x;43. The equation

T;—_3u; = vu;x;—3, for odd ¢ with 5 < i < n, is proved analogously.
Consider the three elements T, 1(—Fl K,), T'T5(E>), and E3. We introduce the
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abbreviation X = T{l(—FlKl) = (vFyFy — F1 F3) K1 Ko. We have

K — Kt Ky — K;°
(UF2F1 — Fng)El =k (E1F1 — 11) — <E1F1 — 11) Fy
v v

—’U_l —U_l
= El(’UFQFl — FlFQ)

— [—vE (K — K1) + (K1 — K[ ) E)

= B\(vEyF) — FiFy) + By Kt

Therefore, X Fy = vE1 X +vFy Ks. Similarly, X Fy = vE, X + v K 1K22. Further-
more, X E5 = v~ E3X. Hence
X(EoE, — v 'E\Ey)

= (VEx X +vF K1 K3)E, — (BE1X + F,Ky)Ey

= ’U(UElX + ’UFQKQ) + U2F1K1E1 — El(UEQX + UF1K1K22) — F2K2E2

= 1)2(E2E1 — ’UflElEg)X + ’U2(E2F2 — FQEQ)KQ + ’U(FlEl — ElFl)KlKQQ
Introduce the abbreviations Y = EsFy — v~ 'E1F5 and R = v2(E2F2 — FhyEy) Ky +
V(P By, — B\F)K K2 = —1 [UZKS — 0?2 — vK2K2 + qu]. It follows that

v—v—1
RE3 — v 2E3R = —vEs. Note that TyT3(E;) = YE3 — v~ 1E3Y is equal to a
v-commutator. Hence
XT\T3(Ey) = X(Y B3 — v 'E3Y)

= (V’YX + R)E3 — v 2F3(v*Yz + R)

=u(YE3 —v 'E3Y) — REs — v ?EsR

= 'UTng(EQ) — UE3. (20)
Application of T1 1375757, to equation (20) yields to uize = varau; — vws which is
equivalent to zou; = v~ uy e + ws. The equation T, _ju, = v w1 4wy _o s
proved analogously.

Now let ¢ be an odd integer such that 3 < 7 < n — 2. Let us consider the four ele-
ments Tijrll(—FiKi), T, 1T;Ti12(Ei+1), Fito, and E;_1. Now we denote by X the
element T;ll (= F;K;). Similarly as above, the equations X E; = vE; X +vF; 11 K11,
XEi+1 = ’UEiJrlX + UFiKiKZ»2+1, and XEZ'+2 = /UilEZ'JFQX hold. Furthermore, we
see that X F;, | = (UFrL’+1FZ' - FiFi+1)KiKi+1Ei,1 = U_lEile. Note that
T, 1 TiTiy2(Eigr)

=T, 1(Ei1EiEivo —v 'EiEiy1Eiys —v 'EipoEiy1 By + v °EiEi 0By 1)

=T, Ti12(Eis1)Eic1 — v ' Ei 1 Ty T 40 (Eir).

With the same argument as above one can prove that
XTiTiy2(EBiy1) = v1iTivo(Eit1) X — vEiya.
From this equation it follows that
XT; 1 TiTiyo(Eit1)
= (WTiTi12(Biz1)X —vEi2)Ei 1 — v °Ei 1 (VT Ti12(Eiy1)X — vE;12)
= (I Ti42(Eiz1)Eicy — v ' Ei 1 TiTip0(Ei1)) X + (v = 0)Eipa By, (21
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Application of the automorphism T;_oT;T; 9154415417543 to equation (21) gives
wiTiy1 = Tir1u; + (V71 — v)w;1ov; 1. The equation u;x; 1 = x;_ju; + (v1 —
v)w;_2v;41 is proved analogously.

After multiplying with appropriate T-automorphisms, all others pairs F(/3;) and

E(B;) of generators become Q(v)-linear combinations of momomials E; E;, - - - E;,

and Ey By - - El—; ,, respectively, where the two occuring sequences (i1, 12, ... ,x)
and (4,15, . ..,1},) of indices come from two intervals of distance at least two. Hence
they commute. O

Remark 3.30. In the straightening relations of Lemma 3.29, for all 7, j with 1 < i <
J < 2n, the coefficient in front of E(3;)E(8;) in the expansion of E(3;)E(3;) in the
Poincaré-Birkhoff-Witt basis is v(%i:5)

Remark 3.31. Similarly, there are straightening relations for the generators u}, v}, w},
«, (for appropriate i) of U, (w') that enable us to expand every element of U, (w')
in the Poincaré-Birkhoff-Witt basis. Let us describe them. First of all, note that
vl =T Y vp_1), w1 = T, 'wy_1, 2,5 = T, 2,3, and that T, ! leaves all
generators invariant except for v/, _;, w!, 1,2}, _5, and z,_,. Therefore, the straighten-
ing relations of U, (w’) are the same as the ones for U} (w) except for the straightening
relations involving x/, _.

Calculations similar to those in Lemma 3.29 show that the straightening relations

involving 2/, _; are commutativity relations except for:

’ 1 _ / Vi
n—1Wn_g = VWy,_oTy_1,

.8

i _ 1 !
Lp_1Up—3 = VU, _3Tp_1,

-1,/

/ _ / /
n—1Up—1 =V "Up_1Tp_1 + Wnp—2,

Note that Remark 3.30 is also true in this case.

Remark 3.32. The commutation exponent of Remark 3.30 and a weaker (non-explicit)
form the straightening relations of Lemma 3.29 is given by the Lemma of Levendorkii-
Soibelman [40, Proposition 5.5.2]. See also Kimura [36, Theorem 4.24].

3.5 The dual Poincaré-Birkhoff-Witt basis

Kashiwara [33] introduced operators E! € End(U,(n)) for 1 < i < n such that the
following two properties hold: First of all, E/(E;) = 0§, ; for all 4,j. Secondly, the
Leibniz rule E!(zy) = E!(x)y + v(®|*D 2 E!(y) holds for all i and all homogeneous
elements z,y € U,(n). Furthermore, Kashiwara [33] introduced a non-degenerate
symmetric bilinear form

(" ) : Uv(n) X Uv(n) — Q(U)

It is characterized by the assumption that the endomorphism E; of U, (n) is adjoint to
the left multiplication with F;, i.e., (E.(x),y) = (z, E;y) for all z,y € U,(n) and
1€{1,2,...,n}.

The algebra U, (n) is a Hopf algebra. The E! may be viewed as elements in the
graded dual Hopf algbera U, (n);,.. We refer to Berenstein-Zelevinsky [9, Appendix]
for details.
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Lusztig [42, Section 1.2] defined a different non-degenerate symmetric bilinear
form (-,-); : Uy(n) x Uy(n) — Q(v). In this paper we use Kashiwara’s form. Both
forms can be compared, see Leclerc [39, Section 2.2].

According to Lusztig [42, Proposition 38.2.3] the Poincaré-Birkhoff-Witt basis is
orthogonal with respect to Lusztig’s bilinear form. The comparison between both forms
shows that it is also orthogonal with respect to Kashiwara’s bilinear form. More pre-
cisely, for all 3, € A™, we have (see Leclerc [39, Equation 21] where the author uses
the variable ¢! intead of v) (E(8), E(v)) = 0 for 3 # ~, and

n _ ,U—(ai,ai) d;
(B(8), () = L=l =0 2)

for g = Z?:l d;a; with d; € N. Compare also with Kimura [36, Proposition 4.18].

Remark 3.33. Every 3 € AT fulfills (8,8) = 2; every a; with i € Qq fulfills
(aj, ;) = 2. Hence, if 8 = a; + a;41 + -+ + a; € AT, then (E(B), E(B)) =
(1 —ov=2)i—¢,

Definition 3.34. The dual Poincaré-Birkhoff-Witt basis P* of U} (w) is defined to be
the basis adjoint to the Poincaré-Birkhoff-Witt basis with respect to Kashiwara’s form.
For every natural number & with 1 < k < 2n we denote by E* () € P* the dual of
E(Bk) € P, i.e., the unique scalar multiple of E(3;) such that (E(S), E*(8k)) = 1

Remark 3.35. Assume that k is an integer with 1 < k < 2n. Let 4, j be the integers
with 1 <4 < j < n such that we can write 8, € AT as 8, = a; + a1 +... +aj.
By Lemma 3.24 we have

B (B) = (1= 0™ iy = L ulr(@)a(i-+ D)o )]

where the sum runs over all permutations 7 of {i,i+1,...,5} such that for every
even number k withi < k < j — 1 we have 7~ 1(k) > 7~ *(k + 1) and for every even
number k withi + 1 < k < j we have 7= (k) > 7= 1(k — 1).

Definition 3.36. We also introduce a shorthand notation for E*(3;) with 1 < k < 2n.
To reflect similarities with the cluster algebra from Section 2.4 we put

Yy = u, for odd i with 1 < i < n,
zi = vy, foreveniwith2 <i<n-—1,
zi = w;, for odd 7 with 1 < i <mn,
Y =}, foreveniwith2 <¢<mn—1.

Remark 3.37. Let 1 < i < n. If i is odd, then we have E*(f3;) = y; and E*(B,4:) =
z;; if 7 is even, then we have E*(8;) = z; and E*(8p44) = ¥i-

Remark 3.38. The straightening relations of Lemma 3.29 now become

Zit1Yi = VYiZit1, foriodd with1 <i <n — 2,
Zic1Yi = VYiZi—1, for i odd with 3 < i <mn,
Zitoli = VY;iZit2, foriodd with1 <i <n — 2,
Zi_oli = VYiZi_2, for i odd with 3 < i <mn,

ziy1 = v yrzn 4 (1 —v72)20,
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ziYi = vizi + (v — v_l)zi,lziﬂ, foriodd with3 <i<n-—2,

ZnlYn = Uﬁlynzn + (1 - 'U72)Zn—17

Yit+3Yi = VYiYi+3, forioddwith1 <i<n —4,
Yi—3Yi = VY;ilYi—3, for i odd with 5 < i < n,
Yi—1Yi = YilYi—1 + (v — v‘l)zi+1zi_2, foriodd with3 <i <n — 2,

Yn—1Yn = Uﬁlynynfl + (]- - U72)2n727
yoyr = v yrye + (1 — v %)z,

Yit1Yi = YiYi+1 + (v — ’l}_l)Zi,lZH,Q, foriodd with3 <i<n — 2,
Zit1%i = VZiZit1, forieven with2 <i<n —1,
Zi_12i = VZiZi_1, forieven with2 <i<n —1,
YitaZi = VZiYit2, for i even with 2 < i <n — 3,
Yi—2Zi = VZiYi—2, forieven with4 <i<n —1,
Yizi = zyi + (v — v_l)zi,leh forieven with2 <i<n —1,
Yit12i = VZiYit1, foriodd with1 <i<n — 2,
Yio1%i = VZiYi—1, for i odd with 3 < i < n.

Definition 3.39. For every element a € N?" denote by E[a]* € U, (w) the dual of
Ela] € P, i.e., the unique scalar multiple of E'[a] such that (E[a], E]a]*) = 1.

Consider Uf (w)z = @,enzn Zlv, v ] E[a]*, the integral form of U (w). Fur-
thermore, put A(w); = Q @z, US(w)z. Here, the action of v in the tensor
product is given by 1. We call the algebra A(w); the classical limit of U (w) or
the specialization of U (w) at v = 1. Furthermore, the Z[v*2]-algebra A, (w) =
Dacren Z[vE2]E[a]* is the integral form of the algebra Q[u2] ®z[v,w-1] A(w) and
will be useful in further considerations.

Remark 3.40. Note that, by the form of the straightening relations for the dual vari-
ables from above, A(w); is a commutative algebra.

Definition 3.41. Define a function b: N> — Z by b(a) = S5~ (°) for a sequence
a—= (al, ag, ..., agn) S NQn.
Proposition 3.42. For every sequence a = (aj,as,...,as,) € N?" the equation

Bla]* = v Y@ B*(81)% B*(82)" - B* (Bon) " is true.

Proof. Follows from Lusztig’s evaluation [42, Proposition 38.2.3] for of the bilinear
form at Poincaré-Birkhoff-Witt basis elements together with Leclerc’s conversion for-
mula [39, Section 2.2], see Leclerc [39, Section 5.5.3]. O

3.6 The dual canonical basis

In this section we present the dual canonical basis of U, (w). It is the dual of Lusztig’s
canonical basis from Lusztig [42, Theorem 14.2.3]. We need some auxiliary notations.
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The following definitions are special cases of Leclerc’s definitions [39, Section 2.7]
where g is a general complex semisimple Lie algebra.

Definition 3.43. Fora = (a1, as,. . .,a2,) € N2" write deg(E[a]*) = S.3", axfi €
Q7 as a N-linear combination in the simple roots, i.e., deg(F[a]*) = ?;1 arBr =

Z?:l d;o; with d; € Z. Put

N(a) = 5 (des(Ba*), deg(Elal")) ~ > d:.

i=1

We call N the norm of the sequence a € N2", We also use the convention

i=1 i=1 i=1 i=1

for elements in the root lattice.

Proposition 3.44. For every natural number & with 1 < k < 2n we have o (E*(8k)) =
oN B E*(By).

Proof. Leclerc [39, Lemma 7] proves that a homogeneous element f € F satisfies
o(f) = v™NUD £ if and only if all coefficients in the expansion of f in the basis of
shuffles are invariant under o. By Remark 3.35 all coefficients are O or 1 in the case of
E* (Br)- 0

Definition 3.45. We define a partial order < on the parametrizing set N2" of dual
Poincaré-Birkhoff-Witt basis elements. For every k with 1 < k < 2n let e, € N2»
be the vector satisfying (ej); = dx, for all [. For every integer ¢ with 1 < i < n
let k;, l;,my,n; € {1,2,...,2n} be the indices for which |y;| = Bi,, |zi—1| = 5.
|zit1] = Bmi» |2i] = Pn,. (Note that k1 and n,, are not defined. We put ey, = e, =
0.) Putv, = e, —e;, — e, +e,,. Now we say thata,b € N2n» satisfy a <t b if and
only ifb—a e @ ; Nv,.

Remark 3.46. The straightening relations of Lemma 3.29 imply the following fact:
If a € N?" and we expand E*(fB2,)%" E*(Ban_1)%"=1 -+« E*(31)™ in the dual
Poincaré-Birkhoff-Witt basis, then we get a Q(v)-linear combination of E[b]* with
b € S(a) U {a}.

Definition 3.47. Fora € N*" put S(a) = {b e N*": a<b,a #b}.

Theorem 3.48. There exist elements Bla]* € U’ (w) parametrized by sequences a €
N2" such that the set B* = {Bla]*: a € N*"} is a basis of U (w) and the following
two properties hold.

(1) Forevery a € N*" we have Bla]* — E[a]* € @ycg,) v 'Zv™'|E[b]".
(2) For every a € N?" we have o(BJa]*) = vV (@ Bla]*.
The elements Bla]* € U, (w) are uniquely determined by these two properties.

Proof. Note that if a < b, then |E[a]*| = Y27 apf = Sorry b = |E[b]*| since
the straightening relations are relations in a R-graded algebra. For v € R in the root
lattice, consider the (finite) set S, C N?" of all a = (a;)1<i<2, With Ziil apBr =
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7. We extend the partial order <1 on .S, to a total order <. Leta; < az < ... <
a,, be the elements of S, written in increasing order. Now we prove by backward

induction that for every £ = m,m — 1,...,2, 1 there exist linearly indpendent Bl[a],
Blag41], . . ., Blay,] satisfying (1) and (2).
Put Bla,,| = Ela,,]. It clearly satisfies property (1). Let a,, = (a1, as,...,a,).

Since there are no b € S, such that a,;, < b, the dual Poincaré-Birkhoff-Witt element
Ela,,]* cannot be straightened, i.e., all E*(8;) for with a; # 0 are v-commutative.
Therefore, by Remark 3.30 we have

o(Elan]") = o(w™ "W E"(B1)" E*(82)* - E* (Ban) ")
= @i axN (o) B (B, )a2n ... B*(By)2 B*(By)™

— P@) 27 5ak(BrBr) =70y arllBell Ly kci (BrBr) (B1)™ E*(B2)% - -

_ (SR A TR )-SR, aclBul g, ]
= vN(aM)E[am]*.

Here ||8;| denotes the sum of the coefficients of S, when expanded as a Z-linear
combination of simple roots as in Definition 3.43. Hence, the variable El[a,,] also
satisfies property (2).

Now let 1 < k£ < m and assume that properties (1) and (2) hold for a1,
ag12,...,8a,. We expand o(FEa]*) in the dual Poincaré-Birkhoff-Witt basis. Note
that by the same argument as above (and ignoring terms of lower order) we see that the
coefficient of the leading term Ela,]* is v @), Thus, we have

o(Elar]) = oV E@m] + Y fiBla]”
k<l<m
for some f; € Z[v,v~!]. By induction hypothesis every Bla;]* with [ > k is a
Z[v,v~!]-linear combination of E[a}]* with I’ > [. By solving an upper triangular
linear system of equations we see that every Ela;]* with [ > k is a Z[v, v~ !]-linear
combination of Blaj]* with !’ > [. Hence, we may write

o(Elay)") = oV B+ Y giBla))”

k<i<m

for some g; € Z[v,v~]. We apply the antiinvolution ¢ to the last equation:

Elay]* = v V™o (Elag]") + Y oV o(g)Bla]".
k<i<m

Note that N (ay,) = N (a;) for all . Comparing coefficients yields v*N @) (g;) = —g,.
It follows that U(U*N(al)gl) = —p~N@)g, Thus, we may write v V@) g, = h; —
o(hy) for some by € v~Z[v™1]. Now put

Blag]" = Ela]* + Y hBlal]".
k<i<m

It is easy to see that properties (1) and (2) are true for Blay]* and that Blag|*, Blag11]*,
..., Bla,,]* are linearly independent.

For the uniqueness, suppose that &k is some index such that there are variables
Blag]; and Blay)s fulfilling the two properties of the theorem. Then their differ-
ence Blay]; — Blay]s € @,., v 'Z[v'|Bla]*. Application of o and multipli-
cation with v=N@) afterwards yields Blay]; — Blay]; € @, vZ[v]B[a]*, so
Bla]i = Bla[3.

34

B (Ban )"



Remark 3.49. It is known that the dual of Lusztig’s canonical basis under Kashiwara’s
bilinear form obeys the two properties of Theorem 3.48, compare Leclerc [39, Propo-
sition 39]. By uniqueness, the set B* = {Bla]*: a € N*"} is the dual of Lusztig’s
canonical basis, or the dual canonical basis for short.

We call E[a]* (for a € N?") the leading term in the expansion of Bla]* in the
Poincaré-Birkhoff-Witt basis. In what follows we use the convention zp = 2,41 = 1.
Prominent elements in 3* are

Pi =iz — U Lzi_12i41, for i odd with 1 <7 < n,

Pi = 2iYi — v_lzi,lziﬂ, forieven with2 <i<n-—1.

The first property of Theorem 3.48 is obvious and the second follows easily from a
calculation using the straightening relations. The variables are v-deformations of the
d-functions of the Cj;-projective rigid A-modules from Section 2.2. The non-deformed
d-function associated with these modules are frozen cluster variables in Gei-Leclerc-
Schréer’s cluster algebra A(Cyy ), compare Section 2.4.

Lemma 3.50. For every pair (i, k) of natural numbers such that 1 < ¢ < n and
1 < k < 2n the elements p; and E* () € U,f (w) are v-commutative, i.e., there is an
integer a such that p; E*(8) = v*E*(B)p;-

Proof. First of all, we claim that (|z;], |y;|) is equal to —1 if i € {1,n} and equal to
0if 2 < i < n — 1. For a proof, note that (|z1], |y1]) = (a2 + a3,a1) = —1, and
similarly (|z|, |yn|) = —1. In the same way we see that (|23, |y2|) = (a2 + a3 +
ay + as,a1 + as + ag) = 0, and similarly (|z,—1], |¢n—1|) = 0. Furthermore, we
have (a; + ;41 + ... +aj,a;) = 0foralli +1 < k < j — 1 from which it easily
follows that (|z;|, |y;|) = 0 fori € {3,4,...,n — 2}.

The claim implies that for odd 7 in the straightening relation for z;y; the coefficient
in front of v, z; is v~ (#i11¥i1) The same is true for the coefficent in front of z;y; in the
straightening relation for y;z;. Let ¢ be an odd integer such that 1 < ¢ < n. Note that

_ -1 _ — (2 i
pi=yizi — v zi 1z = 0" LD g w20

by property (2) of Theorem 3.48. From the straightening relations of Lemma 3.29 it is
clear that p; commutes with every y; with |j—34| > 4 and with every z; with |j —i| > 3.
If i > 5, then y;—s3p; = Yi—3Yizi — U “Yi_32i—12i+1 = VYi2iYi—3 — Zi—1%i+1Yi—3 =
vp;Yi—3. Now assume that ¢ > 3. We have y;_op; = yi—2¥y:i2; — U_lyi,22i712i+1 =
v_lyiziyi_g —U_QZi_12i+1yi_2 = U_lpiyi_g. Furthermore, the we see that z;_op; =
Zi—2YiZ; 7’0712’1‘_227;_121‘_5_1 = VY;RiZi—2 — Zi—1Ri+1Ri—2 = UP;Z;i—2. The calculation

Yio1Di = Yio1Yi%i — U Yim1Zi1%i41
= plvi=ablil) (yiyiq +(v— U_l)ZiJrlzifZ)Zi
—v7t <Zi—1yi—1 + (v — Uﬁl)zizi—2)zi+1
= oD (oyziys ) — 2 1zigayioa) = ot by,

shows that p; also v-commutes with y; 1. It also v-commutes with z; 1 as the calcu-

: . _ —1,2 _ -1 _
lation shows: z;_1p; = 2i—1Yi%i — V" 2;_1Zi41 = Yi%i%i—1 — VU " Zi—1Zi+1%i—1 =
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pizi—1. Now assume that ¢ > 1.The following equation is true:

2 -1
YiPi = Y; 20 — UV YiZi-1Zi41
—(lyil,|zi —1 —1
=i (U Uvill=el 2 + (01 = U)Zi—lzi+1) — U YiZi—1Zit1
= v~y 22 — wyizi 124

— o b (2 — o Va2 )y = o (Wb1ED

Finally we see that z;p; = 22 — v 225 1201 = v(‘yiuzi')(v’(‘yiuzi')ziyi —
VZi—12i41)%i = vwillzilp, 2 The v-commutativity relations of p; is elements with
index j > ¢ are proved in the same way.

The case of even ¢ can be handled with similar arguments. [

Remark 3.51. 1. The v-commutativity relations of Lemma 3.50 will be crucial for
the construction of the initial quantum seed of A(w),. Another verification of
v-commutativity relations for the initial seed is due to Kimura [36, Section 6].

2. Multiplicative properties of (dual) canonical basis elements have also been stud-
ied by Reineke [44].

3. As observed by Leclerc, the v-deformations of the J-functions of Cj;-projective
rigid A-modules also v-commute with the generators of U, (w) in the Kronecker
cases for w of length 4, see the author [38, Section 4.1].

4. A consideration of the leading terms of the two occuring variables in Lemma
3.50 is sufficient to determine the integer a.

Remark 3.52. The techniques in this section work with the same proofs for the case
U (w') as well. We use a similar notation v}, z; € U,"(w') for the elements dual to
w}, v, wh, at € U (w) (for appropriate indices 7). The straightening relations for the
dual variables can be computed using the same methods.

4 The quantum cluster algebra structure induced by
the dual canonical basis

In this section we are going to prove that the integral form P, _y2n ZvEz]E[a]* is a
quantum cluster algebra in the sense of Bereinstein-Zelevinsky [10]. The correspond-
ing non-quantized cluster algebra is Geif3-Leclerc-Schroer’s [28] cluster algebra A(w).

Natural Quantum cluster algebra structures have only been observed in very few
cases, see for example Grabowski-Launois [24], Rupel [49], and the author [38]. For a

study of bases of quantum cluster algebras of type /1(11) see Ding-Xu [15].

Definition 4.1. For 1 < ¢ < j < n define A;-J, ;€ B* to be the dual canonical basis

element with leading term Higgw odd YUr Hiéréj, reven Yr-

Remark 4.2. We provide some examples of elements in the dual canonical basis B*
of the form A} ; with 1 <4 < j < n. We focus on examples where the interval [i, 7]
is small, i.e., 7 < ¢ + 2. First of all, we clearly have Af,z’ = y; for all 7. Furthermore,
an elementary calculation using the straightening relations shows that: A7 5 = y1y2 —
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—1 _ _ —1 _
V23 = VYY1 — 023, A1 = YnYn-1 — UV Zn—2 = VYn—1Yn — VZn—2, and that

for2<i<n-2

-1 e .
v YY1 —V T Zi-1Zi42 = Yir1Yi — V24221, if 4 is odd;
i+l = _1 e
Yir1¥i — V7 Zig22i-1 = Yilirl — VZi—1Zi+2, if iiseven.
Recall the convention zp = 2,41 = 1. The formulae simplify to A}ii 11 = YiYit1 —
v’lzi,lziw for odd 7 and A;’Hl = Yit1Yi — v’lzi“zi,l for even 7. With the same
convention we can compute:
A _ 1 e | —2
1,3 =Y1YsY2 —V Y1241 — U Y323 + U “2224
2 2
= VY2Y1Y3 — VZ3Y3 — V21241 + V" 2224,

—1 —1 -2
Ap—on = YnUn—2Yn—1 =V YnZn—3%n —V  Yn—22n—2 + U “Zn_12n—3

2 2
VYn—1YnYn—2 — VZp—2Yn—2 — UV Zn2n—-3Yn + v 2n—12n-3.

For odd 7 such that 3 < 7 < n — 4 we have:

-1 -1 -2
Am+2 =YiYi+2lYi+1 —V YiZi43%i — VU Yir2Zi—1%i42 TV “Zi_12i+1%i4+3

2
= Yi+1Yi+2Yi — VZZi43Yi — VZi+2%i—1Yi+2 + V" 2i—12i+1%i+3-

For odd 7 such that 3 < 7 < n — 4 we have:

-1 -1 2
Ai,i+2 = Yi+1YilYi+2 —V ZiZi43Yi — UV " Zi42Zi—1Yi+2 TV Zi—12+1%i+3
2
= YilYitroYi+1 — VYiZi43%; — VYi422i42%i—1 + V" Zi—12i4+1%i43-
Remark 4.3. In what follows we prove recursions for the Af, j withl <7 <5 <
n. The formulae turn out to be quantized versions of the formulae for the A; ; from

Section 2.5. The quantized recursions will be crucial for the verification of the quantum
cluster algebra struture on U, (w) in the next section.

To formulate the recursion effectively the following definitions are helpful. First
of all we introduce the convention A7, ; = 1 for all 7. Furthermore, we give the
following two definitions.

Definition 4.4. For 1 <1,j < n put

sig= D sl og= Y lwsl e =D Iyl

1<s<j i<s<j i<s<j
- s odd s even

Definition 4.5. For all ¢, j with 1 < ¢,57 <mand j — i > 2 define

—1, ifj—i<3;

A =
“ —2, ifj—i>4.

Lemma 4.6. For all pairs (7, j) of integers such that 1 < ¢ < j < n the following
equation is true:

(lyjl,0i5-1), 1if jiseven;
N Sii) — N Sii_1) — N 1) = )
(si5) = N(sij-1) = N(|y;]) (ol enrs). if jis odd
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Proof. The proposition follows easily from the observation (s ;,si;) = (e;; +
0ij»€ij +0i3) = (j =i+ 1)+ (€iy,0i;) O
Lemma4.7. Let <, j be integers such that 1 <4 < j < nand j > 7+ 2. The following
equation holds:

N(sij) = N(sij-3)=N(|pj-2]) = N(lzj+1]) =

(lyjl + yj—2,0i5-3) + (lyj-1l, €ij-a), if jiseven;
(lysl + lyj—2l,eij-3) + (lyj—1l, 04 5-4), if jisodd.

Proof. 1f j is odd, then the elements y;, y;—1, Zj+1, 2j—2 have degrees 5}, Bn+j,, Bj+1
and (3,4 _2, respectively. If j is odd, then the elements y;,vy;—1,2j+1, 2j—2 have
degrees B+, Bj,, Bn+j+1 and 5o, respectively. It is easy to see in Figure 6 that in all
cases the equation |y;| + [yj—1| = |2j41| + |2j—2| holds. With this fact the proposition
follows just as above from the observation % (s; j, si ;) = 3(€i; + 0ij, €ij + 0ij) =
(J =i+ 1)+ (€, 0i5)-

Remark 4.8. By definition, the leading term of the variable A} j(wherel <7< j<
n)is Higrgj,r odd Yr Higrgj, reven Yr- Therefore, AY . is a Z[v,v~!]-linear combina-
tion of terms of the form

H yi—ar H Zg7-+1+ar71—ar H Zgr+1+ar—1_ar H y}‘—ar

i<r<j i—1<r<jtl i—1<r< +1 i<r<j

r odd T even r odd 7 even
for some a = (ay,as,...,a,) € {0,1}" such that a; = az = ... = a;_1 = 0,
aj+1 = Aj41 = ... = ap = 0, and a, 41 + ar,—1 — a, > 0 for all ». We denote this

term by A} ;[a].

We know that p;+1 commutes, up to a power of v, with every A7 [a]. The fol-
lowing proposition shows that much more is true: The commutation exponent only
depends on the pair (4, j), but notona € {0,1}".

Proposition 4.9. Let ¢, j be integers such that 1 < ¢ < 5 < n — 1. The variables
A7 [a] and p;1 are v-commutative. More precisely: If j is even, then

A;},j [a}pj+1 = v(‘yj+1|7ei,j)+(|zj+1|7€i,j)—(‘zj+1|70'i,j—1)pj+1A§)’j [a],
and if j is odd, then
A,ﬁj [a]pj+1 _ U*(lyy‘ﬂ|70i,j)+(\z]’+1I,ei,j)*(\zH—l\,Oi,_i—l)pj+1A;)7j [a].

Proof. Assume that j be even. By Lemma 3.50 we know that p;,; commutes, up to a
power of v, with every A}, [a]. To determine the appropriate power of v, we compare
the leading terms. The leading term of p;1 is y;412;4+1. By Remark 3.30 we see that

Agj[a]pj+1 —p% (yi+1hlzgal+lzi—al=lys[==250) | jas-1(yjallzil+]25-21=]2-1])
:
cp%i—2(yirillzi—al=lz-2) | e (zivillyil =121 | ai-1(z+1llyi 1]z 1+|z5-20)

) v(lyHl|7€i,j)+(|2y‘+1\,ez‘,j)—(lza‘ﬂ\»01,1—1)pj+1A;1)j [a].

Notice that first of all (|yxl,|yx—2]) = (|yxl, |yk—a|) = 0O for all k, that secondly
(lykl, lw]) = 0 for |k — 1| > 4, that thirdly (Jyx|,|2:|) = O for |k — I| > 3, and that
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finally y;| + |2;] = |2j41] + |zj—1] for all k. Furthermore, note that (|21, |yx|) =
(|2k+1, |2k]) for all k. Hence, we have

A} lalpjy1 = v(‘yj+1|aei,j)+(|zj+1|7ei,j)*(‘zj+1|70i,j71)pj+1Af7j [a].
By a similar argument we can show that for odd numbers j the equation
A} lalpjp = U*(Iy]‘+1I,Oi,j)+(\z]-+1I,Ei,j)f(\zHl\,Oi,j_1)pj+1A;)7j [a].
O

The independence of the commutation exponent on a € {0, 1}" implies the corol-
lary.
Corollary 4.10. Let i, j be integers as above. Then the variables AY ; and p;; are
v-commutative. More precisely: If j is even, then

Ai,ij-H 71)(‘ i+ | 1]) (| i+ |’ 7-]) (‘ i+ |’ i, )p]-'rlAi,ja

and if j is odd, then
Af,jpj+1 = U*(ly]‘+1|70i,j)+(‘zj+l|uei,j)*(‘zj+l‘aoi,j—l)pj+1A;)7j'
Having established these conventions, definitions and proposistions, we are now
able to formulate a theorem that provides a recursion for the A}, and a quantized
version of the exchange relation. These are the parts (a) and (b) of Theorem 4.11. For

a proof of the theorem, we proceed by induction. For a functioning induction step we
include also the v-commutator relations in part (c) and (d).

Theorem 4.11. Let ¢, j be integers suchthat 1 < i, 5 <nandj—i> 2.
(a) The dual canonical basis element A} ; can be computed recursively from ele-
ments Af’ ;+ with j' < j. More precisely, if j is even, then we have:
A;
Al =AY — v AT 3pj2zi4
= U_(‘y""oi’j’l)yjﬁzj,l
— U*Ai,j*(\yj\+|yj—2|’0i,j—3)*(\yj—1|’8i,j—4)zj+1pj_2Azj_3_
If j is odd, the we have:
A;
Alj =y Al — v zapi e A g
= U_(‘yj‘ve’i=j*1)A;}’j71yj
— U*Ai,j*(\yj\+|yj—2|’€z‘,j—3)*(|yj—1\>0i,j—4)Aﬁj_3pj_22j+l_
(b) Furthermore, the following quantum cluster exchange relation holds:
AV o — AV v+ ”17(‘%’1l’ei”'*z)Aiv,j_zpjﬂZjH7 if j is even;
W/ “(lyil.es s (vl es s ]
" oo DAY, py ot (e DAY opi iz, i is odd.

(c) If j + 1 < n, then the following v-commutator relation holds. If j is even, then

1Ay = v Wortbesd Ay sy 4ot Wimtbeni2) (07 — o)AV opi 200,
If 5 is odd, then

v v 1—(ly;l.ei,j— —1 v i .
Y1 AY; = vAY jyip + ot =) (0 — 0T AT opi gz,
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(d) If j+2 < n,then Af, j and y; are v-commutative. More precisely, if j is even,
then A} yj40 = vy 2AY ;, and if j is odd, then AY jy; 12 = vyj 1247 ;.

Proof. We proceed by induction on j — 7. Using the explicit formulae provided by
Remark 4.2 it is easy to see that Theorem 4.11 is true for j —¢ = 2. Now let j —¢ > 3
and assume that Theorem 4.11 is true for all smaller values of j — ¢. We distinguish
two cases.

First of all assume that j is even. It follows that 4 < 57 < n—1. Put D =
A qyj—v Ai, AV spj—22j4+1. We have to prove that D = A7/, i.e., we have to
show that D satisfies properties (1) and (2) of Theorem 3.48. First of all, we verify
property (1). We expand the dual canonical basis elements Ay ;_;, Ay ;5 according
to Remark 4.8. We see that

a7‘+1 Jrar 1—

v E : 1—a, arq1tar—1—ar
Az J—=1 fa H Yr H Zp *
i<r<j-—3 i—1<r<j
r odd 7 even
ar 1+ar—1—a, 1—a,
[I = II »
i—1<r<j i<r<j—1
r odd r even
where the sum is taken over all the admissible sequences a = (a1, aq9,...,a,) €

{0,1}" as in Remark 4.8 and f, € v~1Z[v™!] except for fo = 1. Here, we have used
that —(17;"") = 0 for all terms a, in such a sequence. It is clear that AY; ;y; —
Vi10ly; € @pega v 2o~ E[b]* and that AY;_;[0]y; is the dual Poincaré-
Birkhoff-Witt basis element from Definition 4.1 that serves as leading term.
Furthermore, we have

1] 3_293

a7+1+a, 1—

H yl ar H Zgr+l+ar—17a'r

i<r<j—3 i—1<r<j-—2
r odd r even
H a,+1+a, 1—ar H yl ar
i—1<r<j—3 i<r<j—4
r odd r even
where the sum is taken over all the admissible sequences a = (a1,as,...,a,) €

{0,1}" as in Remark 4.8 and g, € v~'Z[v~!] except for gy = 1. Now we consider
vAii A7 j—3Pj—2%j+1. Note that the generator z;.; commutes with all occuring terms
in this expansion. For p;_», by Lemma 3.50 the v-commutativity relation

H yl ar j72:v(l—aj—él)(‘z‘i*’z‘alyjféll)pjiz H yl a

i<r<j—4 i<r<j—4
r even r even

holds. Hence, in each summand we can transfer p;_» to the left of the product. We
get a factor v(1~%-1) since (|z;_a|,|yj_4|) = 1 for all j. We concentrate on a single
summand. Write p;_o = 2;_2¥;_2 —vilzj,gzj,l. This decomposition splits the sum
into two parts. Consider the summand coming from z;_sy;_o. To write this term in
the dual PBW basis we have to tranfer z;_» to the left of the product of the odd z,.. We
get a factor v*—*+~%-3_ Now all the monomials are in the right order. The generators
zj+1 and y;_o do not occur in the expansion of AY i3 in the dual PBW basis, but z;_
may. In the summands where z;_» occurs, we have increased the exponent from 1 to
2. So all coefficients in the dual PBW expansion of these summands have the form

1+a.7'_3
gaUAW' vl_“f*“v“j*‘*_“j*?’v( 2 ) .
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Note that A; ; < —1 and that (1+a2"*3) —aj_3 = 0foraj_3 € {0,1}. Hence, all
coefficients are in v~'Z[v™!]. Now consider the summand coming from z;_32;_1.
The monomials are already in the right order. We may have increased the exponent of
z;j—3 from 1 to 2. It is easy to see that all coefficients are in v~ 'Z[v~!]. This shows
that D satisfies property (1).

To conclude to D = A7 ;, we have to verify property (2) of Theorem 4.11. We use
parts (c) and (d) of the 1nduct10n hypothesis for the for the pair (¢, j — 1) to obtain the
following equation. Note that if j —i < 3, then (|y;_1],|e; j—4|) = 0, andif j —i > 4,
then (|y;_1],|ei j—a|) = 1, therefore
D =AY, qy; —v AV api_szip

= o7y Ay FomWmblenm D (o™t — o)AV apioazin — v AL pioazi
+ pt=(yi-1lle - 4\)A _aDj_2Zj 41

_ -1 v
=0 yin]—

It is easy to see that z;; commutes with p;_o. Furthermore, it commutes with A -3
since it commutes with every E*(f) in every summand in the dual PBW expansion
of A4 according to Remark 4.8. Lemma 3.50 implies

v . — oy UYyj—21,0i j—-3)—(|zj-2],0i,5—3)+(|zj—2]|,€i j—a . v
Ai,j—?)pj—z = (lyj—2I j—3)—(|zj—2| i—3)+(zj—2| 3J )p]—QAi,j—B'

The assumptions j—i > 3 and j < nimply the equations (|y;|, 0;j—1) = (ly;|, 0i j—3) =
1 and (|zj—2|,0;;—3) = 1. The observation (|zj_2|,e; j—4) = 0 for j —i < 3, and
(lefgl, €; j,4) = 1forj — i > 4 yields (le,Q‘, ei,j,4) = —Ai)j — 1. It follows that

_ 0 —Ai 5=yl +lys—21065-3)—(1ys-1leig—a) 5o A®
D = v (‘yj‘ 0,5 — l)yA’j 1 —v i, (‘yjl |yg 2| Q] 3) (Iy] 1‘ i, 4)Z]+1pj*2Ai’j73'

By Lemmas 4.6 and 4.7 the last equation is equivalent to property (2). Thus A = Az j°
Incidentally, we have verified part (a) for the pair (i, 7).

Now we prove that the new defined A} ; satisfies the quantized cluster recursion
(b) of Theorem 4.11 using the induction hypothes1s for part (b):

Ay 2 =AY (pj + vz azi41) — v AL api 02412
= A?,j—lpj + (’UA;)’J-_lzj,1 P N R JAUJ 3Dj— sz)zﬁq
=Ajjap + (UA;)j—IZj—l — o Wimibeni=2I Ay, gp; ZZJ)ZJH
= A 1p; + vt (wabens- 2)A —oPj—1%j+1.

Now we prove that the new defined A} ; satisfies property (c) of Theorem 4.11.
By induction hypothesis we know that part (c) is true for the pair (¢, j — 1). Note that
(lyj+1ls1z5+1]) = (ly;l, [yj+1]) = —6;,n—1. The following calculation verifies part (c)
of the theorem:

v v Aija,. v ) )
Yit187; = Y187 51y — v Y1 A7 j_gpj—2241
—1 —(ly; ||y 1
= Al-’,j_1<v (w3510 gy gy 4 (0~ — U)Zj+22j_1)
—1 Av — NED —1
Ajj-3Pi- 2( gzl gy + (071 = U)ijj+2>
= Uﬁ(lijrl"ei’j)Ai,jij,-l
—1/, -1 A
+ v (U — 1}) (Af,j_lzj_l — v A?j_3pj_22’j>2j+2

—(ly; eid 1 ,
= (lyj+1l etYJ)Ai’jyj+1 + (’U _ ’U) —(lyj—1l.eii— 2)A'Uj 9Dj—1%j41-
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It remains to verify part (d). Note that in each monomial in the dual PBW expansion
of Ay ;_, either the variable y;_; or the variable z; occurs (depending on whether a;;
in Remark 4.8 is zero or one). The variable y;,> commutes with all other terms. Thus,
we see that AV yj0 = v y2A7 ;. It follows that

— v Aij o ) v )
A jYjte = YA j1Yjre — v zjapi 2 A j_sYjite

C14A; P |
-v IYjrozi+1Pj—207 j_3 = v Y12l ;.

= Uﬁlyjyj+2A;1j,l

Now assume that j is odd. Put D = y; A}, 4 — vAii Zj+1Pj—2A7 j_3. We prove

that D = A7 ;. By the same arguments as above D fulfills property (1) of the theorem.

To conclude to D = A}, we have to verify property (2) of Theorem 4.11. We use

parts (c) and (d) of the induction hypothesis for the pair (7, j — 1) to obtain the following
equation:

Ai
D =y;Aj 1 =0 2501pj 287 s
= U*(lijEi,j—l)Af,j_lyj + U*1*(|yj—2|,ei,j—3)(1,*1 _ U)Af7j_3pj—22’j+1
— @AMU—(\yj—2|vei,j—3)—(|zj—2|7€i,j—3)+(\zj—2\101,1—4)A;1’j73pj722j+1.
Note that (|z;_2|,e;j—3) = 1, and that (|zj_2],0;j—4) = 0 for j — 7 < 3 and
(Izj-2l, 0i,j—4) = 1for j—i > 4. Hence, A; ; — (|2j-2/, 0i j-4)(|2j-2] 0i 1) = =2
yielding

— p—(yileij—1) Av . —(lyj—2l.€ij-3) AV . .
D = o7 WbeamUAL gy — o A G 3Pj—2Zj41

The equation —A; ; — (|y;|, €:.j—3) — (|y;—1l, 0i,j—4) finishes the proof of the second
equation of part (a). By Lemmas 4.6 and 4.7 the last equation is equivalent to property
(2). Hence, D = Af,j.

Now we prove that the new defined A7 ; satisfies property (b) of Theorem 4.11.
First of all assume that j < n. We obtain:

v o — = yjleii—1) AV . -1, .
Az =wv (uslees )Ai,jfl(pj +v7 2 12541)

—\Yj—21],€i,5-3 v . . .
oy shes DAY p e

— o~ Uysleij—1) A .
= v WIbEImUAT L p;
+ (v Uwihess—DAY o i (yi-zleii-s) AV o .
i,j—1~j—1 i,j—3Pj—2%j—1 ) Zj+1
— o= Uyjlieii—1) AV ) —1=(lysl.eij—1) AV ) )
= v Wb AR S ypy o TN op iz

Here we used he fact that (|y;|,e; ;—1) = 1 to adopt the induction hypothesis. For j =
n we have (|y;|, e; ;—1) = 0, but this defect is compensated by the relation z;_1 241 =
Zj41%5-1 (due to Zj41 = 1) instead of Zj—1%j41 = v_12j+12:]‘,1.

Now we prove that the new defined A} ; satisfies property (c) of Theorem 4.11.
By induction hypothesis we know that part (b) is true for the pair (i, — 1). Note
that (|y;|,eij—3) = (|yj],€ij—1) and that 1 = —A; ; — (Jy;j—1|, 0s,j—a). We also use
the fact that z;+1 commutes with AY ;5 since it commutes with every factor of every
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monomial in the PBW expansion of A7 ;5. Thus, we see that y;1 A7 ; is equal to:

—\Yjil€i,i— . v .
v (ly;l J l)y] 1Ai,j—1y_7
—Ai i—(lyjl+lyj—2l,eij—3)—(yj—1],0i,— v
—v i, (lJ]l ‘JJ 2|,ei,5—3) (lJJ 1],04,5 4)yj 1Ai,j73pj—2zj 1

I il,ei,j—3)+1 v . —1 . .

v (lysl.ei,5-3) |: i,jfl(yjyj 1—|—(’U—U )zj71zj+2)

— pt=(Uyi—2lieij—3) AV , 1y + (v —v Yzz
v ii—sPi—2( Zj+1Yj+1 + (v — v )zj2)40

_ [ . —(lyjl,ei,j—3)+1 _ 1 v .
= vA} jYjt1+ v (wsheas-a)41(y — o )[Ai,j—lzj—l

_ o 1=(lyj—2l,ei j—3) AV . A
v J I L apj_22)| Zj42

= vAY i1 + v Wibeo=a )ty — o AP opi 2500,
Part (d) is proved similarly as in the case where j is even. O

Remark 4.12. By symmetry there is also a recursion for every Ay ; (with j — ¢ > 2)
in terms of various Af, ; with 7’ > 4.

Quantum cluster algebras were introduced by Berenstein-Zelevinsky [10]. We
ready to conclude with our main theorem which establishes a quantum cluster alge-
1 1

bra structure on the Z[v+z]-algebra A, (w) = @, cy2n Z[vE2]|Ela]*.

Theorem 4.13. The Z[v*z]-algebra A, (w) = Dacnen Zv=2]E[a]* is a quantum
cluster algebra of type A,,. Every mutable quantum cluster variables is up to a power
of v an element in the dual canonical basis B*. The following properties hold:

(a) The quantum cluster variables v%zi for 1 < ¢ < n together with the frozen
. 1 . . . . .

quantum cluster variables are UZ(‘ylH‘Zl"|y1|+‘zl|)p1- for 1 < ¢ < n form an

initial cluster of A, (w) whose B-matrix is encoded in the quiver from Figure

12.
(b) The remaining quantum cluster variables are vi(si‘ivs"»i)Aﬁ jforl <i<j<n.
Note that %(Sid‘, Si7j) =j—1+1+ (€i,j,1, Oi7j,1) € 7.

Proof. We quantize the proof of Lemma 2.5. We construct a seed of a quantum clus-
ter algebra similar to the base seed in Figure (12). The cluster variables Z;, P; (for
1 < ¢ < n) are replaced by the quantum cluster variables v%zi, v%(‘yiH'Zi‘*‘yi|+‘zi‘)pi
(for 1 < i < n). Notably, every pair of quantum cluster variables in the base seed forms
a quantum torus, i.e., it satisfies a v-commutativity relation. (The v-commutativity
relations among the z; follow from the straigthening relations; the v-commutativity
relations between the P; and the z; follow from Lemma 3.50; the v-commutativity re-
lations among the P; can be checked using the straightening relations.) These relations
are strict commutativity relations except for the following v-commutativity relations:

2iz5 = v_(‘zi"‘z-f‘)zjzi, i even, j odd,
zipj = v{=blwilp, i,j even,
Zipj = 'Ui(‘zil’|yj|)pjz7;, i,7 odd,
pip; = v_(lzilz‘zj‘)+(|Zi|7‘yjI)"F(lyilv‘zj|)+(|y'i|7‘yj|)pjzi7 i even, j odd.
pipj = U*(|ZiHy.;’\)vL(|yi|7\Zj|)pjzi7 i, ] even,
pipj = v(lzil"yfD_(‘y”’lzjl)pjzi, i, 7 odd.
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Now it is easy to see that the B-matrix induced from the quiver in Figure 12 and the
A-matrix induced from the v-commutativity relations form a compatible pair in the
sense of Berenstein-Zelevinsky [10, Definition 3.1]. Hence, the base seed is a valid
initial quantum cluster.

Now fix an integer % such that 1 < 7 < n. Beginning with the base we perform
mutations at vertices ¢,¢ + 1, ..., 7, consecutively, as in the proof of Lemma 2.5. We
prove by induction on j that the new quantum cluster variable X that occurs after the
sequence of mutations from above is equal to A7 ;. The case i = j is trivial. Note that
part (c) of Theorem 4.11 makes also sense for j = 7 + 1. We distinguish two cases.
First of all, assume that j is even. By Berenstein-Zelevinsky [10, Proposition 4.9] we
have

X — M/ + MI/

where definition of M’ and M" involves v-commutativity relations among the quan-
tum cluster variables in the previous seed. To describe the variable M’ we compute
AV, _ypjzst = v~ (wibeni-1 2 1p A Therefore, the summand M’ is given by

the following equation:

v
i,j—1

1 1(i g1 1
Lyilo; i 1 Lo o o0 i 1 4
/\4/ = 'U2(‘y.7|r01,1 1), UQ(] 7‘)+2(87~1J 2,04,5 1)A7E},j—1 SUpj - v 2Zj

Loz 4 Lle: - 0: _
— /Uf(] z+1)+2(61,3701,371)A1}j71pjzj 1.

,
Furthermore, to describe M we obtain:
AV op; 1Zj+1Z-_1 = o~ U=zilhlz41D=(z5l025 -1 D+ =51y -1 D=z -1 ]y -11)
i,j—2Pj— J

cpteii—2slyi—tl+lzi—1l =1z | (0053, —lyj—1l=lzj-1]+]z5)

-2 ziapi 1Ay
= U*2+(€i,j—2;|yj—1I)*(Oi,j—s’\yy‘I)Zj—lzj_i_lpj_lAzj_Q
Therefore, the summand M’ is given by the following equation:
M = vl_%(ei‘j727|yj—l|)+%(Oi,j73a|yj‘) . v%(j_i_l)"r%(ei,j7270i,j73)A;’7j72
Col= s Uwilly—1l) U%ZjJrl . v_%z‘;l
— Ulf(\yj—l\»ez‘,j—2)vé(j*i+1)+%(€i,j701‘,1‘—1)A$’j_2pj_lzj+lzj—1.
A comparison with the formula in part (¢) of Theorem 4.11 shows that X = A7 ; which
completes the induction step.
The case with odd j is treated similarly. [

Remark 4.14. Similarly, by adjusting the bilinear form we can equip the algebra
U.F(w') attached to @’ with the structure of a quantum cluster algebra.

Remark 4.15. Note that deg(4; ;) = dim(M; ;) = s;; foralll < i < j < n.
Thus, the object M, ; from Remark 2.9 is the indecomposable rigid object in A(Cas)
corresponding to the cluster variable A; ;. The corresponding quantum cluster variable
is the dual canonical basis element A} ; scaled by a factor vi(sigsig), By [26, Lemma
3.12] the exponent can be interpreted as 1 (s; ;,s;,;) = sdim(End(}M; ;)). The same
relation is true for the other (mutable and frozen) quantum cluster variables.
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