THE ENTROPIC ERDOS-KAC LIMIT THEOREM

S. G. BOBKOV"*, G. P. CHISTYAKOV?*, AND H. KOSTERS®>*

ABSTRACT. We prove entropic and total variation versions of the Erdds-Kac
limit theorem for the maximum of the partial sums of i.i.d. random variables
with densities.

1. INTRODUCTION

Let X1, X9, X3, ... be i.i.d. random variables with mean EX; = 0 and variance
EX? = 1. Let S, := Sor_; Xk denote the associated partial sums, and let S, :=
maxg—i,.. n Sk denote their maxima.

The classical central limit theorem states that

Sn/Vn =2 as n — oo, (1.1)

where = denotes convergence in distribution and Z is a standard normal random
variable. Barron [Ba] established an entropic version of this result, the so-called
entropic central limit theorem. To formulate it, let us introduce some notation.
Let L(z) := xzlogx for z > 0, and let L(0) := 0 by way of continuous extension.
If X and Y are real random variables with densities p and 1, respectively, and
such that the distribution of X is absolutely continuous with respect to that of Y,
the relative entropy of X with respect to Y is defined by

DX|Y):= /{¢(m)>O}L<w($)>¢( )da . (1.2)

(In case X does not have a density or the distribution of X is not absolutely
continuous with respect to that of Y, put D(X |Y) := co.) The entropic central
limit theorem by Barron [Ba] now states that

D(S,/vn|Z)—0 as n — oo (1.3)

if and only if D(Sy, | Z) < oo for some ng € N.
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2 Entropic Limit Theorem

Let us note that by the Pinsker-Csiszar-Kullback inequality [Pi, Cs, Ku, FHT],
we have

where dry is the total variation distance between (the distributions of) X and Z.
Thus, D(X | Z) represents a strong measure of distance between (the distributions
of) X and Z, and (1.3) implies dpy(Sn/v/n,Z) — 0 as n — oo. In particular,
(1.1) follows from (1.3).

Furthermore, the relative entropy D(X |Z) has an interesting interpretation
from the viewpoint of information theory. Let us recall that for a random variable
X with finite second moment, the entropy (also called Shannon entropy or differen-
tial entropy) is defined by

+oo

Wx) == [ L) do.

—0o0
where p(z) is the density of X. (If X does not have a density, put h(X) := —oc0.)
Let X be a random variable with second moment EX? = ¢2. Then it is well known
that
h(cZ)—h(X)=D(X|0cZ) >0,

with equality if and only if X and ¢Z have the same distribution. Thus, the
distribution of 0Z (i.e. the centered normal distribution with second moment o)
maximizes entropy among all probability measures with the same second moment.
Also, it is easy to see that for any 7 > 0,

D(X |7Z) = —h(X) + }log(2n7?) + 0% /72,

the right-hand side being minimized for 7 = 0. Thus, D(X |cZ) may be inter-
preted as a measure of deviation of the distribution of X from the class of centered
normal distributions.

Barron’s result has sparked much further research, see e.g. Artstein, Ball, Barthe
and Naor [ABBN], Johnson and Barron [JB], Johnson [Jo], Bobkov, Chistyakov
and Gotze [BCG3, BCG4]. In view of these results, it seems natural to ask whether
other results on convergence in distribution admit an entropic formulation as well.
We investigate this question for the maxima of sums of i.i.d. random variables.

In this context the analogue of the classical central limit theorem is given by the
Erdés-Kac limit theorem:

Theorem 1.1 (Erdés-Kac [EK]). Suppose that the i.i.d. random variables X; have
mean 0 and variance 1. Then

Sn/vVn = |Z| as n — oo, (1.5)

where = denotes convergence in distribution and Z is a standard normal random
variable.

Further results in this direction were obtained, inter alia, by Nagaev [N1, N2],
Aleshkyavichene [Al], and Naudziuniene [Na]. The aim of this paper is to establish
an entropic variant of the Erdés-Kac theorem. Let X be a random variable such
that P(X > 0) > 0, and let Y be a positive random variable with density .
Then the distribution of X conditioned to be positive is given by the probability
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measure P(X € - | X > 0) on the positive half-line, and the relative entropy of X
conditioned to be positive with respect to Y is defined by

D (X|Y):=D(X|Y) (1.6)

where X has the same distribution as X conditioned to be positive. In the sequel
the random variable Y will always be given by | Z|, with density ¢4 (x) = \/g e~="/2

(z > 0). The distribution of |Z| is commonly called the one-sided (or reflected)
standard normal distribution. Our main result is as follows:

Theorem 1.2. Suppose that the i.i.d. random variables X; with density have
mean 0 and variance 1. Then

D (Sn/vn||Z]) — 0 as n — oo (1.7)
if and only if
Di(X1]]Z]) < . (1.8)

Remark. The assumption that the X; have a density is only for convenience and
can be omitted. Note, however, that (1.8) implies that the X; have a density on
the positive half-line.

As is well known, under our moment assumptions,
P(S, < 0) = O(n"1/?) (1.9)

(see e.g. [Fe, pp.414f]). Thus, the distribution of S,,//n restricted to the positive
half-line is almost a probability measure for large n, and it follows from the Pinsker-
Csiszar-Kullback inequality that (1.7) implies dy (S, /v/n, |Z|) — 0 as n — oo.

In fact, in this weaker assertion the condition (1.8) does not play a role, since
we have:

Theorem 1.3. Suppose that the i.i.d. random variables X; with density have
mean 0 and variance 1. Then

dTv(gn/\/ﬁ,|Z|)—>0 as n — oQ.

Moreover, similar observations about the interpretation from the viewpoint of
information theory as above can be made for probability measures on the positive
half-line. Indeed, suppose that X is a positive random variable with finite second
moment EX? = 2. Then

h(o]Z) = h(X) = D+ (X | 0] Z]) = 0,

with equality if and only if X and o|Z| have the same distribution. Thus, the dis-
tribution of ¢|Z| (i.e. the one-sided normal distribution with second moment o?)
maximizes entropy among all probability measures on the positive half-line with
the same second moment. Also, for any 7 > 0,

Di(X|7|Z]) = —h(X) + & log(377?) + 10?77,

the right-hand side being minimized for 7 = ¢. Therefore, similarly as above,
D, (X |o|Z]) may be interpreted as a measure of deviation of the distribution of
X from the class of one-sided normal distributions.
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It is worth noting here that
E(S,/vn)? =1+o0(1) as n — oo. (1.10)

(For instance, this follows from Proposition 6.1 below and Equation (1) in [Al].)
Combining (1.9) and (1.10), we see that for large n, S,/\/n conditioned to be
positive has second moment approximately equal to 1, so that the comparison
with |Z| in (1.7) is natural.

Finally, let us emphasize the following curious difference between Barron’s
entropic central limit theorem and our Theorem 1.2. Even if X itself has density,
Barron’s characterization uses the finiteness of D(Sy, | Z) for some ng € N (which
may be any natural number), whereas our characterization uses ng = 1 at once.
More precisely, it follows from our proof that D (S,, ||Z]) < oo for some ng € N
if and only if this is true for ng = 1. In this respect, maxima of sums behave
differently from sums.

Let us introduce some conventions for the rest of the paper. We assume that the
random variables X; are i.i.d. and have a density, mean 0 and variance 1. Unless
otherwise indicated, we write p for their density, F' for their distribution function
and f for their characteristic function. Moreover, for n =1,2,3,..., let pu, Fp, fn
and p,,, Fy, f,, denote the corresponding functions for the random variables S,
and S,,. (Note that the densities exist due to our assumption that the X; have
a density.) Furthermore, we write p} and p! for the densities of the rescaled
random variables S,,/y/n and S, /y/n. Unless otherwise indicated, O-bounds and
o-bounds hold uniformly in the region under consideration. Finally, Cy,Cs, Cs, ...
denote positive constants which may depend on the distribution of the X; and
which may change from step to step.

The paper is organized as follows. Section 2 contains some preliminary remarks
on relative entropy. Section 3-7 are devoted to the proof of the sufficiency part
of Theorem 1.2, while the necessity part of Theorem 1.2 is proved in Section 8.
Section 9 contains the proof of Theorem 1.3.

2. SOME REMARKS ON RELATIVE ENTROPY

Throughout this section, let ¢ be a positive probability density on the positive
half-line. Given a non-negative measurable function f on the real line, set

D(f 10 = [ OOL(;ZEQ) $(@) do, (2.1)

where L(x) is the function defined in the introduction. By abuse of terminology,
we will call D(f | ) relative entropy even when f is not a probability density on the
positive half-line. Note that in this special case, we have D(f |v) > 0 by Jensen’s
inequality. If f is an arbitrary non-negative measurable function, this need not
be true anymore, but we have at least D(f |) > min{L(z) : x > 0} = —e~L.

Let us collect some basic properties of relative entropy which will be used later.
(Some of the proofs are straightforward, which is why we omit them.)



Entropic Limit Theorem 5

Lemma 2.1. Suppose that « is a positive real number and f is a non-negative
measurable function with [;° f(x)dx < co. Then

D(af|$) = aD(f|$) + L(a) /0 " f(a) da

Lemma 2.2. Suppose that o, ..., ay are positive real numbers and f1,..., fn are
non-negative measurable functions with fooo fe(z)de < 0o, k=1,...,n. Then

D (Zakfk > <ZakD fel ) + <10gzak> Zak/oofk(ﬂf)dﬂﬂ
k=1 k=1 0

Lemma 2.3. Suppose that ¢ is decreasing on the positive half-line and that f and g
are probability densities on (0,400) and (—o00,0), respectively. Then

D(fxg|y) <D(f|¢)+e

Proof of Lemma 2.3. Since L is a convex function and g is a probability density
on (—00,0), it follows from Jensen’s inequality that

L (/_io h(y) 9(y) dy) < /_io L(h(y)) g(y) dy

for any non-negative measurable function h. We therefore obtain

D(fxglt) = [ (/ fx_ >dy) b()da
<[] mL(W) o(y) dy () da
z/:/owf(x—y)log (‘f(z(;)y)) dz g(y) dy .

Since () is decreasing in x, we have, for any y < 0,

| e 1°g<f(;;<x> )d“/ fle =y 10g(”> e

o) s () v

Combining these estimates, we get
D(f*gl¥) < D(f|v) +e™!
and the lemma is proved. O

Lemma 2.4 (cf. [BCG3, Lemma 2.3]). Suppose that f,g are probability densities
on the positive half-line and o, B are positive real numbers with oo+ 3 = 1. Then

D(af + Bglv) < aD(f |¥) + BD(g|¢)

and

D(af +pgl¢) =z aD(f[4) + BD(g]¢) + L(e) + L(B) -
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In particular, it follows from Lemmas 2.1 and 2. 4 that for any non-negative
measurable functions f, g with fooo x)dr < oo, fo x)dr < oo and any a, 3 > 0,
we have

D(af + Bg|v) < oo ifand only if D(f|v) < oo and D(g|9) <oco. (2.2)

Lemma 2.5. Suppose that (f,) and (gn) are sequences of non-negative measurable
functions on the positive half-line such that

/OO fa(x)dx =14 0(1) and /00 gn(z) dx = 0(1)
0 0
asn — 0o. Then

D(fn+gn|®) = D(fn|?) + D(gn|v) + o(1) asn — oo.

Proof. Setting oy = [ fu(z)dz and B, = [;° gn(x)dz and using Lemmas
2.1 and 2.4, we have

D(fn + gnlt)
:(me%yD@ﬁ%nh-%%ﬁmﬂJwy+Lmn+ﬁm

= (an+Ba) |25 DL I) + 225 DU ) + O(—L(z25)) + O(—L(525,))
+ L(oy + Bn)

= an D(L29) + BuD(41) + O(—L(525)) + O(— L(5:225-))
+ L(an + Bn)

= D(fn|¢) + D(9n|1/1) - L(an) - L(ﬂn) + O(_L(a +5 )) =+ O( L(aﬁ:ﬁn))
+ L(oy + Bn)

= D(an) + D(gnwj) + 0(1)

as n — oo. O

In the following sections, v will always be given by the probability density

oy(x) = \/ge_“’32/2 (x > 0) or its rescaled version ¢, 4 (z) := \/; —7?/2n (1 > (),
where n € N. Note that ¢, + is the density of the one-sided normal distribution
with second moment n. It is easy to check that for any non-negative measurable
function f, we have

D(vnf(vn-)le+) =D(f | on+)- (2.3)

3. BINOMIAL DECOMPOSITION

In this section we start with the proof of sufficiency in Theorem 1.2. In the sequel,
by a signed density we mean any measurable function h(x) defined on the real line
or on the positive half-line such that f ()| dz < oo. Since it is more convenient
to work with bounded densities, we use a bmomml decomposition of the density
p to write the density p;, (restricted to the positive half-line) as the sum of two
signed densities, a bounded term g}, and a remainder term 7). This representation
will play an important role in the proof of the sufficiency part of Theorem 1.2.
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Before we begin, let us remark that binomial decompositions are a well-known
tool in the investigation of the classical central limit theorem, see e.g. [SM, IL].
In connection with entropic central limit theorems, they have recently been used

in [BCG3|.
Recall that p is the density of X;. Write
p=(1-0q +o0g2, (3.1)

where ¢ is a bounded probability density with fooo q1(x) dx > 0, qo is a potentially
unbounded probability density, and 0 < p < % It follows that for any n > 1,

pu(z) = p™(z) = (Z (M@ =0 (gi* QZ("k))(w)> + 0" (x)

k=1
= (1 - Qn)qn,l(x) + QnQ’n,Q(x) ’ (32)

where ¢, 1(2) and g, 2(z) are again probability densities.
We now need the following formula due to Nagaev [N3, Equation (0.8)]:
For n € N and t € R, we have

EeSn =3 f5 (1), 4(t). (3.3)
k=1
where
0 . JR—
Got) =1  and  By(t) = /_ (1— ™) dFy(z) (E>0).  (3.4)

By (3.3) and the uniqueness theorem for Fourier transforms (of signed measures),
it follows that the density of S, := max{Si,...,S,} is given by

n

Po(@) =Y (0™ % Gup)(@),

k=1

where
Go(dzx) := do(dx), Gr(dz) := Fy(0)do(dx) — Pr() 1oy () dz for k>0

and (p*™* * G,_y)(z) == [ p™*(z — y) G,_k(dy).
Using (3.2), we may write

Pn(7) = @, () +7n(z), (3.5)
where
To(2) =Y (1= 0")(gr1 % Gni)(z) and Tp(2) =Y 0 (qra* Gnoi)(@).
. = (3.6)

Note that each g, is bounded, since the g ; are bounded and the G,,_j, are finite
signed measures. The main idea is to use g,, as a bounded approximation to p,,.
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Of course, we have to keep in mind that g, and 7, are only signed densities in
general. However, they may be represented as differences of non-negative densities
by writing

Go(2) =G5 (2) =, () and Tp(z) = Tp1(x) — Tno(z),

where g and g, denote the positive and negative part of g, and 7,1 and 7, 2
are defined by

Fag(@) = 3 ot (arz * G )(@),
k=1
(j =1,2), where £ = + for j =1, £ = — for j = 2, and G:_k and G, _, denote
the positive and negative part of the signed measure G,,_;. Note that 7, 1 and 7, »
are not the positive and negative part of 7,, in general.
Thus, we obtain

n

Pn =@ — @) + (Fu1 —Tn2) (3.7)
or (equivalently)
Pt Ty +Tn2 =05 +Tn1- (3.8)

Let B(a) = vViBu(viz), To(@) = vid,(vaa), Ta(@) = ViiTa(yia), ete.
denote the rescaled versions of the above densities.
We then have the following result:

Lemma 3.1.

(@) [y I} () — g (2)| de = O(n~/?).
(b) Jo~ 2’ Ipy (@) — gy (2) de = O(n~1/?).
(c) If (1.8) holds then D(pk|o+) = D((g:)" | p+) +o(1) as n — oc.

Proof. Throughout this proof, for any measurable function p, we write

ol = /0 " lple)] de

for the total variation norm (of the associated signed measure) and

Iplloo := sup |p(x)]

z€(0,00)

for the supremum norm. Furthermore, if p is non-negative, we write D(p|¢) for
the relative entropy as in (2.1). Recall the probability densities ¢, 4 introduced
at the end of Section 2.

Analysis of 7, ;(z). By (1.9), Fo(0) = O(n Y?) as n — co. Thus,

x L - C1 oF _
Hrn,jHl < ZFn—k(O)Qk < Z \/ﬁ = (’)(n 1/2)’ (39)
k=1 k=1

j =1,2. Also, since Giik is concentrated on (—oo,

n

0]
e’} C k +o00
2—x 1 10 2
‘T (x)dxr < = —_— T x)dx,
|| e < kzlm/m U2 (@)
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7 =1,2. Let Y7,...,Y}% be i.i.d. random variables with density g». Then
“+00
/ x2qk’2(x) de = ||Y1+ ...+ Y3 < |13,
— 00
and we come to the conclusion that

+oo

o) n C k
9 10 2 —3/2
x)d <1 g de =0 , 3.10
/0 T, x ﬁ 1) x Qk,2($) x (n ) ( )

j =1,2. Clearly, (3.9) and (3.10) imply (a) and (b).
We will now show that if (1.8) holds then

n

k=1

Son,-i-) = 0(1) ) (3'11)

J = 1,2. We provide the details for 77, , only, the argument for 77, ; being similar
but simpler.

Note that G; =0. For k=1, .. — 1, write G,,_, (dz) = F',_(0) 7 —p () de,
where 7, _i(x) := ﬁnfk(@/Fn_k(O) (x < 0) is a probability density on (—oo,0).
Also, write g2 = Ayqo+ +A_qo,—, where Ay, A\_ >0, \;+A_ =1, and g2 1 and ¢ —
are probability densities on (0, +00) and (—o0,0), respectively. Then

Aj )\k J *(k— J)

qk2 = + *¥qo

M:r

:O

and it follows by a two-fold application of Lemma 2.2 that

‘Pn,+>

D Farax G,

VRS

ol
ANE
I

1

<> 0 Fukl0) D (a1 # ok |0 ) + Ologn/v/)
k=1
n—1 o k )

< o Z )N, A p ( q;fffj) * Tn—k) gon,+> + O(logn/v/n).
k’:1 j=1

Using Lemma 2.3 with f(z) := qgj+(:1;) and g(z) := (q;(k_j) * k) (x), we get
D q*j % *(k—j) % <D (g -1
2.+ ¥ da Tn—k|Pn+ ) = 2 4 | Pn,+ +e

Let u and o denote the mean and variance of the probability density go +, and let
¢,,02 denote the density of the Gaussian distribution with mean p and variance o2
As a consequence of the entropy power inequality (see e.g. Theorem 4 in [DCT]),

we have

D(qy’ @jujor) < D(@24lppe2), 521,
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We therefore obtain

0 ’ SOJN«JUQ ()OTL,+

AT * 9 g (Pirie
= D(q3, 1 |@ju,jo2) + 4o 4 l0g x
0 Pn,+

< D(q2,+|9pp02) + O(logn +j + 1)

= / q2,+ log <7++> dx + O(logn+j +1)
0 P+ Pu,o?

D<q;,7+

= D(q2+|p4) + / qo,+ log ( Pt > dx + O(logn+j+ 1)
0

w02

=O(logn+j+1),

the implicit constants depending only on ga . Here the last step follows from (1.8),
see the remark below Lemma 2.4.
Combining the preceding estimates, it follows that

n
D (Z Far2x G,y son,+>
1

k=1
<> 0" Fnk(0)Ologn + k + 1) + O(logn/v/n) = O(logn/v/n),
=1

3
|

=

and the proof of (3.11) is complete.

Analysis of (g%)*(x). To complete the proof of part (c), we will show that
the relative entropy of the main terms pf and ()" in (3.8) is “stable” w.r.t.

the addition of the error terms 7}, 1, 7, o and (q;,) .

To begin with, since [[pj,[[1 =1 — F,(0) = 1+ O(1/y/n) and |7, ;|1 = O(1/v/n)
( =1,2), it follows from (3.8) that
@) Ih =1+0(1/vn) and [(@,)" 1 =O1/vn). (3.12)
Next we will show that
D((n)" | ¢+) = D(@, | ¢n.+) = o(1). (3.13)

Since ¢; is bounded by construction, (1 — Qk)qu is bounded uniformly in k& > 1,
and we obtain

n n 1
[Tl = 1Y (1= 0")ar1 * Grilloo = O . —
; ; vn—k+1

Since ||, |1 = O(1/4/n), it follows that

>=o<¢ﬁ>.

D@, lons) = / G 108(@ fons) dz < | @y log(Crv//ons) da
0

= O(l(:/gﬁn) +(9(/OOO %mQQ;(m)dx).




Entropic Limit Theorem 11

Now, using (3.8) and (3.10), we have

|t @ars [ ra@de= [ ey =00,
0 0 0

This completes the proof of (3.13).
Using (3.8) — (3.13) as well as Lemma 2.5, we now obtain

D(@nle+) = D@y + (@)~ + T alet) +0(1)
= D((@,)" +Thale+) +o(1)
= D((a) " lo+) +o(1),

and Lemma 3.1 is proved. U

4. THE PROOF OF SUFFICIENCY IN THEOREM 1.2

This section contains the main part of the proof of sufficiency in Theorem 1.2.
It relies on two auxiliary results whose proof is postponed to the following sections.

Proof of Sufficiency in Theorem 1.2. Suppose that (1.8) holds. Recall that p(z)
is the density of S,,/y/n (i.e. with the proper rescaling), and ¢ (z) = \/2/7 e~%"/2
(z > 0). Using (1.9), it is easy to see that

D, (Sn/vn||Z|) — 0 ifand only if D(p!|¢y) — 0. (4.1)

Indeed, since S,,/1/n conditioned to be positive has the density p’(z)/(1 — F,(0))
(x > 0), it follows from our definitions and Lemma 2.1 that

Dy, |¢4) = (1 = Fn(0)) D (Sn/vn||Z]) + L(1 — Fn(0))
so that (4.1) follows from (1.9).
Since D1 (S,/v/n|]Z]) > 0, it also follows from the preceding argument that

liminf D(p;, | ¢+) > 0.
n—oo
Thus, it remains to show that
limsup D(F; | 1) < 0.

n—oo

Recall that g} (z) := v/nq,(v/nz), where g, is defined in (3.6). By Lemma 3.1 (c),
it is sufficient to show that for any ¢ > 0,

D@ o) = [ L (W) o4 () d < 320

for all sufficiently large n € N. Fix g9 > 0, and let C' and ¢ be positive real numbers
with 0 < ¢ < 1 < C < 0. (The precise choices will be specified below.) Then

/OOOL (W) ¢+ (v)dx = Ey + Es + B3,

where FEj, Ey, E5 denote the integrals over the intervals (0,¢), (¢,C), (C,00),
respectively. (Note that FEp, Fo, E5 implicitly depend on n.) We will complete
the proof of Theorem 1.2 by showing that if C' € (1,00) is sufficiently large and
c € (0,1) is sufficiently small, then E; < gg for all sufficiently large n € N.
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To this end we will need the following results, which do not depend on condition
(1.8):

Proposition 4.1. For any ¢ > 0, there exists a constant C' > 0 such that

/ 22 pi(x)de < e
c

for all sufficiently large n € N.

Proposition 4.2. Under the assumptions of Theorem 1.2, there exist signed
densities rn(x) such that |rpli = O1/vn), ||ralle = O(1) and the following
holds:

(a) For z € (0,00),
Gn(2) = @4 () + rn(x) +o(1/2z)  asn — oo,
uniformly in x € (0,00).
(b) For z € (0,e™1),

7 (r) = o4 (z) +rp(x) + O <logn A ﬁ) +0 (log:n_l) asn — oo,

uniformly in x € (0,e71).

Here the norms || - ||; and || - || are defined as in the proof of Lemma 3.1.

It should be mentioned that the proof of Proposition 4.2 closely follows that in
Aleshkyavichene [Al].

In the special case where the random variables X; have a bounded density p(x),
we could take

¢ (z) :=pi(z) and r,(z):=F,_1(0)vnp(v/nz) (z>0),
and part (a) specializes to the following result from the literature:

Theorem 4.3 (Aleshkyavichene [Al]). If the random variables X; have a bounded

density p(z), we have pi(z) = ¢+ () + Fpn—1(0) /np(v/nx) + o(1/x), uniformly in
x € (0,00).

This may be regarded as a local version of the Erdés-Kac theorem 1.1. Moreover,
part (b) is a refinement of part (a) which yields a better estimate for the error term
for z =~ 0. Although this estimate is still unbounded, it is integrable near the origin.
This is the crucial point for our purposes.

In the general case, the definition of the signed densities r,(x) is more compli-
cated, see Equation (7.5) below.

Remark. In [Al] Theorem 4.3 is stated somewhat differently (for any z¢ > 0,
the last term is of order o(1) uniformly in & > xg), but a careful analysis of
the proof shows that after some minor modifications (similar to those in the proof
of part (a) of Proposition 4.2 below), it also yields the result stated above.

Let us now explain how Propositions 4.1 and 4.2 may be used to complete
the proof of sufficiency in Theorem 1.2.
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Estimating E;' . By Proposition 4.2 (a), there exists a constant M > 1
(not depending on n) such that for n > ng and x > 1, g} (x)| < M. It follows that

B < / 3(2)|(log M + Llog T + La?) de < O / (gt (z)| de,
C C

where C] is a constant depending only on M. By Proposition 4.1, there exists
a constant C' > 1 such that

/ 22|pr (x)| dx < g9/Cy (4.2)
C
for all sufficiently large n € N. By Lemma 3.1 (b), this implies

o0
/ 2|7 (2)| de < e0/Ch (4.3)
C
for all sufficiently large n € N. Thus, for C sufficiently large, we have E3 < ¢g
for all sufficiently large n € N.
Estimating E{. Suppose that ¢ € (0,e7!). Setting

(@) " () — ¢ ()

(@) =)

(z > 0)
and using that L(y) <0 fory € [0,1] and L(14+y) <y+ %y2 for y € (1,00), we get

B = /OCL (14 vy () op (2) da < /OC (Jon(@)] + 3|vn(2)[?) @ (z) dz .

Using Proposition 4.2 (b), it follows that
B < [ @) = pul@)] + 31a0) = o4 @) o ) da
< C’g(/ |7 ()| dx + / (logmn A ﬁ)dx +/ (logz™") daz)
0 0 0
+ C’3</ |7 (x)|? dz +/ (logmn A ﬁ)Q dx +/ (loga:_l)de> .
0 0 0

By Cauchy-Schwarz inequality, it remains to control the integrals in the last line.
Now, for any fixed ¢ € (0,e"1), we have

/0 [ra(@)|? dz < [lrall1ll7alles = o(1),

¢ 1 1
/0 (logn A \/1%)2 dx = (:fﬁn + E(—cf1 ++v/nlogn) = o(1),
/ (logz™H?dx = / yre Vdy < oo,
0 log(1/¢)

Thus, for ¢ sufficiently small, we have F; < ¢q for all sufficiently large n € N.
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Estimating Ef. Let C' € (1,00) and ¢ € (0,1) be the constants fixed above.
The same argument as for E; yields

C C
By = / L(1+ on(2)) g4 () dac < / (1on(@)] + Yon(@)2) o4 (2) dz.

Using Proposition 4.2 (a), it follows that

C
By < / @ () — o1 ()| + 51T, () — 9o ()] /o () da

< c4</cc |rn(x)]dx—|—0(l)/ccm_1dx>

+ exp(02/2)</cc |rn(m)|2dx—|—0(l)/cC 2 dx)
< C4(H7"nH1 + o(1)(log C — logc))

T Cyexp(C2/2) (||rn||1 Nrlloo + o(1)(e™ — c—1>) |

Thus, E; = o(1) as n — oo.

This completes the proof of sufficiency in Theorem 1.2 (up to the proof of Pro-
positions 4.1 and 4.2). d

5. SOME AUXILIARY RESULTS

Let us collect some results from the literature which will be needed for the proofs
of Propositions 4.1 and 4.2.

Let @, := f_ooo rdF,(z) and by, := ff’oo 22 dFy(x), k > 1. It is known that under
our standing moment assumptions the functions @, (¢) introduced in (3.4) satisfy
the following estimates:

@1 (1)] < 2F(0), (5.1)
PR < larll] (5:2)
25(1)] < [ax], (5.3)
@1 (t) — (—itar)| < 5lbxl[t?, (5:4)
[@(t) — (—iar)| < [bullt], (5:5)
k()] < [bkl (5.6)

(see e.g. [Al, Equations (26) and (46)]), where
Fi(0) = O(k™'?) (57)

(see e.g. [Al, Equation (39)]),

ay = —(2rk) "2 4 o(k™?) and by, = o(1) (5.8)

(see e.g. [Al, Equation (1)]). Let us note that the implicit constants may depend
on the distribution of Xj.
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Furthermore, we need the following classical approximations for characteristic
functions of sums of i.i.d. random variables and their derivatives:

Given i.i.d. random variables X1, X2, X3, ... with mean 0, variance 1, density p
and characteristic function f, there exist positive real numbers -, d1,d2,d3, ...
(depending on the distribution of X;) with lim,_,. 0, = 0 such that for n € N,
t| < yn'/? and j =0,1,2,

B ) = | < gyt

See e.g. [BR, Theorem 9.12]. Replacing n with k and ¢ with ¢1/k/n in this estimate,
we obtain, for 1 < k < n, |[t| < yn'/? and j = 0,1, 2,

S (FE/v/m) — e

Furthermore, let n € (0,1) be a constant such that

< 65 (k/n)i/2e= kA0 (5.9)

tl=zy = [fOI<n. (5.10)

The existence of such a constant follows from the Riemann-Lebesgue lemma,
X1 having a density.

Besides that, we will repeatedly use the fact that for any a > 0and n > k > 1,
sup (kt?/n)*/? o kt?/An _ Oa(1), (5.11)
tcR

and
+o0
/ (k’t2/n)a/2 e*kt2/4n dt = (’)a(\/%) (5,12)
with implicit constants depending only on «.
In addition to that, we will use the following (well-known) Gaussian tail bounds:
For any o > 0 and ¢ > 0 we have

o
/ e 02 gy <\ J A Lemot/? (5.13)
t

/ Vare 2 dy < ﬁe*aﬁﬂ, (5.14)

t

/ aze 2 dg <\ f ENAZ(at® + 1)e /2 (5.15)
t

Moreover, we will repeatedly use the fact that

n—1 1 1 . X 1
;mzo 7= 2 7wl tolEm X =] =om

1<k<n/2 n/2<k<n—1
(5.16)

A similar decomposition shows that if (¢,),cn is a sequence of real numbers with
lim,, o t, = 0, we have

n—1 t n—1 ton
— = =91 and — =9(1). 5.17
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Finally, we will need the observation that the Fourier transform of the density
o (z) = \/2/me"""/2 (z > 0) is given by
" du
b (t)=e /2 4 / emut?/2n 5.18
§0+( ) \/% 0 \/m ( )
(see [Al, page 452]). It follows from this that for any = > 0,
1 R 2 it 2 du
) = — lim e |et/2 4 / e~ 2 | gt 5.19
SO+( ) 2T R—oo J_p |: V2t Jo Vn—1u ( )
(see [Al, page 452]).

6. THE PROOF OF PROPOSITION 4.1

Proposition 4.1 will be deduced from the following result concerning character-
istic functions:

Proposition 6.1. For k =0,1,2, we have
d” S .
T[S )~ 6,0)] = o)
as n — oo, uniformly in |t| < ynl/?.
Remarks 6.2. -

(a) The Erdés-Kac theorem is equivalent to the statement that E(e®5n/v7) —
o+ (t) for any fixed t € R. Thus, the Erdés-Kac theorem follows from Proposition
6.1. Let us emphasize that we do not need the existence of densities in this section.

(b) For our “application” (namely the proof of Proposition 4.1), the result for the
second derivative is relevant. Indeed, for this application, it would be be sufficient
to prove Proposition 6.1 for ¢ = O(1).

Proof of Proposition 6.1. Similarly as in [Al, Na], using (3.3) and (5.18), we have
the following decomposition:

D(t) == E(e™/V) — 4. (1)
= (#rtervm - et

—kt2/2n 1 o /n e—ut2/2n du
k . vn—k 0 vJn—u

V2mn
Z o) — ) /)

e t2/2n an_k)_%(ln_k))it/\/ﬁ>

(o
(
+ (” :6 bt /2n <Pn k(t/Vn) — (= ank)“/ﬁ))
(2
(
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Denote the differences in the large round brackets by Dy (t),..., Dg(t). (Note that
all these differences implicitly depend on n.) We will show that for j = 1,...,6,
uniformly in [¢| < yn'/2, D;(t), Di(t),Dj(t) — 0 as n — oo.

Convention: We always assume that n > 4 and |t| < yn'/2. O- and o-bounds

hold uniformly in this region (unless otherwise mentioned), and they may depend
on the constants v, d1, d2,d3, ... and n introduced in Section 5.

On the Difference Dj. For the difference D;(t) and its first two derivatives,
the claim is immediate from (5.9) (with & = n).

On the Difference Dy. For fixed n € N, t € R and § € {0,1,2,...}, put
hg(u) = (u/n)? e ut?/2n \/% 0<u<mn).

n—u

Then, for 1 <v <w <n —1, we have

< (w—v) ( +5+ ) w)) (w/n)? e=t/2n o=t

lhg(w) — hg(v)| =

Hence, for the difference Do(t), we get (using the above estimate with 5 = 0)

n—1
it (Z 6—kt2/2n _ / e—ut2/2n du >
V2mn o vn—k 0 vn—u

n—2 k41
|t] / —kt?/2n 1 —ut?/2n 1 -1/2
< E e " —e U /en du| + O(n
T V2mn k vn—k Vn—u ( )

t k2 /om, —kt2/om -~
< i Z((n—kil)w?e Ky (n— k11)1/2 e /2 >+O(n H2)

- < <k1/2(n—1k‘—1)3/2 + k3/2(n—1k:—1)1/2) ) + O(nfl/Z) — O(n—l/z)'
k=3

Here we have used the fact that (k/n)Y/2|t|e*/2n and (k/n)3/2 |t|3 e **/2" are
uniformly bounded. In particular, this fact is also used in the first step to absorb
the summand for k = n — 1 and the integral over u € [n — 1, 7] into the O(n~1/?)-
term.

Furthermore, similar estimates hold for the first two derivatives of Dy(t). Indeed,
these derivatives are finite linear combinations of expressions of the form

j%(;ij;(k/mﬁem"ﬁ [ e Mznx/%)
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(with o, 6 € {0,1,2,3,...} and a < f+ 1), and, by similar arguments as above,

n—1
1 n 2 du
]{7 n —kt2/2n _/ u/n ,@e—ut /2n >
(H /) — [ wm) T_u
-2

k+1 , ,
< 2 Z / (km)Pe 12 (ufm)Pe /2L | + Op(n~Y2)
™mo—31/k
n—2
s (k+1)/n)°  —kt?/2n | (k+1)/n)° 2 —kt?/2n | (k+1)/n)P B _—kt?/2n
< ——le + A= e + re
- n—k—1)3/2 n—k—1)1/2 2n n—k—1)1/2 k
V2mn (( ) ( ) ( ) >
+ Op(n~1/?)
n—2
—1/2
- Oﬂ(kzg <k1/2(n71k71)3/2 + k3/2(n71k71)1/2 + k3/2(n71k71)1/2) > + Oﬁ(” / )
= Og(n_l/Q) .

On the Difference Dj3. For the difference D3(t), the claim follows from (5.9)
(with £ < n), (5.2), (5.8) and (5.17), since

1

(F5t/v/m) = e ) g, e/ V)

3
n—l 5, (k/n) 1/2“’ kt2/4n> (”—1 5 )
= =0 — | =o0(1).
(k:S VE(n — k) ;::3 k(n—k) .

Similar estimates hold for the first two derivatives. Indeed, using (5.9) (with
kE<mn), (5.2) = (5.3), (5.6), (5.8) and (5.17), we get

S
|

B
Il

M

jt{( POV = ) g (/)
k=3
-y l[i(f’“(t/\/ﬁ) e ) Bkt V)
k=3

GRS

_ (n—l [ w (k/n) 1/2|t| —kt? /4n . 5 e—kt2/4n]>
P Vn(n—k Vn(n —k)

:co(nl[ % % ]):0(1)
prt \/n(n — k) \/n(n — k)
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as well as
n—1 d2
— dt?

[ P

wM

[dtz (£t = )Gt/ v)

=3

T N R A N DY

(PR - R ]

S [n (k/ ”> [tlek A gy (k/n) 2 ek Gy b,y ekt >
S [ VEm L oEn L bilbad )

=0 + — o(1).
(k:z[\/””— Vn(n—k) n ]

»—l(‘.u

On the Difference Dy. Let (my,)nen be a sequence of natural numbers such that
limy,— 00 My, = 00 and limy, oo (my/n) — 0. Then, by (5.4), (5.2) and (5.8), we have

n—1
S MG (t/V) — (<G ) itV
k=3
n—mn ) n—1 )
< )Mo+ Y (H/VR)e P ay
k=3 k=n—mp

=0 nmn(t2/n)ekt2/2n> +0

Since Y 32 5 xe ** is uniformly bounded in z > 0, it follows that D4(t) = o(1).
Similar estimates hold for the first two derivatives. Indeed, to this end, we have
to bound, among other terms,

n—1

P CANONDINVCECO NN

k=3

and
S v (Zr-st/vm)/n).
k=3

(For the other terms we get similar bounds as for lower-order derivatives but with

extra factors kt/n, which are easily controlled due to the exponential factor et/ n )
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But, using (5.5), (5.3), (5.6), and (5.8), we get

n—1
e (V)N (<) /v
k=3

n—mn n—1

<3 (/me P b+ > g, /R
k=3 k=n—mn,
=0 —e " =o0(1)
< ;3 n k nzm \% n_
as well as

= —kt?/2n —// —kt?/2n 1 =
Ye (t/ V) /n\ <3 1/n>e bail < = 3 Ibuil = 0(1)
k=3 k=3

On the Difference Ds. Similarly as above, let (mj,),en be a sequence
of natural numbers such that lim,,_,., m, = oo and lim,,_,o(my,/n) — 0. Then,
using (5.8), we have

n—1

—kt2/oml, - 1
k;ge kt?/2 (—an_k)—\/m”

it/ V|

(Z \/T>+O Mzm\/T =o(1).

Again, for the derivatives, we have similar estimates involving lower powers of ¢
and / or additional factors kt/n.
On the Difference Dg. For fixed k, we have
2
(YOI =0k(1), £ =0(),  [E=(M)(0)] = 0k(1)
(as follows from our assumption IE‘IXl2 < 00), and as n — o0,
Pult) =0(1), @) =o(1),  Fy(t) =o(1)

(as follows from (5.1), (5.3) and (5.6) — (5.8)). The claim for the difference Dg(t)
and its first two derivatives follows immediately from these relations.

The proof of Proposition 6.1 is complete now. O

Proof of Proposition 4.1. To deduce Proposition 4.1 from Proposition 6.1, we use
the following well-known observation: If X is a real random variable with
E(X?!) < oo, induced distribution Px and characteristic function fx, then,
for any T > 0,

/
/ e Py (dr) < = / R0 - 129 ar.
[~T,+1]C 2 J ot
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For the convenience of the reader, let us recall the argument: Using that
|sina/a| < 1for a € R and |sina/a| < § for |a| > 2, we get

2 / PR 0) — 129 1)) a

2/T
+2/T  p+oo '
/ / — ") dPx (x) dt
2/T

+2/T .
- / 2L / (1 — ) dt dPx ()
—o0 2 -2/T

“+o00
= [ a2 2sinC)/() dPx ()

— 00

> / 22 dPx () .
[-T,+T]¢

Applying this inequality with X = S,,//n and T = C, we get

+2/C -
/C PP da:</ (S /) + EE(5/VEY) dy

2/C

<2 sup fﬁn/\/ﬁ(o) - fﬁn/ﬁ(t)’ :

[t]<2/C
Using Proposition 6.1, it follows that for any fixed C' > 0, we have
[ee]
/ 22 Pk (z)dx < 2 sup ‘cp+ ' ( ‘+
c It|<2/C

as n — 00. Since ¢’/ (t) is continuous at zero, we may conclude that for C' = C/(e)
sufficiently large, we have

oo
/ 2Pk (2) dr < e
C

for all sufficiently large n € N, and the proof of Proposition 4.1 is complete.  [J

7. THE PROOF OF PROPOSITION 4.2

Proof of Proposition 4.2. Let p= (1 — 0)q1 + 0g2 be as in (3.1), and let g; and go
be the Fourier transforms of ¢; and ¢o, respectively. For k& > 3, put

k
=3 () 0" (g x 3" ().

=3

.

and

k
=35 S Igl(t)gs ().
7=3
Note that f,(t) is the Fourier transform of p,(x) and that p,(z) can be recovered
from fn(t) by means of Fourier inversion. This follows from the fact that g; € L?
(being the Fourier transform of a bounded probability density) and g2 € L* (being
the Fourier transform of a probability measure).
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Using our moment assumptions, it is easy to see for k > 3 and ¢t € R,
TV = Tt/ | = 0w 22y =012,
It therefore follows from (5.9) that for 3 < k < n, [t| < yn'/? and j = 0,1, 2,
i (Fu(t/v/n) — M)

Furthermore, there exist a constant Cp > 0 and a constant n € (0,1) such that
for k > 3 and |t| >,

< 6 (k/n)T/2 e R/ L O(n=3/2 97y (7.1)

k

RO G- | [dod o] <o i HamPr.  72)
§=3
k

I G- e |4 [0 7 0] | < comt PP, (7.3)
j=3

This follows from the fact that g; and go also satisfy (5.10) (possibly with some
modified constant 1) and that ¢} and ¢, are bounded, g1 and g2 being probability
measures with finite moments.

Using the non-negative densities py introduced above, we may write

= V1 Y (B * Gnok)(VRT) + (), (7.4)
k=3
where the remainder term r,(z) is given by

\FZ 1-0) " Uq *" ™V % Gup)(Vna)

+fz 02" (a? + s« Gup)(Viz).  (15)

The functions r,(z) are the signed densities occurring in Proposition 4.2. It is
easy to see that they have the asserted properties. Indeed, because ¢; and ¢ are
probability densities, ¢; is bounded and the total variation norm of G,, is of order

O(1/+/n), we have

) iy C
*J**(k])*G_ <t =1,2
qu 75 n k‘Hl = n—k+1 (.7 ) )
and
) iy C
*J**(kj)*G_ OO<71 = 1.2
lar” * q okl S T (1=12),

so that the asserted properties of the densities 7, (x) follow from the estimate

n (k j k—j n S s
2. WOZere ™ Zikjgk ——om™) (j=12).
= vn—k+1 _k:j\/n—k—i—l ’
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Observe that all the terms in the big sum in (7.4) contain the “factor” ¢}%(yv/nx)
and therefore have Fourier transforms in L'. Hence, similarly as in [Al], using
Fourier inversion and (5.19), we obtain the representation, for x > 0,

() — /2 (@)
C L o)

i+ n—1
it 2 1 " 2 du
+ lim / e~ itz (§ : —kt*/2n _/ e ut /2n ) dt
27TR4>OO 27Tn \/n_k‘ 0 1/77/_ru

n—1

g L (X (e =)z v ) a

=3

1

= (Zk (B alt/V) — ()it V) )

el - n — 1
i e r——

) it/ \/ﬁ> dt.

m(n—k)

Denote the integrals on the right-hand side by I3, ..., I5. Note that all the integrals

implicitly depend on n and x. We will consider each of them separately.
Convention: We always assume that n > 4 and =z € (0,00) (part (a)) or
€ (0,e~1) (part (b)). O- and o-bounds hold uniformly in these regions (unless

otherwise mentioned), and they may depend on the constants v, d1, d2, 3, . . . intro-

duced in Section 5, on the constants Cy and 7 in (7.2) and (7.3), and on the L?-norm

of the function g;.

7.1. The proof of part (a). Throughout this subsection we assume that n > 4
and = € (0,00). The proof is very similar to that of Theorem 1.1 in [Al].

On the Integral I;. Using integration by parts, we get

!hlz% /R e [fn(t/f)—e ”2} dt’
1/( YV 7vn) [fn(t/f) _t2/2] o
" % /(—vx/ﬁ /m)e dt [fn(t/\/ﬁ) a €_t2/2] dt.

y (7.1), the first integral on the right is of the order O(d, + 27") = o(1).
Furthermore, by (7.3), (5.14) and the fact that g; € L?, the second integral on
the right is of the order

O(/('Y\/ﬁ'y\/ﬁ)c (nn”*i’»!gl(t/\/ﬁ)\ (1/v/n) + |tle t/2) >

= O(nn" 3 + e_m2/2) =o(1).
Thus, I1 = o(1/x).
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On the Integral I. By [Al, Equation (24)], we have I = O(1/(y/nx)).
On the Integral I3. For k=3,...,n—1, let

) K (N D B ) EMNOND T

Then, similarly as in [Al], it follows via integration by parts that

sl = 2| [t [ (o — )z, e ai

e 31|+ 2 kol

where I3pq and I3j9 denote the integrals over the sets (—vy/n,vy/n) and
(—vv/n,74/n)¢, respectively. It follows from (7.1), (5.1) — (5.3), (5.7) and (5.8)

that
I3 51] < /
(=rv/nv/n)

+
(=vvnyv/n)
=0

AUNDEE

ok (/) (1)) dt
| Fet/vm) — e 2]

Buk(t/Vm)| dt

/ 5efkt2/4n o—k ] >
(—wravm) Ly/n(n —k \/ (n—k

5k<k/n>1/2|t| 2 )
O d
</ N +\/n<n—k>] t

+
92— k
=0 \/k: \/n — >

Also, using (5.1), (5.3), (5 8), (7.2) and (7.3), the Gaussian tail estimates
(5.13) — (5.15) and the fact that g1 € L?, we get

</ it/ VB 6V e

(—rvnyv/n)e
v NN =N
(=rv/nvn)e

" / R () (1) /) dt
( vaf)c

* / 2 (bt /) ||, (8 /)| dt
%fvf)c

I L s EeTH/2 4 k2 |
vn—k

Therefore,

1 ~k
I3 =0 fM ’ (7.6)
z\/k(n—k)

where 77 := $(14+max{3,, e™/2}) € (0,1). Hence, using (5.17), we get I = o(1/z).
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On the Integral I4. It follows from [Al, Equation (47)] that Iy = o(1/x).
On the Integral I5. It is shown in [Al, Equation (48)] that Is = o(1/z).

Clearly, combining the estimates for Iy, ..., I5, we get part (a) of Proposition 4.2.

7.2. The proof of part (b). Throughout this subsection we assume that n > 4
and z € (0,e71). For these values of z, we can obtain somewhat better estimates
by avoiding the integration-by-parts step.

On the Integral I;. We have
= | [ At - ]
R

<

/ Fult /) — P2t
(=y+v/n,y4/n)

+f Fult /) — 2| dr.
(=rvnyv/n)e

By (7.1), the first integral on the right is of the order O(d, + v/n27") = o(1).
Furthermore, by (7.2), (5.13) and the fact that g; € L?, the second integral on
the right is of the order

o ( / (n"‘2 g1 (t/ )2 + et/ 2) dt)
(_,Y\/ﬁfy\/ﬁ)c
= O(Vn" ™ + J=e 7" %) = o(1).

Thus, I = o(1).

On the Integral Io. We have already mentioned that Iy = O(1/(y/nz)). Now,
using (5.12) and (5.19), we also have

: —1
|I2| = | lim /+R eite 1 nze—kt?/%; B /” Y
R—oo J_R \/% s m 0 \/m
-1
<3 /+OO ML w1 g
B —00 V2mn vn—k

lim e U

N /+R it /”e_utg/gn du dt‘
R—oo J_p V2t Jo vn—u

> +O(1) = O(logn) .

1 1
1<k<n/2 K n/2<k<n \/m
A\

Thus, I = O((logn) A (1/(y/nx))).
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On the Integral I3. For kK = 3,...,n — 1, we can estimate the integral

o= [ (/) — g, e de

in two different ways.
On the one hand, using integration by parts, we obtain

1 1
I3,k =0 (l‘k(n—k)> ) (7-7)
see (7.6).

On the other hand, similar estimates (without integration by parts) yield

FERY S/R‘fk(t/\/ﬁ) — ekt /2n @n_k(t/\/ﬁ)‘dt

</ |:5k ’t’ —kt /4n+ 9—k :|
" oy Ly/nn—k) - Vn—k
[ RONDI| NRONDIE
(=rvnyvn)e

+f
(=vv/nyv/n)e

_ n Ok & VN
O<k n(n—k‘)+2 \/’fl—k')

—kt /2n||—

Back(t/ V)| dt

whence

Iy, = O <Z¢n;7—k> . (7.8)

Using (7.7) for k < na? and (7.8) for k > na?, it follows that

| =

1 1
D DI D SR St
(\/ﬁx 1<k<nz? vk na?<k<n/2 n/2<k<n n(n —
=0(1)+0O(—logz) +O(1) = O(—logz).
Thus, I3 = O(—log z).

On the Integral I. For £k = 3,...,n — 1, we can estimate the integral

L = /R e (G (V) — (<) it/ V) di

in two different ways. On the one hand, using integration by parts and (5.2), (5.3)
and (5.8), we have

< 3 [ Al (A4 1) di = 0 <k<1—k> ) |
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On the other hand, also using (5.2) and (5.8) (but without integration by parts),
we have

Thus, the same argument as for I3 leads to the conclusion that Iy = O(—log z).

On the Integral Is. For £k = 3,...,n — 1, we can estimate the integral
. 1
.[5,]{7 = / eilt‘r efth/Zn((—an_k) —_ 7) ’Lt/\/’ﬁdt
R 2w (n—k)

in two different ways. On the one hand, using integration by parts and (5.8), we get

_ 1 o Ht?/2n e Jt) 1 _ 11
_O<Jr/ <\/n(nk:)+\/n(nk))dt © v\ /k(n—k))

On the other hand, using (5.8) (but without integration by parts), we get

wi=e ([ (i) - (tmm)

Thus, the same argument as for I3 leads to the conclusion that Is = O(logz™1).

The proof of part (b) of Proposition 4.2 is completed by combining the previous
estimates. O

8. PROOF OF NECESSITY IN THEOREM 1.2

Proof of Necessity in Theorem 1.2. Let us quote some well-known results from the
literature: Suppose that |s| < 1. By Spitzer’s formula (see e.g. [Fe, p. 618]), we have

—exp (Z / (e — 1) dFy(x )) (8.1)

for any t € R. Also (see e.g. [Fe, p.416]), we have

1+ Z s"P(Sy < 0) =exp <Z %P(Sk < 0)) =1, P (— Z %P(Sk > 0)>
k=1

n=1 k=1

o0

Z SnE(eitht)

n=0

for any t € R. Thus, Spitzer’s formula (8.1) can be rewritten as

is”E(e“S <1+anps <0>exp (Z / e dFy( )> (8.2)
n=0

for any ¢ € R.

Let us note that the preceding results hold without any assumptions on moments
or on densities. However, if the moment assumptions stated at the beginning of
the Introduction are satisfied, then

P(S, < 0) = 0O(n"/?) (8.3)

for n > 1 (see e.g. [Fe, pp.414f]). Indeed, more precise information is available.
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Expanding the right-hand side of Spitzer’s formula (8.2) into a power series in s
and comparing coefficients, we find that for any n > 1,

}E(eitgi

~—

= F(0) + Frn1(0) / ey . (x) da
0

+ ZFn—m(O)Z Z l'k‘lk?l/ e’ (Phy+ % - * gy 4 ) (2) doz
m=2

I=1 ki,..k>1: 0
ki+..+kj=m
where Fo(0) := 1 and, for any k > 1, p; +(z) := pr(z) for z > 0 and pg 1 (z) := 0
for x < 0. Hence, by the uniqueness theorem for Fourier transforms, we have

Pn(x) = Frno1(0) p1(2) + pn() (8.4)

for almost all z > 0, where p, is a certain subprobability density on the positive
half-line.

Now suppose that (1.7) holds. Then, using Lemma 2.1, we have D (D}, | p4) < 00
for all sufficiently large n € N. It is easy to see that this implies D(p,, | p+) < o0
for all sufficiently large n € N. Therefore, using (8.4), (8.3) and the remark (2.2)
below Lemma 2.4, we may conclude that D(p|¢4) < oo, which entails (1.8) by
Lemma 2.1. O

9. PROOF OF THEOREM 1.3

Proof of Theorem 1.3. Fixe € (0,1), and let ¢ € (0,1) and C' € (1, 00) be such that

/ py(x)dr <e and / oy(x)dr <e. (9.1)
—00 C
It then follows from the Erd6és—Kac theorem (Theorem 1.1) that
/ Dy(z)dx <e and / Dy(z)de < e (9.2)
—00 C

for all sufficiently large n € N. Furthermore, it follows from (9.1) and (9.2) that

+o00 C
7% — 4| da s/ P, — | dax + 4z
C

dry (Sn/v/, Z) < /

—00

for all sufficiently large n € N. Now, using Lemma 3.1 (a) and Proposition 4.2,
we see that

C C C
[ el [ -mldos [ 13- el do = o)
C C C

as n — oo. Therefore, dry (S, //n,Z) < 5e for all sufficiently large n € N, and
since ¢ € (0,1) is arbitrary, Theorem 1.3 is proved. O
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