ON THE GEOMETRIC SIDE OF THE ARTHUR TRACE FORMULA
FOR THE SYMPLECTIC GROUP OF RANK 2
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ABSTRACT. We study the non-semisimple terms in the geometric side of the Arthur trace
formula for the split symplectic similitude group or the split symplectic group of rank 2
over any algebraic number field. In particular, we show that the coefficients of unipotent
orbital integrals are expressed by the Dedekind zeta function, Hecke L-functions, and
the Shintani zeta function for the space of binary quadratic forms.

CONTENTS
1. Introduction 1
2. Preliminaries 8
3. A formula of Labesse and Langlands 16
4. Shintani zeta function for the space of binary quadratic forms 23
5. Structure of GSp(2) 34
6. The geometric side of the trace formula for GSp(2) 42
7. The geometric side of the trace formula for Sp(2) 58
Appendix A. The group GL(3) 62
Appendix B.  The group SL(3) 67
References 68

1. INTRODUCTION

The Arthur-Selberg trace formula is one of the main tools in the study of automorphic
representations of a reductive group G defined over an algebraic number field F' (or rather,
of the group G(A) of the points of G over the adele ring A of F'). This formula is an
identity between two expansions of a distribution J7(f) on G(A), which depends on a test
function f and a truncation parameter 7. The spectral side of the trace formula, which
will not be discussed in this paper, is an expansion in terms of automorphic representations
of G and its Levi subgroups M. The geometric side is, roughly speaking, an expansion in
terms of conjugacy classes of elements v of G(F) and its Levi subgroups [Arthurd]. It is
a linear combination of weighted orbital integrals Jy; (7, f) with coefficients ™ (vy), which
in general depend on the choice of a sufficiently large finite set S of places of F'.

Those coefficients have been determined only in special cases, viz. for semisimple el-
ements 7y (see [Arthur4, Theorem 8.2]), for M of F-rank one (see [Hoffmannl]) and for
M = GL(3) (see [Flicker], [Matz]). The general lack of knowledge has not prevented
applications to the Langlands correspondence, where the above distributions for two dif-
ferent groups had to be compared. However, this problem constrains the study of the
asymptotic distribution of automorphic representations of a single group.

The authors were partially supported by the German Research Council (DFG) within the CRC 701.
The second author was partially supported by JSPS Grant-in-Aid for Scientific Research No. 20740007.
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In the current paper we determine the coefficients a™ (S, ~) when G is one of the groups
GSp(2) or Sp(2) over F. The coefficients will be expressed in terms of certain zeta func-
tions. We will encounter the Dedekind zeta function and Hecke L-functions familiar from
the analogous results for the groups GL(2) and GL(3). The subregular unipotent class
is more interesting, because the Shintani zeta function for the space of binary quadratic
forms enters the stage. Along the way, we also compute the weight factors of unipotent
weighted orbital integrals. The contribution of semisimple elements to the trace formula
is well known, and we leave it aside.

By comparing the coefficients for the two groups considered, we find that the differences
can be interpreted by coefficients of stable unipotent orbital integrals of elliptic endoscopic
groups of Sp(2). Our explanation agrees with Assem’s results on local unipotent orbital
integrals of Sp(2) (cf. [Assem]). This means that our results provide part of the stabiliza-
tion of the unipotent terms for Sp(2). One more point is that the difference of subregular
unipotent terms is a sum of special values of Shintani zeta functions with non-trivial
quadratic characters. From [Saitol] and [Saito2] we will derive a formula expressing such
Shintani zeta functions as products of the Dedekind zeta function and special values of
Hecke L-functions. The formula looks like a stabilization of Shintani zeta functions and
is a generalization of [IS, Theorem 1].

The aim of this paper is not just the computation of certain coefficients. Groups of
rank two are a test field for a program to rewrite the geometric side of the trace formula
in terms of zeta integrals [Hoffmann3]. This approach replaces the invariance argument
of [Arthur3] and removes the restriction on S. It also gives a new interpretation of the
weight factors appearing in singular weighted orbital integrals.

Using the methods of [FL] and [Matz], it should be possible to extend the results to
functions f in an L!'-Sobolev space. This would allow matrix coefficients of integrable
discrete series as test functions and make Godement’s dimension formula a special case of
the trace formula (cf. [Godement]). Godement’s formula has been used to obtain explicit
formulas for multiplicities of integrable holomorphic discrete series of Sp(2,R) (see, e.g.,
[Wakatsuki]). In the present paper, however, we are content with compactly supported
test functions. Applying our current result to the invariant trace formula and using an
argument similar to [Arthur7], we can perhaps obtain multiplicity formulas for individual
discrete series and extend such explicit formulas to non-integrable cases.

1.1. Basic objects. Let us recall the pertinent definitions. For any connected linear
algebraic F-group G, we denote by X (G)r the group of F-rational characters of G and by
Ag the F-split part of the center of G. We have the vector space ag = Homz(X(G)p, R)
and the homomorphism H¢ : G(A) — ag characterized by (He(g), x) = log |x(g)|. There
is a linear function pg on ag such that the character det oAd is mapped to 2pg under
the natural embedding of X(G)r into the dual space af,. The kernel of Hg will be
denoted by G(A)!. Here, the locally compact F-algebra A may be replaced by any closed
subalgebra, e. g. by Fg = [, .4 Fo, where S is a finite subset of the set X of places of F'.
We have A = FgA®, where A® is the restricted product of the completions F, over all
places v ¢ S. If S equals the set 3, of all infinite places of F', we write this decomposition
as A = FAg,.

Now let G be reductive (in which case pg = 0). For any parabolic subgroup P of G
with unipotent radical Np and Levi component Mp, all defined over F', we have a unitary
representation Rp of G(A)! on L*(Np(A)Mp(F)\G(A)'). Tt can be integrated to a rep-
resentation of the Banach algebra L'(G(A)'), and for an element f of the latter, Rp(f)
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is an integral operator with kernel

Ko = Y [ Ja iy an

YEMp(F)

We fix a maximal compact subgroup K = [, .5, K, of G(A) such that Kg, =[], K, is
open in G(Ag,) and that G(A) = P(A)K for all parabolic F-subgroups P. We extend the
maps Hp to G(A) by setting Hp(pk) = Hp(p) for p € P(A) and k € K. For a parabolic
subgroup P’ containing P, the natural projection ap — ap maps Hp(g) to Hp/(g), and
we denote its kernel by af,/. We denote by 7p the characteristic function of the set of all
X € ap such that pp/(X) > 0 for all such P’ different from G.

We also fix a minimal parabolic subgroup F, and a truncation parameter 7" € ap,.
Then we have its projections Tp € ap for the standard parabolic subgroups P (i. e. those
containing Fy). Arthur’s trace distribution is defined for f € C>°(G(A)!) as

(1Y) JN(f) = /G (F)\G(A)IZ(—I)“““? > Kp(dg,09)7p(Hp(dg) — Tp)d'g,

POPRy S€P(F)\G(F)

where d'g is a Haar measure on G(A)'. Its convergence was proved in [Arthur2] under
some regularity condition on 7', which was shown to be unnecessary in [Hoffmann2].

We can define instances Tp € ap = Hom (X (P),R) of the truncation parameter 7" for
nonstandard parabolic subgroups P, too, so that the identity

Hsps-1(09) — Tsps—1 = Ad(0)(Hp(g) — Tp)

holds for all § € G(F) and g € G(A). In view of Hsps-1(0g) = Ad(8)(Hp(g) — Hp(671)),
it suffices to set Tsps—1 = Ad(6)(Tp — Hp(67')) for all standard parabolic subgroups P
and all § € G(F). In the formula for J7(f), we may omit the sum over ¢ if we extend
the other sum over all parabolic subgroups P. Thus, the choice of Fy is unimportant. In
[Arthurb, Section 2], a version J(f) = J(f) was defined, where Ty is determined by the
choice of K and a minimal Levi subgroup M,. We will, however, retain the dependence
on T. When expanding JT(f) in terms of weighted orbital integrals, it is useful to make
those depend on T as well.

This entails a minor modification of the weight factors introduced in [Arthurb]. Let
M be a Levi subgroup of GG. This means that M is a Levi component of a parabolic
subgroup P, in which case there is a canonical isomorphism ay; — ap. The set P(M) of
such parabolic subgroups is in bijection with the set of chambers in a,;. We consider the
Fourier-Laplace transform

Op(N) L = / 7p(X) X dX
anr
of 7p defined for X € a}; - with Re(\) negative on the chamber a}; corresponding to P. Its
inverse p()) is a homogeneous polynomial and extends to all of a}, ¢. For any g € G(A)
and any truncation parameter T, the family of functions
vp(\, g, T) = MTp—Hp(9))

on ia},, indexed by P € P(M), is a (G, M )-family. Hence
UP()‘797T)
Ag,T) = _—
’UM( 95 ) PZ QP(A)
eP(M)

extends to a smooth function on ia},. We put vy(g,7) = limy_ovar(A, g,7). Then
vsms-1(09,T) = vpr(g, T) for all 6 € G(F).
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Next we recall from [Arthur6] the definition of weighted orbital integrals J1,(v, f) for
v € M(F)and f € C®(G(Fs)), where S is a finite subset of ¥ containing ... We denote
by G, 4 the centralizer of v in G, by G, the Zariski-connected component of 1 in G,
and by g, its Lie algebra. We fix a G(Fls)-invariant measure on G.(Fs)\G(Fs) and set

D(v) = det(1 — Ad(0))y/q, € F,

where o is the semisimple part of 4. In the case G, C M, the function vy, is left G, (Fs)-
invariant, and one defines

(1.2) Ty f) = | D)2 / F(g~"7g) var(9, T) dg.
G+ (Fs)\G(Fs)

In the case G., ¢ M, one uses the weighted orbital integrals J] (ay, f) with Levi subgroups
L containing M and a € Ay (F) such that G,, C L. Note that the set of such ay has v
as a limit point. Arthur has introduced a (G, M)-family {rp(\,v,a) | P € P(M)} such
that, with the aid of the corresponding function

. rP()‘777a)
) =iy Y PO

Op(M)
and its analogues with L in place of GG, one can define

(1.3) Ty £y =lim 7 riy(y.0) JE (av. f)-
LeL(M)

We will recall the definition of rp in Section 2.4 below, where we introduce a minor
modification in order to simplify the explicit formulas. One recovers the traditional 7-
independent distribution Jy/ (7, f) by replacing all points Tp by zero. However, one then
loses the property

JgMéfl(&y(silv f) = JJI\;(% f) (5 S G(F))

and has to stick to the set £ of standard Levi subgroups, i. e., those containing M.

Finally, we can state the fine geometric expansion of the trace distribution. Suppose
that v, v € G(F) and let o (resp. ¢’) be the semi-simple part of the Jordan decomposition
of v (resp. 7'). We say that 7/ is (G, S)-equivalent to + if there exists an element § € G(F)
such that ¢ = 67 '¢’0 and the unipotent elements o'y and o' ~'§719'§ are G,(Fs)-
conjugate. We denote by (M(F))us the set of (M, S)-equivalence classes in M(F).
Then, for every compact subset A of G(A)!, there is a finite subset Sa D Y, of ¥ such
that, for every finite subset S of ¥ containing Sa, every M € L and v € M(F') there are
numbers a (S, ~) such that

JU) =Y WITwWE T Yy a8 (v f)

MeL YE(M(F))m,s

for any f € C°(G(Fs)') with supp f C A (cf. [Arthur4, Theorem 9.2] for the case T =
Ty). On the left-hand side, f is extended to G(A)! by setting f(g59°) = f(gs)¢dKs(g°) for
gs € G(Fs) and ¢g° € G(A%), where ¢ks is the characteristic function of K¥ = [To¢s Ko
Due to the conjugacy invariance, we may replace the sum over £ by a sum over the set
of G(F)-conjugacy classes of Levi subgroups M, in which case the factor [WM||[WE|~*

disappears.
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1.2. Summary of results on coefficients. We are going to summarize known results
as well as our new results on the coefficients appearing on the geometric side of the
Arthur trace formula. For groups of F-rank one, the coefficients can be expressed by
prehomogeneous zeta functions (cf. [Hoffmannl] for the non-adelic situation). In the
present paper, however, we work entirely in the adelic situation. The coefficients a™ (S, v)
for arbitrary elements v can be expressed in terms of the coefficients a“* (S, u), where o
and v are the semisimple and unipotent parts of v, resp. (cf. [Arthur4, (8.1)]). Therefore
it is enough to consider unipotent elements of groups G which can occur as centralizers of
semisimple elements. For unipotent elements, (G, S)-equivalence coincides with G(Fg)-
conjugacy. Thus, we consider the set (Ug(F))g,s of unipotent G(Fs)-conjugacy classes
which meet G(F).

We need the following additional notation related to the number field F' and its adele
ring A. We denote by | | the idele norm on A* and set A' = {& € A* ||z = 1}. For each
finite place v, let m, denote a prime element of F), and let ¢, denote the cardinality of the
residue field of F,. If x =TI, xv is a character on A'/F* = AX/F*(R*)°, where x, is a
character on £, we set

s\—1

(1 = xo(mo)q, )
1.4)  Ly(s,xv0) = Lr(8, x0) = v , . :
(1.4) (s, xv) Fo(8, X) {1 if v < oo and Y, is ramified,

if v < oo and Y, is unramified,

L5(s,x) = L3(s,x) = HL S, Xv), and L(s,x) = Lg(s,x)= HL (s, X0),
vegS V<00
where S always denotes a finite set of places of F' which contains all Archimedean places.
It is well known that L(s, ) is absolutely convergent and holomorphic for Re(s) > 1
and can be meromorphically continued to the whole complex s-plane. We set

(1.5) (p(s)=L%(s,1p) and (p(s) = L(s,1p),

where 1 denotes the trivial character of A'/F*. It is known that ((s) has a simple pole
at s = 1. If x # 1p, L%(s, ) is holomorphic at s = 1.

For general conventions concerning measures on Levi subgroups, unipotent radicals,
and maximal compact subgroups see Section 2.3 below. The volume of G(F)\G(A)! will
be denoted by volg. Since a®(S,1) = volg (cf. [Arthurd]), it is enough to consider the case
u # 1. We must choose measures for a§, and Jg(u, f). For the choices in the following
cases, we refer to Sections 3.4, 5.3, 6.1, and 7 and Appendices A and B.

First, we review known results for GL(2), SL(2), GL(3), and SL(3). For convenience,
we set

(1.6) e = <é (f) € SL(2).

If G = GL(n) or SL(n), then My denotes the minimal Levi subgroup which consists of
diagonal matrices in G. In the case G = GL(2), we have (Us(F))g,s = {1,u1}. Here,
we identify each G(Fg)-conjugacy class with its representative element. We denote by cp
the residue of (r(s) at s =1 and by ¢z (S) the constant term in the Laurent expansion of

(2(s) at s = 1. We know from [FL, JL, GJ] that

VO]MO
9).
QCF CF( )

In the case G = SL(2), we have (Ug(F))as = {1, ua|a € F*/(F* N (F§)?*)}. We set
Xs = [l,es Xv and |z|s = [],cq |2]o- The stabilization of unipotent terms in [LL, (5.11)]
5
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provides
(S uy) = V;LJZO {cF(S) + ) xs(@) LS(LX)} (€ F*/(F*N(F5)%)
X#1p

where y runs over all nontrivial quadratic characters of A!'/F* such that x, is unramified
for any v € S (cf. Section 3). Note that the right hand side is a finite sum.
For G = GL(3) or SL(3), let M’ be a maximal Levi subgroup containing M,. We set

1 00 110
0 1 and u) = o}
0 1 1

u =

1 1
0 0
In the case G = GL(3), we have (Ug(F))gs = {1, «', u]}. Let 3 denote the residue of

(2(s) at s =1 and let ¢/-(9) denote the coefficient of (s — 1) in the Laurent expansion of
(p(s) at s = 1. We deduce from [Flicker] (cf. also [Matz]) that

d 8

35 CR(8)]s=2 voly,

ds GL(3) " _ 0 2 / S
50 and a (S, uf) —30% {CF(S) —{—cF(S)cF}.

If G = SL(3), then (Us(F))as = {1, v, ul|la € F*/(F* N (F$)?*)}. Using the
arguments for SL(2) and GL(3) we have

GLB)(S ') = volyy

B9, o) = vol F ) s=2
(5] = vl o)
vol
S8 (S, /) = 36]\2/[0{CF(S)2+CF Jep+ > xs(e) L9(1,x) L¥(1, x 1)}
F

X#1p
where y runs over all nontrivial cubic characters on A!'/F> such that , is unramified for
any v € S (cf. Appendix B).

From now on, we assume that S contains all places dividing two. This assumption is
necessary only to simplify descriptions. In order to explain our formulas for GSp(2) and
Sp(2), we recall the Shintani zeta function for the space of binary quadratic forms. We
denote the equivalence class of an element d € F* in F* /(F*)? by d. For each d, we have
the quadratic character x4 = [], xa» on A'/F* by class field theory. We set

QF)={dc F*/(F*)?|d e F* — (F*)?}
and, for dg € F¢,
Q(F,S,ds) = {d € Q(F) | d € ds(F)*}.

The Shintani zeta function is given by

Y

CF<23 —1) CF(QS) Ls(la Xd)
;d 7
5 ( S) g( ) gleﬂ(Z ) LS(287 Xd) N(fds)s_§

where N (§3) equals the product of the numbers g, over all v ¢ S for which ., is ramified.
This zeta function £%(s;dg) is essentially the same as the series & (s) of [Datskovsky].
However, his formulation and argument are not suitable for trace formula. We will repro-
duce it using Saito’s results [Saitol, Saito2, Saito3] in order to simplify some arguments
and clear up relations for rational and adele orbits and local and global measures. Addi-
tionally, we need his results to study explicit forms of Shintani zeta functions with non-
trivial quadratic characters. The original Shintani zeta functions in [Siegell, Shintani]

can be related to the zeta functions £7(s; dg) via zeta integrals (cf. [Saito2, Section 2]).
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The groups GSp(2) and Sp(2) have four classes of unipotent classes, which are (1) unit,
(2) minimal, (3) subregular, and (4) regular. We set

1 0 a O 11 0 «

o100 (L o1 0 «
(17) nmin(a)_ 00 1 0 ) nsub(x)_ <02 12)7 nreg(a)_ 0 0 1 0 )
00 01 0 0

where I (resp. Oy) is the unit (resp. zero) matrix of degree two. Note that ng,,(z) € Sp(2)
if and only if z is symmetric. Denote by VO(F) the set of non-degenerate 2 x 2 symmetric
matrices over F' and by ~g the equivalence relation on V°(F) such that z ~g y if and
only if det(z~'y) € (F§)?. Then, we have

(Ucsp) (F))aspe),s = {1 min(1), e (), mueg(1) |2 € VA(F)/ ~s }.

When G = GSp(2) or Sp(2), then M, denotes the minimal Levi subgroup consisting of
diagonal matrices in (G, and non-conjugate maximal Levi subgroups M; and M, containing
M, will be chosen in Section 5.1. We will see in Section 6.1 that

1
A% (S, min(1) = 2 GH(2),
2CF
1 vol CR(3) L CE(8)|sms if 2 ~gx

GSp(Z)S :VOMle: S. — det + My F dsSF s=3 s ¥,
a ( 7n511b(x)) 2CF F( ) € (I‘)) 2CF 0 lfx %S gl,

vol 3vol

aOPO(S, i (1)) = 552 (er(S))* + =75 () ¢
cE 4cp
where 1, = (1) _01 and €p(S,a) is the constant term in the Laurent expansion of

£5(s;a) at s = 3/2.

Next, we treat Sp(2). We denote the Hasse invariant of an element x of VO(F') over
F, by e,(z) and define an equivalence relation ~%5 on VY(F) by = ~% y if and only if
det(z71y) € (F&)? and e,(x) = &,(y) (Vv € S). We easily see that

(USp(2)(F))sp(2)75 = {1, nmin(a)’ nsub($), nreg(Oé) ‘ « ExF;/‘ﬁfé;?/(fi)Q)v } )

We will see in Section 7 that
vol
(S, nin (@) = 52 >~ xs(a) L9(2,X),
X

where x runs over all quadratic characters on A'/F* such that y, is unramified for each
v &S, that

1
aSPA (S, nw(1)) = V;’ Mg (S, — det(z))
Cr
volyy, JCE(B) ™M L¢a(s)|sms  if @~ 11,
2 Cp 0 if x ’749 151
vol
g (H&(m)) >, L(xa)
F Ces deqvr (F,S,— det(z))

where

QY(F,S,ds) = {d € Q(F, S,ds) | X4 is unramified for any v & S },
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and

volaz,
0% (8, g () = 55e0(S) {er($) + D xs(a) LS(LX)}
F XF#1F
3vol 0 ./ VOI Yt Mo
* 4C2M ¢ (S) i 5°C Z xs(@ LS (s X) =1
F

X#LlF

where y runs over all nontrivial quadratic characters on A' / F* such that , is unramified
for each v ¢ S.

By the study of local unipotent orbital integrals in [Assem|, we can find relations
between the above coefficients and elliptic endoscopic groups of Sp(2). Assume that the
value of voly, (k= 0,1,2) is the same for GSp(2) and Sp(2). Theorem 4.2 (ii) of [Assem]
suggests that the difference a°® (S, nyin()) — a“P@ (S, nyin (1)) comes from the central
contributions of the quasi-split groups SO(4, x4). The value L°(2, x4) in the coefficient
aSP@) (S, nyin (@) should stand for the volume volso(a,y,)- Similarly, the value L¥(1, y4) in

(S, ngup()) should stand for volso 2 X d . This is compatlble with [Assem, Theorem
4.3 (ii)] implying that the difference P (S Neup (7)) — aSPA (S ngyp(x)) comes from
the central contributions of SL(2) x SO(2, x4). Furthermore, we see that the difference

SP2) (S, Npeg () — aS3PP) (S, nyee (1)) equals a linear combination of the coefficients of
the regular stable unipotent orbital integrals of SO(4, x4) and SL(2) x SO(2, x4). Such
coefficients for SO(4, x4) can be studied by the method of Labesse and Langlands (cf. the
proof of Theorem 3.1). This agrees with Theorems 4.2 (i) and 4.3 (i) of [Assem].

2. PRELIMINARIES

2.1. Further notation. Let Q, R, and C denote the field of rational, real, and complex
numbers respectively. We denote by Z the ring of rational integers. We set (R*)? = {z €
R|z > 0}. Let i denote the complex number /—1. For z = z +iy € C, (z, y € R),
we set |z| = /22 +y? and Z = x — iy. For any ring R, R* is the subset of invertible
elements of R. For a finite set X, the cardinality of X is denoted by |X]|. If k is a field
of characteristic zero and K is a finite extension of k, then we denote by N () (resp.
Trg/k(x)) the norm (resp. trace) of x € K.

Let F' be an algebraic number field and let © = Og be the integer ring of F. We
denote by Yo, = Ypeo (resp. Xp, = Xpan) the set of all the infinite (resp. finite) places
of F'. The set ¥ = Yp = X U X5, consists of all places of F'. For any v € X, we
denote by F, the completion of F' at v. We set ¥¢ = Xpc = {v € L |F, = C},
ER = ZF,R = {?J € Eoo | Fv = R}, and 22 = EEQ = {U S EF | U|2}

For each v € Xg,, we denote by O, = O, the ring of integers of F,. Let 7, be a prime
element of O,. We put ¢, = |O,/m,0D,].

Let A = Ap be the adele ring of F, Ag, = {(z,) € A|z, = 0 for any v € ¥}, and
Foo = [l es. Fo- Let A% be the idele group of F', Ag, = {(z,) € A* |z, =1 for any v €
Yooty and F = [[,ex. Y- Then, we have A = o x Ag, and A* = FX x Ag . Let V be
a vector space over F'. We denote by S(V(F,)), S(V(A)), S(V(Fx)), and S(V(Agy,)) the
space of Schwartz-Bruhat functions on V' (F,), V(A), V(AL), and V(Ag,) respectively.

Let dz denote the Haar measure on A normalized by [ , dr = 1. We fix a non-trivial
additive character 1)g on Ag/Q and set 1 = 1)g 0 Trp/g. Then, dx is the self-dual Haar

measure with respect to ¢p, i.e.,
— [ da)r(-ay)da
A
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for € S(A) and y € A, and we set

6:) = [ dyur(e) da.
A
In particular, the Poisson summation formula on F\A is given by
S @) =S dly) (o€ SA)).
zeF yeF

Let dz, denote a Haar measure on F;, for each v € 3. We may assume that

de = H dz, and / dz, =1 (v € Zgy).
vEYX v

Under this setting, for ¢¥p = [], .5 ¥r,, we note that dz, is not the self-dual measure
with respect to ¥, in general. We denote by | |, the normal valuation of F,. Then, we
have d(az,) = |a|,dz, for any a € F*. Note that |m,|, = ¢; ' if v € Zgn, [T0o]o = |7y
if v € g, and |z|, = |2]? if v € X¢c. We define the idele norm | | = | [, on A by
|| = |z|a = [l,ex |T0|v, Where & = (2,) € A*. Then, we have d(axz) = |a|dz where
a€A*. Weput A' = {z e Al|z| =1}

Let d*x, denote a Haar measure on F for each v € . We normalize d*z, for v € ¥g,

dz, .
by the condition fDx d*z, = 1. Hence, d*z, = (1 — ¢, )" | Ti if v € Yg,. We also
normalize d*x, for v € ¥, by the condition d*z, = 2 The idele norm | | induces an

|20
isomorphism A*/A'" — (R*)°. We choose the Haar measure d*z = [], . d”*z, on A~
and normalize the Haar measure d'z on A! in such a way that the quotient measure on
(R*)? is dt/t, where dt is the Lebesgue measure on R.

For (z1,xs,...,2,) € F', we define
|21 + |2o]? + - + |2, if v € X,
||(x17x2a"'7xn)||11: (‘LE‘1|2+|$2‘2+"'+‘$n‘2)1/2 ifUEER,
max(|z1|v, [T2|vy -y [Tnlo)  if v € Bg.
Let ¢ = (z,) € A" If ||z,]|, = 1 for almost all v, then the height of = is defined by
2] = TToes 120l

Let S be a finite subset of X. We set Fg =[] . F,,. We define the norm | |s on Fg by
[z|s = [[,eg |70|o where z = (2,) € Fs. We also define || ||s on F§ by |z|ls = [[,cq [|2o]lo
where © = (z,) € F§. A measure dzg (resp. d*zg) on Fg (resp. F¢) is defined by

drg = Hd% (resp. d*zg = dexv).

veS vES

For an F-vector space V', let S(V(Fs)) denote the space of Schwartz-Bruhat functions on

V(Fs).
Let R be a ring. We denote by M(n, R) the ring of matrices of degree n over R. Let
diag(ay, asg, . .., a,) denote the diagonal matrix whose entries are given by ay, as, . . . , a,, let

I, denote the unit matrix of M(n, R), and let O,, denote the zero matrix of M(n, R). For a

matrix z, 'z is the transpose of z. Let GL(n, R) denote the group of invertible matrices in

M(n, R), and SL(n, R) denote the subgroup of matrices with determinant one in GL(n, R).

Let G C GL(n) be an algebraic group defined over F. Let G(F') (resp. G(F),)) denote

the group of F-points (resp. F,-points) of G. We denote by G(A) the adelization of G.

Set G(Agn) = {(z) = G(A) |z, =1 W € 3)}, G(Fw) =[] F,, and G(Fs) =
9
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[[,es G(Fy). We set G(O) = G(F) N GL(n,Y) and G(9,) = G(F,) N GL(n, O,) for each
v € Ygn. Let G,, denote the multiplicative group and let Rp/p(H) denote the group
obtained from an algebraic group H over E by restricting scalars from E to F'. We set

aSp(2) = {g e GL(4) ‘ 3u(g) € GL(1) st 'g (_Of2 éé) 9= nly) (9122 32) }

and Sp(2) = {g € GSp(2) | u(g) = 1}-

Let C*°(G(Fy)) denote the space of compactly supported smooth functions on G(Fy,)
and let C2°(G(Agyn)) denote the space of compactly supported locally constant functions
on G(Ag,). We set CX(G(A)) = CX(G(Fy)) @ C2(G(Agn)).

We put U(n) = {g € GL(n,C) |g'g = 1.}, SU(n) = {g € U(n)| det(g) = 1}, O(n) =
{9 € GL(n,R) |g'g = I}, and SO(n) = {g € O(n) | det(g) = 1}.

2.2. Tate integral. Let y be a character on A'/F*. Since A'/F* is identified with
A /F*(R*)?, we may put x = [],cx Xo Where X, is a character on F for each v € .
For ¢ € S(A), we set

(s = [ e x@ o) da = [ el Y o) dia

></F>< yEFX

The Tate integral ((¢, s, x) is absolutely convergent and holomorphic for Re(s) > 1. If
we put (4 (¢, s, x) = fAX/FX 2] >1 |z]® x(x) ¢(x) d*z, then ( (¢, s, x) absolutely converges

for any s € C and is entire on C. By the Poisson summation formula we have

(21) C(Qb, 37X) = C—l—(gba S, X) + C—}—(Qg, I S, X_l) + 5X /F‘X\Al dlx(,fi—())l B @>

where §, = 1 if x is the trivial character 1z of A'/F* and ¢, = 0 if xy # 1p. Hence,
¢(¢,s,x) is meromorphically continued to the whole complex s-plane and satisfies the
functional equation ¢(@, s, x) = C(d,1 — s,y b).

Let S be a finite subset of X and xs = [],cg Xo- Assume that S contains Y. In (1.4)
and (1.5), we introduced the functions L°(s, x), (2(s), and (r(s). We set

Cs(0s,5,Xs) = /FX ¢s(rs) |55 xs(rs) d*zs (95 € S(Ag)).

It is well known that (s(¢s, s, xs) is absolutely convergent and holomorphic for Re(s) > 0,
and (s(¢s, s, xs) is meromorphically continued to the whole complex s-plane. Let ¢y,
denote the characteristic function of O, for each v € Yg,. For ¢g € S(Fs), we set
¢ = ¢s X [ g5 P00 € S(A). If we assume that x, is unramified for any v ¢ S, then we
have

C(¢757X) - CS(¢37$7XS) X LS<87X)'

Some of the main properties of L9(s,y) is deduced from this equality and (2.1). For

example, it follows that the residue cg of (r(s) at s = 1 satisfies cp = fFX\Al dlz. We will

often use the Poisson summation formula to study several integrals and zeta functions.
For convenience we put

1—g;H)™ b ifv € Xg,
cv:{( a") v fi cS:Hcv, and cf;:cglcp.

1 ifveXy, oS
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Note that cgdrg = |rg|sd*zs. It is clear that ¢ is the residue of L°(s,1p) at s = 1.
We define the constant ¢z (.S, x) by

. d s
cr(S,x) = lim (s = 1) L¥(5,%).

If x # 1p, then cp(S, x) = L7(1, ). We also define the constant ¢/-(S, x) by

1 d?
/ N i . S
CF(SJ X) - 2 51—1>I-§1’—11 ds2 (S 1) L (87 X)
If X # 1p, then ¢(S, x) = L L5(s, x)|s=1. For simplicity, we put ¢x(S) = ¢p(S, 15) and
¢-(S) = ¢»(S,1r). Then, the Laurent expansion of (3(s) at s =1 is
S

C}?(S) = SC_Fl +CF(S) + C};(S) (S— 1) e

2.3. Algebraic groups. Let G be a connected reductive algebraic group over F. We
recall the notations X (G)r, Ag, ag, a, Hg, and G(A)! which were defined in the first
paragraph of Section 1.1. The group Ag is isomorphic to GL(1)™ over F' for a certain
m € Zso and X(G)p is a free abelian group of rank m. The space a* satisfies af, =
X(G)r ®z R and X(G)p is identified with a subset of aj,. For a split forms A over F,
we write A* = A;(R) where A; = Rp/g(A). We can identify A" with a subgroup of
A(Fy) by the diagonal embedding. Then, we have G(A)! x AL = G(A). An isomorphism
Al = ag is obtained from the map Hg. Fix a Haar measure dg (resp. dH) on G(A) (resp.
ag). We have a Haar measure on Af, induced from dH by the isomorphism. Hence, a
Haar measure d'g on G(A)! is deduced from dg and dH. We set

volg = / dlg.
G(F)\G(A)!

Let dg, denote a Haar measure on G(F,) for each v € ¥. We may assume dg = [[, .5, dgs.
For a finite subset S of ¥, a Haar measure dgg on G(Fys) is defined by dgg =[], g dgo.

Let M be a Levi subgroup of G over F. We denote by L(M) = L% (M) (resp. F(M) =
FY(M)) the set of Levi (resp. parabolic) subgroups of G over F that contain M. For each
P € F(M), the Levi decomposition of P is denoted by P = MpNp where Mp € L(M)
and Np is the unipotent radical of P. We set P(M) = PY(M) = {P € F(M)|Mp = M}.

From now on, we fix a minimal Levi subgroup My. We set £ = L% = L(M,), F =
F¢ = F(My), and P = PY = P(My). For each v € X, we take a maximal compact
subgroup K, of G(F,) which is admissible relative to My (cf. [Arthurb, Section 1]). We
set K = [[,ex Ky. The group K is a maximal compact subgroup of G(A) and called
admissible relative to My. Then, we have G(A) = P(A)K for any P € P. Furthermore,
KN M(A) is admissible relative to My for any M € L. We set Ap = Ay, and ap = ayy,
for each P € F. A surjection Hp : G(A) — ap is defined by

Hp(nmk) = Hyp(m), n € Np(A), me Mp(A), ke K.

Let M € L. By the restriction X(M)r — X(Ay)r, we have a bijection aj, — a7, ,
by which we identify both vector spaces. Let My € L, M, € L, and M; C M,. Then,
we have Ay, C Ay, C My C My over F. Since the restriction X (My)p — X (M;)p is
injective, we obtain a linear injection aj;, — a},, and a linear surjection ay;, — az,. Since
the restriction X (A, )r — X (A, )r is surjective, we have a linear surjection ay, — aj,,
and a linear injection ay;, — ap,. We set

a%f ={a1 € apy | (a1,a5) =0, Vaz € ay, }
11



and
(a%fyk - {CLT S a}k\/ll | <CL2,CLI> =0, Vay € aM2}
Then, we have
_ Mo x % Mo\ *
ar, = an, @ ays  and  ay, = ay, O (ay)
Let g denote the Lie algebra of G and let Ad denote the adjoint representation of G on
g. Let P € F. We set ap =}, ap = a%ﬁ?, and (aj2)* = (a%ﬁ?)* Let np denote the
Lie algebra of Np. For each a € X(Ap)p, a subspace n, of np is defined by

n, ={X €np | Ad(a)X = a(a)X, Va € Ap}.
Then, a finite set ®p is defined by
p={ae X(Ap)g | a #0, n, # {0}}.

We easily see that np = @nea,no. We denote by Ap the subset of primitive roots, i.e.,
those a € ®p which are not of the form 8 + v with 8, v € ®p. This is a basis of (a%)*.
We fix a minimal parabolic subgroup Py € P. Set ag = apg,, a5 = a3y, al = a84 P= a%g’ ,
(al)* = (a'")" = (a%ﬁf)*, and &y = ®p,. Now, &y U (—Py) is a root system in (a$)* and
®y is a system of positive roots. Let Wy = W§ denote the Weyl group of the root system
Do U (=Dp) in (af)*. We set Ag = Ap,, i.e., Ag is the set of simple roots attached to ®y.

-~

Let Ay denote the set of simple weights corresponding to A,.

Let P € F. Assume that P D Fy. A subset Al of Ag is defined by ap = {a €
ao | {a,a) =0, Vo € AP}, We set Ap = {@, € (a9)* | a € Ay — AP}, where @, is the
fundamental weight corresponding to o. Assume that P, P, € F and Py C P, C P,. We
set A = {aln € (a5)" [ a € AP — Af'} and AR = {wlm € (ap)" | € Ap —Ap}.

1 1
Note that Ap,nn,, = A% and ﬁpmMPQ = K%.

Let P € F. Recall the element pp € (a%)* defined in Section 1.1. The element pp

satisfies pp = %Zaeép(dimna) a and 0p(z) = e2rHr@) (x € P(A)) is the modular

character of P. Fix a Haar measure dg on G(A) and a Haar measure dH on ap. We
denote by dn the Haar measure on Np(A) normalized by [ Np(F)\Np(4) dn = 1. Let dk

denote the Haar measure on K normalized by fK dk = 1 and let da denote the Haar

measure on ALP induced from dH. Then, there exists an unique Haar measure d'm on
Mp(A)! such that

f(g)dg:/ / / /f(nmak)eQPP(HP(“))dkdlmdadn
G(A) Np(A) J Mp(A)! ALP K

for any f € C>°(G(A)). A Haar measure dm on Mp(A) is determined by dm = d'mda.
For each v € X, let dg, denote a Haar measure on G(F,) and let dn,, dm,, and dk,
denote Haar measures on Np(F,), Mp(F,) and K, respectively. We may assume that
dg = [l,ex dgv, dk =[], dky, dn =[], cx dny, and dm =[], .5, dm,. Furthermore, we
may also assume that

/ dk, =1 (ve), / dn, =1 (v € Zg)
Ky NP(FU)PIKU

and

/ fo (gv)dgv = / / fv(nvmvkv)e_sz(HP(mv)) dk, dm, dn,
G(Fy) Np(Fy) J Mp(Fy) J Ky
12



for any v € ¥ and any f, € C®(G(F,)). We also have the Haar measures dng =
[I,cs dn, dmg = [],cq dm, and dkg = [],cq dk, on N(Fs), M(Fs), and Kg =[], K,
respectively.

2.4. Weighted orbital integrals. We revisit the definition (1.3) of weighted orbital inte-
grals Ji, (7, f), where M is a Levi subgroup, v € G(F) and f € C°(G(Fs)") for some finite
subset S of ¥ containing Y.,. There is an alternative description depending on a choice
of a parabolic subgroup P, € P(M). We decompose the integral (1.2) defining Jy (a7, f)
in the case G, C M by writing g = nmk with n € Np,(Fs), m € M,(Fs)\M(Fs) and
k€ Kg = [[,cs Ko. Then o = m~'ym runs through the M (Fs)-orbit O, (M (Fs)) of ,
and a further substitution n~'aun = auv yields the formula

Tty £) = 1D @) 8m @) [ [ k) v, T) do dad
Ks JOy(M(Fs)) J Np, (Fs)

where n is to be regarded as a function of v and au. Recall that the weight factor was
obtained from the (G, M)-family of functions vp(A,n,T). A modified (G, M)-family is
given by

wp(A, a, uv, T) =vp(A\,n,T) Hr/g()\, v, a),

B
where [ runs through the reduced roots of (Np/(Np N Np,), Apr) and
A(BY)/2 —B1M\BY) - v
O 7,0) = 0[5 = @ = (@ - (- )P,

Here ﬁ;/ € ays is a coroot scaled by a nonnegative factor in such a way that the limits
wp(A, 1, uv) (and their analogues for Levi subgroups L € L(M) in place of G) exist and
are nonzero for generic A and v. With the corresponding function

1 wP()‘7 17#”? T)
(2.2) wp (1, pv, T) —}\1{}% Z ey
PeP(M)

one now has

(2.3)
Ty (v, ) = |[DM() §/2§P1(7)1/2/ / / f(k pvk) wa (1, pv, T) dv dpu dk.
Ks v Oy(M(Fs)) Y Np, (Fs)

Arthur actually defines rg differently, namely as |a” — a—ﬂ@(ﬁ”). Since this produces

additional constants in explicit formulas, we have adopted the present modified definition.
It also has the property [Arthur6, (3.5)]. Thus, if we define a (G, M)-family as in [Arthur6,
(5.1)] by
re(A\7y.a) = [ rs(A/2,7, ),
B

where /3 ranges over the reduced roots of (P, Ay;), then the proof of [Arthur6, Lemma 5.3]
applies (slightly generalized by the inclusion of the truncation parameter 7') and shows
that the formulas (1.3) and (2.3) agree.

The version of formula (2.3) given on top of [Arthur6, p. 256] looks more complicated
because it is intermingled with descent to the unipotent case. This descent is based
on the following fact. If v has semisimple part ¢ and unipotent part u € G,(F'), then
rp(\,v,a) = rp, (Ao, u,a) for a € Ay (F), where \, € aj, ¢ is the image of A € aj, ¢
under the natural map induced by the embedding Ay, — M (cf. [Arthur6, (5.1)]). There
is also a global version of this descent introduced in [Arthur4]. Before stating it, we have

to recall another form of the geometric side of the trace formula.
13



2.5. The coarse geometric expansion. Two elements of G(F) are called O-equivalent
if their semisimple parts are G(F)-conjugate. Let O = O denote the set of O-equivalence
classes in G(F). For any parabolic subgroup P, any 0 € O and f € C°(G(A)'), we define
the partial kernel function

Kraot) = Y [  Ja mhan

YEMp(F)No

Since P(F)No = (M(F) No)Np(F), it does not depend on the choice of Mp. If we
replace Kp by Kp, in the definition (1.1) of J7(f), we obtain a distribution JI'(f), and
the coarse geometric expansion is

HOUEDIPAG]
0cO
It was proved in [Arthur2] that the sum over O together with the integral over G(F)\G(A)!
implicit in J7(f) is absolutely convergent. The unipotent elements of G(F) make up an
O-equivalence class, and the corresponding term is denoted by Ji; (f).

2.6. Descent to the unipotent case. Let 0 € G(F') be semisimple and assume that o
is F-elliptic in M, i. e., Apy = Ay, Let K, be a maximal compact subgroup of G,(A)
with the analogous properties as K. As always, we consider distributions that depend
on a truncation parameter. In [Arthur6, Cor. 8.7] and [Arthur4, p. 197], the components
of T resp. T, corresponding to nonstandard parabolics are treated incorrectly. In fact,
the truncation parameters T for G and T, for GG, are independent of each other. For
R € F7(M,) (the analogue of F(M) with G replaced by G,), g € G,(A) and h € G(A),
we define

Calg T T) = S 75(Halg) — Tor) 3 (1) #(Ho(gh) — To).

SeF°(Mgy) QeF (M)
SDR Qo':
Then
> ()R Hp(gh) = Tp) = > (1) #5(Hr(g) — Tor)Ts(g. h, T, T).
PEF(M) SeF?(R)
P,=R SOR

This follows from the equivalence of (4.1)* and (4.2)* in [Arthur4] applied to the (G, M)-
orthogonal set that is given for P € P(M) by

Ye7"(g,h) = (Hp,(9) — Tr,) — (Hp(gh) — Tp).

Thus, if we denote the integral of T'r(a,h,T,,T) over a € (R(A) N G,(A)Y)/R(A)' by
vR(h,T,,T) and set

i (m) = dg(m)'/? / / F(h ok mnkh)vy(kh, T,, T) dn dk,
7 o NR(FS)

then Lemma 6.2 in [Arthur4] takes the following form. If o is an O-equivalence class
in G(F) containing the semisimple element ¢ and (“(¢) = G, (F)/G,(F), then for
f € C*(G(A)") we have

_ —1 Mg, TE .
Jy (f) = :%()] 1/ > WEIWEE | T (fiT) dh
Go(AN\G(A) pe Fo(M)

where T'® is a truncation parameter for My derived from 7" in the obvious way.
14



Now we fix v € G(F) with Jordan decomposition v = ou and return to the local
situation. Let again S be a finite subset of ¥ containing ¥, and set K, s = K, NG, (Fys).
For a parabolic subgroup R of G, let K(g) denote the second component of g € G,(F)
in the decomposition G,(Fs) = R(Fs)K,s. Then, for P € P(M) and h € G(Fs), we
have

Yp"'(g,h) = Tp — Hp(Kp,(9)h) — Tp,.
These points form a (G, M )-orthogonal set that can replace {—Hp(Kp,(g)h) | P € P(M)}
in the formulas in [Arthur6, p. 250/251]. The resulting version of [Arthur6, Cor. 8.4] then
reads
vp(gh, T) = Y v (9)vp(Kr(9)h, T,, T),
ReF7 (M)
and [Arthur6, Cor. 8.7] becomes

Tyt d) =10 [ S T (ST b
Go(Fs)\G(Fs) ReFe(My)
for f € C(G(Fs)h).
Now the proof of [Arthur4, Lemma 7.1] is correct and applies to general truncation
parameters. The dependence on T, drops out, as the left-hand side does not depend on
it. If we set

(o) = .
0 otherwise,

{1 if Ac, = Ag,

we have the descent formula for coefficients
a®(S,7) =%(0) |G (@)t D) a% (S u),
{u] run~r}

where the sum is taken over all u € (Ug, (F))q,.s such that ou is (G, S)-equivalent to
(cf. [Arthur4, Theorem 8.1]).

2.7. Mean value formula for SL(2). Let G denote the algebraic group SL(2) over F'
and let V' denote the vector space with the F-structure V(F) = F & F. Let dg be a Haar
measure on G(A). We denote by dz; (j = 1, 2) the Haar measure on A defined in Section
2.1. Hence, dz = dx; dzy is a Haar measure on V(A). We define a right action of G on
V by

x - g = (axy + cxe,bxry + dxy) for g = (CCL Z) € Gand z = (1,79) € V.
We set V9 equal to the scheme-theoretic complement of (0,0) in V. For any F-algebra B,

a point z € V(B) belongs to V°(B) if and only if there exists an F-linear function [/ on
V such that [(x) = 1. It is known that

) - g)dg = vol d
(2.4) /G oy 2 ) dg = vl /V R

where f € C>®(V(A)) (cf. [Siegel2, Weil, Ono]), and that the complement of V°(A) in

V(A) has measure zero. This formula is called a mean value formula. We set

v={(5 V) ect ma v={(§ 7)ec}

15
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Fix the Haar measure on A}, as dt/t for (t,t7') € A};, where dt is the Lebesgue measure
on R. We also set

SU(Q) if v e e,
K=][K., K,={50(2) if v € T,
veX SL(Q,Dv) if v € Ygn.

The group K is equal to the stabilizer of the height function on V°(A) in G(A). Fix
the Haar measure dk (resp. dn) on K (resp. N(A)) normalized by [, dk = 1 (resp.
fN(F)\N(A) dn = 1). According to Section 2.3 we obtain the Haar measure da on A* =
M(A) for diag(a™,a) € M(A) from dk, dn, and dg. Since VO(F) is a single G(F')-orbit
and N (F') is the stabilizer of (0,1), formula (2.4) is equivalent to

(2.5) / £((0,a) - k) |a2 dadk = volg / (@) da.
K Jax V(A)
If d* 2 is the Haar measure on A* defined in Section 2.1, then we have da = c¢;'voly, d* 2.

3. A FORMULA OF LABESSE AND LANGLANDS

In this section, we generalize the formula [LL, (5.11)] and discuss its application to
the trace formula. It can be regarded as a generalization of the non-adelic formula [HH,
Theorem 1.2], which was applied to dimension formulas for spaces of Hilbert cusp forms.
A further generalization was given by Wright [Wright, Theorem I.1] in the study of preho-
mogeneous zeta functions. However, the original method of Labesse and Langlands gives
not only an alternative proof for [Wright, Theorem I.1] but also of more general formulas.

3.1. A formula of Labesse and Langlands. Let F' be an algebraic number field and F
a finite algebraic extension of F'. For each w € ¥, we denote by | |,, the normal valuation
of Ey,. For v € ¥r and w € ¥, the notation w|v means that F, is the completion of F'
via w. In this case, |z|, = |Ng,/p, (2)|, for z € E,,.

We fix a natural number n. We consider the n-fold direct sum A = E™ of algebras
and the n-fold direct product M = Rg/r(G,,)" of algebraic groups. Hence, A* = M(F).
A Haar measure dm on M(A) is defined by dm = [[;_, dm;, where dm; is the Haar
measure on A} given in Section 2.1. We identify ¢ € (R*)? with (y,,) € A%, y,, = t/IFU
Vw € Y¥poo), Yw = 1 (Yw € Eggn). For each k, we denote by d*t; the Haar measure
on (R%)* C A} of Section 2.1. We define the Haar measure d*¢ on A}, = ((R*)%)"
by d*t = [[,_, d*t;. From this we have a normalization of d'm. Let V denote the
vector space with the F-structure V(F) = A. For s = (s1,52,...,5,) € C*" and m =
(m1,ma,...,my,) € M(A), we set

n n
ml% = [ Imil, and |mla =] lmla.
j=1

J=1

A zeta integral C4(¢, s, x) for A is defined by
a6 = [ ofm) mf x(m) dm,
M(A)

where s € C", ¢ € S(V(A)), and y is a character on M(A)'/M(F). We easily see
that Ca(¢,s,x) absolutely converges for Re(sg) > 1 (k = 1,2,...,n) and Ca(¢, s, x) is

meromorphically continued to the whole s € C™.
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Let H be a connected reductive algebraic group over F. Fix a Haar measure dh on
H(A). Let d*h be the Haar measure on H(A)' according to Section 2.3. Assume that
there exists a F-rational homomorphism ¢ from H to M. The image of h via ¢ will be
denoted by h‘. We set

h* = (hi,hay ... hy)
for h € H. The F-rational homomorphism « : M — M is defined by

k(m) = (mj',m5%, ..., m")
where k; € N (1 < j <n). We set m" = x(m). We consider the algebraic group
G=MxH

over F. For m = (my,ma,...,m,) € M, h € H, and x = (x1,29,...,2,) € V, the action

of G on V is defined by
(m,h) -z =m"h'x = (m{*hyxy, m§2hoxo, ... ,mi"hyay,).

The pair (G,V) is a prehomogeneous vector space over F. We define a zeta integral

2 (¢,5) by
4" (¢, 5) :/ / |m” % Z d(m~hz)d*hdm,
M(A)/M(F) J H(A)'/H(F)

rEAX

where s € C" and ¢ € S(V(A)). If Re(sg) > 1 (k=1,2,...,n), then (7*(¢, s) absolutely
converges. The following is a generalization of the formula [LL, (5.11)].

Theorem 3.1. Let ¢ € S(V(A)). The zeta integral (¢, s) is meromorphically contin-
ued to the whole C". Furthermore, it satisfies the formula

540.5) = (TT w5 ) volur D Calr,%).
Jj=1 X

where x Tuns over all characters on M(A)'/M(F) which are trivial on x(M(A)') and
L(H(A)).

Proof. We will prove the formula in the same manner as the proof of [LL, (5.11)]. Assume
Re(sk) > 1 (k=1,2,...,n). Then, we have

(¢, s) = >
z€M(F)/k(M(F))(H(F

where I(F) = {(m,h) € G(F)|m"h* = 1}. By the Poisson summation formula for
M(F)/k(M(F)(H(F)) and M(A)/c(M(F)).(H(F)) we have

Gy (. 5) = voly >

XE(M(F)/k(M(F))e(H(F)))*+

/ o((m.h) - ) [, ',
) aa)x (81 /1(F)

/ / d(m hm') | m”|5 x(m') A*m d h dtm’.
M(A)/k(M(F)u(H(F)) J (M(A)xH(A)Y)/I(F)

By change of variable we get
' (0s) = (T]#7") volat >
J=1 XE(M(F)/k(M(F))(H(F)))*+
/ / d(m hm/) /|5 x(m') d'm d*h dm/.
M(A) /(M (F)u(H(F)) J (M(A)' xH(A)')/I(F)
17



Since the map G(F)/I(F) — k(M (F))(H(F)) ((m,h) — m"h") is bijective, we find

CZL (b? (H Ky ) VOI]T/[1 Z <A(¢7 S5 X)

J=1 XE(M(F)/k(M(F))u(H(F)))*+

/ X(hL)—ldlh / X(mn)—ldlm
H(A)'/H(F) M(A)L/M(F)

by change of variable. From this we have the formula of this theorem for Re(s;) > 1,
k=1,2,...,n. For afixed test function ¢, the right hand side is a finite sum. Therefore, it
follows from the formula that ¢y*(¢, s) is meromorphically continued to the whole s-space.
Hence, the proof is completed. 0

3.2. Modified zeta integral. Since X(Rp/p(Gy,))r is generated by Ng,p, we have

Hom(X(Rg/r(Gp))r, R) = RY where Y(Ng/p) = 1. We identify R™ with a,; by the

map t — tY (t € R). Hence, Hy;(m) belongs to R for any m € M(A). We denote by Y,

the set of subsets of {1, 2, ... ,n}. Let T = (11, T»,...,T,) € ayy and Y € ),,. We set

Y ={1,2,...,n} =Y. Let 7y (t1,ts,...,t,) denote the characteristic function of
{(tl,tg, R ,tn) e R" ’ t, < =T}, (Vk € Y)}

Let dvg (1 < k < n) denote the Haar measure on A g normalized by fAE/E dv =1. We set
dvy = H dvg  for v = (v1,v9,...,0,) € V(A),
key
AY = {(.Z'l,.’l?g,...,xn) c A‘.fk =0 (Vk E?)}},
and
V() = {(1, 72, .- 20) € V(A) |71 = 0 (Y € V)}.

For vy = (v1,v2,...,v,) € Vy(A), we set dvy = Hjey dv;. We define a modified zeta
integral (7" (¢, s, T) by

o1 = [ dm/ a'h
M(A)/M(F) )L/ H(F)
]m“]i‘ Z |Y| Z / NhL .CEY + 'Uy)) dUY TT7y(HM(m)).

Y€EYVn xYEAX

An additive character ¢y on V4 (A) is defined similarly to Section 2.1. For ¢ € S(V(A))
and Y € ), we set

~

¢  (vy +ay) = / o(zy + yy) Yy (zyyy) dyy
Vy (A)

where zy € Vy-(A) and xy € V5-(A). Let 1,, denote the element (1,1,...,1) of C". Then,
the Poisson summation formula is

Y dlalwy+ay) = Y ¢ (axy +a wy) lay[y"
Ty €Ay ry €Ay
where a € M(A). From this formula we obtain

(3.1) Z ¢lazy) = Z (- Z & (Oy—yr +a 'zyn) Jay| 3"

xyEA;i Y"cy'cy Q?YNEA;,”
18



We set
D}tT = {(t17t27‘ cstn ) € ((RX)O)n|t/€ > e Tk (Vk € Y)a =1 (Vk’ S ?)}7

Dy ={(tr, ta,. . t) € (R)) [ty <e™ ™ (Vk€Y), tr =1 (Vk€Y)}.
We put d*ty =[],y d*tx. By using (3.1) we have

Vo, s, T) :/ d'md'h DY / d*ty
A o, PBIC DD vuz

Yeyn ZCY Dﬁ UD—
Z 15, 1% Z ¢”(m (m Rt zy + (m~ ) (h ") (t") xz + 0y_z)
I'YGA%, zzEA} ZCcY
— T,
% (_1)\2\ |t%|;11n H e~ fksk Tk
key—z RSk

Thus, we find that (¢, s, T) absolutely converges for Re(s;) >0 (k =1,2,...,n). We
also have

(g, 5) :/ d'md'h Y / d*ts,
A G /G(F Z Z Yuz

Y€YVn ZCY Di UD—
Z L=y Z oY ( (m k't zy + (m= ) (k) (") xz + 0y_z)
x7€A§, xZEAE ZcUcCY
—kksk Tk —(kksk—kr) Tk
x (=D IT © < IT ©
vevoy kS icveg MiSi TR

By the above two equalities we easily find that

i TT o TT6ss — 0 G0 = S (0" (T70) 2 v 1w T3)

k=1 " j=1 YeEDn lev

where Ry = (/ik)key, Ly(h) (hk)kEYa (by Jiy fV —(A) JJY + $7> d;E?, and Ty =

(Tk)rey. Hence, we obtain

#2  Genn- Y (116) aSkH ) G (o),

YeVn €Y

where sy = (sg)rey. Especially, if we substitute ’76 = (0,0,...,0) € ap; into (3.2) as a
polynomial of T', then

n n

(33 (6,10, T0) = lim TT 5 D) Ci'(:9).

J=1

3.3. Orbits and Decompositions. Let S be a finite subset of X, x a character on
M(A)'/M(F), and ¢ € S(V(A)). We set Sp = Uyes{w € Xg|w|v}. There exist
characters x1, X2, ..., xn 00 AL /E* such that x = [}, xx. We set

Xk = H Xk,ws Xv = HHXk,wa Xs = H H Xk,w

wWEX R k=1 wlv k=1 weSEg

and
n

Li(s.x) = [ T L2 (s xe)

k=1
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where L%(s,y) was defined in (1.4). Let ¢y, denote the characteristic function of V(9,).
We may assume the following condition on S.

Condition 3.2. The finite set S satisfies that S O Yp, there exists a function ¢g €
S(V(Fs)) such that ¢ = ¢s]],z5 o0, and V(Ory) = D, (Orw)*" for any v ¢ S.

This is clearly satisfied for S large enough. In this case,

/ 005 o (1) iy, — [Tici ILup LEw(Sks Xkw)  if X0 is unramified,
V(0.) oA AT ! 0 otherwise

for any v € S. If x, is unramified for any v € S, then we get
Cald,s,x) = / ds(ms)[msly xs(ms) dmg x Li(s, x).
M(Fs)

For Y € V,, we set

X?S'/ - H H Xkwo |m|Y,S - H |mk|SE’ CE(S7 X) = H CE(SE7X/€)7

key weSe key kY
= aray =1, xlurany =1, Xk—lE(VkGY)
R = { HXk ‘ Xkw 1s unramlﬁed for any w ¢ SE and any k=1,2,...,n [~

Note that |Ryg| is a finite set. The following theorem is derived from Theorem 3.1 and
(3.3).

Theorem 3.3. Fiz a test function ¢ € S(V(A)). Assume that S satisfies Condition 3.2.
If we substitute Ty = (0,0,...,0) € ay into (3.2) as a polynomial of T', then we have

(61 T5) = ™ ()M Y (8, x)

/{/.
HJ L™ yey, xERy.s

X ds(ms) [ms|a x&(ms) log |mysy ) dms.
/M(Fs) < H )

keYy

For Y € Y,, we set
My = {m = (mi,ma,....,my,) € M|m; =1 (Vj €Y},
and
Oks = My(F)/{Mz(F) N (k(M(Fs)) «(H(F5s)))}-

Since O, g = My (Fs) /{ My (Fs)N(k(M(Fs)) L(H(Fs)))}, we deduce the following theorem
from Theorem 3.3.

Theorem 3.4. Fiz a test function ¢ € S(V(A)). Assume that S satisfies Condition 3.2.
If we substitute Ty = (0,0,...,0) € ap; into (3.2) as a polynomial of T, then we have

(61 To) = VOIH SO @Y ) s,

J 1 JYeynyeo XERy. s

<[ os(ms) lms|a ([T 1og lmls, ) dms.
My (Fs){vr(Ms-(Fs)) e(H(Fs))} keY
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Ifn >3 A=F"" k(mi,ma,...,mu,_1) = (mf,msy,....me_ ), H= GL(1)"2, and
t(hi,hay oo hag) = (h1,hay ..o hya, hih% .. h"73), then it seems that ('y*(¢, 1, To) is
related to the contribution of regular unipotent elements of SL(n, F'). Hence, the value
L3(1,x) L¥(1,x?) ... L9(1, x" 1) should appear in such coefficients for any character y on
A'/F* satisfying that ™ = 1p and Y, is unramified (Vv € S). In Appendix B, we will
apply Theorem 3.4 to the case SL(3).

3.4. Application. We apply Theorem 3.4 to express coefficients of unipotent orbital in-
tegrals by ¢g(S, x) and xg for several cases. In Propositions 5.6, 5.7, and 5.8, we give a
classification for O-equivalence classes containing non-semisimple elements in GSp(2, F').
Using Lemma 5.5 we can get a similar classification for Sp(2, F'). In the following exam-
ples, for G = GSp(2) or Sp(2), we consider the group

g:Ga

where o is a representative semi-simple element of such O-equivalence classes. We can
easily prove the following examples by using Theorem 3.4. We do not mention all the
cases for such G,, since it is easy to get similar results for such cases. For each G, K
denotes a suitable maximal compact subgroup of G(A) and M, denotes a minimal Levi
subgroup of G. Let Ty denote the point in gy defined in [Arthurb, Section 2]. Fix a finite
set S D Y, and assume that f € C°(G(Fys)).

Example 3.5. Let G = GL(2) and K be the same group as Ky in Section 4.9. The
notation u, was defined in (1.6). It is trivial that (Ug(F))gs = {1, ur}. Let My =
{diag(a,b) € G}. We choose the Haar measures t~'dt on {diag(t™',t) € A}, /As} where
dt is the Lebesgue measure on R. Normalizing a measure on O,, (G(Fs)), the orbital
integral Jg(uq, f) is given by

Jour, f) = cs / Fks g ks) das dks

Kgs J Fg

where dxg (resp. dk:g) is the Haar measure on Fg (resp. Kg) defined in Section 2.1 (resp.
2.3). We set ¢(z) = [i f(k " uyk) dk. Then, we have

Tt (f) = volg f(1) + (9,1, o)

where A=F, H=G,,, : =1d, and k1 = 2. Here, Id denotes the identity map. Thus, we
have

VOIMO

VOlMo

ag(S,ul) = CF(S).

2CF
In the following examples, a test function ¢ will be defined as Example 3.5.

Example 3.6. Let G = SL(2), M, = {diag(a,a™') € G}, and K be the same group
as K in Section 2.7. We take the Haar measure dt/t on {diag(t™',t) € A}, }. We

have (Ug(F))g.s = {1, ua | o € F*/(F* N (FF)?)}. The distribution J'% (f) is equal to

unip

volg f(1) + ¢! volay, ¢4 (6,1, Ty) where A = F, H = {1}, and x; = 2. Now, we set

Jg(ua, f) = Cg / / f(k:gluxsk‘g) drgdkg (Oé € FX).
Ks Ja(FX)2

Hence, we have

vol
a?(S, uy) = 2;\;02963 a)ep(S,x) (e FX)

21



where y runs over all quadratic characters on A!'/F* satisfying that y, is unramified for
any v € S.

In the following examples, measures dp on O,(G(Fs)) (u € (Ug(F))g,s) are determined
by dks and dmg similarly to Examples 3.5 and 3.6.

Example 3.7. Let E be a quadratic extension of F' and ¢ be the non-trivial element in
Gal(E/F). We set

G=Ugr(l,1)= {9 € Rp/r(GL(2) ’g ((1) (1)> a('g) = ((1) (1)) }

and M, = {diag(a™',0(a)) |a € Rg/r(G,)} C G. We choose a suitable maximal compact
subgroup K such that Ty = 0 and the Haar measure ¢t~'dt on {diag(t™',t) € A}, }.
In this case, we have (Ug(F))g.s = {1, ua|a € F*/(F* N Ng/r(Eg,_))} and Jh (f) =

unip
VOlgf(l)—l—C;;l c;;l volpg, €' (6,1, To) where A= F, H = Rg/r(Gy,), t = Ngjr, and ky = 2.
Let Py = { S “) e g}. Assume that £ = F(w) and Np,(F,) N K, = {tsw |2 € Op,}
(Vo & S). It follows from Theorem 3.4 that

VOIMO

ag(S,ua) = e

{er(S) + xms(@)er(S, Xr) 0.5},

where yg is the character on A'/F* corresponding to E, dps = 11if xg, is unramified
for any v € S, and dg g = 0 if there exists a place v € S such that xg, is ramified.

Example 3.8. Set G = {g € Rp/r(GL(2)) | det(g) € G,,,} and M, = {diag(a™"',ab) |a €
Rg/r(Gp), b€ Gy} It is possible to choose a suitable maximal compact subgroup K
such that Ty = 0. We choose the Haar measure ¢t~ 'dt on {diag(t™',t) € A}, /A$}. Then,

we have (Ug(F))gs = {1, ua|av € EX/(E* N ((EgE)QFSX))} and Jo. (f) = volgf(1) +

unip

cpt et voly, (5 (0,1, Tg) where A = E, H = G,,, ¢+ = Id, and x; = 2. Let Py =

{ (3 :) € g}. If we assume Np (F,) NK, = {u; |z € $uuOpw} (Yo € S), then we

find that

1
a’g(Su Ua> - V;)C/:O ;CE(SEJX>

where y runs over all quadratic characters on AL/E* satisfying that x| a1 = land x, is
unramified for any v € S.

Example 3.9. We set G = {(g1,92) € GL(2) x GL(2)| det(g1) = det(g2)}, My =
{(diag(a~",ab),h)|a,b € G,,, h € GL(2), b = det(h)}, My = {(h,diag(at,ab))|a,b €
G, h € GL(2), b = det(h)}, and M, = {(diag(a™!,ac),diag(b™*,bc)) | a,b,c € G,,}.
A maximal compact subgroup K is defined by Kj of Section 4.9. We fix the Haar
measure ¢~ 'dt on {(diag(t™',t), Ir) € A}, JAS} and {(I,diag(t™',t)) € A}, /As} and
the Haar measure t;'t;'dt; dt, on {(diag(t;',t1), diag(t; ', 1)) E Al JASY. We set
uaﬁ (U, ug). Test functions ¢y, (bg, and ¢3 are defined as ¢;(x fK [k ug ok)dk,

= [ f(E gk dk and ¢3(z,y) = [ f(F 'upyk)dk. We put A =F, H =G,,,

V —Id and x'(m) = m?. Wealsoput A = FO&F, H = G,,, (a):(a,a),and/f(ml,mg):
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(m?,m3). Then, we get (Ug(F))gs = {1, u10, U1, Ua1|a € F*/(F*N(FF)?)} and

N/Ll ! 1 9 K/Ll !
I (f) =volg f(1) + C T (91,1, Ty) + o S (60,1, T5)

VOIMO

VOl_M1

CZL(és,(l 1), To)-

Thus, we see that

1
ag(S, ULQ) = Yo Ma

vol
M n(S),  a%(S,upy) =

CF(S),

2cp 2cr

and

1
a‘(S, ta,1) VOMOZXS ) ¢r (S, x)*

where y runs over all quadratic characters on Al /F* satisfying that x, is unramified for

any v € S.
4. SHINTANI ZETA FUNCTION FOR THE SPACE OF BINARY QUADRATIC FORMS

4.1. Zeta integral. Let F' be an algebraic number field. Algebraic groups H' and H
over F' are defined by

=GL(2) and H = H'/Ay (= PGL(2)).
We also define an algebraic group G over F' by
G = GL(1) x H.
Note that A¢ = GL(1) and G = Ag x H. We set
V={zecM?2)|z="2} and V°={z€V]|detz #0}.
A right action of G on V is defined by
‘hah, x€V,g=(a,h)€G,ac Ag, h€ H.

T e t(h)
The pair (G, V) is a prehomogeneous space. Note that the action is faithful.

Let da denote a Haar measure on Ag(A) and let dh denote a Haar measure on H(A).
Then, dg = dadh is a Haar measure on G(A). An element R € ag is defined by
R([(a,h) — a]) =1 ((a,h) € G). Then, ag is identified with R by the map tR — t
(t € R) and we see that Hg((a,h)) = logla| ((a,h) € G(A)). We choose the Haar mea-
sure on ag induced from the Lebesgue measure on R by the identification. Furthermore,
a Haar measure d'a (resp. d'g) on Ag(A)! (resp. G(A)!) is induced from da (resp. dg)
and the Lebesgue measure. We have d'g = d'a dh.

We set w(g) = a® for g = (a,h) € G = A x H. Let x be a quadratic character on
A'/F*. We set x(g) = x(a det(h™!)) for each g = (a,h) € G(A). We also set

VHF) ={z € VYF)| — det(x) € (F*)*}.
We define the zeta integral Z(®, s, x) by
Z(®,s,x) = / W@ x(g) D> ®(x-g)dg
G(F)\G(A) i
where s € C and ® € S(V(A)).

Lemma 4.1. The zeta integral Z(®,s,x) absolutely converges for Re(s) > 3/2 and
Z(®, s, x) is holomorphic for Re(s) > 3/2.
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Proof. From [Saito3, Theorem 1.1] and Lemma 4.4, we find that Z(®, s, x) is absolutely
convergent if Re(s) is sufficiently large. Since it is possible to estimate the integral

fG(A)/G(F) w(g)|<1 wW(9)|* D sev+(r) P(x - g)dg by direct calculation, we can easily prove
this lemma. 0

4.2. Orbits and Stabilizers. We need some lemmas in order to apply Saito’s formula
[Saito2, Saito3] to Z(®, s, x) (Lemmas 4.2 and 4.6 were simply written in [Saito2, p.597]).

Let d denote the element of F*/(F*)? which is represented by d € F*. For a € G,,,
we set

(4.1) Lo = ((1) 0@) e V',

For each x € V(F), we put G, + = {g € G|x-¢g = x}. Let G, denote the connected
component of 1 in G, . Let H'(F,G) denote the first Galois cohomology set for an
algebraic group G over F (see, e.g., [PR, Section 1.3]). We set II; = G,\G,, + for any
d € F*. The following two lemmas can be proved by direct calculation.

Lemma 4.2. Let d be an element of F'*. Then, we have

G;d,+={(1, ((_Ol)k (1)> (g df))eG‘kzo or 1, a2—d527£0}.

Let L =F(d). Ifd € (F*)?, then L= F®F and Gy, = G,, over F. If d ¢ (F*)?
then L is a quadratic extension of F' and Gy, = G,,\Ry/r(G,,) over F. Note that G, =
R(Ll/)F(Gm) ={y € Ry/r(Gy,) | Nr/p(y) = 1} over ' (cf. [PR, p.76]). For any field k O F
and any d € F*, we have |I14(k)| = 2.

.

Lemma 4.3. There is the one-to-one correspondence between F* /(F*)? and the set of
G(F)-orbits in VY(F), which is given by

de F*/(F*)? — 14-G(F) e V/(F)/G(F).
Letd, dy € F*. The 1-cocycle zg4, = [0+ \/d/di(\/d1/d)"] (o € Gal(F/F)) is trivial in
HY(F, 1) if and only if d, € d(F>*)?. Hence, we have a bijection F* /(F*)? — HY(F,1l,),

dy — (the class of zaqq, ).
For an algebraic group G, we denote by X (G) the group of the characters of G.
Lemma 4.4. Let d € F* and L = F(\/d). The group X (G,,) is the free Z-module Z(w),

where w is defined by
B« a— BVd
If d € (F*)?, then w is defined over F and X(Gy,)r # {1}. If d & (F*)?, then w is
defined over L and X (Gy,)r = {1}.
Proof. This lemma follows from Lemma 4.2. O

We put X,.(G) = Hom(G,,, G) for an algebraic group G.

Lemma 4.5. Let d € F*. The group X.(G,,) is the free Z-module Z{w*), where w* is
defined by
" (a+1)/2  d(a— 1)/(2\/3)>
w e a — G, .
((04 —1)/@2Vd)  (a+1)/2
Proof. We can prove this lemma by direct calculation. 0
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Let A(G) denote the torsion group of G which is defined by [Borovoi].

Lemma 4.6. Let d € F*. Ifd € (F*)?, AG,,) = {1}. Ifd & (F¥)?, A(G,,) = Z/2Z.
We have A(G) = 7Z/2Z. The canonical map from A(G,,) to A(G) is injective.

Proof. This lemma follows from Lemma 4.5. 0

4.3. Quadratic characters. We denote by ( , ), the Hilbert symbol on F* x F for
each v € ¥. For d € F) we set xq,() = (d,x), (v € F)), that is,

1 if do? 4+ 2% = +? has a non-trivial solution in F,,
Xd,v( ) = .
—1 otherwise.

Let d € F¥ — (F*)? and L = F(vd). Let yq denote the quadratic character on
A'/F* corresponding to L via class field theory. We know that x4 is an isomorphism
AL /F*Npp(Af) — {£1} and satisfies x4 = [[,ex Xd0o- For any non-trivial quadratic
character Y on A'/F*, there exists a unique class d € F*/(F*)? (d # (F*)?) such that
X = Xd-

4.4. Local zeta functions. Fix a place v € ¥. For d, € FX we set d, = d(FX)? €
FX/(FX)?. The following lemma is trivial.

Lemma 4.7. There is the one-to-one correspondence between FX/(FX)* and the set of
G(F,)-orbits in VO(F,), which is given by
d, € FX/(FX)* — 14, - G(F,) € V)(F,)/G(F,).
In particular, |F*/(F))?| is finite.
Recall that H' = GL(2). The action of H' on V is defined by
z-h'="'"zh, heGL(2), zeV.

The pair (H', V) is a prehomogeneous vector space over F. Note that (det(h'),h') -z =
h' -z for any W' € H'. For each x, € VO(F,), we define the Hasse invariant ¢,(x,) by
eo(1y) = (a, )y(a, B)o(B, B), where 'h'zh’ = diag(«, 3) for a certain ' € H'(2, F,). We
set
5 d, € F, e=1or —1,
E(F) = {(dv’€> | Jz, € VV(F,) s.t. —det(z,) = d, and € = g,(x,) }

The following lemma is well-known.

Lemma 4.8. There is the one-to-one correspondence between the set of GL(2, F,)-orbits
in VO(F,) and E(F,), which is given by
z, - H'(F,) € VO(F,)/H'(F,) — (d,,e,(2,)) € E(F,) (d, = — det(x,)).
Let x, be a quadratic character on F,‘. The trivial representation of F, is denoted by

1p,. Fix an element d, € F,*. Assume that x, is 1g, or x4, .. A function x, on V(F},) is
defined by
(z2) = 1 if x, = 1p,,
AT @) eolEa) 3 Xo = Xavo-
If Xv = Xd, v, then we have
Xo(d,  (av, ho)) = xu(ay det(hy ")) eu(ra,)  ((av, ho) € G(F)).

Note that €,(rq,) =1 if v € ¥ U X9 and xg, , is unramified.
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We define the measure dz,, on V(F),) by
dz, = dzy, dzi9, dzs, for z, = ($1’v 3312’”) e V(F,)
' ’ ’ T120 T2

where dz, , is the measure on F), defined in Section 2.1. Set VOFE,,d,) =14
define the local zeta function Z,(®,, s, x.;d,) by

-G(F,). We

v

<3
Zv<q)v> Sy Xvs dv) = / ‘ det<xv)‘v ? Xv(xv) (Dv(l'v) dxv
VO(Fy,dy)

where s € C and ¢, € S(V(F,)).
From now on, €, is 1 or —1. Let VO(F,,d,,<,) denote the preimage of (dy,e0) € E(F)
via the map of Lemma 4.8. The local zeta function Z(®,, s;d,,c,) is defined by

_3
20(Dy, 51 dys24) — / | det(z)|" 2 @y () dz,
VO(Fy,dy,ev)

where s € C and ®, € S(V(F,)). We set E(F,,t,) = {({,,&,) € E(F,)} for each t, € F*.
Clearly, |E(F,,t,)] =1 or 2. Since x, is a constant on each H'(F},)-orbit, we have

(4.2) Z(®0 s, xids) = D U7 (D, i dy, )
M E’U(Idv)
(dv,av)eg(Fvadv)

if Xo = Xdy0-

Lemma 4.9. Assume v € Xg,. Zy(Py, s, Xo; dy) and Zy(q)v, s;dy, €,) are absolutely con-
vergent for Re(s) > 3/2 and meromorphically continued to the whole complex s-plane.
The poles of Zy,(Py, S, Xv; dy) and Z,( Py, s;d,, €,) are contained in {0, 1/2}.

Proof. This statement follows from [Igusal, Theorems 1 and 2], Lemmas 4.7 and 4.8, and
(4.2). O

Lemma 4.10. Assume v € Y. Z,(Dy,8,x0;dy) and Zy(q)v,s,;dv,av) are absolutely
convergent for Re(s) > 3/2 and meromorphically continued to the whole complex s-plane.
The poles of Z,(Py, s, Xv; dy) and Z,(Py, s,;dy, €,) are contained in Z<g U (% +Z<o).

Proof. See [SS] or [Igusa2]. O

Let S be a finite set of places, ds = (dy)ves € FS, €5 = (€v)ves € {£1}!5 and
dg € S(V(Fs)). Assume that x, = 1p, or Xq,.. We set Xs = [[,cq Xvs dZs = [[,cq dT0,
VO(Fs,ds) =11,eq VO (Fy,dy), and VO(Fs,ds,e5) = [[,eg VO (Fu, dy, €,). We also set

o3
Zs(®s, 5, vs: ds) = / [ det(zs)|? vs(rs) Ds(zs) das
VO(F57dS)

and

s—3
Zs(q)g, S; ds, 85) = / | det(ms)|5 2 (I)S(xs) dl’s.
VO(Fs,ds.es)

We set E(Fs,ds) = [[,cqE(Fy, dy). By (4.2) we have

veS
(43) ZS(q)mSaXS;dS) = Z (H€U>ZS((I)S,S;dS,€S).
(ds,&s)ES(Fs,ds) veS

where e, = 1 if x, = 15, and ¢, = &, X £,(t4,) if Xo = Xdy.0-
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Lemma 4.11. Zs(®g, s, xs;ds) and Zg(®g, s;dg, es) are absolutely convergent for Re(s) >
3~/2 and meromorphically continued to the whole complex s-plane. Zg(®g, s, xs;ds) and
Zs(Ps, s;dg,es) are holomorphic for Re(s) > 1/2.

Proof. We may identify the pair (G(F),V(F)) with a prehomogeneous vector space
over R. Hence, this lemma follows from [SS], [Igusa2], and Lemma 4.9. O

4.5. Explicit formulas. Let ® € S(V(A)) and x = [[,cx Xv be a quadratic character.
We set

(4.4) Q(F)={d e F*/(F*)*|d e F* — (F*)?*}
and

2(®,5,v;d) = / w@lPxe) 3 @ g)dg,

G(FN\G(A) z€ra-G(F)

where d € F* — (F*)?. By Lemma 4.3 we have
Z(®@,5,X) = Y Z(®,s,x;d),

deQ(F)

Let @, denote the characteristic function of V(9,). We will assume the following con-
dition for S.

Condition 4.12. The finite set S satisfies that S D Yo U Yo and there exists a function
g € S(V(Fs)) such that ® = @5 X [], 4 Po,0-

For d € F* — (F*)? we set
N(f7) = 11 v
v€S , Xd,v is ramified

for S D Y. If S contains Y, Uy, then fg means the conductor of vazs Xd,» Since xq is
quadratic. Let 1g denote the trivial character on Fg. We set x45 = HUE 5 Xdyo-

Theorem 4.13. Fizx d € F* — (F*)?, a quadratic character xy on A'/F*, and a test
function ® € S(V(A)). Assume that Re(s) > 3/2. We have

Z(®,s,x;d) =0
unless x = 1p or xq. Assume that S satisfies Condition 4.12. If x = 1, then we have
volg 25N L5(1, xa)  CP(2s — 1)C7(2s)
2eRCR2) T L2, xa) N(TS) 3
If x = xa and X4, is unramified for each v ¢ S, then we have

volg 2151 L3 (1, xq)
Z(P, s, xa;d) =
(B xad) = g G0

If x = xa and there exists a place v € S such that x4, is ramified, then Z(®, s, x;d) = 0.

Z(CDwS?]-Fad) =

X ZS((I)57$7 1Sad)

X C§(2S — 1) X ZS((I)S757Xd,S;d>‘

Proof. We easily see that

1 a
Z®7S7X;d :—/ X( ) G/ZS(PZ: . a’h
( ) 2 Jo,ancm  \det(h) || (x4 - (a, h1))

« / x(det(hs)) dha dhy d*a
Grg(F)\Gry(A)
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where hy € G, (A)\H(A), hy € G, (F)\Gy,(A), and dh = dhy dhy. By Lemma 4.2 and
the orthogonality of characters, Z(®,s, x;d) = 0 unless x = 1p or y4. From now on we
assume that y = 1p or x4. By Lemmas 4.2, 4.4, 4.6, and [Saito2, Proof of Theorem 2.1],
we obtain

VOIG L(la Xd)

Z((I) S, X5 d) X ZS(®S787XS;d) X H(2 cv) X H LU(17Xd,U)_1

2cr ves vESNSgn
X H{2CU 1 qu)) Z'U((PO,vaS:XU;d)}’
vgS

where ys = 1g (resp. Xas) and X, = 1p, (resp. Xao) if x = 1p (resp. xq). Assume
v & S. From [Saitol, Theorem 2.2] we see that

2 CU LU(17 dev)_l Z’U(¢0,’Ua 87 1FU; d)
(1 — g2~ (1 — g %)! 1 if x4, is unramified,
(1= ) Lu(28, Xa) N

If x4, is unramified, we also find

it x4, 1s ramified.

» (1— g 2+1)!

2CU Lv(LXd,v) Zv<(I)0,'UaSde,v;d) = (1 — qv_2)_1
from [Saitol, Theorem 2.2]. If x4, is ramified, it is trivial that Z,(®Pg . s, Xd.0;d) = O.
Thus, we have proved this theorem. 0]

We comment on the assumption S D Y5 in the above theorem. Saito also computed
explicit forms of Z,(®g,, s, o, d) for any v € 3y in [Saitol, Theorem 2.2]. Hence, it is
possible to omit the assumption S O Y5 from Theorem 4.13. However, those explicit
forms are complicated. So, we keep the assumption S D ¥ for the sake of simplificity.

4.6. Zeta function. Let dg € F§ and S be a finite set of ¥ satisfying S D Yo U35, We
set

Q(F,S,ds) = {d € Q(F) |d € ds(FJ)*}
We define the zeta function £%(s; dg) by
C(25 — 1) GR(2s) 3 L%(1, xa)

gS(S; dS) = 1
PR e s xa) NS

Lemma 4.14. The zeta function £%(s;ds) is absolutely convergent and holomorphic for
Re(s) > 3/2.

Proof. Forv & S, we set @, = & ,. Forv € SN¥g,, we assume that @, is the characteristic
function of r4, + 7V (9O,) for a large enough integer n,. The support of @, is contained
in r4, - G(F,) because —det(rq, + 7V (9,)) C d,(F))?. For v € X, it is trivial that
there exists a test function ®, € S(V(F,)) such that the support of ®, is contained in
ta, - G(F,). If we set &g =[], .o P, for such &, then we get

veS
volg 2/°! s _3
Z2(®,8,15) = ——aer % E(sdg) ¥ H |det zo)|o 2 By(,) da,
2 F CF( ) veS
by Theorem 4.13. Hence, we deduce this lemma from Lemmas 4.1, 4.9, and 4.10. 0

We obtain the following theorem from Theorem 4.13 and Lemma 4.14.
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Theorem 4.15. Fiz a quadratic character x on A'/F* and a test function ® € S(V(A)).
Assume that Re(s) > 3/2 and S satisfies Condition 4.12. If x = 1, we have

Z2(®,s,1r) vol 27! N Zs(®s, s, 1 ds) €5(s;ds)

)9y LF 205 s\®s,S5,1lg;ag S;as
ds€Fg [(F&)?
Letd € F* — (F*)2. If x = xa and Xq. s unramified for each v € S, then we have
volg 2!/ (225 —1)
2cp (7(2)

If x = xa and there exists a place v & S such that x4, is ramified, then Z(®, s, xq) = 0.

Z((b,S,Xd) = X ZS((I)S7$7Xd,S;d) LS(LXd)

The formula for x = xg4 is a generalization of [IS, Theorem 1].

4.7. Meromorphic continuation.

Proposition 4.16. Let x be a non-trivial quadratic character on A'/F*. The zeta in-
tegral Z(®,s,x) is meromorphically continued to the whole complex s-plane. The zeta
integral Z(®, s, x) is holomorphic for Re(s) > 1/2.

Proof. This lemma follows from Lemma 4.11 and Theorem 4.15. 0J

We set dz = [], 5 do,, where dz, was defined in Section 4.4. For ® € S(X(A)), the
Fourier transform ® of @ is defined by

B(y) = /V ) U (Tt

We set
G = AG x H'.
Hence, G = G'/Ay:. The group G’ acts on V' by
z-(a,h) =a'W'zh’, z€V, (a,W) e

We denote by dz (resp. dh’) a Haar measure on Ag/(A) (resp. H'(A)). Then, d¢’ =
dadh’ is a Haar measure on G’(A). We may assume dh’ = dzdh. Hence, we have
dg’ = dzdg. Now, we have ag = ag @ ay. We have already fixed the Haar measure on
ac in Section 4.1. An element R’ € ay is defined by R'([h +— det(h')]) =1 (' € H')
and ag is identified with R via ¢R +— t' (' € R). Then, we have Hy/(h') = log | det(h')|
(W € H'(A)). A Haar measure on ap: is defined by the Lebesgue measure on R and
the identification. Note that Hyy(diag(t'/2,t/2)) = logt (t € (R*)?). A Haar measure
d'h’ on H'(A)' is induced from dh and the Lebesgue measure on R. We also have the
Haar measure d'¢’ = d'ad'd’ on G'(A)'. Moreover, an element R” € a4, is defined by
R"([diag(b,b) — b]) = 1 (b € G,,) and we identify a,,, with R by the map t"R" — ¢”
(t" € R). Furthermore, we choose the Haar measure d'z on Ag:(A)! induced from dz and
the Lebesgue measure on R by the identification. It is trivial that

Z(®,5/2,1F) :/ |a|® Z ®(x - (a,h'))d'h da.

VOIAH/ /
Ag(F)\Ag(A) JH'(F)\H'(A)! zEV*(F)

The right hand side is the same as the zeta integral defined in [Yukie].

Proposition 4.17. The zeta integral Z(®,s,1r) is meromorphically continued to the
whole complex s-plane and holomorphic for Re(s) > 3/2. If ®(0) # 0, the zeta integral
Z(®,s,1F) has a simple pole at 3/2 and the residue of Z(®,s,1r) at 3/2 is ¢(0) volg/2.

If &(0) = 0, the zeta integral Z(®, s, 15) is holomorphic at 3/2.
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Proof. This lemma follows from [Yukie, Theorem 4.2]. O

Proposition 4.18. Assume that S D Yo, U Yy. The zeta function £5(s;ds) is meromor-
phically continued to the whole complex s-plane and holomorphic for Re(s) > 3/2. The
zeta function £5(s;ds) has a simple pole at 3/2 and the residue of £%(s;ds) at 3/2 is
2718Ic2.. In particular, the residue at s = 3/2 does not depend on the choice of dg € F¢.

Proof. This lemma is deduced from Lemma 4.11, Theorem 4.15, Proposition 4.17, and
the proof of Lemma 4.14. O

4.8. Modified zeta integral. Let 7} € R. The function 77,(f) on R is defined by
T (t) = 1if t < =13, and 71, (t) = 0 if t > —T;. We define a modified zeta integral
Z((I)7 S, 1F7 Tl) by

2@s1nT)= [ gl { Y Bla-g) - (o) ¥28(0) m(Halo)) }d.

GIFNG(A) s (F)

Lemma 4.19. The zeta integral Z(®, s, 1p,T1) is absolutely convergent and holomorphic
for Re(s) > 1. Let x be any non-trivial quadratic character on A'/F*. The zeta integral
Z(®,s,x) is convergent and holomorphic for Re(s) > 1.

Proof. The first assertion follows from the argument of [Yukie, p.369-p.373], because it

is enough to replace ®(0) by ®(0){1 — 77, (Ha(g))}. The second assertion is derived from
the calculation in [Yukie, p.373]. O

Lemma 4.20. IfT} > 0, then we have

d/ 3 )
2(2.3/2,15.T) = lim (s - 5)Z(<1>, s,1r) + vole ®(0) T1 .

Proof. This lemma follows from Lemma 4.19, [Yukie, Theorem 4.2], and [Yukie, p.373].
[

For a finite subset S D X, and an element dg € F/(Fg)?, we define the constant
Cr(S,ds) by

. d 3\ ¢s/..
€r(5.ds) = Jim, (s = 5) € do)

Let C°(V(A)) denote the space of compactly supported smooth functions on V(A).
Lemma 4.21. Fiz a test function ® € C*(V(A)). If S satisfies Condition 4.12, then we

have
d 3 VOIG
I —< ——)Z<I> 1) =2¢ o log | det d
5—1}332 as\° 7 2 (®,5,1r) 2 Jvwy) stos) log [detls)ls s

| 2wl S €r(S,ds) Zs(Ps,3/2, 1s; ds)
2CS F , Ugs S S y LS, Us) .
ds€Fg [(F&)?

Proof. We easily show this lemma by using Theorem 4.15 and Proposition 4.18. Note
that the local integrals absolutely converge at s = 3/2 since ® € C°(V(A)). O

In application to the trace formula, V will appear as the unipotent radical of the

parabolic subgroups P; C GSp(2) and P; N Sp(2) (cf. Section 5). We will encounter the
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modified zeta integrals

7650C) (@5, 7)) / / | det (k)%
Ag(F)\Ag(A)L JH'(F)\H'(A)

x{ 3 @(ath’xh’)—|det(h’)2|_3/2(i>(0)TTl(HH/(h’))}dh’dla
z€V*(F)

and

75900, 5.Ty) = / | det(h)2P
H'(F)\H'(A)
N e(Mhah’) — | det(R')?72$(0) TTl(HH/(h’))} dw,
zeV*(F)

where ® € S(V(A)). Considering the measure on ay,,, we see that

1
(4.5) 2690, 5, Ty) =

Z(@,S, 1F7T1).

It is obvious that Z5°(®)(®, s, T}) absolutely converges for Re(s) > 3/2. Applying the
method of [LL, (5.11)] to Z%®)(®, s, T}) (cf. the proof of Theorem 3.1), we obtain

|
(4.6) 29,5, T) = 2 2(8 5,10, T) + 30 2(2,5,00) ),
X

2voly,,

where x runs over all non-trivial quadratic characters on A'/F>*. Hence, the zeta integral
Z5P@2)(®, 5, Ty) converges at s = 3/2 by Lemma 4.19. We set

QU(F,S) = {d € Q(F) | x4, is unramified for each v ¢ S}.

Theorem 4.22. Fiz a test function & € C°(V(A)). Assume that S satisfies Condition
4.12. If Ty > 0, then we have

A

le
2650 (3 3/2.T7) _ Vo / Os(xg) log|det(zg)|s drs + volg: P(0) T}
V(Fs)

2

2|S‘V01G/
teys s Y. Cr(5,0)Zs(95.3/2,1510)
F aeFx j(Frn(FX)2)
and

VOIH/

Z%@(®,3/2,T) = 5 / Dg(zg) log|det(xg)|s dzs + voly ®(0) Ty
V(Fs)

Q‘S‘ VOlH/
+ T9S Z Cr(S, a) Zs(Ps, 3/2,1r; )
F aerxj(Fxn(FX)2)

ST L5(1, xa) Zs(®s,3/2, vas: d).
dequr(F,S)

2‘3‘ VO]_H/
2cy
Proof. This lemma follows from Theorem 4.15, Lemmas 4.20 and 4.21, (4.5), and (4.6). O
For dg € F&, we set

QU (F,S,ds) = {d € Q™(F,9) |d € ds(F¥)?}.
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We also set
E(F,S) = {(a,eg) e[[&F) |ac P /(F<n (Fgf)Q)}.
veES

The following is deduced from Theorem 4.22. Note that [], s €,(xa) = 1 for d € QU(F, S)
under Condition 4.12.

Theorem 4.23. Fix a test function ® € C°(V(A)). Assume that S satisfies Condition
4.12. If Ty > 0, then we have

Ly
Z9°0)(P,3/2,Ty) =1L

/ dg(xg) log|det(zg)|s drs + voly: @9(0) T
V(Fs)

2|S| VO]H/ =
+ o Z Zs(Ps,3/2;,€5)
(a,es)€E(FS)

X {QﬁF(S, a) + (H&J) Z LS(LXd)}

veS deqw(F,S,a)
where €5 = (€y)ves-

4.9. Functional equation. In order to state the functional equation, we have to include
the contribution from split quadratic forms in the zeta integral. We set

M:{(Z‘) S)EH’} and N:{(i ?)GH’}.

Let du denote the Haar measure on A defined in Section 2.1. By the map u — 0 , du

1
is a Haar measure on N(A). We have elements Ry, Ry € ay such that R;([diag(ay, as) —
a;])is 1if ¢ = j, and 0 if ¢ # j. Then, a,, is identified with RGR via t; Ry +taRs — (1, 12)
and a Haar measure dt;; on ay; is induced from the Lebesgue measure on R & R. We set

U(2) if v € Y,
K> = [[ Koo, Kow={0(2) if v € T,
ves GL(2,9,) ifv € Sy

Let K; denote a unique maximal compact subgroup of A*. Then, K = K; x K, is
a maximal compact subgroup of GL(1,A) x GL(2,A). Let dk; (resp. dks) denote the
Haar measure on K; (resp. Ks) normalized by le dk; = 1 (resp. fK2 dky = 1). Now,
dk = dky dks is a Haar measure on K and volgx = 1. According to Section 2.3, we obtain
a Haar measure d'm on M(A)! from di/, dty;, du and dk.

For ® € S(V(A)), we set

Ok (x) = / O(x - k)dk.
K
Note that Z(®,s,1r) = Z(Pk, s, 1r). We also set
/2
Rotnc,5) = ol ) € Sta)
Let d*y denote the Haar measure on A* defined in Section 2.1. Yukie defined the functions

‘Z(ROQDK,s,sl):// Ro®rc(y, ) [21° (1, w) [ d%y du
A JAX
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and
d
T(RyP = ——F(Ry®
(Ro®xk, s) sy (Ro®k, s,51) 5120
By [Yukie, Proposition 2.12] and its proof, the function T(R,Pk, s) is absolutely conver-
gent and holomorphic for Re(s) > 1 and satisfies

T(Ryy, 5) — / / Ry (3, yu) [21° (log [|(1, w)]]) dud”y.
AX JA

An adjusted zeta integral Z,q(®, s) is defined by

volps voly,, T

Zoa(®,8) = Z(®, 5,1
d( S) ( ° F)+ CFVOIAH,

RO(I)K,S).

Theorem 4.24. [Yukie, Theorem 4.2]. The adjusted zeta integral Zaq(®, s) is holomorphic
for Re(s) > 3/2 and meromorphically continued to the whole complex s-plane. Moreover,
Zoa(®@, 8) satisfies the functional equation

.3
Zna(®, 5) = Zad(@, s - s).

If ®(0) # 0 (resp. ®(0) # 0), then Zog(®,s) has a simple pole at s = 3/2 (resp. s =0)
and the residue is ®(0)volg/2 (resp. —P(0)volg/2). If ®(0) = 0 (resp. ®(0) = 0), then
Zoa(®, s) has no pole at s =3/2 (resp. s =0).

We want to restate this result, for application to the trace formula, in terms of the
adjusted zeta integrals

Zu"? (@, 5) = / / (et S @(a'Wah)did'a
HIENH )

AG(F)\AG(A)l SCEV*(F)
| |
wi(}goq)m s)
2 Cp
and
|
7P (@, 5) = / [det(R)?° Y @(*Hah)dh + YOM &Ry, 5).
H/(F)\H'(A) 2cp

TzeV*(F)

In order to allow for truncation, we need the functions

To(RoPxk, ) :/ /ROCDK(a,au)]a\zs log|a| dud™a
< Ja

and
T (RoPk, s) = / /RO(I)K(a,au) la* dud*a.
ax Ja

It is clear that they are absolutely convergent and holomorphic for Re(s) > 1. We also
easily see that these functions are meromorphically continued to the whole complex s-
plane and satisfy the functional equations

3 3
To(RoPk, s) = %o (RO(DKy 9 5)» T (RoPk,s) =%y <Ro‘1>1<7 37 S),

where }/%(;E)I/((z,y) = [, Ro®Pk(z,y) Yp(xz)de. The function To(RoPk,s) (respectively
T1(RyPk, s)) has only double (resp. simple) poles at s = 1/2 and 1.
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Proposition 4.25. Let T, € R and 15 > 0. Set
QQ(RQCI)K, S, Tg) = T(R()(DK, S) + To(Ro(I)K, S) + 2T2 ‘Zl(RO(I)K, S)

and

gg(Roq)K, S, TQ) = —ZO(ROCI)K, S) + 275 %, (Roq)K, 8).
If we assume ®(0) = 0, then we have

volys VOIAG{S (
— 22

765D 3/2,T)) +
26}7

ROCI)Ka 3/27 TQ)

= 785@) (g ) 4 M O f‘; CVO A6 <, Ry, 0, )
F

and

Z5°@(D,3/2,T5) +

vol s volys

Ty(RoPx, 3/2,T5) = Z(d,0) +

‘33(R0(I)K7 07 T2)

2CF 2CF

Proof. The first formula is derived from Lemma 4.20, (4.5), (4.6), and Theorem 4.24.
By [Yukie, Theorem 4.2] we know that Z(®,s,x) = Z(CID,% — s,x) if x is a non-trivial
quadratic character. Hence, the second formula follows. 0
5. STRUCTURE OF GSp(2)
Throughout this section, we denote
G = GSp(2).
Most arguments and results can be easily transferred to the subgroup Sp(2).

5.1. Setup. For each v € ¥ we set

K, = {(_AE g) € G(F,)

We see that K, is isomorphic to the semi-product of U(1) and the compact real form of
Sp(2) if v € ¥¢, and K, = {£1} x U(2) if v € Xg. For each v € Xg, we set

K, = GSp(2,9,).
The group K, is a maximal compact subgroup of G(F,) for any v € ¥.. We set

K:HKU.

vEY

A'B=B'A, AYA+B'B¢ Cllz}.

The group K is a maximal compact subgroup of G(A). We fix a minimal Levi subgroup

My which is defined by

o O ¥
* O O

0
My = 3 ed

*x O OO

000

Note that K is admissible relative to M in the sense of [Arthurb, Section 1].
A homomorphism y : G — G, over F' is defined by

02 IQ t 02 [2
9(-12 02) 9= u(g) (_[2 02)-

A homomorphism x; (7 =1 or 2) over F is defined by

x;(diag(a, as, aflao, a;lao)) =a,.
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Then, we have
X (Mo)r = {1 X3 X5 | oy Jrs Jo € Z}.
We define Hy, Hy, Hy € ay by
Ho(W°x'x3") = jo,  Hi(W°xi'x3") = ji,  and  Ha(0°xi'x5") = jo.
It is clear that
ap=RHy,®RH, ®RHy, and aj;=Ru® Ry; & Ryo.
The map Hyy, @ Mo(A) — ap is
Hyy, (diag(ay, ag, agtag, aytag)) = (log |ao|)Hy + (log |ay|)Hy + (log |as|) Hs.
We know
X(@)r={p|je}.
If we define H) € ag by H)(i) =1, then
agc =RH) and af =Ru.

We have the injection ag — ag (resp. ai, — ag) which is given by

1 1
Hj— Hy+ 5]—]1 + 5[—]2 (resp. p > p).

Therefore, we have

1 1
aozag@ag, aG:R(H0+§H1+§H2), ClOG:RHl@RHQ,

ay=a; ® (ag)",  ag =Ry, (o) = R(_§M +X1) © R(_ﬁﬂ + X2)-
The map Hg : G(A) — ag is

Hol(g) = (1og|(g)]) (Ho + 311 + ).

We set

eG

S O *x %
S O *x %
*x x* O O
* * OO

We define iy € X(My)p by

A @]

u1(<02 aotj_l)) =det(A), A€ GL(2), ay€G,.
Then, '
X(My)p = {p" 1" | jo, 1 € Z}.

We assume that Hy; € ayy, satisfies Ho1(pn) = 1, Hoa(p1) = 0 and Hy; € ayy, satisfies
Hi1(p) =0, Hi1(p1) = 1. Hence, we have

Ay, = RHO,l D RHLI and Cl}kwl = RILL @D R/,Ll

By the definitions, we obtain the following injections;
1 1

ary, — o, Hon— Ho, Hipe §H1 + §H2,

Ay, — G0, J— [, f1 = X1+ X,

ag — ayy, Hy— Hoy+ Hyp, and af — ay,,  p— .
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Therefore,
o =R(H, — Hy), af;, =R(H; + Hy),
(aéwl)* =R — x2), (ale)* =R(—p+x1+ x2)-
The map Hyy, @ My(A) — ap is

lo T
() = BV 414 ) (g ()
We set
*x 0 0 0
0 « 0 =
My=910 0 « 0] €€
0 « 0 =
We define py € X (Ms)p by
a; 0 0 O
0 * 0 =
w9 o « o] =
0 * 0 =

Then, ‘

X(Msy)r = {,ujo,u%2 | jo, jo € Z}.
We assume that Hypo € ayy, satisfies Hoa(p) = 1, Hoa(pe) = 0 and H; o € ayy, satisfies
Hi () =0, Hy2(p2) = 1. Hence, we have

ar, = RHop @ RH 5 and  ay, = Ry @ Ryp.
By the definitions the injections are
an, — ag,  Hoo — Hop + %Hg, Hy o — Hy,
Ay, = Go, [ f fl2 P X,
ag — aa,, Hy— Hoo + %HLQ, and ag — ay,, p .

Therefore, we obtain

a)? =RH,, af, =RH,, (a})*= R(=5H+x2), (af)" = R(=5n+x1)-
The map Hyy, @ May(A) — ap is

Hap, () = (log |pa(2)]) Hy + (log [u(x)]) (Ho + %H2)~

5.2. Roots. We fix a minimal parabolic subgroup Fy € P which is

Py = ced

OO O *
O O *x ¥
EE S S
* O % X

The set @, of positive roots corresponding to Fy is
Do = {a1 — g, 209, a1 + az, 201}
where

1 1
o = _§M+X1 and oy = —§u + Xa.
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Hence, we have

AO = {Oél — Qg, 20&2} and 30 = {Oél, a1 + OéQ}.

We set
* % % % * % % %
* % ok %k 0 * *x =
Pl = 00 % x* € G € P(Ml) and P2 = 00 % 0 S G € P(Mg)
0 0 % = 0 * * x
Then, we get

. 1 .
At ={ar —as}, Ap ={ai+a}, A= {5lar—az)}, Ap = {ar + e},

AéJQ = {2042}, AP2 - {al}v 8OP2 = {042}, 31"2 = {041}.
The elements of the Weyl group of Wy, which correspond to the elements of @, are

50 = Say—ay - Q1 F7 O, Qg > O,
S§1 = S2q; 1 Q1 > —Qq, Qg > O,
S92 = S2q, - O] b Qu, Qg > —Qg,

808182 = Saj4as - Q1 7> —Qg, Qg = —Q.
The Weyl group Wy is generated by sy and s;. We see that
Wo = {1, so, 51, S2, S051, 5052, 5152, S05152}

The elements have the relations s2 = 1, s? = 1, s2 = 1, 8951 = 250, SoS2 = S150, and
5189 = S951. We also set

0100 0 010 1 0 00
{1000 o 100 (o 0 01
=100 0 10 T l-1o000]” T lo 0 10

0010 0 00 1 0 -1 0 0

We define the injection Wy — G(F)NK as
11y, sp—w, (0<k<2), ss5—=>ww; (0<i<j<2), 505152 — Wowiws.
Let w, denote the image of s € W, via the injection. For s € Wy and G C G, we set
5G = w,Gw; .
Then, we have
L ={My, My, siMy, My, soMy, G}, L(M;) ={M;, G}, L(My)={M,, G}.

Furthermore, we obtain

P(Mo) = {SPQ | S € Wg}, P(Ml) = {Pl, 5182P1}, P(SlMl) = {Slpl, SQPl},

P(Mg) = {Pg, Slpg}, P(S()Mg) = {SOPQ, S()Slpg}.
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5.3. Weight factors for unipotent elements. Now we compute the weight factors
wy (1, uv, T) for GSp(2, Fs) as defined in Section 2.4. The weight factors for Sp(2, Fs)
are obtained by restriction. We set

T = TlHQ + TQ(Hl — HQ) S ClEi)—

where T7, To € R. We note that Ay = {Hy, H; — Hs} is the set of simple coroots
corresponding to Ag. From now on, we fix Haar measures on af, af; , and a§;, .

Condition 5.1. We choose the Haar measure dH on a§ such that
dH = drydry  for H =1 H, +r,H, € af

where dry and dry are the Lebesque measure on R. A Haar measure on af/h (resp. af@)
is fized by the Lebesque measure dr on R for r(Hy + Hs)/2 € af; (resp. rHy € af)).

Under this condition and with our choice of coroots, we have
vol(ag'/Z(Ag)) = vol(afy, /Z(Ap,)) = vol(afy, /Z(AR,)) = 1

where AY, is the basis of a% dual to Kp. Now, for each M = M,, M;, and M,, we have
fixed the Haar measure on A}, /A% by the map Hj; and the Haar measure on a$;.

Lemma 5.2. [If

I niz nmiz nu
n = 0 1 Nag N4
|0 0 1 0|’
0 0 —MN12 1
then
(6)\1T1+/\2T2 Zf . 1’
(1, maa) 2 NI .
(1, o[ e T2t oaats 5= s
(1, m00)[[MH22[[(1, 193, mgy )| 724172 M (T =220 FA2 (T~ 2) if s = 8051,
1(1, 19, 1119, 5, 13 + nagnaa) [ 7M1 A2(|(1, 109 2N
y ()\ . T) _ w e~ M (T1=2T2)=Xo(T1 —T3) Zf 5 = Sus,
P _=
R 1(1, 719, 119, 035, 13 4 naanaa) (1, nag, g, 1a) | 720702
X6A1(T172T2)7)\2T2 if = s,
(1, nag, nag, M2g, N1z — N1aNae3, N13Nas — NiaNag) ||~ 2
X H (17 UDEY) 7124) HA2 6_)\1T1_/\2(T1_T2) ’Lf S = 505152,
(1, 123, M3, M2, 13 — M12M23, N13N2g — n14n23)H—>\1
L X||(1, n12, n13, nag)|| A2 e M T AT2 if s = 515

where A = A\i(a1 + ag) + Ap ay € ag . Note that nyy — ng3 = nianas.

Proof. We use the tautological right action of G(Fs) on the space F& of row vectors
endowed with the K N G(Fg)-invariant height function. Since e3 = (0,0, 1,0) is an eigen-
vector of the elements of P, we get

vp, (X1 — 1, 9) = |lesgll = [|(g31, 9325 933, 934) |-
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Moreover, we use the right action of G on the exterior square of the space of row vectors.
If e, =(0,0,0,1), then ez A ey is an eigenvector of the elements of P;, and

vp (X1 + X2 — 21, 9) = ||(e3 A ea)gl|
931 932| |931 933| (931 G34| |932 33| |932 9g34| (933 G34
941 Ga2| ' |9a1 Ga3|’ |Ga1  Gaa| |Gaz  Gaz|’ |Ga2 Gaa| |G43  Gaa ’

We need only the case g € G(Fs)', in which p can be omitted. For general A = \(Hy;)u; €
ahy,.c, where i = 1 or 2, we have vp, (), g) = vp, (1, g)*14). Moreover, Hp,(g) is deter-
mined by its projections Hp, (g) and Hp,(g), hence

H2) ))\(Hl—HQ)‘

UPO()\7g) = Up (:ulvg>>\( UP2(M279

Finally, for s € Wy, we have vsp(sA, wsg) = vp(A, g). O

The proof yields formulas for the case of maximal parabolics as intermediate results.
We can also read them off from the lemma if we set nys = 0 resp. noy = 0. Namely, if
A= )\1(0&1 + Oég) € a*Ml,(C’ then

vp (A1, T) =M vg op (A0, T) = ||(1, m13, 114, 23, 24, Na3Nag — Nagnag)|| = e M7
while for A = A € ay, ¢ we get

v, (A, T) =™, v p (A, T) = [[(1, 119, g, naa) |72 7272

Proposition 5.3. We assume Condition 5.1 and T = TyHy + To(H, — Hy) € aj . For

1 vig 13 v
0 1 v v

v=1lo 0 1 0| ENn)
0 0 —U12 1

we have

wary (1, v, T) = 2(log [v12s)* + (log [vas)* + 4(log [v12]s) (log [vau )
+ 4T1 lOg |V12’S + 4T2 lOg ‘V24’S + 8T1T2 - 2T12 - 4T22

Proof. If av = n~tan, then we can express n in terms of v as

-1 -1
<1 %) V12, Noy = (1 — @) Va4,
aj
—1
Qo
e (1) (15) (i),
ay a1Qa9
-1
e (1) () (e )
ai a10az ai
ag\ as\ a - a a
- <1 _[2)> (V13 + (1 - —2) (1 - —0> V12 (—2V23 - —OV14)> -
aj aq a1a9 aq a1a9



This also implies that

-1 -2
Qo a9 CL%
nig +nigng = (1 — ) v+ | 1—— Vig | V14 — —5 V23 )

-1 -1
Qo Qo Qg Qo
X|\vs—(1——= - 1+ Vig | Veg — V4 | |
ay a1a9 a1a9 ay
-1 -1
Qo Qo
N13Nog — NiaNoz = | 1 — ? 1— ?
1 2
Qo Qo 2 Qo 2 CLO
X | V13Vo4 + 1-— — Va3 + — V14 — 1+ —5 5 | V2314 .

Let A = M\(a1 +ag) + Aoy € agc- According to the definition of wp(A,a,v,T) given in
Section 2.4, we have to multiply the functions vsp, (A, 1, T) computed in Lemma 5.2 with
suitable factors rg(A, 1, a). Taking the limit as a — 1, we obtain

re/\lT1+>\2T2 if s — 17
19|72 eN T T2) if s = s,
\1/24]5)‘1 e~ M (T1—2T2)+ X2 T2 if 5 = s,
|V vaa| g V12|52 e (=21 HAe(Ti-T) if 5 = 5951,
wenlh 10 T) = |V24|§Al |2V12V24|§/\2 e~ MN=21)=2a(Ti=T2)  if 5 = g5,
|V122V24|§)‘1 ’V%2V24|§)\2 M (T1=2T2)= ATy if s = sq,
‘V122V224|§)‘1 ’V12V24‘§)‘2 e M= Ae(Ti=T2) if s = 5095152
( ‘V%2V224|§>\1 ’V122V24\§A2 e~ MT1— AT if s = 5159.
By the definition, we have
(A1) if s=1,
(A1 + A2) (=) if s = s,
(=A)(2A1 + A2) if s = 59,
Bup (N) = (A1 4+ A2)(—2X1 — \p) %f s = 8051,
(—A1 — X2) (21 + A2)  if s = sp89,
A(=2X\ — \9) if s = sy,
(=A1 — X))o if s = 505159,
L(=A1)(—=A2) if s = s189.
The explicit formula for wy,(1,v,T) can now be computed using [Arthurl, Lemma 3.4].

O

Proposition 5.4. We assume Condition 5.1 and T = Ty Hy+Ty(H, — Hs) € af . Foru =
U O (1w _ I, Y _ (13 Vg

(02 tU—l) € Ml(FS)7 U= (0 1 /7 V= Oy I, € NP1(FS); andY = vy Uos )’

we have
wyr, (1,1, T) = log | det(Y)|s + 277,
way (1, ur, T) = log |ulyvals + 211 = 21og [ura|s + 21og |vaals + 2T
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100 0 I vip 13 v
01 0 u 0 1 v 0

For u = 00 1 024 € My(Fs) and v = 0 0 i4 0| € Np,(Fs), we have
000 1 0 0 —uvyo 1

wM2(17 v, T) = log H(l/127 V13/27 V14)HS + 2T27
wa, (1, uv, T) = log |vfyugs/2]s + 2T, = 2log |v1a]s + log [uga]s — log 2|5 + 2T5.
Proof. This follows in a similar way from (2.2) and Lemma 5.2. O

5.4. O-equivalence classes. We determine the O-equivalence classes (cf. Section 2.5)
containing non-semisimple elements of G(F) = GSp(2, F).

Lemma 5.5. Let G be a connected reductive algebraic group over F. Fix a minimal Levi
subgroup My. Assume that o € O9 contains a non-semisimple element of G(F). Then,
there exists a semisimple element v € o such that v € M(F') for a certain M € L(M,)

(M #G).

Proof. Let § be a non-semisimple element of 0. Let 5 (resp. ¢,) denote the semisimple
(resp. unipotent) part of the Jordan decomposition of §. Then, we have § = 6,4, and 6, #
1. A Jacobson-Morozov parabolic subgroup ) # G of §, over F is uniquely determined.
For g € Gs,(F), we have §, = g 'd,9. By using the uniqueness of ) we find that
Q = g'Qg. This means that Q(F) contains Gs, (F). Hence, 6, € Q(F). Thus, §, is
contained in a Levi subgroup of () over F' because d; is semisimple. This lemma follows
from the fact that any Levi subgroup of @ over F' is Q(F)-conjugate to M D M. O

Let 0 € OY. If o contains only semisimple elements, then o is just a G(F)-conjugacy
class. Hence, we do not consider such O-equivalence classes. Let z € Z(F) and x € F*.
For x # 1, we set

o1, = zdiag(—1,1,-1,1) and o09,, = zdiag(z,z,1,1).

For 22 # 1, we put
03, = zdiag(z, 1,271, 1).
For a € F* — (F*)?, we set

(0 1 B he Oo
ho‘_(a O> and 0473704—2(02 tha>'

If (x,y) € F & F satisfies 2? — ay?® # 0 (resp. x° — ay® = 1), then we set

1 0 00
. iIZ’IQ + yha 02 o 0 T 0 Y

05,02y = ( 0, oLy — ayhy (resp.  Ogzamy = 2 00 10 ).
0 ay 0 x

The O-equivalence class containing z in G(F') is denoted by o0,. Let 0y ., 02,4, 034,
04205 0502y, ald 0640, denote the O-equivalence class containing oy ., 02,4, 034,
04205 0502y, a0d 0604, Tespectively. We can easily prove the following propositions
by Lemma 5.5 and direct calculation.

Proposition 5.6. Assume that o contains a non-semisimple element of G(F) and a
semisimple element of My(F'). Then, there exist z € Z(F) and x € F* such that 0 = o,
012, 02,0 (T # 1), or 03, (x? #1). Moreover, we have

G.=G., =G,
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Gor. = Gor v = {(91,92) € GL(2) x GL(2) | det(g1) = det(g2)},
Gy = Goy. .+ = GL(1) x GL(2),
Goy.. = Goy. . = GL(1) x GL(2).

03,z,x
Proposition 5.7. Assume that o contains a non-semisimple element of G(F) and a
semisimple element of Mi(F). We also assume that o does not have any element of
My(F). There exist z € Z(F), a € F* — (F*)?, and (z,y) € F® F (2* — ay® # 0) such
that 0 = 04,4 OT 05,04y Let E = F(h,). Then

A B 0 1\ (0 1
G%w:G%zM:{(C D)EG‘A,B<1 0),(1 0) C,DEE}

= {g € Rg/r(GL(2)) | det(g) € Gy}

and

o . A 02 CL]Q bD ~
Gy =Gy = {(02 t A_l) (CD, dlg) cGlae E} ~ GU(1,1, E/F)

(-1 0 ,  [(—a O
whereD—(O a) andD—<0 1).

Proposition 5.8. Assume that o contains a non-semisimple element of G(F') and a
semisimple element of My(F). We also assume that o does not have any element of
My(F). Then, there exist z € Z(F), a € F* — (F*)?, and (v,y) € F®F (2* —ay®? = 1)
such that 0 = 06, 0.4y. Let E = F(h,). Then we have

GUG,z,a,z,y = GUG,z,a,z,y7+ = {('xﬂg) E RE/F(Gm) X GL(2) | NE/F(:E) = det(g)} .
6. THE GEOMETRIC SIDE OF THE TRACE FORMULA FOR GSp(2)

Throughout this section, we set G = GSp(2) and we keep the notations and the as-
sumptions of Section 5. In particular, we assume Condition 5.1 which fixes Haar measures
on af, af; , and af, .

Let G be a connected reductive algebraic group over F. For g € G(F'), we denote by
{g}g the G(F')-conjugacy class of g.

6.1. Unipotent contribution. We will use the notations u, (cf. (1.6)), nmn(a), neun(x),
Nyeg (@) (cf. (1.7)), ra = diag(1l, —d) (cf. (4.1)), and Q(F) (cf. (4.4)). Let Z denote the
center of G. For z € Z(F), o, denotes the O-equivalence class containing z in G(F"). The
set 0, is divided into the five classes

0, = Otri,z U Omin,z U Osub,z ) Ol U Oreg,z

sub,z
where we set

Otri7z = {Z}7 Omin,z = {Z nmin(l)}G7

Osub,z = UdeQ(F){Z nsub(?d)}Ga sub,z — {Z nsub(?l)}Ga Oreg,z - {Z nreg<1)}G~
Let P€ F, P D Py, and f € C>(G(A)"). For a subset O in Mp(F) we set

©.1) Krolg.h) = [ 3" flg ymh)an

Np(A) yeo
For T € af, integrals Jgreg,z(f)w b (), T4 ) (f), ngin’z(f), and ng,z(f) are defined
as follows: 7

Jgtri,z (f> = / KG,Otri,z (97 g) dlg’
G(F)\G(4Az)1



ngin,z <f> = / KGyomin,z (g7 g) deJ
GIN\G(A)!

Jgsub,z<f) :/ {KGzosub,z <g7g)
G(PN\G(A)!

= > Kei(09.00) 7 (Hp, (69) - T) } d'g,
sepP (F)\G(F)

JTéub z (f) - / {KG’O;ub z (g’ g>
o G(P\G(A)! 7

~ > Kns(00.69) r(Hp(69) ~ T) | d'g,
0eP(F)\G(F)

and

Jgrcg,z(f) :/ {KGyOreg,z <g7 g)
GFN\G(A)!

- Z ](Pl,{zm}M1 (697 59) ?Pl (HP1 (5.9) - T)

0eP(F)\G(F)

- Z ]{1327{,2111}»12 (697 59) ?Pz (sz (59) - T)
deP(F)\G(F)

+ > Kns(09,09) 7, (Hp,(09) — T) }d'g.
SePo(F)\G(F)

We will show that these integrals absolutely converge for any T' € af (cf. Theorems 6.1,
6.2, 6.3, and 6.4). Hence, the integral J; (f) satisfies the equality

T () = I (1) + Ib o () + T, () + TG () + 5, . (f):

min,z

Clearly, we see that ng,z(f) = volg f(z). We set

o) = [ S gk (f € CX(GIA)). g € Gl
and
fxs(9s) = flkgtgsks)dks  (f € CZ(G(Fs)'), gs € G(Fs)').
Choosing a measure on gEF s)-conjugacy class of ny;, (1), an orbital integral Jg(z nmin(1), f)
is
Ja(znmin(1), f) = cs frs (2 nmn(2)) |2|s dz
where dx is the Haar measure on Fg defined 1};: Section 2.1 and the constant c¢g was defined
in Section 2.2.

Theorem 6.1. Assume that S contains Lo, and z € Z(9O,,) (Vo € S). Let f € C(G(Fs)').
The integral ngm _(f) absolutely converges and satisfies
. V01M2

VOlM CS(Q)
ngin,z(f) = e /o S (2 Nmin (2)) 2 ?d* 2 = #FF

JG(Z nmin(l)a f)a

where d*x is the Haar measure on A* which was defined in Section 2.1.

Proof. This theorem is easily proved if we consider the centralizer of n,i,(1). O
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If S contains ¥, then we have
JJ\T/fl(Za f)= / frs(zn)wy, (1,0, T)dn
NP1(FS)

(cf. Proposition 5.4). The spaces V and V° were defined in Section 4.1. Let dg € F*.
We set VO(Fg,ds) = {z € VO(Fs) | — det(z) € ds(F§)*} (cf. Section 4.4). Let dz be the
Haar measure on V(Fs) which was defined in Section 4.4. For any y € V°(Fs,ds), by
choosing a measure on the G(Fs)-conjugacy class of ng,,(y), we may set

JG(Znsub(y)7f) = 2|S|CS/ st(znsub(x))dx

VO(Fs,ds)
where the constant cg was defined in Section 2.2. The notation ~g means an equivalence
relation in VY(Fy) such that = ~g y if and only if det(z'y) € (F)?. Then, V(Fs,ds) is
an equivalence class in V°(Fg) with respect to ~g. Since any equivalence class contains an
element in VO(F), we have VO(Fg)/ ~s= VO(F)/ ~gs. Note that there exists a bijection
between VO(F)/ ~g and F*/(F* N (F&)?).

Theorem 6.2. Assume that S contains Yoo U Xy and z € Z(O,) (Yv & S). Let f €
CX(G(Fs)'). Theintegral J5 . (f) absolutely converges. If we identify My with GL(1) x
GL(2) b

02 ah
and we set ®,(r) = fx(znsuw(x)), then we have
oo (f) = Z5%0(@.,3/2,T)

M, > (th_l 02) — (a, h) € GL(1) x GL(2)

_ voly, JT () + volyy, Z Cp(S, —det(z)) Ja(z new (), f)

2 2CF APy s
where ZGPC) (O, 5, T) and €p(S, ) were defined in Section 4.8.

Proof. The notation V*(F') was defined in Section 4.1. For z € V*(F') and § € G(F), we
see that 6 € Py(F) if and only if § 'ngy(2)d € Pi(F). Hence, it follows that

K6.0u..(9:9) = Z Z f(g7'67 2 ngw () 8g).

SEPL(F)\G(F) z€V*(F)

By some computations in Section 5.2 we get

R 1 if —log|det(h)| — Ty > 0
H h')) —T) = ’
7 (Hp, ((a, 1)) ) {() if —log|det(h")] —T1 <0,

where (a,h') € M;(A) N G(A)'. Thus, we can prove

62) /G(F)\G(A) 2 ) 2 J(gt0 znan(x)dg)

L SeP (F\G(F) zeV*(F)
— [ g5 endg) du i (Hp 5g) — )| dg < o
Np, (A)

using the argument of [Yukie, p.369-p.373]. Moreover, the formula follows from Lemma
4.19, (4.5), and Theorem 4.22.
We now give an alternative proof for (6.2) without using the results of Yukie but

by an argument similar to the other cases, which is inspired by Shintani’s argument in
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[Shintani, Section 2 in Chapter 1]. We are studying the prehomogeneous vector space
(H,V), where the group H = GL(2) acts by x - h +— *hah (h € H,z € V). For z € V,
let H, be the connected component of 1 in the stabilizer of x in H. Since X (H,,)r is not
trivial (cf. Lemma 4.2) and p; is a regular point, it is difficult to deal directly with zeta
functions for (H,V'). The idea is to deduce their properties from those of zeta functions
for the prehomogeneous vector space (B, V'), where B is the subgroup of lower triangular
matrices. Indeed, X (B,)r is trivial for any regular point x in V.

We will bound (6.2) by (6.3) + (6.5) + (6.6). This means that we reduce the problem
of the convergence of (6.2) to that of (6.6), which is identified with the absolute value of
a part of a modified zeta integral for (B, V). First, we have

(6.2) < (6.3) + (6.4),

(6.3) /PIF)\G ‘ > flg e (@ ‘{1—@1(}1&() T) dlg,

zeV*(F)

69 | D T anlo)) - | tta g dnfin (i) - T) g

rzeV*(F Np, (4)

It is clear that (6.3) absolutely converges. Hence, we will show the absolute convergence
of (6.4). We use the same notation F¥(z,T) as [Arthur8, p.37] and [Arthur2, §6]. Let 7
denote the characteristic function of {a € a%|(a,a) > 0(Va € A9)}. Then, we have

(6.4) < (6.5) + (6.6),

(6.5) /P1 e ‘ > flg mnan(@)g) — /NPI(A)f(glzng)dn‘

zeV*(F)
FPl(gaT) 7A_P1(HP1(g) - T) dlga

(6.6) /POF)\G( ‘ D> flg mnan(@)g) — /NPI(A)f(glzng)dn}

zeV*(F)
T]%(Hpo(g) - T) %Pl (HP1 (g) - T) dlg'

It is easily proved by the Poisson summation formula for V(F') and direct calculation that
(6.5) absolutely converges. Hence, the problem of the convergence of (6.2) is reduced to
that of (6.6). For

1 =b 0 0\ fa;'* O 0 0
(I, *\|0 1 00 0 ay' 0 0 !
(6:7) 9‘(02 12) 000 10|00 0 ac o|FEFA (FEK)
0 0 b 1 0 0 0 asc

we have

1 if log|aias| < =Ty and log|aiay | < Ty — 275,

T (Hpy(9) = T) 7p,(Hp,(9) = T) = .
0 otherwise.
In order to simplify notation, we use the characteristic function 77 g (t1, t2) of

{(tl,tg) € R? |t1 +io< =T and t; —ty <T] — 2T2}
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The set

. 1 mi2 mq 0 1 0 X
{xmhmlz,ﬂu - (0 1 ) ( O m2> <m12 1) € V(F) ‘ mo € F , My, M2 S F}

is decomposed into
(68) V*(F) U {xml,mm,mz |m2 € FX, mio € F, my = O}
UA{Zmymigms | M € F*, myp € F, my = —my(F*)?}  (disjoint union).

By the decompositions (6.7) and (6.8) and repeated application of the Poisson summation
formula we have

(6.6) < (constant) x {(6.9) + (6.10) + (6.11) + (6.12) + (6.13) + (6.14) + (6.15) + (6.16)},

where the summands are as follows:

(6.9) /db/ ch/ dxal/ d*ag |a1]* |ag| 77 sun(log |a1 |, log |as|)
A FX\Al FX\AX FX\A%
—1,-2;2
My ay b b ‘
> [ee ("5 D)

moEFX

(6.10) /db/ dxc/ dxal/ d*ay |a1|? |az| 77 sun (log as ], log |as)|)
A FX\Al FX\AX FX\AX

—my(a1a)? +mytay?b? b
Z Z ‘(I) 2 )’a
b asms

mo€EFX a1 eFX

(6.11) /db/ ch/ dxal/ d*ag |a1||az| 7r.sub(log |ai|, log |az|)
A FX\Al FX\AX FX\AX
Z Z c” al ml cb )’
cazmsy )|’

mi1EFX moeF X

(6.12) / db/ dxc/ dxal/ d% az |ax| |as] 7.0 (10g a1, Iog |as])
ma JEaal FX\AX FX\AX

11 -1
‘@1 12 () cTray Gy Mo )’
Z Z ctaytay gy caims ’

mioEFX mo€EF X

(6:13) /FX\AldXC/FX\AX,a2>eT1+T2 Tar D

(6.14) / dxc/ e |a2|2‘<i>;12((8 8))
FX\Al FX\AX, |ag|<e~T1+T2

(6:15) /FX\AldXC/FX\AX,a2<eT1+T2 Tar D

(6.16) / dxc/ d*as |as| 2 P,
FX\AL FX\AX |ag|>e~T1+T2
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where

T T w oz
(Dl(<$112 12)) - /Aq)(<l’112 x122>)¢F(xlyl) dyi,
(i)iyu( (1‘12 xu) / / <5112 yxlj) ) Vr(z1y1) Yr(2212912) dyr dyro.

The function 77 g (log|as|,log |as|) means that the domain of the integration for (ay,as)
is
(Jag| > e * 12 and |a;| < |ag|'e™ ™) or }
(Jag| < e D2 and |a;| < |ag|e™*212)

Hence, the convergence of (6.9) is clear. For (6.10), there exist functions ¢, ¢o € C°(A)
such that

{(al,aQ) € FX\AX x FX\A®

D 1@ (0)] < laa| ™" X pa(cb) X pa(cazms).

a1 €FX

Therefore, the convergence of (6.10) follows. We can similarly prove the convergence for
(6.11) and (6.12). The convergence of (6.13), (6.14), (6.15), and (6.16) is trivial. Thus,
we have proved (6.2). O

For S D ¥, we have

JJ\Y;IQ(Zuf>:/;V st(zn)wM2<1van)dn

Q(FS)
by the definition (cf. Proposition 5.4).
Theorem 6.3. Assume that S contains Yoo U 3y and z € Z(O,) (Yv & S). Let f €
C*(G(Fs)'). The integral J, ) (f) absolutely converges. We also have
volur, 15C7(5)]s=s
2cr  GR(3)
1
0

vol Mo

2

5

sub,z

(f) = JJ\T;IQ(Zuf)"i_ Ja (2 nsun(r1), f)-

Proof. Throughout this proof, we set 1, = 2 ngup( ((1) )) Then we have O, . = {u.}q,

Gy, = {diag(a,b,b,a) |a,b € G,,}Np,, and Gy, + = Gy, UwoG,,.
Let d*z (resp. dni3) denote the Haar measure on A* (resp. A) which was defined in
Section 2.1. First, we will show

(1) =52 [ [ a0 03, 2)) o log 2. maa/2) |+ 22} dna 0.

It is clear that the integral absolutely converges (cf. [Yukie, Section 2] and Section 4.9).
We consider the integral

vol Mo

(6 17) JO;ub z

2CF

(6.18)

/ { Yo gt wsg) - D> f(g‘15f1uz519)?P2(HP2(519)—T)}d19-
GIENGA) * s5eq,. \G(F) 516G \G(F)

Since

> flgleTtwdg) = Y flg0 webig)Te,(Hp,(019) = T)

§€Gh. +\G(F) 516G \G(F)
1 _ —~ ~
= 5 Z f( 15 luzég){l_sz(sz(g> _T) _TPz(HP2(w09) _T>}7
5€Gw, \G(F)
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we easily prove the absolute convergence of (6.18) by using Lemma 5.2 and the absolute
convergence of (6.17). Formally we have

Jgéub’z( f) = (6.18) + (6.19)

where
o) | [ i wd)
GIENGM! * s5cq, \G(F)
B / fg~to7 zn5lg)dn}7p2(Hp2(519) T)d'g.
51€P2(F \G NP2

If we show that the integral (6.19) absolutely converges, then the absolute convergence of
J2 ) (f) follows. Then, we have

/PQ(F)\G(A)1 )

where

(6.20) / ‘
PAFI\G(A)!

flg~'6 " u. dg) — /N " f(g tzng) dn’

0€G \P(F)
Fry(Hpy(g) = T) dlg < (6.20) + (6.21)

flo ' wdg) - [ a7

656G, \Ps(F)
F™(g,T)7p,(Hp,(9) = T)d'g

and
21 | | Al wbg) = [ (g eng)dil
Po(F)\G(A)! Np, (4)

0€Gu \P2(F)
T (Hpy(9) — T) T, (Hp,(g) — T) d'g.

Note that
(674,516 € G \B(F)} = (= Npy (F)) N O]

sub,z*
Since Theorem 6.1 is already proved, it suffices to show convergence of the integral with
O! . . replaced by

sub,z
bub z = O ) Omin,z U Otri,z'

However, the intersection of the latter union with Py(F) is Np,-invariant, and we can

apply Poisson summation as in [Arthur2, p.945-947] to prove the convergence of (6.20).

Therefore, we have only to prove the convergence of (6.21).

For this purpose, we use the notation

sub,z

1 nip miz nug

0 1 n 0
Vo(Nn12, 13, N1g) = 0 0 114 0 € Np,.
0 0 —MN12 1

Let dn, denote the Haar measure on A defined in Section 2.1. We set

fz,13($12,9614) :/f(ZV2($12,n13,$14))dn13u
A

fz,13(9612,$14) ://fz,13(7112,n14)¢F($127112) ¢F($14n14) dnqa dnag.
AJA
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Put

1 —n33/2 0 0\ fa;' O 0 O
(I, x\|o 1 0 0 0 a' 0 0 1
(6-22) 9‘(02 12) 0 0 1ol o 0 ae o|FECW)
0 0 niz/2 1 0 0 0 asc

where k£ € K. Then, we have

1 R 1 if log|ay| < =T% and log |as| < —2T7 + 275,
Try (Hpy(9) = T) 75, (Hpy(9) = T) = .
0 otherwise.
We denotate by 77, (t12,t14) the characteristic function of
{(tlg, t14) € RQ | tia +ta < =275 and — tio +ta < =417 + 4T2},

to simplify the description of TI%(HPO (9) — T)#p,(Hp,(g) — T) for |a;| = e(t12¥14)/2 and
|ay| = e(~h2+114)/2 " By using the decomposition (6.22), change of variable ((ay2, a4, as) =
(arayt, arase, az) on A x Al x A (|a|, |a4]) = (Jaras |, |a1as]) on (RX)® x (R*)?), and
the Poisson summation formula, we have

(6.21) < (constant) x {(6.23) + (6.24) + (6.25) 4 (6.26) + (6.27)},

where the summands are as follows:

(6.23) / das / A ars [ara? o (10g |ara], log [ara]) [ £.13(0, 0),
AXJFX AXJFX

(624) / dxalg / dxa14 \a12|_1 \a14\ Té«7sub(10g \a12|, log |a14])
AX/FX* AX/FX*

Z Z | fo3(ars anz, agf o),

a12€F* aygeF*

(6.25) / an12\a12\’2 Z |fz,13(af21&12,0)|,
AX/FX Jaya|~t<e 2111372 a12€F%
(6.26) / d*ay; Z | f213(ar5 12, 0)]
AXJFX | |aya|~1>e=2T1+3T2 aigCF¥
(6.27) / Cans (14 awal) S [Ffoss(0, artans)]
AXJFX |ays|~1>e=2T1+T2

a4 €FX

The function 77, (log [a12|, 1og |a14]) means that the domain of the integration for (a12, a14)
is

—2T1+3T> —1,-2T%
{<a127a14) € FX\AX x F¥\A” (larz] > e and |ayy4| < |az| e ) or }

(|aia| < e 21 +3T2 gnd lays] < ’a12’€—4T1+4T2)

Hence, the convergence of (6.23) and (6.24) follows. The convergence of (6.25), (6.26),
and (6.27) is trivial. Therefore, the integral (6.21) absolutely converges. Furthermore, we
have proved that the integrals (6.19) and J}, ) (f) are absolutely convergent.
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Let d'p denote the Haar measure on P,(A)' induced from d'g. We deduce from the
mean-value formula (2.4) that

/ Z fx(a'p~t6 "  u, dpa) d'p = volyy, / fx(za " 'na) dn
(F)\P2(A)

L 5EG \Po(F) Np, (A)

= / / Jx(a™'p~! znpa)dnd'p
Py(F)\P2(A)! J/Np, (A)

2

where a € (A§,)". Therefore, (6.19) vanishes and we have proved (6.17).
From (2.5) and (6.17) we obtain

Vol
T M2
JO;ubz ///fK 2 V9(N12, 13, N1g))

{log |[(n12,n13/2, n14) || + 215} dnis dngs dngg.

Let dn., denote the Haar measure on F, defined in Section 2.1. For each v ¢ S, we can
show that

/ log H (n12,v, N13.0, n14,v) ”v d”12,u dn13,v dn14,v =7 3
Np, (D)

by direct calculation. Using (2.5) and the same argument as the proof of Theorem 4.13,
we have

1 |
VOQMQ/ frs(zn)dn = VOQMQ/ fx(zn)dn
NPQ(FS) NPQ(A)
1
= —/ fx(m™ " unm) e PR Hr(m) g dm
2 N1 (8) Mo, (A)\N2(A) Ma (4)
1
= —/ fx(m™n"unm) e PP e M) g dm
2 Ny (A) My, (A)\ N1 (A) My (A)
vol
= 9 M JG(Z nsub(?l)mf)'
Cr
Hence, the proof is completed. 0

For S D ¥, we have

JT (o f) = /N o Jielem) w1 ) e

0

by definition (cf. Proposition 5.3). Set

1 ni nis avi

0 1 mny—nignog N
vo(ni2, N13, N1a, N2a) = 0 0 1 0 | € Np,.

0 0 —N12 1

Choosing Haar measures on unipotent conjugacy classes over Fg, the weighted orbital
integrals Jj; (210(1,0,0,0), f), Ji.,(210(0,0,0,1), f), and Jg(210(1,0,1,1), f) are given
by

I, (216(1,0,0,0), f) = CS/ fxs(zn)w, (1,n,T)dn,

NP()(FS)

I, (216(0,0,0,1), f) = CS/ fxs(zn)w,(1,n,T)dn,
NP()(FS)
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and
Ja(z210(1,0,1,1), f) = C%/ fxg(zn)dn
Np,(Fs)
(cf. Proposition 5.4).

Theorem 6.4. Assume that S contains Yoo U 3y and z € Z(O,) (Yv & S). Let f €
C>(G(Fs)'). The integral Jgreg’z(f) absolutely converges. Furthermore, we obtain

volaz, volag,
Toe (1) = =5 Thig (20 ) + 2 e(S) Ty (2v0(1,0,0,0), 1)

|

T () T, (210(0,0,0,1), f)
Cr
1

T L (en(8))? + 3Ep(S) ¢ } Jalz(1,0,1, 1), £).

4cy,

Proof. By [Arthur2], the integral defining J_ (f) is absolutely convergent. Subtracting
the integrals defining Jb . (f), J&_.. (f), J5,,.(f) and J}, ) (f), which are absolutely

Omin,z sub,z
convergent by the preceding theorems, we obtain the absolute convergence of Jgreg (f)-
We will also get an alternative proof for the absolute convergence in the process of our
proof of the above formula. A change of variables shows that Jgregz( f) is the value at
A=0of

Tt N = |

Py

f -1
Y ( Z (97 zvg)

VENPO(F)
v¢Np, (F)UNp, (F)
- | o vmg) dntn (B (9) - T)
VENp (F)/Np, (F) Y NP1 (4)
V¢Npl(F)
- Y[ e g dnn il - 1)
VENp, (F)/Np, (F) Y NP2 ()
V&N py (F)

+ / f(g_lzng) dn7p,(Hp,(9) = T) e~ MNHPy(9)) dlg.
NPO(A)

We will show that Jgregyz( f,A) absolutely converges for a range containing A = 0. Now,
the absolute integral of J5 (f, ) is bounded by (6.28) + (6.29) 4 (6.30) where

(6.28) /
Po(F)\G(4)!

e MR (9) { Z Z f(g™ vo(na, nas, nag, n2a)g)
- Z / f(g_llfo(nm, n13, M4, N24)g) dniz dnig dnag T]%(HPO (9)—1T)
A3

nig,mog EFX n13,n14€F
nig€FX

- Z /AB f(g_lz/o(n12, n13, M4, N24)g) dniz dnyg dngg 711301 (Hpy(9) = T)

nog€EFX

+ /Np " flg~'ng) dn g (Hp,(g) — T)H d'g,

0
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e AR (@) { Z / f(97 0(nag, s, M4, n24)g) dnng dnyg dngg

nio€FX

(6.29) /
Po(F)O\G(A)!

_/N (A)f(g—mg)dnT "(Hp,(g) — )}{TI%(HP()(‘Q)—T)—?P1<Hpo(g)_T)} d'g,

and
(6.30) / e M (9) { Z f 9 17/0(”12,”13,”14,”24) ) dnyp dngz dnyy
Po(F)\G(A)! nog EFX

_ /N " flg™ 'ng) dn1h2 (Hp,(g) — T)}{TIIDDOI(HPO (9) — T) — 7p,(Hp,(g) — T)} | d'g.

We set

fz,g(nma n13, N4, n24) = f(gflz VO(”lZ: U3, U14, n24)g) ¢F(n13u13 + n14u14) dugs dugg
AD2

and
g = vo(ura, Uis, U, ugy) diag(at, ay ', car, caz) k € Py(F)\G(A)*
where k € K. Then, using the Poisson summation formula, we have

(6.31) > flg zvg) =

I/ENPO (F), V¢Np1 (F)UNP2 (F)

g -1 -2 1 B R | 2
E E fch(alaz Ni2,a1 € "N13,01 Ay C 7114,@207124)

n12,n24€FX n13,n14€F
X Jar| Plas| ™ p(—ar?c ' ngs Q) vp(—ai tay e ng Q)
where  and ¢ are polynomials of a1, as, ¢, u,, and n,. Let
A= Ao + az) + Ay € agc.

Then, we have

e_A(HPO(g)) — |a1ag\’\1|a1|’\2 — ’&1&2_1|)\1+/\2’CL3|/\1+>\2/2.

We will show that (6.28) converges if Re(A; + A2 +1) > 0 and Re(A +X2/24+1) > 0. We
consider the domain

D;; = {(a1,a2) € A" x A | (—=1)"log|aas '] >0, (—1)log|a3] > 0}

where (i,7) = (0,0), (1,0), (0,1), or (1,1). By (6.31) and the argument of Section 3, it is
sufficient to prove that the integral

(6.32) / d”ay dxaz/ dXc  |ayay'|ReCitatl) g3 ReCutAz/2H)
D; ; Al
Z Z |p(aray iz, ar?c  nag, aytay e nag, adenad)|

ni2,no4 €EFX (n13,n14)6F@F—{(0,0)}

converges for any ¢ € C°(A®4) and any (i, 7). If (i,5) = (1,0), then we have |a;?||a2| =

layay|™2 > 1 and |a]'ay'||ad] = |a1a§1|’1 > 1. If (i,5) = (0,1), then we have

la?||aray ' = |a2| U'> 1 and |a;ta;t|aray!| = |a3|™F > 1. If (4,5) = (1,1), then

we have |ajay'||a; ayt| = |as?| > 1 and |a;?||a2| = |a1a;'|~? > 1. By using the argu-

ment on the convergence of the Tate integrals, we can see that (6.32) is convergent for
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any (i,7) . Hence, the convergence of (6.28) follows. By change of variable aja,’ = a},
we see that |a;[MH2|ag|M — |a) | T2 |ag [P HA2,

/ 4o (2 (Hpy (9) — T) — 7, (Hiy(9) — T)}d%as
AX

. (2M; + )\2)—1<€(—T1+T2)(2>\1+)\2) _ |a/1|—(>\1+)\2/2)6—T1(>\1+>\2/2)) if 2\ + Ay # 0,
F _%+TQ+%10g|a’1| 1f2)\1+)\2:O,

and the integral (6.29) converges if Re(\y/2 + 1) > 0 and Re(A; + Ay + 1) > 0. We also
find that

[ i 0) = T) = R i ) = T} e

()\1 + )\2)—1(|a2’>\1+/\26(T1—2T2)(>\1+>\2) _ 6—T2(/\1+>\2)) if A+ o # 0,
=c
E Tl—T2+10g|a2| 1f)\1+)\2:O,

and the integral (6.30) converges if Re(A;/2+ 1) > 0 and Re(A\; + A2/2 4+ 1) > 0. Thus,
we have proved that nggyz( f,A) absolutely converges for the range

Re()q + )\2 + 1) > 0,
A= Moy + )\g(al + 012) < aS,C Re(/\l + )\2/2 + 1) > 0,
Re(M\1/2+1) >0, Re(M\o/2+1) >0

Hence, the convergence assertion follows. Furthermore, it follows from the above-mentioned
argument that Jgregz( f,A) uniformly converges on a neighborhood at A = 0. Therefore,
we have

T () =1 JE (£ ).

Assume that A belongs to the above range and A # 0. Let U = Np, N Np,, the
commutator subgroup of Np,. For each v in the first sum, we have a bijection Np, ,\ Np, —
vU given by n — n~tvn. When we apply the Iwasawa decomposition to the integral over g,
the integral over Np, (F')\Np,(A) can be combined with the sum over 7. Then we can apply
the adelic version of that bijection to the integral over Np, ,(A)\Np,(A), while the integral
over Np, ,(F')\Np, ,(A) disappears. We consider V' = Np, /U as a two-dimensional vector
space with subspaces V; = Np,U/U and Vo, = Np U/U. If we denote

fK7Z<U) = /U(A) fx(zou) du
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for v € V(A), we obtain

0. (f:N) :/ fi,o(m™'vm)
® Mo(F)\Mo(A)NG(A)! Z

veV(F)
VEVL (F)UVa(F)
Z szm Ywnm) dn #p, (Hygy (m) — T)
veVi( Va(A)
1/750
_ Z / fx.-(m™vnm) dn #p, (Hy, (m) — T)
veVy(F) Y Vi(4)
v#0

" / fica(m™ mm) dn 2, (Hiagy (m) = T >> e A Hato ) gy ()~ dm,
V(A)

where dy is the modular character of the action of My(A) on V' (A). To simplify notation,
we write

()\1 -+ )\2 -+ 1, )\1 + )\2/2 + 1) == (81, 82) and <_T1 -+ QTQ, 2T1 — QTQ) == (Tll, TQI)

If we replace 7p,, 7p, and 7p, in this expression by TPO 7'11;01 and Tp,, respectively, (as
(6.28)), we obtain the zeta integral

VOl MO

(633) Cg@lp)“(fK,za (817 32)a (Tllﬁ T2/>)

in the notation of Section 3, where H = {1} and therefore ¢ is omitted. We have identified
Vi(F') and V5(F) with F' via the coordinates nis resp. nos. If we denote

fK@z(Uz) = /N o fx(zvn) dn

i

for v; € V;(A), we get

Jbn . (f;A) = (6.33) + (6.34) + (6.35)

where

Gag Y <G (e s T = e OV G (fiea s = (52 = 1. T))
2ep sy — 1

and

(6.35) volpr, e~ DL (ficaz, s2+ (51— 1)/2,Ty) — e~ 1D (fie o, 52, Th)

26F 81—1

where (6.34) (resp. (6.35)) corresponds to (6.29) (resp. (6.30)). We set

5(11, l2) = ot fKS (Z V0<n127 ni13, N4, n24)) (108; \nwfs)ll (108; \n24’s)12 dnie dngsg dngg dnog
FS
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where [y, Iy € Z>¢. It follows from (3.2) and Theorem 3.4 that

VOl MO

lim  (6.33) =

(81752)—>(1,1)

vol Mo volyy,
=——35(1,1

YOl (e (5))2 (c5)? §(0.0)

2
2cy
VOl]\/[O

Sor {erF(0,1) + cp(S) cs F(0,0) }

VOl Mo

cr(S)es {F(1,0) +§(0,1)}

+ (—T1 + 2T2)

+ (21 — 2T3) {ch (1,0) + ¢p(S) cs §(0,0)}
+ (=T, + 2T2)(T1 T5) volyg, §(0,0).

Furthermore, using the argument of Section 3, we obtain

1 34) = 0—1 .8, T O (—Ty + 2T%)(E L, 1T
(51,321)21(1,1) (6 J ) 2CF CF(fK’L 5 1) s=1 + 26F ( 1t 2)§F(fK717 B 1)
VOIM d2 2.1/ F 2V01M
4CFO ll_fg @(3 — 1)*Cp(fra, s, T1) — (T7)*——=%5(0,0)
vol ~
+ 5 (T 21) G (ficae 1. TY)
Cr
] ] ]
=M 2(2,0) + 2 ¢1(S) 6 F(1,0) + D0 ¢ (S) 6 F(0,0)

4 Cr Cp

VO
+ (=T} + 2T%) M°

{CFS 1 0)+CF( )653(070)}

O
+ (=T, + 2T2)2 4M°g(0, 0).

It similarly follows that

i 635) =2 LG s, TD| |+ O (T~ T3)h i 1T
=0 5(0,2) + T (5) s §(0,1) + 0 € (5) s (0,0
(T — TZ)VQOICA;O {cr§(0,1) + cp(S) c5 3(0,0)}
+ (11— T2 Y0, ).
Therefore, the proof is completed. O

Theorems 6.1, 6.2, 6.3, and 6.4 are summarized as follows.

Theorem 6.5. Assume that S contains Yoo U Xy and z € Z(9,) (Vv € S). Let f €
CX(G(Fs)'). The integrals Jb . (f), Jb.. . (f); J& (f), and T (f) absolutely con-

sub z

verge for any T € af. Now, we see that

(Uc(F))a.s = {1, nmin(1), nsu;;:c), Mreg(1) |2 € VO(F)/ ~s }.



For the coefficients in the fine expansion of J,_(f) (cf. Section 1.1), we have

volyz,
aG(S>anin(1)) = 9 U CF( )
Cr
! volu, J GRB3) T R (9)s=s i ~s 1,
(S, 2 ngun () = T €p(S, ) + L OF F
a”(8, 2 () 2cp r(Sa) + 2¢cr |0 otherwise,

and

3vol
Mo o/ (S) 5.

09(S, 2 ey (1)) = S (¢,.(5))? +

2c2 4¢3,

The contribution of subregular unipotent elements can be expressed by the special value

of a zeta integral at s = 0.

Theorem 6.6. Fiz a test function f € C(G(A)'). We set @,(x) = fx(znsun(x)) and
we recall the identification My = GL(1) x GL(2) of Theorem 6.2. In Section 4.9, GL(2)
(resp. GL(1)) corresponds to H' (resp. Ac). If we assume ®,(0) =0, then we have

. |
(f) = 28 (3 0) + 2Mog (R, ., 0, T)

JOsub z<f) + JO/ 2 F

sub,z

where the notations were defined in Section 4.9.
Proof. The formula follows from Proposition 4.25, Theorems 6.2 and 6.3, and (6.17). O

This formula is essentially the same as Shintani’s formula [Shintani, Proposition 8]. It
is suitable for explicit calculations (cf. [Shintani, Section 3] and [Wakatsuki, Section 5]).
Actually, by Saito’s calculation [Saitol, Theorem 2.2 and Corollary 2.3], we can see that
an explicit form of Zv(io,v,s,xv;dv) is much simpler than that of Z,(®g,, s, xu; dy) for
v € Y. This means that the functional equation makes zeta functions simpler. It would
be interesting to find the reason for this phenomenon.

6.2. Contribution of mixed elements. We use the same notations as Section 5.4. Set
ui (o, B) = (32 dlaggx,ﬁ)) where diag(a, f) = (CS g,) .

Since

01 = J {o1-w(e B)}e,

a,BEF
the O-equivalence class 05 , is decomposed into four classes

1 1
70’2 OmlnluomanUOZ

tri reg

where
Otrl - {01 Z}G’ Omln 1= {01 Zu’l(l O)}G7 O}rfn,Q = {Jlazul(()? 1>}G7

Otz = Yaer jrz{on.u(l, o) e

According to this decomposition we formally have

TR = T (D + T (D+Th (D +T5.(f)

reg
where

chL'Z (f) = VOlGUl,Z JG(O-LZ? f)7
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JE . (f 2/ flg7 6 o1 ur(a, 0) g
Omin,l< ) PQ(F)\G(A)l{ Z Z ( 1’ 1( ) )

SE(Po(F)NGo, , (F)\Pa(F) acF*

= [ g o) dna (i) - T) '
Np, (&)

T _ -1
Toy,. ) = /50P2(F)\G(A)1{ 2 > Flg7 0 (0.5 dg)

5€(80P2(F)OG01’Z(F))\80P2 (F) BeEFX
- / f(g_lo-l,zng) dn %\80P2 (Hsopz (g) - SOT)}dlg,
Nsypy (A)

and

le - 1(5 01,-U1 (& 1)
Thetn = o | ) S A (a, 8)59)

S€(Po(F)NGoy , (F)\G(F) o, BEF X

SIS / 97167 9a(0, Bynig) An e, (i () — 7)

SEPY(F)\G(F) y==%01,2 BEFX

— / g 6 oy ndg) dnTp, (Hp, (5g) — T)
5€My(F) Np1 (FN\G(F) Y NP1 (A

+ Z Z / g '8 yndg) dnTp, (Hp,(6g) — T)} dlg.

SEPy(F)\G(F) v==%01,. NPo(A

Proposition 6.7. Assume that S contains Yo and z € Z(9O,) (Vv € S). Let f €
C>*(G(Fs)'). The integrals Jle (f), ngyz (f), and ngyz(f) absolutely converge. Fur-
i reg

mm min,2

thermore, we have

ng’z (f) = VOIMQOGO-l,Z J],{b (O-l,z7 f) + aGOI’Z (S, u1(17 0)) JG(Ul,Zul(la 0)7 f)7

min,1

‘]Tl 12 (f) = VOISOMQHGJLZ Jg;)MQ (01,z7 f) + aGdl’z (Sa ul(Oa 1)) JG(gl,zul(Oa 1)a f)7

rnm 2

and
ng}e’é (f) = VOIMOOGULZ ‘]]’{/[0 (01,27 f) + aMszvl’z (57 Uy (Oa 1)) Jjj\;IQ (Ul,zul (07 1)7 f)
+ CLSOMszUl’Z (57 ul(lv O)) JSQM2 (Jl,zu1<1’ O)v f)
+ Z CLGULZ (S> ul(a7 1)) JG(Ul,zul (Oé, 1)7 f)
a€F X /(FXN(F§)?)
For formulas of the coefficients, we refer to Examples 3.5 and 3.9.

Proof. Tt is clear that the integrals ng,z (f) and ng,z (f) absolutely converge, since
min,1 min,2

1 iflogtis < —2T5,

Tso P T 1 iflogtey < —2T5,
S HS —_— p—
0 if logt13 > —2T2, 0 2( OPQ(G') So ) = {

o (Hp, (a)=T) =
7r.(Hp(a)=T) { 0 if logtay > —2T)

where a = (t13/ t_1/2 t}?/f, 1/2) (A§,)". Hence, the integral Jg]}ég(f) also absolutely

converges, because the integral ngz( f) is absolutely convergent. The second assertion

follows from the T-dependent version of [Arthur4, Theorem 8.1] given in Section 2.6. [
57



For the other mixed elements of GSp(2, F) and Sp(2, F') (cf. Section 5.4), we can easily
get results similar to Proposition 6.7 by the same argument as the proof of Proposition
6.7 and the results in Section 3. Hence, we omit them.

7. THE GEOMETRIC SIDE OF THE TRACE FORMULA FOR Sp(2)

Throughout this section, we set G = Sp(2). We use the same notation and assumptions
as those in Sections 5 and 6 by restricting from GSp(2) to G. Especially, we assume
Condition 5.1 which gives normalizations of Haar measures on a%o, a]\GJI, and u%z. In this
case, we note that Z(F) = {+1,}.

For z € Z(F), the O-equivalence class 0, containing z is divided into the five classes

Otrl z U Omm 2 U Osub z U Osub 2 U Oreg,z
where

Otri7z = {Z}> Omin,z = UaEFX/(FX)Z{Z nmin(a)}G7 Osub,z = U:EEV*(F){Z nsub(x)}Gv

;ub,z - {Z nsub(?l)}Ga Oreg,z = UaEFX/(FX)Q{Z nreg(a)}G7

where Nupin (@), Msub (), Npeg(ar) were defined in (1.7), V*(F') was defined in Section 4.1,
and rg = diag(1l,—d) (cf. (4.1)). Let T € af and f € C*(G(A)'). The definitions
of J&.,.(f)s Jb. (f)s T (), T (f), and JE - (f) are the same as in Section 6.

Obviously, JOm,z( f) =volg f(2) and

Junip(F) = T . (1) + . () + 6, () + o, () + 6., (f):

Choosing Haar measures on minimal unipotent conjugacy classes over Fg, we have
Tolz (@), f) =es [ fies(zmmn(@) lolsdo
a(Fg)?

where a € FJ, dz is the Haar measure on Fg defined in Section 2.1, and the constant cg
was defined in Section 2.2.

Theorem 7.1. Assume that S contains Yo. Let [ € C°(G(Fs)'). The integral JOM (f)
absolutely converges and satisfies

T _volg (a2 212 1%
B N =00 [ 5 filemun(ay) P

C
F . yeFx

ol 3 [, At @) P ) 4%

26F
vol
_ ZCMZ Z {ZXS LS 2 X)}JG(anin(a)>f)>
F aEF* /(F*XN(FZ)?)

where d*x is the Haar measure on A* which was defined in Section 2.1 and x runs over
all quadratic characters on A'/F such that x, is unramified for any v ¢ S.

Proof. This theorem follows from the arguments in Section 3. ([l

Let T = TyHy + To(H, — Hy) € aj. If S contains X, then we have the form of

Ji (2, f) as Section 6.1. Let d € F* and dg € F§. Recall that the notations V, V?,
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VO(Fs,ds), €5, Xas(x), and V°(Fs,ds,es) were defined in Sections 4.1 and 4.4. For any
y € VO(Fs,dg,es), by choosing a measure on the unipotent conjugacy class, we have

Ja(znsw(y), f) = 2|S|CS/ Jis (2 ngup()) dzr

VO(Fg,ds.es)

where dz is the Haar measure on V' (Fs) defined in Section 4.4. We set

JG,GSp(Q) (Z nsub(y)7 f) = 2|S|CS / st (Z nsub<x)) dx
VO(F57dS)
for any y € V(Fs, dg) and
J,GSp(2),xa (2 Nsun (X)) = 2|S|Cs/ frs (2 nsun (7)) Xa,s(2) dz
VO(Fs,d)

for d € F* — (F*)?, where r; = diag(1,—d) (cf. (4.2)). We denote by &,(z,) the
Hasse invariant of x, over F, for x, € VO(F,). For x = (z,)wes € V°(Fs), we put
e,(7) = g,(z,). Let ~ denote an equivalence relation in V°(Fs) such that z ~% y if and
only if det(z7'y) € (FJ)? and e,(x) = £,(y) (Vv € S). Note that every equivalence class
has an element in VO(F). Hence, VO(Fs)/ ~s=VO(F)/ ~%.

Theorem 7.2. Assume that S contains Yoo U Xy. Let f € C®(G(Fs)'). The integral

tp—1
Jb.. (f) absolutely converges. We identify My with GL(2) by (?) Oh2> — h. If we
sub,z )
set ©,(z) = fx(znsu(z)), then we have
Jgsub,z (f) = ZSP(Q)((I)Za 3/2,1Th)
vol vol
— 2M1 J]j\;l (Z, f) + 2_M1 Z Q:F(S, — det(x)) JG,GSp(Q) (Z nsub(x)7 f)
Cr
€VO(F)/~g
VOl]\/[1
2cp > L1 Xa) Jo.asp (2 s (80), )

deqyr (F,S)

where Z5P2)(®,5,T1), €p(S, a), and QU (F,S) were defined in Section 4.8 and ~g was
defined in Section 6.1. Furthermore, we obtain

volyy, volyy,
S D) = 5T N+ 50 D Ja(zna(z), f)
F vevo(r)/~
c{ep(s, —det(@) + ([[el@) X 150w}
veS deQur (F,S,— det(x))

where Q™ (F, S, ) was defined in Section 4.8.

Proof. This theorem is deduced from Theorems 4.22 and 4.23 and the proof of Theorem
6.2. 0

For S D Y, the definition of Ji, (z, f) is the same as Section 6.1.

Theorem 7.3. Assume that S contains Yo U Xo. Let f € CF(G(Fs)'). The integral
Jg, . (f) absolutely converges and we have

volyy, C2(s)]
2 (2(3)
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Proof. The proof is completely the same as Theorem 6.3. 0

We use the notation vg(ni2,m13, n14, n24) defined in Section 6.1. We have the forms of
Jip, (2, f) and Jj; (219(1,0,0,0), f) as Section 6.1. Let dn, denote the Haar measure on
Fg which was defined in Section 2.1. For a € F§', by choosing measures on unipotent
conjugacy classes, we have

dnya dngz dnig / dnog

a(Fg)?

JAI;IQ(ZVO(Oa 0,0,0é), f) = CS/

®3
FS

fKS(Z Vo(nm; ni3, N4, n24)) wM2(17 Vo(n127 niz, Nia, 7124)7 T)

and

dnio dnig dngg / dn24st (Z 7/0(7112, N3, N4, 7124))'
a(Fg)?

JG<ZVO(1707Q7Q)’ f) = C?S‘/

F$?
For a quadratic character xy = [],cx xo on A'/F*, we set

dnyg dngz dngg / dnog

X
FS

Tty Gsp()4(210(0,0,0, 1), f) = CS/

b3
FS

Xs(n24) st (Z Vo(nu; ni3, N4, n24)) W, (17 Vo(n127 niz, Nia, 7124)7 T)

and

Jaasp@)x(210(1,0,1,1), f) = C%/@g dnia dniz dngy / dnag
FS

X
FS

Xs(n24) fKS (Z Vo(nm niz, N4, n24))

where g = HUGS Xo-

Theorem 7.4. Assume that S contains Yoo U Xy, Let f € C°(G(Fs)'). The integral

ngcg?z(f) absolutely converges and we obtain
vol vol
Jgreg,z (f> = 8MO JJI\}() (27 f) + 4CJZO CF<S) Jfﬁl (ZV()(]‘? O? 07 0)7 f)
vol
4CAF40 Z CF(Sv X) J]Eg,GSp(Q),x(ZVO(O? 07 07 1)7 f)
X
vol
+ 401;40 Z {2 CF(‘Sv X) CF(S) + ’lU(X) C/F<Sv X) C?’} JG,GSp(Q),x(ZVO(L 07 17 1)7 f)
L

where x runs over all quadratic characters on A'/F* such that ., is unramified for any

fx =1
v &S, we set w(x) = {? Ziﬁ y 1? and the notations c¢p(S), ¢r(S,x), and ¢x(S,x)
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were defined in Section 2.2. Furthermore, we obtain
volaz,

T () = 2 o (2 ) + cr(S) T3y, (210(1,0,0,0), f)

vol
Y D (S0 ws(@) i (26(0,0,0.0), )
F a€F X /(FXN(F§)?)

vol
+ 46]\2/[0 Z Jg(ZV()(l,O,Q/,Oé),f)
Eaerx j(Pxn(FX)2)

x Y {2er(8,x) er(S) + w(x) (S, x) ¢} xs(@)

volaz,

4CF

where x runs over all quadratic characters on A'/F* such that ., is unramified for any

vé&Ss.
Proof. This theorem follows from Theorems 3.3 and 3.4 and the proof of Theorem 6.4. [
Theorems 7.1, 7.2, 7.3, and 7.4 are summarized as follows.

Theorem 7.5. Assume that S contains Yoo UXy. Let f € C°(G(Fs)'). The integrals
T )y To 0 () T _(f), and Iy (f) absolutely converge for any T € ag. We

easily see that

(Z/{G(F))G,S = {1, nmin(a), nsub(l’), nreg(Oé) ‘ o iixégé;?/(fgp’ }

For the coefficients in the fine expansion of J,_(f) (cf. Section 1.1), we have
VOl]\/[2

G S
S mln = L 2
(8. 2n e S ns(e) )

where x runs over all quadratic characters on Al / > satisfying that x, is unramified for
any v &€ S,

(S 2 nuna)) = G €r(S,—dere)) + 2 ([[a0) 3 L)

2cp 2ep veS deQw (F,S,— det(z))
vola, JCRB) ' GCR(8)s=s i T~
+ .
2¢r |0 otherwise,
and !
_ Vo
a9 (S, 2 ueg(0) = 5 Z {2¢r(S, x) cr(S) +w(x) (S, x) ez} xs(@)

where w(x) was defined in Theorem 7.4 and x runs over all quadratic characters on A/ F*
satisfying that x, is unramified for any v € S.

As an analogue of Theorem 6.6, we also see that the contribution of subregular unipotent
elements is expressed by the special value of the zeta integral at s = 0.

Theorem 7.6. Fiz a test function f € CX(G(A)'). We set @,(z) = fx(znen(x)) and
we identify My with GL(2) as Theorem 7.2. If we assume ®,(0) = 0, then we have

(F)+ T, () = Z52(&.,0) +

where the notations were defined in Section 4.9.
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Proof. The formula follows from Proposition 4.25, Theorem 7.2, and the proof of Theorem
6.3. O

In a way analogous to Theorem 6.6, this theorem is also suitable for explicit calculations
of traces of Hecke operators (cf. [Arakawa, IS, Shintani, Wakatsuki]).

APPENDIX A. THE GROUP GL(3)

Throughout this appendix, we set

G = GL(3)
We fix the maximal compact subgroup
U(B) if v e Xg,
K=]][K, where K,=10(3) if v € g,
Ve GL(3, Dv> if v e dg,.

A.1. Setup. We choose the minimal Levi subgroup M, and the minimal parabolic sub-
group F, as

My =

* O O

X % %
eG and Py = 0 « x| ed@
0 0 =

O O ¥
g S *x O

The rational homomorphism x; : My — GL(1) is defined by

0 ay )=a;, 1<j<3
0 as

Then, the free abelian group X (My)p is X(My)r = {X¥"x2xX5 | ki, kg, ks € Z}. We
deﬁne H; € ag by
H;(xXi'x52x3") = k.
Then, we see that
CIS :RX1@RX2@RX3 and g :RHl @RHQ@RHg

We identify R? with ag (resp. af)) via the isomorphism x1x; + Z2X2 + T3x3 (resp. x1H; +
ToHy + x3H3) — (71, T2, 23). We define the inner product (, ) on R? by

(T,y) = 191 + T2y + 3Y3
where z = (z1,%9,23), ¥ = (y1,¥2,y3) € R®. Then, we can identify ag with a} by (, ),
since x(y) = (x,y) for z € ay and y € aj. We set

er = (1,0,0), ey =(0,1,0), e3=(0,0,1).
The surjective map Hyy, @ Mo(A) — ag is given by
Hagy(m) = (log [ma|, log [mo|, log |ms|) for m = diag(mi, ma,m3) € My(A).

We easily see that

ag = Clzv = R(Gl +ex + 63),

a§ = (a§)* = {(z1, 20, 23) € R | 21 + 29 + 23 = 0},

log | det(g)|

He(g) = 3

(61 + e9 + 63) € ag (g € G(A))
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Since &g = {e; — €9, €1 — €3, €3 — €3 }, we have
AO = {61 — €2, €3 — 63} and AO = {wel—eza wez—e:;}

where we set

2 1 1
Wer—ey = 561 - 5(62 + 63) and Weg—ez — §<€1 + 62) - §€3.
We also set
¥ ok % X k%
P = * x x| €eG and P, = 0 x| €@
0 0 =% 0 % x*
Then,

{PeP|PDPR}={R, P, P, G}.
We easily see that
ap, = a};l = {($1,$2,$3) S R3 | T = IQ} = {'T < R3 | ($,€1 - e2> - 0}7
a}G)1 = (ag1)* = {(x7x7 —2./E) € R3 | S R} = Rw62_637
o = (@) = {(r, ~2.0) € B | 2 € R} = R(ey ),
3 R ~ 1
API = {5@32—63}7 APl = {w62—63}7 AOP1 = {61 - 62}7 AOP1 = {§<€1 - 62>}'
For m; € GL(2,A), my € GL(1,A), we have
m log | det(mq)| log |det(my)]
HMP1(< 1 mg))_( 1 1

9 ) 9 710g‘m2‘> € ap.

We omit the easy descriptions of ap,, Ap,, H Mp, €tc., which are similar to those of P;.
Let Wy denote the symmetric group of degree three. The group W, acts on R? as

s(xy, 19, 73) = (%(1)7173(2),%(3)) for s € Wp.

(2j) denotes the transposition of i and j. We define the homomorphism Wy — GL(3) by

010 1 00
(12)— {1 0 0], (23)— |0 0 1
0 01 010

Let w, denote the image of s € W, via this map. For s € W, and a subgroup H of G, we
set sH = w,Hw;!. Using this action we have

L= L(My) ={My, M', (13)M', (23)M', G},
LIM') ={M', G}, L(G) ={G}
where we set
M’ = Mp,.
Note that Mp, = (13)M’. Furthermore, we have
P = P(M{)) = {SPO | S € W()}, P(M,) = {Pl, (13)P2},

P((13)M') ={P, (13)P1}, P((23)M") ={(23)P, (12)R}, P(G)={G}.
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A.2. Weight factors. From now on, we fix Haar measures on a§ and a§/,..

Condition A.1. We choose a Haar measure on aOG & A}\L/[O/Ag as dry dry forri(e; —es)+

ro(er — e3) € a(?, where dry and dry are the Lebesque measure on R. A Haar measure on
a§,, = Al /AL is fized by the Lebesque measure dr on R for (r/2,7/2,—r) € a$,..

Under Condition A.l,/\we have vol(af, /Z(AY,)) = vol(a§, /Z(AY,)) = 1, where A}, is
the basis of a§ dual to Ap. We set

T = T1(61 — 62) + Tg(eg — 63) € ap,
where T, T, € R.

1 nip ni3
Lemma A.2. For the elementn= |0 1 ngs | € Np(A) we have
0 0 1
(6/\1T1+>\2T2 ifs =1,
O if s = (12),
1 =2 T+ (T1—13) ifs = (23
USPO(/\,'H,T) _ ||( ,’I”L23)||)\ € AT ZfS ( )7
(1, 712) 12 [[(1, a2, g ) ||~ e M T2t AT T2) if s = (123),
1(1,7223) [ [|(1, nag — magngs, ngg) || 172 e TemT=2Ttif 5 = (132),
(L 702, ) |72 [[(1, Mg — magmas, mgs) |22 e P22 f 5 = (13)
where X = A\ Wey—ey + NoTWey—ey-
Proof. This lemma follows from an argument similar to the proof of Lemma 5.2. U
1 v vi3
Proposition A.3. Assume Condition A.1. Forv= [0 1 1y | € Np,(Fs) we have
0 0 1
1 2 2
wi, (1, v, T) 25{(10g|V12|S) + (log |va3]s)” + 4(log |v12]s) (log |vas]s) }
3 3
+ 3Ty log |v1a|s + 3T log [vas]s — §Tf — 5T22 + 671 Ts.
Proof. Tt follows from Lemma A.2 that
(6>\1T1+>\2T2 if s =1,
|1/12|§Al M (T2=T1)+X2Tp if s = (12),
—Ag /\1T1+/\2(T1—T2) f — 23
Wspy (A, 1,1, T) = sls —eA =Xz~ M Ta+ Ao (T —T 1 =),
V121037 3] 72 MR 2(=T2) if 5 = (123),
(V10| g™ [V1avas| 572 eMTe-T)=22Th i g — (132),
L |V12V23|§)\1 |l/127/23|§)\2 67A1T27/\2T1 if s = (13)
where A = A\, —¢, + Ao@e,—e,. Hence, this proposition follows. O

Using Lemma A.2 we can easily compute the following.
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1 U12 0

Proposition A.4. Assume Condition A.1. Foru= [0 1 0] € M'(Fs) and v =
0 0 1

10 V13

0 1 w3 | € Np,(Fs) we have

00 1

wy (1,0, T) =log |[(tr3, v03)||s + T1 + To and  wyp (1, ur, T) = log |vagurs|s + T1 + To.

A.3. Unipotent contribution. Throughout this subsetion, we assume Condition A.1
and S D ¥,. We set

1z 13
U(£U12, T13, 3323) =10 1 x93
0 0 1

Let Z denote the center of G. For each z € Z(F'), we denote by o, the O-equivalence class
containing z in G(F'). The notation {z}s means the G(F')-conjugacy class of z € G(F).
The set o, is divided into the three classes

0, = Otri,z U Omin,z U Oreg,z

where Ogi, = {2z}, Omin: = {21(0,1,0)}¢, and Oyer. = {zu(1,0,1)}q. Let P € F,
P D Py, and f € C*(G(A)'). The function Kpp(g,h) is defined by (6.1) for each subset
O in Mp(F). For T € ag, we have the terms on the geometric side

Jgtri,z (f> = / KG’Otri,z <g7 g) d197
GFNG(A)!

Tuin (F) = / {Kc,omm,z(g,g)— > Kpy:(09,09) 7o (Hp (0g) = T)
G(F)\G(A)! sePL(F)\G(F)

=Y Kro(09.00) Fr(Hp(69) — T) } d'g,
SeP(F)\G(F)

and

Jgrcg,z<f) _/ {KGyoreg,z <g7 g)
G(PN\G(A)!

- Z KPI,{Z'U«(]-,OyO)}]\/Ipl (697 59) ?P1 (HP1 (5g> - T)

deP (F)\G(F)

- Z ](Pz,{ZU(O,OJ)}MP2 (597 59) ?P2 (HP2 (5.9) - T)
SeP(F)\G(F)

+ > Kns(09,09) 7, (Hp,(09) — T) }d'g.
SePo(F)\G(F)

It is clear that ng,z( f) =volg f(z). The function fk,(g) is defined as
frslg) = [ flks'ghks)dks.
Ks
Now, the weighted orbital integrals J1,(z, f) is

Jlj\;[’(zaf) :/ st(zn)wM’(]-7n7T)dn
Np, (Fs)
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(cf. Proposition A.4). Choosing a Haar measure on the G(Fs)-conjugacy class of u(0, 1,0)
we have

Ja(zu(0,1,0), f) = / fxs(zn)dn.

Np, (Fs)

Theorem A.5. Assume that z € Z(9,) (Vv & S). Let f € C*(G(Fs)'). The integral

Jb (f) absolutely converges and satisfies

5GP (9)]s=2
p(2)

Proof. This theorem can be proved by an argument similar to the proof of Theorem
6.3. O

Tun () = volarr Jipi (2, f) + voluy

Omin,z

Je(zu(0,1,0), f).

The weighted orbital integrals Jy (2, f) is

JJ\I;IO(Zaf>:/ st(zn)wM()(lvan)dn

Np, (Fs)

(cf. Proposition A.3). Choosing Haar measures on unipotent conjugacy classes the
weighted orbital integrals Jyy(zu(1,0,0), f) and Jg(zu(1,0,1), f) are

J&’(zu<17070)af) = Cs / fKS(Zn)wM’(17n7T)dn

Np, (Fs)

and

Ja(zu(0,1,0), f) = c%/ fxs(zn)dn

NP()(FS)

where the constant cg was given in Section 2.2.

Theorem A.6. Assume that z € Z(9,) (Vv € S). Let f € C°(G(Fs)'). The integral

Jgreg,z(f> absolutely converges and satisfies
vol vol
T 1) =20 T (2 1)+ 2 () Ty (2 u(1,0,0),
vol
2L (er(9)? + €u(S) 2 } Jalzu(1,0,1), £).
F

Proof. This theorem follows from an argument similar to the proof of Theorem 6.4. [
It is clear that (Us(F))a.s = {13, u(0,1,0), u(1,0,1)}. Hence, it follows that

4S(6)|
a®vB3)(S, zu(0,1,0)) = volM,—dsCF(S)lS_2

Cp(2
and
volyy, ,
aGL(S)(S, zu(1,0,1)) = 301\24 {(cF(S))2 + ¢ (S) cg}
r

if z € Z(O,) (Vv ¢ 5).
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ApPPENDIX B. THE GROUP SL(3)

Throughout this section, we set G = SL(3). We will use the same notations as those in
Appendix A by restricting GL(3) to G. We also assume Condition A.1 and S D ¥.. Let
z € Z(F) ={+£I3}. The set o, is divided into the three classes

0. = Otriz U Onin,z U Oreg
where
Ouiz = {2}, Omin: =1{21(0,1,0)}¢, and Oreg. = Usepx pxy3{zu(1,0,a)}q.
Now, the contribution J; (f) is the sum of ng,z(f)v ngm,z(f)7 and Jgreg!z(f).

It is clear that ng’z(f) = volg f(z). The weighted orbital integrals Ji,(z, f) and
Ja(zu(0,1,0), f) are the same as those of Appendix A.3.

Theorem B.1. Let f € C*(G(Fs)'). The integral J5  (f) absolutely converges and

satisfies

15 GP (8)]s=2
p(2)

Proof. We can prove this theorem by an argument similar to the proof of Theorem 6.3. [

JE (f) = volay Jip (2, f) + volyp

Omin,z

Ja(zu(0,1,0), f).

The weighted orbital integrals Jj; (z, f) and JJ, (zu(1,0,0), f) are the same as Appen-
dix A.3. Let dz, denote the Haar measure on Fg defined in Section 2.1. For an element
« € Fs and a cubic character x = [], x», on A'/F* we set

JG(Z U’<17 0, 06)7 f) = C%/ fKS(Z U($12, 33'1373723)) dx dzy3 dwes,

(z12,213,223)€Dg

where Dg = {(@12, 13, 223) € Fs @ Fs ® Fs |93 € x120(F5)?}, and
Jo.arex(zu(1,0,1), f) = & /@3 frcs (zu(T12, 13, T93)) X5(T39723) dT12 d213 das,
FS

where x5 = [[,cq Xo-
Theorem B.2. Let f € CX(G(Fs)'). The integral J§  (f) absolutely converges and
satisfies

vol My vol Mo

T

vol

L (er(9))2 + 4 (9) ¢ } o (2u(1,0,1), /)
3cy

VOIJ\/[0
3c%

Jgreg,z(f) = cF(S) JJJ\;[/(ZU(LO,O),JC)

Z CF<Sa X) cF(S> Xﬁl) JG,GL(3),x(Z u(17 07 1)7 f)a

X#1lr

where x runs over all non-trivial cubic characters on A'/F* such that x, is unramified
for each v € S. Furthermore, we have

T 1) =250 T (e )+ 2

vol B
5 > {E®dE Y xs@ S}
F aerx ) (Fxn(F)3) X

x Ja(zu(1,0,q), f)
67

vol Mo vol My

CF(S) JJ\E’('ZU(lvO’O)vf)




where x runs over all cubic characters on A'/F* such that x, is unramified for each

ve&Ss.

Proof. This theorem follows from Theorems 3.3 and 3.4 and an argument similar to the
proof of Theorem 6.4. ([l

It is clear that (Us(F))es = {13, u(0,1,0), u(1,0,a)|a € F*/(F* N (FF)*)}. It
follows from Theorems B.1 and B.2 that

aSY3 (S, zu(0,1,0)) = Voledsgg—
F

and

volas, [, _
@IS, 2u(1,0,0)) = TH{p(S) ¢ + Y xs(@) ep(Sox) er(Six ) |
F X

where y runs over all cubic characters on A'/F* such that y, is unramified for each

vegS.
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