DISTRIBUTION OF VALUES OF QUADRATIC FORMS AT
INTEGRAL POINTS *

FRIEDRICH GOTZE AND GREGORY MARGULIS

ABSTRACT. The number of lattice points in d-dimensional hyperbolic or elliptic shells
{m; a < Q[m] < b} which are restricted to rescaled and growing domains r 2 is ap-
proximated by the volume. An effective error bound of order o(r?~2) for this approx-
imation is proved based on Diophantine approximation properties of the quadratic
form @. These results allow to show effective variants of previous non-effective re-
sults in the quantitative Oppenheim problem and extend known effective results in
dimension d > 9 to dimension d > 5. They apply to wide shells when b — a is growing
with r and to positive forms ). For indefinite forms they provide explicit bounds for
the norm of non-zero integral points m in dimension d > 5 solving the Diophantine
inequality |@[m]| < e and provide error bounds comparable with those for positive
forms up to powers of logr.

1. INTRODUCTION AND RESULTS

Let Q[x] denote an indefinite quadratic form in d variables. We say, that the form @
is rational, if it is proportional to a form with integer coefficients; otherwise it is called
irrational. The Oppenheim conjecture, proved by G. Margulis 1986, [Marg89| stated,
that if d > 3 and Q is irrational, then Q[Z] is dense in R. The proof given in 1986
uses a connection, noticed by M. S. Raghunathan between the Oppenheim conjecture
and questions concerning closures in SL(3,R)/SL(3,7Z) of orbits of certain subgroups
of SL(3,R). It is based on the study of minimal invariant sets and the limits of orbits

of sequences of points tending to a minimal invariant set.

For a (measurable) set B C R? vol B denotes the Lebesgue measure of B and volz B o

#(B N Z%) denotes the number of integer points on B. We define for a,b € R, with
a < b the hyperbolic shell
Eup o {r e R:a < Q[z] < bl
The Oppenheim conjecture is equivalent to the statement, that if () is irrational and
d > 3, then volz E,j, = oo, whenever a < b. The study of the distribution of values of
() at integer points, often referred to as "quantitative Oppenheim conjecture” was the

Date: January 3, 2013.
2000 Mathematics Subject Classification. 11P21,11D75.
Key words and phrases. Lattice points, ellipsoids, irrational indefinite quadratic forms, distribution
of values of quadratic forms, positive forms, Oppenheim conjecture.
* Research supported by the DFG, CRC 701.
1



QUADRATIC FORMS 2

subject of several papers.
Let R be a continuous positive function on the sphere {v € R? : |jv| = 1} and
let @ ={veR?: || <1/R(/|lv|])}. Note that the Minkowski functional of €,
ie. M(v) =inf{r > 0 : rv € Q} may be rewritten as M(v) = ||v||R(v/||v||) such
that @ = {v € R? : M(v) < 1}. Without loss of generality we may assume that
Q C [-1,1]%. We denote by r{2 the dilate of Q by r > 1.

In [DM93] S.G. Dani and G. Margulis obtained the following asymptotic exact lower
bound under the same assumptions that () is irrational and d > 3 :

lim inf Y22 Fer 01 ) (1.1)
r—oo vol (Eqp N 7QY)

Remark 1.1. Tt is not difficult to prove (see Lemma 3.8 in [EMM98]) that as r — oo,
vol (Eupy N7Q) ~ Aga(b— a)rt?

dA
A d:ef/ . 1.2
LT e IVQ 12)

L is the light cone @) = 0 and dA is the area element on L.

where

The situation with asymptotics and upper bounds is more subtle. It was proved
in [EMMO8| that if @ is an irrational indefinite quadratic form of signature (p,q),
p+q=d, with p >3 and ¢ > 1, then for any a < b

VOlZ (Ea,b N TQ)

=1 1.3
rSeo vol (Eap N re2) (1.3)

or, equivalently, as r — oo,
volg (Eupy N7TQ) ~ Aga(b—a)r®™?, (1.4)

where \g g is as in (1.2).

If the signature of @ is (2,1) or (2,2) then no universal formula like (1.4) holds. In
fact, it is proved in [EMM98| that if 2 is the unit ball and ¢ = 1 or 2, then for every
e > 0 and every a < b there exist an irrational quadratic form @ of signature (2, ¢) and
a constant ¢ > 0 such that for an infinite sequence r; — oo

volg (Eap N1Q) > crf(logr;)' .

While the asymptotics as in (1.4) does not hold in the case of signatures (2,1) and
(2,2), it is shown in [EMMO9S8]| that in this case there is an upper bound of the form
r7logr. This upper bound is effective and it is uniform over compact sets in the space
of quadratic forms. It is also shown in [EMMO98| that there is an effective uniform
upper bound of the form cr?=2 for the case p > 3, ¢ > 1.

The examples in [EMMO8] for the case of signatures (2, 1) and (2,2) are obtained by
considerations of irrational forms which are very well approximated by split rational
forms. More precisely, a quadratic form @ is called extremely well approximable by
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split rational forms (EWAS) if for any N > 0 there exists a split integral form @’ and
2 < k € R such that

1
Q- Q1 < 5

where || - || denotes a norm on the linear space of quadratic forms. It is shown in
[EMMO98| that if @ is an indefinite quadratic form of signature (2,2) which is not
EWAS then for any interval (a,b), as r — oo,

Noala,b,r) ~ Agalb—a)r?, (1.5)

where A\g o is the same as in (1.2) and NQJ}(CL,b, r) counts all the integral points in
E,» NrQ not contained in rational subspaces isotropic with respect to (). It should be
noted that

(i) an irrational quadratic form of signature (2,2) may have at most four rational
isotropic subspaceri
(ii) if 0 & (a,b), then Ngq(a,b,r) = voly (Eq, N1T€2).

The above mentioned results have analogs for inhomogeneous quadratic forms

Qe[r] = Qx +¢&], € eR%
We define for a,b € R with a < b the shifted hyperbolic shell

def

Eupe = {v€R%: a < Qcfz] < b}

We say that Q)¢ is rational if there exists ¢ > 0 such that the coefficients of ¢() and the
coordinates of t§ are integers; otherwise Q¢ is irrational. Then, under the assumptions
that Q¢ is irrational and d > 3, we have that (see [MM10])

lim inf VOIZ (Ea,b,£ N T‘Q)
r—oo VOl (Egpe Nrw)

> 1. (1.6)

The proof of (1.6) is similar to the proof of (1.1).
Let (p,q) be the signature of Q. If p > 3, ¢ > 1, and ()¢ is irrational then (see
IMM10])

VOIZ (Ea,b,§ N TQ)

li =1 1.7
Tl%HOlO vol (Ea,b,§ N ’I“Q) ( )

or, equivalently, as r — oo,
VOIZ (Ea,b,g N T’Q) ~ )\Q7Q<b — CL)Td72. (18)

The proof of (1.7) is similar to the proof of (1.3). The paper [MM10] also contains
an analog of (1.5) for inhomogeneous forms in the case of signature (2,2). One should
also mention related results of Marklof [Mark03, Mark02].
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Remark 1.2. The proofs of the above mentioned results use such notions as a minimal
invariant set (in the case of the Oppenheim conjecture) and an ergodic invariant mea-
sure. These notions do not have in general effective analogs. Because of that it is very
difficult to get "good" estimates for the size of the smallest nontrivial integral solution
of the inequality |Q[m]| < € and "good" error terms in the quantitative Oppenheim
conjecture by applying dynamical and ergodic methods.

1.1. Rational Quadratic Forms. For rational @) recall the following results for in-
teger valued quadratic forms from reduction theory and the geometry of numbers. Let
Alm] denote an integer valued indefinite quadratic form on a d-dimensional lattice A
in R?. Meyer (1884), [Mey84|, showed that such a form has a non-trivial zero on A if
d > 5. Birch and Davenport (1958), [BD58b|, showed for d > 3 that if A[m| admits a
nontrivial zero on the lattice A then there exist an m € A with Euclidean norm

0 < [|m|| < 74(2Tr A%)@=D/2(det A)?, (1.9)

where 7, denotes Hermite’s constant. This bound is essentially best possible in view of
an example by M. Kneser, [Cas56|. It will be used together with our effective equidis-
tribution results the following to find solutions to inequalities of arbitrary indefinite
forms Q).

1.2. Diophantine inequalities. In the next sections we shall develop effective analogs
of (1.8) in order to show that for all indefinite Q of rank at least 5, the Diophantine in-
equality |Q[m]| < € admits a nontrivial integral solution m whose size can be effectively
bounded in terms of e~!. To state those bounds we need some further notations.

Let @ denote as well the symmetric matrix in GL(d,R) associated with the form

Qlz] o (z,Qz), where (-,-) is the standard Euclidean scalar product on R
Let @4 denote the unique positive symmetric matrix such that Q% = @2 and let
Q+[r] = (z,Q x) denote the associated positive form with eigenvalues being the ab-
solute eigenvalues of (). Let g, resp. ¢o denote the largest, resp. smallest, of these
absolute eigenvalues of () and assume ¢g > 1.

Theorem 1.3. For all indefinite and nondegenerate quadratic forms of dimension
d > 5 there exists a constant cq,, depending on d and n > 0 only, such that there is
nontrivial integral solution m of |Q[m]| < 1 with

0 < Q4[m] < capldet Qg1+, (1.10)
for arbitrary small n > 0.

Embedding Z% C Z? for dimensions d > dy > 5, (i.e. choosing d — dy coordinates
to be zero), in such a way that the restricted form, say @Q*, is indefinite and of rank
do, we may apply 1.3 to this form in dy dimensions. Thus solutions of |Q*[my]| < 1 for
the case of dy dimensions provide solutions of the Diophantine inequality |Q[m]| < 1
for d > dy. Since (Q*)®> < @2 in the ordering of positive forms we get ¢ > ¢* >
g5 > qo > 1 and |det Q*| < |det @|. For forms with absolute values of eigenvalues in a
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compact set [1,C], i.e 1 < gy < ¢ < C we may consider the rescaled forms @ /e with
0 < e < 1. Here, Theorem 1.3 yields solutions of |(Q/e)[m]| < 1 with norms bounded

4 d,
_ —do— %0, _ . .
by [|m|2e™! < cgype W17 for >10 arbitrary small. As a consequence we obtain

by optimizing dy in the exponent of 7.
Corollary 1.4. For all indefinite and nondegenerate quadratic forms of dimension
d > 5 there exist for any € > 0 nontrivial integral solutions of

QIm]| < e,
Im|l < cpeta, (1.11)

for any n > 0, where f; = 12, 8%, 7% for d = 5,6, 7 respectively and f; = 7% for all
d > 8. The constant c, depends on n and is uniformly bounded for a compact set of
forms Q) satisfying 1 < qo < q < C with some absolute constant C'.

For the special case of diagonal indefinite forms Q[z] = Z?:l qja:? with min|g;| > 1
Birch and Davenport (1958), [BD58a|, obtained a sharper bound. They showed for
arbitrary small 7 > 0 that there exists an m € Z°\ 0 with |Q[m]| < 1 and Q+[m] <4,
(det @, )'*". This implies (as above) for that compact set of forms @ that there exists
an integral vector m with ||m|| < cq,e 2™ and 0 < |Q[m]| < e.

For irrational indefinite quadratic forms we may quantify the density of values Q[m]
m € rQQ N Z* as follows. Let ¢y > 0 denote a positive constant. Consider the set

V(r) def {Q[m] :m € Chrey N Zd} N [—cor?, cor?]

of values of Q[z] lying in the interval [—cor?, cor?], for z € C,/,. We define the

maximal gap between successive values as
def

dir) = sup inf{fv—u : v>uveV(r)} (1.12)

ueV(r)
As a consequence of our quantitative bounds in Theorems 2.1, 2.4 below we obtain

Corollary 1.5. Let () denote a non-degenerate d-dimensional indefinite form, which
satisfies the following Diophantine condition. There exist constants (k, A), k € (0,1)
and A > 0, such that for every integer matrix M and integer q # 0 we have

inf |Mq ' —tQ| > Ag ™" (1.13)

te(1,2]

For a fized sufficiently small constant co > 0 we obtain for the mazimal gap d(r) between
successive values of the quadratic form in the set V(r)

d(r) < camagr ", (1.14)

for sufficiently large r, where vy = (1—k)(1—=(4+9)/d), cxaq.a denotes a constant

depending on k, A, Q and d and 0 < 6 < 1/10. For a more detailed description see
Corollaries 2.4 and 2.6 below.
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For positive definite quadratic forms, Davenport and Lewis |[DL72| conjectured in
1972, that the distance between successive values v,, of the quadratic form Q[z] on Z¢
converges to zero as n — oo, provided that the dimension d is at least five and (@) is
irrational. This conjecture was proved in Gotze [Got04].

It follows as well by the results of the present paper which provides error bounds for
the lattice point counting problem for the indefinite case as well as the positive definite
case.

The proof is similar as in the case of positive forms solved in [G6t04]: For any € > 0
and any interval [b,b + <], we find at least two lattice points in the shell Ep; . (and
the box of size 7 = 2v/b), by Corollary 2.3, provided that b is larger than a threshold
b(e). Here b(e) and consequently the distance between successive values (as a function
of b) depends on the rate of convergence of the Diophantine characteristic p(r), (in the
bound of Corollary 2.3), towards zero.

1.3. Discussion of Effective Bounds and Outline of Proofs. In order to prove an
effective result like Theorem 1.3 we need an explicit bound for the error, say R(/,ong, ,),
of approximating the number of integral points m € E,; in a bounded domain r {2 by
the volume in (1.2). Since the description of these error bounds is more involved for
general domains €2, we simplify the problem and first replace the weights 1 of integral
points m € r{) by suitable smoothly changing weights v(m/r), which tend to zero as
m/r tends to infinity.

1.3.1. Smooth weights on Z?. For the weights v, (z) o exp{—2Q.[z]/r*} our
techniques yield effective bounds for the approximation of a weighted count of lattice
points m with Q[m| € [a, b] by a corresponding integral with an error

R(v,Ig,,) def | Z vr(m)—/ vp(x)dx). (1.15)

mGEa,b Eavb

The following bounds for R(v,Ig, ,) are identical for the case of positive and indefinite
d-dimensional forms @), provided that d > 5. Using Vinogradov’s notation A <p C,
(meaning that A < ¢p C' with a constant ¢cg > 0 depending on B), we have

o _ b—a
R(’U,‘IEQ’b) <Q.d Td QpQ,b_a(T)—l-Td/zT, (1.16)

provided that b —a < r. (If r < b — a < r? the second term in the bound has to be
replaced by 7%2logr). The function pg_q(r) tends to zero for r tending to infinity if
@ is irrational. Moreover, assuming that () is Diophantine of type (k, A) as stated in
(1.13) we conclude that pg(r,b—a) <gaa ™" (b—a)'~"2, where vy, 15 € (0,1) depend
on d, k and A (see Corollary 2.6). These results follow from the main Theorem 2.1
with parameters chosen for the indefinite, positive and effective Diophantine cases in
the proofs in Sections 6.2, 6.3 and 6.4.
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1.3.2. Outline of Proof of Theorem 2.1. For general smooth weight functions v(x)
we write v(z) = ((z) exp{—Q[z]} and and introduce a w-smoothed indicator function,
say ¢(Q[z]), for E,;. The smooth weights interpolate between 1 and 0, with an error
bounded in Corollary 3.2. Thus one has to estimate

> () e g(Qm]) ~ | c(z)e @ Hg(Qaldr VW, say, (117)

meZa
Using inverse Fourier transforms we may express the weights as

~

Qi) = 3 [ explit Qg0 Clm) = g [ explifum)}(uhd

Combining the resulting factors exp{itQ[m]}, exp{i{v,m)} and e~“+[z] in (1.17) into
terms of the generalized theta series

6u(t) €Y exp{—ifo,m) — itQm] — Q[m)/r}

meZd

one arrives at an expression for V, by the following integral (in ¢ and v) over 6,(t):

V. = ca /R doC(v) /R 510, (1), (1.18)

The approximating integral W, to this sum V) can be rewritten in exactly the same
way by means of a theta integral, say ©,(t), replacing the theta sum 6,(¢). Thus, in
order to estimate the error |V, —W,|, the integral over ¢ and v of |6, (t) —3,(t)||g(¢)(v)]
has to be estimated.

For |[t| < r~! and ||z|| < r the functions z +— exp{itQ[z]} are sufficiently smooth, so
that the sum 6,(t) is well approximable by the first term of its Poisson series, that is
the corresponding integral 9, (t), (see (3.16), (3.34)). The error of this approximation,
after integration over v, yields the second error term in (1.16), which does not depend
on the Diophantine properties of ). The remaining error term we have to consider (for
an appropriate choice of T' ~ w™!) is

~

= [ [ wieosoio) (1.19)

which is estimated as follows for x € (0, 1)

I<|c]ly sup |0,()[" / supl|f, (¢)['"[g()]dt. (1.20)
T>|t|>r-1 T>|t|>r—1 v

The second factor in the bound of [ in (1.20) encodes the Diophantine behavior of @) as

described above. The third factor is crucial. For some sufficiently small x (depending

on d) this average over t is of order 742, provided that d > 4, see Lemma 6.1. The

resulting bound, (when choosing w ~ T~ as order of the smoothing parameter for the
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o~

region E,;), is an error bound depending on characteristics of ((v) of the form (see
Theorem 2.1)

~ ~ b—a
R(Ig,,v,) <aqw +|[Clip(r,b — a)r®=? + |[C[|r,.r*/* log(1 + —); (1.21)

which has to be optimized in the smoothing size w. (Compare Theorem 2.3).

1.3.3. The Diophantine factor p(r,b — a). In order to describe the second term in
(1.21), we show that uniformly in v, (see Lemma 3.3)

0, < 7> exp{—[v*} € I, (1.22)
vEA;

where A; € SL(2d,R)/SL(2d,7Z) is a family of 2d-dimensional lattices generated by
orbits of one-parameter-subgroups of SL(2d,R) indexed by ¢ and r.
The average of I, over t is derived in Lemmas 5.11,6.1 and 6.2, using an involved
recursion in the size of  and building on a method developed in [EMM98| about upper
estimates of averages of certain functions on the space of lattices along translates of
orbits of compact subgroups. At this point the current approach is fundamentally
different to the approach of previous effective bounds for R(/ Ea,mrﬂ) by Bentkus and
Gotze [BG99], see also [BGI7|, valid for d > 9 and positive as well as indefinite forms.
The reduction to I;, and p(r,b—a) follows the approach used in Géotze, [G6t04], where
I;, has been estimated for d > 5 by methods from Geometry of Numbers, which
essentially required positive definite forms. A variant of that method has been applied
to split indefinite forms in a PhD thesis by Elsner [Els09].

1.3.4. The role of the region (). In order to estimate the lattice point deficiency
R(Ig, ,nre) We have to e-smooth the indicator function of €2 which yields weights ¢ = (.
and an additional error of order (b — a)r¢=2 in case of indefinite form due to the
intersection of E,; with the boundary 0r{). For positive definite forms r{) contains
E,p, that is € > 0 could be fixed independent of r, since this boundary intersection
term is not present here.

In the indefinite case one needs to match the actual size of r¢~2p(r, b—a) by choosing
e as small as r~%2*2 in (1.21). This leads to a critical dependence on e through
the Fourier transform of . and its characteristics. Here ||C.||; moderately grows like
(log1/¢)? for arbitrary small € in the case of polyhedra only, see Lemma 7.2. The
dependence of HQA’EHH, see (2.6), is again critically dependent on €2 and the width b —a
of the hyperbolic shell E,;. For b — a > r the boundary of rQ2 N E,; will contain
a larger segment of dr(). For a sequence of scalings r theses segments of the d — 1-
polytope potentially contain a large number of lattice points which induces large errors
in the lattice point approximation, for which the technical restriction the a region
() is solely responsible. In order to avoid this artefact which is reflected by a large
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growth of ||Zs||1* when ¢ is small, we restrict ourselves to special admissible regions r(2,
where Q = A7![-1 119 ¢ [-1,1]%, and A € GL(d,R) is chosen such that the lattice
I' = AZ% is admissible in the sense of subsection 7.3. This ensures that the lattice
point remainder of r{) satisfies |[volzrQ) — volrQ)| <q (logr)4~! uniformly which is
"abnormally’ small. Likewise HEsHl* grows of order (log1/¢)¢ only. The resulting error
bounds in Corollary 2.4 for for wide shells with |a| 4 |b] < 72 are then comparable up
to at most |loge|? factors to the case of positive forms in Corollary 2.3.

Compared to an earlier preprint, [GM010|, this version has been rewritten so that
it allows to separate the error contributions due to the Diophantine properties of ()
and the influence of weights for the lattice points in Theorem 2.1. The latter has been
developed for special choices of regions €2 which are particularly relevant for wide shells
E, ;4 in Section 7.

The paper is organized as follows. In the following Section 2 we describe the explicit
technical estimates of lattice point remainders. In Section 3 we transfer the problem
to Fourier space starting with a smoothing step and rewriting it in terms of integrals
over d-dimensional theta sums. Section 4 provides a reformulation of the problem via
upper bounds in terms of integrals over the absolute value of other theta sums with
symplectic structure on R?? which in turn are estimated using basic arguments from
Geometry of Numbers. Section 5 contains crucial estimates for averages of functions
on the space of lattices. Finally, in Section 6 all these results are combined to conclude
the results of Section 2 and 1. In the Appendix, Section 7, we collect the geometric
bounds related to the regions €2 used in this paper.

Acknowledgments
The authors are indebted to A. Zaitsev and G. Chistyakov for discussions and sugges-
tions concerning earlier versions of this paper.

2. EFFECTIVE ESTIMATES

We consider the quadratic form

Qle] € (Qu,x), for zeRY,

where (-, ) resp. ||-|| denote the standard Euclidean scalar product and norm, @ : R? —
R? denotes a symmetric linear operator in GL(d, R) with eigenvalues, say, qi, ..., qa.
Write
def . def
@ = min g, ¢ = max|gl. (2.1)

In what follows we shall always assume that the form is non-degenerate, that is, that
go > 0. In order to describe the explicit bounds we need to introduce some more
notations. Let § > %1 such that 0 < % -0 < % — % for d > 4. For a lattice A C R?¢,
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with dimA = 2d and 1 <1 < d we define its a;-characteristic by
a(A) sup{’det(A’M_l : A" C A, I-dimensional sublattice of A}. (2.2)

Here, det(A’) = det(A” A)/2) where A’ = AZ? and A denotes a (2d) x d-matrix.
Introduce

o B 1/2-p8
Yo 11,8(T) et sup { <T dad(At)> T <|t| < T}, (2.3)

where Ay = d,u;Ag denotes a 2d-dimensional lattice obtained by the diagonal action
of d,,u; € SL(2,R) on (R?)? defined in (4.19) and Ag denotes a fixed 2d-dimensional
lattice depending on ) introduced in (4.18).

Recall E,;, = {z € R% a < Q[x] < b} and let v(x) denote a smooth weight function

such that ((z) = o v(z)e?+ satisfies
sup (¢(x)] + |C(@)]) (1 + |l2])** < o0, (2.4)

rER4

Theorem 2.1. Let () denote a non-degenerate d-dimensional form, d > 5, with gy > 1.

Choose 3 = %—l—g for some arbitrary small § € (0, 110) and let ¢ & d(——ﬁ) = %—2—5.

Denote (b—a)* o min(b—a, 1). Then there exist constants ¢y > 0 and a(d) depending
on d only such that, for anyr > q>qy > 1, b > a and |a| + |b| < cor?, we have

ISRy ey (25)

meE, yNZ3

<a (w][vllg + IClhAGpaw(r) P +14C 1y log(1 + E52), where

* def . —a)* *
Plpn-an(®) = inf {Aglog(Bt) (1) + cq(b— ) T% & T € [, 1]}

2
To=qe™ (b= ) (og ) ) s [ollze & minfjv—ma]),
def ™ = v —
Il = qd/4<||<||1+/ SN + 12 lz)~2av). (2.6)
V||co>TT

Here Ag < |det Q|"V48/2¢, cq % |det Q|7 and ||v||o is defined in Lemma 7.1.

We used the notation A =<; B for quantities of equivalent size (up to constants
depending on d only), i.e. A <4 B <4 A.

Remark 2.2. Note that

a) [l < g®* [(1+ [[ol|**)I¢ (v)]dv.
b) Theorem 2.1 extends to affine quadratic forms Q[z + £] uniformly in [£|o < 1.
c) For a "generic’ choice of Q  pf),_,.,(r) is of order less than r~%/2+2,

With these notations we state a result providing quantitative bounds for the differ-
ence between the volume and the lattice point volume in F, .
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Ellipsoidal Shells E,;. Here @) is positive definite and we may assume that b
tends to infinity. Let r = 2b'/2 in Theorem 2.1. Then the shell E,p is contained in
Q) = [—r,r]%. Choosing in Theorem 2.1 a smoothing of Iq, say ve (of width ¢ = &),
which equals 1 on E,; we obtain

Corollary 2.3. Let () denote a non-degenerate d-dimensional positive definite form
with d > 5, and qo > 1. For any b > q > qo > 1 and r = 2b"/? we have

[volg, B,y — vol Eqy| <4 72 pg(r) + |det Q|21 log r, (2.7)

where

pa(r) & inf {10g(T )1 1,1,5(r) + coT= : T € [r 1]}, (2.8)

where Ty = BoT=°h(T_), Bg = |det Q| /279 ¢=3/2 and

2
h(T-) o <log(T, q_1/2)<q1/2) . Furthermore, lim, o, p(r) = 0, as r (and b) tend to

nfinity, provided that Q) is irrational. This bound is related to the bound obtained in
[G6t04].

Hyperboloid Shells E, ;. Here we restrict ourselves to a special class of rescaled
"admissible’ parallelpipeds 7€) for » > 0 given by 2 = A_l[—%, %]d, determined by some
A € GL(d,R) such that the lattice I' = AZ? is admissible in the sense of subsections
7.3 and 1.3.4 and © C [—1,1]? by rescaling. To estimate the lattice point remainder for

this restriction of E, ; given by H, def E,»NrQ we smooth the indicator function /g in

an e-neighborhood with an error of oder O(g(b — a)r?=?) using Lemma 7.1. This yields
a smooth function v, and a final weight function (., according to (2.4) in Theorem 2.1.
Since the minimal error in these lattice point approximations (uniformly in r) is of
rough order r%?2, by Remark 2.2, we may calibrate errors by choosing 1 > & >> r—%/2+2
at the expense of ||(.||; as well as |||+, in (2.6) growing with a power of |loge| only
for admissible’ Q. The actual choice of ¢ = £(r) is then determined by calibrating the
main terms er® 2 and ||(c[|19% _q.. ()7 depending on the speed of convergence of
i, o0 P§) p_a.0 (1) = 0. The resulting error bound for indefinite forms will then differ
by most by some |log e|-factors from the positive definite case, and is thus dominantly
influenced by the Diophantine properties reflected in the decay of the 7 1,) 3 resp.
the pp ;. ,~Characteristic of irrationality. In particular we have uniformly for 'small’
and 'wide’ shells F,; and admissible regions (2 the following bound.

Corollary 2.4. Using the assumptions of Theorem 2.1 and the admissible regions €2
we get for all |b] + |a| < cor?,

A, Y [voly H, — vol H,| <4192 po(r,b — a) + agr®/?log(1 + Ib;—“'),



QUADRATIC FORMS 12
with Ty =q W(T)T=°, ag = ¢**|det Q|2 and
def . b—a)* .
pPob—a(r) = inf {AQ llog T_|d(7[T77T+m(r) log ( G ) +co(b—a) Tf) :

T €[ + 21} (29)

Compared to the quantitative results in [BG97|, it holds for d > 5 and improves
the error by orders of r for large d thanks to the admissibility of 2. For any fixed
T >1>T_ and irrational @) it is shown in Lemma 4.11 that

lim vz 78(r) = 0, (2.10)

r—00
with a speed depending on the Diophantine properties of (). This implies for fixed
b—a >0 that
lim pQ,bfa(T) =0. (211)

r—00

and hence A, = o(r?72) as r — oo. This holds uniformly for all intervals [a,b] with
0 <u, <b—a < cyr? with limu, = 0 depending on po.—a(r). Hence in order to get
an effective bound we consider the following class of Diophantine matrices Q).

Definition 2.5. We call ) Diophantine of type (x,A) if there exists a number 0 < k < 1
and a constant 0 < A < oo such that for any m € Z there exists an M € M (d, Z) with
inf |M —mtQ)|| > Alm|™". (2.12)

te(1,2]
Corollary 2.6. Consider quadratic forms Q|x] with matriz QQ which is Diophantine of

type (k,A). Choosing [ such that Bd =2+ ¢ for some sufficiently small 0 < n < 1/10,

we have with < 1/2—-5=1/2—(246)/d and (b —a)* = min(b —a, 1)

Pab-a(r) Karaq (logr)*r ((b—a)")' ™, (2.13)

where v1 = 2(1 — R)/(d+ 1+ k), and vo = 1/(d+ 1 + K)/u, provided that r > 1 is
sufficiently large and k > 0 is sufficiently small (depending on d). Thus we conclude
for sufficiently small and fized § and ’good’ Diophantine types (A, k) ( with sufficiently
small fized k> 0)

| VOIZ Hr
vol H,

where the implied constant in (2.14) can be explicitly determined.

ol
— 1| Kgang (logr)*r=1((b—a)*) ™ + T‘dﬂw%, (2.14)

3. FOURIER ANALYSIS

3.1. Smoothing. The first step in the proof of Theorem 2.1 is the rewriting of lat-
tice point counting errors !volZ H, — vol HT| in terms of integrals over appropriate
smooth functions. To this end we introduce smooth approximation of the indicator
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functions of E,; and 2 constructed as follows. Denote by k = k(x)dz a probabil-

ity measure (symmetric around 0) with compact support satisfying k([—1,1]) = 1

and [k(t)] < exp{—c|t|'/?} for all t € R and a positive constant ¢, where k(t) o

[ g(z) exp{—itaz}dx denotes the Fourier transform of the measure k (for examples of k
see |BR86|). For 7 > 0, let k. denote the rescaled measures k,(A) o k(t71A) for any
A€ B". On R" n > 1, (using the same notation), let k.(z) = k,(x1) ... k-(z,), v =
(x1,...,2,) denote its multivariate extension.

Furthermore, let f % &k, denote the convolution of a function f on R™ and k.. We

need the following standard estimate for smooth approximations ( see [BR86], Corollary
10.4).

Lemma 3.1. Let p and v be (positive) finite measures on R™. For any T > 0 assume
that Let f and f=,7 > 0 denote bounded real-valued Borel-measurable functions on R™
such that for any ™ > 0

£ @) 2 sup{f) 5 g = sl <7} ond Jr@) < (-F@. (3D
Then
| [ it =v)| <max] [ i)+ [ - g 62

Proof. Note k. is a probability measure with support contained in a ball of radius 7.
By (3.1) for 7 and 27 we get the following chain of inequalities

for S 7wk < f < [T xke < S (3.3)

which leads to
[raw-v< [ g skedu=v)+ [(55 e = )i (3.4)

and a similar lower bound. Since by (3.3), f x k, < f;- and f~ xk, > f,_ the upper
bound (3.4) together with the corresponding lower bound proves the Lemma. 0J

First we shall investigate approximations to the following sum over the lattice points
in E,;, with weights v,.(x) o v(z/r),

S L (QIm]yo (m) = / Ty (Qla))or (@) d + R(I5, ,v,) (3.5)

d
meZd R

where v(z) is a sufficiently fast decreasing smooth function. such that

((x) € o(x) exp{Q 2]} (3.6)

satisfies (2.4). For such weights both sides of (3.5) are well defined and R(/g, ,v,) may
be estimated by Poisson’s formula, see [Bo48|, §46. By means of Lemma 3.1 we now
replace the indicator I}, by a smooth approximation.
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Corollary 3.2. Let [a,bl, o la —w,b+w] and write g1y, = Ifap)., * kw and

gcigw('r> déf g:l:w(Q[x])7x S Rd. Then

|R(I5, ,vr)| < max|R(92,vr)| + caw|v]gr™, (3.7)

with ||v||q from Lemma 7.1.

Proof. Choose in Lemma 3.2 the measure p respectively v on R as the induced measure
under map x — Q[z] of the counting measure with weights v,(m) respectively the
measure v(dz) = v,(z)dz. Let f(z) = I,4(2) and fF(2) = Ijo4.,(z). Then (3.1) is
satisfied and (3.2) applies, choosing 7 = w. In order to bound the remainder term in
(3.2) observe that

fow = fow < I({z € R : Q[z] € [a — 2w, a + 2w] U [b — 2w, b + 2w]}) (3.8)
and apply the geometric estimate of Lemma 7.1, (7.7) of the Appendix. O

Thus we have reduced the determination of the the lattice point remainder R(/g, , v,)

to the remainder R(gfwvr) for smooth weights. We now rewrite the latter by means
of Fourier transforms.

3.2. Fourier Transforms and Theta-series. Rewrite the weight factor v in (3.5) as
v(z) = exp{—Q4[x]}{(x). Since by definition (see Lemma 3.1) and assumption (2.4),

G ()] < Ty () ()] < 701 (£) exp{—cltw]|"/*} and C € LM(dv),  (3.9)
where s, (1) o [t~ sin(t (b a)/2)|, we may express the Weight functions gw and ( by
their Fourier transforms g,,(v) = [; guw(x) exp{—itx} and () = [1aC ra C(2) exp{—i(v,z) }dv.
This yields

au(@Qi) = n)" [ exp(itQial}gul0)de. (.10
R
e = 20 [ explite. 0} ) (311)
Rd
Hence we obtain by interchanging summation and integration in (3.5), using (3.10),

R(gQv,) = (2m)"" / Rlewov,)Gu(t)dt, (3.12)

with e, () o exp{itQ[z]}. Similarly, writing €, ,(x) o exp{—Q+[z/r]+i(z/r,v)}
we obtain by (3.11)

Rlewguy) = (2m) / Rlewgéur)C(v) dv. (3.13)
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The sum R(e;q€,,) is the remainder between the generalized theta series and its cor-
responding theta integral, that is R(e;gé,,,) = 0,(z) — U,(t), where

0.) S exp{Qualt )}, Du(t) / exp {Qpa(t, )} dz,  (3.14)
€4 R?
Qro(t,r) = itQx] —r2Qylx] +i(z,vr ). (3.15)
For |t| < r~! we shall use other representations of R(eiq€,,) = 0,(2) — 3J,(¢) in (3.12)
by means of Poisson’s formula, see [Bo48|,§46, which obviously applies here, i.e.
Ou(t) = 0,(t) = Y Dyoammi(t), (3.16)
meZ3a\0

since by definition (3.14) the Fouriertransform of x — exp{Q;.(z)} at v € R? is given
by ¥,_~,(t), where

exp{Qyo(t,2)} = exp{—Qyfz] + i(z,vr )}, and Q, ¥ r2Q. —itQ. (3.17)

In view of (3.13) and (3.16) we have

Rlegu) = @0 [ (32 dvsone) S (319)

R4

meZ\0
Decomposing the integral over ¢ in (3.12) into the segments Jo % [—q~V/2r=1; ¢~ 121
and J; € R \ Jo we get
|R(g2vr)| <a lo+ 15+ 11, say, where (3.19)
| [ Requ) gu dif (3.20)
Jo
= / Gu(t) [ 0u(t) C(v)dv dt‘, (3.21)
J1 R4
[ / Gu(t) | 0.(0)C(w)do dt] (3.22)
i R

The same inequalities hold for g, replaced with g_,,. We start with the integral over
the sections J;. In the term [; we separate the t and v integrals via

1 <a |18l /

|t|>q*1/27‘*1

19u(t)] sup |0, (£)] dt, (3.23)

where the estimation of the latter integral will be done in the section 4-6.
In order to estimate the terms Iy and I} we need to estimate |J,(t)| first:

Estimates for |J,(t)|.
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For any symmetric, d x d complex matrix {2, whose imaginary part is positive definite
we have

/Rd exp{miQ[z] 4 2mi(z,v) }dx = (det (/i) "? exp {—miQ ' [v]}, (3.24)

where v € R? and Q! [x] denotes the quadratic form (Q 'z, z), defined by the inverse
operator Q! : C¢ — C? with has a negative definite imaginary part, see e.g. [Mum83],

p. 195 (5.6), Lemma 5.8. We shall use (3.24) for @ < iz=1(r2Q, —itQ), and obtain
for 9, in (3.14), see as well (3.17),

9,(t) = /R exp{—Qy[a] + i(w, vr") b, = det (7' Q,) " exp {-i@;l[w—l]} .

(3.25)
Hence, z — exp{Q;.,(t, z)]} has Fourier transform
- 1~
det (x7'Q,) " exp{ =@, [u = /1) = Dumra(t) = D (0) (3.26)
def

By definition (3.14) |9,(t)| = cq|det Q|72 |exp{—1Q; '[v/r]}|. Note that S =
Q;lQ is a reflection (with eigenvalues £1) and @, Q4,S commute. Thus we ob-
tain Q; = Q.(r~2 —itS). Diagonalizing these operators, we get |det <7r_1Qt)] =
det(771Q,)|r=2 —it|%. A short calculation shows that

Re (Q;'[u]) = Re (r 2 —it)") Q1 u). (3.27)
Thus we conclude, writing 2, % 72 —it, and r, = (Re(z; ")Y2 =r/(1 4 (tr?)?)'/2,

1
‘19ur(t)| <d dQ |Zt|_d/2 eXp{—Z—l’f’f Q;l[u]} (328)

Note here that |z,|~%? = Td/2r§l/2.
Estimation of I;:

Since |9,(t)] <4 erd/Qrf/Q by (3.28) (with v = wr) we obtain using (3.9) and (2.4)
after integration over v in (3.21)

It <4 dor2|| s / st (£) exp{ —clwt| 2} dt. (3.29)

[t|>r—1

def

Note that for [t| > to = max(|b—a|™',r71), we have s, 5(t) < [t|7!. It suffices to
consider the case t > 0. We obtain by definition of r;

I(t)) & / Spauy ()ri 2 dt < q 1™ / PG g WP (3.30)
to to

Thus, when |b — a|™' < 77! we have I(t;) < 1. On the other hand for |0 — a|™* >

r~! we shall estimate the t-integral in (3.29) between r~! and |b — a|™! by means of

St (t) < |b—al/2 and I(r~1) = I(|b — a|™") < r=¥2|b—a| [, t792dt < |b— al/r.
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Summarising, we get
Iy < dg|| Clly min{[p — al/r, 1}r2, (3.31)

provided that d > 2.
Estimation of I,:
We may write by (3.13), (3.20) and (3.16)

1Io] <4 | [ dtgu(t)R(ewqur)|, where (3.32)
Jo
Rlequ,) = (2m)7 / SewC®)dv, S 3" Vygmme(t).  (3.33)
Rd mezd\0

Writing v = ur and u = ug + 27m,, m, € Z2 such that uy €] — m, 7| introduce
i < —up/2. Then ||ife < 7/2 and ||7m + @l > [|7m + s > 7/2 for m € Z\ 0

and hence we get %Q;l[ﬂm + ] > 72/(8¢q) > ¢q~'. Thus we obtain

2 2

Starl € 7 19r mmun) (1) < dalae] 2 (e 79 I (u) + Kae @), (3.34)

mF£my,

7'2 _ -
where I,.(u) o I(||t)|eo = 7r) and Kj o P e 2@ il The sum K may

be estimated by an integral as follows: since r2 > 1/(2q) for [t| < ¢~ V/%r7!

def
exp{—r7 Q3 [u]} < exp{—||ul[*/2}. Let I
Thus we obtaln

/eXp{—Hu +al?/2}dr > exp{~||ul*/2 — 7*/8} /Iexp{—(% )y,

1

we have
[-%, 5] Then ||z|* < 7%/4, for v € I.

def

-

where the integral on the right hand is larger than 1 by Jensen’s inequality. and we
obtain

K; <4 Zku+wm <4 Z / exp{—||z||*/2}dz <4 1. (3.35)

meZd I4mm+i

Using (3.32) and (3.33), we may now estimate [, using (3.34) and (3.35) by the
following integrals using vy = v — 27rm, ||vgllee < mr,m € Z9,

o] <4 dQ/|§;(t)|(@t71+@t72)dt, where (3.36)

2
e A —lryo el 2
O = d/z / C(v)ldv, O, = —d/ / ™ 1910 (w) .
‘ |Zt| [[v||co>mT

Note that |z|™%? = (rr,)¥? and for t € Jy, t + r? is strictly monotone decreasing

from r2 = 72 to 1/(4q) < r? < 1/q for t = £q~V/2r~1. Write s o r? and h(s;z) o
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s¥*e=s% 1 > 0. Then the maximum of h(s;x) is attained at sy = d/(4x). Hence,

max;c s, h(r?; x) <q min(z=44, ¢¥4rd/?) <4 (o + —L)~4/*. Thus we obtain with z = %
Itnax@tl <q Y2 d/4d ||CH1 (3.37)
€Jo

In order to estimate ©, 5, choose x = Q7 '[vy/r]/4. Thus, we get

sup ©2 <4 erd/Q/ (Q vo/r] + 1 —3)" d/4|<’( )|dv. (3.38)
[|[v||oo >m 7

teJo

Integrating the bounds (3.37) and (3.38) in ¢ € Jo with weight |g,,(t)[, we finally get
by (3.9), using fJ |G ()| dt <4 log (14 1= a') and the quantity ||Q||*T, see (2.6), for the
weights ((x)

|Io| <a dog™r¥?1og (1 + =2y |C]..,. (3.39)

Using Corollary 3.2 with (3.7), (3.19), (3.39) and (3.31) we may now collect the results
obtained so far as follows for the lattice point remainder of (3.5). For any |a|+|b] < ¢or?
we have

| Z Ty (Q[m])v,(m) — /Rd L1 ) (Q[z]) vy (2) x|

meZd

<a Ty + dog" [Cll-p 2 log(1 4+ 22) 4 cpuljufgrt. (3.40)

Estimation of I;: We shall now estimate the term [;, see (3.22) and (3.23). This
is the crucial error part. At first we shall bound the theta series 6,(¢) uniformly in v
by another theta series in dimension 2d in order to transform the problem to averages
over functions on the space of lattices (subject to actions of SL(2,RR). We have

Lemma 3.3. Let 0,(t) denote the theta function in (3.14) depending on Q and v € C.
For r > 1, t € R, the following bound holds

10,(t)] <4 (det Q) VA2 ah(r, t)Y?, where (3.41)

W(r,t) o Z exp{—H;(m,n)}, and (3.42)
m,nczd

Hi(m,n) g Q' m — %t Qn]+7r2Q[n], (3.43)

and Hy(m,n) is a positive quadratic form on Z*?.
Note that the right hand side of this inequality is independent of v € R?,

Proof. For any x,y € R? the equalities
2(Q+lz]+Q+ly]) = Qilz+yl+Qilz —yl, (3.44)

(Qr+y),r—y) = Qr]—-Q[y] (3.45)
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hold. Rearranging 0,(z) 0, (z) and using (3.45), we would like to use m +mn and m —n
as new summation variables on a lattice. But both vectors have the same parity, i.e.,
m-+n =m—n mod 2. Since they are dependent one has to consider the 2¢ sublattices
indexed by a = (a1,...,aq) with a; =0,1, for 1 <j <d:

zd o {mezZ': m=a mod 2},

(%

where, for m = (mq,...,mgq), m = @ mod 2 means m; = a; mod 2, 1 < j < d.
Thus writing

Buat) =% exp |5Qu ] - ieQl] + ifm. %)

meZ4

we obtain 6,(t) = > 6,.4(t) and hence by the Cauchy—Schwarz inequality
0.8 < 27 [Ba()]” (3.46)

Using (3.45) and the absolute convergence of 6,(t), we may rewrite the quantity
Op.a(t) 0,4 (t) as follows:

Ov,a(t) Ova(t)
- X e 25 (@bl + Q. ) — it(@lm] - QI — i . )]
- ZEZd exp {—%(Qﬁﬁ] + Q[ —2i(2tQm + ;m} (3.47)
where 77 = m;n A= m;n . Note that the map

m+n m-—n
2 ’ 2

H:\U, 28 x Z8 — 79 x Z¢, (m, n) —> (
get by (3.46)
2
16.(1)]

) is a bijection. Therefore we

< Y 3 ew {—ﬂ(@m]wm) —2z‘<2t@n—z+§ﬁ>]

ae{0,1}4mpezd
2 : U
=Y e {_T—Q(Qm] + Qulal) — 2i (2t Qm + ;,n>} | (3.48)
mpezd
In this double sum fix 7 and sum overm € Z? first. Using (3.24) with Q = (iQr~2 +
tQ)/m, we get for & o (det (% QJF))fE by the symmetry of @) and Poisson’s formula,
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see [Bo48],846

b Y exp [_%(QM]HAM)—2@<2¢Qn—1+§,ﬁ>

meZd

—_

r? 2 U
= Z exp {—EQJF [mm — 2t Q] — ﬁQJr[n] —22(;,71)} :
mezZs
Thus,
0,(t,7m)| < & Zor 2t Qn] — 2Q4ln 3.49
6.(t:7)] < %deXp{—gm [wm — 2t Qa) — 5Q4fl}. (3.49)

Hence, we obtain by (3.48) and (3.49)

6,(1)]* <a (det Q)72 3 exp{—Gilm, )},

mpecZd

where Gim,n] & %Qf[ﬂm —2tQn] + 3Q+]. Since 7?/2 > 1 we may bound

Gi[m,n] from below as follows:
2
Gulm.n] > 1°Qulm — 21Q7] + Q. [ = Hyfm. ]

which proves Lemma 3.3. 0

Lemma 3.4. Let A be a lattice in R®. Assume that 0 < e < 1. Then

exp{—de}#H < Y exp{—c|v|]’} <q e #H, (3.50)

vEA
where H % {vel: |v.<1}.

Proof. The lower bound for the sum is obvious by restricting summation to the set of
elements in H. As for the upper bound introduce for p = (p1, ..., uq) € Z¢ the sets

def 1 1 1 1
B, = [MI_E,NI‘FE) X X [Md_Evﬂd—i_ 5)

such that RY = U, By For any fixed w* € H, o {we AN B,} we have

w—w" € H, for any w € H,.
Hence we conclude for any p € Z4

#H, < #H.
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Since z € B,, implies ||z| s > ||t]/so/2, we thus obtain

doexp{—clvl’} < Y exp{-cllvl}

vEA vEA

< #Ho+ Y Y {ve B} ew{-] )

HEZINO  vEA

< #H- Y expf—2[ul?)

HEZ
<4 e YV2H4H.
This concludes the proof of Lemma 3.4. ]

4. FUNCTIONS ON THE SPACE OF LATTICES AND GEOMETRY OF NUMBERS

Let n € NT and let ey, eq, ..., ¢ be | < n denote linearly independent vectors in R™.
Let A be the lattice of rank | generated by all integer combinations of these vectors.
Then the determinant of the lattice A, denoted by det(L), is given by det((ei, e;),1,J =

1,... l)l/ ?. Tt does not depend on the choice of the basis of A, More generally, for
applications in the next section, for every [, 1 <[ < n, we fix a quasinorm | - |; on the
exterior product A'R™. Let A be a lattice in R”. We say that a subspace L of R" is
A-rational if LNA is a lattice in L. For any A-rational subspace L, we denote by da (L)
or simply by d(L) the quasinorm |uj A ... Aw, where {uy,...,u},l = dim L, is a basis
of LNA over Z. If {vy, ..., v} is another basis of LNA, then uy A. .. Au; = o1 A. .. Avy.

Hence d(L) does not depend on the choice of basis in LN A. For L = {0} we write

d(K) ' 1. If the quasinorms | - |; are norms on A'R"™ induced from the Euclidean

norm on R™, then d(L) is equal to det(L), that is to the volume of L/(L N A). In
particular, in this case the lattice A is unimodular iff da(R™) = 1. Also in this case
d(L)d(M) > d(LNM)d(L+ M) for any two A-rational subspaces L and M (see Lemma
5.6 in [EMM98]). But any two quasinorms on A'R™ are equivalent. This proves the
following;:

Lemma 4.1. There is a constant C' > 1 depending only on the quasinorm |- |, and not
depending on A such that
C?*d(L)d(M) > d(L N M)d(L + M) (4.1)

for any two A-rational subspaces L and M.

Let us introduce the following notations for 0 <[ < n,

e 1 : : : :
a;(A) = sup{m : L is a A — rational subspace of dimension [},  (4.2)

a(A) © max ar(A). (4.3)

0<I<n
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This extends the earlier definition of a;(A), see (2.2), of Theorem 2.1 to the case of
general seminorms on A'R™. In this section the functions o; and « will be based on
standard Euclidean norms though, that is, they use d(L) = det(L).

In the following we shall use some facts in the geometry of numbers (see Davenport
(1958), [Davh8| or Cassels (1959) and classical reduction theory for lattices in R",
[Cash9]). They show that the number of points from A in the unit ball in R™ lies
between two positive constants, (see Corollary 4.7 below).

Let F :— [0,00] denote a norm on R™. The successive minima M; < --- < M,
of F' with respect to a lattice A in R"™ are defined as follows: Let M; = inf{F(m) :
m # 0,m € A} and define M; as the infimum of A > 0 such that the set {m e
F(m) < )\} contains j linearly independent vectors. It is easy to see that these infima

are attained, that is there exist linearly independent vectors by,...,b, € A such that
F(b]) :Mj,j:]_,...,n.

Lemma 4.2. Let F;(m), j = 1,2, be some norms in R™ and M; < --- < M, and
Ny < --- < N, be the successive minima of Fy with respect to the lattice A1 and of Fy
with respect to the lattice Ay respectively. Let C' > 0. Assume that My >, C Fy(by),
k=1,2,...,n, for some linearly independent vectors by, by, ..., b, € Ay. Then

The proof of this lemma is elementary and therefore omitted.

For a lattice A € R", dimA = n and 1 < [ < n recall the definition of «a;-
characteristics by

a(A) & sup{‘det(A’)’_l : A" C A, I-dimensional sublattice of A.} (4.5)
Lemma 4.3. Let F(-) be a norm in R™ such that F(-) =, ||-||. Let M; <--- < M,
be the successive minima of I with respect to a lattice A C R™ of rank n. Then

a(A) =<, (My - My---M)™ , 1=1,...,n. (4.6)
Suppose that 1 < j <n and M; < pp < My, for some >0 and M, = oo. Then
#{ve A Flv) <pu} =, @ (M- My--- M)~ (4.7)

For the proof of (4.6) in Lemma 4.3 we shall use the following result about reduced
lattice bases formulated in Proposition (p. 517) and Remark (p. 518) in A.K. Lenstra,
H.W. Lenstra and Lovasz (1982), [LLL82].

Lemma 4.4. Let My, < --- < M, be the successive minima of the standard Euclidean
norm with respect to a lattice A C R™. Then

Ml =4 HelH, = 1, Lo, n. (48)

Moreover,

det(A) <, [ llell (4.9)
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Proof of Lemma 4.3.

Proof of (4.6):. According to Lemma 4.2, we can replace the Euclidean norm || -|| by the
norm F'(-), in the formulation of Lemma 4.4. Let A’ C A be an arbitrary [-dimensional
sublattice of A and N; < --- < N, be the successive minima of the norm F'(-) with
respect to A’. It is clear that M; < N;, j =1,2,...,1. If M; = F(b;) for some linearly
independent vectors by, bs, ..., b € A and

l
A’:{anbj:nj ez,j:1,2,...,z},
j=1

then M; = N;, 5 =1,2,...,l. It remains to apply Lemma 4.4.

Proof of (4.7). Let a; denote the elements in A corresponding to the successive minima

M;, 1=1,...,n. For any v € A with F(v) < M; <y we have by definition
v=m1ay+ ... +m;a;

with some m; € Z. Since for |my| < j7'uF(a)™, 1=1,...,j we have F(v) < u we

conclude that

def : _
N(p) = #{veA: Fv) <pu} >, @/ (My - My--- M)~ (4.10)
For the upper bound (see e.g. Davenport [Dav58| ). For convenience we include the
short argument here. Define positive integers vy, ..., v; such that
. 21 .
2nTh < = <o 4.11
<k (411)

7

Hence, vy > vy... > 1y. Consider another element v € A with F(v') < p and
v’ = mjay + ... mja; with some m/ € Z. Assuming for the moment that m; = m

mod 2" [ =1,...,7, and let ¢ denote the largest index 4 such that m; # m}. Then

Lt 9w (v — ') is an element of A and linearly independent of ay,...,a;_;. Thus

we conclude F'(z) > M;. But
F(z)=2"""F(v—2") <27 (F(v) + F(v")) <27"2u < M;

by (4.11). The contradiction shows that there is at most one lattice point in A such
the coordinates my, ..., m; lie in the same residue classes to the moduli 21, 22, ... 2%
respectively. Hence the number of lattice points N () in (4.10) is bounded from above
by the number of all residue classes, i.e. by 2122, 2% < (4u) (M ... M;)~'. This
shows the upper bound in (4.7). O

Lemma 4.5. (Davenport [Davb8|, Minkowski) Let A = AZ" and N' = A'Z"™ denote
dual lattices of rank n, i.e. det(A) det(A') =1 and (Au, A'v) = (u,v) for any vectors
u,v € Z" or AAT =1,. Let M;,j=1,...d, and N;,j = 1,...n, denote the successive

minima of A resp. of N with respect to FEuclidean norm ||-||. Let c¢_(n) o (n!)~12" fw,
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and ¢ &f 2" Jw,, where w, denotes the volume of the unit n-ball. Then we have

c_(n)det(A) < Mp...M, <cy(n)det(A), (4.12)
c_(n)det(A) < Nj...N, <cy(n)det(A) (4.13)
1 < Man+1_j < c+(n), ] = 1,...,n (414)

Proof. The first two inequalities are special cases of Minkowski’s inequality for the
successive minima of arbitrary norms F on A

n n

2
< < = .
v S My...M, < v det(A), (4.15)

det(A)

where V' denotes the volume of the convex body F' < 1. By the unimodularity and the
choice of F' we have V' = w,,. The left hand side of (4.14) follows by the definition of
the successive minima M; and N,;;—; and the existence of u resp. v in sublattices of
rank j resp. n+ 1 — j of A resp. A’ such that (u,v) # 0 that is ||ul|||v] > [{(u,v)| > 1.
The right hand side follows by Minkowski’s inequalities for both successive minima.
For details, see (Davenport (1958),[Dav58|, Lemma 2) O

4.1. Conjugate lattices. Now we shall apply the previous results to the special norms
H,(m,m)Y? in the theta series (3.42). Here and below writing (a, b), for a € R%, b € R?,
means that (a,b) € R* and the coordinates of (a,b) are the coordinates of the vectors
a and b in the corresponding order, that is, (a,b) = (aq, as, ..., aq,b1,bs, ... by). In the
following we shall use methods from the Geometry of Numbers for lattices in R” with
n = 2d. Recall that H, is a positive quadratic form on R? x R given by

of 2
Him,m] =r*Q ' [m —t'Qm] +r*Qym], 2 teR, r>1. (4.16)
m

def

Let (-,-); denote the associated scalarproduct (I,1); = H;(l),l € R? x R We
shall rewrite Hy[m,m] by means of elements of SL(2d,R) and lattices in R* as fol-
lows. Introduce for (m,m) € Z*, u o il/gm €eRland v ¥ ;1/2Qm =

SQHQm € RY, where S = QQ;I is a reflection. Note that S, @) and (). commute.
Let T € SL(2d,Z) be the permutation matrix which reorders the 2d coordinates
(u, v) = (uy,...,uq, v1,...,v4) € R2 into d pairs given by

T(u,v) o (m,...,na), where n; o (uj,v;), j=1,...,d. (4.17)

Let Ag denote the lattice of rank 2d of all vectors T'(u, v), (m,m) € Z*, i.e.

~1/2
Ag def TAQZ**, where Ag def (Q(-S Sgcll/Z ) (4.18)
d +
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Note that det(Ag) = 1. Thus we may write Hy[m,m] = r?|ju — t'v||* + r2||v||* =
d
Zj:l”dr ug 13|12, where

def r 0 def 1 -
e (5 0) W (1) "

Here D & {d,,r > 0}, and U o {us, t € R}, are quasi-geodesic and unipotent

one-parameter subgroups of SL(2,R). We shall consider the diagonal representation
of g € SL(2,R) on (R?)? = R*¢ defined by

def
9(7]17---77]d) = (97717--~7977d)7 gESL<27R)7 (420)
Denote in particular the representation of ¢ = d, and g = u; on (R?)? by the same
symbols ¢, d, and u;. Thus we may rewrite (4.16) as follows

Hi(m,m) = r2|Q7 " m — ' SQY*m|* + 2| QY ml|? = ||d,u, T Ag(m, m)T|?
= || dvusn]|?, where 1 % (q1,...,n4) € (R?)". (4.21)

Note that in view of (4.5) the ay-characteristic of the 2d-dimensional lattice A, o

d,usAg may be expressed by the reciprocal of the minimal volume of a [-dimensional
sublattice, generated by elements, say a; = d,u,/T"Agl;, where [; is a basis of an [-
dimensional sublattice of Z??. Thus

—-1/2
(M) = det <(aj,ak>,j,k:: 1,...,d) . (4.22)

By construction (a;, ax) = (I, li)¢-
Based on the special symplectic structure of our 2d-dimensional lattices we may sharpen
Lemma 4.3 and Lemma 4.5 as follows.

Lemma 4.6. Let My, ..., Myy the successive minima of Ay = d,uAg with respect to
the norm ||-||. Then we have for any t and p > 1
M Mogsr—; =4 1, j=1,....d, (4.23)
rlg? < My < < My<g1< My, j=1,...d, (4.24)
#ve vl <p} g (M- My~ My) ™' =q > aq(Ay). (4.25)
Corollary 4.7. Notice that
a(Ay) =max{a;(Ay) : j=1,...,2d} =4 aq(Ay). (4.26)

Proof. First we prove (4.23). Let J o kz/2 denote the imaginary unit in SL(2,Z).

Then we have the following obvious relations
Jky = ko, d.J=Jd, ul J=Ju_, and
d»,- Ut = Ugp2 dr- (427)
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For B € GL(d,R) define Jg € SL(2d,R) as:

o O, —B
Jy o (Bd o, ) (4.28)

Using the reflection S € GI(d,R) defined above define
Ay =dyu Ao = dyouy TAGZ? and A, & dou, T Ao JsZ2°. (4.29)

Note that these lattices are adjoint with repect to the diagonal action of J on (R?)%.
To see this let for any N, N’ € Z2?

def

w(N) € du,TAGN € Ay, wy(N') &

= JdrutTAQ(—Js)N/ S A;

Using (4.27) together with JT =T J;, T € O(2d), AgJrAq = Js and J% = —Id we
obtain

(w(N), wy(N)) = (N, N), (4.30)

for any N, N’ € Z??. Hence A; and A, are dual in the sense of Lemma 4.5. We claim

that they have identical successive minima. To this end note that with
N = (m,m)" € 2%,

lw(N)| = [1(Q7"*m — Q7" *Qm, QY*m))|
= Q1Y Sm — Q1 *QSm, QY Sm)|| = |lw((—Js).J; N)|
= [[w'(JIN)I], (4.31)

where we have used (—Js)J;(m,m)” = (Sm,Sm)T and in the last equality ||Jw|| =
|wl||. Since J;Z** = Z*?, the equation (4.31) implies that the successive minima of Ay
and A} are identical and by Lemma 4.5 we conclude M;Msqy1—j <41 for j=1,...,d.
Proof of (4.24). Since My < Myyq and 1 <4 MyMg <4 1 we obtain M; < My <4
1 <4 Mgpr < Mjyq forall j = 1,...,d. The inequality M; > q(l)/Qr_l immediately
follows by definition of the first successive minimum and r‘lHQi/QnH > qé/ 2t
Proof of (4.25). Let 2d > j > 1 denote the maximal integer such that M; < b.
Then Lemma 4.3 yields with p > 1
#{ve N ol <p} < @p)d(My... M)~ <g p?4(My ... M),
since in the case j > d we have M; > ... > My >4 1 and in case j < d we obtain
p< Mi <...< My <4 1. The last inequality in (4.25) follows by Lemma 4.3 and
the corollary is immediate by the last arguments (with g = 1). O

For arbitrary ¢ and for small ¢ the following bounds which are independent of the
Diophantine properties of ¢ hold.
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Lemma 4.8. Let qé/Q < Ngi1 < Nga2<...Nga< ql/2 denote the successive minima

of the lattice A o Qi/z Z4. We have

sup ag(dsui Ag) <a @o(s), where (4.32)
t

. No iy 2
©vo(s) o s?|det Q|12 H <ﬂ> , s >0. Note that
j:NQ’j>8 o

fo(s) <a sdet QY2 if |s| <q*, and
<q st|det Q72 if |s| > ¢'?

For small t we get

aa(dyuNg) <a |det QI2(r~t + [t if qftr] > 1, (4.35)
aq(dyugNg) g |det Q72 tr| Y, if ¢M?tr] < 1. (4.36)
Proof. By Lemma 4.5, relations (4.7) and (4.25) with ;1 = 1/2 we conclude that
ag(Ny) =g (My... My)™t =g #{v €A, : ||v]|* < 1/4}. (4.37)
Recall that [|v]|? < 1/4 with v € A; (see (4.16)) may be written as
Him,m] =r*Q7 [m —t'Qm] +r?Q[m] < 1/4. (4.38)

Proof of (4.32). Assume that s € (qé/z,ql/Q}. Then (4.38) implies HQi/ZmH <

s/2 which by Lemma 4.3, inequality (4.7), has at most ¢ []; :Ng,;<s < solutions.

Similarly (4.38) implies by triangle inequality that for fixed m (in (4.38)) the number
of pairs (m,m) for which (4.38) holds is bounded by the number of elements v in the
dual lattice A’ = Q7'/2Z? to A such that s|v|| < 1. Since the successive minima for

this dual lattice are determined by Lemma 4.5, we may use Lemma 4.3, (inequality
Ng,;
51

(4.7)), again to determine the upper bound ¢ [];, Nos>s < ) for this number as well.

The product of both numbers yields the desired bound for the number of solutions of
(4.38). Finally, using (4.37) and Minkowskis Theorem 4.5, ( inequality (4.13) for non
unimodular lattices), i.e. []; No, =4 |det Q|7'/?, shows the desired bound pg(s) in

(4.32) of Lemma 4.8. The inequalities (4.33), (4.34) for s > ¢"/2 and s < ¢/* are
immediate by these arguments.

Proof of (4.35). Assume q(l)/2|t/7“| > 1and ¢¢ > 1. If m = 0 we conclude that
ql|m|* < |15/7“|2||Qi/2777z||2 < 1/4. Hence m = 0. For any fixed m # 0 and r? ||Q11/2m—
t f/ s m||?> < 1/4 the triangle inequality implies that there is at most one element
m € Z% with r||Q:rl/2m —t f/QSmH < 1/2. Furthermore, we get |||Q:r1/2

1/(27)| < || QT* m|| for that pair (m,m). This implies

ml -

2
1/4 > Hy(m,m) > r 2|QTm|? > |Q7*m| — 1/27)| /|rt'|?
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and hence ||erl/2m|| —1/(2r)| < |rt'|/2. Thus

#{v e : |v)|? < 1/4) <q (r7 4 [r ') |det QY2
Proof of (4.36). Similarly, the equation (4.38) implies by triangle inequality that
QT m| — ¥ QY% Sml|| < (2r) ™" < (24" 7" (4.39)

Again (4.38) implies ]t’r\r‘lﬂQiﬂmH < |t'r|1/2 < (4¢"/?)7t using 2¢*/?|¢'r| < 1. This
leads to a contradiction unless m = 0. Hence, the possible solutions for m in (4.39) sat-
isfy [|QY/*m|| < [2¢'r|~* which as in the proof of (4.32) has at most cg|det Q|~Y/2|2¢'r|~
solutions which completes the proof of (4.36) in view of (4.37).

O

4.2. Approximation by compact subgroups. Later on we need to average over
powers of the ag4-characteristic of 2d-dimensional lattices A; in Section 5. In order to
use harmonic analysis tools we shall approximate the subgroup U of SL(2,R) in (4.20)
locally by a compact subgroup K = SO(2) = {kf : 6 € [0, 2]} with elements

ko def ( cosf sind ) (4.40)

—sinf@ cosf

Lemma 4.9. We have fort € [—2,2], r > 1 and any 2d-dimensional lattice A in (R?)?
with diagonal action of d,., us and ky

aj(d,u ) < aj(dykgA), j=1,...,2d, where (4.41)
0 = arcsin(t(l +t2)_1/2), or, equivalently, t = tan.

Proof. Let m,m € R. Note that m +tm = (1+t?)m+t (m —tm), which implies that

(m+tm)* < 2(1+)*(m)*+2t* (m —tm)?, and
r?(m—tm)? +r2m+tm)> < 2(1+)%(r* (m—tm)® +r?m?), (4.42)
for » > 1. By definition of @ in (4.42) we have
0] < ¢ o arcsin(2/V5), cosf = (1+t3)7V2  sinf=t(1+>)7V2  (4.43)
Dividing (4.42) by 2 (1 + ¢*)?, using (4.40) and (4.42), we get with 7 oof (m, m)
ldruenl® = lldy konll* (1+£%)71/2 = ld, ko ]| /10,

for any n € A. Applying Lemma 4.2 to the norms Fi(n) = ||d,u;n|| and Fy(n) =
\|\d, kgn|| and using Lemma 4.3 we conclude the proof of Lemma 4.2. O
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4.3. Irrational and Diophantine lattices. We consider Diophantine approxima-
tions of A & t Q by integral matrices using, see (2.12), with approximation error
Sas X min {||M —mA|| : meZ0<|m <R Me M(d,Z)}, R>1. (4.44)

Note that by Lemma 4.8 the quantity ;.. o ag(Ay)r~?det Q|'/? is uniformly bounded
(in t), that is B, <4 1 for r > q'/?. Larger values of B enforce smaller values of the
rational approximation error d;g.x.

Lemma 4.10. Assume that qo > 1. Then we have for all t and r > 1, writing
def -1
Rt = ﬁt;r
S10:r, < Ryr~2d"? (4.45)
Note that this bound is nontrivial for By, >4 r~* only.
Before proving (4.47), we shall state some important consequences.

Corollary 4.11. Consider any interval [T, T| with T_ € (0,1) and T > 2.
i) If Q is irrational then

lim  sup ag(A)r ™4 =0. (4.46)

rT—00 T <t<T

it) If Q is Diophantine of type (k, A), where 1 > k>0, A > 0, that is,

inf dyor >AR", forall R>1, (4.47)
te(1,2]
then
sup ag(Ag)r¥|det Q|72 < A7 max { T, TR} 2R (4.48)

T_<t<T

Proof. i) Assume that there is an ¢ > 0 and sequence r;, t; such that lim; r; = oo and

Bi;r; > €. Passing to a subsequence we may assume that lim;¢; =¢,¢ € I aef T_,T].

Thus (4.47) yields lim; 126, .- = 0, R} = Bl < 71, or limy||M; — t;m;Q| = 0

for some M; € M(d,Z) and m; € Z with |m;| < e~'. Obviously both, ||[M;]| and |m;|
are bounded. Hence there exist integral elements M, m and an infinite subsequence
j' of j with M; = M, mj = m and by construction lim; t; = ¢. These limit values
satisfy |[M — mtQ|| = 0, that is @ is rational. The last arguments are similar to
those in [G6t04], p. 224, Lemma 3.11, which yields an alternative proof of (4.46) when
combined with (4.6).

ii) Write Br., def sup;e; Bir. Since R — (dig.r) " is nondecreasing, we obtain for
every t € I = [T_,T] with B, > r~2 using (4.47) that

Bir <173 (01gr,) "t <12 (Gygpe)t < AT T (4.49)

In case that 3, < r~2 this bound obviously hold. Hence we conclude (4.48) as claimed.
O
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Proof. of Lemma 4.10. For fixed t we rewrite the ag4-characteristic using the quadratic

~1/2
form H; as in (4.22) as follows. Let D,q def s 0 172 | and Usg def
0 rt QY
]d —t Q d ; def o . .
0 I, enote elements of SL(2d,R), where ¢ = 2t Write D, for D,q with
Q = I;. Then Hy(l) = ||[DoD, Ul||* = ||d,uT Agl||* using the notations of (4.17) —
(4.21). Introduce the 2d-dimensional lattice €, def D, Uy Z*¢. The a-characteristic
of the lattices A; = d,u;Ag, where Ag = TAgZ?**, may be rewritten in view of (4.22)
as ag(Ny) = aq(Dol) = ||jwy A ... A wgl|, by means of d-vectors w; € DgSY,. Here we
used the standard Euclidean norm on the exterior product Fy L ndR2 Tf qo > 1 the
minimal eigenvalue of the dth exterior power AYDg of Dg on Ey is given by | det Q|7/2.

Thus for any w € E; we have [|[A?Dgw|| > | det Q|~'/?||w|| and we obtain
ag(Ay) = ag(Do ) < |det QY 2aq(). (4.50)

Write () = ||DrUigls A ... A D Ugla| ™!, where [; = (mj,n;)T € Z* is a basis
of a d-dimensional sublattice of Z?¢. Let L denote the d-dimensional subspace of R%
generated by D,Uyl;,7 = 1,...,d. Introduce the d x d integer matrices IV, and M,
with columns nq,...,ng resp. mq,...,myg. We claim that

ag(Q) > r~@2  implies 72 > |det(N,)| > 0. (4.51)
Assuming this fact for the moment, we may parametrize the subspace L as follows. Let

W denote the linear map v — (M N~'v,v)" from R? to R*. Then L = D, U,o W R%.
def

The form (v,v); = ||D,UgWwol|? is positive definite and defines a scalar product
on R?, (similar to H; in (4.16)). Choosing an orthonormal basis vy, ..., v4 of R? with
respect to (-, -) which diagonalizes (v, v); we may write n; = Av;,j =1,...,d, for some

element A € GL(d, R) such that det A = det N;. By definition we have

1/2
()Y = | DUWni A ... A D UgWny|| = det (<nj, e g k=1,... ,d)

1/2
— | det Al det ((W,mt, k=1, ,d)
d
= [det Ny| [ [ D UgW o]l (4.52)

J=1

By assumption R, = ;' < % Since aq(Ay)™" = |det Q|7/2r~?4;}, this means that
by (4.50) that ag(Q)~t < r~¢R;. Furthermore, by (4.52)

ag() "t > |det V| m]aXHDr U W, ||r=@=b, (4.53)
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since || D, Uyg W,|| > =1 for all j. Using || D, Uig W,|| > 7||[(My N; ' — tQ)v,| for all
7, we conclude that

AR, > ag(Q)7" > |det Ny|r=@=Dd=V2|| (M, N — tQ)||. (4.54)
Since (det N;) N; ' is an integral matrix, (4.53) and (4.54) together imply
min{|[M — mtQ|| : 0 < |m| < Ry, m, M integral} < d/?Ryr~2,

which proves (4.45).
[t remains to show (4.51). Assume that rank(N;) = d—k. Let accordingly ny, ..., ny,

say, denote k vectors which are linearly dependent of the independent vectors ng.1,...,nq4.

Let w;, o D,Ugl;. We may rewrite 3 & llwr A ... Awy| replacing wy, ..., wg by

linear combinations with w41, ..., wq such that the new first k vectors w; are of the
form w; = (rm;,0)T, j = 1,...,k, where m; € Z%. Let [; denote the corresponding
vectors in Z?? such that w; = DTUtQZ_j. Combine the column vectors l_j, 7 =1,...dinto
d x d matrices M and N (for the first and second coordinates) as above. Express (32
as a sum of squares of the (Qd) coordinates of wy A ... Awy, say Bk, indexed by pairs

d
of subsets J C {1,...,d} and K C {d+1,...,2d} with |J| +|K| = d. Then

x| = ‘det (r(M —t_QN)J)‘ _ ’det (T’MJ,k r(M — tQN)J,dk) )’ (4.55)

1Nk 0 ' Nk a—r

where M, resp. Mp denotes the submatrix of M with row numbers J resp. K.
Similarly, let M Jk Tesp. M J.d—k denote the submatrix of M, with column numbers
1,...,k, respectively k + 1,...,d. Similar notations are used for the other occurring
block matrices. Note that by the rank assumption §;x = 0 unless |K| < d — k. Thus
we may choose a subset K with |K| = d — k such that det N4 4 # 0. Similarly
we may choose a subset J as well with |J| = k and det My # 0. Since the k x k-
matrix My thus obtained is invertible we may evaluate the determinant |3; | via
|Bri| = ¥ (det M) r=@=®(det Nk 4_1)|. Hence by (4.55)

6 2 ‘5J7K’ > T_(d_zk)(det NK,dsz) (det MJ,]C) 2 T'_(d_Qk), (456)
which yields a contradiction to ay(€;)~! = 8 < 7972, unless k = 0, thus proving the
claim in (4.51).

Thus we may assume k = 0 or det N; # 0 and here (4.56) implies 3 > r~¢det N;.

Furthermore, by definition 8 < r~?R;, which finally yields |det N;| < R;, thus proving
the remaining upper bound for |det NV;| in (4.51). O

5. AVERAGES ALONG ALONG TRANSLATES OF ORBITS OF K

5.1. Application of Geometry of Numbers. In order to estimate the error terms
I, 4, that is (3.22), in (3.40) we need in view of Lemma 7.2 and Lemma 3.3 and (3.41)
an estimate of

/ W(r, 1) 2 g, (t)dt,
[t|>1/r
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where g, denotes the smoothed indicator function of [a,b], see Corollary 3.2, which
is bounded from above by exp{—ci|wt|"},|[t| > 1 with 0 < k < 1 and 0 < w < 1,
see (3.9), and ¢ denotes the theta-series of (3.42). We shall start with bounds of this

integral over an interval [ o [to — 2,t0 + 2], to € R of fixed length.

The results obtained by geometry of numbers in Lemma 3.4 and (4.25) in Lemma
4.6 will be used to bound this integral. Introduce the maximum value over I of the ag4-
characteristic for the lattices A; = d, u;Ag, (using the notations in (4.18) and (4.19)),

as well as for the lattices A,y < dy, uy Ag, where ¢ © 12 via

1

Y1,8(1) def sup{(r_dad(drutAQ)>2 ﬁ: t e I}. (5.1)

Here 77 5(r) depends on the Diophantine properties of an irrational () and tends to
zero for growing r by Lemma 4.11. Using the notations of section 4.2 the following
Lemma holds.

Lemma 5.1. Let [ = [ty —2,t9+2|, r > rg and choose 0 < 3 < 1/2 such that fd > 2,

B <1/2 and let d > 5. Then we have with g; o max{|g,(t)| : t €I}

sSup / ev(t)/g\w(t)’dt
veRd J T
T do

~ —-1/4,.d—3d B
< et QI () max [ auldnhohon) 5

—T

(5.2)

where 1 o % and J denotes set of points s; o tg — 2 —i—j% el,j=1,2....
Proof. Estimate [g,| by its maximum g; on I and use Lemma 3.3 to bound 6,(t) by
Y(r,t)"/2. In view of Lemma 4.5 with ¢ = 1 together with (4.25) for u = d'/?, we have
P(rt) < H#weh : |wle <1} <#{we A : ||w|| < dV/?}
<a d*ag(A) <g Py 5(r) aa(Ar)”. (5.3)
Similarly, estimating |g,| by its maximum g; on I and using Lemma 3.3 to bound 6, (t)

by |det Q|~Y4rd/24h(r, t)1/2, we get

R su%/ev(t)gw(t)‘dt <a Gr|det Q74P 4(r) /Oéd(At)ﬁdt- (5.4)
veERE JT 1

Using (4.27), we have d,u; = dyus—s;us; = dypydsd,,us;, where s def (t — sj)ré.
Changing variables from ¢ to s we obtain in terms of the lattices Ag s

/ad(At)ﬁdt <4 Z/[ ]ad(dmusdmus],/\@)ﬂdt
ti—1,t;

I jeJ

2
<y maig/ ad(dmuSAQ,Sj)ﬁds. (5.5)
€

Sj )
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Finally, we estimate the last average, using Lemma 4.9, by the average over the group
K. Change variables 6(s) = arcsin(s/(1 + s?)'/2), s € [-2,2]. Note that || < ¢* =

arcsin(2/v/5) < 1.2. With ds = /1 + 2 d we get (see (4.42)) by completing the
integration over @ from the subinterval [—c*, ¢*] to the arc [—, 7]

2 2 ™ do
/ ad(dmusAstj)Bds < / ad<drk9(s)AQ7sj)Bd8 < / &d(drkgAQ7sj)’8ﬁ.
-2 —2 -7
This together with inequalities (5.4) and (5.5) completes the proof. O

In the following paragraphs we shall develop explicit bounds for averages over the
group K of type [, aq(d,kA)P dk.

5.2. Operators A, and functions 7, on SL(2,R). Let G = SL(2,R). We consider
two subgroups of G:

K =S0(2) = {k(@) = <C059 _Sin9> L 0<6< 271'}

sinf cos@

T:{(g al21>:a>0,be]R{}.

According to the Iwasawa decomposition, any g € G can be uniquely represented as a
product of elements from K and 7', that is

g=k(g)t(g), k(g) € K, t(g)eT.

d, def {(g aol) :a>0} and D" = {d, : a > 1}.

According to the Cartan decomposition,
G =KD'K, g=Fki(9)d(g)k2(9), g € G, ki(g),ks(9) € K, d(g) € D*.

In this decomposition d(g) is determined by ¢, and if g ¢ K then k;(g) and ko(g) are
also determined by g¢. It is clear that ||g|| = ||d(g)||. Since d, is the conjugate of d,-1
by k(m/2), we have that ¢! € KgK or equivalently, d(g) = d(g~!) for any g € G.
Therefore, ||g]| = |7, 9 € G-

We say that a function f on G is left K-invariant (resp. right K-invariant, resp.
bi-K -invariant if f(Kg) = f(g) (vesp. f(gK) = f(g), resp. f(KgK) = f(g)). Any
bi- K-invariant function on G is completely determined by its restriction to D*. Hence
for any bi- K-invariant function f on G, one can find a function f on [1,00) such that

f(9)=f(lgl).g €G.
For any A € R we define a character z, of T" by

a b Y
XA (O a—l) =a -,

and

Now let
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and the function ¢, : G — R by

ealg) = xalt(g), g€G.

The function ¢, has the property

and it is completely determined by this property and by the condition ¢,(1) = 1.
For ¢ € G and a continuous action of GG on a topological space X, we define the
operator Ay on the space of continuous functions on X by

A1)(w) = [ flahe)do), o€ X, (5.7

where o denotes the normalized Haar measure on K or, using the parametrization of
K, by

AN)@) = 5 [ k@), wex.

The operator A, is a linear map into the space of K-invariant functionon X. If X = &
and G acts on itself by left translations, then A, commutes with right translations.
From these two remarks, or using a direct computation, we get that A,p, has the
property (5.6). Hence ¢, is an eigenfunction for A, with the eigenvalue

n(g) E (A1) = / ox(gk)do (k) = / Xa(t(g(k))do (k). (5.8)

K K

We see from (5.8) that 7, is obtained from ¢, by averaging over right translations by
elements of K. But ¢, is left K-invariant and A, commutes with right translations.
Hence this function 7, is bi-K-invariant and it is an eigenfunction for A, with the
eigenvalue 7(g), that is

Ay =7a(g)ma or  (Agma)(h) = 7a(g)TA(R), h € G. (5.9)
We have that
oa(g) = llgesl ™, g € G.er = (1,0), (5.10)
where || - || denotes the usual Euclidean norm on R?. Indeed

ex(9) = xa(t(9) = l[t(g)erl ™ = [k(g)t(g)esl ™ = llgex]| ™.
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From (5.8) and (5.10) we get

/HgkelH Mok /Hgk Jeu|Xd6 (5.11)

:—/||g (cos®,sin )|~ Ad@—/”gu” Adl(u),

where S is the unit circle in R? and ¢ denotes the normalized rotation invariant measure
on S'. One can easily see that ||gul| ™2, g € G,u € S, is equal to the Jacobian at u of
the diffeomorphism v — gv/||v|| of S* onto S'. On the other hand, it follows from the
change of variables formula that

A
[ [ aer

where f : M — M is a diffeomorphism of a compact differentiable manifold M and Jy
(resp. Jy-1) denotes the Jacobian of f (resp. f~'). Now using (5.11) we get

2(9) = Toa(g7) = 7o_r(9),9 € G, ER. (5.12)

The second equality in (5.12) is true because 7, is bi-K-invariant and ¢~! € KgK.
Since, obviously, 79(g) = 1, it follows that

72(9) = 70(g9) = 1. (5.13)

Since ¢~ is a strictly convex function of A for any ¢t > 0,¢ # 1, it follows from (5.11)
that 7,(g) is a strictly convex function of A for any g € K. From this, (5.12) and (5.13)
we deduce that

T,(9) < Ta(g) forany g¢g¢ K and1<n <A,
T,(9) <land 7\(g) >1 forany g¢ K, 0 <n <2,A> 2, (5.14)

and
T,(9) <Talg) forany g K,A>2,0<n<A. (5.15)

Since the function 7,(g) is bi- K-invariant, it depends only on the norm ||g|| of g. We
can write

() =n(lgl), 9€G, (5.16)

where

Aa) E n(d) = /K \duker || do (k) (5.17)

2

1 / de 1
= — a>1.
21 ] (a2 cos?f + a=2sin? )2’ -
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It follows from (5.9) and the definition of A, that

/%,\(HgkdaH) do(k) =1(g9)Ta(a), g€ G,a>1. (5.18)
K
Since ||g]| = ||g7*|| for all g € G,

a
T < llgkdall < allg]]
gl

for all k € K and g € G. From this, (5.14) and (5.18) we deduce that, for any A > 2,
the continuous function 7y(a),a > 1, does not have a local maximum. Hence 7, is
strictly increasing for all A > 2 or, equivalently,

™(g) <ma(h) i [lgll <Al g, h € G, A>2. (5.19)
It follows from (5.12) and (5.17) that

2w

1
(a) =T \(a) = by / (a® cos® 6 + a % sin? 9)%_1(19. (5.20)
7r
0
Since a%cos? < a?cos? 0 + a~?sin? 0 < a?, we deduce from (5.20) the following esti-

mates

c(N)a*? < #y(a) <arE a>1, A > 2, (5.21)
where )
1 . 2\ — 3)
A)=— O = =
o) = 5= [ leost) = sl

0

It also follows from (5.20) that, for any A > 2, the ratio 3(_‘2 is a strictly decreasing
function of @ > 1 and

lim ) =c(A).

asoo a2
Lemma 5.2. Let g € G,g ¢ K, A >2,0<n<X\b>0,Q > 1, and let [ be a left
K -invariant positive continuous function on G. Assume that
A f <7ag)f +bmy (5.22)
and that
flyh) <Qf(h) if heG.yeG andlly| <9l (5.23)
Then for all h € G,

(Anf)(1) = / F(hk) do(k) < sma(h),

K

where
b

=) 20

szQ{f(lH
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Proof. Let
h) © /f(hk) do(k), heG.

Since A, commutes with right translations, and 7, is right K-invariant, it follows from
(5.22) that A, fx < 7\(9)fx + br,). If h and y are as in (5.23), then f(yhk) < Qf(hk)
for every k € K and therefore fx(yh) < Qfx(h). On the other hand, it is clear that

fK(h) = (Ath)(l) = (Ahf)(l)-

Thus we can replace f by fx and assume that f is bi-K-invariant. Then we have to
prove that f < s7\. Assume the contrary. Then f(h) > s'7\(h) for some h € G and
s’ > s. In view of (5.15) and (5.24), ' > s > @Qf(1). From this, (5.19) and (5.23) we
get that ||h]| > ||g] and

/

flyh) > % ma(yh) it flyll < [lgll and [lyh]l < [A]]. (5.25)

O

Using the Cartan decomposition, we see that any = € G with Hz” < |lz|| < Al

can be written as @ = kjyhky where ki, ko € K, ||y|| < |lg]| and |lyh|| < ||h]]. But the
functions f and 7, are bi-K-invariant. Therefore we can get from (5.25) that

f(w)>—T (2) if '|‘| ” < llzll < 1] (5.26)

Let
def b def S b

R N 10 M

w = f—axta+ a7,
Then, in view of (5.9) and (5.22),
Agw - TA(Q)W = Ag(f —axT + anTn) - TA(Q)(f — Q)T+ anTn) (5'27>

= [A(g)f —n(9)f] — a/\[AgT/\ —7a(g)Ta] + an [Ang - T,\(Q)Tn]
< b, + ay, [1,(9)1, — TA(9)Ty] = 0.

Since 7)(1) = 7,(1) = 1, we have

w(l) = f(1) —ax+a, <0. (5.28)
It follows from (5.15) that a, > 0. From this, (5.24) and (5.26) we get that
w(r) = [f(@) = an(@) + am@) 2 f(2) = an() (5.29)

. (@—) () =0 f"‘, ” < Jl2ll < Al
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Let v € G,||v]| < |||, be a point where the continuous function w attains its
minimum on the set {x € G : ||z|| < ||h]|}. It follows from (5.28) and (5.29) that

7]

w(v) <0 and |jv|| < T—.

9l

Then, since 7\(g) > 1 and ||gkv|| < [|g]|||v]| for all k € K,

(Ayw)(v) = /w(gkv)da(k;) > w(v) > ma(g)w(v).

We get a contradiction with (5.27).
As a special case (n =2 and b = 0) of Lemma 5.2, we have the following

Lemma 5.3. Let g € G,g ¢ K, A > 2,Q > 1, and let f be a left K-invariant positive
continuous function on G satisfying the inequality (5.23). Assume that

Agf <mag)f
Then for all h € G,

(Anf)(1) = / F(hk)do(k) < QF(L)ma(h).

Lemma 5.4. Let g€ G,g ¢ K,2 <A< p,Q >1,M > 1,n € NT, and let f;,0 < i<
n, be left K-invariant positive continuous functions on G. We denote min{i,n — i} by

iand >, fi by f. Assume that

0<i<n

filyh) < Qfi(h) f0<i<nheGyeG and |yl <|gl,

Agfi <ma(g)fi + M max Jicifivs, 0<i<mn, (5.30)

<3<t
wm particular,

Agfo < a(9)fo and Ay fy < 7a(9) fa-
Then there is a constant B = B(g, A\, i1, Q, M, n) such that for all h € G,

(Anf)(1) = / f(hk)do (k) < Bf(1)7(h). (5.31)

Proof. For any 0 < ¢ <1 and 0 <17 < n we define

fie =D f; where ¢(i) o i(n —1).
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It follows from (5.30) that for all i,0 <1 < n,
Agfie = WA, f; <e'Dmy(g) f;
+e? M max \/5_q(i_j)fifj,€€_qu+j)fi+j,s

0<5<i

— (g fie + M max \/ cal)-3lali=i)raGti) f,_ . f

0<;j<i
Direct computation shows that

i) — lati ) + i + )] = 5

Hence for all 7,0 < i <n,

Aglie < (9 e M max /T oo (5.32)
Let f. dof Z fie. Summing (5.32) over all 4,0 < i < n, and using the inequalities
fe > \/fi—j,Zag}f:j,g, 1<i<n—1,0<j <1, we get
Agfe= > Agfic Smal9)fe +eM(n—1)f. (5.33)
0<i<n

= [m(g) +eM(n —1)] f-.

Tu(g) - TA(Q)
M(n—1 } '

Let

€0 = min {1,
Then it follows from (5.33) that

Agfso S Tu(Q)fEO'
Now we apply Lemma 5.3 to f., and get that for all h € G,
(A1) < ™ (Anfa) (1) < €™ foy (D7)
< 5" QF(Wm(h).

Hence (5.31) is true with B = 55”262. O

Proposition 5.5. Let g€ G,g ¢ K,d e N",Q > 1,M > 1. For every 0 <i < 2d, let
Ai > 2 and let f; be a left K-invariant positive continuous function on G. We denote

min{i,2d — i} by i and > fi by f. Assume that

0<i<2d
Ag >N foranyi #d.

filyh) < Qfi(h) f0<i<2d,heG,yeG and|y|| <]yl (5.34)

Agfi <1y (9)fi + M(Ej% V ficjfivj, 0<1<2d, (5.35)
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i particular,
Agfo < ma(9)fo and Ay foa < 7ry,(9) fau-

Then, using the notation < (which until the end of the proof of this proposition means
that the left hand side is bounded from above by the right hand side multiplied by a
constant which depends on g, \o, - . ., Aog, @ and M, and does not depend on fo, ..., faa),
we have that

(a) For allh € G and 0 < i < 2d,i # d,

AWV = [ £(bR)do(h) < F(1)r(0),
where
N=Xx—3""Ng—7)<Xs and 7 =max{\:0<i<2d,i#d}. (5.36)
(b) For all h € G,

(Anfa)(1) = / falhk)do (k) < F(L)7s, (h).

K

(c) For all h € G,

(Anf)(1) = / F(hk)do(k) < F)[|hM2.

K
Proof. (a) Let
fix(h) = / fihk)do (), h € G.
K

It follows from the Cauchy—Schwartz inequality that

[ Jresth) g k) oty

< \/ [ sty \/ [ fusstibyiote)

=/ fimgac(0) i ().
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Hence

max \/ fi_j(hk) fi; (k) do(k)

0<j<i

< 30 [k s ) dr(

0<j<i

< Z \/fz;j,K(h)fz#j,K( < d max \/fz ]K f’L+]K( )

-~ 0<j<i
0<5<s

On the other hand,
(Ant) ) = [ (A, )Rkt

and, according to (5.35),
(Agf:) (k) < 72,(9) (k) + M max \/ fi_(hk) fiss ().

0<j<i

Therefore

Agfi,K S T, ( )fzK+dM max V fz ]fz-‘r]

But
i (h) = (Anfir)(1) = (Anfi)(1)
and, as easily follows from (5.34),
fix(yh) < Qfix(yh)

if h € G,y € G and ||y|| < |lg||]. Thus, replacing f; by f; x and M by dM, we can
assume that the functions f; are bi- K-invariant. Then we have to prove that

fi< f(1)r, forall 0<i<2d,i#d. (5.37)
0
Let, as in (5.36), ' = max{\; : 0 < < 2d,1 # d}. We define p;,0 <i < 2d, by

fa =g+ 37Ny — 7)) and (5.38)
pi=pa— 3" (Aa—1),0< i <2d, i #d. (5.39)

Since, in view of (5.15), 7,(g9) < 7,,(g), it follows from (5.15) and Lemma 5.4 that
fi< f(V)71,,, 0<i<2d (5.40)

One can easily check that n > p; > \; > 2 and therefore 7, > 7, for all 0 < ¢ <
2d,i # d. Thus, to prove (5.37), it is enough to show that

fi < f(D)r,, forall 0<i<2d,i#d. (5.41)

We will prove (5.41) for ¢ < d — 1 using induction in ¢; the proof in the case i > d+1 is
similar. In view of (5.15), 7,,(9) > Tx,(¢). Then for ¢ = 0 it is enough to use Lemma
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5.3. Let 1 <m < d— 1 and assume that (5.41) is proved for all i < m Then, in view
of (5.40), for 0 < j <'m,

V =i fmtj < f(l)\/ Tpm—; Ta (5.42)
< SOV Ttn 1 Tia < S )T 10) 2
(The second inequality in (5.42) follows from (5.15) and (5.39), and the third one

follows from (5.16) and (5.21).)
Combining (5.35) and (5.37) we get

Agfm < T, (g)fm + Cf(l)T(Hm71+ﬂd)/27
where
k1.

On the other hand, as follows from (5.38) and (5.39), A, < po, and (pem—14+a)/2 < fim.
Now, to prove that f,, < f(1)7,,, it remains to apply Lemma 5.2 (and use again
((5.15)).

(b) As in the proof of (a), we can assume that the functions f; are bi-K-invariant.
Then we get from (5.35) and (5.37) that

Agfa < o fa+ Df(1)T,

where D < 1. But n < Ag. Therefore, Lemma 5.2 implies that f; < f(1)7,, which
proves (b).
(c) Follows from (a), (b), (5.15), (5.16) and (5.21).

5.3. Quasinorms and representations of SL(2,R). We say that a continuous func-
tion v — |v| on a real topological vector space V' is a quasinorm if it has the properties:
(i) |v| > 0 and |v| = 0 if and only if v = 0;
(ii) |Av| = |A||v| for all A € R and v € V.
If V is finite dimensional, then any two quasinorms on V' are equivalent in the sense
that their ratio lies between two positive constants.

Lemma 5.6. Let p be a (continuous) representation of G = SL(2,R) in a real topo-
logical vector space V', let | - | be a K-invariant quasinorm on V, and let v € V,v # 0,
be an eigenvector for T corresponding to the character x_,.,r € R, that is

a b o,
Plg 1)V =av.

Then for any g € G and B € R,
0(9)v] ™7 = s (g)[v] 7 (5.43)

and
% — or (g)/ 0] (5.44)
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Proof. Using the K-invariance of | - | we get that

(9|~ = |p(k(9))p(t(g))v| ™"
p(t(g))v| ™"
X (t(9))0] " = X (t(9))|v] 7 = s (g)|v] .

The equality (5.44) follows from (5.43) and from the definition of 73,(g). O

Let ||z|| denote the norm of z € C? corresponding to the standard Hermitian inner
product on C?, that is

121> = [lz]I* + lly|*  where z = z + iy, 2,y € R*.
Lemma 5.7. For any z € C?,2# 0,9 € G and 8 > 0,

do(k)
kel =7

def
F(2) = Fup(2) = |2|°

Proof. Since the measure o on K is translation invariant,
F(kz) = F(z) for any k € K. (5.45)
Also, forall A\ € C, A # 0, and z € C%,2 # 0,
F(\z) = F(2) (5.46)

because ||[Av|| = |Al||v]],v € C?, and because G = SL(2,R) acts linearly on C% Any
nonzero vector x € R? can be represented as z = Ake;, N € R,k € K,e; = (1,0). Then,
using (5.11) from section 5.2, we get from (5.45) and (5.46) that

F(x) = F(e1) = 75(g) for all x € R* = # 0. (5.47)

Let now z = = + iy, x,y € R% 2 # 0. We write ez = xg+ g, T, Yp € R?. Then H‘;z”

is a continuous function of # with values in R U {oo}. But ™2z = iz = —y + iz and
—1

therefore IIIIZ/WZI‘I‘ = (Hzg”) . Hence there exists 6 such that ||| = ||ye||. Replacing

then z by €z and using (5.46) we can assume that ||z4|| = |lys||. Now using the

convexity of the function ¢ — ¢=%/2, ¢ > 0, and the equality (5.47) we get that
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/ do(k)
([lgkz||? + |lgky||?)5/?

[55

<op2. L / do (k)
2 Hgkzuﬁ J llokyl?
1 1
2 HxHﬁ IIyHﬁ EIE
~ 1 75(9)
= 27274(g) - = B2
9) G zn T el
Clearly (5.48) implies (5.43). O

Let P,, denote the (m+1)-dimensional space of real homogeneous polynomials in two
variables of degree m, and let v, denote the regular representation of G = SL(2,R)
in Py, : (Ym(9)P)(z) = P(g7'z),g € G,z € R* P € P,,. It is well known that, the
representation p,, is irreducible for any m and that any irreducible finite dimensional
representation of GG is isomorphic to 1, for some m. Recall that all finite dimensional
representations p of G are fully reducible, i.e. p can be decomposed into the direct sum
of irreducible representations. We define

I(p) = {m € N" : 4, is isomorphic to a subrepresentation of p}.

Proposition 5.8. Let p be a representation of G = SL(2,R) in a finite dimensional
space W. Then there exists a K-invariant quasinorm |-| = |-|, on W such that for
anwaVV,w;éO,geGand5>0

1
max {7gm —
/]p (gk)w|? — mEI(p){ sml9 )}]w|5

n

Proof. Let W = @ W; be the decomposition of W into the direct sum of p(G) -
i=1

irreducible subspaces, and let w; : W — W, denote the natural projection. Suppose

that we constructed for each i a K-invariant quasinorm |- |; = |- |, on W, such that

for any w € W;,w # 0,9 € G, andﬁ>0

|wly
where p; denotes the restriction of p to W; and m(i) € I(p) is defined by the condition
that v,(;) is isomorphic to p;. Then we define |w| = |w|, by
lw| = max |mi(w)];, we W. (5.49)

1<i<
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Clearly | - |, is a K-invariant quasinorm. Let us fix now w € W, w # 0, and choose i
such that |w| = |m;(w )] Then

do(k)
/Ip (gk)wl|? = /Im(p(gk)w)lf
1

< Tmi)(9) = ———3
/lpZ (gk)mi(w)|? |mi(w)|?

1
TBm(i) ax {m, —
Bm(i) (9 )|w|ﬁ max {7sn (g )}|w|ﬁ
Thus it is enough to prove the proposition for representations . 0

Let P € P,,, P # 0. We consider P as a polynomial on C? and decompose P into
the product of m linear forms

P=20y-... by, li(21,20) = a;z1 + bize, a;,b;21, 25 € C.
There is a natural K-invariant norm on the space of linear forms on C?:
1" = lal® + [b*, €(21, 22) = az1 + bza.
Now we define a quasinorm on P, by the equality
[Pl =[]l ]l (5.50)

This definition is correct because the factorization (5.50) is unique up to the order of
factors and the multiplication of ¢;, 1 < i < n, by constants. We denote by v, the
extension of 1, to the space of linear forms on G. It is isomorphic to the standard rep-
resentation of G on C2. Then using Lemma 5.7 and the generalized Hélder inequality,
we get that

1/m
do(k) do (k) - a
|V (gk) P|P K/ﬁlq@l(gk)giﬁ a g /||¢1 (gk)i[om
(7@ Tm(9)
< M(fR) - o

i=1
Since I(Yy,) = {m}, (5.51) implies (5.48) for p = 1h,.
We remember (see (5.14) and (5.15) from section 5.2 that 7,(¢g) < 1 and 7,(g) < 7A(9)

forany g ¢ K,0 < pu <2, A>2and0 < n < A. Using this, we deduce from Proposition
5.8 the following corollary.

Corollary 5.9. Let p be a representation of G = SL(2,R) in a finite dimensional
space W, and let m be the largest number in I(p). Then there exists a K -invariant
quasinorm | -| = |- |, on W such that
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(i)z'f,8>0andﬁmEQthenforanwaW,w#O, and g € G,

1
/!p (gk)w|® — Tﬁm(g)!wlﬁ’

(i) if >0 and pm < 2 thenforanywéWw;éO, and g € G,g ¢ K,
1
L 1o gk wlﬁ jw]?”

5.4. Functions «; on the space of lattices and estimates for A,qa;. For a lattice
A 'in R" recall the notations d(L) and a;(L) in section 4 for arithmetic subspaces of R"
which satisfy the basic inequalities (4.1) of Lemma 4.1 for two A-rational subspaces L
and M. Choosing quasinorms ||-||; on A'R™ we consider the functions oy(L) and (L),
see (4.2) and (4.3), on the space of lattices.

Let p be a representation of G = SL(2,R) in R", and let A’p,1 < i < n, denote the
i-th exterior product of p. We assume that the quasinorms | - |; are K-invariant or,
more precisely, (A’p)(K)-invariant.

We fix g € G, g ¢ K. Since

Sup{—|</\ Tq)jT Jul cheAve NR" v # O}

= sup{|(A'p)(h)vli : h € A,v € N'R™, v]; = 1}
is finite for every ¢,1 < i <n, and every compact subset A C G, one can find () > 1
such that for any 7,1 <i <n, and v € A'R", v # 0,

oot - Lol
[0l
where, as in section 5.2, ||h]| = ||h™!|| denotes the norm of the linear transformation
h € G = SL(2,R) with respect to the standard Euclidean norm on R?. From (5.52)
and the definition of da(L) we get that, for any lattice A in R” and any A-rational

subspace L,

<@ ifyeGand [yl <9, (5.52)

d
0t < BWL) o ik e G oand Jlyl < gl (5.53)
da(L)
Hence for any 7,0 < i < n,
ailyd) < Qai(d) ity € G and yl| < gl (5.54)

Let 8 > 0. We define functions F; 3, 1 <i < n, on A'R" — {0} by

/ T~ |w| do(k),w € AN'R",w # 0.
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It is clear that the functions F; are continuous and that F; s(Aw) = F; g(w), A € R, X #
def
0. Let cop = 1 and
= sup{Fig(w):w € AR, w # 0} (5.55)
= sup{Fig(w):we AR |w;=1}1<i<n.
We note that ¢, g = 1.

Ci?/B

Lemma 5.10. For any i,0 <1i <n,

Ayl < eigal +CPQP &1?2% af_jafﬂ, (5.56)

where i = min{i,n — i}, the constant C > 1 is from Lemma 4.1, and the operator A,
is defined by (5.7) from 5.2.

Proof. Let A be a lattice in R"™. We have to prove that

/ai(gkA)ﬁda(k) < cigai(A)P (5.57)

+ 07Q max \Jai;(A)Pa; (M)

0<j<i

There exists a A-rational subspace L of dimension i such that
1

—— = a;(A).

da(L) (&)
Let us denote the set of A-rational subspaces M of dimension i with da (M) < Q*da(L)

by ¥;. We get from (5.53) that
dgin(gkM) > dgpa(gkL)

for a A-rational i-dimensional subspace M ¢ ;. It follows from this and the definitions
of a; and ¢; g that

(5.58)

/ ai(ghA)Pdo(k) < ¢; pos(A) it W = {L}. (5.59)

Assume now that W; # {L}. Let M € ¥;, M # L. Then dim(M+L) =i+35,0 < j <.
Now by (5.53), (5.58) and Lemma 4.1, for any k € K,

_ Q@ Q
da(L) = \/da(L)da(M)

a;(gkA) < Qa;(A)

< CQ
= Jda(L N M)da(L + M)

< Qo (D)o ().
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Hence, if ¥; # {L},

/ ai(gkA) do(k) < C7Q7 max \fa_;(8)ar(A). (5.60)
0<j<i
K
Combining (5.59) and (5.60), we get (5.57). O

Theorem 5.11. Let d € Nt and let pg denote the direct sum of d copies of the
standard 2-dimensional representation of G = SL(2,R). Let  be a positive number
such that Bd > 2. Then there is a constant R, depending only on 5 and the choice of
the K-invariant quasinorms | - |; involved in the definition of oy, such that for h € G
and a lattice A in R??

(Apa®)(A) = /a(hkA)ﬁda(k) < Ra(A)P||h)||P42.
K
Proof. As in section 5.3, for a finite dimensional representation p of GG, we define
I(p) = {m € NT : 4}, is isomorphic to a subrepresentation of p},

where 1), denotes the regular representation of G in the space of real homogeneous
polynomials of degree m. Let m; be the largest number in I(A’py), 1 < i < 2d. Tt is
well known that

—m; =1 < min{4, 2d — i}. (5.61)
We fix g € G,g ¢ K. It follows from (5.61) and from the Corollary of Proposition 5.8
that we can choose quasi-norms |- |; on A'R?? in such a way that for w € ATR?*? w # 0,

Iw!ﬂ e
’N wlg do(k) < 74(9), if B1>2

and ,
[ol: — 5 <1 if Bi < 2.
| (Aipa)(g)wl;
Hence
cip < 1gi(g) if B1 =2, and (5.62)
cip<1 if i <2, (5.63)
where ¢; 5,1 < i < 2d, is defined by (5.55) and co3 = 1. As a remark, we notice that
cip = Tgilg) if Bi > 2). O

According to Lemma 5.10, the functions a , 0 <1 < 2d, satisfy the following system
of inequalities
Agal < ¢igal + CPQP max /ol aﬁ (5.64)
0<j<i J g

Let
P max{2, Bi}, 0<i<2d. (5.65)
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Since 73(g) = 1 (see (5.13) from section 5.2), it follows from (5.62)-(5.65) that

Agal <7\ (g)af + CPQP max affjafﬂ-, 0<i<2d. (5.66)
0<j<i

Now we fix a lattice A in R?? and define functions f;, 0 < i < 2d, on G by
filh) = ay(RA)?,  h e G.
Then it follows from (5.66) that
Agfi <m(9)fi + C°Q° max Viisifis, 0<i<2d,
On the other hand, in view of (5.54),
filyh) <Q7fi(h) if 0 <i<2d,heG,yecCand |yl <9l

Since fd > 2, we have that fd — 2 = A\; > \; for any ¢ # d. Now we can apply
Proposition 5.8 (¢) and get that

(Ana®) (D) < (An Y al)(A)= (A D D)

0<i<2d 0<i<2d
< () f@)Ar?
0<i<2d
= (Y @)l < 2da(A)]h]|2. (5.67)
0<i<2d

The inequality (5.67) proves the theorem for our specific choice of the quasinorms |- s
Now it remains to notice that any two quasinorms on A'R"™ are equivalent.

6. CONCLUSION OF THE PROOFS

We shall apply Theorem 5.11 combined with Lemma 5.1 as follows.

Corollary 6.1. Let |to| > 2, r > rg, I = [to — 2,to + 2| and fd > 2 and

oY max{|g,(t)| : t € I}. With the notations of Lemma 5.1 we have

sup/
veERL J T
def

where Cq = 1| det Q74972

Proof. Note that a4(A) < a(A) holds for any lattice A. Since d,u;Ags = dr,usAg,
(compare (5.1)), is self-dual, (4.26) applies and we obtain a(d, u; Ag s) <a aa(d,urAg s).
Now choosing h = d,,, 7o = 7/rg, rq = ¢'/* and the lattices A = Ag,, defined in in
Theorem 5.11 we arrive at the bound

i do _ _ _
T?Ea}(/ aa(dr, k‘eAQ,sj)ﬂﬂ <Ka (Mg, || dro||P472 < 7772 (ré|det Q| WQ),

0,1 Fu(t)|dt <a T Corra(r)r?, (6.1)

—Tr
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using ||d,, || = 7o and by (4.34),
a(Ags) < ai(Ngs) <q |det Q|_1/27“g2. (6.2)

In view of Lemma 5.1 this concludes the proof of (6.1). O

In the intervals {(ror)™' < [¢{| < 1} the integrand g, (t),w < 1 in (5.2) is bounded
from above by, (see (3.9)),

19w ()] < min{|b —al, 1/]¢[} (6.3)

and thus is of size b — a for |[t| < 1/(b — a). It changes rapidly if |[b — a] > 1 grows
with r. In order to adapt the averaging result, Lemma 6.1, to this case we need the
following Lemma.

Lemma 6.2. Recall rq = ¢*/?. Forr >rg, b—a > 19, fd >2 and 0 < w < 1 we
have with I < [1/(rqr),1/rg]

—1

def Q ~ = d—2
L) & / 100 ()G ()] dt < Corps(r)rd=?, (6.4)
(

rqor)~1t
with Cg = rgﬁd\ det Q|~1/4-6/2,

Proof. If |b — a| > ry', using (6.4) and Lemma (3.3) we have with d 8 > 2, Ag as
defined in (4.18) and (5.3) with ¢, = 0

L(v) <q71,5(r) r2P) det Q714 (6.5)
where
761 P
= / (a(dyiy A))? [Gu(t)] dt < Z (6.6)
(rgr)—t =1
with

o (Y g’ 5 o def . . def
i = d\ r Uy w 5 - s — L4, = . .
I aa(drui AQ)” [gu ()l dt, o = jr.j=1,2,....p = [r]+1. (6.7)
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Changing variables via t = rélv j~%and v = s+j in I; and using the group properties

of d, and uy, we have with [g,(t)| < [t|~! for [t| < ry' and I; < I

o[0TV dt
I d:f / (ad(dTut AQ))BT

J 1.
Qi

72—t dv
= [ g2

S
J2 ds
= [ g 80 S5 (6.5)
By (4.27),
drtgj-2 = dpj-rdjug;-2> = dpj-1usd;. (6.9)
According to (6.8) and (6.9),
. 1 [? 3 ro gt 5
I < /0 (ad(dm_luréltz\j)) dt <[ (uldemru) e, (6.10)
where A; o djurélj_1AQ. By Lemma 4.8, (4.36) we have for j > 1
aq(A;) <q |det Q|_1/27’é. (6.11)
By Lemma 4.9 (with ¢y = 0), (4.42), we have
aq(dr—1u ;) <aq og(drj—1 kg Aj), (6.12)

for [t| < 1, r > 1, where ky is defined in (4.40). Recall that agz(A) < a(A) for any
2d-dimensional lattice A. Choosing = j and ¢ = 7', A, = A; by (4.6) and (4.26) we
get

aa(A;) <q a(A;). (6.13)
Thus Theorem 5.11, with A = A; and r replaced by 75!, together with (6.13) yields

27
/ (aaldjor kg A7))° 0 < | dyyos |P20(A))P < [l djor |74 20a(A)P. (6.14)
0

Using (4.43), (6.12) and (6.14) we have

2 c* do
/O(ad(drjlut/\j))ﬁdt <4 /0 (aal(dyj1 ko A;))’

cos2 6

2
< / (aaldyj1 kg A,))" db
0

<a Ndrj1 [P 20a(A))?, (6.15)



QUADRATIC FORMS 52

if d > 5, 8> 2/d. It is clear that ||d,;-1|| = rj~'. Therefore, according to (6.10) and
(6.15),

. r - 1\Bd— T 1\Bd— _

<0 "2 (7 (0ulA) < T2 07V e QUL (616)

By (6.6), (6.11) and (6.16), we obtain, for d >5, 8> 2/d, w < 1,
p
L 4\ Bd— _ _ _
J<a ) <y D2 | det QP2 < v R det QT2 (6.17)
J=Jo

Collecting the bounds (6.5)—(6.6) and (6.17), we get the bound for I;(v). O

6.1. Proof of Theorem 2.1. We now collect all error bounds to prove Theorem 2.1
using the constants Cg and rg = ¢*/? introduced in Corollary 6.1.

Estimate of I; < I 4 in (3.40).

With Ko < [F~1,1) and K; % [, +1], j > 1, we have

I §I1,O+ZI1,;', (6.18)
j=1

where

n, / dv/ o3|, >0, (6.19)
rRe JK,
Write
def 1 .

(b—a)" = 5 min(rg,b — a). (6.20)

Estimate of [, o. Using (3.23) we consider the case b — a < 1 first. Here we use
Corollary 6.1 to bound the integral over Ky using gx, < b —a = (b—a)*. For the case
b—a > 1 we use Lemma 6.2 for t € Ky, [t| < Tél and Corollary 6.1 for the other ¢ in
Ky together with ﬁ[rélJ] < (b—a)*. The result for I o is

Lo <a (b= a)" Ca lICl v () r*~>. (6.21)

Estimate of I, ;, j > 1.
Using Corollary 6.1 we get
I <a Gi; |11 Co, p(r) rd > (6.22)

Choice of parameters:
For fixed r > ¢ and |a| + [b] < cor?, 0 <b—a < ¢gr? we may choose w < (b—a)/4
and prescribe limits for 7> 2 and 1 > 7_ > 1/r:

O<w< (b—a)/4, T>4w 'h(T.), (6.23)

2
where ¢q is defined in Lemma 7.1 and h(7T_) o c*1<log(T_ ¢ (b — a)*> :
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Recall that
19 (t)] < minf{|b — al, [t| '} exp{—c[tw]|'/}. (6.24)

Thus for the choices of T" and w in (6.23) we have for sufficiently small w,

Z@Kj < exp{—c|Tw|"?}. (6.25)
=T

. 1/2-8
Using Corollary 6.1 and Lemma 4.8, (4.34), we conclude with ¢, < (\det Q|12 r‘é) :

> sy <a ||Z||17“d*QC’QEQ exp{—c|Tw|"/?}. Furthermore, for b —a > rg and j > 1
we have [gk,| < 7' exp{—c|jw|"/?} whereas for b —a < rgand 1 < j < w™' we

obtain [g,| < min{b —a,j~'} . Thus with (b — a)* defined in (6.20) we get

b *
< log wa) . (6.26)

IIMH

Hence, in view of (6.18), (6.19)7 (6.21) and (6.22) we obtain (using the notation in

(5.1))

(b—a)

I < 812 Co (b= @) o) + um16(r) log (6.27)

cQ e—c(Tw)1/2>
(b—a)* '

Split Ko = Koo U Ko1, where Koo 2 [r!,T_] and Koy % (T, 1]. Then (4.35) yields

+

1/2— _
Vi (r) <a (det QVAT) ™ < T |det Q[Y/21/29), (6.28)

Write co < |det Q|Y*#/2 > 1 and note that v, 5(r) <a Ve 11.8(7
Q 01,53 [T-,T),8
Thus, we finally get

L <a (181" 2Co (Xuwp-azms(r) + (b = ) TS + +age ") (6.20)

Together with the inequalities (3.40),(3.31), (3.23),(7.7) and Lemma 7.2 we conclude,
for T > w 'h(T.),

0 Y Ban(@imenm) = [ T Qo (o)

meZd

<d Hahrdd Co(b—a)* (log Yir_m,8(r) + cTs + ¢g efc(Tw)l/Q)

Fwlvllrt? + dog¥tr¥? log(1 + 4. (6.30)

(b—a)
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Since ¢q e—eTw'? < coT= (b—a)* for T chosen in (6.23), we conclude that
0 <4 Hy o, where

def > " _ ™ —a
How S (wllvllg + 18 Copips on(m)r2 + 12| log(1 + E20), (631

with

*

. def . ox (
Poban() = me,,T{’V[T_,T],ﬁ(T) log

+(b— a)*CQTE}, (6.32)

and inf}, ;. denotes the infimum over all 7_ € [r~',1] and T > h(T_)/w. This com-
pletes the proof of Theorem 2.1

6.2. Proof of Corollary 2.4. In the bounds (6.31) of Theorem 2.1 we choose ( =
(. and include the smoothing error of Lemma 7.1 for the admissible region 2 =
A'[—3, 3]% This yields

§ g do(b—a)el|Cllo + Huw. (6.33)
Here we calibrate both the w and e-dependent terms in H,,,, and (6.33) by choosing
w=T(b—a)". and ¢ = T* subject to the restrictions in (6.23). Using ¢o = 1 and

|v:]lo < 1 we get using Lemma 7.3 that ||C]|., < [log T_|%. Hence
6 <a pop—a(r)r 2+ r¥2 ¢ logr)?log(1 + lb;—“'), with (6.34)

def
Pob—a(r) =

b—
inf { <|log T "y 7,,6(r) log (Tga) +co(b— a)*Tf) C T e [rt Y, 1]}

(6.35)

Since by Corollary 4.11, vyr_ 1,15(r) — 0 for r — oo (and any fixed 7_) when @ is
irrational, we conclude that pgp—o(r) — 0 for 7 — oo, which proves Corollary 2.4.

6.3. Proof of Corollary 2.3. . Choose 7 = 2v/b. Then E,; C o [—2,£]%. Choos-
ing e = 1/16 in Lemma 7.1 we get R. 2, <4 |det Q2w r?=2 for smoothing regions
since the boundary of E,; does not intersect the 3e-boundary of C,. Furthermore, in
Lemma 7.1 note that with these choices vol H(r) = volC, N E,;) =<4 |det Q7274
see [BG99]. Moreover, by the choice of € and r all lattice points in E,; will receive
the weight 1. Accordingly we set the terms estimating the intersection with the 3e-
boundary of C, to zero, i.e. drop the terms (b — a)e in (6.33) and (3.40), and the
summands ¢ in (6.30) and (6.31). Note that apart from Lemma 7.1 the property that

@ is indefinite has not been used in all the subsequent arguments(!). Thus (6.30) leads
to the following bound using 0 < w < 1 and 9, def |voly, H, — vol H,|

5, &g ri? (\det Q\’lﬂw + CQq1/2 (log(w’l)’y[;pﬂﬂ]ﬂ(r) + cQTf)>
+|det QY2142 log r.



QUADRATIC FORMS 55

Thus, choosing w < 1 such that |det Q72w = ¢/2CqcqT* we get with
2
T, = BQT=°h(T.), Bg=|det Q|~/2=8¢=3/2 (T ) =, (log(T_ q—1/2)<q1/2) :

6, <a 7 %po(r) 4 |det Q72 r 2 log r

pa(r) & inf {log(T='q) v 5(r) + c@T : T- € 1]} (636)

Note that as in the indefinite case lim, o, p(r) = 0 if @ is irrational by Corollary 4.11.
This proves Corollary 2.3.

6.4. Proof of Corollary 2.6. . Using Corollary 4.11 and Lemma 7.1, (7.9), we may
estimate pgp—q(r) and A, = 4, /vol H, in (6.35). By (4.48) and (5.1), vr_1.,8(r) <
|det Q[/*r~" max (T:(”Jrl),Tj:)“, where p ¥ 12 -8,v ¥ 20 - k)T, =
h(T_)T=*, the evaluation of pgp—(7) in (6.35) leads to the minimization of

s — \logs\d<cQ7(b,a)*r_”max{s‘l_“,3_<“|logs]2“}u + co(b — a)*s<> for 1 > s >

r~t 4+ r~1/<, where €Q,(b—a)+ is a polynomial in [log(b — a)*| and ¢ = pd, (see Corollary
2.4). For sufficiently small £ > 0 (depending on d), s™"~! dominates s~"[log s|**.
Minimizing the resulting function of s, we obtain for r sufficiently large pg p—a(7) <a.0
(logr)?dr="1((b—a)*)'=2, where v; = v/((1+K)p+<) and vy = 1/((1+K)p+5). Thus
(6.35) implies

Ay Lana T " ((b—a)) ™2 + 1Y% (r b - a), (6.37)

which proves Corollary 2.6 when rewriting vy = 2(1 —k)/(d+ 1+ k) and vo = 1/(d +
1+k)/p.

6.5. Proof of Corollary 1.5. . It suffices to prove that volz(C, N E,;) > 0 for any
a,b € [—cor?, cor?]. and cqrar " < b — a with a sufficiently large constant cg . 4.
Assuming that b—a > r~! and r is sufficiently large, (7.9) shows that vol(C, N E, ) >4
|det Q|7Y/2(b — a)r?=2 > 2 by (7.9). By Corollary 2.6, denoting the implied constant
in (2.14) by aq,p xq, say, we have to show that for large r a4 4.0(r " ((b —a)*)™* +
r=42¢(r,b—a)) < 1/2. For b—a < r/2 we obtain ag, a7~ ¥?¢(r,b—a) < 1/4. Hence
we should choose b — a large enough, such that a4 p .o " ((b —a)*)™* < 1/4 holds.
This holds (and is compatible with the asumption b —a > r~! above), once we require
that b—a > (aqx a0 7“”’1)1/”2 45,40 r~¥1/v2 Thus the result of Corollary 1.5 follows
with an exponent vy = vy /vy = (1 — k) /(1 — (4 +0)/d).

6.6. Proof of Theorem 1.3. . For d > 5 and ¢¢ > 1 and 8 = 2/d+ ¢6/d, < =
d(1/2 — ) = d/2 — 2 — ¢ for an arbitrary small 6 > 0 and € = ¢y < 1/9, such that
a(d)eg = 1/16 we shall choose the other parameters r = Rg, T = Ty, T- = Ty,

and the interval [a,b] = [—1,1] and w = wy such that a(d)% = 1/16 (subject to
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restrictions). Then we split the error terms of Theorem 2.1, see (6.31), as follows

volz H(r)
|W_1| < 1/164+1/16 + Jy + Jo + J3 + Jy,  say, where
hoE EqegTy . o o Eqcg exp{—c(Towe)?}, Js def Eq Réd/”l?
def def _ B
Ji = EQym,_mgs Eo = a(d)(logey")’|det QY4 (\det Q| 6/2q).

In the following ¢(d) denotes a generic constant depending on d only which may change
from one occurrence to the next. Choose

r=Ro ¥ c(d)|det Q|2 V/>P)(log q) 172, (6.38)

Then J; < 1/8, since Rg >4 (|det Q[Y/475/2¢)?/(4=2) Furthermore, choosing 7 =
To- = c(d)|det Q|~*/4g~Y/< we obtain J, < 1/8 since (|det Q|/2Cqcg)Y/< = |det Q|YgY/<.
Similarly choosing T' = T = ¢(d)w, ' log ¢ we obtain J, < 1/8, since |det Q|Y2Cqeq =
14¢/2
q :
With these choices we shall distinguish now the following
Case 1. Assume that for the above choices, J; < 1/8, that is

a(d) (log ey )?|det Q' Covm,_ my1,8(Rao) < 1/8. (6.39)

Then (7.9) implies volz H(r) > 2 volH(r) >4 R} 7?/|det Q'? > 2 provided that
Rg >q |det QY% which holds for our choice of Rg. Hence there exist a nontrivial
solution m € Z? of |Q[m]| < 1 in the support of the smooth box which is contained
in the set of x with HQ}F/%HOO < Ro(1+ 3ep). Thus Q1[m] <q4 |det Q|, which proves
Theorem 1.3 in this case.
Case 2. Assume that for the choices above Jy > 1/8, that is
) YD Sa(d) (log ) det Q2.
(6.40)
Thus there exists a t = tg € [Tp—,Tp| such that the reciprocal ag4-characteristic
satisfies, see (2.2) and (2.3),

RY inf { vol(Laq/LaN Ay,) + Ly C R* dim Ly = d} < Dy, (6.41)

Viro- To18(Ro) ™' = te[Tig - (Rédad(/\t)

where Do % (8a(d) (logeg")?|det Q|/2C)"/(1/2=5). Here the infimum is taken over
all linear subpaces Ly of dimension d and Ay, = Vi, (Z% x Z%) is the 2d-dimensional
lattice in R?¢ induced by the linear map

Vaw(m.n) & (Ro (@7 *m —te5QYn), kG QY*n), (6.42)

where ) = Qi/QSQi/Q; compare (4.16). Let Ly denote the subspace in (6.41) such that

R}, vol(Lq/LaNAy,) < Dg and let A o Rg(LaNAy,) denote a corresponding rescaled
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d-dimensional sublattice of L;. Then

d

det A< @ _p (6.43)
(S . .
N ad(Ato) ©

Any element N of the lattice A may be written as

(Vi Vo) & (R Q1P — t68QY*n), Q1) (myn) € (29 x Z%). (6.44)

Define an endomorphism A on R? x R by A(Ny, No) = (O,RéQNl + toSNy). Then
we obtain for the standard Euclidean scalar products, say {-,-);, [ = d, 2d, on R? resp.
R?* writing N = (N, No) € R??,

RG*(N1, Na)g = (AN, N)ag — to (S Na, Np)g. (6.45)

Note that for (N7, Na) of (6.44), we have (S Ny, Ny) = Q[n] and A[N] & (AN, N)yy =

(m,n)4. Furthermore, note that the Euclidean norm on R? x R? induces a norm on
the space Lq by restriction and that L, is isometric to R? (with the Euclidean norm)
under an appropriately chosen isomorphism.

Meyer (1884), [Mey84|, showed that there always exists for d > 5 an element N € A\{0}
such that A[N] = 0, see Theorem 1.9. By the above mentioned isometry, the result
of (Birch and Davenport (1958a)), [BD58b], see Theorem 1.9, applies to the integer

valued quadratic form A on the lattice A Rg(LgNAy,) C Lg. Hence there exist an
element N, € A\ {0} with A[N,] = 0 and that for an absolute constant ¢; depending
on the dimension d only

(d-1)/2
INL|J2 < cd<Tr A2> det (A)2. (6.46)

In view of (6.45) and (6.46) we obtain for this element N, = (Ni., Na.) = Vi, (M, 1) €
A (of type (6.44)) by (6.43), multiplied by R, together with A[N,] = 0, the Cauchy—
Schwartz inequality and (6.46)

(d-1)/2
toREQM]| < NG [ Noul] < N2 < e Tra2) ™ det (A)?
2\ 4D/2 d—1|, |d—1 2
< cd(TrA ) D2 < cqd™ [to]* D2, (6.47)
since Tr A% = 2 Tr S? = t2d. Thus |Q[n.]| < 1, provided that
lto Rg)| > cad®™" [to|*" D, (6.48)

Since [to| < Ty <a logg, this requires Rg > c(d)(log q)¥*' Dg, which holds by
our choice (6.38) of R, since Dy = c(d)|det Q|*/?¢"/(/2=#) . Furthermore, by (6.43),
(6.44), (6.46) and (6.48) we conclude that

Q+[n] < IN* < |det Qlg* 7P (log q)*, (6.49)



QUADRATIC FORMS 58

thus proving the bound (1.10) in Theorem 1.3. Although N, # 0, we still have to
check that its component Ny, = Qi/ ®n, is nonzero. Assume that n, = 0 and hence
m, # 0. Then (6.44) implies that Ny, = Ry, Il/Qm*. Hence by (6.49), R3q " <
Ry q HImu|* < [[N.|]? <a D3(logq)* !, which results in a contradiction for Ry =
c(d)(log q)*V/2 Dy, for sufficiently large cy. This conludes the proof of Theorem 1.3.

7. APPENDIX

7.1. Smoothing of Polyhedral Regions. In the following Lemma 7.1 we shall bound
the volume of e-boundaries of r{2 N E,; and in Lemma 7.2 we estimate integrals of
the Fourier transform of the region 2. Recall the assumptions on §2 above (1.1) like
Q c [-1,1]¢. The lattice point counting remainders will depend on the diophan-
tine properties od () more cleanly when restricting to a class of ’admissible’ convex
polyhedra 2. Hence we may assume that the Minkowski functional of €2 is given by
M(z) = max((g;,z) : 7 =1,...,dq) where g; € R? denote dq outward normal vectors
of the faces of ), such that M is a norm on R?, that is €2 is assumed to be symmetric
and convex. Then we have

2]l < M(z) < mallz|), (7.1)

Q.

C . ef
for some positive constant mg. For ¢ <gq =

5
max max |[M(v+y)— M) <e, (7.2)

W< |yl <mg'e

note that

We now approximate I by smooth weight functions. Introduce

def

def Y .. * k., (7.3)

Q. = (1+6)Q, (09). def Q. \Q. and v

where k. denotes the rescaled measure on R? introduced in Lemma 3.1. By Lemma 3.1
with n = d and ve.,(z) < vi.(z/r) we get for the the lattice point remainder (3.5)

[R(g810)| < max R(gvse,) + Rewr, (7.4)

where, writing 0.0 (0£2)2e the remainder term is given by (compare (3.2) )

Rewr ™ [ Loo@)gu(Qle) do (75)
R
Using the following Lemma 7.1, (7.8) yields
|R(g9I.q)| < max R(g%vic,) + doda(b —a)er™2. (7.6)
Lemma 7.1. Let 0,la,b] o [a — 2w,a + 2w| U [b — 2w, b + 2w] for 4w < b —a

and consider a weight function v introduced in (3.5). Let Sg = QQ1', Lo = 11/2.
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Denote ||v|g o |det Q|2 sup, |0, [ I(Sqlz] < a)|v(Lg'x)|dx|. Then
[ Buws@aloteinds <o wlolor® oo < 1 (7.7
Rewr <4 dodo(b—a)er®? (7.8)
volH, >, dgo(b—a)r® 2. (7.9)

For a related bound to (7.9) see (IBG99|, p. 1023, Lemma 8.2 or [EMM9S8|, Lemma

3.8). Here we need an effective version in terms of Q.

Proof. For a bounded measurable function g on R with compact support, introduce

R, € Jra 9(Qlz])v(x/r)dx with weight function v satisfying (2.4). Let Ug denote a
rotation in R? such that UQU ' and hence ULoU ™" are diagonal. Write vg(x) def
U(LC_QIUflx). Changing variables via y = U™ 'Loz/r in R? with y € RP xR, d = p+¢q

and using polar coordinates, y = (r1m,r21m2), where ri, 75 > 0 and 1, € SP, ny € S9,

that is ||ni]| = ||n2]| = 1, we may write Q[x] = r*(r? — r2). Thus we obtain by Fubini’s
theorem,
R, = TddQ/ / Tfﬁlrgflg(ﬁ(rf —72))@y(r1,72) dridry, where
o Jo
def
Ou(r1,m2) = / Vo (r1m1, T2m2) diydna.
SPxS4

Note that, for v o r? —r2 and u ' 1 we have lv] < ¢ and r? +r2 = 2u* +v. In
order to estimate R, rewrite ro = v/u? — v in terms of v. By change of variables

R, =4 1%dg / g(r*v) (/ I(u? > v)uP Lo, (u, V2 — v)(u?—v) =2/ du) dv. (7.10)
R 0

Proof of (7.7). Choosing g = Iy, [« in (7.10), we obtain by (7.10)
IRy| <a r%dg /

dv(/ dul (u?® > v)uP~H(u? — v) 7220, (u, Vu? — U))
r=20w|a,b] 0

<q rwrT?|v|le, (7.11)

which proves (7.7).

Proof of (7.9). Assume that % < ¢y, where ¢ is a constant to be determined
later. Choosing g = I, and v = I in (7.10) we get similarly as in (7.11) volz H, =<4
R, >4 do(b — a)r?? which proves (7.9).

Proof of (7.8). In (7.10) we choose g = g, and v = Iy.q with 0 < ¢ < §. By the
properties of g,,, see Corollary 3.2, and the polyhedron €2, see (7.1), we have g, < |44,

and Iy o < I(M(z) € Jyo., where Jio. < [1—2¢,1+ 2¢].

Let (gm,m = 1,...,dq) denote the dgo-tuple of normal vectors defining 2. and let
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(fm,m=1,...,dq), fmn = U 'Lggm, be the transformed vectors. Since
I(M(L,'Uy) € Jiae) < S Iy, fm) € Iy) we may bound @, (r1,75) in (7.10) as
follows

dqo

P(r1,m2) <D om(r1,72),  Wwhere @p(ri,ms) < / f(((T1771,7“2772)7fm> € 11,25> dmy dns.
m=1 Spx S

Recall |v| < ¢p,v = 7% —r2 u = ry and 75 = Vu? —v. Then the norm inequalities
between || - ||oo and || - || imply d(1 4 2¢)? > r? + 72 = 2u® + v > (1 — 2¢)*mg,". Thus

1—2e aef (14 2¢)d

op(u, Vur —v) =0 if 0<u< or u>c(d) =

T V2mg V2
Since (1 — 2¢)/v/2mgq > %mglﬂ & g we have as in (7.10)
b/r? , co(d)
R, < / (/up_lgp(u, u? —v)(u? —v)a2/2 du)dv
a/r? cQ
b U @)
< Z / ( / WP o (1, Vu? — ) (u? — v) D2 du) dv. (7.12)
m=Lajr2 Nég
Since Vu2 —v < VuZ + ¢y €4 1, we see that
e(d) c(d)
/ WP (u? —0) D20 (u, VU2 — v) du <4 R, o / uP o (u, Vu2 — v) du.
ca co
We claim that
R, <4 |det Q|7 2edg (b — a)r®? (7.13)

holds. In view of (7.10), (7.10) and (7.12), the estimates R, <qg e forallm =1,... dg
will prove the bound (7.13).

Thus let F,,,(u) o ((umy, Vu? —vng), fm) for fixed |v| < ¢ and (11, 70). If
0
‘%Fm(u)‘ > >0 (7.14)

for all cq < u < ¢(d) with F,,(u) € [1 — 2,1+ 2¢] , then
c(d)
/ [(Fo(u) € [1— 26,14 2¢]) du < =

C1
cQ
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and hence R,, <4 € for all m = 1,...,dq. Note that %Fm(u) = ((m, \/u+7_v772), fm)-
Furthermore, the function ((v) o T =Y gatisfies the relations ¢(0) = 0 and

u

€(0)] < comaxocguze, [C'(0)]. Since (o) = 220 we et

2u? + ¢
!
< —F—F— %75
Oélﬁ)?;{co )l 2u(u? — cg)3/?

Since ¢ < u < ¢(d) and mgq > 1 we have

ut o2 3 3
—_— ) > — >
(u? — 60)3/2> ~ 8u — 8¢(d)’

2t 2 [P0 o212

for 0 < ¢g < tmg," sufficiently small. Therefore (7.14) holds and the assertion (7.13) is
proved. This yields the desired bound for R, (see (7.5)).
0

7.2. Fourier Transform of Weights for Polyhedra. Since the bounds for R(g%v_. )
(7.6) are exactly the same as for R(g%v . ) we shall consider the latter only. We shall

now modify the weight v,, see (7.3), as follows. Let ¢ = I|_ 9%k denote a C*°-function

such that ¢(u) = 1 if |Julloec < 1 and p(u) = 0 if ||ul|w > 3. Let sq4 o d(1 + 2¢eg).

Now, by construction ¢(||z]|?s;")) is identical to 1 on the support of the smoothed
indicator of Q. C [-1 —&,1 + ¢]%, that is v.(z). Hence we may rewrite the weights ¢

of (3.6) via ((z) = v.(2)e?+*) = v (2)y(z) using the C* function of bounded support

U(x) def exp{ Q. [7]}¢ ]|x\|23;1)>, whose Fourier transform is easy to handle.

Lemma 7.2. Using ||_f;2||15 o f|];(\v)| exp{—%|lev||*/?}, the following estimates hold

~ ~ 1
J1G@Ido < ol < calog )" (7.15)
Rd

where cq depends on the number of facets (of all dimensions) of the polyhedron §).
(In the general case when ) has finite Minkowski surface measure cq only, defined via

meas(9.9) < cqe, we have ||Ig||1. <q e @TD/2). These bounds are best possible.
Proof. Note that by definition

/ Co(w)|do = / [on(0)] dv = / | / 8 (0 — 2)d(x) de| dv < |Gl |90 (7.16)

R4 R4 Rd R4

Since |Di* ... DG ()| < e(d, o, . .., aq), we easily conclude that

(@) < e(d K1+ [z, zeR and [Pl < c(d). (7.17)
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Note that f\QE(U) = (1+ a)f\gs((l + £)v) and sup,|Io(v)| < c(d). Thus we get for
ve = Iq, * ke, using |k (v)] < exp{—c[lev['/?}, (note that Y. |v;|'/* > [|v]|'/?),

Joell = [ o @)} do < 1ol (718)
R

where we have changed variables from v to (1 4+ )v. Finally, we shall use a bound

for the average of 1 — |f;2(s77)| over the unit sphere S?~! for polyhedra, see [BCT97],
Theorem 2.1 (ii),

[ Jiatsnldn < ca2+ ) (log(2 + )", (7.19)
Sd—1
which yields together with (7.18) by straightforward estimates

lvell1 <a cq /(2+s)_d(log(Q—l—s))d1 exp{—g(ss)l/z}sd_lds <y cQ(log(é))d. (7.20)
We now obtain the estimate (7.15) from (7.16), (7.18) and (7.20). For the case of general
2, we may use the corresponding bound to (7.19) in [BCT97]|, Theorem 2.9. That paper
contains examples showing that these averages are sharp. For the particular case of
regions (2, which are cubes, more elementary arguments may be used, see [GMO010],
Lemma . (]

7.3. Lattice point remainders for special parallelepipeds. Here we confine our-
selves to study a specially oriented parallelpiped Q % A7 =137 C [-1,1)4, sym-
metric to 0, such that (7.1) holds, with a suitable A € GL(d, R) such that its faces are in
a general position relative to the standard lattice Z¢. This ensures that the lattice point
remainder for 72 is of "abnormally’ small error uniformly in r. To construct it, we may
alternatively construct lattices AZ? such that the faces of [—2, 1]¢ have this property.

We call a lattice T' C R? of rank d ’admissible’, if Nm T % inf cp oy [Nm 7| > 0,

where in standard coordinates v = (y1,...,74), Nm v = |y1---v4|. Well known ex-
amples are provided by the canonical embedding o of a totally real algebraic number

field IF of degree d into R?, where Nm o (&) denotes the norm of £ € F, see [Skr94], and

[Skr98| for more information. Thus we assume that I’ &' AZ7 is admissible and ©

satisfies the above size constraints. Note as well that the dual lattice I'* = BZ?, i.c.
BT A =1d of T is admissible as well. Another property of admissible lattices says that
there exists a cube [—rg, ro]? with 7o > 0 depending on I'* only containing a funda-
mental domain F of I'*. By rescaling we may assume that ro < 7. See e.g. [Skr94],
Lemma 3.1.

For the chosen parallelpiped €2 and the weights ((z) = wv.(z)¥(z) introduced in
subsection 7.2 we get the following bound of ||(||...
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1

Lemma 7.3. For an admissible lattice I', 0 < € < 5 and r > 2 we have with the

notations of subsection 7.2 and Theorem 2.1

-~

L / ()|
lollaosmr (T JorH|za) /2

where \. def min(log 7, log(2 + %)) + log(2 + r_ls)

dv <aq Xlog(2+ 1), (7.21)

Proof. We change variables w = Bvr~! and

I <p / r (B rw)|(rt + [Jwee )~ 2 dw, (7.22)
B~ wl|oo >m
where ||wl|r = min{|jw —27v*||s : 7* € T*}. Note that by definition |¢(w)| <4 |(Iq. -
l;;\s) * @(—w) and 1 € C*. In view of (3.2) and (3.28) we have with w = (wq, ..., wy),
w — 27y, = (Wy,...,wy) € F and k > 2d?
~ o sin o d ~ d
lo.(B7'w)| < J[|—=2| <a [T+ )™ (B~ w)| <as [J(1 +w))7F,
j=1 292 j=1 =1

(r o+ ]le) 2 <

d
(g ) V2, R(BT w)| < T emerte

J=1

—.

<
Il
-

In the last two bounds we have used the arithmetic-geometric mean inequality resp.
SIAT w2 < | B ]| < Jw]sl? <5 32wy V2. Decomposing w = 27, + @,
such that ||| = ||w||r- we may decompose the w-integral into integrals, say I(v*),

over tiles v* + C* with C* C [—7, 7%, such that

d
I, <p > I, and (7.23)

(V1575 ET*\0 j=1

def - w(er(v+2my3) — eu) 1
I (v = d d J 7.24
) [t [ e (129

where w(z) ¥ exp{—calz|/?} and ©(z) € (1 + 22)~*. We now estimate I(7)).

Since f\u|>r1 e w(u)du <pq =2 when choosing k sufficiently large, we may assume
that |u| < /7 in the v-integral at the expense of an error smaller than ¢ gr 2442,
Assume first that |y;| > 1. Then we get uniformly in |u| < r1/4 for sufficiently large r

o w(er(v+2my;) —eu 1 w(cery:
(72, ) d:f/ d (er( ;) ) (cery;) (7.25)

U Y
ol Ut M G U ) Bl 0
w(cery})

771
Jydv(r~ + |v])7! < logr for a finite interval I we conclude in the case |}

with some absolute constant ¢ > 0. Thus I¢(v}) = [ du@(u)I*(7},u) < . Since

< 1 that
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the bound

w(cery;) log 7 < w(cery;)

X - 1/2
K0 < | et e S < T Y

log r.

(7.26)
holds in this case. If re >> 1 this argument shows that the factor logr may be replaced
by log(e7!),e < 1/9. Hence we conclude that

Ic<p Y H wleerni )11 () : (7.27)

(¥§-vy)€T*\0 j=1 WJ

where I,(z) %< I(|z| < 1)|z|Y2 min(log r, loge=)+I(|z| > 1). In view of the following
Lemma 7.4 this concludes the proof of Lemma 7.3. U

Lemma 7.4. For an admissible lattice I' we have for any weight function w(xz) > 0
on R such that w/d & max, w(z)(1 + %) < oo, where p € N and € > 0. Then we

obtain with w, () o w(ex) I (z)

e W o Wyre w _
D S s e R e U )
(Y1,+-s7a)ETN\O e

Proof. Define the lattices B, & {m (my,...,mg) €EZ% : my+...+my =0} C Z%
Since |zq---x,| > Nm(I') implies that there exists unique integers m; € Z such

that 2 > |2™iz;| > 1 for j = 2,...,d we conclude that |z;| > Nm (2)|ze... 24" >

Nm (T") H;l:Q 27t Hence there exists a unique integer k > 1 such that z; satisfies

2™ z4| € [ker, (K + 1)cr), where cr = 274" Nm (') and m; is determined by m; +
.+ my =0. Thus with B, < [kcF, (k + 1)cr), we have

d
I(—‘ 1\}m (F)d‘ >1) = E Ip, (|12™ 24]) | | I (]2 2;]), and hence,

keN meEd j=2

T S Y (BN sz R e e e S CED

kEN,mecE, el -d

Introduce the obvious notations Nm (x) o |zy - xg|, 2@ = (2™ xy,...2M4,),

m € E4 and 2T for a rescaled sublattice of I'. Note that Nm (2) = Nm (). Hence

Nm (I') = Nm (2I"). Furthermore introduce the boxes Cj B x [1,2)41 and
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h(z) & (1 + 2%)~1. Thus we may rewrite and bound (7.28) (using I,(z) see (7.27))

R M ) | =)

meE; keNnpe2mD j=1
(£2- mlk: d
< w) (Z( 3 Ien ) )Hh (€271, (27™). (7.29)
meE; keN ne2mD Jj=

In order to perform the summation in k£ and 7 in (7.29) note first that:

> Io )<L (7.30)

Proof of (7.30): Assume that two lattice points n # 7' € 2T lie in Cy. Thus |n; —n}| <
cr and maxy<j<q|n; — ;] < 1. Since n —n" € 2™\ 0 implies |9y — ny| - - - |na — my| >
(Nm I')/cr = 26471 and hence |(1y — n75)|"/@=Y > 2 for some j > 2, we arrive at a
contradiction which proves (7.30). Estimating the sum following in k& by an integral
we have

Zh(ak) < ilog(1+a 2P o h(a). (7.31)
ek 2p

Let H(z) o h(z1)h(zs) - - - h(zq). For m € E, the following estimate holds:
H(e2™™) <4 (||ml|2 + log(2 4+ e 1)) min(1, e~2P 2~ dlmliz), (7.32)

where 2 (2m1 AR

Proof of (7.32) Let m € E4\ 0. Assume for definiteness that mq,...,m; > 0 and
miy1 < 0,...,myg < 0. By definition of E; we get 22221 m; = Z;l:l|mj| < ||lm|l2.
Hence

2d max, m; > ||m2. (7.33)

Note that h(v) < min(1,v~%) and h(v) < min(log(1 + |v|™), v=?7/(2p)) and that
—m € E?. Hence, using (7.33), we have max;(—m;) < —|/m||2/(2d) and obtain

i) <
H(2™") < <10g(2 +e7h) + maX(—mj)> min (1, £~ min 2—2ij)
J J

< <log(2 +e )+ Hmug) min(1, e~ 222~ Imll2p/dy, (7.34)

thus proving (7.32). Note that by similar arguments Using L, &f min(logr,loge™1)
similar arguments yield

d
[0 ) = I @ "5/2Ling) < 2 I/t (7.35)

j=2 m;>0
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It remains to estimate the sum in m € E; in (7.29). Let [,, denote the number of

positive coordinates of m. In view of (7.30) and(7.34) we obtain by splitting the

summation over the d — 1-dimensional lattice E; into a ball of radius ||m|s < R. o

3d log(2 + &' and its complement, where g=202-llml2p/d < 1 and obtain for the cases
lm=0and [, >0

w
SF,& < = Z ([{lmzo}+[{lm>0}2_HmH2/(4d)Lim) log(2—|—%)
lmll2<Re
+2 37 (log@+ 1) + mfle) e 2 mlerr
Cr
llml|2>Re
< i((Ra ‘I’Lr)d_l 10g(2+ %) —f—RgQ_Rsp/df:_Qp)
Ccr
L +1 ) !
Y (L 941 ) 24+ 1), 7.36
< (B Hlog2+ ) log2+ Y (7.36)
thus proving the lemma. OJ
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