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Abstract: Let Z(¢) be the partition function (the trace of the heat semigroup) of the
canonical Laplacian on a post-critically finite self-similar set (with uniform resistance
scaling factor and some good symmetry) or on a generalized Sierpiriski carpet. It is

proved that 2(1) = Y} _o t "%/ Gy (—logt) + O(exp(—ctiﬁ)) ast | O for some
continuous periodic functions G : R — R and ¢ € (0, 00). Here dy, € (1, co) denotes
the walk dimension, n = 1 for a post-critically finite self-similar set and n = d for a
d-dimensional generalized Sierpifiski carpet, {di };_, C [0, 00) is strictly decreasing
with d,, = 0, Gy is strictly positive and G is either strictly positive or strictly negative
depending on the (Neumann or Dirichlet) boundary condition. Furthermore in the set-
ting of a post-critically finite self-similar set, the same result with dy,, do, G¢ the same,
G strictly negative, n = 2 and d, = 0 is proved also for the partition function of the
Laplacian with Dirichlet boundary condition on a general self-similar subset.
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1. Introduction

Asymptotic distribution of the eigenvalues is a central topic for analysis of Laplacians
and elliptic differential operators. Such an operator is typically given as a non-positive
self-adjoint operator 4 on an L2-space whose spectrum is discrete, and then asymptotic
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distribution of its eigenvalues referes to asymptotic behavior of the eigenvalue counting
function

NaQA) :=#{neN |12 <1} (1.1)
as A — oo, or of the (spectral) partition function
Z2a(t) = tre'd = Ze‘*ﬁlt = / e MAN4 (L) (1.2)
neN R

ast | 0; here {A4},cn denotes the non-decreasing enumeration of all the eigenvalues
of —A with each eigenvalue repeated according to its multiplicity.

Analysis of the eigenvalue counting functions of Laplacians was initiated by Weyl in
[59,60], where he proved that for the Dirichlet Laplacian Ay on a (sufficiently regular)
bounded non-empty open subset U of R?,

Nay (V) = cg volg (UAY2 +0(A9?)  as A — oo, (1.3)

with voly the Lebesgue measure on R? and ¢z := (27)~¢ voly ({x eRY | |x| < 1})
By Karamata’s Tauberian theorem [19, Section XIII.5, Theorem 2], (1.3) is equivalent
to

Zay (1) = (41) "2 voly (U2 4 0(t7%/2)  ast | 0, (1.4)

which can be in fact easily verified for any non-empty open subset U of R¢ with
voly (U) < oo by slight analysis of the Dirichlet heat kernel pY (x, y) on U and the
expression

zAU(z)zfupf’(x,x)dx, t € (0, 00). (1.5)

Later in [34] Kac posed his famous question “Can one hear the shape of a drum?”,
meaning whether the knowledge of the eigenvalues {)Lr[,J tneny of —Ay determines the
geometry of the open set U. Although the answer to this original question of Kac is
negative as shown by Urakawa [58] for d > 4 and by Gordon, Webb and Wolpert [26]
for d = 2, his question motivated numerous works on further detailed asymptotics of
Nay (A) —cq volg (U)A?/2 and Zag (1) — (47)~4/2 voly (U )t~4/2. A key observation
in this direction due to [14] is that, if the boundary of U is fractal, then the box-counting
(Minkowski) dimension of the boundary of U, not its Hausdorff dimension, should be
involved in the remainder estimate for the asymptotics (1.3) and (1.4). See e.g. [14, 15,
47-50,52] and references therein for further details in regard to possible refinements of
(1.3) and (1.4) in the settings of Euclidean domains and Riemannian manifolds.

The purpose of this paper is to establish similar detailed asymptotic behavior, beyond
the principal order term, of the partition functions of Laplacians on self-similar sets.
Our main results are stated and proved for two large classes of self-similar sets, known
as post-critically finite self-similar sets (with additional assumption of some geometric
symmetry) and generalized Sierpiriski carpets defined in [7,8]. In this introduction we
illustrate our main results by treating the particular cases of the canonical Laplacians
on the Sierpifiski gasket and the Sierpiniski carpet (see Fig. 1 below), which are among
the simplest self-similar fractals and have been intensively studied.

A crucial difference between these two fractals, and also between the two above-
mentioned classes of self-similar sets, is that the former are finitely ramified, i.e. can be
made disconnected by removing a finite subset, while the latter are infinitely ramified,
i.e. not finitely ramified. For the Sierpinski gasket, the set VOSG of the three vertices of
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Fig. 1. Sierpinski gasket and Sierpinski carpet

the enclosing equilateral triangle is considered as its boundary in the sense that any two
distinct copies of itself can intersect only on the copies of V>, whereas the same role
is played by the natural boundary V¢ of the enclosing unit square in the case of the
Sierpiriski carpet. Then being finitely or infinitely ramified amounts to the finiteness or
the infiniteness of the boundary of the self-similar set.

We first recall some basics of the canonical Laplacians on the Sierpifiski gasket and
the Sierpiriski carpet. Let Ksg denote the Sierpiriski gasket and i the d¢-dimensional
Hausdorff measure on Kgg with respect to the Euclidean metric p(x, y) = |x — y|,
where dy := log, 3 is the Hausdorff dimension of Ksg with respect to p. The canoni-
cal Laplacian on Kgg was first constructed by Goldstein [25] and Kusuoka [45] as the
generator of a natural p-symmetric diffusion process on Kgg. Their diffusion was ob-
tained as the weak limit of suitably scaled simple random walks on the natural graph
approximations and is now called the Brownian motion on the Sierpiriski gasket. Soon
later it turned out to be much easier to construct the Dirichlet form of this p-symmetric
diffusion directly by simple analytic arguments, as described e.g. in [2,40,57], so that
the canonical Laplacian and the Brownian motion on Kgg can be alternatively obtained
by applying the general theory of regular Dirichlet forms presented in [23, 16].

A fundamental property of the canonical Laplacian on Kgg is the following sub-
Gaussian estimate of the associated heat kernel due to Barlow and Perkins [10, Theorem
1.5]: the associated heat semigroup has a jointly continuous heat kernel p;(x, y), and
there exist 1.1, c1.2 € (0, 00) such that for any (¢, x, y) € (0, 1] x Ksg x Ksg,

1.1 pGx, )M\ T €12 P, V)N 7
¢dr/dw eXp(—( ci1.1t ) ) = pl(x’y) = tdi/dw exp(—( C1.21 ) )’
(1.6)
where dy, := log, 5. (1.6) is called sub-Gaussian since the exponent d,,, the so-called
walk dimension, satisfies dy, > 2, which is known to hold quite in general for Laplacians
on fractals.

In the case of the Sierpiriski carpet, the infiniteness of its boundary set V€, the
natural boundary of the enclosing unit square, makes every step of analysis much more
difficult than for post-critically finite self-similar sets. Let Ksc denote the Sierpinski
carpet and let i be the de-dimensional Hausdorff measure on Kgc with respect to the
Euclidean metric p(x, y) := |x — y|, where df := log, 8 is the Hausdorff dimension of
Kgc with respect to p. A natural non-degenerate diffusion on Kgc was constructed for
the first time by M. T. Barlow and R. F. Bass in [3], and later Kusuoka and Zhou [46]
also obtained one by constructing a self-similar regular Dirichlet form on L?(Ksc, ).




4 Naotaka Kajino

In fact, it was only very recently that these two diffusions were proved to be the same, as
a consequence of the uniqueness result by Barlow, Bass, Kumagai and Teplyaev [8]. By
the results of [8], together with slight additional arguments in [33, Proof of Proposition
5.1] and [38, Proposition 5.9], now it is known that there exists a unique non-zero
conservative self-similar regular Dirichlet form (€, F) on L?(Ksc, i) that is invariant
under the isometries of the enclosing unit square. Thus the canonical Laplacian on
Ksc is obtained as the non-positive self-adjoint operator on L?(Ksc, i) associated with
(€, F), and furthermore by [6, 8], the associated heat semigroup has a jointly continuous
heat kernel p;(x, y) which satisfies (1.6) for a certain specific choice of dy, € (2, 00).
Now for F € {SG, SC}, let Z§; be the partition function of the canonical Laplacian
on Kp, which satisfies the Neumann boundary condition on the boundary VOF of Kgina
certain natural sense, and let 2}, be the partition function of the Laplacian with Dirichlet
boundary condition on V{". In fact, for post-critically finite self-similar sets we will also
consider cases with Dirichlet boundary condition on general self-similar subsets, and as
one of the simplest examples let L be the line segment at the bottom of Kgg and let Z?fN

and ZiGD be the partition functions of the Laplacian on Kgg with Dirichlet boundary
condition on L and on L U VOSG, respectively. Then our main results for post-critically
finite self-similar sets (Theorems 3.4 and 4.2) yield the following asymptotics.

Theorem 1.1. Ser d; :=log, 3, dy, :=log, 5, sx := 1 and sp := —1. Then there exist
c1.3 € (0, 00) and continuous log 5-periodic functions Gy, G1, G : R — (0, 00) such
that for any B € {N,D}, ast | 0,

3 1
286(1) = 174/ Gy (—logt) + ESBGI(— logt) + O(exp(—cml a1 )), (1.7)
1
235(t) = 17N Go(—logt) — ™G (—logt) + 598G1(=log1)
—|—0(exp(—c1_31_ﬁ)). (1.8)

On the other hand, our main result for generalized Sierpiniski carpets (Theorem 5.11)
implies the following asymptotics of Z3°.

Theorem 1.2. Set dy := log, 8, let d,, € (2, 00) be as in (1.6) for Ksc and set T := 34w,
Then there exist c1.4 € (0, 00) and continuous log t-periodic functions Gg ; : R — R,
B € {N,D}, k € {0, 1,2}, such that for any B € {N,D}, as t | 0,

25€(t) = 174/ WGy o(—logt) + 17/ Gy 1 (—logt) + Gpa(—logr)
+0(exp(—c1,4z‘ﬁ)). (1.9)

Moreover, Gy o, Gn,1 are (0, 00)-valued, Gn,o = Gp,o and %GN,l = —1—52GD,1.

Note that the factors 5 and t appearing in the periods of Go, G, Gr and Gg  are
the scaling factors for the time variable of the heat kernels; see Lemma 2.21, its proof
and Example 4.5 below.

As remarked in the following paragraphs, the principal order terms in (1.7), (1.8)
and (1.9) were already known. The new results here are the existence of the other only
finitely many periodic functions and the exponentially decaying remainder estimate.
The periodic functions G, Gy and Ggx, k € {1,2} derive from, roughly speaking,
the self-similarity of each “piece” of the boundary sets V%, L and V€, and the order
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(—0/d —1/d,

estimates v and ¢ for these terms result from their Euclidean box-counting
(or equivalently, Hausdorff) dimensions. Since the pieces {g}, ¢ € VSO, of VOSG do
not intersect with each other, in (1.7) we end up with just one extra log-periodic term
and an exponentially decaying remainder. On the other hand, L consists of two copies
of itself of half length intersecting with each other at the midpoint of L, which has
some influence on the constant order term and thereby gives a different coefficient for
the constant order term of (1.8). Similarly, VOSC consists of four edges, whose self-
similarity gives rise to Gp,; of the second term in (1.9), but they intersect with each
other at vertices of the unit square and the three copies of each edge of one third length
also intersect with each other, which yields another term Gg > (—log ¢) of constant order.

The strict positivity of G, G, in Theorem 1.1 and Gy,; in Theorem 1.2, which
reflects the influence of the Dirichlet boundary conditions on the eigenvalues and the
heat kernels, could be deduced from the author’s general result [35, Theorem 7.7], but
we provide an alternative proof of this fact based on detailed calculations of the partition
functions. On the other hand, G > in the third term of (1.9) is a sum of strictly positive
and strictly negative log r-periodic functions and the author has no idea which signs
Gg,2 actually takes; see also Theorem 5.15 and its proof below in this connection.

It is very difficult to obtain any further information on the periodic functions G, G,
and Gg k. In fact, Gg in Theorem 1.1 is known to be non-constant as explained in the
next paragraph, whereas the author has no idea whether any one of the other periodic
Sunctions G1, G, in Theorem 1.1 and Gg g, B € {N,D}, k € {0,1,2} in Theorem 1.2
is non-constant.

The existence of Gy in the principal order term for 239 in (1.7) is an immediate
consequence of the known result for the corresponding eigenvalue counting functions
N]%G due to Kigami and Lapidus [43, Theorem 2.4 and Corollary 2.5]: there exists a
right-continuous log 5-periodic function Gy : R — R satisfying 0 < infseg Gy (s) <
sup;er G (s) < oo such that for any B € {N, D},

N3G (1) = A4/d Gye(logA) + O(1)  as A — oo. (1.10)

Moreover, Gy is discontinuous and hence non-constant by [9, Theorems 4.4 and 6.6] or
[40, Theorem 4.3.4 and Corollary 4.4.11] (see also [24, Theorem 5.2] and [37, Lemma
3.5]), and consequently Go in Theorem 1.1 is also non-constant. In view of (1.10),

one may expect further detailed asymptotics of N3° and N3 analogous to (1.7) and

(1.8), where N7S; is the eigenvalue counting function corresponding to 27, but at this

moment the author has no idea how N3° (L) — A4/ Gy (log A) actually behaves as
A — 00 or whether Ni?B (A) — A%/dw G(log A) = o(A%/4%) as A — oo. In fact, in
this particular case of the Sierpifiski gasket, some explicit knowledge of the eigenvalues
is available in [24,39,56] and there might be some hope of answering those questions
by using their results. We leave investigation of this possibility to future studies.

For the Sierpinski carpet, the existence of Gp o in the principal order term for ZSDC
in (1.9) was proved by Hambly [30, Theorem 1.1] with the help of the upper inequality
in (1.6) and an argument on the associated diffusion, and the same result for ZIS\IC with
Gn,0 = Gp,o can be easily verified by following his argument. (See [35, Theorems 5.2,
5.11, 7.7 and Corollary 7.8] for some generalization and refinement of Hambly’s argu-
ments in [30].) On the other hand, for the corresponding eigenvalue counting functions
N}s}c’ even their log-periodic asymptotic behavior similar to (1.10) is not known.

Finally, we also remark that we have to assume the scaling factors for the self-
similar measure and the self-similar Dirichlet form to be uniform among all the cells
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(see Definitions 2.4 and 2.6 below), for the sake of the validity of the required renewal
theorem (Theorem 2.23) and of simplicity in its actual use. In fact, Fleckinger, Levitin
and Vassiliev [21,22] and van den Berg [11, 12] obtained short time asymptotics very
similar to Theorems 1.1 and 1.2 of the integral of the solution to the heat equation on
certain von Koch snowflake domains in R? with initial value 0 and boundary value 1.
Since van den Berg [11,12] allowed the domains to have different scaling factors for
different pieces of the Koch curves constituting the boundary, his method could enable
us to relax our assumption of the uniformity of the scaling factors, which we leave to
future studies.

The rest of this paper is organized as follows. In Section 2, we introduce our frame-
work of self-similar Dirichlet forms on self-similar sets and collect preliminary facts
and lemmas for the proofs of our main results. The key fact is Proposition 2.16, which
along with Lemma 2.22 makes it possible to extract lower order terms by formal cal-
culations of the heat kernels with Dirichlet boundary conditions on different subsets. In
Section 3, after recalling basics of self-similar Dirichlet forms on post-critically finite
self-similar sets, we state and prove the result (Theorem 3.4) for the partition functions
of the Laplacians on post-critically finite self-similar sets with Neumann and Dirichlet
boundary conditions on the canonical boundary V. Section 4 treats the result for the
Laplacians on post-critically finite self-similar sets with Dirichlet boundary condition
on general self-similar subsets (Theorem 4.2). In Section 5, we first collect important
facts concerning generalized Sierpifiski carpets and their canonical self-similar Dirich-
let form and then state the main result for them (Theorem 5.11). In fact, Theorem 5.11
is essentially a special case of Theorem 5.15 on more detailed information on the lower
order terms. Finally, Section 6 is devoted to the proof of Theorems 5.11 and 5.15.

Notation. In this paper, we adopt the following notation and conventions.
(HN={1,2,3,...},ie. 0 &N.

(2) The cardinality (the number of elements) of a set A4 is denoted by #A.

(3) We set sup@ := max @ := 0, inf@ := min¥ := oo and set a V b := max{a, b} and
a Ab :=min{a,b} fora,b € [—o00, 0o]. All functions in this paper are assumed to be
[—00, oo]-valued.

(4) For d € N, R? is always equipped with the Euclidean norm | - |.

(5) Let E be a topological space. The Borel o-field of E is denoted by B(E). We set
C(E) := {u | u: E — R, uiscontinuous}, suppg[u] := {x € E | u(x) # 0} and
lulloo := sup,cg |u(x)| foru € C(E). For A C E, intg A denotes its interior in E.
(6)Let Ebeaset,p: ExE — [0,00) and x € E. We setdiam, A := sup,, ;e 4 p(¥,2)
and p(x, A) :=inf,e4 p(x,y) for A C E and B,(x,p) :={y € E | p(x,y) < r} for
r € (0, 00).

2. Preliminaries

In this section, we introduce our framework of a self-similar set and a self-similar
Dirichlet form on it and prepare preliminary facts concerning the heat kernels and the
eigenvalues of the Laplacians. At the end of this section, we also state and prove a
version of the renewal theorem which involves log-periodic reminder terms.

Let us start with standard notions concerning self-similar sets. We refer to [40, Chap-
ter 1] and [41, Section 1.2] for details. Throughout this section, we fix a compact metriz-
able topological space K with #K > 2, a non-empty finite set S and a continuous
injective map F; : K — K foreachi € §. Weset £ := (K, S, {F;}ies).



Log-periodic asymptotic expansion of the spectral partition functions on self-similar sets 7

Definition 2.1. (1) Let Wy := {0}, where @ is an element called the empty word,
let W, := S™ = {w1...wy | w; € Sfori € {l,...,m}} for m € N and let
Wy = UmeNu{o) W. For w € Wy, the unique m € N U {0} satisfying w € W, is
denoted by |w| and called the length of w.

@) Weset ¥ := SN = {wjwows ... | w; € S fori € N}, which is always equipped
with the product topology, and define the shift map o : ¥ — X by o (w1003 ...) =
Waw3wy ....Fori € § wedefineo; : ¥ - X by gj(www3...) := iwwws .. ..
For w = wjwpws ... € ¥ and m € N U {0}, we write [w];, := w1 ...0n € Wy,
(B)Forw = wy...wy, € Wy, weset Fyy, 1= Fy, 0o---0 Fy, (Fp :=idg), Ky =
Fy(K), 0w := 0y, 0+ 00y, (0g 1= idx) and Xy, := 0, (), and if w # @ then
w € ¥ is defined by w* := www ... in the natural manner.

Definition 2.2. L is called a self-similar structure if and only if there exists a continuous
surjective map w : ¥ — K such that F; ow = 7 o g; for any i € S. Note that such 7,
if exists, is unique and satisfies {7 ()} = (),,en K[w],, for any € X.

In what follows we always assume that £ is a self-similar structure, so that #S > 2
by #K > 2 and 7(X) = K. For A C K, the closure of A in K is denoted by A.

Definition 2.3. (1) We define the critical set C and the post-critical set P of L by
C:=n"Y U jes.iz; KiNK;) and  P:i=,ey0"(©C). (2.1)

L is called post-critically finite, or p.-c. f. for short, if and only if P is a finite set.
2) Weset Vg := 7(P), Vy := UweWm Fy (Vo) form € Nand Vi 1= J,,en Vin-
(3)Weset K! := K\ Vp and K,i = Fyp(K") forw € W.

Vo should be considered as the “boundary” of the self-similar set K; recall that
Ky N Ky, = Fy(Vo) N Fy(Vp) for any w,v € W, with ¥, N X, = @ by [40,
Proposition 1.3.5-(2)]. According to [40, Lemma 1.3.11], V;;,—1 C V}, forany m € N,
and if Vg # @ then Vi is dense in K. Furthermore by [35, Lemma 2.11], Kl{} is open in
K and KL c K for any w € W.

Note that by [40, Theorem 1.6.2], K is connected if and only if any i, j € S admit
n € Nand {ix};_, C S withip =i and i, = j such that K;, _, N K;, # @ for any
k € {1,...,n}, and if K is connected then it is arcwise connected.

Definition 2.4. A Borel probability measure p on K is called a self-similar measure on
L with uniform weight if and only if the following equality (of Borel measures on K)
holds:

1
M:ﬁzuoﬂl. (2.2)
ieS
There exists a self-similar measure on £ with uniform weight. Indeed, if v is the
Bernoulli measure on ¥ with weight (1/#S);es, then v o 77! is such a self-similar
measure on L; see [40, Section 1.4] for details. Moreover by [41, Theorem 1.2.7 and
its proof], if K # Vp and p is a self-similar measure on £ with uniform weight, then
w(Kyp) = (1/#8)®! and (Fy, (Vo)) = 0 for any w € Wy. In particular, a self-similar
measure on £ with uniform weight is unique if K # ;.
The following lemma is immediate from the above-mentioned facts.

Lemma 2.5. Assume K # Vg, let p be the self-similar measure on L with uniform
weight and let w € Wy. Then [i |u o Fyldp = #S)"! Jx,, [uld for any Borel

measurable u : K — [—o00, 00]. In particular, if we set Fyu := u o Fy, foru : K —
[—o0, 00], then F\ defines a bounded linear operator Fr : L*(K, ) — L*(K, w).
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Next we define the notion of a self-similar Dirichlet space with uniform weights and
state its basic properties. See [23, Section 1.1] for basic notions concerning symmetric
regular Dirichlet forms.

Definition 2.6 (Self-similar Dirichlet space with uniform weights). Assume K # Vj,
let u be the self-similar measure on £ with uniform weight and let r € (0,#5). (£, F)
is called a self-similar Dirichlet form on L?(K, jv) with uniform weight r if and only if
it is a non-zero symmetric regular Dirichlet form on L?(K, 1) satisfying the following
two conditions:

(SSDF1) FNC(K)={ue C(K) |uoF; € Fforanyi € S}.
(SSDF2) For any u € F N C(K),

Eu,u) = %Zg(u o F,uoF). (2.3)
ieS

If (£,F) is a self-similar Dirichlet form on L?(K, x) with uniform weight r, then
(L, u, E, F,r)is called a self-similar Dirichlet space with uniform weights, and we call
T 1= #S/r its time scaling factor and ds := 2log, #S its spectral dimension.

T naturally appears as the scaling factor for the time variable of the heat kernels; see
Lemma 2.21 and its proof below. Note that t > 1 by r € (0, #S).

In the rest of this section, we assume that (£, u, €, F, r) is a self-similar Dirichlet
space with uniform weights. Note that it is contained in the framework of [38, Definition
2.7], which in turn is a special case of [35, Definition 3.3]. In particular, by [35, Lemma
5.5],uo Fy € F forany u € F and any w € W, and (2.3) holds for any u € F.
Furthermore by [38, Lemma 2.8], (£, F) is conservative (i.e. 1 € F and £(1,1) = 0)
and strongly local, and V, # 0.

Part of the assertions of our main results could be derived from [35, Theorem 7.7],
which requires two conditions (SSDF3S) and (LWTF) stated in [35, Definition 7.6].
Our Dirichlet space (L, i, €, F, r) obviously satisfies (LWTF) by definition, and it also
satisfies (SSDF3S) by virtue of the next proposition, which is an easy consequence of
(SSDF1) and requires the following definition.

Definition 2.7. (1) A finite subset A of W, is called a partition of ¥ if and only if
SpNXy, =0@foranyw,v e Awithw #vand T =, ecp Zw-
(2)For ' € Wy, weset K(T') := U er Kw-

Proposition 2.8. Let Ay, Ay be partitions of X, let 'y C Ay and Tp C A, be non-
empty and let ¢ : 'y — T'» be bijective. Suppose that F, : K(I't) — K(I';) is a
homeomorphism and satisfies Fy|k,, = Fpuw) © Fy, L for any w € T'1. Then whenever
ueFNC(K)andu® € C(K) we have u® € F, where u® : K — R is defined by

0 on K\ K(T). 24)

u? {u o qul on K(I'2),
Proof. For a partition A of ¥, an induction in #A using (SSDF1) easily shows that
FNC(K)={ueC(K)|uoFy, € Fforany w € A}. Now letu € FNC(K) satisfy
u? € C(K).Ifw € T thenu®oFy, = MOFw_IOFw =uoF, 1) € F.Ifw € Ap\I'2,
then u® o Fy|g\y, = 0, which and u® o Fy, € C(K) imply u® o F,, = 0 € F since
K\ Vp is dense in K by K # Vj and [40, Theorem 1.3.8]. Thus u¢ € F. O
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Definition 2.9. Let U be a non-empty open subset of K. We define u|y = 1|pw),

Fu:={ue FNCK)|suppgu] CU} and EY :=E|r xr,, (2.5

where the closure is taken in the Hilbert space F with inner product & (u,v) =
E(u,v) + [ uvdpu. (EY, Fy) is called the part of the Dirichlet form (£, F) on U.

Since u = 0 p-a.e. on K\ U for any u € Fy, we can regard Fy as a linear subspace
of L?(U, u|y) in the natural manner. Under this identification, we have the following
lemma.

Lemma 2.10. Let U be a non-empty open subset of K. Then (Y, Fy) is a strongly
local symmetric regular Dirichlet form on L*>(U, u|p).

Proof. The regularity of (£, F) easily yields that of (€Y, /) by (2.5) and [23, Lemma
1.4.2-(ii)], and the strong locality of (£, F) implies that of (Y, Fy). O

Next we prepare basic facts concerning the heat kernel of (K, i, &, F) and that of
(U, |y, EY, Fy) for non-empty open subsets U of K.
Definition 2.11 (CHK). We say that (K, u, £, F) satisfies (CHK), or simply (CHK)
holds, if and only if the Markovian semigroup {7% }se(0,00) 00 L?(K, 1) associated with
(€, F) admits a continuous integral kernel p,i.e. a continuous function p = p;(x, y) :
(0,00) x K x K — R such that for any u € L?(K, i) and any ¢ € (0, c0),

T = /K PG u()dp(y)  peae. 2.6)

Such p, if exists, is unique and satisfies p;(x,y) = ps(y,x) > 0 for any (¢, x,y) €
(0,00) x K x K by a standard monotone class argument. p is called the (continuous)
heat kernel of (K, u, &, F).

Proposition 2.12. Suppose that (CHK) holds and that

lti¢n(} pi(x,y)du(y) =0  for any open subset U of K and any x € U. (2.7)
K\U

Let U be a non-empty open subset of K.

(1) The Markovian semigroup {T,U},e(ojoo) on L?(U, u|y) associated with (£Y, Fyr)
admits a unique continuous integral kernel pY = pfj (x,y): (0,00) xU xU — R,
similarly to (2.6). Moreover, 0 < pU(x,y) = pY(y,x) < pi(x,y) forany (t,x,y) €
(0,00) x U x U.

(2) If U is arcwise connected, then p,U(x, y) > 0 forany (t,x,y) € (0,00) x U x U.

Proof. (1) Set P;(x, A) := [, ps(x, y)du(y) for (t,x) € (0,00) x K and A € B(K).
Then P,u := fK u(y)P;(-.dy) € C(K) for any u € L'(K, i) by the compactness of
K and (CHK), and P;u = T,u p-a.e. for any u € L?(K, ). In particular, P, (x, K) =
1 for any (¢, x) € (0,00) x K by the conservativeness of (£, F), and then (2.7) means
that lim, o P;u(x) = u(x) forany u € C(K), which and [13, Chapter I, Exercise 9.13]
imply that lim, o ||P;u—ul|cc = Oforany u € C(K). From these facts, the conclusions
of [35, Lemma 7.11] can be verified for our Dirichlet space (K, i, £, F) with exactly
the same proof, and hence a continuous integral kernel pU of {TtU},e(o,oo) exists. A
monotone class argument immediately shows the uniqueness of such pY, and the last
assertion easily follows from [41, (C.2)] and a monotone class argument again.

(2) In view of the validity of the conclusions of [35, Lemma 7.11] (see also Lemma
2.15 below), the assertion is immediate from [35, Proposition A.3-(2)]. O
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Throughout the rest of this section, we assume that (CHK) and (2.7) hold.

Definition 2.13. Let U be a non-empty open subset of K. The integral kernel pY of
{TtU}te(O,oo) as in Proposition 2.12-(1) is called the Dirichlet heat kernel on U. We
extend pY to (0, 00) x K x K by setting pU|(0,Oo)X(KxK\UXy) =0.

We also set p?(x,y) := 0 for any (¢, x,y) € (0,00) x K x K.

Note that for ¢ € (0, 00), th : K x K — [0, 00) may not be continuous on K x K.
Lemma 2.14. Let U,V be open subsets of K withU NV = (. Then

PV ) = pV e y) + pY (xy),  (tx,y) €(0,00)x K x K. (2.8)

Proof. Since (2.8) isclearif U = @ or V = @, we may assume that U and V' are non-
empty. Letu € F N C(K) satisty suppg[u] C U U V. Then U Nsuppg[u] is a compact
subset of U, and by [23, Exercise 1.4.1] we can choose v € FNC(K) with suppg [v] C
U so that v = 1 on U N suppg[u]. Therefore uly = uv € F N C(K) by [23,
Theorem 1.4.2-(ii)], and the (strong) locality of (£, F) together with suppg[uly] C U
and suppg[uly] C V yields E(u,u) = Euly,uly) + Emly,uly), which as well
as uly € Fy and uly € Fy then easily follows for any u € Fyyy. Now from
this fact and [23, Lemma 1.3.4-(1)], we easily see that TtUUVu = T,U (u]y) on U and
TVVu = TV (uly) on V forany u € L2(U U V, u|yuy), which immediately imply
(2.8) by virtue of the uniqueness of pV“Y, p¥ and pV. O

As mentioned in the above proof of Proposition 2.12, the conclusions of [35, Lemma
7.11] are valid for (K, i, £, F) under the present assumption that (CHK) and (2.7) hold.
Consequently we have the following lemma, which will be used (only) in the proof of
Proposition 2.16 below; see [23, Section A.2] and [16, Section A.1] for details on Hunt
processes. For each non-empty open subset U of K, let Uy := U U {dy} denote its
one-point compactification.

Lemma 2.15. (1) There exists a Hunt process X = (Q M, {X:}ef0,000 {Px}xeKa) on
K such that Py[X; € A] = fA p:(x, y)du(y) for any (t,x) € (0,00) x K and any
A € B(K).
(2) For A € B(Kj), set 64(w) := inf{t € [0,0) | X;(w) € A}, w € Q, and t4 =
Ok,\a4- Let U be a non-empty open subset of K. Fort € [0,00] and w € K, define
X,U(a)) = Xi(w) ift < ty(w) and XtU(w) = 0y ift > (). Also set Py, =
P;,.. Then XUV .= (Q,M, {X,U}te[o,oo], {Px}er;,) is a Hunt process on U such that
P, [XU € A] = fA pY (x,y)du(y) for any (t,x) € (0,00) x U and any A € B(U).
In fact, the Hunt processes X and XV in Lemma 2.15 are diffusions with no killing

inside by [23, Theorem 4.5.4-(iii)] and the strong locality of (£, F) and (Y, Fy).
The following proposition is the key to the proof of our main theorems.

Proposition 2.16. Let U be an open subset of K, let Jo be a finite set and let U; be an
open subset of K for each j € Jy. Set Uy := ﬂjEJ Uj for J C Jo (Uy := K) and
define
Pl (e YU bjesy) = Y (=DM p/ "% (x.y) 2.9)
JCJo
for (t,x,y) € (0,00) x K x K. Then we have the following statements.
(D)0 < p/ (x, y{Uj}jes)) < pf (x, ) forany (t,x,y) € (0,00) x K x K.
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(2) Let k € Jo. Then for any (¢, x,y) € (0,00) x U x Uy,

pY(x.y{Uj}jeso) < sup  sup  ps(x,z)+ sup  sup  ps(z.y). (2.10)
s€[t/2,t] zeUp \Uy s€[t/2,t] zeUp \Uy

Proof. Let (t,x,y) € (0,00)xKxK.If x ¢ U ory ¢ U then p¥ (x, y|{U;}jes,) = 0.
Suppose x,y € U and set J,,, :={j € Jo | x,y € U;}, so that ptIJnUJ(x,y) =0
for J C Jo with J ¢ Jx,.If Jx, = @ then p; (x y[{U;}jer,) = pY(x,y). Now
suppose Jyx,, # @. Then pY (x,y|{U;}jes,) = pY(x,y|{U; }jede, ), and for J C
Jx,y, x,y € U N Uy and hence p,UmUJ (x, -) is continuous at y. Therefore choosing a

metric p on K compatible with the original topology of K and following the notation
in Lemma 2.15, we obtain

P (x, J’|{U'}jejo) = pi (Y UYjerss)
0 [P )
Bs(y:0)

B Isw n(Bs (y ) Z

JCJx,

‘iwm Z (—D“Px[xteBs(y,p),r«UnU,]

JCJx,

=lim—7—— (=)™ Py[X; € Bs(y.p), t <ty Aminjes v.]
510 u(Bs(y. p)) ,giy e e

— lim P:[X: € Bs(y,p), t <ty] —Px[X; € Bs(y,p), I <tv Amaxjey, , ;]

510 w(Bs(y,p))
P.[X: € Bs(y,p), maxjey, , Ty, <t <T
_ lim P21t € Bs (- 0). maXjesy, Ty, vl @.11)
540 w(Bs(y, p))
< lim P.[X; € Bs(y.p), t < TU] U(x .
540 w(Bs(y, p))

where we used the inclusion- exclus10n formula for the equahty in the fifth line. The
expression (2.11) also shows that pY (x, y|{U;};es,) > 0, proving (1).

For (2), let k € Jo and suppose x, y € Uy. Since pY (x, y|{U]}]eJ0) =0ifx €U
ory gZU we may assume X, y eU.Ifx € Uy \Ug or y € Uy \ Uy, then (2.10) holds
since p; U(x, YH{Uj}jeso) < Py U(x,y) < ps(x,y) and p;(x, y) is obviously bounded
by the right-hand side of (2.10). Now suppose x, y € Ug. Then k € J , and hence

PX[Xt € BS(y’p)’ TU = t]

. U,
Y (x. y{Uj}jesy) < lim = pi(x.y) — p*(x,y)

w(Bs(y, p))
< sup sup ps(x,z2)+ sup  sup ps(z.Y)
s€[t/2,t] zeUp \Uy s€lt/2,t] zeUp \Uy

by virtue of (2.11), where the inequality in the second line follows from [28, Theorem
5.1] (or [27, Theorem 10.4]), the continuity of p on (0,0) x K x K, that of pUk on
(0, 00) x Uy x Uy and the compactness of Uy. O

Definition 2.17. For a non-empty open subset U of K, the non-positive self-adjoint
operator on L2(U, j|y) associated with (€Y, Fyy) (the generator of {TtU} 1€(0,00); S€€
[23, Section 1.3]) is denoted by Ay, and its domain is written as D[Ay].
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Recall that D[Ay] C Fy and that foru € Fy and f € L2(U, uly),

u € D[Ay]and —Ayu = f ifandonlyif E(u,v) = / fvdp forany v € Fy.
U

(2.12)
Our main interest is in short time asymptotic behavior of the partition function,
which is defined as follows.

Definition 2.18. Let U be a non-empty open subset of K. Noting that Ay has discrete
spectrum and that tr T,V < oo for ¢ € (0, 00) by [17, Theorem 2.1.4], let {1Y},cn be
the non-decreasing enumeration of all the eigenvalues of —Ay, where each eigenvalue
is repeated according to its multiplicity. The eigenvalue counting function Ny and the
partition function Zy on U (or of the Dirichlet space (U, u|y,EY ., Fy)) are defined
respectively by, for A € Rand ¢ € (0, 00),

Ny(A) :=#{n e N| 1Y <A}, (2.13)

Zy@)=uTl/ =>" e = / e MANy (L) = / pY (. x)du(x).  (2.14)
neN R U
Furthermore we define Ny := Nk, Zn := Zk, Np := Ngs and Zp := Zg1, and we
also set Ng(A) := 0 for A € R and Zg(¢) := 0 for ¢ € (0, 00).

The subscripts N and p stand for the Neumann and Dirichlet boundary conditions
on Vjp, respectively. In the situation of Definition 2.18, Ny (1) < oo for any A € R by
limy,— o0 A,[lj = 00, and Zy is (0, co)-valued and continuous. Moreover, we have the fol-
lowing basic facts for {)t,ll]}neN and Zy . Recall that by [18, Theorems 4.5.1 and 4.5.3],
the smallest eigenvalue AV of —Ay is given by AV = infyer\(0y Eu u)/ [y u?dp,
which easily implies that AY is non-increasing in U and that for u € Fy,

u € D[Ayland —Ayu = AVu ifand only if E(u,u) < Aﬁ’/ wrdp.  (2.15)
U

Lemma 2.19. Let U be an arcwise connected non-empty open subset of K and let (plU
be an eigenfunction of —Ay with eigenvalue AY. Then oV |y € C(U), ¢V |y is either
(0, 00)-valued or (—o0, 0)-valued, and {u € D[Ay] | —Ayu = /\Yu} = RgolU.

Proof. This lemma is well-known, but here we provide a complete proof for the reader’s
convenience. We have TlUgolU =M gof], hence golU =M fU p{](-, y)golU(y)d/,L(y)
pu-a.e., where the right-hand side is continuous on U by Proposition 2.12-(1), and there-
fore (pf] |u € C(U) with the same equality valid at any point of U . Moreover, if (pf] >0
on U then ¢V = M Ju PV »)eY (»)du(y) > 0 on U by Proposition 2.12-(2).
Since |pV| € Fy and E(JV |, |9V ]) < (@Y, oY) by [16, Theorem 1.1.3], (2.15)
implies that |gof]| belongsto {u € D[Ay] | —Ayu = /\?u}, and hence so do (gof])Jr =
(V| +¢Y)/2 and (V)™ := (JpV | — V) /2. 1f ¥ (x) > 0 for some x € U, then the
last argument in the previous paragraph shows that (go{] )T > 0 on U and hence (p{] >0
on U. Otherwise golU (x) < 0 for some x € U and then similarly we get (pfj <0OonU.
Finally, let u be an eigenfunction of —Ay with eigenvalue k?. If the function v :=
u— (fU ugofjdu/ fU ((p{])zdu)<pf] were not identically 0 on U, then v would be an
eigenfunction of —Ay with eigenvalue )L%j and hence either v > O on U or v < 0 on
U, contradicting fU vgpfjdu = 0. Thus v = 0 and hence u € Rgp{]. O



Log-periodic asymptotic expansion of the spectral partition functions on self-similar sets 13

Lemma 2.20. Let U be a non-empty open subset of K. Then
M < 2p() < 2uer e 1 e 1, 00). (2.16)

Proof. Let {AY}, e be as in Definition 2.18. Then for ¢ € [1,00), 1 < eMJ’ZU(z‘) =
ZneNea?—Ay)’ <> sen A=A = 245 (1)e* since AV -2V <oforneN. O

Lemma 2.21. Let U be a non-empty open subset of K and let w € Wy. Then
2u (@t = Zp, @) (©), 1 € (0,00). (2.17)

Proof. Note that Fy,(U) is open in K since K. is open in K and Fy|gs : Kf —
KT is a homeomorphism. Similarly to [35, Lemma 5.5], F)* defines a bijection F)} :
L2(Fy(U), plF,)y) = L2(U, plu) such that [, (Fau)?dp = #S)! [ uPdp
forany u € L?(Fy (U), jt|F,@)) by Lemma 2.5, F.¥(FF, w)) = Fu by (SSDF1) and
E(Fpu, Fju) = r1wlE @, u) for any u € FF,@) by (SSDF2). It easily follows from
these facts and [23, Lemma 1.3.4-(i)] that F7,/*@) = TU F* forany 1 € (0, 00),

tlwlg ™ w
which and the uniqueness of the continuous heat kernels pF» @) and pU imply

1
Powi, (6. y) = (#S)‘w‘ptFW(U)(Fw(x),Fw(y)), (1,x,y) € (0,00)xKxK. (2.18)
Now (2.17) is immediate from (2.14), (2.18) and Lemma 2.5. O

At the last of this section, we present two fundamental tools for the proofs of our
main results. The first lemma is used to relate differences of heat kernels with different
boundary conditions to alternating sums of the form (2.9). The second tool is a version
of the renewal theorem which yields log-periodic asymptotic behavior of functions.

Lemma 2.22. Let Jy be a finite set and let ay € R for each J C Jy. Then

ap, =y Y (=D"a4. (2.19)

JCJoACJ

Proof. For each J C Jy, the coefficient of the term @ in the summation in (2.19) is
Y ac s (DY whichis 1 for J = Jo and 0 for J & Jo, proving the lemma. [

Theorem 2.23. Let g € R, y € (1,00) and n € N. For each k € {1,...,n}, let
ar € (—00,ap) and let G : R — R be bounded and log y-periodic. Assume that
Z:(0,00) > Rand R : (0,1] — [0, 00) satisfy

Z(t) — y*oz(yt) — Zt‘“ka(— logt)| < R(t) <ct™@ ¢ te(0,1] (2.20)

k=1

and |Z(t)| < ct=*7¢ forany t € [1,00) for some c,& € (0,00). Then there exists a
unique log y-periodic function Gy : R — R such that for any t € (0, y],

% Gr(—logt)

2(1)—1"%0Go(~log 1)+ Y ! RG_71)
k=1

<Y T = Ragy (). (221)

| feN y@oJ

Moreover, Gy is bounded, and if Z is continuous then so is Gy.
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Proof. We follow [40, Proofs of Theorems 4.1.5 and B.4.3]. Define f, g : R — R by
f(s):==e72(™) and  g(s) = e *%(L(e™) — y*°U(ye ™)),
so that f(s) — f(s —logy) = g(s) for any s € R. Then (2.20) means that

n
g(s) — Z e~ @G (5)| < eTIR(eT) < ce”,  se[0,00), (222
k=1

whereas the latter assumption means that for s € (—00,0], | f(s)| < ce® and hence
|g(s)| < 2ce®*. Therefore the series G := ZjeZ g(-—j log y) is uniformly absolutely
convergent on any compact subset of R and defines a bounded log y-periodic function,
which is continuous if Z is continuous. Since lims—_ f(s) = 0, by using f =
f(-—logy) + g repeatedly we see that for any s € R and any J € N,

J—1
f(s) = fls—Jlogy)+ Y gls—jlogy) = Y gls—jlogy).
j=0 j ENU{0}

Hence Go — f = ) ey &(- + jlogy), and then by the log y-periodicity of Gy for
k € {l1,...,n}and (2.22), for any s € [—logy, c0) we have

n e—(ozo—ak)sGk(s)
yao—ak — 1

‘f(S) —Go(s) +

=2

J€EN
— i1 —s—7l — —
< Ze ao(s+j Ogy)gz(e s=ilogvy — ¢ ‘XOSiRaO,y(e 5,
JEN

k=1

n
gs + jlogy) = Y e @omeGHleN Gy (s + jlogy)
k=1

from which (2.21) is immediate.

Finally for the uniqueness of Gy, let G : R — R be log y-periodic and satisfy (2.21)
forz € (0, y]. Then since Ry, (1) < c(y*—1)"117%* ¢ forany ¢ € (0, y] by the upper
inequality of (2.20), we easily see from (2.21) for G and Gy that lim, o |G(—1logt) —
Go(—logt)| = 0, which and the log y-periodicity of G — G¢ yield G = Gy. O

3. Post-critically finite self-similar fractals I: canonical boundary

Now we start to discuss log-periodic asymptotic behavior of the partition functions.
First we consider the case of post-critically finite self-similar fractals in this and the
next sections. This section is devoted to the case of Zy and Zp, and the next section
treats the asymptotics of Zy for non-empty open subsets U of K with self-similar
boundaries. The case of generalized Sierpiniski carpets is studied in Sections 5 and 6.

Throughout this section, we assume that £L = (K, S, {F;}ies) is a post-critically
finite self-similar structure with K connected and #K > 2. In particular, 2 < #V < oo
and Vi is countably infinite and dense in K, so that K # 70 = 1.

We first describe briefly the construction of a self-similar Dirichlet space over K;
see [40, Chapter 3] for details. Let D = (Dy,)x,yev, be a real symmetric matrix of
size #V; (which we also regard as a linear operator on R"0) such that
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(D1) {u € RV | Du = 0} = Rly,,
(D2) Dy, > Oforany x,y € Vo with x # y.

We define £ (u, v) 1= =Yy Doyu(y)v(x) foru, v € R, so that (€@, R"0)
is a Dirichlet form on L?(Vj, #). Furthermore let r € (0, oo) and define

1
EM.v) = — 3 EQWo Fylyy.vo Fuly).  wveR™ @31
weWy,

for each m € N. We assume that (D, r) is a harmonic structure on L, i.e. (D, r) satisfies
5(0)(14,14) = inf{E(l)(v, v) |veRM, vly, =u} foranyu € RY.

Then £ (u,u) = MiNyegVn, y|y, =u EM (v, v) for any m,n € NU {0} withm < n
and any u € R"” by [40, Proposition 3.1.3], and r € (0, 1) by [40, Proposition 3.1.8].
In particular, {£% (uly,,, u|v,,)tmenufoy is non-decreasing and hence has the limit in
[0, o0] for any u € C(K), and we define

Fi={u € C(K) | limp 0o E™ (uly,,  uly, ) < oo},

3.2)
E,v) :=limpy oo E™ (uly,,. vly,,) €R,  u,veF.
(€, F) is easily seen to satisfy (SSDF1) and (SSDF2) of Definition 2.6. By [40,
Theorem 3.3.4], (£, F) is a resistance form on K whose resistance metric R : K X
K — [0, 00) is compatible with the original topology of K, and then [42, Corollary
6.4 and Theorem 9.4] imply that (£, F) is a non-zero symmetric regular Dirichlet form
on L?(K, ), where u denotes the self-similar measure on £ with uniform weight.
(See [40, Definition 2.3.1] or [42, Definition 3.1] for the definition of resistance forms
and their resistance metrics.) Thus (£, i, £, F, r) is a self-similar Dirichlet space with
uniform weight. It easily follows from [42, (3.1)] and [23, Theorem 1.4.2-(iv)] that
Fu ={u € F | ulgp\yv = 0}. Moreover, (CHK) and (2.7) hold by [42, Theorem 10.4]
(or by [40, Section 5.1 and Proposition 5.2.6-(2)]), and we have the following estimate.
Recall that we set 7 := #S/r and d, := 2log, #S.

Proposition 3.1. Let dff := logy,, T (note that dff > 1). Then there exist c3.1,¢3.2 €
(0, 00) such that for any (¢t,x,y) € (0,1] x K x K,

_ R(x, )&\ —4
pe(x.y) < cant™ 42 exp(—q;(%) "5“). (3.3)

Proof. We easily see from [40, Lemmas 3.3.5 and 4.2.4] that
dR-1 _ dR-1 :
C3.38 < w(Bs(x, R)) < c3.4s , (5,x)€ (0,1 +diamg K] x K (3.4)
for some ¢33, c3.4 € (0,00). (3.4) means that the condition [42, Theorem 15.10-(b)] is

satisfied withd = R and g(¢) = £ , and hence (3.3) follows by [42, Theorem 15.10]
and the strong locality of (£, F). O
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In fact, the power 1/(dR — 1) in the exponential in the right-hand side of (3.4)
is not best possible in general; see [31] for a sharp two-sided estimate of p,(x, y) in
the present setting and see [29, Section 6] for a generalization of such an estimate in
the framework of a metric measure space. To state and prove our main results with the
best exponent in the reminder estimates, we introduce the following condition, which is
always satisfied in the present setting on account of Proposition 3.1 but with a possibly
worse exponent dy, = dX (and with p = R).

Definition 3.2. Letd,, € (1, 00). We say that (K, u, £, F) satisfies (UHK) 4, , or simply
(UHK)g, holds, if and only if there exist a metric p on K compatible with the original
topology of K and ¢35, c3.6 € (0, 00) such that for any (¢, x,y) € (0,1] x K x K,

dw 1
—p(x’ty) )"W*‘ ) (3.5)

pe(x,y) < 35t B2 exp (—03.6(

For example, the d -dimensional level-/ Sierpiniski gasket (see the first line of Fig. 2
below) equipped with its canonical harmonic structure satisfies (UHK),, and a lower
bound of the same form as (3.5) with dy, = log; t and p the Euclidean metric. Such
a two-sided heat kernel estimate, called sub-Gaussian, was proved first by Barlow and
Perkins [10] for the d-dimensional standard (i.e. level-2) Sierpinski gasket and ex-
tended later to nested fractals by Kumagai [44] and to affine nested fractals by Fitzsim-
mons, Hambly and Kumagai [20]. Their results, however, were stated and proved for
unbounded fractals and their proofs were rather involved. Now such results can be easily
deduced from general results like [42, Theorem 15.10] on the basis of certain necessary
geometric considerations; see Remark 3.8-(2) below in this regard, and see Example
4.5 for a detailed argument in the case of the d-dimensional level-/ Sierpiriski gasket.

We need the following definition for the main theorems of this and the next sections.

Definition 3.3. We define the symmetry group G of (L, (D, r), i) by

g is a homeomorphism from K to itself, g(Vo) = Vo, po g = u,

0= {g uog,uogle FandE(uog,uog)==E(,u)foranyu € F

}, (3.6)

which clearly forms a subgroup of the group of homeomorphisms of K.
The following is the main theorem of this section.

Theorem 3.4. Let g € Vy, dy € (1,00) and suppose {g(q) | g € G} = Vi and that
(UHK)g, holds. Set ny := %%M and np = —M:S‘—y:‘]) (note that ny > 0 > np).
Then there exist c37 € (0,00) and continuous log t-periodic functions Gy, G; : R —

(0, 00) such that for any B € {N,D}, as t | 0,
25(t) = 1742Go(—logt) + npG(—logr) + O(exp(—cml_ﬁ)). 3.7

Remark 3.5. (1) Gg in Theorem 3.4 was essentially obtained in [43]. Indeed, according
to [43, Theorem 2.4 and Corollary 2.5], there exists a right-continuous log t-periodic
function G : R — R with 0 < infser Gn(s) < supger Gn(s) < oo such that for any
B € {N,D},

Ng(A) = A%2Gx(logh) + O(1)  as A — oo, (3.8)

where the remainder estimate O(1) follows from [40, Lemma 4.1.9] and Theorem 2.23
with Z(¢) = Np(z~1). Then a direct calculation using (3.8) (see [1, Proof of Theorem
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2.1]) easily shows that 2 (1) = t~%/2Go(—logt) + O(1) as ¢ | 0 for any B € {N, D},
where Gy := fooo e A2 Ge(- 4 log A)d A,

In view of (3.7) and (3.8), one may expect a more detailed description of the asymp-
totic behavior of Ny similar to (3.7), but at this moment the author has no idea how
Ng (L) — A%/2G(log A) actually behaves as A — .

(2) By [9, Theorem 4.4 and Section 5] or [40, Theorem 4.3.4 and Section 4.4] (see also
[37, Lemma 3.5]), under certain mild conditions on G the periodic function G in (3.8)
is discontinuous and hence non-constant, which and Karamata’s Tauberian theorem [19,
Section XIII.5, Theorem 2] imply that G¢ in Theorem 3.4 is also non-constant. On the
other hand, the author does not know any example where it can be proved that G, in
Theorem 3.4 is non-constant.

(3) The strict positivity of G in Theorem 3.4 could be derived from the author’s general
result [35, Theorem 7.7], but we provide an alternative simpler proof of this fact; see
the proof of Proposition 3.12 below.

Before we give the proof of Theorem 3.4, we briefly recall the definition of (affine)
nested fractals and see that Theorem 3.4 is applicable to them. Recall that f : R? —
R? is called a contractive similitude on R? if and only if there exist « € (0, 1), b € R?
and a d-dimensional real orthogonal matrix U such that f(x) = aUx + b for any
x € R?. Then such « is called the contraction ratio of f.For x,y € R¢ with x # y,
let gy : RY — R? denote the reflection in the hyperplane {z € R? | |z—x| = |z—y/}.

Definition 3.6. (1) A homeomorphism g : K — K is called a symmetry of L if and
only if, for any m € N U {0}, there exists an injective map g™ : W;, — W, such that
g(Fuy (Vo)) = Fgom ) (Vo) for any w € Wy,.

(2) Assume the following situation:

d € N, K is a compact subset of R4, and foreachi € S, F; = filx (3.9)
for some contractive similitude f; on R? with contraction ratio o;. '

L is called an affine nested fractal if and only if it is post-critically finite, K is connected
and gxy|x is a symmetry of L for any x,y € V, with x # y. An affine nested fractal
L is called a nested fractal if and only if ¢; = o for any i € S for some o € (0, 1).

Now Theorem 3.4 yields the following corollary for affine nested fractals.

Corollary 3.7. Assume that L = (K, S,{F;}ies) is an daffine nested fractal and that
Dyy, = Dyy forany x,y,x',y" € Vo with |x — y| = |x' — y'|. Further assume that

#HF(Vo)NF;(Vo)) <1 foranyi,j € S withi # j. (3.10)

Then {g(q) | g € G} = Vo for q € Vy. In particular, if dy, € (1, 00) and (UHK)g4,
holds, then there exist c3.7 € (0, 00) and continuous log t-periodic functions Gy, G1 :
R — (0, 00) such that (3.7) holds as t | 0 for any B € {N, D}, where ny := ##Vo=#1

#S—1
_#Vi\Vo)

and np 1= pry

Proof. Forany x,y € Vo with x # y, gxy|k € G by [37, Proof of Theorem 4.5] and
[40, Corollary 3.8.21], and gx,(x) = y. Thus {g(q) | g € G} = Vp forg € V, and
hence Theorem 3.4 applies. O

Remark 3.8. (1) As a special case of Remark 3.5-(2), by [40, Theorem 4.3.4 and Corol-
lary 4.4.11] (see also [9, Theorems 4.4 and 6.6]), if #Vy > 3 in the situation of Corollary
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Fig. 2. Examples of nested fractals. From the upper left, two-dimensional level-/ Sierpiriski gasket (I =
2, 3, 4), three-dimensional standard (level-2) Sierpiniski gasket, pentagasket (5-polygasket), heptagasket (7-
polygasket), snowflake and the Vicsek set. In each fractal, the set Vg of its boundary points is marked by
solid circles.

3.7, then G in (3.8) is discontinuous and hence non-constant, so that Gy in (3.7) is
also non-constant.

Q) If L = (K, S,{Fi}ies) is an affine nested fractal satisfying (3.10), then a harmonic
structure (D, r) on L as in Corollary 3.7 exists and is unique (up to constant multiples
of D). Here the existence part is essentially due to Lindstrgm [51]; see [40, Section 3.8]
and references therein for further details, and see [32,53-55] for more recent results on
existence of harmonic structures.

Also in this situation (to be precise, with slight changes in the definition of affine
nested fractals), it was proved in [20, Theorems 5.7 and 6.1] that there exist dy, € (1, 00)
and a metric p on K compatible with the original topology of K such that (UHK)4,, and
a lower bound of the same form as (3.5) hold. Their heat kernel estimates were stated
for unbounded affine nested fractals, but the same results for bounded ones can be easily
deduced from a recent general result [42, Theorem 15.10].

Indeed, from the construction and the properties of the metric p given in [20, Section
3], where p is denoted as d, we easily see that diam, K,, < cp,lt_|w|/dw for any w €
Wy and p(x, y) > cp,zr_‘w‘/dw for any m € N, any w, v € W, with K, N K, = @ and
any (x,y) € Ky x K, for some cp.1,¢p.2 € (0,00). Also diamg K,y < rlvl diamg K
for any w € Wi by [35, Lemma 3.3.5] and R(x,y) > cgrr™ for any m € N, any
w,v € W, with K, NK,, = @ and any (x, y) € K, xK,, for some cg € (0, c0) by [40,
Proof of Lemma 4.2.4]. It follows from these facts that ¢ R,de§ < ,odW < Co,R R
for some cRr,p. cp,R € (0,00). Now in view of (3.4), we can apply [42, Theorem 15.10]
to conclude that (UHK),,, and a lower bound of the same form as (3.5) hold; note that
the chain condition in [42, Theorem 15.10, Case 2] is valid for p by its construction.
(3) For the same reason as [37, Theorem 4.5] (see [37, Remark 4.6-(2)]), it is unclear
whether the (technical) assumption (3.10) can be removed from Corollary 3.7.

The rest of this section is devoted to the proof of Theorem 3.4, which requires a few
intermediate steps. We start with the following easy lemma. Recall (see Definition 2.18)
that Aij denotes the smallest eigenvalue of —Ay for a non-empty open subset U of K.
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Lemma 3.9. Let U,V be non-empty open subsets of K. If V is connected and U G V,
then l? > /\}/. In particular, if U # K, then /\%’ > 0.

Proof. The latter assertion follows from the former since K is connected and AX = 0.
Suppose V' is connected and U & V. Note that then V' is arcwise connected since
K is locally arcwise connected by [40, Proposition 1.3.6] and the connectedness of
K. Suppose AY < AV and let ¥ be an eigenfunction of —Ay with eigenvalue Y.

Then ¢Y € Fy and E(p¥, oY) < AV fV(gof])zd/L by U C V, so that ¥ would
be an eigenfunction of —Ay with eigenvalue )&}/ on account of (2.15). Now Lemma
2.19 would imply that either 9V > 0 on V or ¥ < 0 on V, which would contradict
go{fEFU={u€f|u|K\U=0}sinceU§V.Thus)&§]>A¥. O

Definition 3.10. For m € N U {0} and x € V};,, we define

Winx:={we Wy |x €Kyl nym:=#Wpx and U :={x}U U Kl{};

weWy x

note that U}} is open in K. We also set U? := Ug =K U{g)forq e V.

Proposition 3.11. Let g € Vy and suppose {g(q) | g € G} = Vo. Let m € NU {0} and
x € Viu. Then for any t € (0, o0),

Zux () = 2ua (T"1) + (e m — DZp(x™1). G.11)

Proof. For each U € {U4, K"}, let {¢pY },en be a complete orthonormal system of
L?(U, j|y) consisting of eigenfunctions of —Ay with eigenvalues {A,(l] }nen, which
we use below to write down all the eigenfunctions of —Ayx. Let {ak}zxz"l" C RWm.x,
ak = (ag,w)weW,, ., be an orthonormal basis of R"m.x with a; = n;,l,,ﬁzlwm'x. For
eachw € Wy, x, x € Ky NV, = Fy(Vo), and hence by {g(q) | g € G} = Vo we can
choose g, € G so that x = Fy,(gw(g)). Now for n € N, we define ¢, : K — R,
ke{l,....nxm} by @nrlk\vy = 0and

M #S)"20Y" 0 gl o Fyllgr yy itk = 1

/I k , (3.12)
A #S)"20K 0 gt o Fyllgr jy ik =2

‘Pn,k|K{UU{x} = {
for each w € W, x; note that the value at x of the right-hand side of (3.12) is inde-

pendent of w € W, x by (p,{( ! (g) = 0. Then the expression (3.12) of ¢, x extends to
K, for each w € Wy, x, hence ¢, x € C(K), and it follows from {gy }wew,, . C G,
(SSDF1) and (pn’k|K\UrJrCl = 0 that Onk € fU,if,

Next we prove that {@, i }neN, ke{l,....nyn) 1S @ complete orthonormal system of
LU, plyy)- Indeed, it is easily seen to be orthonormal in L2(Uy, ju|y;x ) by a di-
rect calculation using Lemma 2.5 and {gy }wew,, . C G- Letu € L*(Uy, ulyz) and
suppose that fUr’y‘, uey pdp = 0 for any (n,k) € N x {1,...,nxm,}. Then for any

neNO= n)lc{,%l(#S)m/2 fof, UPnadit = [yq ‘/’rl;]q(ZweWm,x uo Fy ogy)du,
and hence ZweWm L uoFyogy =0 p-ae. by the completeness of {(p,?q }nen. On
the other hand, for each n € N, fU,’f. upyrdw = 0,k € {2,...,nx s}, implies that

#S)™ [ (oK' 0 gl 0 Fyludp = fi1(u o Fy o g,)eK’ dyt is independent of
w € Wpx,sothatu o Fyy o gy = uo I, og, p-ae. forany w,v € W, » by the
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completeness of {gof’ }nen. Thus 0 = n;}m ZveWm L uokFyogy =uokFy,ogy p-ae.
for any w € W, x and hence u = 0 p-a.e. on Uy;. )

Finally, we show that for n € N, ¢, x is an eigenfunction of —Ayx with eigenvalue
tm/\f{q fork = 1 and ‘[m)tfl fork € {2,...,nxm}. Let n € N. By using (SSDF2),
{8wwew,, » C G and the fact that (p,(l]q € D[Ayq4] and —quw,?q = )kfl]qq),[qu (recall
(2.12)), we easily see that E(¢y,1,u) = r"’k?q fU’;C' @n,1udp forany u € Fyx . For the
proof fork € {2,...,nx;}, foreachu : U, — R we define Pu : U;; — R by

Pulgr

w

Uty = D UOFyogyogy o Fullkriys W€ Wiy, (3.13)

VEWm x

so that Pu(x) := u(x) regardless of choices of w € W,  in (3.13). Identifying each
u € Fyx with ulyx € C(Uy), we have P(Fyx) C Fyx by virtue of (SSDFI1)
and {gwjwew,, . C G. Now let k € {2,...,nxm} and u € Fyx. (SSDF2) and
{gw}wEWm,x C G yield g(‘/)n,kqu) =0= fUr)rCl (pn,kPud/'Ls hence g((pn,k»u) =
E(@n k. u—Pu)and fUrii O pudp = fU,;g @nk (u—Pu)dp, which and gofl € D[Agr],
—AKngfI = Af[(p,{(l, together easily imply £(@,x,u) = r’”k,{d fUiﬁ On pudp
since (u— Pu)o Fy € Fgs forany w € Wy, x by u—Pu € Fyx and (u—Pu)(x) = 0.

Thus it follows that {A, x }neN, kef1,...nx mb» An,1 1= r'”)t,(,]q and A, 1= r'”)t,lfl,
k € {2,...,nxm}, gives an enumeration of all the eigenvalues of —Ayx with each
eigenvalue repeated according to its multiplicity, and hence (3.11) follows. U

Proposition 3.12. Let g € Vy, dy, € (1,00) and suppose {g(q) | g € G} = Vo and
that (UHK)g, holds. Then there exist c3 g € (0,00) and a continuous log t-periodic
function G1 : R — (0, 00) such that, ast | 0,

Zua(t) — Zo(t) = Gi(—logt) + o(exp(—c&gz‘ﬁ)). (3.14)

Remark 3.13. The periodic function Gy in the conclusion of Theorem 3.4 is nothing but
G given by Proposition 3.12 as above; see the end of the proof of Theorem 3.4 below.

Proof. Let us verify the assumptions of Theorem 2.23 with 9 = 0 and y = t for
Zya — Zp. Since ng1 = 1 by [37, Remark 6.4], Wi 4, = {i} and U] = K] U {¢} for
somei € S,andg € K;NV; = F;(Vy). Lett € (0, 00). Recalling (2.9), by Proposition
3.11, Lemma 2.21, Ulq C U1 and Proposition 2.16-(1) we have

Zya (1) — Zp(t) — (Zua(xt) — Zp(xt)) = Zya (1) — Lp(t) — ZU{I @)+ ZKiI )
= /Kpf” (r.x[{K\{g}. U{})du(x) = 0. (3.15)
Let p be as in (UHK),, and x € K. Since p(x,q) V p(x, F; (Vo) \ {q}) = p(q, Fi (Vo) \
{g})/2 and (K \ K;) U (F;(Vo) \ {g}) C K \ U{, Proposition 2.16, (3.5) and ds < 2
imply that for ¢ € (0, 1],

0 < p?" (x, x|{K \ {g}. U{}) (3.16)

Wy oL
4e3517b/2 exp(—cm(W) dW“) ifx € K;

w 1 .
4oy st~ h/2 exp(—ca.s(w) dw_l) ifxe K\ K;
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—d/2

< 4c3st eXP(—C3,8l_ﬁ),

dw
where ¢33 := 03,6(p(q, K\ Ulq)/2) 4w=T Now (3.15) and (3.16) together imply that
(2.20) holds for Zye — Zp withag =0,y = t,n = 1,07 = —1, Gy = 0and R(¢) :=

1 . _ 1
4c3.5t7%/2 exp(—c3.8¢~@~T). Moreover YjenR(ET) <39 exp(—c3.gt~ &=T) for

any ¢ € (0, 7] for some c39 € (0,00), 0 < Zya(t) — Zn(t) < Zya(De et
for any ¢ € [1,00) by pKI < pV? and Lemma 2.20, and Aijq > 0 by Lemma 3.9.
Hence Theorem 2.23 applies to Zy« — Zp to yield a continuous log 7-periodic function
G; : R — R satisfying (3.14).

It remains to show that G is (0, co)-valued. Note that U7 is connected since K Iis
connected by {g(q) | g € G} = Vo and [40, Proposition 1.6.9]. Therefore )Lf IS )Llqu
by Lemma 3.9, which and Lemma 2.20 imply that Zy«(f) — Zp(¢) > O for any ¢t €
[T, 00) for some T € [1, 00). Now since Zya (t) — Zp(t) > Zya(tt) — Zp(tt) for any
1 € (0,00) by (3.15), inf,e(0,:71 (Zva (1) —Zp(t)) = miner,o71(Zve (1) —Zp(1)) > 0,
which together with (3.14) shows that G is (0, 0o)-valued. O

Proposition 3.14. Let g € Vy, dy, € (1,00) and suppose {g(q) | g € G} = Vo and
that (UHK) g, holds. Then there exists ¢3.19 € (0, 00) such that, ast | 0,

Zn(t) — Zp(t) = (#Vo)(Zua (1) — Zp(t)) + o(exp(—cmz‘ﬁ)), (3.17)

Zo(1) = (#S)Zp (1) = #(V1 \ Vo) (2w (1) = Zp(1)) + O (exp(—ca.iot™%7T) ).
(3.18)

Proof. Let p be as in (UHK)4, and set § := minyey, p(x, K \ U{)/2 > 0, so that
p(z,x) VvV p(z,y) = §forany z € K and any x,y € V; with x # y. Lett € (0, 00).
Since Zyx = Zya for any x € V, by Proposition 3.11, we see from Lemma 2.22,
Proposition 2.16 and (3.5) that

Zn(t) — Zp(t) — #Vo) (Zua (1) — Zp (1)) (3.19)
= /K(pz(y,y)—pfl(y,y)— Z(pf]x(y,y)—p,K](y,y)))dM(y)
x€Vy
-/ ( D I Ry AR TS B X(y,y|{1<\{x}}))du(y)
K \g2vcvyAcy xeVo

= /K( S Koy HE N\ i xer) = Y p?x(y,yl{K\{x}}))du(y)

D#V CVy xeVy

= Y crnmvan [ 2K O UK (Hen) i) 2 0

= ZVCVO,#szsz)ICI}EI‘I}{SE[SZ‘;FZ’J] Ps(X,y)}du(y)

1
< 2ot2ey /2 exp(—c3.6(5dw/l) @=T)

where the inequality in the last line of (3.19) is valid only for ¢ € (0, 1].
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On the other hand, (#S)Zp(tt) = Y jcg Zgr(t) = Zg\v,(t) and ny 1 Zp(ct) =
Zier L Rgr(t) = Z,le\{x}(t) for any x € V7 by Lemmas 2.21 and 2.14, and hence
Zya(tt)—Zp(tt) = Zle (t)— ZUIx\{x}(t) for any x € V7 by Proposition 3.11. There-

fore similarly to (3.19), setting K}/ = (K \ V1)UV foreach V.C Vp \ Vp, from
Lemmas 2.22, 2.14, Proposition 2.16 and (3.5) we obtain

Zp(t) — #S)Zp(rt) — #( \ VO)(ZU‘I (tt) — ZD(Tt)) (3.20)
N [ (p{d(y’y) NAEEEDY (Pfjlx(y’Y)—Pf]‘x\{x}(y,y)))du(y)
K xeVi\Vo
V\A x
- [ ( ) Z(—l)#AptK‘ - > P (y,yIK\{x}))d/L(y)
K B#V CVi\Vo ACV xe€Vi\Vo

ZfK( > pf(‘v(y,yl{K\{x}}xev)— > pf’f(y,le\{x}))du(y)

P#V Vi \Vo xeVi\Vo

= Y enrsran f P OIIE e () 2 0

SZchl\Vo,#szszxmel{}{ Sup Ps(x,y)}du(y)

s€ft/2,t]
< P42, 1 =d/2 exp(— g (5% /1) TT)
where again the inequality in the last line of (3.20) follows only for ¢ € (0, 1].
dw
Now with ¢3.19 := ¢3.68 %=1 /2, (3.17) is immediate from (3.19), whereas (3.18)
dw
follows from (3.20), (3.15) and (3.16) since ¢3.8 > c3.66 91 for c3.g asin (3.16). [

Proof of Theorem 3.4. (3.18) and Proposition 3.12 together yields (2.20) for Zp with
ag = ds/2,y =1,n = 1,01 = 0, —np(#S — 1)G; in place of G, and R(¢) :=

__1 I
C3.11 exp(—(c&g A €3.10)t dw*l) for some c3.11 € (0, 00). Moreover, A{( > 0 by

Lemma 3.9 and 0 < Zp(¢) < ZD(I)eA{d e‘Af(lt for any ¢ € [1, c0) by Lemma 2.20.
Hence we can apply Theorem 2.23 to Zp to conclude that there exists a continuous
log t-periodic function Gy : R — R such that (3.7) holds for B = D with G; as in
Proposition 3.12 and ¢3.7 := c3.8 A ¢3.10. Then (3.7) for B = N follows from that for
B = D, (3.17) and Proposition 3.12. Finally, since Zy« — Zp > 0 by Proposition 2.16-
(1), Zp(t) = #S)Zp(rt) and hence 1422 (1) > (11)%/22p (1) for any ¢ € (0, 00)
by (3.20) and therefore infre(o,171%/?Zp(t) = min,c—1,171%/?2p(r) > 0, which
together with (3.7) shows that Gy is (0, co)-valued. O

4. Post-critically finite self-similar fractals II: general self-similar boundary

Throughout this section, we follow the framework of the last section. Namely, £ =
(K, S,{Fi}ies) is a post-critically finite self-similar structure with K connected and
#K > 2, (D, r) is a harmonic structure on £, (£, F) is the resistance form on K
resulting from (D, r) defined by (3.2), R is the resistance metric of (£, F) and u is the
self-similar measure on £ with uniform weight. Recall that then (L, u, €, F, r) is a self-
similar Dirichlet space with uniform weight, that we set 7 := #S/r and d; := 2log, #S
and that the symmetry group G of (£, (D, r), u) is defined by (3.6).
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Definition 4.1. Let m € N and let X C W, be non-empty. We set dy := % log, #X,
T[X]:={w e 2| [0""(®)lm € X foranyn e NU{0}} and K[X]:=n(Z[X]).

We also define ¥, [X] := 0y, (Z[X]) and Ky [X] := 7n(Z[X]) for w € W, and set
NX,N = NK\K[X]’ ZX,N = Z'K\K[X]’ NX,D = NK’\K[X] and ZX,D = Z’K’\K[X]'

The purpose of this section is to prove the following theorem.

Theorem 4.2. Let g € Vp, dy, € (1,00), suppose {g(q) | g € G} = Vo and that
(UHK)g, holds, and let nn, np, Go, Gy be as in Theorem 3.4. Let m € N, let X % Wi
be non-empty and assume K[X| ¢ Vo if #X = 1. Set nx N := nxp := 0 if #X = 1,
Lll’ldl’lX = #X#(K[X ]r‘\V?() #(K[X]1NVin) Lll’ldl’lX w lf#X > 2(H0t€
that ny x > 0 > nxp). Then there exist c4.1 € (O 00) which is independent of m and

X and a continuous mlog t-periodic function Gx : R — (0, 00) such that for any
B e {N,D},ast | 0,

2xp(t) = 1752Go(—logr) — 1= /2Gy (—log1)
1
+ (ngp —nx,)Gi1(—logt) + O (exp(—c;;.l(cm,x/t) w1

)), 4.1)

_ . . dy .
where ¢y x =T " A (mlnerm\K[x] p(x, K[X]) Amingey,, o(x, Vin \ {x})) with
p the metric on K given in (UHK)g4, .

Remark 4.3. (1) Only very little is known for Nx g. In fact, the author has no idea even
whether Nx g(A) — A%/2G(log ) = 0(A%/?) as A — oo, where Gy is as in (3.8).
(2) Similarly to Remark 3.5-(2), the author does not know any example where it can be
proved that Gx in Theorem 4.2 is non-constant.

(3) Similarly to Remark 3.5-(3), the strict positivity of Gx in Theorem 4.2 could be
derived from the author’s general result [35, Theorem 7.7], but we give an alternative
simpler proof of this fact; see the proof of Theorem 4.2 below.

The following proposition is the core of the proof of Theorem 4.2.

Proposition 4.4. Let g € Vo and suppose {g(q) | g € G} = Vo. Let m € N and let
X & Wy, be non-empty. Then for any t € (0, 00),

Zn(1) — Zi\kx] () — (Zp(t) — Zgr\gpx (D)) — #(K[X] N Vo) (Zya () — Zp(1))

=Y ven, [ EOORKAKIXD UK\ (endi). @)
#V>20rV¢K[X]

Zp(t) — L\ xx) () — #X)(Zp(2"1) — L\ g (771))
—#(K[X] N (Vin \ Vo)) (Zua (1) — Zp(t™1)) (4.3)

=3, rerm [K pETWY () LK KIX]Y UK\ () ey ().
#V =2 or

Proof. Lett € (0,00). We see from Lemma 2.22 and (2.9) that
Zn (1) — Zg\kx) (1) — (2 (1) — Zg 1\ kx1 (1)) (4.4)
1 1
= [K<pz(y, » =K = pE 0oy + pf MG, y))du(y)
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1 1
/K Z Z(_l)#A<ptK U(V\A)(y’y)_pgK U(V\A))\K[X](y’y))dﬂ(y)

P#V Vo ACV

3 /K POV (o y K\ KIXT) U (K \ b xer)dpn(y)

B#EV Vo

> /K P (v YK\ K[X], K\ {x}Ddu(y)

xeK[X]1NVy

+ X ven [ pE Y OUK KX UK (5D )du ().
#V>2o0r VZK[X] /K

Now (4.2) follows from (4.4) since, for x € K[X] N Vj, Proposition 3.11 yields
/I'( PV (o y K\ KX K\ 3y
- /K (PP 09 = PE 0. 9))di(y) = 20 (1) = Zn() = 2ua (1) = 2o (D).

For (4.3), since KI N K[X] = @ for w € W, \ X, setting K, := (K \ V) UV
foreach V C V,,, \ Vo, we see from Lemmas 2.21, 2.14, 2.22 and (2.9) that

Zp(t) — Zgn\gx) (1) — #X)(Zp (") — L\ gxy (771)) 4.5)
= Zp(t) — Zg ki) @) — Y (21 () = Zr ko 1x1(0)

weX

= Zp(t) — Zgrk ) — Y (Zgr () = 21\ kx) @)

weW,,

= Zp(t) — Zgr kxy (1) —[K > (ptK'L(va’) —pthZ\K[X](y,J’)>dl/~(Y)

weW;,

1 K'\K[X K\Vm K\Vi)\K[X
=/K(pf‘ o) =i ) = I (3 y) 4 pEE ](y,y))du(y)

= > Z(—l)#“(pf(’w(y,y)—pf’Z\A\K[X](y,y))du(y)

K gtv v, \Vo ACV

= X [ K KX UK (e )dn()

B#EV Vi \Vo

- ¥ /K pEVIUE (e KX K (D)

xeK[XIN(Vm\Vo)

+2 venary [ AV K KIXD UK (e ).
#V>20r VZK[X] /K

For x € K[X] N (V; \ Vo), Lemmas 2.14, 2.21 and Proposition 3.11 imply that

fK pEVIWU (R KX, K\ ) du()

= /K (pr\V’")U{X}(y,y)—pf( \V’”(y,y))du(y)



Log-periodic asymptotic expansion of the spectral partition functions on self-similar sets 25

= fK(th'ﬁ . y) = p ", y))du(y)

= 2y (1) = nxmZp(T"'1) = Zya ("'1) — Zp("1),
which and (4.5) yield (4.3). O

Proof of Theorem 4.2. Recall that p denotes the metric on K given in (UHK),4, . Set
§ := 3 (minyey,\k[x] p(x. K[X]) A mingey,, p(x, Vi \ {x})), let 1 € (0, 00) and let
V C Vi satisty #V > 2 or V ¢ K[X]. Then p(y, K[X]) Vv maxyey p(x,y) > § for
any y € K, and since intx K[X] = @by X & W,,, we see from Proposition 2.16 and
(UHK)g, that for any open subset U of K,

(n;ﬂpF@JHK\KwnU{K\unmku@) 4.6)
< 2[( sup  sup ps(x,y)) Amin{ sup ps(x,y)}du(y)
K ‘se[t/2,t] xeK[X] xeV selt/2,1]
JK[X V) 72
= 4C3,5l_d5/2/ exp(—L’a.s(p(y XD vlr/rjia,xxev P Y))d l)dﬂ(Y)
K 1w

< 4cy507 %2 exp(—C3,6(8dW/t) T )

where the inequality in the third line of (4.6) is valid only for ¢ € (0, 1].

If#X = 1, then it easily follows from K[X] ¢ V, that K[X]NV, = @, and therefore
(4.3) and (4.6) imply (2.20) for Zp —Z g1\ gx] Withap = 0,y =™, n = 1,01 = —1,
0 in place of Gy, and R(z) := 2#Vm=#Vo+2¢5 (1 =ds/2 exp(—c3 (6% /1) = ). If#X >
2, then (4.3), (4.6) and Proposition 3.12 together imply that Zp — Z g1\ gx) satisfies
(220) with g = dx /2,y = ™, n = 1, a1 = 0, —nxp(#X — 1)G, in place of
Gy, and R(t) := Cant~%/2 exp(—C4‘3t_dwl*1 ) for some c4.5 € (0, 00), where c4.3 :=

dw m . .
(C3_65dw_1 ) A (C3,81_dw_1 ) Also ZjEN(#X)_] fR(T_mjl) < C4.4 eXp(—C4.3l_dWl_l )
for any ¢ € (0, t™] for some c4.4 € (0, 00) in both cases, 0 < Zp (1) — Zgn\ gx)(F) <
7 7
ZD(I)e’llK et for any ¢t € [1,00) by pKl\K[X] < pKI and Lemma 2.20, and
A{(I > 0 by Lemma 3.9. Hence Theorem 2.23 applies to Zp — Zg1\gx] to yield a
continuous m log t-periodic function Gx : R — R such that for any ¢ € (0, t™],

Zp(t) — L\ gix) (1) — ¥ 2Gx (—logt) — nx,pGi(—log 1)‘
< caexp(—castTHT). (47)

Now since ny n = nx,p + #(K[X] N Vp), (4.1) follows from Theorem 3.4, Proposition
3.12, (4.2), (4.6) and (4.7).

Finally, we prove that Gy is (0, o0)-valued. Since K/ \ K[X] G KIby K[X] ¢ Vi
and K/ is connected by {g(¢) | g € G} = Vj and [40, Proposition 1.6.9], Lemma 3.9
yields )L{(I\K[X] > )Lf ", and therefore by Lemma 2.20 there exists 7 € [1, 00) such
that Zp(t) — Zg 1\ gx](¢) > O forany 7 € [T, 00). On the other hand, (4.3) and Propo-
sition 2.16-(1) imply that Zp(t) — Zgr\ gx1(t) = #X)(Zp(t™1) — L1\ gx)(T™1))
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and hence 1%¥/2(2Zp (1) — 21\ gx1 (1)) = (T™1)¥/2(Zp (™) — L1\ g[x1 (7™1)) for
any ¢ € (0, 00). Now it follows from these facts that

inf 1 X/2(2p(0) -2 £)) = min X/2(2p(t) -2 1)) > 0,
1€(0,2 T ( D( ) KI\K[X]( )) te[T, e T] ( D( ) KI\K[X]( ))

which and (4.7) together show that Gy is (0, c0)-valued. O
C

Example 4.5 (Sierpinski gaskets). Let d,/ € N, d > 2,/ > 2, and let {qk},‘fzo
R? be the set of the vertices of a regular d-dimensional simplex. Further let S :=
{()d_, € NU{ON? | Y4_ ix <1 -1}, and for each i = (ix)?_, € S we set
gi = qo+ Y —1(ix/ (g —qo) and define f; : R — R? by f;(x) 1= q; + 171 (x —
qo). Let K be the self-similar set associated with { f;}ies, i.e. the unique non-empty
compact subset of R such that K = U;es fi(K), and set F; := fi|g fori € S. Then
L = (K, S,{F;}ies) is a self-similar structure, which is called the d -dimensional level-
[ Sierpinski gasket (see the first line of Fig. 2 above). This is a nested fractal satisfying
(3.10), and we have P = {i° | k € {0,1,....d}}and Vo = {qx | k € {0, 1,...,d}},
where i := ((I — D1gy(j)9_, € S.

Define D = (Dxy)x,yev, by Dxx := —d and Dy, := 1 for x,y € Vp, x # y.
Note that any real symmetric matrix satisfying (D1), (D2) and the condition in the first
sentence of Corollary 3.7 is a constant multiple of D. By the symmetry of £ and D,
there exists a unique r € (0, co0) such that (D, r) is a harmonic structure on L. In this
situation, it is not difficult to verify that ™! < r < [ 724S.

Let R be the resistance metric of the resistance form (€, F) resulting from (D, r)
and define metrics p, p: K X K — [0,00) on K by p(x,y) := |x — y| and p(x, y) :=
inf{lra(y) | y : [0,1] = K, y is continuous, y(0) = x, y(1) = y} where {ps denotes
the length with respect to | - |. Then clearly diam; Ky, =/ ~Iwl for any w € Wi and
p(x,y) = col™™ for any m € N, any w,v € W, with K, N K, = @ and any
(x,y) € Ky x K, for some ¢, € (0,00). Therefore similarly to Remark 3.8-(2), we
easily have cg ,R'2/r! < p < p < c,g,RRl"gl/rl for some cg p, ¢ g € (0,00), and in
view of (3.4) we can apply [42, Theorem 15.10] to conclude that (UHK),,, and a lower
bound of the same form as (3.5) hold with the Euclidean metric p and dy, := log; t;
note that 2 < dy, < dR by I7! < r < I72#S. Note also that the chain condition in
[42, Theorem 15.10, Case 2] holds for p by its definition and hence for p as well. Thus
Corollary 3.7 and Theorem 4.2 apply to this example with the reminder estimates given
in terms of this exponent d,,, which is the smallest in order for (UHK)4,, to be satisfied.

In the case of the d-dimensional standard (i.e. level-2) Sierpifiski gasket, #S =
d+1, ny = %, np = —% and we can easily verify that r = Z—i;, so that
T=d +3,d, =2log,3(d + 1) and d,, = log,(d + 3). Furthermore if we consider
X = S\ {Oga} C W, then K[X] is the (d — 1)-dimensional standard Sierpinski
gasket with vertices {C]k}g=1 and it holds that dy = 2log;,3d, nyn = d/2 and
nyp = —d/2. Consequently we obtain (3.7) and (4.1) with ny — nynx = 1/2 and
np —nx,p = —1/2, which include Theorem 1.1 as a special case.

5. Sierpinski carpets

Our main concern in the rest of this paper is the case of generalized Sierpinski carpets,
which are among the most typical examples of infinitely ramified self-similar fractals
and have been intensively studied e.g. in [3-8,46,41,30,35,33].
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In this section, we first collect fundamental facts concerning generalized Sierpifiski
carpets and their canonical self-similar Dirichlet form and then state our main theorems
(Theorems 5.11 and 5.15) of asymptotic expansion of the partition functions for them.
The proof of Theorems 5.11 and 5.15 is given in the next section.

We fix the following setting throughout this and the next sections.

Framework 5.1. Let d,/ € N, d > 2,1 > 2 and set Q¢ := |0, l]d. Let S C
{0,1,...,1 — 1}¢ be non-empty, and for each i € S define f; : R? — R? by
fitx) == 17N + 7%, Set Q1 := U;eg fi(Qo), which satisfies Q1 C Qp. Let
K be the self-similar set associated with { f; };cs, i.e. the unique non-empty compact
subset of R? such that K = Usjes fi(K), and set F; := fi|g fori € S, so that
GSC(d,!,S) := (K, S,{Fi}ies) is a self-similar structure. Also let p : K x K —
[0, 00) be the Euclidean metric on K given by p(x, y) := |x — y|, set df := log; #S
and let p be the self-similar measure on £ with uniform weight.

Recall that df is the Hausdorff dimension of (K, p) and that u is a constant multiple
of the d;-dimensional Hausdorff measure on (K, p); see e.g. [40, Theorem 1.5.7 and
Proposition 1.5.8].

The following definition is essentially due to M. T. Barlow and R. F. Bass [7].

Definition 5.2 (Generalized Sierpiniski carpets). GSC(d, [, S) is called a generalized
Sierpiriski carpet if and only if S satisfies the following four conditions:

(GSC1) (Symmetry) f(Q1) = Q; for any isometry f of R? with £(Q¢) = Qo.

(GSC2) (Connectedness) Q1 is connected.

(GSC3) (Non-diagonality) intga (Q1 ﬂ]_[gzl [ —ex)] L, (ix+ l)l_l]) is either empty
or connected for any (ik)]”f:l e 74 and any (Ek)z=1 € {0,1}9.

(GSC4) (Borders included) {(x1,0,...,0) e R? | x; € [0,1]} C Q.

As special cases of Definition 5.2, GSC(2, 3, Ssc) and GSC(3, 3, Sus) are called the
Sierpiriski carpet and the Menger sponge, respectively, where Ssc := {0, 1,2}2\{(1, 1)}
and Syis := {(i1.12.3) € {0, 1,2}* | 33—, L1y (ix) < 1} (see Fig. 3).

We remark that there are several equivalent ways of stating the non-diagonality con-
dition, as in the following proposition.

Proposition 5.3 ([36, §21). Ser |x|; == Y¢_, x| for x = (x)?_, € RY. Then
(GSC3) is equivalent to any one of the following three conditions:

(ND)y intga (Q1 N ]_[Zzl [Gr —DIT™, (ix + 1)1_”’]) is either empty or connected for
any m € N and any (ik),‘f:1 efl,....Im—1)4.

(ND), The case of m = 2 of (ND)y holds.

(NDF) Forany i, j € S with f;(Qo) N f;(Qo) # 0 there exists {n(k)}i_I" c S
such that n(0) = i, n(|i — j|1) = j and |n(k) — n(k + )|y = 1 for any
kelo,....]i —jl1— 1}

Remark 5.4. Only the case of m = 1 of (ND)y was assumed in the original defini-

tion of generalized Sierpifiski carpets in [7, Section 2], but Barlow, Bass, Kumagai and

Teplyaev [8] have recently realized that it is too weak for [7, Proof of Theorem 3.19]

and has to be replaced by (ND)y (or equivalently, by (GSC3)).

Now in view of (NDF) in Proposition 5.3, (GSC2) and (GSC3) together imply that
intzes Q1 is connected, so that Definition 5.2 turns out to be equivalent to the definition
of generalized Sierpinski carpets in [8, Subsection 2.2].

In the rest of this section, we assume that £ := GSC(d, [, S) = (K, S,{Fi}ies) is
a generalized Sierpifiski carpet. Then we easily see the following proposition.
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Fig. 3. Sierpifiski carpet, some other generalized Sierpifiski carpets with d = 2 and Menger sponge

Proposition 5.5. Set S, 1= {(in)%_, € S | ix = (I — V)e} fork € {1,2,....d} and
£ €{0,1}. Then P = J{_,(SF, USY,) and Vo = Vo = K\ (0,1)¢ # K.

Analysis on generalized Sierpifiski carpets was initiated by M. T. Barlow and R. F.
Bass in [3]: they obtained a non-degenerate p-symmetric diffusion X on K in the case
of d = 2 by taking a certain scaling limit of (a suitable subsequence of) the reflecting
Brownian motions X on Q,, = UweWm Jw(Qo), where fy, := fiy, 00 fu,
(fg = idga) for w = wy ... wy, € Wi. Then they studied the diffusion X intensively
in a series of papers [4-6] and extended their results to the case of d > 3 in [7]. On
the other hand, Kusuoka and Zhou [46] also obtained a non-degenerate diffusion on K
in the case of d = 2 by constructing a self-similar Dirichlet form on L2(K, u) (with
uniform weight r for some r € (0, 1)) via a discrete approximation of K. It had been
a long-standing problem to prove that the constructions in [3,7] and in [46] give rise to
the same diffusion on K, until Barlow, Bass, Kumagai and Teplyaev [8] finally solved
it by proving the uniqueness of a non-zero conservative symmetric regular Dirichlet
form on L2(K, i) possessing certain local symmetry properties. The following is the
statement of their uniqueness theorem [8, Theorem 1.2].

Definition 5.6. (1) We define

Go :={f|k | f is an isometry of R? with f(Qo) = Qo}. (6.1

which forms a subgroup of the group of homeomorphisms of K by virtue of (GSC1).

(2) Define ¥ : R4 — Qg by w((xk)gzl) = (minnEZ |xk—2n|)Z:1.Foreachw € W,
we set gV 1= F,(0) and define the folding map ¢,, : K — Ky, into K, by

u(x) = q" + 17"y (e — ™)), (5.2)
so that ¢y |k,, = idk,, and @y, © ¢, = @y, for any w, v € W, with |w| = |v|.

Note that 1 o g = u for any g € Go. We set i|g 1= p|pa) for A € B(K). For
each w € Wi, ifu : Ky, — [—00,00] is Borel measurable then [y [u o ¢y |du =
#S)wl /, Ku |u|dp, so that gu = u o ¢, defines a bounded linear operator ¢;, :
L*(Ky, it|k, ) — L*(K, w), which is called the unfolding operator from K.

Theorem 5.7 ([8, Theorem 1.2]). There exists a unique (up to constant multiples of £)
non-zero conservative symmetric regular Dirichlet form (€, F) on L?(K, i) satisfying
the following conditions:

(BBKT1) uogy € F foranyu € F and any w € W,.



Log-periodic asymptotic expansion of the spectral partition functions on self-similar sets 29

(BBKT2) Foranym € N and any u € F,

1
#S)m

Eu,u) = > E@ogu.uopy). (5.3)

weW,,

(BBKT3) Letw,v € Wy, |w| = |v|and g € Go. Ifu € L*>(Ky, it|k,) andu o g, € F,
thenu$, ,, := uoF,0goF, Yop, € F and E(u3 », us ») = E(Uopy, uopy).

In fact, we can also deduce from Theorem 5.7 and [8, Theorem 4.32] the following
simpler, though more restrictive, characterization of (£, F), by virtue of [33, Proof of
Proposition 5.1] which for f € C(K) is based only on [8, Theorem 4.32] and (NDF);
see [38, Section 5] for details. Recall Definition 2.6 for (SSDF1) and (SSDF2).

Proposition 5.8 ([38, Proposition 5.9]). (&, F) is the unique (up to constant multiples
of £) non-zero conservative symmetric regular Dirichlet form on L*>(K, t) satisfying
(SSDF1), (SSDF2) for some r € (0, 00) and the following condition:

(GSCDF) Ifu e FNC(K)and g € Gy thenuog € FandE(uog,uog) = E(u,u).
Moreover, r € (0, 00) for which (SSDF2) holds is unique and satisfies r < [ 72#S.

It follows from Proposition 5.8 that (£, u, &, F, r) is a self-similar Dirichlet space
with uniform weights, and (GSCDF) and the regularity of (£, F) easily yielduog € F
and E(u o g,uog) = E(u,u) forany u € F and any g € Gy. Moreover, it satisfies
(CHK) and (2.7) by the following theorem. Recall that we set t := #S/r and ds :=
2log, #S.

Theorem 5.9 ([7, Theorem 1.3], [8, Theorem 4.30 and Remark 4.33]). (K, u,&,F)
satisfies (CHK) and there exist ¢s.1,c52 € (0,00) such that, with dy, := log; T (note
that dy, > 2 and that d¢/dy, = ds/2), forany (t,x,y) € (0,1] x K x K,

Cs5.1 p(x, y)dv iy C5.2 p(x, y)® Ty
4/d exp(—(—cs.ll ) < pe(x,y) < “dijdy P —(—65.2[ ) .
(5.4)

Remark 5.10. The strict inequality dy, > 2 holds if #S < [%. In the case of d = 2,
this estimate follows from [5, Proof of Proposition 5.2] (see also [6, (2.5)]), whereas for
d > 3 this fact is only stated in [7, Remarks 5.4-1.] without proof.

Now we are in the stage of stating our main theorems of asymptotic expansion of the
partition function on generalized Sierpinski carpets. Recall that £ = GSC(d,/, S) =
(K, S,{Fi}ies) is a generalized Sierpifiski carpet, that u is the self-similar measure on
L with uniform weight and that (£, F) is the self-similar Dirichlet form on L2(K, i)
with uniform weight r given by Theorem 5.7 and Proposition 5.8.

Theorem 5.11. Set dy. := log; #(S N (Z97% x {0}%)) for k € {0, 1,....d} (do = dp).
Then there exist cs.3 € (0, 00) and continuous log t-periodic functions Gg ; : R — R,
B € {N,D}, k €{0,...,d}, such that for any B € {N,D}, ast | 0,

d
Za(t) = 3 17/ G g (—log ) + O(exp(—65.3t_7dw1*1 )). (5.5)
k=0
Moreover, G0, Gn,1 are (0, 00)-valued, Gno = Gp,o and nglGN,l = nBIGD,l,

— #HG.))eSxS|li—jl=1}

where ny 1= S\ ET-Tx(0) and np := ny — 2d (note that ny > 0 > np).
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Note thatd;_; = 1 and d; = 0by (GSC4) and that foreach k € {0, 1,...,d}, dy is
the box-counting and Hausdorff dimensions of K N (R4 ™% x {0}¥) with respect to p by
[35, Propositions 2.24 and 6.7] and [40, Corollary 1.5.9] in view of KN(RZ~*x{0}¥) =
K[S N (Z%7% x {0}%)] with the notation of Definition 4.1. Note also that dy > dy4

.....

(Zd—k—l X {0}k+1) by (GSC4) and (GSCl)

Remark 5.12. The same remarks as in the introduction apply to Theorem 5.11. Namely:
(1) Gp,p in Theorem 5.11 was obtained in [30, Theorem 4.1] where it was proved that

2p(t) = W™ Gp o(—logr) + O~ /4y ast | 0. (5.6)

The same result for Zy can be easily verified since a slight modification of [30, Proof of
Theorem 4.1] shows that Zx(1) — Zp(f) = O(t~4/%) ast | 0 (see also [35, Theorem
5.11]). Unfortunately, however, the corresponding log-periodic asymptotic behavior of
Ny and Np similar to (3.8) is not known when #S < 1.

(2) The author has no idea whether any one of the periodic functions Gg , B € {N, D},
k €{0,...,d} in Theorem 5.11 is non-constant when #S < 14,

(3) The strict positivity of Gy, (the strict negativity of Gp 1) in Theorem 5.11 follows
from [35, Theorem 7.7] (see [35, Theorems 8.4 and 8.5]), but we give an alternative
proof of this fact in the next section as a special case of Theorem 5.15 below. On the
other hand, Gg x for k& > 2 in (5.5) are given as sums of strictly positive and strictly
negative log t-periodic functions and the author has no idea which signs Gg j actually
takes for k € {2,...,d}; see also Theorem 5.15 and its proof below in this connection.

Remark 5.13. It should be possible to prove asymptotics analogous to (4.1) of Theorem
4.2 for generalized Sierpifiski carpets, but the statement and the proof would get much
more complicated than in Section 4 because of the possible complexity of the boundary
set K[X] which does not arise in the setting of a post-critically finite self-similar fractal.
Since the simplest case of the Neumann and Dirichlet boundary conditions on 1 treated
in Theorem 5.11 is already quite involved, we content ourselves with just this case.

In fact, the assertion of Theorem 5.11 for Zp is a special case of the following more
general theorem, which requires the following definition.

Definition 5.14. Lete = (sx)¢_, € {0, 1}%,m e NU {0} and i = (ix)?_, € R%.
(HWesetle] ;= Y9 e, e (j) =tk e {1.....d} | e = j}for j €{0,1}, S, :=
SN(ZE @ s oy W) ThE = (ki + jI7Y) |k € e71(0), j € {1,.... ] —1}},
Li(J) :={(k,ix) | k e J}yfor J C{1,...,d},and T; . := Z; (1 (1)).

(2) We define R%: 1= ]—[,‘le[ik — ekl ig + 1™, ULF = K Nintga REE, Whe =
{w e W | Ku C R} RE =R O x [[pqomrpyli — 17" Vig + 17" and
ULf := K Nintga (R5E N REE). Note that US4 # @ if and only if W5 # 0.

(3) We set Hi s := {(x1,...,x4) € R? | xp = s} fork € {l,...,d}and s € R and
Hz := U.syez Hi.s forT C{1,...,d} xR Recalling (2.9), for 7 € (0, oo) we define

0= ¥ 0 Ry, 0 = [ o KN Hidren, o).
ICI;¢ m

6.7



Log-periodic asymptotic expansion of the spectral partition functions on self-similar sets 31

Theorem 5.15. Let e € {0,1}9, m € NU {0}, i € [7™Z4 and assume Wt # 0.
Then there exist cs5.4,c55 € (0,00) which are independent of e, m, i, and continuous

log t-periodic functions Gf,’,a’k ‘R—>R, k ef{lel,...,d}, such that for any t € (0, 1],
d
ZLE (7™M — Z 1~/ GLek (_logr)| < cs4 exp(—cs,5t_dw]—l )- (5.8)
k=lg|

Moreover, G,i,’,s’ls‘ is (0, 00)-valued, and Gf,’,s’lng is (—o00, 0)-valued if |e| < d.
Remark 5.16. (1) Similarly to Remark 5.12-(2), the author has no idea whether any
one of the periodic functions G,i,f’k fore € {0,1¢, m e NU{0}, i € I7™Z% with
Wi £ @andk € {|e|,....d} in Theorem 5.15 is non-constant when #S < 4.
(2) Similarly to Remark 5.12-(3), Gi oK for k > |g| 4+ 2 in Theorem 5.15 are given as
sums of strictly positive and str1ctly negative log t-periodic functions and the author
has no idea which signs G, s:k actually takes for k > |e| + 2.
(3) According to Lemma 6.2 and Proposition 6.3 below, for each & € {0, 1} there exists
Ee C Umenugoy (724 x {m}) with #8, < 2**' such that for any m € N U {0} and
any i € [7™Z% we can choose (j,n) € E, so that Zﬁ,’f(t_mt) = Z{;’E(t_"t) for any
t € (0, 00). In particular, the set of all continuous log 7-periodic functions appearing in
Theorem 5.15 is given by {Gi,’f’k | £ €40, 1}, (i,m) € B, k € {le|,....d}}, which
has at most (d + 129+2% elements.
(4) In fact, 255 (t™™1) is independent of ¢ € {0, 1}d meNU{0}andi € I7™Z% as
long as |e| = 1 and W’ * #0,and Gn,; = nNG’ &1 and Gp,1 = npGp, el for any such
e,m,i; see Proposition 6.7 and (6.15) below.

The proof of Theorems 5.11 and 5.15 is given in the next section.

6. Proof of Theorems 5.11 and 5.15

Throughout this section, we fix the setting of Framework 5.1 and assume that £ :=
GSC(d,!,S) = (K, S,{Fi}ies) is a generalized Sierpiniski carpet and that (£, F) is
the self-similar Dirichlet form on L?(K, ) with uniform weight r given by Theorem
5.7 and Proposition 5.8. As in the previous section, we set T := #S/r, dy, := log; t
and d := log; #(S N (Z47* x {O}k)) fork € {0,1,...,d} (dy = df), and we also
follow the notation introduced in Definitions 5.6 and 5.14.

Similarly to the proofs of Theorems 3.4 and 4.2, we need several intermediate steps
to prove Theorems 5.11 and 5.15. We start with some discussion on the scaling property

between open subsets of K of the form U,i;a.

Definition 6.1. Let ¢ € {0, l}d, m,n € NU{0},i € [=m74 and j € [="74  Define
Fhl iR - R by FL/(x) := j + ™ "(x — i), so that F;}, (R5$) = R)*. We say
that (i, m) is e-equivalent to (j, n), and write (i, m) ~ (j,n), if and only if there exists
a bijection ¢ : W,5* — W,/** such that F,i;,]ﬂKw = Fy) o F,! forany w € wLe

Clearly, ~ is an equivalence relation on Unmenuior (! 74 % {m)).

Lemma 6.2. Let ¢ € {0, 1}¢. Then there exists B¢ C UmENU{O}(ZimZd x {m}) with

#E8, < 22" such that whenever m € N U {0} andi € I7™Z4, (i,m) ~ (j, n) for some
(j,n) € B,
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Proof. Form e NU {0} andi = (ik)z=1 e 1774 set

d
. 5k

H[lk—lm i+ 2 ] Qm}
k=1

6.1)
where O = Uy, . wnew,, fwr ©**© fu,, (Qo). Then it is easy to see tha't form,n €
NU{0},i € I7™Z% and j € [7Z4, (i,m) ~ (j,n)if and only if A5F = A}°. Thus the
set (UmGNU{O} (I7mz? x {m}))/ £ has at most 22 elements and hence the assertion

Al = {(8k),§=1 e {0 @ x {0, 1=’

follows by choosing a representative from each of the equivalence classes under 2.0
Proposition 6.3. Ler ¢ € {0,1}, m,n e NU{0}, i € I7"Z% and j € I7"Z%. If
(i,m) Z (j,n), then- Zy (" "t) = ZFrﬁi;’ﬁ(U) (t) foranyt e (0, 00) and any non-empty
open subset U of Uy;°, and in particular 2y, (t7"™t) = Z15(t) for any t € (0, 00).

Proof. Note that F;/, (Hy ,k) = Hyj, forany k € {1,....d}, wherei = (ix)¢_, and
j= (k)¢_,. By (i,m) ~ (j,n) there exists a bijection ¢ : We — W,f such that
FL n|Kw = Fy) o F,, ! forany w € W€, then F,’n’n(K(W’ %) = I.((Wn”s)'(recall
Definition 2.7-(2)) and hence F,l,,j,,(Ul %) = U] CUIf W’ F =@, then Uyl = U =0
and thus Z55(1"™t) = 2,5(t) = 0 for any 7 € (0, 00). Assume W,;,s # 0, let U
be a non-empty open subset of US¢ and set (Fugl)u := u o (Fahy)™ Yyt w for
u:U — [—o0, 0], so that [, [uldu = (#S)"~"™ fFi,j (U)|(F,£,’£,)*Uu|du if u is Borel
measurable. Then (F,’,,J,,)E defines a bijective linear map (F,’,,jn)*U : L2(U, ply) —
Lz(F’lfz,”(U)’“lF,Z{;,(U))' Moreover, regarding {u € F N C(K) | suppg[u] C V} =:
Cy and Fy as subsets of L2(V, u|y) for each non-empty open subset V' of K, we
have (i)Y (Fu) = Fpi, @y and Q) = " E((Fyiln) Y u. (Fyin){ ) for any
u € Fy, since the same are valid with Cu, CFz ) in place of Fy, ]—' i) by
(SSDF1), Proposition 2.8 and (SSDF2) (recall Proposmon 5.8). Now it follows from
the above facts and [23, Lemma 1.3.4-(i)] that (Fi;2)V TY_,,., = T, ’"*"(U)(F,’,;{,,)f for
any ¢ € (0, oo) which together with the uniqueness of p¥ implies that pgnfm [(x,y) =
#S)" " p Fai: ”(U)( ,l,,],, (x), F,l,,],, (y)) for any (¢, x, y) € (0,00) xU x U. Thus for any
t € (0, oo), Zy (@™ "t) = ZF,-,/ (U)(t), which with U = U,;® \ Hz.(p,J C e 1(1),
yields 258 (x"™1) = 2% (1) by virtue of F,i,’f;,(Hk,ik) = Hy j.. k € e71(1). O

Lemma 6.4. Lete € {0,1}, m € NU {0} and i € I7™Z%. Then for any j € S,
(i,m) ~ (i + 171 j m + 1). Moreover,

Ui\ Hye = |J UL ¢ (disjoiny). (6.2)
J€Se
Proof. These assertions are immediate from Definition 5.14 and (GSC1). O

Recall (see Definition 2.18) that )kﬁ] denotes the smallest eigenvalue of —Ay for a
non-empty open subset U of K.
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Lemma 6.5. Let ¢ € {0, 13, m e NU{0}, i € [7™Z2 and assume wLe # 0. Then
AURT S0, and 0 < 25E() < Zyie

there exists T;¢ € [1, 00) such that péing (t) > Oforanyt € [T,i,’e, 00).

(1) < 29¢s, forany t € [t™™,00). Moreover,

Proof. Since Oga € Sg by (GSC4), we have (i, m) < (i,m + 2) by Lemma 6.4, then
i.e Ui
Zyie (?1) = ZUi,i2 (¢) fort € (0, o) by Proposition 6.3 and hence rzkﬁj’" =A,""

by Lemma 2.20. On the other hand, Theorem 5.9 easily shows that (£, F) is irreducible,
so that {u € F | E(u,u) = 0} = Rlg by [16, Theorem 2.1.11], and 1x & F i

m—+2
. Ui.e i Ui,s
since u(K \ U,.%,) > 0 by (GSC4). Thus A, ”**> > 0 and /\Y’” =1721,"" > 0.
Next let 7 € [t7™, 00). Since p(,(x, x) is non-increasing for any x € K by [17,
(2.1.4)], it follows from Proposition 2.16-(1), Theorem 5.9 and #W,,;* < 2¢ that

0<2Zbe(t) < ZU’;;s(t) < /ULE pr(x,x)dp(x) < /Ul_.s Pe—m (X, x)dpu(x)

m m

< esa (v TN (UL = W) es 2 < 29¢s,.

For the last assertion, by 2L = ZICL 8(—1)#1 ZUi,s\ Hy and Lemma 2.20 it suf-
fices to show that )L?’l”'g\HI > /\?’l’f for T C Z; with T # @. Suppose /\?’lﬁg\Hz <

AY’I’f and let g7 be an eigenfunction of —A with eigenvalue Aij’l’f\HI. Then

Uji®\Hz
Upi®
of € Fyievm, C Fyie and EpT, o) < A; fU;;j,g (pF)%du, so that ¢ would
be an eigenfunction of —A ;- with eigenvalue /\?’l’f in view of (2.15). Furthermore
from (GSC1), (GSC2) and (GSC4) we can easily verify that U,’;f is arcwise connected,
and hence Lemma 2.19 would imply that there would exist a p-version of <p1I satisfy-
ing ¢f|,i.e € C(Up") and that then either 97 > 0 on Uy,® or ¢f < 0 on U,®. On
the other hand, let Cap, denote the 1-capacity associated with (K, i, £, F) defined by
Cap£ (A) = infUCK openin K, ACU infue]:,uzl p-a.e.on U 51 (M, M) foreach 4 C K (See
[23, Section 2.1]). Then Capg(U,'n’s N Hz) > 0by [35, Lemma 7.14 and Theorem 7.18],

but Cap, (Uyf N Hy) = Capg({x € Uit N Hr | % (x) # 0}) =0by ¢f #Oon UL,
ot € fUi‘s\Hz and [23, Corollary 2.3.1], a contradiction. Thus )Lij’l’f\HI > )&i]’lﬁg. O

The first key step for the proof of Theorems 5.11 and 5.15 is the following proposi-
tion, which together with Lemma 6.5 allows us to apply Theorem 2.23 successively to
conclude (5.8) and then to verify the strict positivity of G;,’,g’lel and —G,’,’,‘E’IEHI.

Proposition 6.6. Let ¢ € {0,1}¢, m € NU {0} and i € [™™7Z%. Then there exist
C6.1, C6.2 € (0, 00) which are independent of e, m, i, such that for any t € (0, c0),

i+l

ie _ dig/dw i _
0= 2 (1) — T2, () Zae{o,l}d,s—l(ngs—l(n Zjefg,,; m+1 (@)

< C6.1 exp(—c6_2(r'”t)_ﬁ), (6.3)

where Jo 5 :={0,...,1 — DSTIO 1, 1 — 1) T ONSTHD) 5 g (D),
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Proof. Set Ty := I5¢ and let ¢ € (0, 00). Noting that t%/9 = #S, by (GSC1), we
see from Proposition 6.3, Lemmas 6.4 and 2.14 that
(1) — ol gie () = 2hE ) = Y 2T ) (6.4)
J€Se
i pitiTm e
=20 -3 [ o K B, )
JESe

; UlA\H
= 20 (1) /K U (e XK Hy g esyer, )i (x)
Up® Uie
= [ (P ot KB N B, ) = PP UK Hedez,,)
Uje Uy \H
+pi™ (X, xH{K \ Hi s} (k.s)ez; ) — Pt O (x, x[{K \ Hk,s}(k,s)e:ri,g))dﬂ(x)-

Let x € K. Since U;* = Ujf Nintga REE, Proposition 2.16 and Theorem 5.9 yield

Ujt Ui€
pe" (XK N\ HisYksyez; ) — e ™ (6, XK\ Hi s}kos)ez; L) (6.5)
= pi" (x.x[{K Nintga REF} UK\ Hes)esyer,,) (= 0)
2¢52 (P(x, K \intga Ry;’) v maxg ez, , p(x, K N Hk,s)>dffil
< ——=—exp|—
(t/2)%/aw (c5.21)V/dw

< pUrdi/du g —di/dy exp(—(2dwcs,2t’"+lt)_ﬁ)
where we have the inequality in the third line of (6.5) only for ¢ € (0, 1].
On the other hand, setting J{ := {0,....] — 18710 % 10y and Jls =

(0P O, =1y OMTIM 5 o1 D for § e {0, 134 with e~ (1) S 671(1),
by using Lemmas 2.22 and 2.14 we get

Oie ULE\H
pe" (0, XK\ Hy s bkos)ez; ) — Pr O (x, x{K \ Hy.s}(k5)eT; ) (6.6)
U}\Hz. ULE\Hzo 01,
= 3 Y (p T o - ()

JcCe~1(1)

ULe\H, .
Z (_1)#1 Z Z(_l)#APt \(IO\I)UAUI,(J)(X’X)

Jce1(1) P#ICToACT

S (e

P#ICTy ACIVI; ¢

Uhe\H
> " T (XK Hi)ksyezuz;)

P#ICZo
_ 0rl;z’€\HIO\I
- ZICIO,#(IO({k}x]R))zz for some kee—1(0) Pt (. X[{K N Hes}e.s)ezuz; o)
lA])ir;E\HIO\Ii+ I8
+ Z sefo,14 Zjel_m_ljls Pt 70, XK\ Hi s hkos)ezip j 5)

e~l(Es~1(1)
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_ 0128\11’10\1

- ZICIO,#(ID({k}x]R))zZ for some kee—1(0) £t (. X[{K N Hisesyeruz, )
O \Hzg ;. ; \RITP

XX (A R B e )

sefo, 134 jel—m—1jl,
el(MSs~1 ()

i+Jj+Jjo.8
U};H-l
et go Pr XK\ HisheneTig 4 0) )

Then from (6.6), Proposition 2.16-(2) and Theorem 5.9 we conclude that
O3i°\H
P (e x (K \ Hp s} (k,s)ez;.) — Pt O (x, x{K \ His}k5)eT; ) (6.7)

i+1—m=1;s

Um
Y sy Zjng , P i (x,x[{K \ Hic s} (k)€T, 1 ; 5)
e lMSs~1 (1) ’

. Z 01;1’8\1110\1
TCTZo, HZN{k}xR))>2 for some kee—1(0) P1

U5 \Hzo\z,, ; H\RT?
+ ) Y. on O (¢ XK\ Hicshksreziy )

§e{0,13¢  jel—m—1jl,
eSS~ ’

(v, x[{K \ Hg s} k.5)ezuz; )

sup sup  ps(x, Z)}
s€[t/2,t] zeKNHy 5

+2 Z Z 1, pi+ss(x)  min { sup sup ps(x,z)}
sefo,14  jel-m—1jl, N (k.)€Titj.s \selt/2,1] z€KNH
e (D) ’

<2 Z min {
TCZo, #(ZN({k}xR))=2 for some kee=1(0) (k,u)eTUZ; ,

1
< 2dA=DF14di/dy ) =i/ (s g H L)@ )

where the inequality in the last line of (6.7) is valid only for ¢ € (0, 1].
Now (6.4), (6.5), (6.7) and Proposition 2.16-(1) immediately show the lower in-

equality in (6.3) and also the upper inequality in (6.3) with c6» := 471 (2cs.2r)_ﬁ
for t € (0, 1] by virtue of (Up°) = #S)™™#W,;* < 24 ¢=mdi/dw Finally, the second
assertion of Lemma 6.5 yields the upper inequality in (6.3) for ¢ € [1, 00). O
Proof of Theorem 5.15. The proof is by induction in d — |¢|. Suppose first |¢| = d.
Then 0 < Z58(x™™1) — ZLE(T™™t) < ce exp(—cG_zt_ﬁ) for any ¢t € (0, 00)
by Proposition 6.6, which together with Lemmas 6.5 and 2.20 implies that Theorem
2.23 applies to 2y (t7™(-)) withag = 0,y = 7,n = l,a; = —1,G; = 0
and R(¢) := ce.1 exp (—c6,2t_ﬁ). Therefore there exists a continuous log 7-periodic
function G55 : R — R such that |Zﬁ,’f(t_’”t) — GL#4 (—1og D = Y;enRE1) <
C6.1C6.3 exp(—cm(t_lt)_ﬁ) for any ¢ € (0, 7], where cs3 € (1,00) is explicit in
terms of t, dy, ¢g.2, proving (5.8) with c5.4 = ¢4 := ¢6.1¢6.3 and ¢5.5 := c6.2rﬁ.
Next assume |¢| < d and suppose that (5.8) for € (0, ] holds with §,n, j in
place of &, m, i and with ¢5.4 = c|¢j41 and ¢5.5 = c6,2rﬁ for some c¢|+1 € (0, 00)
whenever § € {0,1}4,n e NU{0} and j € [7"Z4 satisfy |§| > |e| + 1 and an"s £ .
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For§ € {0,114, n e NU {0} and j € [7"Z¢ with |8 > |¢| + 1 and W,}** = 0, we
set G;{’S’k =0,k € {|8],...,d}, so that (5.8) trivially holds. Then Proposition 6.6
implies that (2.20) holds for Zyf (v (-)) with g = djg/dw, y = T, n = d — |é],
Ok—lg| = dk/dw and

. —di/d i+l )8k
Gl = 2 e, 1 0551 ik 2ges, 5 Ot 6.8)

fork € {le] +1,...,d}, and R(¢) := (c6.1 + (2l)dC|g\+1)exp(—cG,zt_ﬁ). Now
from this fact and Theorem 2.23 together with Lemmas 6.5 and 2.20, we conclude that
there exists a continuous log t-periodic function Gﬁ,f’lgl : R — R such that (5.8) for
t € (0, 7] holds with G5 := —(¢@ei=d)/d _ )7 Gy, fork € {le| + 1,....d},
Cs.4 = Clg| = C6.3(C6.1 + (21)dc|8‘+1) and ¢55 = 66_2rﬁ, where Gg_|g| is as in
(6.8). Thus the induction procedure in d — || is completed and (5.8) is proved.

It remains to prove the strict positivity of G5&¢! and —G1#!¥1*1 By Proposition 6.6
and Proposition 2.16-(1), t9lel/dw 25 (1) > (v1)el/dw 258 (¢ 1) for any ¢ € (0, 00), and
hence

inf  ¢de/dugiey = min e/ dgie ) > 0, (6.9)
1€(0,TH*] 1€[Ti® e T

where T}5° € [1, 00) is as in Lemma 6.5. Now (6.9) and (5.8) together imply that G5'¢!

is (0, 00)-valued. Moreover, suppose |e| < d, choose 8§ € {0, 1}¥ so that e~1(1) G
d

§71(1) and |8] = |e| + 1, and let j := (L—1(g)ns—1(1)(k));_,- Then j € Jg 5 with

J¢,s as in Proposition 6.6, and we easily see from W¢ # @, (GSC1) and (GSC4) that

W,f:rllimil p8 # . Hence Proposition 6.6, Proposition 2.16-(1) and (6.9) together yield

i [ i : i+
tel{(l)fl] tel+1/dw (Z’;;ts(l) _ Td‘sl/dWZi;la(TZ)) > tel(%fl]tdlsl/dwz’in+l J (t) > 0,

i,6,le|+1
m

which implies the strict negativity of G since we have by (5.8),as ¢ | 0,

et/ A (2he (p) — gl Le (1)) = ¢ mGLEET (—Tog 1) + 0(1),
where ¢jg| n 1= (t@ei=dIel+1)/dw _ 1)g=mdiei+1/dw Thus Theorem 5.15 is proved. [

Next we prove Theorem 5.11. (5.5) for Zp with strictly positive Gp,9, —Gp,; is just
a special case of Theorem 5.15 with i = ¢ = Ogs and m = 0. To prove (5.5) for 2y,
Gn,0 = Gpy and ny'Gn,1 = ny'Gp,1, we need the following two propositions.
Proposition 6.7. Let §.& € {0,1}4 satisfy |§| = |e| = 1, let j € {0,1}, m € N U {0},
i € 17724 and suppose Wyy;® # 0. Then for any t € (0, 00),

Lyiet) = Ly iss (P O+EWE-1)2p (™) and  255(t) = 2370 (1), (6.10)
m 0
Proof. Note that #W,5¢ € {1,2}. Since 255 (1) = Ly (1) = HW,58)Zn (xM1) for any

t € (0,00) by Lemmas 2.14 and 2.21, the two equalities in (6.10) are equivalent, so that
it suffices to prove the former equality. We set U/% := U({ 53



Log-periodic asymptotic expansion of the spectral partition functions on self-similar sets 37

We first assume #W,;° = 1 with Wis = {w). Then UL® C Ky, and we can
choose gw € Go (recall (5. 1)) so that Uy® = Fu(gw (U7)). Set (Fy o gu)su =
uog loF, 1|Ulg foru : U/ — [—o0, 00], so that (#S)mels (Fy o gw)suldu =
Jys.s luldp if u is Borel measurable. Then (Fy, o gy )« defines a bijective linear map
(Fu © guw)x : L2(U pulyis) — L*(Uw®. ptlyie). and it follows from (SSDF1),
(SSDF2) and (GSCDF) (recall Proposition 5.8) that (Fy o guw)«(Fyis) = Fyie
and that r"™E((Fy o guw)«t, (Fy o guw)xu) = E(u,u) for any u € Fy,.s, simi-
larly to the proof of Proposition 6.3. Now these facts and [23, Lemma 1.3.4-(i)] yield

(Fyo gw)*TUj 4= TU”’ (Fw o gw)x« fort € (0, oo) which together with the unique-

‘L’mt
ness of pU’ ? implies that szz (x y) = #S)” mp, (F ogw(x) Fy ng(y)) for
(t,x,y) € (0,00) x UM x U7*¥ and hence that Zyis(x™t) = Zyie(t) fort € (0, 00).
Next we assume #W,;° = 2 with W,;* = {w, v}. Then U;* C Ky, UKy, and we can

choose gu, gv € Go so that Ky N ULS = Fu(gw(U9)), Ky N ULE = Fy(ge(U9))
and g, o g;l = gos|k, where go, : R? — R? denotes the reflection in the hyperplane
{zeR?||z| = |z —¢|}. Foru : U/ — [—00, 00], we define tu : Up® — [—00, 00]
by ‘”|Kwr1U,§f =uogylo Fu71|meU,§f and Lu|KmUyl;1_g : uogylo F;llKvarin.s,
where the two definitions are consistent on Ky, N Ky N Uy by virtue of g, o g} =
goslk- Then 2 [, 5 luldp = (#S)™" fUis |cu|dp if u is Borel measurable, ¢ defines
an injective linear map ¢« : L2(U’, ulys5) — LZ(Um ,/L|Uz ¢), and similarly to
the proof of Proposition 6.3 we easily see from (SSDF1), (SSDFZ) and (GSCDF) that
(Fyis) C Fyie and that 28 (u, u) = r™E(wu, wu) forany u € Fyyj.s.

Now as in the proof of Proposition 3.11, for U € {U7%, KT} let {¢Y },en be a com-
plete orthonormal system of L2(U, j|y) consisting of eigenfunctions of —Ay with
eigenvalues {A,[l] }nen, which we use below to write down all the eigenfunctions of

—Ayie. Letn € N. Noting that wﬁj'i’s € Fyi.s, we define 1 € Fjie by

On1 =22 HS)ym2 U7 6.11)

On the other hand, for any g € Go, (GSCDF) and g(K!) = K7 easily imply that
{uog|u e Fgr} = Fgr.Then since gofl € Fxrand KL UK c U,?, the function
¢n2: KL UKI — R defined by

_ 1 _ —
onalgy =27 2@ 20N 0 gyt o Fyllks s

g 6.12)
(pn,2|K1§ = (#S) Pn ©8y ©1y |K1{’

satisfies @, » € fK&,uK{, CFy i by [35, Lemma 5.5].

We claim that the system {gon,k tnen, ke{1,2) forms a complete orthonormal system
of L2(Up®, M|U}£q.s). Indeed, it is easi'ly seen to be orthonormal in L2 (Up;*, M|U’iﬁs) by
a direct calculation. Let u € L?(Uy", ptly i) and suppose that [yi.c ug, xdp =
for any (n,k) € N x {1,2}. Then for any n € N, 0 = 21/2(#S5)"/2 Jyie upnadp =
ij,(; (p,ll]j's (uoFyogy+uoF,og,)du, and hence uo Fyyo0g,,+uoFyog, = 0 u-a.e. by
the completeness of {(,a,ll]“S }nen. On the other hand, for eachn € N, fU’;;s UPp2dp =0
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implies (i ; (uo Fy ogw)(pfl du = [xr(uoF, ogv)(pfl du, and hence uo Fyy0g,, =
uo F,og, u-a.e. by the completeness of {(pfl tnen. Thus uo Fyyogy, =uoF,og, =
(Mo Fyogy+uokF,o0g,)/2 =0 u-ae.and hence u = 0 u-a.e. on UL, proving the
completeness of the orthonormal system {¢, k bnen, ke{1,2} in LZ(U,’;;S, ulUrlh,g).
Finally, we show that forn € N, ¢, & is an eigenfunction of —A Uie with eigenvalue

tmk,[,]j’s for k = 1 and f’")L,If_I fork = 2. Letn € N. By using (SSDF1), (SSDF2),
(GSCDF) and the fact that <,0,l/j"s € D[Ay.s] and —AUj,sqo,(l]'/'s = )Lfl]'/"s(p,[,]'l's (recall
(2.12)), we easily see that E(¢y,1,u) = r’”)kgﬂ'a fU’i',s ¢nudp foru € FNC(K) with
suppg [u] C Uy;® and hence for any u € Fyi.e. For the proof for ¢, 2, for u : U - R
we define Pu : K — R by Pu|K\Ui‘8 =0, PulenUi,g = (u+uoF,ogpo
FJI)/2|KwnU,’;;8 and Pu|Kanliris = (U +uo Fy ogpo Fv_l)/2|Kan,’;f (recall
Zoelk = gv o gy’ = guw o g,'), where the two definitions are again consistent on
Ky NKyNUy® with Pulp o vie =l p ooie. Nowletu € FNC(K) satisfy
suppg [u] C ULE. Then Pu € F N C(K) by (SSDF1) and (GSCDF), £(¢pn,2, Pu) =
0= fU’iﬁg ¢n.2 Pudp by (SSDF2) and (GSCDF), hence E(¢n 2, u) = E(@n 2, u — Pu)
and fUi,g Qnoudp = fUi,g ¢n,2(u — Pu)dp. Now since u — Pu € F N C(K) and
(u — Pu)|K\(K,{)UKl{) = 0, we easily see from [23, Theorem 1.4.2-(iv)] and (SSDF1)
that (u — Pu) o Fy, o gy, (u — Pu) o F, o g, € Fgr1, which together with (SSDF2),
(GSCDF) and (p,{(l € D[Agr], —AKup,{([ = )Lfl(p,{([, yield E(gn,2.u — Pu) =
r’”)t,lfl Jyie on2(u — Pu)dj. Thus E(pn 2, u) = r’”/\fl Jyie ¢naudp for any u €
F N C(K) with suppg[u] C U.¢ and hence for any u € Fie.

It follows that the sequence {A, i }neN, kef1,2})> An,1 i= tm/\,l{j's, Anp 1= rmkf[,
gives an enumeration of all the eigenvalues of —A .. with each eigenvalue repeated

according to its multiplicity, and hence (6.10) with #W,ﬁ,’s = 2 follows. O

Proposition 6.8. There exist cg 4, 6.5 € (0, 00) such that for any t € (0, 00),

0@ -0 — Y. ) <cosexp(—cost mT).  (6.13)
8,j€{0,1}4,18]>1
§71©cj1(0)

Proof. SetZy :={1,...,d} x{0,1}andlett € (0, c0). We see from Lemma 2.22 that

a0 =20(0) = [ (petr.0) = p0 (5,00 ) dia(o) (6.14)

— [ Y e O e do)

K girctoAcT

K\H
S [ xR Hidendi)
P#ICZo K
Z K\Hz,\1
ICTo, (k,0),(k,1)€T for some ke{l,....d} [g P1

(., x{K \ Hp s} k,s)ez)dp(x)
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ud?
T2 o4, b2, 5-1 ©C10) /K P G XREA Hicshesrez; o)1t (6)

K\Hz,\1

= ZICIO,(k,O),(k,l)EI for some k€{1,...,d} /I; P1 ( x|{K \ Hy S}(k s)eI)dlL(x)

7,8
+Zs,je{o,l}d,\8|z1,8—1(o)cj—'(o> o (),

which and Proposition 2.16-(1) yield the lower inequality in (6.13). Furthermore for
t € (0, 1], (6.14), Proposition 2.16-(2) and Theorem 5.9 together imply that

Zx(t) = Zp() = Y 0

< ) 1cTo, (k,0), (k.1 1/2 min { sup sup p(x,z)}d,u(x)
Zf(i'sgm(eke){(l ’ Kk (kuw)el s€(t/2,t]z€KNHy y g

8,j€{0,134,18|=1,8~1(0)c;j~L(0)

. 1 __1
< 22d+1+df/dwcs.2t_d1/dw eXp(—(deCS_zt) dwfl) < Cé.6 €Xp(—Ce.5l dwfl)

for an explicit constant cg.¢ € (0, 00), where cg.5 := 47! (ZC5,2)_dwl—1 . Finally for ¢ €

1
[1,00), Zn(t) < Zn(1) = [x p1(x,x)dp(x) < ¢55 < €525 exp(—ce.5t~ @~T) by
Theorem 5.9, which and Proposition 2.16-(1) show the upper inequality in (6.13). [

Proof of Theorem 5.11. As mentioned before Proposition 6.7, (5.5) for Zp with strictly
positive Gp,o, —Gp,1 is just a special case of Theorem 5.15 with i = ¢ = O« and

= 0. Theorem 5.15 and Proposition 6.8 together immediately imply (5.5) for 2y,
lim,w ZdO/dW (ZN(Z) — ZD(Z)) = 0 and hence GN,() = GD,().

To prove ny'Gn1 = nplGp,1, let § € {0, 1}9 satisfy || = 1 and let j € {0,1)}.
Then in view of (5.5) (with Gn,0 = Gp,o) and Theorem 5.15, we easily see from
Propositions 6.7 and 6.8 that Gy, = Gp,1 + 2d G({s’g’l, and from Proposition 6.6
withi = ¢ = Oge and m = 0 and Proposition 6.7 that Zp(¢) — tdo/dvg (T1) —
n1,0268’8(tt) = o(t~% /%) ast | 0, whence (%41/% — rdO/dW)GD,l = nl,oG({‘s"g’l;
hereny o :=#{F,(KNHys)|ieS, ke{l,...,d},s €{0,1}, F;(KN Hy)  Vo}
which is easily seen to be equal to —nD#(S \ (471 x {O})). Thus we obtain

Gp1 =npG%!  and Gy = Gpy +2dGI = nGI*1, (6.15)

so that ny'Gn,1 = G({s’s’l = ny;'Gp,1, completing the proof of Theorem 5.11. O
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