STRONGLY SOLVABLE SPHERICAL SUBGROUPS
AND THEIR COMBINATORIAL INVARIANTS

ROMAN AVDEEV

ABSTRACT. This is a survey paper devoted to establishing interrelations between the
following three combinatorial classifications of strongly solvable spherical subgroups in
semisimple complex algebraic groups: Luna’s general classification of arbitrary spherical
subgroups restricted to the strongly solvable case, Luna’s 1993 classification of strongly
solvable wonderful subgroups, and the author’s 2011 classification of strongly solvable
spherical subgroups. We give a detailed presentation of all the three classifications and
exhibit interrelations between the corresponding combinatorial invariants, which enables
one to pass from one of these classifications to any other.

INTRODUCTION

Let G be a connected reductive complex algebraic group and let B be a Borel subgroup
of G. A closed subgroup H C G, as well as the corresponding homogeneous space G/H, is
said to be spherical if any one of the following equivalent properties (S1)-(S6) is satisfied:

(S1) the group B has an open orbit in G/H,

(S2) there exists an element g € G such that g = (Adg)h + b, where g = LieG,
h = Lie H, and b = Lie B;

(S3) for every homogeneous line bundle L over G/H, the representation of G on the
space of regular sections of L is multiplicity free;

(S4) for every simple G-module V' and every character y of H, the subspace VX(H) cV
of H-semi-invariant vectors of weight x is at most one-dimensional;

(S5) every normal irreducible G-variety containing G/H as an open orbit has finitely
many G-orbits;

(S6) every normal irreducible G-variety containing G/H as an open orbit has finitely
many B-orbits.

Property (S2) is just a reformulation of (S1) in terms of tangent algebras. The equiva-
lence (S1)<(S3) was proved in [VinK]. The equivalence (S3)<(S4) follows from Frobenius
reciprocity, see, for instance, |[Tim, Corollary 2.13]. The proof of (S3)<>(S5) is the subject
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of the paper [Akh2|. The implication (S1)=-(S6) was proved in [Vin| and, independently,
in [Bril], and the implication (S6)=-(S5) is trivial.

We recall that, for an arbitrary homogeneous space G/H, every normal irreducible G-
variety containing G/ H as an open orbit is said to be an equivariant embedding (or simply
an embedding) of G/H. Equivariant embeddings of spherical homogeneous spaces are said
to be spherical varieties. Among arbitrary normal irreducible G-varieties, spherical G-
varieties are characterized by the existence of an open orbit for the induced action of B.

Spherical varieties form an extremely interesting class of G-varieties. The most famous
representatives of this class are toric varieties, symmetric varieties, and flag varieties.
Countless papers are devoted to various aspects concerned with spherical varieties or
certain subclasses of them. Some of these aspects are reflected in the monograph by
Timashev, see [Tim, Chapter 5|]. In this context we also mention the recent survey
paper [Per| devoted to the geometry of spherical varieties.

One of the important problems in the theory of spherical varieties is the problem of
classifying them. The spherical G-varieties with a given open G-orbit, that is, the em-
beddings of a given spherical homogeneous space, were classified by Luna and Vust in
the framework of their general theory of embeddings of arbitrary homogeneous spaces
developed in [LunV]. Later, in the particular case of spherical varieties this theory was
considerably simplified and restated in a more transparent form by Knop [Knol|. As
a result, the embeddings of a given spherical homogeneous space are classified in terms
of certain objects of convex geometry called colored fans, which generalize usual fans
used for classifying toric varieties. Thus the classification of spherical varieties reduces to
the classification of spherical homogeneous spaces, which amounts to the classification of
spherical subgroups of reductive algebraic groups.

In classifying spherical homogeneous spaces G/H (or, equivalently, spherical subgroups
H C G) one may restrict the consideration to the case where G is semisimple. Indeed, let
Z denote the center of G. Then, making use of either property (S1) or (S2) it is easy to
check that G/ H is spherical if and only if the homogeneous space (G/Z)/(H/(ZNH)) =
(G/2)/(ZH]Z) ~ G/(ZH) is such.

For semisimple GG, a complete classification of affine spherical homogeneous spaces G/H
(that is, with reductive H) was obtained by Kramer |[Kra] (the case of simple G), Miki-
tyuk [Mik], Brion |[Bri2| (both treated independently the case of non-simple semisimple G),
and Yakimova [Yak] (small corrections). We note that this classification is essentially given
by a list of spaces and does not involve any combinatorial invariants.

At present, there is a complete classification in combinatorial terms of spherical homo-
geneous spaces GG/H, which is a result of joint decade-long efforts of several researchers.
The idea of this classification was proposed by Luna in 2001 [Lund|, therefore we shall
refer to it as Luna’s general classification. This classification is carried out in two steps.
The first one is to reduce the classification to the case of so-called wonderful subgroups. A
spherical subgroup H C G is said to be wonderful if G/H admits a wonderful embedding,
which is a smooth complete embedding with certain additional properties (see the exact
definition in §2.2)). Wonderful embeddings of spherical homogeneous spaces G/H are also
known as wonderful G-varieties. The second step of the classification is to describe all the
wonderful G-varieties. In his 2001 paper [Lun4|, Luna himself performed the first step
in the full generality, stated a conjecture for the second step, and proved this conjecture
in the case where G is a product of simple groups of type A. Luna’s conjecture claimed
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that wonderful G-varieties are classified by combinatorial objects called spherical systems.
During the following several years the conjecture was proved in certain other particular
cases, see |BraP1|, |Bral], and [BraC|. The uniqueness part of Luna’s conjecture was
proved by Losev [Los| in 2009 by a general argument. The first general proof of the ex-
istence part of this conjecture was obtained by Cupit-Foutou |[Cup| via invariant Hilbert
schemes. Another proof of the existence part, which follows the lines of the original con-
structive approach employed by Luna, was recently suggested by Bravi and Pezzini in the
series of preprints [BraP2|, |[BraP3|, and |[BraP4]. Let us also mention the paper |[Brall],
which is an introduction to wonderful varieties with an emphasis put on combinatorics of
spherical systems.

The combinatorial invariants involved in Luna’s general classification are called the
principal combinatorial invariants in this paper. These invariants come from the Luna—
Vust theory mentioned above: the description of all embeddings of a fixed spherical
homogeneous space is given in terms of these invariants. A detailed discussion of the
principal combinatorial invariants, including definitions and basic properties, can be found
in §/1.1.

A subgroup H C G is said to be strongly solvable if it is contained in a Borel subgroup
of G. We note that every connected solvable subgroup of G is automatically strongly
solvable. An example of a solvable but not strongly solvable subgroup is given by the
normalizer of a maximal torus in SLs.

Apart from Luna’s general classification of arbitrary spherical subgroups, there are two
different combinatorial classifications in the case of strongly solvable spherical subgroups.
Both of them reduce neither to each other nor to Luna’s general classification. The first
one was obtained by Luna in his unpublished 1993 preprint [Lunl]. This classification
applies only to the case of wonderful strongly solvable subgroups. The approach used here
goes back to Demazure’s 1970 description of automorphism groups of smooth complete
toric varieties [Dem]|. In what follows we shall refer to this classification as Luna’s 1993
classification. The second classification was recently obtained by the author [Avd2| and
deals with connected solvable subgroups. In fact, the connectedness condition turns out
to be inessential in this classification, so that it extends almost unchanged to the case of
arbitrary strongly solvable subgroups. The main idea employed here is to classify the Lie
algebras of subgroups under consideration, which is done in terms of certain root data.

Both Luna’s general classification and Luna’s 1993 classification have a geometric origin:
the invariants involved arise from the geometry of the corresponding homogeneous spaces.
As a result, both classifications provide no simple method for relating the invariants
with an explicit structure of the corresponding subgroups, which leaves the following two
problems unsolved:

(P1) compute the invariants of a given subgroup (specified, for instance, by a Levi
subgroup of it together with the Lie algebra of its unipotent radical);

(P2) determine the subgroup corresponding to a given set of invariants.

In contrast to both Luna’s classifications, the author’s 2011 classification is much more
algebraic: the invariants involved encode an explicit structure of Lie algebras of the
subgroups under consideration, so that these subgroups can be easily recovered from
the corresponding invariants. For this reason, in what follows this classification will be
referred to as the explicit classification.
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The main goal of this paper is to give a detailed presentation of all the three above-
mentioned combinatorial classifications (Luna’s general classification of arbitrary spher-
ical subgroups, Luna’s 1993 classification of strongly solvable wonderful subgroups, and
the explicit classification of strongly solvable spherical subgroups) and reveal interrela-
tions between the combinatorial invariants corresponding to them. Specifically, for every
two classifications under consideration we provide either explicit formulas or an effective
method for computing the invariants involved in the first one starting from the invariants
involved in the second one. Of course, the latter is possible in the situation where both
classifications apply, that is, for strongly solvable spherical subgroups or for strongly solv-
able wonderful subgroups. The only new results of this paper are contained in §/4 and
concerned with establishing interrelations between the explicit classification and the other
two classifications under consideration. In particular, these results solve problems (P1)
and (P2) in the case of strongly solvable spherical subgroups.

A special attention is paid in this paper to Luna’s 1993 classification of wonderful
strongly solvable subgroups. At the moment, this classification can be found only in
Luna’s unpublished preprint [Lunl|, which is extremely hard to access. Few references
to this preprint existing in the literature give no idea on the employed approach and the
classification itself. Thus the classification now seems to be almost forgotten. Being sure
that it does not deserve such a fate, in this paper we make an attempt to bring this
classification back to life. As was already mentioned above, Luna’s 1993 classification
is based on the description of automorphism groups of smooth complete toric varieties
obtained by Demazure in 1970 [Dem]. To present the classification, we use a much more
transparent version of this description obtained by Cox in 1995 [Cox| via his realization of
toric varieties as quotients of vector spaces by actions of certain diagonalizable groups. In
contrast to Luna’s preprint, which is written in a rather sketchy style, in our presentation
of the classification we tried to give as much details as possible providing complete proofs
for all statements.

Along with the invariants involved in the three classifications in question, in this pa-
per we consider one more invariant of arbitrary spherical homogeneous spaces, called the
extended weight semigroup (see its definition in §/1.2)). The term “extended weight semi-
group” was introduced in the recent paper [Avdl| though the semigroup itself appeared
implicitly many times in earlier papers of different authors. This semigroup is closely
related to the principal combinatorial invariants. Namely, it turns out that, knowing the
extended weight semigroup, one can compute all but one principal combinatorial invari-
ants, and in the strongly solvable case this semigroup determines all the principal combi-
natorial invariants. On the other hand, the extended weight semigroup is recovered from
the principal combinatorial invariants. A systematic study of the interrelations between
the extended weight semigroup and the principal combinatorial invariants is undertaken
in §1.3l

The significance of the extended weight semigroup in this paper becomes apparent in
establishing interrelations between Luna’s general classification and the explicit classifi-
cation. Thanks to the paper [AvdG|, extended weight semigroups are computed for all
spherical homogeneous spaces with strongly solvable stabilizer in terms of the combinato-
rial invariants involved in the explicit classification. In view of what we have said in the
previous paragraph, this enables one to pass between the explicit classification and Luna’s
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general classification. In this situation, the extended weight semigroup plays the role of
an intermediate invariant between the invariants involved in the two classifications.

The paper is organized as follows.

In §1/ we introduce the principal combinatorial invariants and the extended weight
semigroup of a spherical homogeneous space and then carry out a detailed study of inter-
relations between these invariants.

The main goal of §2/is to present Luna’s general classification of spherical homogeneous
spaces. To this end, we introduce the important notion of a wonderful G-variety and ex-
plain how the classification reduces to that of wonderful G-varieties. Apart from precise
description of combinatorial objects involved in Luna’s general classification, we also in-
troduce several related notions needed later in this paper. At last, we state and prove a
criterion for a wonderful subgroup to be strongly solvable in terms of its combinatorial
invariants.

In §3 we present Luna’s 1993 classification of strongly solvable wonderful subgroups. We
first show how this classification reduces to that of so-called wonderful B~-varieties, where
B~ is the Borel subgroup of GG opposite to B with respect to a fixed maximal torus T' C B.
Next, we provide a detailed description of automorphism groups of smooth complete toric
varieties and then apply it to obtain a classification of wonderful B~ -varieties, which also
implies a classification of strongly solvable wonderful subgroups. Finally, we find out how
the invariants involved in Luna’s 1993 classification are related to the invariants involved
in Luna’s general classification.

The explicit classification of strongly solvable spherical subgroups is presented in §4.
We begin with an outline of main ideas employed in this classification and then state the
classification itself. After that, we establish interrelations between the explicit classifica-
tion and two Luna’s classifications. These interrelations solve problems (P1) and (P2) in
the case of strongly solvable spherical subgroups.

Section 5 is illustrative. Here, we list all wonderful strongly solvable subgroups in all
semisimple groups of rank at most 2 and also in semisimple groups of type As. For every
such subgroup, we indicate its invariants with respect to all the three classifications under
consideration.

In Appendix, we recall the construction and main properties of homogeneous bundles,
which play an important role in §/3.

Acknowledgements. The author cordially thanks D. Luna for discussions and private
notes that helped the author to learn much about Luna’s general classification of spherical
homogeneous spaces. Thanks are also due to I. V. Arzhantsev, P. Bravi, S. Cupit-Foutou,
D. A. Timashev, E.B. Vinberg, and V.S. Zhgoon for helpful discussions on particular
topics.

Some notation and conventions.

In this paper the base field is the field C of complex numbers. All topological terms
relate to the Zarisky topology. All groups are assumed to be algebraic and their subgroups
closed. The Lie algebras of groups denoted by capital Latin letters are denoted by the
corresponding small Gothic letters.

77 is the set of non-negative integers;

Q™ is the set of non-negative elements in Q;

C* is the multiplicative group of the field C;

(-, ) is the natural pairing between Homgz(L,Q) and L, where L is a lattice;
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e is the identity element of an arbitrary group;

o is the base point of any homogeneous space L/K, 0 = eK

|E| is the cardinality of a finite set F;

V* is the space of linear functions on a vector space V;

K is the connected component of the identity of a group K;

K* is the common kernel of all characters of K:

(K, K) is the derived subgroup of a group K;

X(K) is the character lattice (in additive notation) of a group K;

Np(K) is the normalizer of a subgroup K in a group L;

C[X] is the algebra of regular functions on an algebraic variety X;

C(X) is the field of rational functions on an algebraic variety X;

Quot A is the field of quotients of an algebra A with no zero divisors

G is a connected reductive algebraic group;

B C G is a fixed Borel subgroup of G,

T C B is a fixed maximal torus of G;

U C B is the unipotent radical of B;

B~ C G is the Borel subgroup opposite to B with respect to T, that is, BN B~ =T

(+,-) is a fixed inner product on X(7') ®z Q invariant with respect to the Weyl
group Ng(T)/T;

A C X(T) is the root system of G with respect to T’

AT C A is the subset of positive roots with respect to B;

IT C AT is the set of simple roots;

go C g is the root subspace corresponding to a root a € A;

€a € o is a fixed non-zero element;

o € Homg(ZA,Z) is the dual root corresponding to a root o € A;

Py D B is the parabolic subgroup of G whose Lie algebra is the direct sum of b and
all root subspaces g_, with a € A™ and Suppa C IT';

P, D B~ is the parabolic subgroup of G whose Lie algebra is the direct sum of b~ and
all root subspaces g, with « € A™ and Suppa C IT';

X, (B) C X(B) is the set of dominant weights of B;

V(A) is the simple G-module with highest weight A\ € X, (B);

A* is the highest weight of the simple G-module V(A\)*, so that V(A\*) ~ V(A)*;

w, € X(T) ®z Q is the fundamental weight associated with a simple root «.

The lattices X(B) and X(T") are identified via the restriction of characters from B to T.

If A is an algebra equipped with an action of a group L, then the notation A stands
for the algebra of L-invariants and, for every y € X(L), the notation A&L) stands for the
subspace of L-semi-invariants of weight .

The actions of G on itself by left translation ((g,x) +— g¢z) and right translation
((g,z) — xg~') induce its representations on the space C[G] of regular functions on G by
the formulae (gf)(z) = f(g ') and (gf)(x) = f(zg), respectively. For brevity, we refer
to these actions as the action on the left and on the right, respectively. Unless otherwise
stated, for every subgroup L C G the notation C[G]* (resp. C[G]&L)) stands for the L-
invariants (resp. L-semi-invariants of weight y) with respect to the action of L on the
right.
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For every element v = Y k,a € QTII, we set Suppy = {« | ko > 0}. If moreover
a€cll
v € AT, then we set hty = > k,.
acll
For every weight A € X, (B), one has A = ) [,w, for some non-negative integers .
a€ll
We set supp A = {w, | lo > 0}.

Let K be a group and let K;, K5 be subgroups of it. We write K = K; £ Ky if K is
a semidirect product of K, Ky, that is, K = K1 Ky, K; N Ky = {e}, and K, is a normal
subgroup in K.

For connected Dynkin diagrams, the numbering of nodes (that is, simple roots) is the
same as in [OniV].

Let @ be a finite-dimensional vector space over Q.

A cone in @) is a subset C C () that is invariant under addition and multiplication by
elements in Q7, that is, ¢yz1 + goz2 € C whenever 1,15 € C and q1, ¢ € QF.

A cone C C @ is said to be finitely generated if there are finitely many elements
Ui, ...,0s € Q with C = Q"o +...+Q%wv,. All cones considered in this paper are finitely
generated.

A cone C C @ is said to be strictly convex if C N (—C) = {0}.

The dimension of a cone is the dimension of its linear span.

The dual cone of a cone C C @) is the cone

CV={¢eQ|&w)=0forallveC}.

One always has (CV)Y =C.
A face of a cone C C @ is a subset of the form CN{v € @ | {£(v) = 0} for some £ € CV.
A facet of a cone C C @ is a face of codimension 1.
A fan in @Q is a collection F of cones in ) satisfying the two axioms below:
(1) if C € F, then every face of C also belongs to F;
(2) if C1,Cy € F, then C; NCy is again a cone in F.
A fan F in @Q is said to be strictly convex if every cone in F is strictly convex.

A fan F in @Q is said to be complete if @ = |J C.
CeF
Let L C @ be a fixed sublattice of maximal rank, so that () = L ®z Q. For every cone

C C @, let C! denote the set of primitive elements v of L such that Q*v is a face of C.
Similarly, for every fan F in @, let F' denote the set of primitive elements v of L such

that Qv is a cone in F. Clearly, F* = J C!. In this paper we shall often find ourselves
CEF
in the situation where Q = Homy (M, Q) and L = Homgy(M,Z) for some lattice M.

Under the assumptions of the previous paragraph, a cone C C @ is said to be reqular
if the set C! is a part of a basis of L. A fan F in Q is said to be regular if every cone in
F is regular.

1. COMBINATORIAL INVARIANTS OF SPHERICAL HOMOGENEOUS SPACES

In this section, the group G is assumed to be semisimple in §§1.2-1.3.

1.1. Principal combinatorial invariants. Let G/H be a spherical homogeneous space.
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Let P = Pg i be the stabilizer of the open B-orbit in G/ H. Evidently, P is a parabolic
subgroup of G containing B, so that P = Py» for some subset IT? C II. The set IT? = IIf, H
is the first invariant associated with G/H.

The second invariant associated with G/H is the weight lattice A = Ag/y. It is defined
to be the lattice of B-weights of B-semi-invariant rational functions on G/H:

A= {ue X(T) | CG/H)P # {0}).
We also introduce the rational vector space Q = Qg,y = Homgz(A, Q).

For every u € A, one has dim C(G/H )LB) = 1 since G/H is spherical. Fix a non-zero

function f, in each of the subspaces C(G/H )LB) .
Let V = Vg, denote the set of all discrete Q-valued G-invariant valuations of the field
C(G/H) vanishing on C*. We define a map ¢: V — Q by the formula

(9(v), ) = v(fp),

where v € V, € A. It is known that the map ¢ is injective (see [LunV, Proposition 7.4]
or [Knol, Corollary 1.8]) and its image is a finitely generated convex cone containing
the image in Q of the antidominant Weyl chamber (see |[BriP, Corollary 3.2 or [Knol,
Corollary 5.3]). This cone is called the valuation cone of G/H. Later on, we identify it
with V. We note that V spans Q as a vector space.

Let X = X /g be the set of primitive elements p of A with the following properties:

(1) Ker p C Q contains a facet of V;

(2) (p,V) < 0.

The elements in 3 are called the spherical roots of G/H. Brion proved that ¥ is the set
of simple roots of a root system in A ®; Q, see |[Bri4, §3]. In particular, the set ¥ is
linearly independent. We note that the valuation cone V and the set of spherical roots X
uniquely determine each other whenever the weight lattice A is known. The set X is the
third invariant associated with G/H.

The fourth invariant associated with G/H is the set D = Dg/p of B-stable prime
divisors in G/H. The elements in D are called the colors of G/H. The set D is considered
together with a map s = sg/p: D — Q defined in the following way. For a color D € D,
one has (»(D), u) = ordp(f,) for all 1 € A, where ordp(f,) is the order of f, along D.

For every o € II, we regard the corresponding minimal parabolic subgroup P,y D B
and put D(«) to be the set of P(,)-unstable colors.

Proposition 1.1 (|[Lun3| §§2.7, 3.4]). (a) One has D = |J D(«).
a€ll
(b) Every o € 11 belong to exactly one of the following types:

type p: D(a) = &;
type a: a € ¥, D(a) ={DT, D7}, and 3(D*) + »(D~) = aV|,;
type a': 2a € B, D(a) = {D}, and »(D) = § o"|,;
type b: QaNY =&, D(a) = {D}, and (D) = "|,.
It can be easily seen that the union of all roots a € II with D(a) = @ is exactly the
set [P, In accordance with Proposition 1.1, we denote by D® (resp. D, DP) the union

of the sets D(«) over all a € II such that a € ¥ (resp. 2a € ¥, QaNY = @). It turns
out (see [Lun3l 2.7] or [Tim, 30.10]) that there is the following disjoint union:

(1.1) D=D"UD* UD".



STRONGLY SOLVABLE SPHERICAL SUBGROUPS 9

For two spherical homogeneous spaces G/H and G/H', we write D/ = Dgypr if there
exists a bijection ¢: Dg/g — Dgyu such that sq/p = »q/p o 1.
The following theorem is just a reformulation of [Los, Theorem 1].

Theorem 1.2. The spherical homogeneous space G/H is uniquely determined by the
quadruple (A, TIP3, D). In other words, if G/H' is another spherical homogeneous space
such that A(;/H = Ag/H/ HG/H = HIC)J/H” E(;/H = Eg/H/, and Dg/H = D(;/H/, then the
subgroups H and H' are conjugate in G.

A classification of all quadruples (A,II?, 3, D) arising from spherical homogeneous
spaces is given in §2.4.

1.2. Extended weight semigroup. Basic references for this subsection are [Avdl,
§§ 1.2, 1.3] and [AvdG, §§1.2, 1.3].

First assume H C G to be an arbitrary subgroup. We recall that characters of H
are in one-to-one correspondence with homogeneous line bundles (see [Pop, Theorem 4]).
Namely, for an arbitrary character y € X(H) the corresponding homogeneous line bundle
is defined as L(x) = (G x C,)/H, where H acts on G by right translation and on C,, ~ C
by the character x. We note that L(y) is also denoted by G xy C, (see Appendix |A)).
Let T'(L(x)) denote the space of regular sections of L(x). For every x € X(H) there is a
natural isomorphism

(1.2) I'(L(—y)) ~ C[G]UD,

X

For every A € X, (B), let C[G] BX)H c C[G) be the subspace of (B x H)-semi-invariant

functions in C[G] of weight (A, x), where the semi-invariants are taken with respect to
the action of B on the left and the action of H on the right. Every non—zero function
feClaG]y BXH) is a highest-weight vector of a simple G-submodule of C[G] " with highest

weight A, and vice versa. Let AT = Ag s denote the set of all pairs (A, x), Where
A € X,(B) and x € X(H), such that dim C[G]{}*") # 0, that is, the G-module C[G]\" ~

['(L(—x)) contains the simple G-module V(/\). The set At is said to be the extended
weight semigroup of G/H.

We recall the following isomorphism of (G x G)-modules (see, for instance, |Tim, The-
orem 2.15|):

(1.3) ~ P v (\),

AeX4(B)

where in the left-hand side G x G acts on the left and on the right, and in the right-
hand side the first (resp. second) factor of G x G acts on the first (resp. second) tensor
factor. For a fixed A\ € X, (B), the embedding V(A\*) ® V(A) — C|[G] is defined as
follows. For u € V(\*) and v € V(A), u ® v maps to the function whose value at
a point g € G is (u,gv), where (-,-) is the natural pairing between V(A\*) and V(\).
Under isomorphism (1.3), the subspace C[G]EBXH C CJ|G] corresponds to the subspace
V)P o v = ) o VO c V() @ V()\), where vy is a highest-weight
vector in V(A*). Hence dim C[G]EE*XH = dim V()\)X and (A\*,x) € AT if and only if
v £o.
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Now assume that H is spherical in G. It is well known (see |[VinK, Theorem 1])
that the sphericity of H is equivalent to the property that the representation of G' on
T'(L(—x)) ~ C[G]" is multiplicity free for every x € X(H). Hence (A\*,x) € A" if and
only if dim C[G]Ei:;{) = dim V(/\*)ch) = 1. In case of G simply connected, the semigroup

A+ is free and is isomorphic to the semigroup of effective B-stable divisors in G/H, which
is freely generated by colors of G/H (see |[Avd(i, Theorem 1|). Under this isomorphism,
a color D of G/H corresponds to an indecomposable element (Ap,xp) of A* such that
D is the divisor of a (unique up to proportionality) regular section sp of L(—xp) that is
B-semi-invariant of weight A\p.

1.3. Relations between the extended weight semigroup and the principal com-
binatorial invariants. For every group K, let K* denote the subgroup of K defined to
be the common kernel of all characters of K. Then K/K¥ is a diagonalizable group and
there is a natural isomorphism X(K) ~ X(K/K*).

We recall that a subgroup Lg of a group L is said to be observable in L if the homoge-
neous space L/Lg is quasi-affine. The following lemma is well known, but for convenience
of the reader we provide a proof of it.

Lemma 1.3. For arbitrary groups K C L, the subgroup K* is observable in L.

Proof. By a theorem of Chevalley (see |[Hum, Theorem 11.2]) there exist a finite-
dimensional L-module V' and a non-zero vector v € V such that K is the stabilizer
of the line Cv. Let K, C K be the stabilizer of v. Evidently, K, D K* and K, is observ-
able in L. Let xi,...,xx be generators of the group X(K). For i = 1,...,k denote by
V; the one-dimensional K-module on which K acts by the character y;. In each of the
spaces V; fix a non-zero vector v;. Then K* is the stabilizer of the vector vy + ...+ v in
the K-module Vi @ ... ® V, which is also a K,-module. Hence K* is observable in K,.
As K, is observable in L, it follows that K* is observable in L (see [BHM, §5| or [Gro,
Corollary 2.3]). O

We now turn to the situation where G is a connected reductive group and H C G is an
arbitrary subgroup.

Lemma 1.4. The group H* is the common stabilizer in G of all H*-fized vectors in all
simple G-modules.

Proof. In view of Lemma [1.3 the group H* is observable in G, so by [Gro, Theorem 2.1]
there exist a finite-dimensional G-module V and a vector v € V such that H* is the
stabilizer of v in G. Hence H* is the common stabilizer in G of all H*-fixed points in V.
Since G is reductive, the G-module V is completely reducible, which implies that H* is
the common stabilizer in G of all H*-fixed points in all simple G-modules contained in V/,
whence the required result. Il

Corollary 1.5. The group H* is the common stabilizer in G of all elements in (C[G]h”j
with respect to the action of G on the right.

Proof. This follows from Lemma 1.4/ and isomorphism (1.3). O

We now proceed to establishing relations between the principal combinatorial invariants
and the extended weight semigroup of a spherical homogeneous space G/H.
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Let A = /A\Gm denote the sublattice in X(B) & X(H) generated by AT
Proposition 1.6. The map p+— (p,0) induces an isomorphism
A~ANXB)={\x)€A|x=0}

Proof. The inclusion A D AN X(B) is obvious. To prove the converse inclusion, let u € A
and regard the corresponding element f, € C(G/H) as a (B x H/H?*)-semi-invariant
rational function on G/H* of weight (u,0). Lemma 1.3 yields that G/H* is quasi-affine,
therefore C(G/H*) = Quot C[G/H*] and by |Tim, Lemma D.7| one has f, = Fy/F; for
some B-semi-invariant functions Fy, Fy € C[G/H?). As H/H* is diagonalizable, we may

also assume F}, I, to be H/H*-semi-invariant (of the same weight). Let (A1, x), (X2, X) €
X, (B)®X(H/H*) be the (Bx H/H*)-weights of F|, F,, respectively. Then Fy € C[G]Eflx)g)

and I, € C[G]Eixj), whence (A1, x), (A2, x) € At and (11,0) = (A1, x) — (A2, x)- O

By Proposition 1.6, for every u € A there is a unique expression of the form
(/1“7 0) - Z C(Du M)(/\Da XD)u
DeD
which immediately implies the following result.

Proposition 1.7. (3(D), u) = ¢(D, u) for every D € D.

Lemma 1.8. Suppose that « € 1l and D € D. Then D € D(a) if and only if w, €
sSupp Ap.

Proof. Recall that D is the divisor of zeros of a (unique up to proportionality) regular
section sp € ['(—xp), which is B-semi-invariant of weight Ap. Evidently, for every g € G,

gD is the divisor zeros of the section gsp. Hence D is P,-unstable if and only if sp is not
P,-semi-invariant. The latter is equivalent to w, € supp Ap. O

Lemma 1.8 and Proposition 1.1 imply the proposition below.

Proposition 1.9. Suppose that o € 1. Then:
(1) a € TI? if and only if there is no free generator (X, x) of AT such that w, € supp \;
(2) a € X if and only if there are exactly two different free generators (A1, x1), (A2, X2)

of A+ such that We € sSupp A1 and @y € supp As.
A combination of Propositions [1.6, 1.7, and [1.9 yields the following result.
Theorem 1.10. The pair (%(H),KJ“) uniquely determines A, T1?, D, and I1 N 3.
Taking into account Theorem [1.2/ we get the corollary below.
Corollary 1.}1. The spherical homogeneous space G/H is uniquely determined by the
triple (X(H), A", ).

Example 1.12. Table 1 in |Avdl| contains the free generators of semigroups A+ for
certain affine spherical homogeneous spaces G/H with non-simple G, which by Theo-
rem [1.10/ enables one to compute the invariants A, II?, D, and II N Y for these spaces.
In particular, for spherical homogeneous spaces (SL,, X SL,41)/(SL, xC*) with n > 2
and (Spin,, x Spin,, )/ Spin,, with n > 3 (see items 1, 2 in [Avdl, Table 1) it turns out
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that IT N3 =TI, in which case ¥ = IT and the entire quadruple (A, 1P, ¥, D) is uniquely
determined by the pair (X(H),A™T).

Example 1.13. A spherical homogeneous space G/H is said to be model if it is quasi-
affine and there is a G-module isomorphism

ClG/H ~ @ V(A
AeX4(B)

that is, for every A € X, (B) the G-module C[G/H] contains a simple G-submodule
isomorphic to V(A). An example of such a space is given by G/U. All model spherical
homogeneous spaces were classified by Luna in [Lun5|. For such a space G/H, one has
X(H) = 0 and AT = {(A\,0) | A € ¥,(B)}. Therefore, G/H is uniquely determined
by the set ¥, which may be any subset of a certain finite subset ¥%°¢ C A*. We note
that X5 £ & whenever G # SL,. This example shows that in general the set X is not
determined by the pair (X(H),A").

We now turn to the problem of expressing X(H) and A* in terms of the quadruple
(A, 117, %, D).

Proposition 1.14. The group X(H) is generated by the characters xp, D € D.

Proof. Let Hp C H be the common kernel of all the characters xp, D € D. Clearly,
H* C Hp. On the other hand, since AE/H is generated by all the elements (Ap, xp),

D € D, one has C[G]"* = C[G]"». Corollary 1.5l yields Hp C H*, whence Hp = H*. [

Let ZIP| be the free Abelian group consisting of integer linear combinations of elements
in D. Proposition 1.14/ yields a surjective homomorphism v: Z/Pl — X(H) given by
D s xp, hence X(H) ~ ZIPI/Kerv. Applying Proposition [1.6, we obtain the following
result.

Proposition 1.15. The kernel of v is generated by elements > ((D),u)D, where p
DeD
runs over a basis of A.

For every D € D, we regard the expression \p = > Ny p@a-
a€ell

Proposition 1.16 (|[Fos, §2.2, Theorem 2.2|, [Tim, Lemma 30.24]). The numbers nq p
are determined as follows:

0 if D¢ Dw);
(1.4) Nep =<1 if D€ D(a) and 2a ¢ ¥;
2 if DeD(a) and 2a € X.

Corollary 1.17 (|Cup, §2.1.2|, [Tim, Lemma 30.24]). Depending on the type of D, the
weight Ap is determined as follows:

> wa if D € D%
a€ll|DeD ()
(1.5)  Ap =1 2w, if D€ D and D € D(a);

S @, (L2 summands) if D€ DP.

a€ll|DeD(a)
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2. LUNA’S GENERAL CLASSIFICATION OF SPHERICAL HOMOGENEOUS SPACES

2.1. Simple embeddings of spherical homogeneous spaces. In this subsection we
collect some facts from the general theory of spherical embeddings expounded in [Knol].
Let G/H be a spherical homogeneous space. We retain all the notation introduced
in §/1.
An embedding X of G/H is said to be simple if it contains exactly one closed G-orbit.
Simple embeddings are classified by strictly convex colored cones.

Definition 2.1 (|[Knoll §3]|). A colored cone is a pair (C, A) with C € Q and A C D
having the following properties:

(CC1) C is a cone generated by s(.A) and finitely many elements of V;

(CC2) C°NV # 2.

A colored cone is said to be strictly convez if the following property holds:

(SCCQ) C is strictly convex and 0 ¢ s(A).

Definition 2.2. A colored cone (C,.A) is said to be a colored subspace if C is a vector
subspace of Q.

Let X be a simple embedding of G/H and let Y be its closed G-orbit. We regard all
B-stable prime divisors in X containing Y. These can be divided into two parts. The
first part, denoted by G(X), consists of divisors that are G-stable. Divisors in the second
part are closures of colors. Let A(X) denote the set of colors arising in this way.

Let C(X) be the cone in Q generated by »#(A(X)) and the images of G-invariant
valuations associated with elements in G(X).

Proposition 2.3 ([LunV, Proposition 8.10|, |[Knol, Theorem 3.1|). The map X —
(C(X), A(X)) is a biection between isomorphism classes of simple embeddings and strictly
convex colored cones.

2.2. Standard completions and wonderful G-varieties. Let H C GG be a spherical
subgroup.

Definition 2.4. An embedding X of G/H is said to be toroidal if no color contains a
G-orbit in its closure.

In other words, X is toroidal if every irreducible B-stable closed subvariety containing
a closed G-orbit is actually G-stable.

Definition 2.5. A complete simple toroidal embedding of G/H is said to be a standard
completion® of G/H.

Proposition 2.6. Suppose that X is a simple embedding of G/H. Then X is a standard
completion if and only if A(X) =@ and C(X) = V. In particular, a standard completion
is unique if exists.

Proof. 1t follows from the definition that X is toroidal if and only if A(X) = @ and
C(X) c V. By |Knol, Theorem 4.2], X is complete if and only if C(X) D V. O

The subgroup H is said to be sober if the group Ng(H)/H is finite.

IThe term “standard embedding” seems to be more common in this situation, however we avoid using
this term since it will appear later in this paper in another context.
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Corollary 2.7. A standard completion of G/H exists if and only if the group H is sober.

Proof. 1t follows from Propositions 2.3/ and 2.6/ that a standard completion exists if and
only if the cone V is strictly convex. By [BriP, 5.3, Corollaire| the latter is equivalent to
H being sober. O

Until the end of this subsection we assume that H is sober. Let X be the standard
completion of G/H. We put Xp = X\ |J D. By |Knol, Theorem 2.1] the set Xp is

DED
B-stable, affine, and open. We call it the canonical B-chart of X. We note that Xp is

nothing else but the union of B-orbits in X whose closure contains the closed G-orbit.
Let Cp denote the cone in A ®7 Q generated by the weights of B-semi-invariant regular
functions on Xg.

Proposition 2.8. Under the above assumptions, Cy, = {—0 | 0 € 3}.

Proof. By [Knol, Theorem 2.5(a)], Cp = C(X)" = V", hence the required result is implied
by the definition of spherical roots. O

A smooth standard completion of G/H is said to be wonderful. The subgroup H is
said to be wonderful if the homogeneous space G/H admits a wonderful completion.
Wonderful subgroups H C G are characterized by the following property.

Proposition 2.9. A spherical subgroup H C G is wonderful if and only if A = Z3.

This fact seems to be first observed by Knop in [Kno2, Introduction|. For a proof see
also [Tim, 30.1].

Definition 2.10. A smooth complete irreducible G-variety X is said to be wonderful of
rank r if the three conditions below are satisfied:

(1) X contains an open G-orbit whose complement is a union of prime G-stable divisors
Dl, ey Dr;

(2) Dy,...,D, are smooth and have a non-empty transversal intersection;

(3) for every two points z, 2" € X, Gx = Go’ ifand only if {i |z € D;} = {j | 2’ € D;}.

In 1996 Luna |Lun2| proved that every wonderful G-variety is spherical, which implies
the following result (for a proof see [Tim), Theorem 30.15]).

Theorem 2.11. A G-variety is wonderful if and only if it is a wonderful completion of
a spherical homogeneous space G/H.

Remark 2.12. The rank of a wonderful G-variety equals the number of spherical roots
of X.

It was noted in |[Lun2| that every wonderful G-variety X is projective and the connected
center of G acts trivially on X.

2.3. Spherical closure of a spherical subgroup. Let H C G be a spherical subgroup.
We regard the action of Ng(H) on G/H given by (n,gH) — gn™'H (n € Ng(H), g € G).
This action commutes with the action of G on G/H by left translation and therefore
induces an action of Ng(H) on the set of colors D. The kernel of this action, denoted
by H, is said to be the spherical closure of H. The subgroup H is said to be spherically
closed if H = H. We note that one always has H D> Ng(H)°.
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For every D € D, let (Ap, xp) be the corresponding indecomposable element of /A\g JH

and let vp be a non-zero clement of the one-dimensional space V(X5){" c V(A3).

Proposition 2.13. The spherical closure H of H is the common stabilizer in G of all
the lines (vp), where D runs over the set D.

In the proof of this proposition we shall need the following lemma.

Lemma 2.14. For a spherical subgroup H C G, the group H* is the common stabilizer
in G of all the vectors vp, where D runs over the set D.

Proof. As the group H/H* is diagonalizable, it follows from Lemma 1.4/ that H* is the

common stabilizer in G of vectors in all the spaces V()\*)&H), where (A, x) runs over the

whole semigroup /A\E/H In view of isomorphism (1.3), for every (A1, x1), (A2, X2) € KE/H

and every v; € VXY 0y e VT, 03 € V(AT + )\§)§fﬁx2, the common stabilizer of
v1 and vy stabilizes v5. Consequently, H* is the common stabilizer in G of all vectors vp,

D eD. U

Proof of Proposition 2.13. Let H be the common stabilizer in G of all the lines (vp),
D € D. Clearly, HY ¢ H C H. We first show that H = H N Ng(H). Indeed, the
information given in §/1.2 yields that an element n € Ng(H) fixes a color D if and only if
n fixes the line

ClG ™ ClGID) ~ T(L(—xp)).

(Ap,xD)
In view of isomorphism (1.3), the latter holds if and only if n fixes the line V(A\3){) =
(vp)-
To complete the proof, it suffices to show that H C Ng(H). By Lemma 2.14 the

action of the group H/H* on the vector space @ (vp) is faithful and diagonalizable,
DeD

so H /H* is commutative. The latter implies that for every h € H and h € H one
has hhh™' € hH* C H, therefore H C Ng(H). Now the required result follows from
part (a). O

Corollary 2.15. For every spherical subgroup H C G, the group H is spherically closed.

Theorem 2.16 (|[Kno2, §§7.6, 7.2|). Let H C G be a spherical subgroup. If H is spheri-
cally closed, then it is wonderful. In particular, H is wonderful whenever No(H) = H.

Remark 2.17. For every spherical subgroup H C G one has T cHCH.

2.4. Classification of spherical homogeneous spaces and wonderful G-varieties.
In this subsection we present Luna’s general classification of spherical homogeneous spaces
and wonderful G-varieties. The idea of this classification was proposed in the paper [Lun4]
and consists in performing two steps. At the first step, one classifies all spherical subgroups
H C G with a given spherical closure H. By Theorem 2.16/ the classification then reduces
to the classification of wonderful G-varieties, which is performed at the second step. As
was mentioned in Introduction, Luna himself accomplished the first step, proposed a
conjecture for the second step, and managed to prove this conjecture in the case where
G is a product of simple groups of type A. The whole history of the proof of Luna’s
conjecture can be found in Introduction.
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In the classification of wonderful G-varieties, an important role is played by wonderful
G-varieties of small rank. As follows from Definition 2.10, wonderful G-varieties of rank
zero are just complete homogeneous G-varieties, which are well-known to have the form
G/ P for some parabolic subgroup P C G. Rank-one wonderful varieties were classified
by Akhiezer [Akhl| and, by another method, Brion |Bri3|. Wonderful varieties of rank
two were classified by Wasserman [Was|.

Elements of X(7') appearing as spherical roots of rank-one wonderful G-varieties are
said to be the spherical roots of GG. Let X denote the set of all spherical roots of G.
It is a finite set easily obtained from the classification of rank-one wonderful G-varieties.
Spherical roots are non-negative linear combinations of simple roots of G with coefficients
in %Z. Spherical roots o that belong to the root lattice of G are listed in Table [1. An
element p € X(T)\ZA is a spherical root of G if and only if 0 = 2u appears in Table [1
and its number is marked by an asterisk. (In Table 1, the notation «; stands for the ith
simple root of the set Supp ¢ whenever the Dynkin diagram of Supp o is connected. If
Supp o is of type A; x Aj, then a, / are the two distinct roots in Suppo.)

A pair (II?, o) with [I? C II and o € ¥ is said to be compatible if there exists a rank-
one wonderful variety X such that IT5. = I1”? and Xy = {o}. Based on the classification of
rank-one wonderful G-varieties, the compatibility condition can be reformulated in purely
combinatorial terms. Namely, the pair (II?, o) is compatible if and only if

[1P? (o) Cc II? C 11%(0),
where IIP(0) = {a € IT | (0, @) = 0} and the set 1I??(0) C II is determined as follows:

Suppo NIP(0)\{a,}, if 0 =+ as+ ...+ «a, with support of type B,;
IIPP(0) = ¢ Suppo NI1P(0)\{a1}, if o has support of type C,;
Supp o N1IP(0), otherwise.

For the reader’s convenience, in the column “IT??(¢)” of Table [1l we listed all roots in the
set ITPP(0) for every spherical root o € ZA. If u € X\ZA, then I1PP(u) = I1PP(2u).
Let H C G be a spherical subgroup.

Proposition 2.18. (a) The quadruple (HZ/H, A/, Y6/, Dayn) amounts to the quadru-
ple (HPG/H,Ag/H,EG/H,IDé/H).

(b) If H is wonderful, then the quadruple (HZ/H,Ag/H,Ec/H,Dg/H) amounts to the
triple (HZ/H,Zg/H,Dg/H).

Proof. (a) In view of the disjoint union (1.1)) we need to show that the sets Dg/H and DbG/H
are uniquely determined by the other combinatorial invariants of G/H. Namely, it follows
from Proposition (1.1l that there is a surjective map II\(3g/x U HZ/H) — D?;l/H U DbG/H,
which sends a to the unique color in G//H moved by Pp,y. It turns out that two roots
a,a € II\(Zg i UILE, ;) are taken to the same color if and only if they are orthogonal
and a + o € Eg/u N 2X¢/u, see [Lun3, 2.7), or [Lund, 2.3|, or [Tim, 30.10].

Part (b) follows directly from part (a) and Proposition 2.9. 0

The set (H%/H,Ag/H,Eg/H,D%/H) is said to be the homogeneous spherical datum of
G/H. If H is wonderful, then the set (Hg/HvEG/Hng/H) is said to be the spherical
system of G/H. These two combinatorial objects satisfy certain axioms, which are listed



STRONGLY SOLVABLE SPHERICAL SUBGROUPS 17

TABLE 1. SPHERICAL ROOTS

No. Type of o 177 (o) Note
Supp o

1 A1 (05} %)

2 A 2011 [}

3| A x Ay a—+a %)

4 A, oar+ay+ ...+, o, 3, .o Oy | T 222
5* As a1 + 2an + as ar,

6 B. oar+oay+...+a, Qo (03, ..y Ol > 2
7 B, 2000 + 209 + ... + 2¢0, Qo,Qg,...,0. |1 >=2
8" Bg o1 + 2@2 + 30&3 aq, Qg

9 C, oy + 200 + 203 + ...+ 20,1 + as, 4, ..., |T>=>3
107 D, 200 + 200 + ...+ 200 9+ Qg+ | Qo,Q3,...,0, |T >4
11 F4 20(1 + 30&2 + 20&3 + oy Qg, (3, Oy

12 Gy a1 + o %]

13 GQ 20./1 + Q9 9

14 GQ 4061 + 2062 [6%)

in the definition below. These axioms trace back to Proposition 1.1 and to Wasserman’s
classification of rank-two wonderful varieties [Was|.

Definition 2.19 (|[Lun4, §2|). Suppose that A is a sublattice in X(7'), II? is a subset
of II, ¥ C ¥g N A is a linearly independent set consisting of indivisible elements in A,
and D is a finite set equipped with a map s: D* — AY. For every o € II N Y, put
D(a) ={D € D* | (»x(D), ) = 1}.

The quadruple (A, IT?, 33, D®) is said to be a homogeneous spherical datum if it satisfies
the following axioms:

(A1) (32(D),0) < 1for all D € D* and o € X, and the equality is attained if and only
ifo=aecllN¥ and D € D(a);

(A2) for every a € IIN Y, the set D(a) contains exactly two elements D and D, such
that (s(DF), ) + (3(D;), \) = (a¥, ) for all XA € A;

(A3) the set D* is the union of the sets D(«) over all a € 1IN %;

(1) if € TN 35, then (o, A) C 2Z and (o, 0) < 0 for all 0 € Z\{2a};
(3X2)if a,f€Il, L B, and a4+ § € LU 2%, then (a¥,\) = (3Y, ) for all XA € A,

(S) (@¥,\) =0 for all @ € TI” and A € A, and for every o0 € X the pair (II?,0) is
compatible.

The triple (ITP, X, D) is said to be a spherical system if it satisfies the above axioms
with A = Z3.

Remark 2.20. For every homogeneous spherical datum (I, A, X, D*), the triple
(IP, 3, D*) with s restricted to ZX is a spherical system.

Luna’s general classification is given by the following theorem.

Theorem 2.21. (a) The map X — (II%,Xx,D%) is a bijection between wonderful G-
varieties and spherical systems for G.

(b) The map G/H — (Agyu, HZ/H, X6/, D y) is a bijection between spherical homo-
geneous spaces and homogeneous spherical data for G.
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Example 2.22. Homogeneous wonderful G-varieties (that is, rank zero wonderful G-
varieties) are characterized by the condition > = @, which immediately implies D* = &.
It is well known that, for every subset II' C II, the stabilizer of the open B-orbit in
X = G/ Py coincides with Py, whence the spherical system of X is (II', @, @).

Let H C G be a spherical subgroup and let H be its spherical closure. For every
v € Xg/u, we introduce the spherical root 7 € X in the following way.

- {27 if v ¢ 11,2y € ¥, and the pair (Hg/H, 27) is compatible;

v otherwise.

We set ig/H ={7|v€XZemu}

Proposition 2.23 (|[Lun4, Lemma 7.1|). Let H C G be a spherical subgroup. The spher-

ical system of G /H is determined as follows:

(1) G 77 = Ueym

(2) Xg/m = Zoyn; B
(3) the natural map G/H — G/H induces a bijection Doz — Dgg, and the map
s 18 the restriction of the map »c/u to Ag .

2.5. Distinguished subsets of colors and quotient systems. Let X be a wonderful
variety with spherical system (II7, 3, D®).

For every subset D' C D let Cp denote the convex cone in Q generated by the set
»(D').

Definition 2.24. A subset D' C D is said to be distinguished if either of the two equiv-
alent conditions below holds:

e the set C3, meets —V;

e there exists an element 6 = Y nps(D) with np > 0 such that (4, o) > 0 for all
DeD!
oeX.

Let D' C D be a distinguished subset of colors. We put Y C X to be the set of
spherical roots o such that (§,0) = 0 for all § € C3, N (—=V). Let Vp be the largest face
of V such that C3, N (=V3,) # @. It is defined by the vanishing of all the elements in Xp.
Let Vp be the vector subspace of Q generated by the set (D) U Vp,. Clearly, (Vpr, D’)
is a colored subspace (see Definition 2.2) and Vpr NV = Vpr.

Given a distinguished subset of colors D' C D, one defines the quotient system
(17,3, D) /D' = (II? /D', X /D', D*/D'). To do that, we first set

AD' ={ e A|(v,\)=0forallveVp}=

{NeA]| (%(D),\) =0forall D€ D and (a',\) =0 for all « € X\Xp/} =
{N€ZYp | (3(D),\) =0 for all D € D'},
Then the elements of the quotient system are defined as follows:
o [I?/D'={aell| D) CD};
e /D' is the set of indecomposable elements of the semigroup Z*X N A/D’;

e D*/D' is the union of the sets D(«a) over all a € II N (X/D’), and the map /D’
is the restriction of s to D*/D’ followed by the projection @ — Homgz(A/D’, Q).
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Remark 2.25. Using the condition C3, N (=V5,) # &, one can show that the semigroup
ZTY¥ N A/D' can be expressed in the following way:

ZTENAND ={\€ Z*S | (3(D),\) =0 for all D € D'}.

Recently Bravi proved that the semigroup Z*X N A/D’ is always free, see |[Bra2, The-
orem 3.1|. So 3/D’ is the set of free generators of this semigroup.

A G-equivariant morphism X — X’ between two wonderful varieties is said to be
wonderful if it is dominant (and thereby surjective) and has connected fibers. We note
that, in case where X’ = G/P for a parabolic subgroup P C G, every G-equivariant
morphism X — G/P is wonderful.

Let ¢: X — X' be a wonderful morphism between two wonderful varieties. Let
D(¢) C Dx denote the set of colors that map dominantly (and thereby surjectively)
onto X'. Bravi’s result together with [Lun4, Proposition 3.3.2] imply the following result.

Proposition 2.26. (a) The map ¢ — D(¢) is a bijection between wonderful morphisms
¢: X — X' and distinguished subsets of D.

(b) For the wonderful morphism X — X' corresponding to a distinguished sub-
set D' C D, the spherical system of X' is given by (II%,Xx,D%)/D’. In particular,
(I%, X x,D%) /D' is a spherical system.

2.6. Characterization of strongly solvable wonderful subgroups. The goal of this
subsection is to obtain a characterization of strongly solvable wonderful subgroups in G
in terms of their spherical systems.

Definition 2.27. A spherical system is said to be strongly solvable if the corresponding
wonderful subgroup of G is strongly solvable.

Proposition 2.28 (see [Lunll, §1]). A spherical system ¥ = (IIP,%,D?) is strongly
solvable if and only if there exists a subset D' C D* having the following properties:
(1) the convex cone generated by the set VN (D' coincides with Q or, equivalently, the

set C3, meets —V° or, equivalently, there exists an element 6 = Y npsx(D) withnp > 0
DeD’

such that (0,0) >0 for all 0 € ¥;
(2) |D\D'| = 11|, where D is the set of colors associated with ..

Remark 2.29. Condition (1) guarantees that the set D’ is distinguished.

Proof of Proposition 2.28. Let H C G be a wonderful subgroup corresponding to .¥ and
let X be the wonderful embedding of G/H. Clearly, D is naturally identified with the set
of colors of X. Regard a wonderful morphism X — X’ and denote by D’ the corresponding
distinguished subset of colors. By the definition of quotient system, condition (1) holds
for D’ if and only if /D’ = &, which in turn is equivalent to X’ being homogeneous (see
Example 2.22), that is, X' = G/P for a parabolic subgroup P C G. Now assume X' to
be homogeneous so that condition (1) holds for D’. Then the colors in D\D’ are exactly
the preimages of colors in X’. So condition (2) holds for D’ if and only if X’ contains
exactly |II| colors. It is well known that the latter is equivalent to X’ = G/B. In this
case, for every « € Il one has |(D\D) N D(«)| = 1, whence D" C D* by Proposition [1.1.
Now let us prove the assertion. The subgroup H is strongly solvable if and only if
there exists a G-equivariant morphism G/H — G/B. By |[Knol, Theorem 4.1], such a
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morphism always extends to a G-equivariant morphism X — G/B, and we may apply
the above reasoning. U

3. LUNA’S 1993 APPROACH FOR CLASSIFYING
STRONGLY SOLVABLE WONDERFUL SUBGROUPS

3.1. Spherical and wonderful B~ -varieties. In this subsection we introduce the no-
tions of a spherical and wonderful B~ -variety and show the role played by them in the
classification of strongly solvable wonderful subgroups of G.

Definition 3.1. A B~ -variety Z is said to be spherical if T has an open orbit in Z.

Definition 3.2. A spherical B~ -variety Z is said to be wonderful if it possesses the
following properties:

(1) Z is smooth and complete;

(2) there is exactly one closed B~-orbit in Z (which is necessarily a fixed point z);

(3) every irreducible T-stable closed subvariety Z’ C Z containing z, is actually B~ -
stable.

Proposition 3.3. Let Z be a B~ -variety and regard the G-variety X = G xg- Z.
(a) Z is a spherical B~ -variety if and only if X is a spherical G-variety;
(b) Z is a wonderful B~ -variety if and only if X is a wonderful G-variety.

To prove this proposition, we need an additional consideration. Namely, we regard
the natural G-equivariant morphism ¢: X — G/B~. Note that Z is naturally identified
with the subset ¢~'(0) C X. Since the subset Bo = Uo C G/B™ is open, the subset
Xo = ¢"(Bo) C X is open and B-stable. Applying Proposition [A.2 to the B-equivariant
morphism Xy — Bo ~ B/T, we get X ~ B *p Z ~ U x Z, where the latter variety is
acted on by B by the formula

(3.1) tv- (u,2) = (tout ' tz) (te€T,v,uclUzeZ).

Proof of Proposition 3.3. (a) Evidently, X is spherical if and only if B has an open orbit
in Xy. Formula (3.1) shows that the latter holds if and only if 7" has an open orbit in Z.

(b) We shall use the interpretaion of wonderful G-varieties as wonderful completions of
spherical homogeneous spaces, see Theorem 2.11.

First suppose that X is a wonderful G-variety and let X¢ C X be the closed G-orbit.
Since X is smooth, Z is also smooth by Proposition [A.3. Clearly, Z is complete. Next,
for every G-orbit O C X, the intersection O N Z is a B~ -orbit, and O is closed if and
only if O N Z is closed. This proves that XN Z is a unique closed B~-orbit in Z, which
is necessarily a fixed point zy. Let Z’ C Z be an irreducible T-stable closed subvariety
containing zy. Then BZ' is a closed subvariety in X, containing X°N X,. Let X’ be the
closure in X of BZ'. Clearly, X’ is an irreducible B-stable closed subvariety containing X°.
As X is toroidal, we obtain that X’ is G-stable, whence Z' = X' N Z is B~ -stable, so that
Z is a wonderful B~ -variety.

Now suppose that Z is a wonderful B~ -variety. Then X is smooth and complete by
Propositions 'A.3l and [A.4. If z; is the (unique) point in Z fixed by B~, then X¢ = Gz is
a unique closed G-orbit in X. Let X’ C X be an irreducible B-stable closed subvariety
containing X¢. Then Z' = X'NZ is an irreducible T-stable closed subvariety containing z,
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whence Z’ is B~ -stable. The latter implies that X' = GZ’. Thus X is a wonderful G-
variety. U

Theorem 3.4. There is a bijection between wonderful B~ -varieties and conjugacy classes
in B~ of strongly solvable wonderful subgroups of G contained in B~ .

Proof. Let Z be a wonderful B~ -variety and let H C B~ be the stabilizer of a point of the
open B~-orbit in Z. Proposition 3.3(b) yields that X = G'*p- Z is a wonderful G-variety,
and its open G-orbit is isomorphic to G/H, so that H is wonderful in G.

Conversely, let H C G be a wonderful subgroup contained in B~ and let X be the
wonderful embedding of the homogeneous space G/H. By [Knol, Theorem 4.1| the nat-
ural morphism G/H — G/B~ extends to a G-equivariant morphism ¢: X — G/B~.
Therefore X = G *p- Z, where Z = ¢~ '(0) (see Proposition [A.2). Proposition [3.3(b)
implies that Z is a wonderful B~ -variety. U

3.2. Automorphism groups of smooth complete toric varieties. In this subsec-
tion we present the description of the automorphism group of a smooth complete toric
variety, which goes back to Demazure [Dem]| (see also [Odal §3.4]). In our exposition we
follow a more modern viewpoint on this description, which is due to Cox [Cox|. Naturally,
from Cox’s paper we extract only results that are necessary for our subsequent consider-
ations. For instance, we shall only need a description of the connected component of the
automorphism group of a smooth complete toric variety.
In this paper, we adopt the following definition of a toric variety.

Definition 3.5. A T-variety Z is said to be toric if it possesses an open T-orbit.

Suppose Z to be a toric T-variety and let Ty denote the quotient of T by the kernel of its
action on Z. Let M be the lattice of weights of T-semi-invariant rational functions on 2
and put N = Homg (M, Z). Clearly, M ~ X(T5). Put also Np = N ®z Q ~ Homgz(M, Q).
It is well known that Z determines a strictly convex fan F in Ng and the map Z — (M, F)
is a bijection between toric T-varieties and all pairs (M, F) with M a sublattice of X(T")
and F a strictly convex fan in Homy (M, Q).

Let Z be a toric variety and let F be the corresponding fan in Ng. Then:

(1) Z is complete if and only if F is complete;

(2) Z is smooth if and only if F is regular.

Let Z be a smooth complete toric variety and let F be the corresponding fan in Ng.
We recall that the set F! is in bijection with the set of T-stable prime divisors in Z. For
every o € F', let D, denote the corresponding T-stable prime divisor in Z.

To each o € F' we assign a variable z,. Let CR = CR(Z) denote the polynomial ring
in variables x,, where o runs over the set F'. Put f = |F|.

Definition 3.6. The ring CR is said to be the Cox ring of the toric variety Z.

The ring CR is naturally acted on by a torus T ~ (C*)/. For every g € F!, let x, be
the character by which T acts on z,. Clearly, the map x, — D, identifies X(T) with the
group of T-stable Weil divisors in Z. We denote this subgroup by Z/.

Every monomial [ z,° determines a T-stable Weil divisor D = Y a,D,. We shall
0EF1 0EF!

also write this monomial as z”. The ring CR has a natural grading by the divisor class

group Cl Z. By definition, the degree of a monomial z? is [D] € C1 Z. For every ¢ € Cl Z,
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let CR, denote the linear span of all monomials #” with [D] = ¢, so that CR = @ CR..
ceClZz
We note that for complete Z each of the subspaces CR, is finite-dimensional (see |Cox,

Corollary 1.2(i)]).

It is known that the group ClZ is finitely generated, whence it may be identified
with the character group of a uniquely determined quasitorus S. Fix an isomorphism
ClZ — X(S), ¢ — Xc.. The group S acts naturally on CR preserving the grading: each
component CR. is multiplied by the character x..

Set Z = Spec CR.

For every cone C € F, we define the monomial r(C) = [] =z, and let I be the ideal

0€FI\C
of CR generated by all the monomials r(C), C € F. Let E be the subvariety of 7 defined
by the vanishing of all polynomials in I. As I C CR is S-stable, £ C Z is S-stable as
well. Besides, by [Cox, Lemma 1.4| the set E has codimension at least two in Z.

Theorem 3.7 (see [Cox, Theorem 2.1(iii)|). The variety Z is naturally isomorphic to the
geometric quotient® of Z\E by the action of S.

We note that for every o € F' the preimage of the divisor D, under the morphism
Z\E — Z is defined by the equation z, = 0.
For every a € M, let f, € C(Z) be a T-semi-invariant rational function of weight a,
which is unique up to proportionality. Its Weil divisor is given by div f, = Y (0, a)D,.
oeF!
By |[Ful, §3.4], the map M — Z/ defined by by a + div f, is included into the following
exact sequence:

0—-M-—7Z-ClZ—0
The identifications M ~ X(Tp), Z/ ~ X(T), and C1 Z ~ X(S) yield the exact sequence
0 — X(Tp) — X(T) — X(S) — 0,
where the map X(Tp) — X(T) is defined by a — > (0, a)x,. In particular, T, ~ T/S.

0€F1!

We now turn to the problem of determining the automorphism group of 7.

Let Auty(CR) be the group of graded C-algebra automorphisms of CR. By |Cox,
Proposition 4.3| the group Aut,(CR) is a connected affine algebraic group. Clearly,
T C Auty(CR) and the subgroup S is identified with a central subgroup of Aut,(CR).
Therefore every element of Aut,(CR), regarded as an automorphism of Z , preserves S-
orbits and by Theorem 3.7 descends to an automorphism of Z, so that there is a homo-
morphism

d: Auty(CR) — Aut(2).

Hence we have the following sequence of homomorphisms:
(3.2) 1 — S — Aut,(CR) % Aut(2)° — 1.

Definition 3.8 (see [Dem, 4.5]). An element ov € M is said to be a root of the fan F if
there exists an element o(a) € F* with (p(a),a) =1 and {p,a) < 0 for o € F'\{o(a)}.

2See the definition of a geometric quotient, for instance, in [PopV, 4.2].
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We note that the element o(«) is unique if exists.

Let R(F) denote the set of roots of the fan F. Since F is complete, it can be easily
shown that the set R(F) is finite.

For a root @ € R(F), let y_, be the derivation of the ring CR defined on the generators
as follows:

Y-alZp() = H xg%g’a); Y-a(r,) =0 for o€ F\{o(a)}.
eeF "\ {e(e)}
For every ¢ € C, we put Y_,(¢) = exp(Cy_o) and introduce the one-parameter subgroup
Y o={Y_o({)| ¢ € C} C Aut(CR).
The action of Y_, on CR is described as follows:
(3.3)
Y_o(Q)]%p(a) = To(a) + ¢ H Ig<g’0‘>; [Y_o(O))z, = 2, for o€ F'\{o(a)}.
eeF \{e(a)}

Clearly, y_,, preserves the grading, and so Y_, C Aut,(CR). Moreover, Y_, maps isomor-
phically onto d(Y_,).
The minus sign in the notation y_, and Y_, is justified by the following proposition.

Proposition 3.9. The subgroup d(Y_,) C Aut(Z) is normalized by T with weight —cv.
Proof. Let t € T and ( € C. We have

(3.4) [t-Y_o(C)- t_l]xg(a) =t Y—&(C)]X@(a) (t)_lxg(a) =

Xo@) () Tota) + Xo () T'C ] w0V =
071\ {o(a)}

o) ¢ [ e T a0

oeF! ocF\{o(a)}

We have obtained the equality ¢-Y_,(¢) -t~ = Y_,(x(¢)¢) in the group Aut,(CR), where

X = — >, (0,a)x,. Since x is nothing else but the image of —a in X(T), the group
0€EF1!

d(Y_,) is normalized by d(T) ~ T, with weight —a. O

Theorem 3.10 (see |Cox, Corollary 4.7]). (a) The group Aut(Z) is an affine algebraic
group, and the group Ty = d(T) is a mazimal torus of Aut(Z).

(b) The group Aut(Z)° is generated by Ty and the groups d(Y_g) for all « € R(F).

(c) Sequence (3.2) is exact; in particular, Aut(Z)? ~ Aut,(CR)/S.

In the remaining part of this subsection we state and prove several lemmas that will be
needed in the following subsections.

Lemma 3.11. Let a, 3 € R(F).

(a) if (o(B), ) <0 and {p(a), ) <0, then a+ 3 =0;

(b) if (0(B), @) = 0 and (o(ar), 3) = —p < 0, then a+ B € R(F), o(a+ B) = o(B), and
(o(@),a+B) = —p+1.
Proof. (a) The hypothesis implies that (g, + 3) < 0 for all o € F'. Since the fan F is

complete, it follows that o + 3 = 0.
(b) Obvious. O



24 ROMAN AVDEEV

The following proposition is obtained by a direct check.

Lemma 3.12. Suppose that o, B € R(F), (0(B),a) =0, and (p(a), ) = —p < 0.

(a) [YasYs] = —DYats for p >0 and [ya, ys] = 0 for p = 0;
(b) (adya)%ys # 0 for 0 < ¢ < p and (ady,)?ys =0 for ¢ = p+ 1.

)
Proof. Part (a) is obtained by a direct computation, part (b) is a consequence of (a) and
Lemma 3.11(b). O

Fix a root @ € R(F) and an element o € F*.
Lemma 3.13. The divisor D, is d(Y_,)-unstable if and only if o = o(a).

Proof. The divisor D, is d(Y_,)-unstable if and only if the element z, € CR is not Y_,-
invariant. By (3.3) the latter holds if and only if o = o(«). d

Fix a root a € R(F) and a maximal cone C € F. Let z € Z be the T-fixed point
corresponding to the cone C.

Lemma 3.14. The point z is Y_q-unstable if and only if o(a) € C* and (o, ) = 0 for all

0 € C'\{e(a)}.

Proof. Since {z} = () D,, the preimage of z under the morphism Z\ E — Z is the set of
0EF!
zeros of the ideal I, C CR generated by all variables x, with ¢ € F'. So z is Y_,-unstable
if and only if I, is Y_,-unstable. By Lemma 3.13, the condition g(c) € C' is necessary
for z to be Y_,-stable. Under this condition, from (3.3) we see that I, is Y_,-unstable if
and only if  [] $£<g’a> ¢ I,. Evidently, the latter holds if and only if (g, a) = 0 for
e€F \{e()}
all o € C"\{o(a)} = 0. O

3.3. Smooth complete spherical B~ -varieties. In this subsection we apply the de-
scription of connected automorphism groups of smooth complete spherical varieties, pre-
sented in the previous section, to the problem of classifying smooth complete spherical
B~ -varieties.

Smooth complete spherical B~ -varieties are classified by combinatorial objects called
Enriques’ B~-systems.

Definition 3.15 (see [Lunl, §2|). An Enriques’ B~ -system is a triple (X, F, p) consisting
of the following elements:

(1) X is a sublattice of X(7);

(2) F is a regular complete strictly convex fan in @ = Homy(X, Q);

(3) p: T — F*U {0} is a map satisfying the following conditions:

(a )1fp( ) # 0, then a € X, (p(a),a) =1, and (o, @) < 0 for every o € F'\{p(a)};

(b) if (p(a), B) <0, then {p(f), ) = 0;
(©) (p(a), ) > {a". ) for every o, 3 € Il with o # 8 and p(5) # 0.

Let Z be a smooth complete spherical B~ -variety and let #: B~ — Aut Z be the natural
homomorphism. By definition of a spherical B~ -variety, Z is a toric T-variety. In this
subsection we shall use all the notation associated with Z in the previous subsection.
Let Xz be the weight lattice of T-semi-invariant rational functions on Z. Note that
X7 is naturally identified with the character lattice of the torus 6(T). We put Q7 =



STRONGLY SOLVABLE SPHERICAL SUBGROUPS 25

Homgz (X7, Q). The structure of a toric T-variety on Z determines a regular complete fan
Fzin QQz. For every a € I1, let U_,, denote the corresponding one-dimensional unipotent
subgroup of U~. If U_, € Ker6, then we put pz(«) = 0. Otherwise the group 0(U_,)
is a unipotent subgroup of AutZ normalized by 6(7). Theorem 3.10(b) implies that
a € R(Fz) and 0(U_,) coincides with Y_,. We take pz(a) € Q7 to be the element p(«)
associated with « as a root of the fan F, (see Definition 3.8).

Proposition 3.16. For every smooth complete spherical B-variety Z, the triple
(X7,Fz,pz) is an Enriques’ B~ -system. Conversely, for every Enriques’ B~ -system
(X, F,p), up to an isomorphism, there exists a unique smooth complete spherical B~ -
variety Z with Xz =X, Fz =F, and pz = p.

Proof. Let Z be a smooth complete spherical B~-variety. To show that (X, Fz, pz) is
an Enriques’ B~ -system, it remains to establish properties (a), (b), (c¢) of Definition 3.15
for the map pz. Property (a) holds by construction and Definition 3.8. Next, suppose
that (pz(«),5) < 0. Then pz(a) # pz(B), whence (pz(5),a) < 0. By Lemma 3.11(a)
the inequality (pz(5),«) < 0 would imply a + 8 = 0, which is not the case. Hence
(pz(B),a) = 0 and we have (b). At last, let us show (c). Let a, 8 € II be such that o # (3
and pz(03) # 0. Since (", 3) < 0, the required inequality holds automatically whenever
(pz(c),B) = 0. Therefore in what follows we assume (pz(a),3) < 0 (in particular,
pz(a) # 0). Then we have (pz(/3), ) = 0 by (b). Clearly, the homomorphism

0l,- U — AutZ
lifts to a unique homomorphism
0: U — Aut,(CR(Z2)),

and one has 5(U_a) =Y_, and 5(U_5) = Y_ 3. Regard the corresponding Lie algebra
homomorphism N
df: u” — DerCR.
It sends e_, to a multiple of y_, and e_g to a multiple of y_g. One of the Serre relations
(see |Ser, Chapter VI, Theorem 6(c)| says that
(ade_o) =@ Pe_y =0,

hence (ady_,)' =@ Py_s = 0. By Lemma 3.12(b) we have 1 — (a¥,3) > 1 — (p(a), 8),
which implies (p(«), 3) = (o, 5).

Conversely, let (X, F,p) be an Enriques’ B~ -system and let Z be the toric T-variety
associated with the pair (X, F). We set

(3.5) o = {a € IT| p(e) # 0}.

Property (a) of the map p implies ITy C X and IIy C R(F). We recall (see |Ser, Chapter VI,
Theorem 7(i)]) that the Lie algebra u is the quotient of the free Lie algebra u~ generated
by the set {e_, | @ € II} by the ideal J generated by the set

{(ade_o)'" @ Pe_g|a, 8 €, a # B} (Serre relations).
Regard the homomorphism ¢: 4 — Der CR(Z) given by

L(@_ ) _ Y_a if a € Ho,
“ 0 ifa¢ .
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Property (¢) combined with Lemma 3.12(b) implies that the ideal J is contained in Ker,
which gives rise to a homomorphism u~ — Der CR(Z). By abuse of notation, we denote
this homomorphism by the same letter ¢. Let u; denote the subalgebra in u™ generated
by the set {e_, | @ € IIp} and let u denote the subspace in u~ generated by the set
{e_y | v €At e_, ¢ uy}. Clearly, u” = uy ®u,, u is an ideal of u™, and u; C Ker.
Let Uy (resp. U,") be the subgroup of U~ whose Lie algebra is u; (resp. u. ). Since
[Ty C X, one has a natural action of T on U; given by ¢ - exp(Ce_,) = exp(y(t)~'Ce_,),
where t € T, v € AT N (Ily), ¢ € C. The latter enables us to consider the group A =
T AUy . The homomorphism ¢ induces a homomorphism U~ — Aut,(CR(Z)) — Aut Z,
hence one has an action of U~ on Z whose kernel contains U,”. Moreover, the actions
on Z of T and Uy naturally extend to an action of A. Regard the natural epimorphism
U~ =U, AU- — Uy . It extends to a homomorphism B~ =T AU~ — T KU, = A, and
the chain B~ — A — Aut Z provides a structure of a B~ -variety on Z. The equalities
Xz =X, F; =F, and pz = p hold by construction. O

Let (X,F,p) be an Enriques’ B~-system and let Z be the corresponding smooth com-
plete spherical B-variety.

Lemma 3.17. Let D C Z be a T-stable prime divisor and let o € F* be the corresponding
element. The divisor D is B~ -stable if and only if (0, a) < 0 for all o € I with p(a) # 0.

Proof. The divisor D is B~ -stable if and only if D is U_,-stable for all a € II with
p(a) # 0. Since (U_,) = d(Y_,), the assertion follows from Lemma 3.13. d

Lemma 3.18. Let z € Z be a T-fixed point and let C € F be the corresponding maximal
cone. The point z s B~ -unstable if and only if there exists a root o € II such that

p(a) € Ct and (p,a) =0 for all o € C\{p(a)}.

Proof. Clearly, z is B~ -unstable if and only if there exists a root a € II such that z is
U_,-unstable. Since 0(U_,) = d(Y_,) for all a € II with p(«) # 0, the assertion follows
from Lemma 3.14. O

3.4. Classification of wonderful B~ -varieties. In this subsection we obtain a classifi-
cation of wonderful B~ -varieties based on the classification of smooth complete spherical
varieties obtained in the previous subsection.

Wonderful B~-varieties are classified by admissible maps.

Definition 3.19 (see |[Lunl, §2|). A map n: II x II — {-3,-2,—1,0,1} is said to be
admissible if it satisfies the following five conditions:

(AM1) n(a, «) € {0,1} for every « € II;

(AM2) if n(a, ) = 0, then n(«, B) = (G, o) = 0 for every 5 € II;
(AM3) if n(a, B) = 1, then n(a,y) = n(B, ) for every v € II;
(AM4) if n(a, f) < 0, then n(5, o) = 0;
(AM5) n(a, B) = (¥, B) for every a, § € II with a # [.

Let n be an admissible map. Our immediate goal is to associate an Enriques’ B~-system
with 7. First, we set I, = {o € IT | n(c, @) = 1} and let X,, denote the sublattice in X(T")
generated by II,. Second, we set @, = Homy(X,, Q) and let {a | a € II,;} be the basis of
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@, dual to II,. We introduce the map p,: Il — @Q,, by the formula

(3.6) () = > nla, )3

~€Elly
Next, let ﬁn denote the collection of subsets II' C 1I,, such that the restriction of p, to II'
is injective. For every II' € Il,, let Crrv be the convex cone generated by the set

SIT) =A{py(a) |a e T} U{-a | a € I[,\IT'}.
At last, let F,, denote the set formed by all the cones Cry (II' € ﬁn) and their faces.

Lemma 3.20. Let I' € ﬁn and let o, 8 € 11" be different roots. The following properties
hold:

(a) (o, B) < 0;

(b) if (@, 3) = 0, then n(e, 3) = n(B, ) = 0.

Proof. To prove part (a), we note that by (AM3) the condition n(«, 3) = 1 would imply

pn(a) = p,(B) contradicting the definition of ﬁn- Part (b) is a direct consequence of (a)
and (AMS5). O

Lemma 3.21. Let II' € II,,.

(a) The set S(IT') is linearly independent. In particular, S(IU') = C}, and the cone Cry
18 simplicial.

(b) The cone Cry is regular.

Proof. To prove (a) it suffices to show that the set

D nla, )y a e}

~yeIl’

is linearly independent. (Note that the sum is taken over the set II" instead of II,.) Let
o/ € II' be such that the corresponding node of the Dynkin diagram of II’ is incident to
at most one edge. By Lemma [3.20(b) this means that there is at most one root ' € II'
with n(a/,v’) # 0 (which implies n(a/,+") < 0 by Lemma [3.20(a)). Applying (AM4) we
obtain that either n(a/,v) = 0 for all y € II"\{’'} or n(v,a’) =0 for all v € II'\{/}. In
any case, the problem reduces to the linear independence of the set

{ D nle)ylee\{d}}
VeI \{a'}
The proof of (a) is completed by induction. From the above argument it also follows

that the determinant of the transformation matrix from II" to S(II') equals +1, which
implies (b). O

Lemma 3.22. For every subset II' C 11, there is a root 3 € II' such that n(3,~v) > 0 for
all v e 1T,

Proof. Assume the converse. Then there exists an infinite sequence (31, 52, 33, . .. of roots
in II" with n(f;, Bix1) < 0 for all i. Applying (AM5) we obtain (3;, Bi11) < 0. Next,
condition (AM4) implies 1(B;+1, ;) = 0, whence ;19 # 0; for all i. Consequently, the
Dynkin diagram of I’ contains a cycle, a contradiction. U
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According to Lemma 3.22, we choose successively subsets 1I,...,II; C II,, where
s = s(n) = |py(IL,)], in the following way. At first, we take a root ; € II, such that
n(Br1,y) = 0 for all v € II,, and set II; = II;(n) = {y € II,, | n(B,7) = 1}. Next, assume
that i € {2,...,s} and the sets ITy, ..., II;_; are chosen. We put II; = I1,\(IT, U. . .UTL;_,)
and choose a root 3; € II; such that n(3;,7) = 0 for all v € II;. We set

I; = I;(n) = {y € IL; | (B, 7) = 1}.
By (AM3), for every ¢ = 1,..., s the set p,(II;) contains exactly one element; we denote
it by pi = pi(n).

Remark 3.23. For every I’ € ﬁn and every ¢ = 1,... s, there is exactly one element o; in
the set {—a | a € II;} U {p;} that is not contained in S(II"). Moreover, all possible sets
(01,...,0,) are obtained in this way, so that

| = (M| + 1) - .. (L[ + 1).
For every i = 1,...,s, let ); be the subspace of (), generated by the set

(3| Beu... UIL}.

Then by construction one has p; € Q; for every i =1,...s.
For a fixed i € {1,...,s}, let ¢ — ¢° be the natural epimorphism from @Q; to Q;/Q;_1.
Then pf = — > 4°. A key observation is that the cones generated by all proper subsets
~vell;

of the set {¥° | v € IL} U{pf} form a complete fan in Q;/Q;—1; we denote this fan by F;.

Lemma 3.24. The set F, is a complete regular fan in X,, and
Fy=pp(IL) U{=c | o € 11,)}.
Proof. The second assertion becomes obvious as soon as the first one has been proved.

We first show that F,, is a fan. To this end, it suffices to check that the intersection of

any two cones in F, is a face of each. Let C',C” € F,. Choose subsets II', 11" € ﬁn such
that C’ (resp. C”) is a face of the cone Crp (resp. Criv). For every o € C'NC”, one has

T = Z aapy(a) — Z bt = Z kapn(a) — Z locv,

a€ell’ o€l \IT a€ell” o€l \11”

where a,,b, € QF. We note that a, = 0 for all o € II' with p,(«) ¢ C" and b, = 0 for all
a € IL\II" with —& ¢ C'; similarly, k, = 0 for all a € I1” with p,(«) ¢ C” and [, = 0 for
all o € IL,\I1” with —a& ¢ C".

We rewrite the two expressions for = in a slightly different form as follows:

(3.7) T = i:aipi — Z bo&t = i kip; — Z 0.
i=1 1

OéEHn 1= OéEHn
Here the coefficients a;, ba, k;, [, € QT are determined by the following rule:

e if the set II; N IT" is empty, then a; = 0; otherwise this set contains exactly one
root v, in which situation a; = a,;

e the coefficients b, are already defined for o € II,\II, all the others are zero;

e if the set IT; N I1” is empty, then k; = 0; otherwise this set contains exactly one
root 7y, in which situation k; = k.;
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e the coefficients [, are already defined for v € II,\I1”, all the others are zero.
Regard the images in Qs/Qs_1 of all parts of equality (3.7):
% = asp] — Z bo0° = ksp — Z [,0°.
a€lly a€lls

Clearly, for each of the cones C’,C” its image in QQ;/Qs_1 is a cone of the fan Fy, and so
the intersection of these images is again a cone in F,. This immediately implies a; = k;
and b, = [, for all a € II,. Therefore,

s—1 s—1
Doapi— Y bad=) kipi— Yl
i=1 €Tl \IT; i=1 €Tl \IT;

Applying induction, we obtain a; = k; for all = 1,...,s and b, = [, for all a« € II,. In
particular, a; = 0 for alli = 1,...,s with p; ¢ C” and b, = 0 for all « € II,, with —a ¢ C”;
similarly, k; = 0 for all i = 1,...,s with p; ¢ C' and [, = 0 for all a € II,, with —& ¢ C'.
Hence C' N C” is a common face of C',C”.

Now let us show that the fan F, is complete. Let x € (), be an arbitrary element.
Clearly, the element x° € Q;/Qs_1 turns out to lie in a cone of the fan F,, and so there

is a unique expression z° = azpS — > b,&° with as, b, € QT and at least one of the
a€cllg
coefficients as, b, being zero. Next, the element z — asps + Y. by lies in the space Q1

a€cllg
s

and by induction we get an expression z = > a;p; — Y. bo, where a;,b, € QT and

i=1 a€lly,
for every i = 1,...,s at least one of the coefficients a;,b, (a € II;) is zero. For each
1 = 1,...,s, we regard the coefficient a;. If it is non-zero, then we choose any root
a € II; with b, = 0 and set II;(x) = {a}. Otherwise we set II;(z) = @. At last, we set
[I(x) =1;(x) U... UTls(z). By construction, II(z) € INL7 and z € Cry(y). O

Proposition 3.25 (see |Lunl, §2|). The triple (X,,F,, p,) is an Enriques’ B~ -system.

Proof. By construction and Lemma [3.24, it suffices to check conditions (a), (b), (¢) of
Definition [3.15. But these follow directly from properties (AM1)—(AMSb5) since for every

a, 8 € Il one has (p,(a), 5) = n(a, B) by (3.6). O

For an admissible map 7, we denote by Z, the smooth complete spherical B-variety
corresponding to the Enriques’ B~ -system (X,,, F,,, py)-

Given a wonderful B-variety Z, we let (X7, Fz, pz) be the corresponding Enriques’
B~ -system and introduce the map nz: II x I — 7Z as follows:

(3.8) n(a 3) = {(pz(a),@ if § € Xz;

0 otherwise.

Proposition 3.26 ([Lunll, Proposition 1|). If Z is a wonderful B~ -variety, then nz is
an admissible map and Z = Z,,. Conversely, if n: Il x II — {-3,—-2,—1,0,1} is an
admissible map, then Z, is a wonderful B~ -variety with nz, = 7.

Proof. Suppose that Z is a wonderful B~ -variety. The properties of an Enriques’ B~-
system imply that 1 = 7z satisfies all the axioms of an admissible map except for, possibly,
the second part of (AM2): if n(«, ) = 0, then n(3, ) = 0 for every 3 € II. Nevertheless,
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we introduce II, and X, as if  were admissible. Note that II,, = {a € II | pz(a) # 0}.
Regard the cone

&:{wEQZ\(x,a)éOforallaEHn}CQz.

By property (2) of Definition [3.2 there is a unique B~ -fixed point zy in Z. Let Cy C Q7
be the maximal cone in F, corresponding to zo. By property (3) of Definition [3.2) every
T-stable prime divisor in Z containing z, is B-stable. Applying Lemma [3.17/ we obtain
(p,a) < 0 for all p € Cj and « € II,, which implies Cy C Cyp. On the other hand, let
C # Cy be an arbitrary maximal cone of the fan F; and let z € Z be the corresponding
T-stable point. Since Z has only one B-stable point, z is B-unstable. By Lemma 3.18
the latter implies that there is a root a € II, with (c,a) > 0 for all ¢ € C. Therefore

CNC§ = 9. Since the fan F; is complete, we obtain C5 C Cy, hence Cy = Cy. As the
cone Cy is simplicial, we have rk X, = |II,| and Cj = {& | a € II,,}. The regularity of Cy
implies that the lattice X7 is generated by the set II,, whence Xz = X,,. Consequently,
every a € IT with n(c, @) = 0 does not lie in X, therefore n(3,a) = 0 for every § € II
by (3.8). Thus the remaining part of condition (AM2) for 7 is proved.

Now let us prove that Z = Z,. We have already shown that X; = X,,. Next, for every
a € II,, we have

pz(a) =Y (pz(e), M3 = n(e, )7 = py(e),

€y el

hence pz = p, and F} D f;. On the other hand, if p € F}\C}, then the corresponding
T-stable prime divisor in Z does not contain zy, and so it is not B~ -stable and is moved
by the subgroup U_, for some a € II;. In view of Lemma 3.13 the latter means that
p = pz(a) = py(a) € F,, hence Fj = F). At last, let us show that 7, = F,. As in the
paragraph following Lemma [3.22] we introduce the number s = s(n) and put II; = I1;(n),
pi = pi(n) for every i = 1,...,s. Now let C be a maximal cone of the fan F and assume
that C # Cry for every II' € ﬁn- Taking into account Remark [3.23, we conclude that there
isi € {1,...,s} such that C! D {—& | a € TI;} U{p;}. Since {p;, ) = 1 for all « € TI; and

(pi, ) <0 for all a ¢ I1;, the element p; — Y ¢ is contained in Cy N C, the latter being a
a€cll;

common face of Cy and C. It follows that p; € Cj, which is not the case. Hence F, = F-
Finally, let 7 be an admissible map and let Z, be the corresponding smooth complete
spherical B~ -variety. Let 2y € Z,, be the point corresponding to the cone

(3.9) Co={ceQ,]{c,a) <0 forall aell}.

Since C5 N p,(I1,)) = @, the point zp is B~ -fixed (see Lemma 3.18)), and every T-stable
irreducible closed subvariety of Z containing z, is B~ -stable (see Lemma [3.17). Let
2 € Z, be any T-fixed point different from 2, and let C € F, be the corresponding
maximal cone. As C # Cg, there exists a root « € II,, such that (p,a) > 0 for all p € C'.
The latter implies that —& ¢ C', hence p,(a) € C' (see Remark 3.23) and (p,a) = 0 for
all p € C"\{p,(«)}. By Lemma 3.18 the point z is B -unstable. Thus Z, is a wonderful
B-variety and 7z, = 7. O

3.5. Relations to Luna’s general classification. For every admissible map 7, we
choose H, C B~ to be the stabilizer of a point of the open B~-orbit in the wonder-
ful B~-variety Z,. Theorem 3.4 and Proposition 13.26 imply the following result.
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Theorem 3.27. The map n — H, wnduces a bijection between admissible maps and
conjugacy classes in B~ of strongly solvable wonderful subgroups of G' contained in B~ .

Let n be an admissible map and let Z, be the corresponding wonderful B~-variety.
Proposition 3.3(b) yields that X, = G *5- Z, is a wonderful G-variety whose open G-
orbit is isomorphic to G/H,. The main goal of this subsection is to compute the spherical
system of X,.

Let ¢: X,, — G/B~ be the natural G-equivariant morphism. We identify Z, with
¢ '(0). Let zy denote the unique B~ -fixed point in Z,. We also recall the notation
I, = {a € Il | n(a, ) = 1} and the map p, given by (3.6). Let 7, = (II?, 3, D;) be the
spherical system of X, and denote by ¢, the corresponding map Dj — Homy(Z%,, Q).

Proposition 3.28. The spherical system .7, is determined as follows:
(a) Il =@
(b) ¥, =1I,,.
(c) The set Dy, is in bijection with the set 1L, U p,(Il,). For every o € I, let D
)). Then D( ) = {Da,D;r} for
o)

B) = (o, 8) = n(a, B) for all

(resp. DI) be the color corresponding to o (resp py(a
all o € 11,,, and one has (3¢,(D}), 5) = n(a, B), (5,(D
g e 1II,.

Proof. (a) The open B-orbit in X,, maps onto the open B-orbit in G/B~, whose stabilizer
is well known to be B. Therefore I} = &.

(b) Evidently, the closed G-orbit in X, is just Gz,. Let us find the canonical B-
chart (X,)p (see §2.2). By definition, (X,)p consists of B-orbits in X, whose closure
contains Gzg. Since Gzp maps (isomorphically) onto G/B~, every such B-orbit maps
necessarily onto Bo ~ B/T, which is the unique open B-orbit in G/B~. Therefore
(X)) C ¢ *(Bo). As we have already seen in the proof of Proposition 3.3, there are
B-equivariant isomorphisms ¢~ (Bo) ~ B xp Z, ~ U x Z,, where the B-action on the
latter variety is given by formula (3.1). We note that every T-semi-invariant rational
function on Z, naturally extends to a B-semi-invariant rational function on U x Z,; of the
same weight, and every B-semi-invariant rational function on U x Z, is obtained in this
way.

Since the set Bz is open in Gz, a B-orbit O C B xp Z, is contained in (X,)p
if and only if the T-orbit O N Z,, C Z, contains z, in its closure. It follows that
(Xy)B ~ B*p Zy ~ U x Zy, where Z, C Z, is the B-stable affine open subset corre-
sponding to the cone Cy € F, given by (3.9). The explicit description of the cone Cy
yields that the weight semigroup of T-semi-invariant functions in C[Z], as well as the
weight semigroup of B-semi-invariant functions in C[(X,))z], is generated by the set —II,,.
Applying Proposition 2.8, we obtain X, = II,,.

(c) We first note that the open G-orbit X,? C X, is isomorphic to the homogeneous
bundle G xp- Z), where Z) is the open B~-orbit in Z,. We also note that the fan
.7:,(7) corresponding to Zg as a toric T-variety consists of the cones C € F, such that
CNCy={0}.

Let D’ C D be the distinguished subset of colors corresponding to ¢ (see Definition 2.24))
and let D € D'. Since ¢(D) is dense in G/B, it follows that D N ¢~!(Bo) is a prime B-
stable divisor in ¢~'(Bo) ~ By Z) ~ U x Z)), where the B-action on the latter variety is
given by (3.1). It is easy to deduce that the set D’ is in bijection with the set of T-stable
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divisors in Z)) or, equivalently, with the set ()" or, equivalently, with the set p,(II,). It
follows that the set D’ is formed by the colors D} (a € II,) indicated in the hypothesis.
Next, since (»,(D),a) =1 for all @ € ¥ NII and D € D(«w), it is easily verified that

D(e) N {Djs | B €Il,} ={D}

for every a € II,. In view of part (b) and Proposition 1.1, for every a € II, the set
D(a)\{D}} contains the divisor D indicated in the hypothesis. It remains to notice
that the axioms of an admissible map imply s, (D) # %U(Déc) for any o, 8 € II,, with

a # . O

Remark 3.29. In fact, the fan }"7? contains a unique maximal cone, which is generated by
the set (F))' = {p,(a) | a € 1L, }.

Corollary 3.30. Every strongly solvable spherical system has the form (&,11', D*), where
I C II.

Corollary 3.31. Ewvery strongly solvable wonderful subgroup of G is spherically closed.

Proof. Let H C G be a strongly solvable wonderful subgroup and let H be its spherical
closure. Since X,z C II, by Proposition 2.23 the spherical systems of G/H and G/H
coincide. The proof is completed by Theorem 2.21((a). 0

Remark 3.32. The converse to Corollary 13.30 is not true. For example, regard the group
G = SLs x SLy x SLs, take the subgroup Hy ~ SL, diagonally embedded in G, and set
H = N¢(Hy) = Z(G)Hy. Clearly, Ng(H) = H, hence H is a wonderful subgroup of G
by Theorem 2.16. Let w; be the fundamental weight ofAthe 1th factor of G, i = 1,2, 3.
One has X(H) ~ (Z/2Z) ® (Z/2Z), and the semigroup AJG“/H is freely generated by the
elements (wy + ws, a), (wy + ws, b), (w3 + @y, ¢), where a, b, ¢ are some pairwise different

elements of order 2 in X(H). By Proposition 1.9 one has HZ/H =@ and Xg/g = IL

Remark 3.33. In his preprint [Lunl| Luna also proved that, for two admissible maps 7,7/,
the corresponding strongly solvable wonderful subgroups H,, H,, are conjugate in G if
and only if II, = II,; and there is a bijection ¢: Djy — Dy, such that > = 5y oi. In other
words, H,, H, are conjugate in G if and only if ., = .7/, which is a particular case of
Theorem 2.21.

Let . = (II?, ¥, D*) be a strongly solvable spherical system. We note that 1P = &
and X C II by Corollary [3.30. Let H C B~ be a strongly solvable wonderful subgroup
corresponding to . and let X be the wonderful embedding of G/H. We fix a subset
D' C D® satisfying the conditions of Proposition 2.28. This subset gives rise to a G-
equivariant morphism ¢: X — G/B~, which provides a wonderful B~ -variety Z = ¢~!(0)
(see Proposition [3.3). Our last goal in this subsection is to find the admissible map 7
corresponding to Z.

Let D be the set of colors of X. For every a € X, the set

D(a)ND ={D C D' | 5(D),a) = 1}

contains exactly one element, we denote it by D}. The following proposition is a direct
consequence of Proposition 3.28(c).
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Proposition 3.34. The admissible map n is determined as follows:

n(e, B) = {<%<Dg)’5> if o, B € ;s

0 otherwise
4. EXPLICIT CLASSIFICATION OF STRONGLY SOLVABLE SPHERICAL SUBGROUPS
Throughout this section the group G is assumed to be semisimple.

4.1. Description of the approach. Let H C B~ be a strongly solvable subgroup of G
and let N C U~ be the unipotent radical of H. We say that H is standardly embedded
in B~ (with respect to T') if S = HNT is a Levi subgroup of H, so that H = SAN. General
results on Levi decompositions (see, for instance, [OniV, 6.4]) yield that every strongly
solvable subgroup H C B~ is conjugate in B~ to a subgroup standardly embedded in B~.

In what follows, we assume that H is standardly embedded in B~ and keep the de-
composition H = S A N. Let 7: X(T)) — X(S) be the character restriction map from
T to S. Regard the natural action of S on u~. This action yields a decomposition

u = € u_,, where u, is the weight subspace of weight —¢ with respect to S. For
peT(At)
every € T(A™), we put n, = uz Nn and denote by ¢, the codimension of n_ in u7.

Proposition 4.1 (JAvd2, Theorem 1|). In the above notation, the following conditions
are equivalent:

(1) H is spherical in G;

(2) ¢, < 1 for every ¢ € ®, and all weights ¢ with ¢, = 1 are linearly independent in
X(9).

Until the end of this subsection we assume that H is spherical.
According to Proposition 4.1, we introduce the set

¢ ={pecX(5)|c, =1}
For every ¢ € @, we put ¥, = {a € A" | (o) = ¢ and g_, ¢ n} and
(4.1) U=,
ped
(Note that the union is disjoint.) Clearly,
UV={acAl|g_,¢Zn}
Definition 4.2. Roots in ¥ are said to be active.

Disjoint union (4.1) naturally determines an equivalence relation on the set W, which
will be denoted by ~. We note that for every o, 3 € ¥ one has o« ~ [ if and only if
r(a) = 7(8).

Active roots have the following property (see [Avd2, Lemma 4|): if « is an active root
and o = 3 + ~ for some roots 3,7 € AT, then exactly one of the roots (3,7 is active.
Taking this property into account, we say that an active root 3 is subordinate to an active
root « if &« = 3+~ for some root v € AT. For every active root «, we denote by F(«)
the set consisting of a and all active roots subordinate to a. An active root « is said to
be maximal if it is not subordinate to any other active root. We denote by M the set of
maximal active roots.
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The following proposition plays an important role in the structure theory of strongly
solvable spherical subgroups standardly embedded in B~.

Proposition 4.3 (|Avd2, Proposition 1]). Let ¢, ¢’ € ®. Suppose that roots a € ¥, and
B € W, are different and vy = —a € AT. Then ¥V, +~v C V.

Corollary 4.4. For every ¢ € ®, one has either ¥V, CM or V,N M = &.

Corollary 4.5 (JAvd2, Lemma 3|). The angles between the roots in M are pairwise non-
acute. In particular, the roots in M are linearly independent.

For every ¢ € ®, the subspace n; C u_, is the kernel of a linear function ¢, € (u;)*,
which is uniquely determined up to proportionality. We note that {,(e_,) # 0 for all

a €V, and &,(e_,) =0 for all « € AT\W,, with 7(a) = ¢.

Proposition 4.6 (JAvd2, Proposition 2|). Suppose that ¢, € ®, ¢ # ¢, and ¥, +~ C
U, for some vy € A*. Then there is a constant ¢ # 0 such that {,(e_q) = €y ([e—a, €—4])
for all o € W,. In particular, up to proportionality, &, is uniquely determined by &, .

Corollary 4.7. The subspace n C u~ is uniquely determined by linear functions §,, where
@ runs over the set T(M) C ®.

Corollaries 4.5 and 4.7/ yield the following result.

Theorem 4.8 (JAvd2, Theorem 2|). Up to conjugation by an element of T, a strongly
solvable spherical subgroup H standardly embedded in B~ is uniquely determined by the
pair (S, V). Moreover, H is explicitly recovered from (S, V).

Proposition 4.9 (JAvd2, Proposition 3|). Let a be an active root. Then there is a unique
simple root w(a) € Supp« with the following property: if o = B+ v for some roots

B,y € AT, then B (resp. ) is active if and only if w(«) € Supp B (resp. w(«) ¢ Supp ).
This proposition provides a map 7: ¥ — II.

Proposition 4.10. The set (V,~) amounts to the set (M, m,~) with m and ~ restricted
to M.

Proof. Clearly, (M, m, ~) is determined by (¥,~). Let us show the converse. Propo-
sition 4.9/ implies that for every active root « the set F(«) is uniquely determined by
the simple root 7(a). Since every active root is subordinate to a maximal active root
(see [Avd2, Corollary 3(b)]), it follows that the whole set ¥ is uniquely determined by
M and the restriction of w to M. At last, Proposition 4.3/ and Corollary 4.4 show that
for o, 3 € ¥ one has a ~ f if and only if there is an element v € AT U {0} such that
a+v,0+yEMand a+v~ [F+7. O

The following lemma together with its corollary will be useful in §4.3.

Lemma 4.11. Let o« € At and regard the set I, = {a}U{f € At |a— 3 € AT}. Then
the sublattice Z1, C ZA contains Supp a.

Proof. We use the same idea as in the proof of [Avd2, Lemma 6(b)]. Regard the expression

a = Y ¢y and put hta = > ¢,. We prove the assertion by induction on hto. If
vyell ~vell

ht @« = 1 then the assertion is true. Assume that ht o« = k£ and the assertion is proved
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for all o € A" with hto’ < k. By a well-known lemma from linear algebra (see |Avd2,
Lemma 1]) there is a root ag € II such that (a,ap) > 0. Then a — oy € A, whence
ag € I,. Let rg be the reflection corresponding to . Note that for every v € A one has
ro(7) =7 — (v |ao)ag € v + Zay. Regard the root f = ro(a) € AT, Clearly, ht § < ht «
and Supp o D Supp 8 D Supp a\{ap}. By the induction hypothesis, ZIg D Supp . Since
for every ' € I one has either ro(3') € I, or ro(f') € {—ap,a + ap}, we conclude that
I, D {ao} U (ro(Is)\{—a0, @+ ap}). Hence

Zlo > Z(ro(1s) U{ao}) D Z(ro(Supp 5) U{ao}) D Supp 5 U{ao} = Supp e,

where the relation ro(Supp ) C Supp (8 + Zay is taken into account. O

To state the corollary, we need to introduce the set IIp = |J Supp C II. Since for
BeEM
every a € ¥ the map 7: F(a) — Supp « is bijective (see [Avd2, Corollary 6]), we have

HO = 71'(‘1])

Corollary 4.12. (a) For every o € U, the sublattice ZF(«) C X(T) contains Supp «.
(b) ZV = ZII,,.
(¢c) The sublattice Z® C X(S) contains 7(Ilp).

The following proposition lists all possibilities for a pair (a, 7(«)) with o € W.

Proposition 4.13 (JAvd2, Theorem 3|). For every active root «, the pair (a,7(a)) is
contained in Table 2.

TABLE 2. ACTIVE ROOTS

No. | Type of Supp « a ()
1 any of rank n apF+as+ ...+ a, aq,Q, ..., 0,
2 B, art+ag+ ...+ ap 1+ 20, |a,a, ..., 0,
3 C, 2001 + 209 + ...+ 2001 + o
4 Fa 2000 + 200 + g + ay 3, 0y
5} G2 20&1 + Qo (0]
6 GQ 30&1 + Qo (0%

The notation in Table 2/ is as follows. We denote by «; the ith simple root in Supp a.
In the column “m(a)” we list all possibilities for w(a) for a given active root a.

4.2. Classification. In this subsection we present the classification of strongly solvable
spherical subgroups standardly embedded in B~, up to conjugation by elements of T', and
then explain when two such subgroups are conjugate in G.

Let o € A*. A simple root § € Supp « is said to be terminal with respect to Supp « if in
the Dynkin diagram of Supp « the node corresponding to § is joined by an edge (possibly
multiple) with exactly one node.

We now list several conditions on a pair «, 3 of active roots. These conditions will be
used below in Definition 4.14.

(D0) Supp o N Supp § = &;
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(D1) Supp anSupp 8 = {0}, where m(«a) # 6, w(83) # 9,

and 0 is terminal with respect to both Supp o and Supp 3; aop\ - /%q
(E1) Suppa N Supp B = {4}, where 6 = 7(a) = w(0), o Yo %

a—0€ AT, -6 e AT, and § is terminal with respect ! !

to both Supp o and Supp j3; "

(D2) the Dynkin diagram of Supp a U Supp 3 has the
form shown on Figure 1 (for some p,q,r > 1), a = a1 +

s '+Oép+70+71+' . '+’yr7 5 = ﬁl—i_ . +ﬁq+’70+’71+ . -+’yr7 l’ Yr
7(a) ¢ Supp o N Supp (3, and 7 () ¢ Supp o N Supp 3;
(E2) the Dynkin diagram of Supp « U Supp 3 has the FIGURE 1

form shown on Figure 1 (for some p,q,r > 1), a = a1 +
ettt oo+, B=06+.. .+ 68, +0+n+ ...+, and w(a) = 7(B) €
Supp a N Supp 3.

Definition 4.14. Suppose that S C T is a subgroup, M C A% is a subset, 7: M — II
is a map, and ~ is an equivalence relation on M. Let 7: X(T) — X(S) be the character

restriction map and put Iy = |J Supp S.
pseEM

The triple (M, 7, ~) is said to be an ARS-set? if it satisfies the following conditions:

(A) if « € M, then 7(a) € Supp e and the pair (o, 7(«)) is contained in Table 2}

(D) if a, 6 € M and « » (3, then one of possibilities (D0), (D1), (D2) is realized,;

(E) if a, 8 € M and a ~ 3, then one of possibilities (D0), (D1), (E1), (D2), (E2) is
realized;

(C) if & € M, then Suppa ¢ |J Suppé.

seM\{a}

The quadruple (S, M, 7, ~) is said to be an extended ARS-set if (M, m, ~) is an ARS-set

and condition (T) below is satisfied:

(T) KertNZlly=Z{a— B | a,0 € M,a ~ (3}.

Remark 4.15. Thanks to Corollary 4.12(b), the original form of condition (T) from [Avd2]
is equivalent to that presented in the definition.

Now let H C G be a strongly solvable spherical subgroup standardly embedded in B~.
We retain all the notation introduced in §4.1. We also set T(H) = (S, M, 7, ~) and
Yo(H) = (M, 7, ~), where m and ~ are restricted to M.

The following theorem provides a classification of all strongly solvable spherical sub-
groups in G standardly embedded in B~, see [Avd2, Theorems 4 and 5].

Theorem 4.16. The map H — Y(H) is a bijection between strongly solvable spherical
subgroups standardly embedded in B~, up to conjugation by elements of T, and extended
ARS-sets.

To complete the presentation of the explicit classification, in the remaining part of
this subsection we explain when two strongly solvable spherical subgroups H, H' C G
standardly embedded in B~ are conjugate in GG. Let U be the set of active roots of H.

Definition 4.17. A root 0 € V¥ is said to be regular if the projection of the subspace
n C u~ to the root subspace gs along the sum of the other root subspaces is zero.

3«ARS” is an abbreviation for “active root system”.
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Let U™ denote the set of regular active roots.

Definition 4.18. Suppose that 6 € U**¢NII. An elementary transformation with center d
(or simply an elementary transformation) is a transformation of the form H — psH pgl,
where ps € Ng(T) is any element whose image in the Weyl group Ng(T')/T coincides
with the simple reflection associated with §.

Evidently, in this definition the group psH pgl is also standardly embedded in B~.

Theorem 4.19 (JAvd2, Theorem 6]). Let H, H' C G be strongly solvable spherical sub-
groups standardly embedded in B~. The subgroups H, H' are conjugate in G if and only
if there is a chain of elementary transformations taking H to H'.

Remark 4.20. For an elementary transformation H — H', the extended ARS-set of H' is
explicitly expressed in terms of that of H, see [Avd2, Proposition 14].

Remark 4.21. In the following subsection we shall compute the homogeneous spherical
datum corresponding to a strongly solvable spherical subgroup of G standardly embedded
in B~, see Theorem 4.27. By Theorem 2.21! this will provide an alternative approach
for determining when two strongly solvable spherical subgroups H, H' C G standardly
embedded in B~ are conjugate in G.

4.3. Computation of the invariants. Let H C G be a strongly solvable subgroup stan-
dardly embedded in B~. We retain all the notation introduced in the previous subsection.

Let L C X(T') be the sublattice generated by all elements of the form o — 3, where
a,f €V and a~ (. Clearly, L C Kerr.

For every ¢ € @, we regard the set m(¥,,) and put A\, = > @,.
aem(¥y)

Theorem 4.22. Suppose that G is simply connected. Then the semigroup /A\Z,/H 18 freely
generated by all the elements Q, = (wq, —T(wa)), @ € 1, and all the elements 0, =
()\807 _T()VP> + @)7 pE o.

Proof. In the case of connected H this theorem was proved in |[AvdG| Theorem 4]. (In fact,
in [AvdG]| the group H was assumed to be standardly embedded in B, so one has to trans-
late those results into our settings.) But the condition of H being connected is inessential

here. Indeed, it is obvious that for every a € II the subspace V(w(’;)(HO) C V(w)) is

—7(wa) e

spanned by a lowest-weight vector wg:, which is even B™-semi-invariant. Further, it was

shown in |[AvdG| that for every ¢ € ® the subspace V()\Z)(_Ifz;w) v, © V(A}) is spanned

by a vector of the form ( >° bgeg) - vx:, where all the coefficients bg are non-zero. For all
BT,

of these vectors to be S-semi-invariant, the only condition that matters is L C Ker7. [

For every o € II (resp. ¢ € @), let D, (resp. D,,) be the color of G/H corresponding

to the element €, (resp. Q) of AT,

Remark 4.23. Under the natural morphism G/H — G/B~, every color D, (« € II) is the
preimage of a color of G/B~, and every color D, (¢ € ®) maps dominantly to G/B~.

We denote by S the subgroup of T defined by the VanishinAg oanH elements in .Z.
Clearly, S is the largest subgroup of T normalizing N. We set H = S A N.
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Proposition 4.24. The spherical closure H of H coincides with H.

Proof. To prove the assertion, we apply Proposition 2.13. For every a € II, the stabilizer
in G of the line (vex) = V(w;)(_li)(%) is the parabolic subgroup P, (,,- The intersection
of such parabolic subgroups over all a € II is B~, whence H C B. On the other hand,
by |Avd3, Theorem 3] one has Ng(H) N B~ = Ng(H°)N B~ = H. (Here we also use that

Ng(H) = Ng(H?), see |BriP, Corollary 5.2].) As was already mentioned in the proof of

Theorem 4.22, for every ¢ € @ the line V()\;)(f?(%) L, s H-semi-invariant. O
Corollary 4.25. (a) A strongly solvable wonderful subgroup of G contained in B~ is
uniquely determined by its unipotent radical.

(b) There is a bijection between ARS-sets and conjugacy classes in B~ of strongly
solvable wonderful subgroups of G contained in B~.

Proof. Recall that by Corollary [3.31 every strongly solvable wonderful subgroup is spher-
ically closed.

(a) (compare with the proof of [Avd2, Lemma 32]) Let H be a strongly solvable won-
derful subgroup of G standardly embedded in B~ and let N be the unipotent radical
of H. Then by Proposition 4.24/ a Levi subgroup of H is recovered as a Levi subgroup of
Np-(N).

(b) Let H, H' be two strongly solvable wonderful subgroups standardly embedded in B~
and let To(H), To(H') be the corresponding ARS-sets. Suppose that H = bHb™! for
some b € B~. Then by |Avd2, Proposition 13| one has b € Ng(T) N B~ = T, whence
To(H) :To(Hl) ‘:‘

According to Corollary 4.12(c), for every a € Il and every ¢ € ® we introduce integers
J(p, @) in such a way that

(4.2) (o) = ZJ(gp,a

ped
Lemma 4.26. The union m(V) = |J w(¥,,) is disjoint.
ped
Proof. This is a direct consequence of [Avd2, Lemma 10]. O

In view of Lemma [4.26, every root o € Il determines a unique weight p[a] € ® such
that o € W(CI)@M).

Theorem 4.27. The principal combinatorial invariants of G/H are determined as fol-
lows:
(a) A(;/H = ZHO + Ker7;
(b) 11y =
(¢) Xg/m = Ho,

(d) The set DZ/H consists of all divisors D, a € Ily, and all divisors Dy, ¢ € ®;
moreover, (x(D,), u) = (&, u) — J(plal, p) for every o € Ty and p € ZI1y + Ker 7; and
(#(Dy), 1) = J(p, p) for every ¢ € ® and p € ZI1; + Ker 7.

Proof. Without loss of generality we may assume that G is simply connected.
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(a) Let u € X(T'). By Proposition 1.6, u € Agy if and only if there is an expression
(4.3) (1,0) = cala+ Y o0,
acll ped

where ¢, and ¢, are integers for all o € Il and ¢ € ®.
First suppose that 1 € Ag/g. Then (4.3) implies the following equality in the group

X(9):
0= Z CaT(Wa) + Z%T()‘w) - chcp.

acll ped ped
For every ¢ € @, fix any root a, € ¥ with 7(c,) = ¢. Then
Z Ca@a + Z CoNp — Z cot, € KerT.
a€ll ped ped
Hence in view of (4.3) one has
W= anwa + cho)‘so S chaw + Kerm C ZV + Ker 7 = ZIIy + Ker 7,
acll ped ped

where the latter equality holds by Corollary [4.12(b).
Conversely, suppose that p € ZIly + Ker7 = ZV¥ + Ker7. Then by Proposition 4.1
there is a unique expression

(4.4) T(n) =Y J(p, e,

ped
where J(p, i) € Z for all ¢ € . Hence
(0,7(1) =D J(p, 1)(0,¢0) =
ped
DI Y] Q=)= JemQ =Y Y T, ).
ped aem(V,) ped PEP aem(¥y,)

By Lemma 4.26, the double sum in the latter expression is just a sum over the set
(V) = Iy, whence

(0,7(1) =D T(p, )% = D> J(plal, 1) Q.

ped a€cllp

Taking into account the expression (pu, —7(u)) = > (@", u)Qq, we finally obtain
a€ll

(4.5) (11,0) =Y (@, )% = > J(elal, )0+ > I (o, 1),
a€cll a€lly ped
whence i € Ag/n.

(b)—~(d) The knowledge of the semigroup Af s i combination with Proposition [1.9
yields that TI7, m =9 IINXg/p = Iy, and the set D /H consists of all the divisors D,
with a € Il and all the divisors Dy, where ¢ € ®. By Proposition 1.7, the values on
Ag/n of elements in (D¢, / ;) are read off from expression (4.5). It remains to prove that
Ya/u = 1IN Xg/g. To this end, we first note that Yg/p = EG/F by Proposition 2.23. As



40 ROMAN AVDEEV

Mg = ZX 7 (see Proposition 2.9), it suffices to show that A 7 is generated by the
set IIy. But the latter is true by part (a) applied to G/H since Ker Tg =2 CZl,. O

4.4. A connection with Luna’s 1993 approach. Theorem 3.27 together with Corol-
lary [4.25(b) imply that there is a natural bijection between admissible maps and ARS-sets.
The goal of this subsection is to find an explicit description of this bijection.

Let H C G be a strongly solvable wonderful subgroup standardly embedded in B~. Let
(M, 7, ~) (resp. n) be the ARS-set (resp. admissible map) corresponding to H. Recall
that by Proposition 4.10 the set (M, 7, ~) amounts to the pair (¥, ~).

We first express 7 in terms of the pair (U, ~).

Clearly, B~ /H is a toric T-variety whose weight lattice X = Xp- /4 is generated by the
set Ily. Let F = Fp- /i be the corresponding fan in Qp-/z = Homgz (X, Q).

The natural projection B~/H — T/S yields a T-equivariant isomorphism B~ /H ~
T+sU~/N. Hence T-stable prime divisors in B~/H are in natural bijection with S-stable
prime divisors in U~ /N. By |[Mon, Lemma 1.4], there is an S-equivariant isomorphism

U~/N ~u /n. As an S-module, u~/n is isomorphic to the direct sum @ C_,, where
ped
C_, is the one-dimensional S-module on which S acts by the character —p. Clearly,

S-stable prime divisors in @ C_,, are just the coordinate hyperplanes, hence they are in
ped

natural bijection with the set ®. For every ¢ € ®, let D,, be the prime divisor in B~ /H
corresponding to ¢ via the above-mentioned natural bijections. Let also f, denote the
element of F' corresponding to D,,.

iy

Lemma 4.28. For every ¢ € ® and every a € ¥, one has

a0 i ={y ey

In particular, (f,, Kert) =0 for every p € ®.

Proof. For every ¢ € @, fix an arbitrary root o, € V,. Then the weight semigroup of
T-semi-invariant regular functions on D, is generated by the set {ay | ¢’ € ®\{p}} U
Ker 7. Since X = ZV¥ by Corollary 4.12(b), the required result follows from the definition
of f,. O

Now recall that the fan F coincides with the fan .7-",? introduced in the proof of Propo-
sition |3.28.

Lemma 4.29. For every a € Iy, one has py(a) = fya]-

Proof. Fix a root 0 € @4 such that m(§) = o. By Corollary 4.12(a), one has a € ZF(0).
Proposition 4.9 yields o € § + Z{F(6)\{0}}. Since 7(8') # 7(0) for all &' € F(5)\{0}
(see [Avd2, Lemma 5(a)|), by formula (4.6) we obtain (f,p,a) = 1. Let v € IIy be such
that f o) = pn(v). Then formula (3.6) yields (v, ) = 1, whence p,(7) = py(). 0

Theorem 4.30. Let o, 3 € I1. Then
J(Qp[aLﬁ) Zbfoﬁﬁ € H07

0 otherwise.

(4.7) n(a, B) = {
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Proof. Fix a root § € Ily and write 7(6) = > J(p, )¢ according to (4.2). In view of
ped
formula (3.6), Lemma 4.29, and Lemma [4.28 one has

77(%5) - <pr](06),6> - <f<p[a]7ﬁ> - J(()O[Oé]7ﬁ)

To complete the proof, it remains to notice that n(a, 3) = 0 whenever at least one of the
roots «,  is not in X = ZII,. O

Remark 4.31. Using the classification and properties of active roots, one can prove that
the map 1 defined by formula (4.7) is indeed an admissible map, that is, it satisfies axioms
(AM1)—-(AM>5). However it would be interesting to obtain a classification-free proof of
that.

Our next goal is to establish the converse part of the relation between the two ap-
proaches. The following lemma plays a key role in that.

Lemma 4.32. Let a be an active root and let 3 be a linear combination of simple roots in
Iy with non-negative integer coefficients. Suppose that 7(3) = 7(a). Then [ is an active
T00%.

Proof. For 3 = « there is nothing to prove, therefore we assume 5 # «. By condition (T)
there are maximal active roots a, 01, ..., ag, Br and integers pq, ..., pr such that

(1) =7(B1), .-, T(ax) = 7(0k)
and
B=a+pi(ar =) +...+prloar — Br)

Without loss of generality we may assume that p; > 0 for all < and «; # (3, for all ¢, 7. By
condition (C), for every i = 1,... k there is a simple root 7; € Supp f3; that is contained in
none of Supp «; and none of Supp 3; with 3; # 3;. This implies that v; € Supp «, whence
a€ F(p;) forall i =1,..., k. Further, for 8; # 5; one has v; € Supp a C Supp f3;, which
contradicts the condition ~; ¢ Supp ;. It follows that §y = ... = Gy and p1 +...+pp = 1,
whence k =1, p; = 1, and f = a+ay — 1 = ag — 3], where 3] = 5 —«. Since a € F(31),
one has either 5] = 0 or 3] € AT\W. The first case yields § = a3 € V. In the second
case we obtain Supp ] C Supp a;. Since 7(ay) = 7(01), one of possibilities (E1) or (E2)
holds for oy and /3. A simple analysis of these possibilities yields  =ay — 5 € . O

We now recover the pair (¥, ~) from the admissible map 1. We set II,, = {a € II |
n(a, ) = 1} and recall the map p,: II,, — Homg(ZI1,, Z) given by (3.6).

Theorem 4.33. (a) Equivalence classes of the set U are in bijection with the set p,(I1,).
(b) For a fized py € p,(IL,), an element o € Z*1L,, is an active root in the corresponding
equivalence class if and only if it satisfies the following system of linear equations:

(po, ) = 1;
(p,) =0 for all p € py(IL,;)\{po}-

Proof. (a) Equivalence classes of the set U are in bijection with the set ®. In turn, the
map ¢ — f, is a bijection between ® and F* = p,(IL,).

(b) Clearly, II, = II,, so every active root is contained in Z*II,. By Lemma 4.28,
for every ¢ € @, an element a € ZII, satisfies 7(or) = ¢ if and only if it satisfies
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equalities (4.6). By Lemma 4.32, every element a € ZII, with 7(o) = ¢ is in fact an
active root. g

Remark 4.34. Proposition 3.34/ combined with Theorem 4.33 provide an explicit method
for determining the strongly solvable wonderful subgroup starting from its spherical sys-
tem. This method was suggested by D. Luna as a conjecture in a private note addressed
to the author.

Example 4.35. Suppose that n(a, ) = 0 for all a, § € II. Then II,, = &, hence ¥ = &
and the corresponding strongly solvable wonderful subgroup is just B~.

Example 4.36. Supose that

1 ifa= g,
0 otherwise.

n(a, B) = {

Then II,, = II, p,(II,)) = {& | @ € I}, and ¥ = II with pairwise non-equivalent roots.
The corresponding strongly solvable wonderful subgroup is T' £ (U, U ™).

Other examples can be found in §/5.

4.5. Computation of extended ARS-sets via homogeneous spherical data. In
this subsection we assume G to be simply connected.

Let s = (II’, A, 3, D) be a homogeneous spherical datum and let H C G be a
spherical subgroup corresponding to 7.

Proposition 4.37. The subgroup H is strongly solvable if and only if IIP = &, ¥ C 1I,
and the triple (ITP, 3, D) with s restricted to 7Y is a strongly solvable spherical system.

Proof. From Theorem 4.27 we know that the conditions II”? = @ and 3 C II are necessary
for H to be strongly solvable. Under these conditions, by Proposition 2.23| the spherical
system of the spherical closure H of H coincides with (II?, X, D?). It remains to notice
that H is strongly solvable if and only if H is such. O

In what follows we assume that H is strongly solvable. By Proposition 4.37, there
exists a subset D/G m C D¢, s satisfying the conditions of Proposition [2.28. This subset

is the distinguished subset of colors of a uniquely determined G-equivariant morphism
G/H — G/B = G/B~. Hence we have a natural G-equivariant morphism G/H — G /B~
and may assume H C B~. Moreover, it may be also assumed that H is standardly
embedded in B™, so that H = S AN, where S C T and N C U™. Let 7,®,V,... be as
in §4.1.

Let Dy n C D¢ /H be the subset corresponding to Dy, piis under the natural bijection
between Dg/n and D 7. Then the set Dgu\ Dy contains exactly [II| elements. More
precisely, for every a € II the set D° = Dg/u(a) N (Dg/u\Dg,p) contains exactly one
element, we denote it by D,. For every a € II, the indecomposable element of JA\ZS I
corresponding to D,, has the form (w,, —7(w,)), see Theorem 4.22 and Remark 4.23|

We recall that in §1.3 we introduced the notation Z/P! for the free Abelian group
generated by the set D = Dg, . By Proposition 1.14, the homomorphism

v: ZIP — %(H) ~ %(S)
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given by D — xp is surjective. Proposition 1.15/says that Ker v is generated by elements

> (x#(D), ) D, where y1 runs over a basis of Ag/p.
DeD

Let Z/P°l ¢ Z/PI be the subgroup generated by the set D°. We identify this subgroup
with X(7") via the isomorphism given by D, +— —w,. Modulo this identification, the
subgroup S is recovered as follows.

Proposition 4.38. One has Ker r = Z/™’l N Ker v.

Proof. Since xp, = —7(@,), the restriction of the map v to ZP°! is surjective. O
For every D € Dy, we set lp = {a € I1 | (%(D), o) = 1}.

Theorem 4.39. (a) One has @ = {v(D — > D.)|D € Dy} C X(S).

OZEHD

(b) For a given ¢ € ®, one has ¥, = {a € ZTX | 7(a) = p}.

Proof. The set ® is in natural bijection with the set Dy, e Under this bijection, a weight

¢ € ® corresponds to the color D, such that the respective indecomposable element of

AJGF/H is (Ay, =7(Ay)+¢). Evidently, p = v(Dy,— > . D,,). To prove part (a) it remains
aesupp Ay

to notice that supp A\, = Ilp_. Part (b) is a direct consequence of Lemma 4.32! O

5. STRONGLY SOLVABLE WONDERFUL SUBGROUPS IN SMALL RANK

In this section we list all strongly solvable spherical systems for all semisimple groups G
of rank at most 2 and also for any simple group of type As. Since every strongly solvable
wonderful subgroup of G is spherically closed (see Corollary 3.31), these lists depend only
on the Dynkin diagram of G. We recall that by Corollary 13.30 every strongly solvable
spherical system has the form (&, I', D*) for some subset IT" C II.

For every strongly solvable spherical system, we indicate all distinguished subsets of
colors satisfying the conditions of Proposition 2.28. For every such subset of colors, we
also indicate the corresponding admissible map and the corresponding set of active roots
divided into equivalence classes.

It turns out that in all cases it is enough to list all strongly solvable spherical sys-
tems (&, II', D*) with II" = II (according to the general theory, these are called cuspidal,
see |Lun4, §3.4|), since all other strongly solvable spherical systems (together with all
possible admissible maps and sets of active roots) naturally come from strongly solvable
spherical systems corresponding to proper subdiagrams of the Dynkin diagram of II. We
note that cuspidal strongly solvable spherical systems are uniquely determined by the
set D and in this case the set D of colors of the corresponding wonderful G-variety
coincides with D°.

For every G, the only strongly solvable spherical system (@, 1l',D*) with II' = &
coincides with (&, &, @) and corresponds to the wonderful variety G/B~. In this case,
the admissible map vanishes and the set of active roots is empty.

If tkG = 1, then the only cuspidal strongly solvable spherical system has the
form (@, {a},{D",D~}), where « is the unique simple root of G and (3(D%),a) =
(#(D7),a) = 1. The subsets {D*},{D~} C D” are the only distinguished subsets of
colors satisfying the conditions of Proposition 2.28, both determine the same admissible
map 7 given by n(a, ) = 1 and the same set of active roots, which is just {«}.
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If rk G = 2, then, depending on the type of the Dynkin diagram of II, the information
about all cuspidal strongly solvable spherical systems is presented in Table 3| (type A; x A1),
Table 4 (type Ay), Table 5l (type By), and Table 6 (type G2).

At last, the information about all cuspidal strongly solvable spherical systems in the
case where G is of type Aj is presented in Table (7.

The notation used in Tables 3-7 is as follows. If G is simple, then «a; denotes the
1th simple root of G. If G is of type A; x Ay, then aj, as denote two different simple
roots of G. Each matrix in the column “D®” represents the set D* of a cuspidal strongly
solvable spherical system. The elements of D* are in bijection with rows of the matrix.
For every D € D“, the ith element in the corresponding row is the value (s(D),a;). In
the column “DSC” (the heading is an abbreviation for “distinguished subsets of colors”)
we list all subsets of D® satisfying the conditions of Proposition 2.28. Each subset is
given by numbers of the corresponding rows of the matrix in the column “D*”. For every
such subset D', in the column “Admissible map” (resp. “Active roots”) we indicate the
matrix of the corresponding admissible map (resp. the equivalence classes of active roots)
determined by D’.

TABLE 3. CUSPIDAL STRONGLY SOLVABLE SPHERICAL SYSTEMS IN TYPE A; x A;

No| D¢ DSC Admissible map Active roots
10 1,3 or ) )
1 o|| Ldor 10

o 1 2,3 or 01 {an}, {an}
0 1 2,4 -
10 SR

2110 1 3 1 } {ar, az}
11 -




TABLE 4. CUSPIDAL STRONGLY SOLVABLE SPHERICAL SYSTEMS IN TYPE Aj

STRONGLY SOLVABLE SPHERICAL SUBGROUPS

No| D¢ DSC Admissible map Active roots
10
B 1 0 T 172 0 1 {041}7{042}
0 1 1 0
1 1 1 1,4 11 {a14as}, {as}
-1 1 1 -1
- - 2,4 0 1 {a1}, {an+as}
1 1
2 1 —2 1 i }:| {0617 0[2}
-2 1
TABLE 5. CUSPIDAL STRONGLY SOLVABLE SPHERICAL SYSTEMS IN TYPE Bg
No. D DSC Admissible map Active roots
10
0 1 1 0
1 1 1 1,4 921 {(11+20[2},{062}
-2 1 1 -1
R Y b o} {artas}
T
2 or {a14as}, {as}
1 -1 14 -1 1
-1 1 ’
1 1
3 1 —2 1 } 1:| {0617 0[2}
-3 1

TABLE 6. CUSPIDAL STRONGLY SOLVABLE SPHERICAL SYSTEMS IN TYPE Gg

No. D DSC Admissible map Active roots
10
B 1 O 7 172 O 1 {051}7{0[2}
0 1 10
1 1 1 1, 4 ~3 1 {(11+30Z2}, {042}
-3 1 1 -1
- - 27 3 O 1 {041}7 {Ofl‘f‘&?}
(1 0] 1 0
1,2 - {artaz}, {as}
-1 1 11
2 1 -1 1
2 1 1,4 9 1 {01 +205}, {as)}
1 1
3 1 —2 1 |:} }:| {Oél, 042}
—4 1

45
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TABLE 7. CUSPIDAL STRONGLY SOLVABLE SPHERICAL

SYSTEMS IN TYPE As

No. D DSC Admissible map Active roots
1 0 0
1,2,3 010 {on}, {as}, {as}
00 1
1 0 0
} | 1,2,6 0 1 0 {ar}, {ao+az}, {as}
1 0 0
01 o 0 -1 1
1
0 0 1 00 {ar+as}, {on},
1 1,3.5 11 -1
1 -1 0 s 0 0 1 {ao+as}
-1 1 -1
0 —1 1 1 —1 0
) Tl2,3,4 0 1 0 {ai}, {a1 + aq}, {as}
0 0 1
1 -1 0
24,6 0 1 0 {aa}, {?ﬁf‘ﬁo‘?’}’
0 —1 1 3
1
0 0 {061+CK2+043},
1,2,3 -1 1 0 (), {os)
1 0 07 1 00
-1 1 0 1,2,6 -1 10 {art+azt, {as}, {as}
S| 0 —1 1 0 0 1
1 -1 0 10 0
0 1 —1 1,5,6 01 -1 {Oél}, {CYQ}, {042—|—043}
0 0 1] 00 1
1 -1 0
_ {ar}, {artaqt,
4,5,6 0 1 1 (0o boustaus)
0 0 1 1T O3
- _ 1 00
10 0 1,2 01 1 {an}, {as, as)
0 1 1
01 1
3111 =1 0
-1 1 -2 1 -10
2,3 0 1 1 {Oél}, {Oél"‘OéQ,Oég}
0 -2 1
i i 0 1 1
- _ 1 0 1
10 1 1,2 010 {ar, a5}, {as)
0 1 0
101
4111 -1 =1
1 0 1
-1 1 -1 {o+ag, astas},
1.4 11 -1
-1 -1 1| ’ Lo 1 {as}
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No Da DSC Admissible map Active roots
- - 110
]_ 1 0 172 1 1 0 {6(1,052}, {C%g}
0 0 1

00 1

5111 =2 0

LY I 1 0

1,5 1 1 0 {a1, axtas}, {as}
0 -1 1
i | 0 —1 1
- - 1 0 1
FRETS ~110 {artaz, as}, {aa}
- 1 01

61l 1 —1 —1

T 10 1
1,4 01 -1 {on, agt+ast, {as}
-1 -1 1
i | 10 1
1 —1 1 i i
0 1 0 1 -1 1 { )

7 1 0 -1 1’2 0 1 0 { +0417a3—iv_ }
11 -1 1 -1 1 iz s
10 1 ) ]

1 _12 _11 111

] 1 1 1 1 {Oél,OZQ,Oé?)}
-2 1 =2 111
-1 -2 1

APPENDIX A. HOMOGENEOUS BUNDLES

In this appendix we recall the construction of a homogeneous bundle. Let L be a group,
K a subgroup of L, and let Z be an arbitrary K-variety. By definition, the homogeneous
bundle L xx Z over L/K associated with Z is the quotient set of L x Z by the action of
K given by the formula k(l,2) = (Ik™',kz), where k € K,l € L, 2 € Z. Clearly, L*x Z is
equipped with an action of L induced by the natural action on L x Z by left translation
of the first factor. Moreover, there is a natural L-equivariant map Ly Z — L/K, which
justifies the term “homogeneous bundle over L/K™.

Theorem A.1 (see |Bia, Corollary 2|, [PopV, Theorem 4.19]). If Z is covered by K -stable
quasiprojective open subsets, then the set L xx Z has a structure of an algebraic variety
such that the quotient map L X Z — L xx Z by the action of K is a geometric quotient®.

The assumptions of Theorem A.1 are fulfilled in case of connected K and normal Z
(see |Sum|, Lemma 8]) or in case of quasiprojective Z. This turns out to be enough for all
homogeneous bundles considered in this paper to be algebraic varieties in the indicated
sense.

Below we list a few properties of homogeneous bundles.

Proposition A.2 (see [Tim, 2.1]). If an L-variety X admits an L-equivariant morphism
¢: X - L/K, then X ~ L xg Z, where Z = ¢ (eK).

4See the definition of a geometric quotient, for instance, in [PopV, 4.2].
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Proposition A.3 (see [PopV|, Proposition 4.22] or |Tim, 2.1|). The variety L xx Z is
smooth (resp. normal) if and only if Z is smooth (resp. normal).

Proposition A.4. Let P C G be a parabolic subgroup and let Z be a P-variety. The
variety G xp Z is complete if and only if Z is complete.

The proof of this proposition provided below was communicated to the author by
D. A. Timashev.

Proof. We may assume that P D B. Let P~ be the parabolic subgroup opposite to P
and let P be its unipotent radical. Regard the natural morphism ¢: G xp Z — G/P.
Since Z ~ ¢~'(0), Z is complete whenever G xp Z is complete. Conversely, assume that
Z is complete. To prove that G *p Z is complete, by definition one has to show that for
every algebraic variety W the projection morphism (G xp Z) x W — W is closed. Since
G/ P is complete, it suffices to show that the morphism

(G#p Z) x W — (G/P) x W

extending ¢ is closed. As G/P is covered by a finite number of shifts of the open subset
P~0= P o~ P, the problem reduces to showing that the morphism

(P o) x W — Prox W

is closed. But ¢ '(P,0) ~ P, x Z, and so the required result follows from the complete-
ness of Z. O

For a more detailed discussion of the construction of a homogeneous bundle see |Bial,
[PopV,, 4.8], or [Tim) 2.1].

REFERENCES

[Akhl] D.N. Akhiezer, Equivariant completion of homogeneous algebraic varieties by homogeneous di-
visors, Ann. Global Anal. Geom. 1 (1983), no. 1, 49-78.

[Akh2] D.N. Akhiezer, Actions with a finite number of orbits, Funct. Anal. Appl. 19 (1985), no. 1, 1-4;
Russian original: JI. H. Axuesep, O deticmseusax ¢ kKoneunvim wucaom opoum, OyHKI. aHAIU3 U
ero npuioxken. 19 (1985), Nel, 1-5.

[Avdl] R.S. Avdeev, Extended weight semigroups of affine spherical homogeneous spaces of non-
simple semisimple algebraic groups, Izv. math. 74 (2010), no. 6, 1103-1126; Russian original:
P. C. ABuees, Pacwupennvie nosyzpynno. Cmapuux 6eco8 aP@durrolt chepuseckur 00ropoorvir
NPOCMPAHCME HENPOCBLT NoAYnpocmur arzebpauveckur 2pynn, 3. PAH. Cep. matem., 74
(2010), Ne6, 3-26; see also larXiv:math.RT/1012.0132.

[Avd2] R.S. Avdeev, On solvable spherical subgroups of semisimple algebraic groups, Trans. Mosc. math.
soc. 2011, 1-44; Russian original: P.C. ApjeeB, O paspewumnr chepuneckuxr nodepynnax
noaynpocmux aszebpauueckur epynn, Tpyner Mock. matem. obmr-Ba, 72 (2011), Nel, 5-62; see
also arXiv:math.GR/1102.4595.

[Avd3] R.S. Avdeev, Normalizers of solvable spherical subgroups, Math. Notes, to appear; Russian
original: P.C. Asneen, Hopmaauzamopv, paspewsumur chepuneckux nodepynn, Mat. 3ameTk,
B medaTu; see arXiv:math.GR/1107.5175.

[AvdG] R.S. Avdeev, N.E. Gorfinkel, Harmonic analysis on spherical homogeneous spaces with solv-
able stabilizer, Funct. Anal. Appl. 46 (2012), no. 3, 161-172; Russian original: P.C. Apnees,
H.E. T'opbunkesns, Iapmornuveckuil anasusd na chepudeckur 00HOPoOHbIT NpPoCmpancmear ¢
paspewumvim cmabusuzamopom, @yukir. ananus u ero npmioxk. 46 (2012), Ne3, 1-15; see also
arXiv:math.RT/1106.1070.

[Bia A. Bialynicki-Birula, On induced actions of algebraic groups, Ann. Inst. Fourier, Grenoble 43
(1993), no. 2, 365-368.


http://arxiv.org/abs/1012.0132�
http://arxiv.org/abs/1102.4595�
http://arxiv.org/abs/1107.5175�
http://arxiv.org/abs/1106.1070�

[BHM]|

[Bral]
[Bra2]

[BraC]
|BraL|
[BraP1]|
[BraP2

[BraP3]
[BraP4|

[Bril]
Bri2]
[Bri3]

[Bri4]
[BriP)

[Cox]
[Cup]
[Dem]
[Fos|

[Ful]
[Gro]

[Hum)]
[Knol]

[Kno2]
[Kri]
[Los|

[Lunl]
[Lun2|

[Lun3|
[Lun4]

[Lunb|

STRONGLY SOLVABLE SPHERICAL SUBGROUPS 49

A. Bialynicki-Birula, G. Hochschild, G.D. Mostow, Extensions of representations of algebraic
linear groups, Amer. J. Math. 85 (1963), no. 1, 131-144.

P. Bravi, Wonderful varieties of type E, Represent. Theory 11 (2007), 174-191.

P. Bravi, Primitive spherical systems, Trans. Amer. Math. Soc. 365 (2013), no. 1, 361-407; see
also larXiv:math.RT/0909.3765.

P. Bravi, S. Cupit-Foutou, Classification of strict wonderful varieties, Ann. Inst. Fourier (Greno-
ble) 60 (2010), no. 2, 641-681; see also [arXiv:math.AG/0806.2263.

P. Bravi, D. Luna, An introduction to wonderful varieties with many examples of type Fy4,
J. Algebra 329 (2011), 4-51; see also arXiv:math.AG/0812.2340.

P. Bravi, G. Pezzini, Wonderful varieties of type D, Represent. Theory 9 (2005), 578-637; see
also arXiv:math/0410472.

P. Bravi, G. Pezzini, A constructive approach to the classification of wonderful varieties, see
arXiv:math.AG/1103.0380.

P. Bravi, G. Pezzini, Primitive wonderful varieties, see |arXiv:math.AG/1106.3187.

P. Bravi, G. Pezzini, The spherical systems of the wonderful reductive subgroups, see
arXiv:math.RT/1109.6777.

M. Brion, Quelques propriétés des espaces homogénes sphériques, Manuscripta Math. 55 (1986),
no. 2, 191-198.

M. Brion, Classification des espaces homogénes sphériques, Compositio Math. 63 (1987), no. 2,
189-208.

M. Brion, On spherical varieties of rank one, Group actions and invariant theory, CMS Conf.
Proc., vol. 10, pp. 31-41, AMS, Providence, 1989.

M. Brion, Vers une généralisation des espaces symétriques, J. Algebra 134 (1990), 115-143.
M. Brion, F. Pauer, Valuations des espaces homogénes sphériques, Comment. Math. Helv. 62
(1987), no. 2, 265-285.

D. Cox, The homogeneous coordinate ring of a toric variety, J. Algebraic Geometry 4 (1995),
no. 1, 17-50, see also arXiv:alg-geom/9210008|

S. Cupit-Foutou, Wonderful wvarieties: a geometrical realization, preprint (2009), see
arXiv:math.AG/0907.2852.

M. Demazure, Sous-groupes algébriques de rang maximum du groupe de Cremona, Ann. Sci. de
I’Ecole Norm. Sup. 4e série 3 (1970), 507-588.

A. Foschi, Variétés magnifiques et polytopes moment, These de doctorat, Institut Fourier, Uni-
versité J. Fourier, Grenoble, 1998.

W. Fulton, Introduction to toric varieties, Princeton University Press, Princeton, 1993.

F. Grosshans, Algebraic Homogeneous Spaces and Invariant Theory, Lecture Notes in Math.,
vol. 1673, Springer-Verlag, Berlin, 1997.

J. E. Humphreys, Linear algebraic groups, Springer-Verlag, New York, 1975.

F. Knop, The Luna-Vust theory of spherical embeddings, Proceedings of the Hyderabad Confer-
ence on Algebraic Groups (Hyderabad, India, 1989), Manoj Prokashan, Madras, 1991, 225-249.
F. Knop, Automorphisms, root systems, and compactifications of homogeneous wvarieties,
J. Amer. Math. Soc. 9 (1996), no. 1, 153-174.

M. Kramer, Sphdrische Untergruppen in kompakten zusammenhdngenden Liegruppen, Compo-
sitio Math. 38 (1979), no. 2, 129-153.

1. V. Losev, Uniqueness property for spherical homogeneous spaces, Duke Math. J. 147 (2009),
no. 2, 315-343; see also larXiv:math/0703543.

D. Luna, Sous-groupes sphériques résolubles, Prépublication de I'Institut Fourier no. 241, 1993.
D. Luna, Toute variété magnifique est sphérique, Transformation Groups 1 (1996), no. 3, 249—
258.

D. Luna, Grosses cellules pour les variétés sphériques, in Algebraic groups and Lie groups,
Austral. Math. Soc. Lect. Ser. 9, Cambridge Univ. Press, Cambridge, 1997, 267-280.

D. Luna, Variétés sphériques de type A, Inst. Hautes Etudes Sci. Publ. Math. 94 (2001), 161—
226.

D. Luna, La variété magnifique modéle, Journal of Algebra 313 (2007), 292-319.


http://arxiv.org/abs/0909.3765�
http://arxiv.org/abs/0806.2263�
http://arxiv.org/abs/0812.2340�
http://arxiv.org/abs/math/0410472�
http://arxiv.org/abs/1103.0380�
http://arxiv.org/abs/1106.3187�
http://arxiv.org/abs/1109.6777�
http://arxiv.org/abs/alg-geom/9210008�
http://arxiv.org/abs/0907.2852�
http://arxiv.org/abs/math/0703543�

50
[LunV]

[Mik]

[Mon]
[Odal

[OniV]

[Per]

[Pop]

[PopV]

[Ser]
[Sum)]
[Tim]
[Vin]

[VinK]

[Yak]

[Was|

ROMAN AVDEEV

D. Luna, Th. Vust, Plongements d’espaces homogénes, Comment. Math. Helv. 58 (1983), no. 2,
186-245.

I.V. Mikityuk, On the integrability of invariant Hamiltonian systems with homoge-
neous configuration spaces, Math. USSR-Sb. 57 (1987), no. 2, 527-546; Russian origi-
nal: U.B. Mukuriork, 06 unmezpupyemocmy uUHBAPUGHIMHLET 2GMUABMOHOBHLT CUCTEM C
00HOPOOHBIMU KOHPULYPALUOHKBLMY npocmpancmeamy, Mar. ¢6. 129(171) (1986), Ned, 514—
534.

P.-L. Montagard, Une nouvelle propriété de stabilité du pléthysme, Comment. Math. Helvetici.
71 (1996), 475-505.

T. Oda, Convex bodies and algebraic geometry. An introduction to the theory of toric varieties,
Ergebnisse der Mathematik und ihrer Grenzgebiete (3), 15, Springer-Verlag, Berlin, 1988.
A.L. Onishchik and E.B. Vinberg, Lie groups and algebraic groups, Springer Ser. Soviet
Math., Springer-Verlag, Berlin 1990; Russian original (2nd ed.): 9.B. Bun6epr, A.JI. Onumuk,
Cemunap no epynnam Jlu u asrzebpauveckum epynnam, Mocksa, YPCC, 1995.

N. Perrin, On the geometry of spherical warieties, preprint (2012), see
arXiv:math.AG/1211.1277.

V. L. Popov, Picard groups of homogeneous spaces of linear algebraic groups and one-dimensional
homogeneous vector bundles, Math. USSR-Izv. 8 (1974), no. 2, 301-327; Russian origi-
nal: 9.B. Buubepr, B.JI. Ilonos, I'pynno. [luxapa 00Hopodnvir npocmpaHcme AUHETHIT
an2ebpauMeckuT 2pynn u oonomepHsie 00Hopodnvie sexmophoie paccaoerus, 3. AH CCCP.
Cep. marem. 38 (1974), No2, 294-322.

V.L. Popov, E.B. Vinberg, Invariant theory, Algebraic geometry. IV: Linear algebraic groups,
invariant theory, Encycl. Math. Sci., vol. 55, 1994, 123—278; Russian original: 9. 5. Bunbepr,
B.JI. Tlonos, Teopus unsapuanmos, B KH.: Anrebpandeckasi reomerpusi — 4, toru Hayku u
texH. Cep. Cospem. npobut. mat. @ynmam. vanpasiaerus, 55, BUHUTU, M., 1989, 137-309.
J.-P. Serre, Complex semisimple Lie algebras, Springer-Verlag, New York, 1987.

H. Sumihiro, Equivariant completion, J. Math. Kyoto Univ. 14 (1974), no. 1, 1-28.

D. A. Timashev, Homogeneous spaces and equivariant embeddings, Encycl. Math. Sci., vol. 138,
Springer-Verlag, Berlin Heidelberg, 2011.

E.B. Vinberg, Complezity of actions of reductive groups, Funct. Anal. Appl. 20 (1986), no. 1,
1-11; Russian original: 9.B. Bunbepr, Caooicnocms deticmeuti pedykmusnux 2pynn, OyHKIIL.
aHaJu3 u ero npuiaox. 20 (1986), Nel, 1-13.

E.B. Vinberg, B.N. Kimel’fel’d, Homogeneous domains on flag manifolds and spherical sub-
groups of semisimple Lie groups, Funct. Anal. Appl. 12 (1978), no. 3, 168-174; Russian orig-
inal: 9.B. Bunbepr, b. H. Kumensdens, Odnopodnuie obaacmu wa $haazo6vr mHo2000pa3uix
u cpepuneckue nodepynno, nosynpocmux epynn Ju, yuky,. ananmus u ero npuwiox. 12 (1978),
Ne3, 12-19.

0.8. Yakimova, Weakly symmetric spaces of semisimple Lie groups, Moscow Univ. Math.
Bull. 57 (2002), no. 2, 37-40; Russian original: O.C. fAxumora, Crabo cummempuueckue
npocmpancmea noaynpocmoix 2pynn Jlu, Bectn. Mock. yn-ta. Cep. 1, Marem. Mex. (2002),
Ne2, 57-60.

B. Wasserman, Wonderful varieties of rank two, Transformation Groups 1 (1996), no. 4, 375—
403.

Moscow INSTITUTE OF OPEN EDUCATION, Moscow, Russia
E-mail address: suselr@yandex.ru


http://arxiv.org/abs/1211.1277�

