THE BOSON STAR EQUATION WITH
INITIAL DATA OF LOW REGULARITY

SEBASTIAN HERR AND ENNO LENZMANN

ABSTRACT. The Cauchy problem for the L2-critical boson star
equation with initial data of low regularity in spatial dimension
d = 3 is studied. Local well-posedness in H*® for s > 1/4 is proved.
Moreover, for radial initial data, local well-posedness is established
in H? for s > 0. Both results are shown to be almost optimal by
providing complementary ill-posedness results.

1. INTRODUCTION AND MAIN RESULTS

We consider the initial value problem

i0u = V—A+m2u— (o] " * [ul)u in (=T,7T) x R?,
u(0,) = ¢ € H(R?).

Here v/ —A + m? is defined via its symbol /&2 + m? in Fourier space,
where the constant m > 0 is a physical mass parameter, and the sym-
bol * denotes convolution in R3. The nonlinear dispersive evolution
problem (1) arises as an effective equation describing the dynamics
and gravitational collapse of relativistic boson stars; see [16, 7, 14, 8]
and references therein. Given this physical background, we shall also
refer to equation (1) as the boson star equation in the following.

We recall that the boson star equation exhibits the following con-
served quantities of energy and L2-mass, which are given by

E(u(t)) = %/RS uV—A+m2udr — i/ (||~ * |uf*)|ul? d,

R3

(1)

M(u(t)) = lu|? da.
R3
From these conservation laws, we see that the Sobolev space H/2?(R3)
serve as the energy space for problem (1). Furthermore, in the case of
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vanishing mass parameter m = 0 in (1), we have the scaling symmetry
u(t, z) = up(t, z) = N3 2u(\t, \z)

for fixed A > 0. Clearly, the symmetry leaves the L?-mass M (u(t)) =
M (uy(t)) invariant. In this sense, the boson star equation exhibits the
delicate feature of L2-criticality.

Our aim is to determine minimal regularity requirements on the ini-
tial data in the Sobolev scale H*(R3) and H? ,(R?) (subspace of radial
functions), respectively, such that the initial value problem for the bo-
son star equation is locally well-posed. Let us state our first main

result.

Theorem 1.1. Let m > 0.

(i) Let s > 1/4. The initial value problem (1) is locally well-posed
for initial data in H*(R3).

(ii) Let s > 0. The initial value problem (1) is locally well-posed
for initial data in H? ,(R3).

rad

In both cases, the notion of local well-posedness includes existence
of solutions up to some time 7' > 0, uniqueness of solutions in a certain
subspace, persistence of initial regularity, and analytic dependence on
the initial data.

A first well-posedness result for the boson star equation was obtained
by the second author of this paper (see [12]) in H*® for s > 1/2 by energy
methods. Moreover, it was shown in [12] that global well-posedness
holds in H'/? for initial data sufficiently small in L. In contrast to this,
see [9] for the existence of finite-time blowup solutions with smooth
initial data that are large in L?2. Moreover, we refer the reader to
[4, 5, 6] for further well-posedness results for the boson star equation
with initial data in H® with s slightly below 1/2.

Our second result shows that Theorem 1.1 is essentially sharp in the
following sense.

Theorem 1.2. Let m > 0.

(i) Let s < }L and T > 0. If the flow map ¢ — wu exists (in a
small neighbourhood of the origin) as a map from H*(R3) to
C([0,T], H*(R?)), it fails to be C* at the origin.

(ii) Let s < 0 and T > 0. If the flow map ¢ — u exists (in a
small neighbourhood of the origin) as a map from H? ,(R?) to
C([0,T], H: 4(R?)), it fails to be C* at the origin.

rad

[ll-posedness results similar to Theorem 1.2 have been proved in [17,
Theorem 2| for the Benjamin-Ono equation and in [3, pp. 155-158|
for the Korteweg-de Vries equation. Compared to the L2-critical NLS,
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it is interesting to note that the boson star equation (1) exhibits ill-
posedness for non-radial data (in the sense given above) in a regularity
class above the critical space L?. Not so surprisingly, such a phe-
nomenom of ill-posedness above scaling is much more akin to nonlinear
wave equations (see [15]).

We remark that both Theorem 1.1 and Theorem 1.2 remain true in
the defocusing case, i.e. we may replace —|z|™* by +|z|™ in (1).

For radial data in L?*(R?) we prove the failure of uniform continuity
on balls, similar to the results in [1] for nonlinear Schrédinger and
generalized Benjamin-Ono equations:

Theorem 1.3. Letm > 0 andT > 0. If the flow map ¢ — u exists as a
map from L? ,(R3?) to C([0,T], L?,,(R?)), it fails to be locally uniformly
continuous.

We refer the reader to Propositions 3.3 and 3.7 for more precise
statements. The proof of Theorem 1.3 utilizes the fact that (1) has
solitary wave solutions u(t, r) = e"Q,, (), where Q,, € H'/2(R?) solves
the nonlinear ellipitic equation

VA2 Q4 nQp — (o7 Q1)@ = 0,

with © > 0 given. In the case m = 0, the exact scaling properties
simplify the analysis considerably and we can adapt an argument in
[1] in order to prove Theorem 1.3. In contrast to this, the case m > 0
breaking exact scaling deserves an additional discussion of the elliptic
problem for @,,.

When studying (1), it might be convenient to add the linear term
mu by considering the function e~ instead of u, which turns the
equation (1) into

i = (V=D +m? —m)u — (|z]7" * [ul*)u. (2)

Furthermore, by rescaling u, it suffices to consider either m = 0 or
m = 1 in the proofs.

The paper is organized as follows: In Section 2, we prove Theorem
1.1 concerning local well-posedness. In Section 3, we prove Theorems
1.2 and Theorem 1.3 on ill-posedness.

2. WELL-POSEDNESS

Let us fix some notation. We denote the Fourier transform of a tem-
pered distribution f both by F f and f, and to indicate a partial Fourier
transform with respect to time and space variables we also write F;f
and F, f, respectively.
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We denote dyadic numbers A = 2! : [ € Z by greek letters. Further,
for A > 1 we define dyadic annuli

Ay={6eR: N2 <|¢] <20}, and A, == {£ € R |¢] < 1}
We fix an even function 8; € C§°((—2,2)) s.t. Gi(s) = 1if |s| < 1,
and define S, (s) = B(sA™') — B(2sA71) for A > 1. Next, we define the
(smooth) Fourier localization operators in the standard way:

Pyf = fri=F B DFS),
and Py = 2221 P,. For measurable sets S C R", let xg denote the
sharp cutoff function, i.e. define xg(z) = 1if x € S and zero otherwise.
We set
Psf = F ' (xsFf)-
For fixed m > 0 let U(t) be the linear propagator defined by

FoUM)9)(€) = e OF,0(€),  pm(&) =m —/m? + [

Definition 2.1. Let s,b € R. We define the space X*° of tempered
distributions u € S(R3!) such that

3
lullai= ([ (€% + )1 Fule nPdedr) <0 @)
R 1
Further, X:&Z denotes the closed subspace of spatially radial distribu-
tions.

Concerning well-posedness, it suffices to consider the case m = 0 as
long as we are considering short time scales only. Indeed, (T + [¢]) ~
(T4++/m + |£|?—m) and the corresponding ||-||s ;-norms are equivalent.

We first recall Strichartz type estimates for the wave equation. They
have been studied systematically in [18], see also references therein.

Lemma 2.2. Let b > %

(i) For any ball B,, with radius p > 0 and arbitrary center, and
for all u € X 1P it holds

1Pl ey < 1, (4)
(ii) For all u € X2 it holds
[ull Larxra) S HUH%,I)' (5)
(iii) For all ;1> 0 and for all uy,us € X3° it holds
VP ooy S el llalls (6)

where u; denotes either u; or u;.
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Proof. Part i) Due to [18, Theorem 4.1] and the extension lemma [10,
Lemma 2.3] we have

1 1
| P, Pyul|parxrs) S pt A [ Pyulfo,p-
By Littlewood-Paley theory it follows that

1
2
| Pp,ulle S ( ) ||PAPBHU||%4(RxR3)>

A>1
1
1 1 2 1
St (Do IPwlE,)” S it ully
A>1
Part ii) The Littlewood-Paley estimate and Part i) with g ~ X imply
1 1
2 2
lullze S (3 IPlBaanssy) S (D I1PllEs) S el
A>1 A>1

Part i) We use almost orthogonality: Let us consider the collection
of cubes C, = pz + [0, ), 2 € Z3, which induce a disjoint covering of
R3. We have

1Pu(@) | 2@nrs) S D 1PalPo.tia Po, o) || 12 g xces)

2,2 €73

For each z € Z2, only those 2’ € Z? with |z — 2/| < 1 yield a nontrivial
contribution to the sum. Hence, by Cauchy-Schwarz and Part i) we
obtain

| Pu(urtiz) || 2@ xrs)
1 1
1 9 5 5 3
S “Z(Z HPB@(W)WH%J?) ( > ”PBm(uz')WHi,b) :
2€7Z3 2 €73

where Bﬁ“(uz) denotes the ba211 with radius v/3p and center pz, and
the claim follows from ) s X B 5, (12) < L O

~

Remark 1. By (complex) interpolation of [|ul| 174 S HuH%b and [[ul|p2z2 =
||ullo,0 resp. HUHL;ng < JJullo,, we obtain

lull 5 5 Slullye (7)
t+ Lo

lull , 5 Shuls (5)
tx

if b> % The Sobolev embedding implies

3
||U||L;1L§ S ||D4U||L3Lg S vl 31
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By interpolation with [[ulpazs < ||u||%b (for b > 1) we obtain the

following: For any § > 0 there exists b < % such that
HUHL‘ng S ||U||§+5,b~ (9)
Furthermore, there is one obvious consequence from (6) which we will
use later: For s > %, b> %,
~ 3_
[Pu(urti)l| z2msy S o [lualsplluallss. (10)

In the case of radial data there is the following improvement, which
is an immediate consequence of [18, Theorem 2.6].

Lemma 2.3. Let b > % For all A > 1 >0, and for all uy,us € x00

rad
| Pu(Prtty Patia) || c2rxcrsy S pllwaloplluz o, (11)

where ﬁj denotes either u; or u;.

Proof. 1t suffices to consider A > p. Decompose u; = ;10w + Uj high
into low and high modulation, i.e.

supp Fujiow C {(7,€) : |7+ [€]] < p}
supp Fu;pign € {(7,8) |7+ [§]] > p}
Because of
supp F (L (Patir jow Ptz ion)) € {(7,€) + |7+ [€]] S 1}
the estimate of [18, Theorem 2.6] with r ~ u readily implies
| Pu(Prtin jow Patiz iow) || L2 xrsy S follwr ol wz]]os-
On the other hand,
B PrTistow Paliz igh) | 2 sy S 12 | At 1w PrUz pign | 21
< 1| Priisgoul| o 12 | Pz nign .2
< 12 sz o

The same argument applies in the remaining cases, since at least one
factor has high modulation. O

Remark 2. By the Sobolev embeddding, we obtain

~ ~ 3 ~ ~ 3
| P (Patn Patia) | 2 exrsy S w2 || Pu(Patin Patia) | 2pr S g2 [luallg 2 [Jue

0,1 0,
Interpolation with (11) implies that for any ¢ > 0 there exists b < %
such that

| Pu( Pty Patio) || 2 (rxcrsy S 1w flo szl lo (12)

for radial uq, us.
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Next, we are prepared to prove

Proposition 2.4. Let s > 411' There exists —% <V <0< % <b<UV+1
and 6 > 0, such that

s,b u2||s,b||u3||s,b (13)

for all u; € X*° with supp(u;) C {(t,x): [t| < T}, j=1,2,3.

| * (uts) uslsy S T°|lw

Proof. Without loss we may assume 411 < s < %. We notice that in R?
convolution with |z|™ is (up to a multiplicative constant) the Fourier-
multiplier |D|™? with symbol |72, which is locally integrable. By
duality, it suffices to prove

I ;:] / / |D|—2(u1a2)u3<p>8u—4dtdx)

ST Nlua ||l spll s bl tal o, -

(14)

It suffices to consider u; with non-negative Fourier-transform. Then,
we may split the left hand side into two terms:

15| [0l + | [[ 1010wy ) it
=01 + 1.

Let us first discuss the contribution of P<o(uius): For any sq,s2 € R,
the Hardy-Littlewood-Sobolev and Bernstein inequalities imply

‘//<D>31|D]2P§2(u1ﬂ2)<D>52u3u_4dtdx‘
SIIDI ™2 Peo(urti)|| p2 16 | P<a ((D)*2ustg) |

5 6
iLe

§HP§2(U1U_2)||L?L§ (D) ustig|| 211

Sllullpacz luallpacz IKD) P us || papa | wall Lara

Slluallo,zlluzllo s lluslls,, 1 llwallo,1 -

Thus, we may henceforth assume that Pj(uiuy) = Py (ugty) = 0. First,
we consider the contribution of I;:

I 9,
I < [{D)°|DI™5 (urtia)|| 2| D] ™5 (ustia) || 2 =: Lua - a2
On the one hand, using (6) we obtain
s—L — s—3
Lo S) WS (1Pu(w@) e S ) w5 s yllualls,
n>2 u>2

Slullzplluslls
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On the other hand, the Hardy-Littlewood-Sobolev inequality and (8)
yield

Iy S [|ustyl] S lusll s ||U4HL?§L2 S ||u3||i,b||u4||0,é'
t x

8
L2Lf L3L3
For —bv/ > %, b > %, this implies

L Shi+ 1 S TJHulHi,b

us| 1 pllusl 1 plluallo v (15)

Finally, we turn to Iy: By Cauchy-Schwarz, (10) and Bernstein we
obtain

Iy 37 2Bl 2| P4 D) i) 1

n>2

1_g S, =
oo > 13| Pu((D) gy || 21

n=>2

1
|6 Z (D) s parg [lual| a2

pu>2

Shluallspllue

Slluallspllus

STl llsplluzllsnllusllssllwallo—v
if <—fandb>3, s> 1. O
Next, we consider the radial case.

Proposition 2.5. Let s > 0. There ezists —% <V <0< % <b<b+1
and 6 > 0, such that

2| ™" (uitie) usl sy S T0)un

solluzllsplluslls,o (16)
for all u; € X3P, with supp(u;) € {(t,z) : |t| < T}.
Proof. As above, by duality, it suffices to prove

I ;:] / / |D|_2(ulﬂg)u3<D>su_4dtdx’

ST llsolluzllssllusllsslluallo—v

(17)

for 0 < s < % It suffices to consider u; with non-negative Fourier-

transform. Then, we may split the left hand side into two terms:

I 5‘ //<D>S’D‘2(U1ﬂ2)u3u_4dtdx‘ + ‘ // |D| % (uytis) (D) ustizdtds
=1 + .

The argument in the proof of Proposition 2.4 shows that we may hence-
forth assume that P(uius) = P(usuy) = 0. First, we consider the
contribution of I;:

I < |(DY?’| D (ua2) || 2 ||| DI~ (us@a) | 2 S Thy - ro
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We have (dyadic summation)

In S )0 A ua Bzl + > AT Hlua s T2

A1z A1>Az
+ 1 P i) || 2
BSA

We start estimating the first term by using Holder’s inequality and (5):

_1 1
> N wa Tl S Y Ay 2AF [ua, lloslluzs llow

A1 A2 A1 A2

<ZZQ ”U,12kl

k=0 0<Ii<k

Slluallsplluzliop-

For the second term, we obtain the same result. The third term is
estimated by using (11):

o N Paluntap)llze S lluallosluzallos
LS BSA
Slluallsplluzlop-

Next, we decompose I15 = J; + Jo + J3. Using (9) with § = s we see
that

+
Jii= >0 AN us gt S0 AL g g sl oo

A3\ A3\
Sllusllsslluwallo,—v

for some o' > —3. Similarly,

1 1
~1. 1y
Toi= > A2 A2 us g loslltanllo—v S llusllsslltallo—v-
A3> Ay

Using (12) we obtain

T3 =Y i M Pu(usatian)llzz S 0 lusallosluanllo -y

HSA HSA
Slusllspllvallo—v
for some b’ > —%. All in all, we have proved
I S s,
Concerning I, we obtain

I, < |(DY’| D]~ (wiiz) || 2 |[{D) ~*| D~ ((D)*ugtia) || 12 S Lo1 - Too
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The estimate for I1; above also applies to ;. As above, we decompose
Iy = K1+ Ko+ K3. Trivial modifications of the arguments above yield

I S ”u3||s,b”u4”0,—b’7

and altogether we obtain

I S ||U1||s,b\|u2||0,b||U3||s,bHU4||0,—b’-

By replacing |[usllo.— by |lusllo,—e» for some —1 < b < ¥’ shows that
one can squeeze out a factor 77. O

Finally, we explain how Propositions 2.4 and 2.5 imply Theorem 1.1:
The general idea — due to Bourgain [2] — is well-known by now, see e.g.
[10] and references therein for more details. The basic idea is to solve
the integral equation

t

u(t) = ¢rU(t)o + in/o Ut =) (||~ = [U(T)e*U(r)d)dr  (18)

with the smooth cutoff 1 (t) = £1(t/T") and given initial data ¢ by the
contraction mapping principle. For b > % [10, (2.19)] implies

[9rU®éllso S T2l
Also, [10, Lemma 2.1] implies that

t
||¢T/ Ut =7)f(T)drllsp ST fllsw
0

if —% <V <0< % < b <V +1. Now, due to Propositions 2.4 and 2.5,
it is an easy exercise to verify that the right hand side in (18) defines
a contraction in an appropriate closed ball in X** C C([0, T]; H*(R?))
and X*° c C([0,T]; H:,,(R?)), respectively. Hence, it has a fixed
point. Uniqueness in X*? resp. Xfc’ﬁi and smooth (real analytic) de-
pendence on the initial data are immediate consequences.

3. ILL-POSEDNESS

3.1. Proof of Theorem 1.2. As explained in [17, Section 2.2] (for the
quadratic Benjamin-Ono equation), it suffices to prove the following:

Proposition 3.1. For fited 0 <t <1 and s < % the inequality

| [ ve=ner cwmervmeyar|, ., <ol 19

fails to hold for all ¢ € H*(R3) (in any neighborhood of the origin).
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Proof. et 1 < p < A. We will choose p = pu(\) = SA2 for fixed
0 < § < 1. Define the cube

WAi = {(51’52763) eR®: |€1 T+ )“ < u, |€2|7 ’§3| < H}»

which is centered at +Ae; with sidelength 2u. Let ¢ be the inverse
Fourier transform of the characteristic function Xw; of Wy. Obviously,

]l sy ~ 222",
Next, we consider

R = Fo( [ U =) (el UPU )0 ar) ©)
0
Our aim is to prove that for 0 <t < 1 and all £ € }lW/\J“
(&) 2 [t]u. (20)

Assuming that (20) holds, the claim follows since the validity of (19)
implies

IEk S S 9 S
[t A S I Ful€)llzqms) S n2 A’
which for p = SN2 is equivalent to
15 S A%,

which can hold for fixed t,6 > 0 and A — oo only if s > %1. Hence, it
suffices to establish (20): Similarly to [17, p.985] we compute

Fi(€)

ztrm (61,62,6) _ 1) Xw (gl)XW (52)
o (- & - &)dad
=ce /R3 /}R3 P €1 6 X+ (§ = &1 — &2)d&1dS,

where

Tm(&,fz,g) = @m(gl) - me(&) + Qﬁm(f — &1 — 52) - Sﬁm(f)

We notice that in the domain of integration we have
2

Il —l&l +le— & —&l - gl S 5
hence, for each fixed m > 0,

1
[Tm(€1,62,8)| S — + ” < 1 (by choosing § > 0 small enough).

A A
Therefore, if € € iW; we have

F©)] 2 It / / 6 + & 2dedes > [t
Wi Jiwy
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and the proof is complete. Notice that (by multiplying the above func-
tion ¢ by a small fixed parameter) we can provide such a counterex-
ample in any neighbourhood of the origin. U

Proposition 3.2. For firted T > 0 and s < 0 the inequality

s | [ V= (et s @O, S 1ol @1

t€[0,T

fails to hold for all radial ¢ € H*(R3) (in any neighborhood of the

origin).
Proof. Let T' > 0 be fixed. For A > 1 we define the annulus
Ay ={(&,%,8) € R3: A\ < €] < 2},

and let ¢ be the inverse Fourier transform of the characteristic function
xa, of Ax. Obviously, ¢ is radial and ||| gs(rs) ~ T2, As above we
consider

RO = Fo [ Uie=n) (ol U 0LUI0)ar) ©)

For t = 6A~! with 0 < § < 1 (such that ¢ < T') and £ € 1A, we will
prove

[F(&)] 2 0A°. (22)
The estimate (21) in conjuction with (22) implies

SN2 S IO Fu©) | ey S X2

which can hold for fixed § > 0 and A — oo only if s < 0. It remains to
prove (22): As above (cp. [17, p.985]) we compute

F(€)

itom( eitrm (€1,62,8) _ 1) XA;(fl)XAA(&) - -
e /Rs /]Rs irm (&1, €2, €) & + &) Xy (€ — &1 — §2)d61dEs,

where

Tm(§1,62,8) = ©m(&1) — em(&2) + om(€ — & — &2) — om(§).

Obviously, in the domain of integration we have
‘trm(élag%g)‘ S |t)\‘ <L
Therefore, if £ € 1Ay and ¢ = A~ we have

F(©)] 2 x! / / 60+ G| 2derdey > 6N,
14, JA,
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and the proof is complete. As above, we can provide such a counterex-
ample in any neighbourhood of the origin by multiplying ¢ by a small
parameter. O

3.2. Proof of Theorem 1.3: Failure of Uniform Continuity. By
exploiting the fact that (1) exhibits solitary wave solutions, we show
failure of (local) uniform continuity of the solution map ¢ — wu(t) in
L?. TIn the case m = 0, the exact scaling symmetry of (1) simplifies
the analysis considerably. From [12, Appendix A.2] (see also [14]) we

recall the existence of radial ground state solutions ) € H 2 (R3) of
V=AQ+Q = (J2] T+ 1Q)Q =0. (23)

We divide this subsection by treating first the massless case m = 0,
followed by a discussion of the more complicated situation when m > 0
hold in (1). The following result concerns the massless case. To treat
the case m > 0, we need more elaborate arguments worked out below.

Proposition 3.3. Suppose that m = 0 holds in (1) and lett > 0. Then
the map ¢ — u(t) fails to be uniformly continuous for initial data in
the set

M = {¢ € L*(R%): ¢ radial , |72 > |Q7}

with respect to the L*-norm.

Proof. We adapt the arguments in [1] to our setting here. Suppose that
m = 0 holds in (1) and suppose that @ is a ground state solution (23).

By scaling, we have that Q,(z) = M%Q(ux) with > 0 solves
V=AQ, +nQ, — (|27 *1Q.)Q. = 0.

Note that [|Q.llzz = ||Q|| 2 reflecting the L*-criticality of (1).
For pi1, pie > 0 we consider the solutions

u#1(t>x> = eithu1<$>> Upy (tv x) = eitusz (:U)
and we set
Ly (1) = Nty (8) = 0y (8) |22
Note that

]M17/t2 <t> - ||QH1 ||%2 + ||Qu2 H%Q — 2Re <€iw1Qu17 eitMng>

— 2|QJ% — 2Re {() (Z—)/ [ ewe ((/’j—) ) cza:}
—9|QI2. — 2cos(t(m — 12)) (Z—)/ [ e ((Z—) ) dr
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Let t > 0 be fixed and choose the sequences

= %(n +1)%, pa(n) = %nQ, with n € N.

This choice implies that ¢(u; (n)—p2(n)) = 5(2n+1) and thus cos(t(py (n)—
p2(n))) = 0. Therefore,

I/Ll(n),w(n)(t) = 2”@”%2 for all n € N.

On the other hand, since p1(n)/pua(n) — 1 as n — 400, we easily see
that

pa(n)

lim [#1(71)#2(”)(0) = 0.

n—+oo
But this show that the solution u(t) cannot depend in a uniformly
continuous way on the initial datum ¢ in the L?-topology.
This completes the proof of Proposition 3.3. U

We now turn to the case when m > 0 holds in (1). Without loss of
generality, we assume that m = 1 throughout the following. To derive
an illposedness result that is analogue to Proposition 3.3, we utilize
solitary wave solutions u(t,r) = e*Q,(z), where Q, € HY?(R3) are
radial positive solutions to

VIR FTQu+ 1@y — (1217 1@, ))Qu = 0. (24)

Here i > 0 can be chosen arbitrarily; in contrast to [14], where p arises
as a Lagrange multiplier. However, we need some auxiliary results
about a class of ), that arise from a suitable variational problem. In
particular, we are ultimately interested in the limit of large p > 0 and
we will show that
R, (z) = M_g/zQu(M_lx>
converges strongly in L? (up to subsequences) as u — oo to some
positive radial solution R € H'/2 that solves v—A R + R — (|z|~ *
|RI*)R = 0.
Note that R, € H'/? solves

V=A+pu2 R, + R, — (|| % |R.[*)R, =0 (25)
if and only if Q, € H'Y? solves (24). In order to construct solutions

R, (for any u > 0 given), we define the functional F, : HY?(R?) — R
given by

F,(u) = / uy/ A+ p2udr + / u|? da.
R3 R3
We consider the following minimization problem

Fr=inf{F,(u) : u € H'*(R?), V(u) = 1}, (26)
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where
V(U):/ (| = s Jul?) uf? da.
R3

By interpolation inequalities, it is easy to see that Fj; > 0 holds. In
fact, the infimum is attained.

Lemma 3.4. For any p > 0, there exists a radial positive minimizer
T, € HY?(R3) for problem (26). Moreover, the function T, satisfies

V=A+p=2 T+ T, — (||~ % |TL°)T, = 0,
where § = 6(T},) > 0 is some Lagrange multiplier. In particular, the
function R, = 0'/*T, € HY*(R®) is a positive radial solution of (25).

Proof. This follows from standard variational arguments. We provide a
brief sketch of the main steps, where we use rearrangement inequalities
to gain compactness of minimizing sequences.

For ¢ > 1 given, we embed (26) into the family of variational prob-
lems

I(0) = inf{F,(u) :u € HY? V(u) = o}.

Clearly, we have that [,(c) > 0. Moreover, by scaling, we readily
check that I,(c) = 0'/21,(1) and hence I,(c) > I,(1) for ¢ > 1. Now,
by rearrangement inequalities (see, e.g., [13]) we have that F),(u*) <
F,(u) and V(u*) > V(u), where u* denotes the symmetric-decreasing
rearrangement of u € H'/2. Therefore, any minimizing sequence (u,,)
for problem (26) can be replaced by (u’) without loss of generality.
Hence we assume u,, = u,, from now on. Since F},(u,) — F};, we have
that [|u,| g2 S 1. Thus, by passing to a subsequence, we can assume
that u, — u, weakly in H/2 and u,, — u, strongly in L} _for p € [1,3).
Furthermore, by using that ||u,| 2 < 1 and the fact that u, = u,(|z|)
are radial and monotone decreasing in |z|, we deduce the pointwise
bound |u, (x)| < |#|73/2. Using this decay bound together with u,, — .
strongly in Lllfc/ ° we deduce that u, — u, strongly in L'2/>. Thus, by
the Hardy-Littlewood-Sobolev inequality, this implies that V(u,) —
V(u,) = 1. In particular, we have that u, #Z 0 holds. Next, by the
lower semi-continuity of F}, with respect to weak convergence in H 172,
we deduce that lim,, . F,(u,) > F,(us). Hence T), := u, > 0 is a
radial and nonnegative minimizer for problem (26) and satisfies the
corresponding Euler-Lagrange equation with some mutliplier § € R.
The positivity of # > 0 follows from integrating the Euler-Lagrange
equation against 7,. In fact, we easily see that § < 0 is not possible for
T, # 0. Finally, we note that T),(z) > 0 is in fact positive by adapting
an argument in [12]. O
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Next we derive uniform bounds for the minimizers 7T}, given above
when taking in the limit 4 — oo. Hence, without loss generality, we
consider the case j > 1, say. We have the following uniform L? bounds.

Lemma 3.5. Suppose that yu > 1 and let R, = 0/*T, € HY?(R?) be
gwen as in Lemma 3.4 above. Then we have the uniform bounds

1 5 ||Ru||L2 S HRMHHU? < 1.

~

Proof. We derive approriate bounds for T, € HY? and 6 = 6(T},) > 0
as follows.
First, we claim that
[Tl gz S 1. (27)
To see this, we simply note that 7}, minimizes problem (26). Therefore,
by taking some fixed function w € H'/? such that V(w) = 1, we deduce
that

FAT) < Fw) < [
S1+pt S,

using the operator inequality /—A + p=2 < v/—=A + p~%, which di-
rectly follows in Fourier space. From this we deduce that the bound
(27) holds true.

Next, we derive an upper bound for § > 0 as follows. By integrating
the Euler-Lagrange equation for 7}, against 7),, we deduce that

0= Fu(T,) <1, (28)

using that V(7)) = 1. Combining (27) and (28), we find that R, =
02T, satisfies

1Rz < | Rullare S 0721 Tull i S 1.

Y

wvV—Awdr + (1+p™ ) / \w|? dx
R3

It remains to show the uniform lower
[Rullre 2 1. (29)
Indeed, this can be seen by exploiting a Hardy type inequality as fol-
lows. Let H denote the self-adjoint operator
H=/=A+p=2 = (2|7 * |R,?).

Note that —1 is an eigenvalue of H, since HR, = —R,, holds. Fur-
thermore, by radiality of R, and Newton’s theorem (see, e. g., [13]), we
have the pointwise bound

RGeS
R

s le—yl 7 x|
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Suppose now that [|R,[|7. < (2/m) was true. In view of the simple fact
that \/—A + p~2 > +/—A, we obtain the operator inequality

2
H>V-A- % > 0,
x
by Hardy’s inequality |z|~' < Z+/—A, see [11]. But the nonnegativity
of H contradicts the fact that —1 is an eigenvalue of H. Therefore we
deduce that (29) holds, which completes the proof of Lemma 3.5. [

Next, we derive the following strong convergence result for the family
R,.

Lemma 3.6. Suppose that ju, — 0o asn — oo and let T, € HY?(R3)
be a sequence of minimizers as given by Lemma 3.4. Furthermore, we
denote R, = Q,Il/QT#n € HY2(R3) with 0,, = 0(T,,,) be as above. Then,
after passing to a subsequence if necessary, we have that

R,,, = R strongly in L*(R?) as n — oo,
where R € HY?(R?) is a positive radial solution of
V=AR+R—(|z| "« |R*)R =0,

and it holds that || R||32 > ||Q||72 (i- e. the critical L*-mass for the boson
star equation, see (23)).

Proof. For notational convenience, we write I, = R, in what follows.

By the bounds in Lemma 3.5, we can assume that R, — R weakly
in H'/2. Moreover, by local Rellich compactness, we can have that
R, — R strongly in L2 . We will upgrade this to strong convergence
in L2, by deriving a uniform decay estimate for R, as follows.

We rewrite the equation satisfied by R, as

V_A_‘_M;ZRn:fn

with f,(z) = (Vo (2) —1)R,(z) and V,,(z) = (|| "' *|R.|?)(z). Since R,
are radial functions and ||R, ||z < 1, we derive from Newton’s theorem
[13, Theorem 9.7] the uniform pointwise bound V,,(z) < || R,||3.]|z|™! <
|z|~1. Moreover, by the fact that R,(x) > 0 is positive, we deduce that

f.7(z) := max{0, f,(x)} =0 for |z| > 1.
Now, let G, (z,y) be the convolution kernel associated to (—A+p~2)~1/2.
From well-known facts (see e.g. [13, p. 183, formula (11)]) we have the
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explicit formula

Gulo) = [ eI g
0
—4 0o
H t —2
= K. Ve —y2+12) dt
27TQ/O (u | y|+>,

24 le—yP
where K, is the modified Bessel function of the third kind. From the

fact that K,(z) < |2|7" for Rev > 0, we easily deduce the uniform
bound

0<Gulz,y) Sle—yl ™

Hence, by using the posivity of R,, and the fact that f;" have compact
support in a fixed large ball independent of n, we obtain from R, =
(A + p~2)~Y2f, that

0< R < [ G 0fiwds [ Gule—n)fi )i
R3 ylsl
<l [ fr(y)dy e for |2 2 1.
lyl<1

In the last step, we used that

fn*(y)dyf,/ !

wi<t 1Yl

Ra(y)dy S 1,

ly|<1

thanks to Newton’s theorem and || R, |2 S 1 again.
In summary, we have shown that

Ru(z) <|z|™* for |z| > 1and n > 1.

Using this decay bound (which is square integrable at infinity), we
easily see that R, — R stronlgy in L2  implies that

loc

R, — R stronlgy in L*(R?) as n — oo.

In view of the lower bound in Lemma 3.5, we deduce that R # 0 holds.
By passing to the limit in the equation satisfied by R,,, we deduce that
R satisfies the equation displayed in Lemma 3.6.

Finally, integrating the equation satisfied by R against

d s
AR=2-VR+ ;R = —a2R(ax)

da a=1

we obtain that

1
/ R\/—ARdazzi/ (2|« | R]?)| R|? da.
R3 R3
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Recall the interpolation estimate

[ el sl ae < oo ([ 7v=57) ([ 107)

for all f € H'Y? where the optimal constant is given by Cop =
2/]|Ql32; see, e.g., [12, Appendix] for this fact. Hence we deduce
that || R||3. > [|Q]|3.. This completes the proof of Lemma 3.6. O

Having the result of Lemma 3.6 at hand, we can now prove the
following illposedness following in the case of positive mass parameter
m > 0.

Proposition 3.7. Suppose that m > 0 holds in (1), and let t > 0.
Then the map ¢ — u(t) fails to be uniformly continuous for initial
data in the set

M ={¢ € L?: ¢ radial ,||¢||%. > K}

with respect to the L*-norm, where K > ||Q||3. is some universal con-
stant.

Proof. Recall that we can assume m = 1 without loss of generality. For
11, o > 0 given, we consider the solitary wave solutions

u,ul(t7x) = eithm (t, ), Upy (t,x) = eithuz (t,r),

where @, (z) are radial positive solutions to (24) that are given by
Q, = p**R,(uz) with R, taken from Lemma 3.4. Following the proof
of Proposition 3.3, we define

[NL,U«Q (t) = ||uM1 (t) — Upy (t)H%?
Similarly as above, we find that

Ly () = Qs 172 + 1 Qe 172

~ cos(tlm — m) (Z—)/ [ R (L)) do

Now let ¢t > 0 be given. Define the sequence pu(n) = Zn® for n € N,
which ensure that cos(t(u(n + 1) — pu(n)) = 0 for all n € N. By
Lemma 3.6 and after possibly passing to a subsequence, we have that
Ry — R strongly in L? with a radial positive function R # 0. Hence,
we conclude

nh—>n<;10 Iu(n+1),u(n)(t) = ZHRH%? 7£ 0.
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On the other hand, we have
lim 7 011) () (0)

n—oo
: +1)\3 p(n+1)
—2||R|% — 2 1 (“("—)/Rn Ry (o) d
|27 nl_{{)lo 1u(n) s 1 )(37) w(n41) 1i(n) € ) ax
— 9||R|% — 2/ R dz = 0.
R3
This completes the proof of Proposition 3.7. U
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