PROJECTIONS OF ORBITAL MEASURES, GELFAND-TSETLIN
POLYTOPES, AND SPLINES

GRIGORI OLSHANSKI

ABSTRACT. The unitary group U(N) acts by conjugations on the space J#(N)
of N x N Hermitian matrices, and every orbit of this action carries a unique
invariant probability measure called an orbital measure. Consider the projection
of the space .#°(IN) onto the real line assigning to an Hermitian matrix its (1,1)-
entry. Under this projection, the density of the pushforward of a generic orbital
measure is a spline function with N knots. This fact was pointed out by Andrei
Okounkov in 1996, and the goal of the paper is to propose a multidimensional
generalization. Namely, it turns out that if instead of the (1, 1)-entry we cut out
the upper left matrix corner of arbitrary size K x K, where K = 2,...,N — 1,
then the pushforward of a generic orbital measure is still computable: its density is
given by a K x K determinant composed from one-dimensional splines. The result
can also be reformulated in terms of projections of the Gelfand—T'setlin polytopes.
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1. INTRODUCTION

Orbital measures. Let .7 (N) be the space of N x N Hermitian matrices. For
K =1,...,N — 1, we denote by p¥ : J#(N) — #(K) the linear projection
consisting in deleting from the matrix H € J#(N) its last N — K rows and columns.
We call p¥(H), the image of H under this projection, the K x K corner of H.

The unitary group U(N) acts on #(N) by conjugations, and because U(N) is
compact, each orbit of this action carries a unique invariant probability measure,
which we call the orbital measure. Given an orbital measure p on J(N), denote
by pi (i) its pushforward under projection p¥. Our goal is to describe p-(11).

The orbits in ¢ (N) (and hence the orbital measures) can be indexed by N-tuples

of weakly increasing real numbers X = (z; < --- < zy), the matrix eigenvalues.
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Let 2°(N) C RY denote the set of all such X’s. Given X € 2°(N), we write Ox
and px for the corresponding orbit and orbital measure, respectively.

Since pX (11x) is a U (K )-invariant probability measure on # (K), it can be uniquely
decomposed into a continual convex combination of orbital measures, governed by
a probability measure vx x on the parameter space 2 (K). That is, vy x is charac-
terized by the property that, for an arbitrary Borel subset S C 27 (N),

(P (x))(S) = / iy (S)vxx (dY).

Ye (K)
The measure vy i can be called the radial part of measure p¥(1x).

Main result. Denote by 2°°(N) the interior of 2 (N); that is, 2°°(N) consists of
N-tuples of strictly increasing real numbers. If X € 2°°(N), then vx g is absolutely
continuous with respect to Lebesgue measure on 2" (K) C R¥, and the main result,
Theorem [3.3] gives an explicit formula for the density of vx k.

In the case K = 1 the target space of the projection is the real line, and the density
in question coincides with a B-spline, a certain piecewise polynomial function on R
(this fact was observed by Andrei Okounkov). In the general case, it turns out that
the density of vx g is expressed through a K x K determinant composed from some
B-splines.

As the reader will see, the proof of Theorem [B.3]is straightforward and elementary.
The main reason why I believe the result may be of interest is the very appearance
of splines, which are objects of classical and numerical analysis, in a problem of
representation-theoretic origin.

Gelfand—Tsetlin polytopes. Before explaining a connection with representation
theory I want to give a different interpretation of the measure vy k.
For X € Z(N)and Y € Z (N — 1), write Y < X or X > Y if the coordinates

of X and Y interlace, that is
2 <y <22 << oy-1 SYn-1 S Ty
Given X € Z'(N), the corresponding Gelfand—Tsetlin polytope Px is the compact
convex subset in the vector space
RV-1 « RN-2 & ... x R = RN(N-1)/2
formed by triangular arrays subject to the interlacement constraints:
Py = {(Y®V YWy RNOV=D/2 X o y(V=D e vy

Consider the map assigning to a matrix H € Ox the array formed by the collections
of eigenvalues of its corners p¥N_ | (H),pN _o(H),...,pN(H). Tt is well known (see
Corollary below) that this map projects the orbit Oy onto the polytope Px
and takes puy to the uniform measure on Py (that is, the normalized Lebesgue
measure). Next, given K = 1,..., N — 1, consider the natural projection Px —
2 (K) extracting from the array (Y=Y . . Y} its Kth component Y %) The

Y
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measure vx g is nothing else than the pushforward of the uniform measure under
the latter projection.

Discrete version of the problem: relative dimension in Gelfand—Tsetlin
graph. Let GTy = 2 (N) N ZY be the set of weakly increasing N-tuples of
integers. The elements of GT y are in bijection with the irreducible representations
of the group U(N): with X = (z1,...,2zy) € GTy we associate the irreducible

~

representation Tx with signature (=highest weight) X := (zn,...,21). Here we

pass from X to X, because the coordinates of signatures are usually written in the
descending order, see Weyl [13].

Let X € GTy and consider the finite set P%Z := Px N ZNW=1/2 consisting of
integral points in the polytope Px. Let us replace the uniform measure on Px by
the uniform measure on PZ (that is, the normalized counting measure). Next, given
K =1,...,N — 1, we consider again the same projection Py — 2 (K) as before
and denote by 1% j the pushforward of the uniform measure on P%. Evidently, v%
is a probability measure with finite support.

Elements of PZ are the Gelfand—Tsetlin schemes (also called Gelfand-Tsetlin
patterns) with top row X; they parameterize the elements of Gelfand—Tsetlin basis
in Tx. By the very definition of 1§ ., for Y € GTk, the quantity 1% (V") (the mass
assigning by V)Z(—’  t0Y) equals the fraction of the schemes with the Kth row equal
to Y. This quantity is the same as the relative dimension of the isotypic component
of Ty in the restriction of Tx to the subgroup U(K) C U(N).

The Gelfand—Tsetlin graph has the vertex set GT; U GT, LI ... and the edges
formed by couples Y < X. In the terminology of Borodin-Olshanski [3], 1% () is
the relative dimension of the vertex Y € GT g with respect to the vertex X € GTy.
In [3], we derived a determinantal formula for the relative dimension (see also Petrov
[11] for a different proof). That formula can be viewed as a discrete version of the
formula of Theorem B3

I first guessed the formula of Theorem [3.3] by degenerating the “discrete” formula
of [3]. However, this is not an optimal way of derivation, because the discrete case
is much more difficult than the continuous one. I am grateful to Alexei Borodin for
the suggestion to study the degeneration of the “discrete” formula. Note that from
the comparison of the measures vy x and v% g it is seen that the former should be
related to the latter by a scaling limit transition.

2. PRELIMINARIES

The fundamental spline with n > 2 knots y; < --- < y, can be characterized
as the only function a — M (a;y; ..., y,) on R of class C"~3 vanishing outside the
interval (y1,y,), equal to a polynomial of degree < n — 2 on each interval (y;, yi11),
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and normalized by the condition

+oo
M(a;yy1, ... yn)da = 1.

—00

Here is an explicit expression:

M(a;y1,. .. yn) == (n—1) Z %

n—2

1 Y; >a

rirFi
In particular, for n = 2
1 <a<
M(a;yr, y2) = ———=.
Y2~

Remark 2.1. The above definition is taken from Curry—Schoenberg [4]. In the
subsequent publications, Schoenberg changed the term to B-spline. The latter term
became commonly used. However, in the modern literature, it more often refers to

the function
)n—2

Ba;ys, - Yn) == (Yo —11) D lw: ~ a (2)

H (yz - yr) ’
riTFi
which differs from M (a;y1,...,y,) by the numerical factor (y, — y1)/(n — 1); see,
e.g., de Boor [2] or Phillips [12]. The normalization in (2]) has its own advantages,
but we will not use it. Note also that M(a;y,...,y,) is a special case of Peano
kernel, see Davis [B], Faraut [7].

1 Y; >a

We need two well-known formulas relating M(a;yy, ..., y,) to divided differences

(see, e.g., [4], [7]).
Recall that the divided difference of a function f(x) on points y, . .., y, is defined
recursively by

flyi,y2) = M’ Flyr, ys, ys] = fly2,vs) : [y, v ’
Y2 — Y1 Y3 — y1

and so on; the final step is

f[yb o ’yn] _ f[y2> cee ayn] __f[yla .. 'ayn—l] . (3)
Yn n

s %, >0
o =
0, x<0.

In this notation, the first formula in question is

M(aiyr,-. o yn) = (0= 1)f[yr,.. . yn),  where f(2) = (z —a)17%,  (4)

Next, set



and the second formula is
1
flyn oyl = m/M(a; Yi, - yn) [V (a)da. (5)

In (@), f is assumed being a function on R with piecewise continuous derivative
of order n — 1. In particular, (F]) is applicable to f(x) = (z — )", which is used in
the lemma below.

To shorten the notation, let us abbreviate Y := (y; < -+ < yy,).

Lemma 2.2. Fizxn =2,3,... and an n-tuple Y = (y; < --- < y,) € Z°(N). For
an arbitrary b € R set

fo(z) = (x = b)771, r e R.

One has
/ M(a;Y)da=1— f[Y], ceR, (6)
/b M(a:Y)da = Y] - LIV], b<c, (7)
Y M(aY)da= Y], beR (8)

b
Proof. To check ([7), we apply (@) to f(z) = fi(z) — f.(x), which is justified, see the
comment just after (Bl). Then in the left-hand side of ([B]) we get f,[Y]— f.[Y]. Next,
observe that the (n — 1)th derivative of f;(x) equals (n — 1)!1,>p, so that

f(n_l)(a) = (n - 1)!(1a2b - laZc) = (TL - 1)!1b§a<c-
Therefore, in the right-hand side we get fbc M (a;Y)da, which proves ().

Now (8)) follows from ([7]) by setting ¢ = +o0, and (@) follows from (&), because
the total integral of the M(a;Y") equals 1. O

3. PROJECTIONS OF ORBITAL MEASURES

We keep to the notation of Sections [I] and
Given X € Z'(N), the pushforward of the orbital measure px under the map

Ox > H v the spectrum of py_,(H)

can be viewed as a probability measure on 2" (N —1) depending on X as a parameter;
let us denote it by AN _;(X, -) or AY_,(X,dY). We regard A(X,dY’) as a Markov
kernel.

By classical Rayleigh’s theorem, the eigenvalues of a matrix H € 2 (NN) and its
corner pX_,(H) interlace. Therefore, the measure AY (X, -) is concentrated on
the subset

{Ye2Z(N—-1):Y <X}cRVL (9)
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Proposition 3.1. Assume X = (z1,...,2y5) € Z°N). Then the measure AN (X, -)
is absolutely continuous with respect to Lebesque measure on the set ([Ql), and the
density of AN (X, ), denoted by AN_,(X,Y), is given by

V(YY)
V(X)

AV (XY) = (N - 1)! ly<x, (10)

where we use the notation
V(X) =]J(x; =)
j>i
and the symbol 1y _x equals 1 or O depending on whether Y < X or not.

Proof. To the best of my knowledge, a published proof first appeared in Baryshnikov
[T, Proposition 4.2]. However, the argument given in [I] was known earlier: it is
hidden in the first computation of the spherical functions of the groups SL(N,C)
due to Gelfand and Naimark, see [8, §9]. Note also that a more general result can
be found in Neretin [9].

Here is a different proof. Consider the Laplace transform of the orbital measure

px:
fix(2) = [ 0 (), (11)
where Z is a complex N x N matrix. The integral in the right-hand side is often

called the Harish-Chandra—Itzykson—Zuber integral. Its value is given by a well-
known formula (see, e.g., Olshanski-Vershik [10, Corollary 5.2]):

det[e=%]N._,
nx(Z) = b= 12
P2) = N I = — e 1)
j>i
where z1, ..., zy are the eigenvalues of Z and

ey = (N = DI(N —2)!...0!

(note that the right-hand side of (I2]) does not depend on the enumeration of the
eigenvalues of 7).

The claim of the proposition is equivalent to the following equality: Assume that
the entries in the last row and column of Z equal 0, so that Z has the form

Z = [g 8} , (13)

where Z is a complex matrix of size (N — 1) x (N — 1); then

ix(2) = St [ vaZay. (14)

To prove (I4)), consider the matrix T' := [e*%/] in the right-hand side of (I2).
Since Z has the form (I3)), at least one of the eigenvalues z1, ..., zy equals 0. It is
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convenient to slightly change the enumeration and denote the eigenvalues as zy =
0,21,...,2ny-1. In accordance to this we will assume that the row number ¢ of T
ranges over {0,..., N — 1} while the column index j ranges over {1,..., N}. Since
zp = 0, the Oth row of T"is (1,...,1). Let us subtract the (N — 1)th column from
the Nth one, then subtract the (N — 2)th column from the (N — 1)th one, etc. This

gives det T' = det f, where T stands for the matrix of order N — 1 with the entries

T
T, = 5%t — 5t = ZZ/ e Yidy;, ,j=1,...,N — 1.
x

It follows
detT =z ...z2y / ay det[ez"yj]fvj_:ll,
Y<X ’
so that

2.2 fy Ly dY detferw] N

ix(Z) = cn n
[I (-2 V(X)
N—1>j>i>0

Next, because zy = 0, the product over 57 > 4 in the denominator equals

21 ... 2N H (zj — 2),

N—1>j>i>1

SO tliat the product z;...zy is cancelled out. Taking into account the fact that
iy (Z) is given by the determinantal formula similar to (I2) and using the obvious

relation ¢y = (N — 1)leny_; we finally get the desired equality (I4]).
U

From Proposition B] it is easy to deduce the following corollary (see also [1l
Proposition 4.7] and Defosseux [6]).

Corollary 3.2. Fiz X € Z'°(N) and let H range over Ox. The map assigning to H
the collection of the eigenvalues of the corners p-(H), where K = N—1,N—2,... 1,
projects Ox onto the Gelfand—Tsetlin polytope Px and takes the measure px to the
Lebesgue measure multiplied by the constant

(N = 1)I(N = 2)!...0!
V(X)

In particular, the volume of Px in the natural coordinates is equal to the inverse of
the above quantity.

Recall that vx g stands for the radial part of the K x K corner of the random ma-
trix H € Oy, driven by the orbital measure px (see Section[Il), and M (a;y1, ..., Yn)
denotes the fundamental spline with n knots i, ..., y, (see ([Il) and ).
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Theorem 3.3. Fiz X = (z1,...,z5) € Z°N). Forany K =1,...,N — 1, the
measure vx i on Z (K) is absolutely continuous with respect to Lebesque measure
and has the density
V(A) det [M(a;;ai, ... on—reri)] 5
M(al,...,aK;xl,...,xN) = CN,K ( ) [ ( ! +>]Z’]_1, (15)

I1 (zj — i)

(i) j—i>N—K+1

B ﬁl <N ~ K+ z)
CN.K = 1 ; .

Note that for K = 1 the right-hand side reduces to the fundamental spline with
knots xq,...,xx. Thus, in the case K = 1 the theorem says that the density of
the measure vy ; on R coincides with the spline M(a; x4, ..., zy). This simple but

important claim is due to Andrei Okounkov, see [10, Proposition 8.2].

where

Proof. We argue by induction on K, starting with K = N — 1 and ending at K = 1.

Step 1. Examine the case K = N — 1, which is the base of induction. We
have vy y_1(dA) = AY_,(X,dA). By proposition B.I], the measure AY_;(X, -) on
2 (N —1) is absolutely continuous with respect to Lebesgue measure and has density
AN (X, A) given by ([I0). Thus, we have to check that AY (X, A) coincides with
the quantity M (ay,...,anx_1;21,...,2xN) given by the right-hand side of (I3]), where
we have to take K = N — 1. That is, the desired equality has the form

V(A) 1 - V(A) det [M(a], Xy, ZL'Z'_,_l)]Q;._:ll
V(X) A<X = CN N-1 H (a?j — CEZ)

(4yi): j—i=>2

(N — 1)

Since ¢y y—1 = (N — 1)!, the desired equality reduces to

_ 1a<x
det [M (a;; 25, wig1)] 0 = :
e [ (agﬁ(f 7$+1>]Z,]:1 (x2 _ 1’1)(1’3 _x2) o (xN — xN—l)

Observe that the (i, 7)-entry in the determinant is the quantity

]-:c-<a-<:c-
M i, Ti, Tj = == Z+1,
(a; +1) pa—
which vanishes unless a; € [7;,2;41]. Since a; < --- < ay_y, the determinant
vanishes unless A < X. Furthermore, if A < X, then the matrix under the sign
of determinant is diagonal, so the determinant equals the product of the diagonal
entries, which equals

1

(1’2 —l’l)(l’g —l’g)...(l’N —ZL’N_l)’

as required.
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Step 2. Given K =1,..., N —1, we consider the superposition of Markov kernels
AN i AN AN-L AR

In more detail, the result is a Markov kernel on 2" (N) x 2 (K) given by
AR (X, dA) = /A%_I(X, dY NINAN Ly WD gy N2y AR (v RED g A),

where the integral is taken over variables Y V=1 Y&+ Obviously, AX (X, dA) =
vx, kx(dA), which entails the recurrence relation

vx.ro1 = Ux g N, K=N-1,N-2,...,2, (16)
where, by definition, vx g A% _| is the measure on 2 (K — 1) given by
(I/X7KA§_1)(CZB) = / I/X7K(dA)A§_1(A,dB). (17)
AeZ (K)

Step 3. Assume now that the claim of the theorem holds for some K > 2 and
deduce from this that it also holds for K — 1. To do this we employ (I6]) and (I7).

First of all, (I6]) and (I7) imply that vx x_1 is absolutely continuous with respect
to Lebesgue measure on 2 (K — 1) and has the density

(vx kA )(B) = /A e v k(dANE_(A,B), Be2(K—1). (8)

Let us compute the integral explicitly. By the induction assumption, vy i is
absolutely continuous and has density (I5]). Therefore, integral (I8]) can be written
in the form

/ M(al,...,aK;:L'l,...,xN)AI[g_l(A,B)dal...daK.
AeZO(K)

Write B = (by,...,bk). Substituting the explicit expression for AX (A, B) given
by Proposition [3.1] we rewrite this as

(K — 1)!V(B)/AM(al"'"‘C/LZSI’""xN)dal...daK, (19)

where the integration domain is
—oco<a; <by, ..., b<aj1<bi1, ..., by <ax <-+oo. (20)
Next, plug in into (I9) the explicit expression for M(ay, ..., ax;x1,...,2y) given

by (I5). Then the factor V(A) is cancelled out and we get
CNJ((K - 1)'V(B)
I1 (2 — ;)

(i) j—i>N—K+1

/ det [M(aj;xi,...,xN_K+i)]53:1 da1 daK (21)
A

with the same integration domain (20).
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Put aside the pre-integral factor in (2I]) and examine the integral itself. It can be
written as a K x K determinant,

det[F(za])]z{{j:b
where ,
F (i, j) ;:/] M(a;Y))da
bj,1
and

Y= (Ii, S >IN—K+i)
with the understanding that by = —oo and bx = +o0c.
We are going to prove that

—1
det[F (i, j)]jjo = (N = K+ )57 | [ (en-repinn — )

ij=17=
i=1

x det[M(bj; i, ..., an—k4is1)] 12y (22)
This will justify the induction step, because
(N—-K+1)5-1

CNK = CN,K—1" (K — 1)!
and
Hi[izl(xN—KHJrl — ;) _ 1
[1 (zj — i) [I (7j —m;)
(j,i): j—i>N—K+1 (j,i): j—i>N—K+2

Step 4. It remains to prove ([22). We evaluate the quantities F'(i, j) using Lemma
2.2l where we substitute n = N — K +1 and Y = Y;. Then we get that the matrix
entries F'(i, 7) are given by the following formulas:

e The entries of the first column have the form

F(ivl)zl_fbl[}/;] by (IED
e The entries of the jth column, 2 < 7 < K — 1, have the form
F(i,5) = fo, . [Yi] = fo,[Yi] by @.
e The entries of the last column have the form
F(i7K>:fbKD/i] by (BD
We have det F' = det GG, where the K x K matrix G is defined by
G(i,j) = F(i,j)+ -+ F(i, K).
The entries of the matrix G are

G(Z,]_)Zl, G(Z7]):fbjfl[}/;]’ QSJSK



11

Next, we get det G = det H with the (K — 1) x (K — 1) matrix H defined by
H(i,j)=F(@+1,7+1)— F(i,j), 1<4,j<K-—1.
Observe now that
H(i, j) = fo;[Yiea] — fo;[Yi],
which can be rewritten as

H(i,j) = (x_xsosr — Ii)fbj [Tiv1, - OIN_Kyi1] — fbj [Tiy oo TN K 4] (23)
TN-K+i+1 — T4
= (*N—Kyit1 — Ti) fo;[Ti, . TN _Kpig1] by @) (24)
1
= m (ZL’N_K_H;J,_l — ZL’Z)M(b], Liyo o axN—K-H'—i-l) by (m) (25)
This shows that the determinant det H = det[H (3, j)] ZK]_:ll equals the right-hand side
of (22)). Since det H = det F', this completes the proof.
0]
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