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Abstract. We investigate the uniqueness of nonnegative solution to the following dif-
ferential inequality

div(|∇u|m−2∇u) + uσ ≤ 0, (1)

on a noncompact complete Riemannian manifold, where m > 1 and σ > m − 1 are
parameters. Our main result is as follows: If the volume of a geodesic ball of radius r

with a fixed center x0 is bounded by Cr
mσ

σ−m+1 ln
m−1

σ−m+1 r for large enough r, then the
only non-negative solution to (1) is identical zero.

We also show the sharpness of exponents mσ
σ−m+1

and m−1
σ−m+1

.

1. Introduction

In this paper, our purpose is to investigate the nonexistence of non-negative solution to
the following differential inequality

div(|∇u|m−2∇u) + uσ ≤ 0. (1.1)

on a geodesically complete connected Riemannian manifold M . Here div and ∇ are the
Riemannian divergence and gradient respectively. m > 1 and σ > m−1 are given parame-
ters. The operator ∆mu := div(|∇u|m−2∇u) is well-known and is called the m−Laplacian.

Many studies about non-linear elliptic differential inequalities on Riemannian man-
ifolds similar to (1.1) arise naturally in geometry and physics. In the Euclidean set-
ting such problems have been investigated by many authors. For example, in a series of
papers[14, 16, 17, 18] E. Mitidieri and S. I. Pohozaev investigated a priori estimates and
the nonexistence of solutions. P. Pucci, J. Serrin and H. Zou [20, 22] established maximum
principles. Liouville type theorems are obtained in [3, 4, 24], and [11] is devoted to the
comparison theorem. In the context of Riemannian manifolds, S. Y. Cheng, S.-T. Yau [2]
proved that if the volume grows at most quadratic , then there is no nontrivial positive
superharmonic function on the manifold. See also [7, 8, 9, 21], for further references.

Consider in M = Rn the inequality

∆u+ uσ ≤ 0, (1.2)

which is a particular case of (1.1) with m = 2. It is well known, that in R2 the only
non-negative solution to (1.2) is identical zero, while in Rn with n ≥ 3 , the same result
holds if and only if σ ≤ n

n−2(cf. [19]).

Mitidieri and Pohozaev [15] obtained a similar result for (1.1) in Rn. In particular, they
proved that if

0 < m− 1 < σ ≤ n(m− 1)

n−m
, and n > m. (1.3)
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then (1.1) has no positive solution from a certain natural class.
Let us turn to results on Riemannian manfolds. Let M be a geodesically complete

non-compact connected Riemannian manifold. Denote by µ the Riemannian measure on
M and by d(x, y) the geodesic distance between x, y ∈ M . Let B(x, r) be the geodesic
ball centered at x ∈M of radius r. Fix some x0 ∈M and Set V (r) := µ(B(x0, r)).

In [10, Theorem 2.2], Holopainen proved the following result for solution to

∆mu ≤ 0, (1.4)

Namely, if m > 1 and ∫ ∞( r

V (r)

) 1
m−1

dr =∞, (1.5)

then any non-negative solution to (1.4) is identical constant. In particular, this implies
that any non-negative solution to

∆mu+ uσ ≤ 0.

is identical zero. Note that (1.5) is satisfied if V (r) ≤ Crm or even if V (r) ≤ Crm lnm−1 r.
In [9], Grigor’yan and the author investigated (1.1) with m = 2, that is

∆u+ uσ ≤ 0,

and proved that under the following volume growth hypothesis

V (r) ≤ cr
2σ
σ−1 ln

1
σ−1 r, for all large enough r.

then the only non-negative solution to (1.1) is identical zero.
In the present paper, we concentrate our attention on obtaining optimal volume growth

conditions that ensure the the uniqueness of non-negative solution to (1.1) for all m > 1
and σ > m− 1.

Before we state the results, let us first give the definition of a solution to (1.1). Set

W 1,m
loc (M) = {f : M → R|f ∈ Lmloc (M) ,∇f ∈ Lmloc (M)} , (1.6)

where ∇f is understood in distributional sense. Denote by W 1,m
c (M) the subspace of

W 1,m
loc (M) of functions with compact support.

Definition 1.1. A function u on M is called a non-negative weak solution of the inequality
(1.1) if u ∈ W 1,m

loc (M), u ≥ 0 and for any non-negative function ψ ∈ W 1,m
c (M), the

following inequality holds:

−
∫
M

(|∇u|m−2∇u,∇ψ)dµ+

∫
M
uσψdµ ≤ 0, (1.7)

where (·, ·) is the inner product in TxM given by the Riemannian metric.

Remark. Using the defintion of ψ, we have∣∣∣∣∫
M

(|∇u|m−2∇u,∇ψ)dµ

∣∣∣∣ ≤ ∫
supp(ψ)

‖∇u‖m−1 ‖∇ψ‖ dµ

≤

(∫
supp(ψ)

‖∇u‖m dµ

)m−1
m
(∫

supp(ψ)
‖∇ψ‖m dµ

) 1
m

,

Since u ∈ W 1,m
loc (M) and ψ ∈ W 1,m

c (M). Therefore, the first term in (1.7) is finite, which
implies the finiteness of the second term, that is

∫
M uσψdµ <∞.
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Assuming always σ > m− 1, let us introduce two paramters

p =
mσ

σ −m+ 1
, q =

m− 1

σ −m+ 1
. (1.8)

Here are our main results.

Theorem 1.1. If for some x0 ∈M , the following inequality

V (r) ≤ Crp lnq r, (1.9)

holds for all large enough r, then the only non-negative solution to (1.1) is identical zero.

Both values of p, q are sharp, that is, the statement of Theorem 1.1 is not true for large
values of p and q.

In section 2, we present the proof for Theorem 1.1. In section 3, we present an example
showing the sharpness of parameters p, q.

Notation. The letters C,C0, C1, ... denote positive constants whose values are unim-
portant and may vary at different occurrences.

2. Proof of Theorem 1.1

Let u be a non-negative weak solution to (1.1). x0 is the reference point as before in
Theorem 1.1. Denote BR := B(x0, R), and fix a Lipschitz function ϕ on M with compact
support, such that 0 ≤ ϕ ≤ 1 and ϕ ≡ 1 in a neighborhood of BR. In particular, we have
ϕ ∈W 1,m

c (M). Take the following test function for (1.7):

ψρ(x) = ϕ(x)s(u+ ρ)−t, (2.1)

where ρ is a positive constant near zero, and t, s satisfy two condtions

0 < t < min

{
1,
σ −m+ 1

2

}
, s >

4mσ

σ −m+ 1
. (2.2)

Actually, the value of s is a large enough fixed constant, while t is variable and can be
chosen arbitrarily close to 0.

Note that 1
u+ρ is bounded, hence ψρ has compact support and is bounded. Since

∇ψρ = −t(u+ ρ)−t−1ϕs∇u+ s(u+ ρ)−tϕs−1∇ϕ,

we see that, ∇ψρ ∈ Lm(M). It follows that, ψρ ∈W
1,m
c (M). We obtain from (1.7) that

t

∫
M
ϕs(u+ ρ)−t−1 ‖∇u‖m dµ+

∫
M
ϕsuσ(u+ ρ)−tdµ

≤ s

∫
M
ϕs−1(u+ ρ)−t ‖∇u‖m−2 (∇u,∇ϕ)dµ.

thus

t

∫
M
ϕs(u+ ρ)−t−1 ‖∇u‖m dµ+

∫
M
ϕsuσ(u+ ρ)−tdµ

≤ s

∫
M
ϕs−1(u+ ρ)−t ‖∇u‖m−1 ‖∇ϕ‖ dµ. (2.3)

In what follows, we use the following Young’s inequality∫
M
fgdµ ≤ ε

∫
M
|f |p0dµ+ Cε

∫
M
|g|p′0dµ, (2.4)

where ε > 0 is arbitrary, and (p0, p
′
0) is a Hölder conjugate couple such that

p0 =
m

m− 1
, p′0 = m.



4 SUN

Applying (2.4) to the right-hand-side integral of (2.3), we obtain

s

∫
M
ϕs−1(u+ ρ)−t ‖∇u‖m−1 ‖∇ϕ‖ dµ

=

∫
M

(
t
m−1
m ϕ

s(m−1)
m (u+ ρ)−

(t+1)(m−1)
m ‖∇u‖m−1

)
×
(

s

t
m−1
m

ϕs−1−
s(m−1)
m (u+ ρ)−t+

(t+1)(m−1)
m ‖∇ϕ‖

)
dµ

≤ εt

∫
M
ϕs(u+ ρ)−t−1 ‖∇u‖m dµ+ Cε

sm

tm−1

∫
M
ϕs−m(u+ ρ)m−t−1 ‖∇ϕ‖m dµ.

Letting ε = 1
2 , substituting the above estimate into (2.3), and cancelling out the half of

the first term in (2.3), we obtain

t

2

∫
M
ϕs(u+ ρ)−t−1 ‖∇u‖m dµ+

∫
M
ϕsuσ(u+ ρ)−tdµ

≤ Csm

tm−1

∫
M
ϕs−m(u+ ρ)m−t−1 ‖∇ϕ‖m dµ. (2.5)

Using (2.4) once more to the right hand side of (2.5) with another Hölder conjugate couple
(p1, p

′
1) satisfying

p1 =
σ − t

m− t− 1
, p′1 =

σ − t
σ −m+ 1

we obtain
Csm

tm−1

∫
M
ϕs−m(u+ ρ)m−t−1 ‖∇ϕ‖m dµ

=

∫
M

[ϕ
s
p1 (u+ ρ)m−t−1] · [ Csm

tm−1ϕ
s
p′1
−m
‖∇ϕ‖m]dµ

≤ 1

2

∫
M
ϕs(u+ ρ)σ−tdµ

+C1

(
sm

tm−1

) σ−t
σ−m+1

∫
M
ϕs−

m(σ−t)
σ−m+1 ‖∇ϕ‖

m(σ−t)
σ−m+1 dµ. (2.6)

Using in the right hand side of (2.6) the obvious inequality(
sm

tm−1

) σ−t
σ−m+1

≤
(
sm

tm−1

) σ
σ−m+1

,

and combining (2.6) with (2.5), we obtain

t

2

∫
M
ϕs(u+ ρ)−t−1 ‖∇u‖m dµ+

∫
M
ϕsuσ(u+ ρ)−tdµ

≤ 1

2

∫
M
ϕs(u+ ρ)σ−tdµ

+C1t
−σ(m−1)
σ−m+1

∫
M
ϕs−

m(σ−t)
σ−m+1 ‖∇ϕ‖

m(σ−t)
σ−m+1 dµ, (2.7)

where the term contains s is absorbed into constant C1.
Since ∫

M
ϕs(u+ ρ)σ−tdµ =

∫
M
ϕs(u+ ρ)σ(u+ ρ)−tdµ

≤ 2σ−1ρ−t
(∫

M
ϕsuσ(u+ ρ)−tdµ+ ρ−t

∫
M
ϕsdµ

)
, (2.8)
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By the definition of solution, we know
∫
M ϕsuσ(u+ ρ)−tdµ is bounded, hence, the term∫

M
ϕs(u+ ρ)σ−tdµ

is bounded. By Dominated Convergence theorem, letting ρ→ 0, we have

lim
ρ→0

∫
M
ϕs(u+ ρ)σ−tdµ =

∫
M
ϕsuσ−tdµ, (2.9)

Letting ρ → 0 in (2.7), applying Monotone Convergence theorem to the right-hand side
integrals in 2.7, we obtain

lim
ρ→0

t

2

∫
M
ϕs(u+ ρ)−t−1 ‖∇u‖m dµ+ lim

ρ→0

∫
M
ϕsuσ(u+ ρ)−tdµ

≤ lim
ρ→0

1

2

∫
M
ϕs(u+ ρ)σ−tdµ

+C1t
−σ(m−1)
σ−m+1

∫
M
ϕs−

m(σ−t)
σ−m+1 ‖∇ϕ‖

m(σ−t)
σ−m+1 dµ,

combining with (2.9), which is

t

2

∫
M
ϕsu−t−1 ‖∇u‖m dµ+

1

2

∫
M
ϕsuσu−tdµ

≤ C1t
−σ(m−1)
σ−m+1

∫
M
ϕs−

m(σ−t)
σ−m+1 ‖∇ϕ‖

m(σ−t)
σ−m+1 dµ, (2.10)

Applying (1.7) once more with another test function ψ = ϕs, we obtain∫
M
ϕsuσdµ

≤ s

∫
M
ϕs−1 ‖∇u‖m−2 (∇u,∇ϕ)dµ

≤ s

∫
M
ϕs−1 ‖∇u‖m−1 ‖∇ϕ‖ dµ

≤ s

(∫
M
ϕsu−t−1 ‖∇u‖m dµ

)m−1
m
(∫

M
ϕs−mu(t+1)(m−1) ‖∇ϕ‖m dµ

) 1
m

. (2.11)

On the other hand, we obtain from (2.10) that∫
M
ϕsu−t−1 ‖∇u‖m dµ ≤ Ct−1−

σ(m−1)
σ−m+1

∫
M
ϕs−

m(σ−t)
σ−m+1 ‖∇ϕ‖

m(σ−t)
σ−m+1 dµ.

Substituting this into (2.11) yields∫
M
ϕsuσdµ ≤ C

[
t−1−

σ(m−1)
σ−m+1

∫
M
ϕs−

m(σ−t)
σ−m+1 ‖∇ϕ‖

m(σ−t)
σ−m+1 dµ

]m−1
m

×
[∫

M
ϕs−mu(t+1)(m−1) ‖∇ϕ‖m dµ

] 1
m

. (2.12)

Recalling that ∇ϕ = 0 on BR, and applying Hölder inequality to the last term of (2.12)
with the following Hölder couple (p2, p

′
2)

p2 =
σ

(t+ 1)(m− 1)
, p′2 =

σ

σ − (t+ 1)(m− 1)
,
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we obtain ∫
M
ϕs−mu(t+1)(m−1) ‖∇ϕ‖m dµ

=

∫
M\BR

(
ϕ

s
p2 u(t+1)(m−1)

)(
ϕ

s
p′2
−m
‖∇ϕ‖m

)
dµ

≤

(∫
M\BR

ϕsuσdµ

) (t+1)(m−1)
σ

×

(∫
M\BR

ϕ
s− mσ

σ−(t+1)(m−1) ‖∇ϕ‖
mσ

σ−(t+1)(m−1) dµ

)1− (t+1)(m−1)
σ

. (2.13)

Substituting (2.13) into (2.12), we obtain∫
M
ϕsuσdµ

≤ Ct
−m−1

m
− σ(m−1)2

m(σ−m+1)

(∫
M
ϕs−

m(σ−t)
σ−m+1 ‖∇ϕ‖

m(σ−t)
σ−m+1 dµ

)m−1
m

×
(∫

M
ϕ
s− mσ

σ−(t+1)(m−1) ‖∇ϕ‖
mσ

σ−(t+1)(m−1) dµ

) 1
m
− (t+1)(m−1)

mσ

×

(∫
M\BR

ϕsuσdµ

) (t+1)(m−1)
mσ

. (2.14)

Noting s > 4mσ
σ−m+1 , and t < σ−m+1

2 in (2.2), and recalling that 0 ≤ ϕ ≤ 1, from (2.14), we
obtain ∫

M
ϕsuσdµ

≤ Ct
−m−1

m
− σ(m−1)2

m(σ−m+1)

(∫
M
‖∇ϕ‖

m(σ−t)
σ−m+1 dµ

)m−1
m

×
(∫

M
‖∇ϕ‖

mσ
σ−(t+1)(m−1) dµ

) 1
m
− (t+1)(m−1)

mσ

×

(∫
M\BR

ϕsuσdµ

) (t+1)(m−1)
mσ

. (2.15)

Since
∫
M ϕsuσdµ is finite due to Remark in Introduction, it follows from (2.15) that

(∫
M
ϕsuσdµ

)1− (t+1)(m−1)
mσ

≤ Ct
−m−1

m
− σ(m−1)2

m(σ−m+1)

(∫
M
‖∇ϕ‖

m(σ−t)
σ−m+1 dµ

)m−1
m

×
(∫

M
‖∇ϕ‖

mσ
σ−(t+1)(m−1) dµ

) 1
m
− (t+1)(m−1)

mσ

. (2.16)
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We see, that all integral terms in the right hand side of (2.16) have the form∫
M
‖∇ϕ‖a dµ,

with the following two values of a such that

a =
m(σ − t)
σ −m+ 1

and a =
mσ

σ − (t+ 1)(m− 1)
. (2.17)

Consequently, a could be written in the form

a = p+ bt, (2.18)

with the following two respective values of b

b = − m

σ −m+ 1
and b =

mσ(m− 1)

[σ − (t+ 1)(m− 1)](σ −m+ 1)
. (2.19)

where p = mσ
σ−m+1 is defined as before in (1.8). Clearly, the both values of a and b are

uniformly bounded, when t is near zero.
Let {ϕ̃k}k∈N be a sequence satisfying the following condtions: each ϕ̃k is a Lipschitz

function such that supp(ϕ̃k) ⊂ B2k , ϕ̃k = 1 in a neighborhood of B2k−1 , and

‖∇ϕ̃k‖
{
≤ C

2k−1 , for x ∈ B2k \B2k−1 ,
= 0, otherwise.

(2.20)

where C does not depend on k.
Fix some n ∈ N and set

t =
1

n
, (2.21)

and

ϕn =

∑2n
k=n+1 ϕ̃k
n

. (2.22)

Note that ϕn = 1 on B2n , ϕ22n = 0 outside B22n , 0 ≤ ϕn ≤ 1 on M . Note also that for
any a ≥ 1, using that supp(∇ϕ̃k) is disjoint with each other, we have

‖∇ϕn‖
a =

∑2n
k=n+1 ‖∇ϕ̃k‖

a

na
, (2.23)

It is easy to see that

ϕn ∈W
1,m
loc (M).

Consider the integral

Jn(a) =

∫
M
‖∇ϕn‖

a dµ, (2.24)

where a is as above.
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Substituting (2.22) into (2.24), applying (2.23) and (2.20), we obtain

Jn(a) =

∫
M
‖∇ϕn‖

a dν

=

∫
M

∑2n
k=n+1 ‖∇ϕ̃k‖

a

na
dµ

=
2n∑

k=n+1

∫
B

2k
\B

2k−1

‖∇ϕ̃k‖
a

na
dµ

≤ C
2n∑

k=n+1

(
21−k

n

)a
µ(B2k)

≤ C
2n∑

k=n+1

(
2−k

n

)a
µ(B2k), (2.25)

where we have used that a is uniformly bounded. Noting that a = p+ bt, n+ 1 ≤ k ≤ 2n,
and substituting t = 1

n , if b > 0, we obtain

(
2−k

n

)a
=

(
2−k

n

)p(
2−k

n

)bt
≤

(
2−k

n

)p
.

If b < 0, since |b| is uniformly bounded, then

(
2−k

n

)a
=

(
2−k

n

)p(
2−k

n

)bt
≤

(
2−k

n

)p (
n22n

) |b|
n

≤
(

2−k

n

)p
sup
n

(
n22n

) |b|
n

< C

(
2−k

n

)p
.

Thus, in both cases, we obtain

(
2−k

n

)a
≤ C

(
2−k

n

)p
. (2.26)
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Using (2.26) and (1.9), recalling that by (1.8) p = mσ
σ−m+1 , q = m−1

σ−m+1 , we obtain

Jn(a) ≤ C

2n∑
k=n+1

(
2−k

n

)p
µ(B2k)

≤ C

2n∑
k=n+1

(
2−k

n

)p
(2k)p lnq(2k)

≤ C
1

np

2n∑
k=n+1

kq

≤ Cnq+1−p

≤ Cn−
(m−1)σ
σ−m+1 . (2.27)

Setting ϕ = ϕn in (2.16), we obtain(∫
M
ϕsnu

σdµ

)1− (t+1)(m−1)
mσ

≤ ct
−m−1

m
− σ(m−1)2

m(σ−m+1)

(
Jn(

m(σ − t)
σ −m+ 1

)

)m−1
m

×
(
Jn(

mσ

σ − (t+ 1)(m− 1)
)

) 1
m
− (t+1)(m−1)

mσ

. (2.28)

Substituting (2.27) into (2.28), using t = 1
n as before, we obtain

(∫
M
ϕsnu

σdµ

)1− ( 1
n+1)(m−1)

mσ

≤ Cn
m−1
m

+
σ(m−1)2

m(σ−m+1)

(
n−

(m−1)σ
σ−m+1

)m−1
m

×
(
n−

(m−1)σ
σ−m+1

) 1
m
− ( 1

n+1)(m−1)

mσ

, (2.29)

the exponent in the power of n in the right hand side of (2.29) is then equal to

m− 1

m
+

σ(m− 1)2

m(σ −m+ 1)
− (m− 1)σ

σ −m+ 1
· m− 1

m
− (m− 1)σ

σ −m+ 1
· [ 1

m
− m− 1

mσ
− m− 1

nmσ
]

a (careful) computation shows that all the terms here that do not contain n miraculously
cancel out, so that the above expression reduces to

(m− 1)2

nm(σ −m+ 1)

Therefore, we obtain

(∫
M
ϕsnu

σdµ

)1− ( 1
n+1)(m−1)

mσ

≤ Cn
(m−1)2

nm(σ−m+1) . (2.30)
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Recalling that ϕn = 1 on B2n , and taking the lim sup of both sides in (2.30) as n → ∞,
we obtain ∫

M
uσdµ ≤ C lim sup

n→∞
n

(m−1)2

nm(σ−m+1)
/[1− ( 1

n+1)(m−1)

mσ
]

< ∞. (2.31)

The same computation can be used in (2.15), which implies

∫
M
ϕsnu

σdµ ≤ C

(∫
M\B2n

ϕsnu
σdµ

) ( 1
n+1)(m−1)

mσ

, (2.32)

Using that 0 ≤ ϕn ≤ 1 and ϕn|B2n
= 1 once more, we obtain

∫
B2n

uσdµ ≤ C

(∫
M\B2n

uσdµ

) ( 1
n+1)(m−1)

mσ

, (2.33)

Letting n→∞, and using (2.31), we obtain∫
M
uσdµ = 0,

which implies that u ≡ 0.

3. The sharpness of p, q

In this section, we show the sharpness of parameters p and q in Theorem 1.1. Obviously,
it suffices to verify the sharpness of q.

Fix p = mσ
σ−m+1 , and choose any q > m−1

σ−m+1 . We will construct an example of a manifold

M satisfying the volume growth condition (1.9) with these values p,q and admitting a
positive solution u of (1.1).

We will use the following proposition, which is a simplified version of [25, Theorem 2.2],
where a more general ordinary differential equation has been investigated.

Proposition 3.1. Let m > 1, σ > 0 be a constant. Let β(r) be a positive C1-function on
[r0,∞) satisfying ∫ ∞

r0

(β(s))−
1

m−1ds <∞. (3.1)

Define the function γ(r) on [r0,∞) by

γ(r) =

∫ ∞
r

(β(s))−
1

m−1ds. (3.2)

If ∫ ∞
r0

β(s)γ(s)σds <∞, (3.3)

then the following equation

(β(r)|y′|m−2y′)′ + β(r)yσ = 0, (3.4)

has at least one positive solution on [r0,∞), which satisfies

y(r) = O(γ(r)), as r →∞. (3.5)
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By definition in [25], a solution of (3.4) is a C1-function y, such that |y′|m−2y′ is also
C1, and (3.4) is satisfied.

Let M be (Rn, g) with the following Riemannian metric

g = dr2 + ψ(r)2dθ2, (3.6)

where (r, θ) are the polar coordinates in Rn and ψ (r) is a smooth, positive function on
(0,∞) such that

ψ(r) =

{
r, for small enough r,(
rp−1 lnq r

) 1
n−1 , for large enough r.

(3.7)

thus, in a neighborhood of 0, the metric g is exactly Euclidean, which can be extended
smoothly to the origin. Hence, M = (Rn, g) is a complete Riemannian manifold.

By (3.6), the geodesic ball Br = B(0, r) on M coincides with the Euclidean ball
{|x| < r}. Denote by S (r) the surface area of Br in M . It follows from (3.6) that S (r) =
ωnψ

n−1(r), that is

S(r) = ωn

{
rn−1, for small enough r,
rp−1 lnq r, for large enough r,

(3.8)

where ωn is the surface area of the unit ball in Rn. The Riemannian volume of the ball
Br can be determined by

V (r) = µ (Br) =

∫ r

0
S (τ) dτ, (3.9)

whence it follows that, for large enough r,

V (r) ≤ Crp lnq r. (3.10)

Hence, the manifold M satisfies the volume growth condition of Theorem 1.1.
In what follows we prove the existence of a weak positive solution of

∆mu+ uσ ≤ 0,

on M . This solution u will depend only on the polar radius r, so that we write u = u (r) .
The construction of u will be done in two steps.
Step 1. For a function u = u(r), the inequality (1.1) becomes

[S|u′|m−2u′]′ + Suσ ≤ 0. (3.11)

Note that for large enough r0∫ ∞
r0

S(r)−
1

m−1dr =

∫ ∞
r0

1

(ωnrp−1 lnq r)
1

m−1

dr

=

∫ ∞
r0

1

ω
1

m−1
n r

p−1
m−1 ln

q
m−1 r

dr

< ∞, (3.12)

this is because p = mσ
σ−m+1 > m. For all r ≥ r0, we have

γ(r) :=

∫ ∞
r

(S(τ))−
1

m−1dτ =

∫ ∞
r

dτ

(ωnτp−1 lnq τ)
1

m−1

≤ C

r
p−1
m−1

−1 ln
q

m−1 r
.
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It follows that ∫ ∞
r0

S(τ)γσ(τ)dτ ≤ C

∫ ∞
r0

τp lnq τ

τ
σ(p−1)
m−1

−σ ln
σq
m−1 τ

dτ

τ

≤ C

∫ ∞
r0

1

τ
σ(p−1)
m−1

−σ−p ln
σq
m−1

−q τ

dτ

τ

≤ C

∫ ∞
r0

1

ln
q(σ−m+1)
m−1 τ

dτ

τ

< ∞, (3.13)

where we have used that p = mσ
σ−m+1 and q > m−1

σ−m+1 .

Applying Proposition 3.1 with β(r) = S(r), we obtain that there exists some C1 solution
u of (3.11) on [r0,∞), such that

u(r) = O(γ(r)) = O(r−
m

σ−m+1 ln−
q

m−1 r), as r →∞.
In particular, u(r) → 0 as r → ∞. By increasing r0 if necessary, we can assume that
u′(r0) < 0.

Step 2. Consider the following eigenvalue problem in a ball Bρ of M{
div(|∇v|m−2∇v) + λρ|v|m−2v = 0, in Bρ,
v|∂Bρ = 0.

(3.14)

We denote by λρ the principal (smallest) eigenvalue of this problem. It is known from [13]
that λρ > 0 and the corresponding eigenfunction vρ > 0 in Bρ. Hence, we rewrite (3.14)
in the following form {

div(|∇v|m−2∇v) + λρv
m−1 = 0, in Bρ,

v|∂Bρ = 0.
(3.15)

Moreover, by [13, Theorem 1.3] and [26], we know the principal eigenvalue λρ is simple,
and vρ depends only on the polar radius, we have vρ = vρ(r). From [23] and [27], we know

vρ(r) is C1,β for some β ∈ (0, 1). Normalizing vρ, we can assume that vρ(0) = 1, while
vρ|∂Bρ = 0.

Therefore, for a radial function vρ, the equation (3.15) becomes

[S|v′ρ|m−2v′ρ]′ + λρSv
m−1
ρ = 0, (3.16)

where also vρ(ρ) = 0, vρ(0) = 1, v
′
ρ(0) = 0, and vρ > 0 in (0, ρ).

From (3.16), we obtain [S|v′ρ|m−2v′ρ]′ ≤ 0, so that the function S|v′ρ|m−2v′ρ is decreasing.

Since S|v′ρ|m−2v′ρ vanishes at r = 0, it follows that S|v′ρ|m−2v′ρ(r) ≤ 0 and, hence v′ρ (r) ≤ 0
for all r ∈ (0, ρ). Hence, the function vρ (r) is decreasing for r < ρ which together with
the boundary conditions implies that 0 ≤ vρ ≤ 1. Since σ > m− 1, it follows that vρ is a
positive solution in Bρ of the inequality

div(|∇vρ|m−2∇vρ) + λρv
σ
ρ ≤ 0. (3.17)

Let us show that λρ → 0 as ρ→∞. Indeed, it is known that

lim
ρ→∞

λρ = λmin (M)

where λmin (M) is the essential m-first eigenvalue of −∆m in W 1,m(M)(cf. [12]).
We know from [12, Theorem 1.4](when m = 2, one also could see [1])

λmin (M) ≤
(

lim sup
ρ→∞

lnV (ρ)

mρ

)m
, (3.18)

It follows from (3.10) that limρ→∞ λρ = λmin(M) = 0.
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In what follows we consider only integer values of ρ, and consider sequence {vk}∞k=1.
Let us show that the sequence {vk} satisfy that vk → 1 and v′k → 0 locally uniformly
as k → ∞, By the above analysis, we know vk is decreasing. It follows that v′k ≤ 0.
Integrating (3.16), noting that v′k(0) = 0, we obtain

|v′k|m−1(r) =
λk
∫ r
0 S(t)vm−1k (t)dt

S(r)
. (3.19)

Note that 0 ≤ vk ≤ 1 and (3.9), it follows that

|v′k|m−1(r) ≤ λk
V (r)

S(r)
,

since λk → 0 as k →∞, we obtain that

v′k → 0, (3.20)

uniformly on any bounded range of r as k →∞. The identity

vk(r) = 1 +

∫ r

0
v′k(t)dt, (3.21)

implies that

vk → 1, (3.22)

uniformly on any bounded range of r as k →∞.
Choose ρ large enough so that ρ > r0 and

v′ρ
vρ

(r0) >
u′

u
(r0), (3.23)

where u is the function constructed in the first step. Indeed, it is possible to achieve (3.23)
by choosing ρ = k with large enough i because by (3.20) and (3.22)

v′k
vk

(r0)→ 0, as k →∞,

whereas u′

u (r0) < 0 by construction in Step 1.
Let us fix ρ > r0 for which (3.23) is satisfied, and compare the functions u(r) and vρ(r)

in the interval [r0, ρ). Set

θ = inf
r∈[r0,ρ)

u(r)

vρ(r)
.

Since vρ vanishes at ρ and, hence,

u(r)

vρ (r)
→ +∞, as r → ρ−,

and, at r = r0, by (3.23) (
u

vρ

)′
(r0) =

u
′
vρ − uv

′
ρ

v2
(r0) < 0,

so that u/vρ is strictly decreasing at r0 and cannot have minimum at r0. Hence, u
vρ

attains

its minimum at an interior point ξ ∈ (r0, ρ), and at this point we have(
u

vρ

)′
(ξ) = 0.

It follows that

u(ξ) = θvρ(ξ) and u
′
(ξ) = θv

′
ρ(ξ) (3.24)
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The function u (r) has been defined for r ≥ r0, in particular, for r ≥ ξ, whereas vρ (r)
has been defined for r ≤ ρ, in particular, for r ≤ ξ. Now we merge the two definitions by
redefining/extending the function u(r) for all 0 < r < ξ by setting u(r) = θvρ(r).

It follows from (3.24) that u ∈ C1 (M), in particular, u ∈ W 1,m
loc (M). By (3.17), u

satisfies the following inequality in Bξ:

div(|∇u|m−2∇u) +
λρ

θσ−m+1u
σ ≤ 0. (3.25)

By (1.1), u satisfies the following inequality in M \Br0 :

div(|∇u|m−2∇u) + uσ ≤ 0. (3.26)

Combining (3.25) and (3.26), we obtain that u satisfies on M the following inequality

div(|∇u|m−2∇u) + δuσ ≤ 0, (3.27)

where δ = min{λρ/θσ−m+1, 1}. Finally, changing u 7→ cu where c = δ−
1

σ−m+1 we obtain a
positive solution to (1.1) on M , which concludes this example.
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[12] Barnabé P. Lima, J.Fábio Montenegro, Newton L. Santos, Eigenvalues estimates for the p-Laplace

operator on manifolds, Nonlinear Anal., Vol.72, Issue 2(2010), 771C781.
[13] P. Lindqvist, On the equation div(|∇u|p−2∇u)+λ|u|p−2u = 0, Proc. Am. Math. Soc., 109,No 1(1990),

157-164.
[14] E. Mitidieri, S. I. Pokhozhaev, Absence of global positive solutions of quasilinear elliptic inequalities.

(Russian) Dokl. Akad. Nauk., 359 (1998), no. 4, 456-460.
[15] E. Mitidieri, S. I. Pokhozhaev, Nonexistence of positive solutions for quasilinear elliptic problems on

RN , Proc. Steklov Inst. Math., Vol.227(1999), 186-216.
[16] E. Mitidieri, S. I. Pokhozhaev, Absence of positive solutions for quasilinear elliptic problems in RN .

(Russian) Tran. Math. Inst. Steklova., 1999, 192-222; translation in Proc. Steklov Inst. Math., 227,
no. 4 (1999), 186-216.

[17] E. Mitidieri, S. I. Pokhozhaev, A priori estimates and the absence of solutions of nonlinear partial
differential equations and inequalities, Tr. Math. Inst. Steklova, (in Russian) 234 (2001), 1-384. Engl.
transl.: Proc. Steklov Inst. Math., 234 (2001) no.3, 1-362.



QUASI-LINEAR INEQUALITIES 15

[18] E. Mitidieri and S. I. Pohozaev, A priori estimates and blow-up of solutions to nonlinear partial
differential equations and inequalities (Nauka, Moscow, 2001), Tr. Math. Inst. im., V. A. Steklova,
Ross. Akad. Nauk 234 [Proc. Steklov Inst. Math. 234 (2001)].

[19] W.-M, Ni, J. Serrin, Nonexistence theorems for quasilinear partial differential equations. Proceedings
of the conference commemorating the 1st centennial of the Circolo Matematico di Palermo (Italian)
(Palermo, 1984). Rend. Circ. Mat. Palermo (2) Suppl. No. 8 (1985), 171-185.

[20] P. Pucci, J. Serrin, A note on the strong maximum principle for elliptic differential inequalities, J.
Math. Pures Appl., (9) 79 (2000), no. 1, 57C71.

[21] P. Pucci, M. Rigoli, J. Serrin, Qualitative properties for solutions of singular elliptic inequalities on
complete manifolds, J. Diff. Equ., 234 (2007), no. 2, 507C543.

[22] P. Pucci, J. Serrin, H. Zou, A strong maximum principle and a compact support principle for singular
elliptic inequalities, Ricerche Mat., 48 (1999), 373C398.

[23] J. Serrin, Local behaviour of solutions of quasi-linear equations, Acta Math., 111(1964), Issue 1,
247-302.

[24] J. Serrin, The Liouville theorem for homogeneous elliptic differential inequalities, J. Math. Sci., 179
(2011), no. 1, 174C183.

[25] K. Takasi, A. Ogata, Existence and asymptotic behavior of positive solutions of second order quasi-
linear differential equations, Funkcial. Ekvac., 37(1994), 345-361.
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