Volume mean densities for the heat equation
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Abstract

It is shown that, for solid caps D of heat balls in R%! with center zy =
(0,0), there exist Borel measurable functions w on D such that infw(D) > 0
and [v(2)w(z)dz < v(zp), for every supertemperature v on a neighborhood
of D. This disproves a conjecture by N.Suzuki and N.A. Watson. On the
other hand, it turns out that there is no such volume mean density, if the
bounded domain D in R? x (—o00,0) is only slightly wider at z; than a heat
ball.

1 Introduction

Let D be a bounded domain in R, d > 1, such that z, := (0,0) € D. This paper
is devoted to the question if there exists a Borel measurable function w on D such
that infw(D) > 0 and

(1.1) /Dh(z)w(z) dz = h(z),

for every temperature h (solution to the heat equation Au— du/dt = 0) on a neigh-
borhood of D (cf. [13, Corollary 3.3] and [1] for classical harmonic functions).
N. Suzuki and N.A. Watson [15, Remark 8] conjectured that this is impossible, what-
ever the choice of D is, and the open question is mentioned again in [17, p. 32].

Clearly, there is no chance for such a density unless D C R? x (—o0,0), since,
choosing z = (y,0) ¢ D, the Green function for the heat equation with pole at z,
that is, the function (x,t) — 1(g.00)(t)(4mt) =2 exp(—|z —y|*/(4t)), is a temperature
on the neighborhood R4\ {2} of D, which vanishes at 2y, but is strictly positive
on R? x (0, 00).

Let us recall that, for heat balls, volume mean densities (not bounded away
from zero) are explicitly known. Indeed, for r > 0, let €2, denote the heat ball of
“radius” r and “center” z := (0,0), that is,

Q, = {(z,—t) € R 2| < /2dtlog(r/t), 0 <t <r}.

It is the set, where the Green function for the coheat equation Au+ du/0t = 0 with
pole at z, has a value which is larger than (47rr)~%/2.
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Let (i, denote the Fulks measure for Q,, that is, u, ., is the (probability) mea-
sure on 02, having the continuous density

—-1/2

o f) (4707) =2 |z ? [4]z |2 + (|z]> — 2dt)?] 7, (x,t) € 02\ {20},
or(z,t) = {(471_7“)51/27 (2,t) = 2,

with respect to the surface measure o, on 0€,. It is known that p, ., = 5?0’0“, that is,
that p,. , is obtained sweeping the Dirac mass at zy on the complement of €2, (see [3,
Theorem 2.2] and [14, p. 20]) and that [ hdpu, ., = h(z) for every temperature h
on a neighborhood of €2, (see, for example, [17, Theorem 1.6] or [11], [5, VIL.9.5],
and [3, Corollary 2.3]).

The measure

1
Hzy = (d/2)/ Td/2_1ﬂr,zo dr
0

has the (continuous) density
(1.2) K (x,t) = (4m)~ "2 [af*/(42%)

with respect to Lebesgue measure on €2; and (1.1) holds with w := K (see [17, p. 15]).
In fact, we (even) have [, v(z)K(2)dz < v(z), for every supertemperature v on

a neighborhood of Q; (see [17, Theorem 3.51]; a temperature h is a function such
that both h and —h are supertemperatures). However, K vanishes on the “axis”
{0} X (—1,0) of Ql.

Nevertheless, we claim the following (disproving the conjecture by N. Suzuki and
N.A. Watson).

THEOREM 1.1. Let 0 < a < 1/e and D := {(z,s) € Qy: s > —a}. Then there
exists a Borel measurable function w on D such that inf w(D) > 0 and

(1.3) /Dv(z)w(z) dz < v(z),

for every supertemperature v on a neighborhood of D.

But we shall see that such a result is impossible, if D is only slightly wider at z
than a heat ball.

THEOREM 1.2. Let D be a bounded open subset of R x (—o0,0) and suppose
that there exist to,r € (0,00) such that

d+1
{(m, —t) e R0 <t <ty 7| < % 2dt10g(r/t)} C D.

Then there is no Borel measurable function w on D such that infw(D) > 0 and
(1.3) holds, for every supertemperature v on a neighborhood of D.

Finally, let us recall the following. If D is a bounded domain in R x (—o0,0)
such that

DN (R x (—t0,0)) C {(z,—t) e R*"™: ¢ >0, |z| < eV},

2



for some ¢, > 0 and ¢ > 0, or, more generally, if z, is a stable point of D (that
is, the complement of D is not thin at z), then e,, is the only measure u on D
such that [ hdu = h(z) for every temperature h on a neighborhood of D (see [4,
Corollaries 3.14 and 2.7], for a more direct proof for the non-existence of a volume
mean density see Proposition 6.6; cf. also [15, Theorem 4]).

The proof of Theorem 1.1 requires some preliminaries (Section 2) and the con-
struction of two representing measures having densities which are bounded away
from 0 on certain subsets of €y (Sections 3 and 4). A combination of these two mea-
sures then yields Theorem 1.1 (Section 5). A proof of Theorem 6.1 and a discussion
of the case, where z is a stable point of D, finish the paper (Section 6).

2 Preliminaries

Again and again, we shall use swept measures. So let us briefly recall their definition
and some properties we shall need (most of them hold in much more general settings).
Given a set A in R and a supertemperature u > 0 on R, let R4 denote the
infimum of all supertemperatures v > 0 on R%*! such that v > u on A and define
RA(z) := liminf,_, RA(2), z € R (see [2, Section IIL.2] or [17, Section 7.4]).
Clearly, R* = R2 on the interior of A. Moreover, R = R on the complement of A
(see [5, VI.2.3]). The set A is polar if and only if R = 0, for every supertemperature
u >0 on R¥!. It is thin at a point z, if there exists a supertemperature u > 0 on
R4 such that R*(z) < u(z). Thinness is a local property, that is, A is thin at a
point z if only if the intersection of A with some neighborhood of z is thin at z.

Given a finite measure p on R*!, there exists a unique measure p* on RY
(obtained by sweeping 1 on A) such that

/ wdpt = / fif dy, for every supertemperature u > 0 on R4+

(see [2, II1.4] or [5, VI.2.1]); for the case of open sets A, the crucial additivity of
u +— R’ is part of [17, Theorem 7.31]). The measure p# is supported by the closure
of A. Tt is supported by the boundary of A, if ;1 does not charge the interior of A.
Clearly,

(2.1) pt= [ daute).

The set A is thin at a point z if and only if ¢4 # . (true if 2 is not in the closure
of A, not true if z is an interior point of A).

The following holds for iterated sweeping. If z € R4*! and B is a Borel measur-
able set contained in A such that z ¢ B or B is not thin at z or A is thin at z, then
(and only then)

(2.2) el =g+ (e

. =

pe)”

(see [5, VI.9.4]). This implies, in particular, the fact that

(2.3) U = £V whenever U is open and U°¢ is thin at z.

z



It is easy to understand (2.2) (and several of its consequences) in terms of the
associated space-time Brownian motion, that is, the diffusion (Y;) in R4™! which,
starting at z = (x,s), is obtained from Brownian motion (X;) in R? starting at
by

Yi(w) == (Xi(w),s —1).
The measure €2 (for Borel measurable A) is the distributions of the process (Y;)
at the time T4 of the first hitting A (defined by T4 (w) := inf{t > 0: Y;(w) € A}),
and (2.2) is a consequence of the strong Markov property and the trivial fact that
Ty <Tpg.

The parabolic character of the heat equation implies the following. If u > 0 is
a supertemperature on R%*! and s € R, then

(2.4) REXl>) — 0 on R? x (—o0, 5] .

Indeed ]%fdx[s’m) < ]A%;Rdx(s’oo) + Ailj”dx{s}, and both functions on the right side of the
inequality vanish on (—oo, s| (see [5, V.1.2, V.6.16, VI1.5.8.3]). It has the following
consequence for swept measures.

LEMMA 2.1. (i) If AC R*™ and H := R? x (—00,0), then e} ="

20

(i) If A C R s closed, t > 0, and S := R¥x (—t,0), then e/7% = 1Rdx(_t’w)€2.

20

Proof. (i) Consequence of (2.4), since, for every supertemperature u > 0 on R4,
R} (20) < RI™M (20) + R (20) = RI™M (20) < R (20).

(ii) By (i), the statement holds trivially, if A is not thin at zp, since then AN H
and hence A N S are not thin at z;. So let us suppose that the closed set A is

thin at zg, and let S’ := R x (—t,0]. By (i), e4™" = ¢4, The measure 2™ is

supported by ANH and RIS < RIIRdX[_t’OO) =0 on R¢x (—oo, —t], by (2.4). Thus,
by (2.2),

ANS’ A

A ANS’
€ = 1Am3'520 + (5ZO|]Rdx(—oo,—t])

A A
= 1AmS'5ZO = 11Rd><(—t,oo)€zo‘

Let us define, for ¢, p € (0, 00),
Hy :=R? x {—t}, H == R% x (—t,00), H =R\ H,
B,={zeR% |z|<p}, Z,=B,xR, Z,(t):=B,x(~t,0).
Let \; denote d-dimensional Lebesgue measure on H;. We note that

(2.5) el = g\, = 1Tt

t
20 zo

where g;(z, —t) = (47t) "% exp(—|z|*/(4t)) (see [5, V.6.1, VIL.2.9, VIL.2.3] and (2.3);
cf. also [17, Theorem 2.2]).
For p,t € (0,00), let

[ d _ 0
(2.6) c,(t) == Ep SUP < y<s U 3/2 exp(—m).
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If f(u) := u™?exp(—p?/(4du)), u > 0, then f'(u) = f(u)(=3/(2u) + p*/(4du?)) > 0,
if and only if u < p?/(6d). In particular, the supremum in (2.6) is t=3/2 exp(—p?/(4dt)),
if t < p?/(6d), and lim;_gc,(t) = 0.

LEMMA 2.2. Let p,t € (0,00) and A C R\ Z,(t). Then 4 (H") < tc,(t).
Proof. Let Q(t) :={(v1,-..,ya,8) € H;: max|y;| < p/vd} and, for z € Q(¢),
g(2) =l (H),  h(z) =20 (H).

Then A C Q(t)¢, both g and h are temperatures on Q(t), and g < h, by the minimum
principle. Furthermore, let

D;i = {(y,s) € H 1 y; < p/Vd} and D, :={(y,s) € H:y; > —p/Vd}.
By the minimum principle, for all z € Q(t),

<Z 5,2le+ + el (H})).
In particular, using the symmetries of the heat equation,
4, (') = g(=0) < hz0) < 2d X (H]).

Since
2

w3/ exp(— -
\/47r zf PPocus: p(~ 1)
(see [, V.6.2]; cf. [8, 2.VIL.8.3]), the proof is finished. O

LEMMA 2.3. There exist ), € (0,1) such that, for every set A in R\ Z;(n),

D
ez (M) <

(2.7) eat > (1/2)\,  on H,N Zs.
Proof. There exists 0 < n < (47)~! such that ¢;(n) < 1/2 and

(2.8) (4mt) =42 exp(—ﬁ) <1, whenever 0 <t <.
Since obviously g,(0,—n)) > 1, we may choose d € (0,1/2) such that
(2.9) g, >1 on H,NZs.

Now let A € R4\ Zi(n) and v = et - Then [v| < nei(n) < 1/2,

by Lemma 2.2. Clearly 52)UH’7 does not charge the interior of H, . So, by (2.2),
(2.10) gohy = et = 2 |y 4y,

Finally, let B be a Borel measurable subset of H,NZs. By (2.9), [, g, d\, > A\,(B),
whereas, for every z = (y,s) € (R% x (—n,0)) \ Zi,

c20(B) = (am(+) " [ exp(—E= ) ) < 2,

by (2.8) (observe that 0 < n+s < pand |[x—y| > 1—0 > 1/2, for every (x, —n) € B).
Hence v (B) < |[v||\,(B) < (1/2)\,(B). Thus, by (2.10),

eV (B) > (1/2)M\,(B).
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Let us recall that the heat equation is scaling invariant, that is, invariant under
the transformations T, a > 0, defined by

To(x,s) = (Vax,as), (z,s) € R

The following result can presumably be derived from estimates of hitting densities
for the d-dimensional Bessel process. We show that it can easily be deduced from
Lemma 2.2 using Harnack inequalities on cylinders in R+

PROPOSITION 2.4. Letp >0, 3 € (0,1), ande > 0. Then there exists 6 € (0,1)
such that, for all x € B_p), and —0p? <51 <5, <0,

c

(2.11) 5(£0)(Rd X (51,82)) < ep2(s9 — 81).

Proof. By scaling invariance, it suffices to consider the case p = 1. We define
2 := (0, 1) (0 being the origin in R?). By [2, Satz 1.4.4], there exists C' > 0 such
that h(z') < Ch(z) , for every temperature h > 0 on Z;_g. By translation and
scaling invariance, we obtain that, for all temperatures h > 0 on Z; and = € B_ 3

(2.12) h(z,s) < Ch(z,s'), whenever s € R and s < s’ < s+ 1.

We now fix § € (0,1) such that ¢;_5(2t) < g/(2C), for all 0 < t < §. Let € B, _3.
Then, by Lemma 2.2 and translation invariance,

(R x (—t,t)) <te/C for all 0 <t < 4.

(2.13) iy
We next fix 0 <t < 4§, n € N, define v := t/n,
zii=(x,(i—1)y), J:=(—t,—t+7), and A :=R*x((i—1)y+J)
so that z; = (z,0) and A; = R? x J. The functions
hit z > eZi(Ay), 1 <i<n,
are positive temperatures on Z;. Therefore, by translation invariance and (2.12),
hi(z1) = hi(z) < Chy(z,t), 1<i<n.
Consequently, by (2.13),
nhi(z1) < C Y hilw,t) = Ce(ty (R x (—1,0)) < te,

Thus 6(250)(]1%51 x J) = hi(z1) < 7e, that is, (2.11) holds for s; = —t and so = —t +.
Now the proof is easily finished approximating arbitrary intervals (si, s3) in (=6, 0)
by rational intervals. O

We recall from the Introduction that, for every r > 0, the Fulks measure , .,

c

having the density ¢, with respect to o, on 0f2,, is the swept measure E?OT. In par-
ticular, 2¢ is thin at zy and, by (2.3),

(2.14) elr = g0

20 20



The set of heat balls with center zj is scaling invariant, that is, for all » > 0,
(2.15) To(2,) = Qo

For a proof of (2.15), let

F,.(t) := +/2dtlog(r/t), 0<t<r,

(we observe that lim;_ F.(t) = lim;_,. F,.(t) = 0 and F, has its maximum at r/e)
so that €2, is the set of all (z,s) € R*! such that —r < s < 0 and |z| < F.(—s).
If (z,s) € Q,, then —ar < as < 0 and |\/az| < Fu(—as), hence T,((x,s)) € Qar.
So To(Q,) C Q4. Replacing a by a™! and r by ar we see that as well (T,,) ' (Qq,) =
To-1(Qary C Q,, and hence Q,, C To(,).

Given 0 < t < r < 00, we define

Q.(t) = Q. NH, L.(t) :=0Q,NH, Sy(t) :==Q, N H,.

Then 09Q,.(t) is the union of L,(t), S,(t), and the A\;-null set 0, N H;.

The following lemma shows that, for every z € €),., the measure £ is absolutely
continuous with respect to o,.

LEMMA 2.5. Let r > 0 and let L be a compact in Q,. Then there exists C' > 0
such that, for every z € L, el < C’e?o".

Proof. There exists t € (0,7) with L C R? x (—o0, —t). Let v := 157\(,5)8%“(15)6. Then
(2.16) 5?0? — 8g0r(t)c|Lr(t) i VQE.7

by (2.2) and (2.14). In particular, v # 0. By [2, Satz 1.4.4], there exists C' > 0 such
that, for every z € L, e < Cv% (if A is a Borel set in €, and h denotes the
temperature z — £+ (A), then [ hdv = 1% (A)). By (2.16), the proof is finished. [

LEMMA 2.6. For allr >0 and t € (0,7) the following holds:
(i) eV = p,0, on L(t).

(ii) The measure 5?{@)C| m, admits a density ¥, < g, with respect to Ay which locally
is bounded away from 0 on S,(t).

In particular, the measure 5%(”& is supported by the union of L.(t) and S,(t).

Proof. (i) Consequence of Lemma 2.1.

Q

(ii) By (2.2) and (2.5), ey, < el At. Let us choose 1,0 € (0,1)

—= gt .
according to Lemma 2.3 and fix z = (z,—t) € S,(t). There exists p € (0,1) such
that the closure of the cylinder

{y e R%: |y — x| < 2p} x (—t, —t 4+ np?)
is contained in €2,. Let
S:={ye R ly—az| < pd/2} x {~t+np’} and v:= 8?0T(t*’792)c\s.
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Then v # 0 and e2r ¥ > 1s, " by (2.2). Let B’ be a Borel measurable set in
B:={y e R% |y — x| < pd/2} x {—t}. Then, by Lemma 2.3 (applied to A := Q)
and by translation and scaling invariance, there exists ¢ > 0 such that

OB > eM(B) for every z € S.

By integration with respect to v, we obtain that v**®°(B") > ¢||v||\(B’). Thus
e > ¢|lv||A; on A. 0

3 Construction of a first representing measure

For the moment, we shall assume that D is an arbitrary bounded open set in R4,
Let So(D), Ho(D), respectively, denote the set of restrictions on D of functions which
are continuous supertemperatures, temperatures, respectively, on a neighborhood of
the compact D. Given z € D, a positive Radon measure p on D is a representing
measure for z with respect to So( ) provided

(3.1) /udu < u(z), for all u € Sy(D).

)). The set M_(Hy(D)) of all
is defined in an analogous way
1) can be replaced by an equal-
ﬁ) M_(Hy(D)) because of
(D )) are compact convex sets

The set of these measures is denoted by M. (Sy(D
representing measures for z with respect to H (E))
(where, of course, the inequality corresponding to (3.
ity, since HD(D) is a linear space). Clearly, M. (Sy(
Hy(D) C So(D)), and both M, (Ss(D)) and M. (H,
with respect to weak convergence.

Such sets of representing measures have been studied in much more generality

(see [4], [5, VIL9]). In particular, it is known that
(3.2) (29" A c R}

is the set of all extreme points of M. (S (D)) and that a positive Radon measure p
on D is contained in M,(Hy(D)) if and only if

—=c —=c

(3.3) pt =e?

(which, for example, implies that e0 + oz(ng — el ) € M (Hy(D)) \ M.(So(D)),
whenever a > 0 and 2/ € D \ {z} satisfy acD < £0").

For our purpose, it is sufficient to know “that SZUC € M. (Sy(D)), for every open
set U in D (the non-trivial case z € JU follows from the simple fact that there
exists a sequence (x,,) in U such that lim, .., z, = z and lim,,_ eg: = EZUC; see, for
example, [5, VI.11.6]).

Let us now fix a € (0, 1) and define

D :=Q(a) = {(z,—t) e R": 0 < t < a, [z] < \/2dtlog(1/t) }.

For every open set U in R4*L let Ay denote Lebesgue measure on U. Sweeping .,
on the complement of scaled versions D, := T,.(D) = Q,(ra) of D, 0 < r < 1, and



then integrating with respect to r, we shall obtain a representing measure for zj
having a density with respect to A\p which is bounded away from zero on many
paraboloids containing the axis {0} x (—a,0). Indeed, let

20

1
(3.4) vo=er 0<r<1, and v:= (d/2)/ r2=Yy, dr.
0

Moreover, we define paraboloids P, a < 8 <1, by

Py = {(z,—t) e R : 0 <t < a, |2| < \/2dt1og(B/a) }

(see Figure 1).

(.

Figure 1. D, D,, and P, (d=1,a=0.5,r =0.7)
Then P, N Hf C QU {z}. Moreover, for all 3,r € (0,1], T.(Ps) = Ps N H;}, and
inf K(D \ Pﬂ) (47)~Y2d/(2a) 1og(5/a) > 0.

PROPOSITION 3.1. The measure v is contained in M.,(So(D)) and there exists
a density 1 with respect to Ap, such that v = KAp\p, +¥Ap, and inf1)(Pg) > 0, for
every 5 € (a,1).

Proof. Since v, € M., (So(D)), for every 0 < r < 1, we obtain that v € M, (So(D)).
By Lemma 2.1, for every 0 < r <1,

(35) VT‘L,«(ar) == 1Lr(m'),uz0,r + Rr, where Ry 1= VT‘|ST((17‘)'
Given 0 < t < r, we have F,(t) > \/2dtlog(1/a) if and only if t < ra. Therefore
(3.6) Uo«l L.(ar) =D\ P\.

Moreover, by Lemma 2.6, there exists a density ¢ for x; with respect to A, such
that, for every 3 € (a, 1),

(3.7) inf 1 (Pg N H,) > 0.
By scaling invariance,

(3.8) (z, —ra) — 7~ Y2y (x/\/r, —a)

is a density for k, with respect to A, 0 < r < 1. Defining

1
K= (d/2)/ r2= 1, dr
0
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we thus obtain, using (1.2), (3.5), and (3.6), that
(39) V:[()\D\p1 —F/i:K)\D\pl +¢)\pl
with

U(x,8) = (d/2)s 1 (v/—a/sz, —a).
By (3.7), for every 3 € (a,1), inf1)(Pg) > 0 (even lim,_.., .ep, 9(2) = 00). O

4 Construction of a second representing measure

In this section we assume, more restrictively, that

D :=Qy(a), where 0 < a < 1/e.

Moreover, we define R := ea and fix ' € (R, 1). Then Fg(a) = v2da < /2adlog(3'/a).
So there exists a’ € (0, a) such that

Fgr(t) < +/2dtlog(3/a), for every t € [d', a].

By definition of Py, this implies that

(4.1) D =Py UQ(d')U(D\ Qr)
(see Figure 2).
o 00R
Py )
[ I

Figure 2. Py, Qi(d’), and Qg(a) (d=1,a=10.25,ad" =0.2, ' =0.9)

We shall prove the following, and observe already now that, by (4.1), a convex
combination of v (defined by (3.4)) and v’ will then immediately lead to Theorem 1.1
(see Section 5).

PROPOSITION 4.1. There exists V' € M, (So(D)) such that v' admits a density
with respect to \p which is equal to K on Qy(a’) and larger than K/2 on D\ Qg.

Similarly as in Section 3, the measure v/ is obtained integrating with respect to r,

1

(4.2) Vo= (d/2)/ rd2=1y) dr.
0

Here we define, for 0 < r < R,

(4.3) v, = 52"@/“(“_“/))6

so that v = ¢,0, on 092, N H(j. For every R < r < 1, we shall “hide” the bottom
Q, N H, of Q,(a) by a countable union I, of subsets of hyperplanes H; such that
(4.4) V= gl ()

r 20

does not charge H, and satisfies 1. > (1/2)¢,0, on 092, N H (see Figure 3).
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Zp

O(a)

Figure 3. Q,(a) and I, (d =1, a =0.25, r =0.8)

Then, of course, v/ € M., (Sy(D)), since v/. € M_,(So(D)), for every r € (0,1). To
construct the sets I, we recall that, for p > 0, Z, = B, x R, and define

Lt)=Z,nH, teR.

Let us say that a set A in R is rotationally invariant, if A is invariant under
the mappings (, s) — (Tx,s), T being a rotation on R¢. Similarly for measures on
rotationally invariant sets. The following lemma is crucial for the proof of Proposi-
tion 4.1.

LEMMA 4.2. Letn > 0 and o € (0,1). There exists v > 0 such that, for all
R<r<1and0 <y <9, the compact I(1_a)F,(a)(a — 17) is contained in §2.(a)
and, for every rotationally invariant measure T on this set, the restriction of 7% (@®)°
on 09, admits a density with respect to o, which is bounded by n||7||.

Proof. By Dini’s lemma, there exists a” € (a,a’) such that, for every R < r < 1,
(1 —a/2)F,.(a) < F.(a"), and hence

(4.5) Ba—a2)F.(a) X (—a,ad"] C Q,(a), for every R <r < 1.

Let m; denote the surface of the unit ball in R? and let 1’ := m4(ad/2) /2.
Taking € := (ad/4)n and § := (1 — «)/(1 — «/2) let us choose § > 0 according to
Proposition 2.4 and define

7 :=min{a" — a, (ad/2)d}.

Now let us fix r € [R,1], 0 < 7 < 4/, and let 7 be a rotationally invariant
measure on the compact [1_q)r,(a)(a — 77y), which, by (4.5), is contained in §,(a).
We claim that, for all (1 — a/2)F.(a) < p < F.(a) and —a < $1 < s < —a + 1,

(4.6) 7% (R % (s1,82)) < (' /2)|I7[[(52 = s1).

Indeed, we have (1—a)F,.(a) = B(1—a/2)F,.(a) < Bp. So the measure 7 is supported
by Is,(a — rv). Moreover,

(4.7) vad/2 = Fr(a)/2 < (1 —a/2)Fg(a) < p.

Therefore v < (ad/2)d < p*§ and ep=2 < n//2. Hence (4.6) follows by Proposi-
tion 2.4, translation invariance, and integration with respect to 7.

Let s := 7%(9)|5q, . By Lemma 2.5 and rotational invariance of both 7 and €2,
there exists a bounded Borel measurable function f > 0 on (—a,0) such that f
vanishes outside (—a, —a++) and (x, s) — f(s) is a density for x with respect to o,.
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For the moment, let us fix a Lebesgue point s € (—a,—a + ) of f such that
f(s) > 0. Then there exist —a < s; < s < s9 < —a + 7y such that

(48) / U He)de > f(s)/2.

S92 — 51

Let
p:=F,(—sy) and A:=R"x (s1,85).

Considering the harmonic functions g: z — 2" (A) on Q,(a) and hizeselr (A)
on Z,, we see, by the minimum principle, that ¢ < h on €,.(a) N Z,. Integration

with respect to 7 yields that .
k(A) < 7% (A).

Of course, Fy(a) > Fi(—s2) > Fo(a—) > F(a”) > (1 — a/2)Fi(a). So, by (46).
7%(A) < (' /2)|I7]|(s2 — 51).
On the other hand, by (4.7) and (4.8),

- /Af(S) do,(,8) > map™™" /82 F(€) d€ > malad/2)" D2 (sy — 51) f(5) /2.

So f(s) <nll7|-
Thus the function (x, s) — min{ f(s),n||7||} is a density for x with respect to o,.
0

Proof of Proposition 4.1. Clearly,

1

(4.9) ni=—-

5 inf{p,(x,s): (r,5) €9, R<r <1, —a<s<—d}>0.

Let o, € (0,1), n € N, such that a,+1 < «a, and lim,,_,., a,, = 0. We may choose
a—a >~ > > --- > 0 such that lim, .., 7, = 0 and, for every n € N, the
statements of Lemma 4.2 hold with «,, and =, in place of o and 7. Let

L = T—an)Fra) (@ — 170), R<r<1, neN.

For every R <r <1, let
— / — ITUQT(a)C — /
I : UneN I, v, =€y , T, =110,

(see (4.4)). Of course, ||7.|| < 1 and 7, is the sum of rotationally invariant mea-

sures 7, , on I,,, n € N. Hence, by Lemma 4.2, TTQ T(a)c|agr admits a density with
Qr(a)c

respect to o, which is bounded by 1. By (2.2), e, = Vlloq, + 7@ Since
5?0’”( 2 = = ¢,0, on H we conclude that
(4.10) V. > (1/2)p,0, on R x (—a, —d').

Obviously, the measure v/ is supported by 0€2,(a) U I,. However, v/ does not
charge S,(a). This is obvious from a probabilistic point of view, since every contin-
uous arc from zy to some point in S,.(a) has to intersect I,.. For an analytic proof,
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let us fix 6 > 0, 0 < p < F.(a), and let A := B, x {a}. There exist m € N and
B,t € (0,1) such that p+ 5 < (1 — a,,) F,(a) and pr gs(y — ) dx < 6, whenever
y € R4\ Bg and s € (0,t). We now consider n € N such that n > m and v,r < t.
Then ef2(A) < ¢ for every point z = (y,—a + v,7) € F := Sp.(—a + v,r) \ L.n).
Hence, by (2.2), v.(A) < (2 )™ (4) < 6.

By definition of v/, 0 < r < R, and v/ (see (4.3) and (4.2)), it is now easily
seen that v/ is absolutely continuous with respect to A\p. By Lemma 2.1, for every
r € (0,1), v, = ¢y0, on L,(a’). Therefore 1o, ()0 = KAq, (). This and (4.10)
imply that v/ > (1/2) K Xg, (a)\0p- O

5 Proof of Theorem 1.1

Let v and v/ be measures according to Propositions 3.1 and 4.1, respectively. Then
p = (1/2)(v +1') is contained in M., (Sp(D)) and admits a density ¢ with respect
to Ap such that inf o(Pg) > (1/2)inf¢(Py) > 0 and ¢ > (1/4)K on the union
of (D \ Qg) and Q4(a’). Since

D = P/g/ U (D \ QR) U Ql(a/)a

by (4.1), and inf K(D \ Pg) > 0, the proof is finished.

6 Counterexample

In contrast to Theorem 1.1 we have the following, if D is only slightly wider at z
than a heat ball.

THEOREM 6.1. Let D be a bounded open subset of R x (—00,0) and suppose
that there exist ty,r € (0,00) such that

d+1
{(w,—t) cRM:0<t <ty |z|< % 2dtlog(r/t)} C D.

Then there is no j1 € M_,(So(D)) such that 1 > cAp, ¢ € (0,00).

REMARK 6.2. Let us note that the assumption of Theorem 6.1 is satisfied, if there
exist 0 < [ < 1/2 and ty,co € (0,00) such that (x,—t) € D, whenever t € (0,t)
and |z| < cot®.

In [15, Corollary 7, part (d)] it is stated that, for a (smaller) class of domains

D(p) = A{(z,—t): |z| < ¢(t),0 <t < 1},

where C~1P < p(t) < CtP for some C >0, 0 < 3 < 1/2, and all 0 < t < tg, there
is (even) no u € M., (Ho(D)) admitting a density which is bounded away from zero.
In its proof, however, the integral in front of the sum at the bottom of page 95 clearly
has to be taken (more restrictively) over all x € R? satisfying |z| < (t), and then

the subsequent estimates seem to break down.
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To prove Theorem 6.1 we first observe the following, where ST(R?*1) is the set
of all positive supertemperatures on R4 and M., (ST (R%*!)) denotes the set of all
positive Radon measures p on R*™ such that [udu < u(z) for all u € ST(R).
Of course, M., (So(D)) C M., (ST (R4*1)) for every bounded open set D in R4*L.

LEMMA 6.3. For allt >0 and p € M_,(ST(R¥Y)), 1g,u < gihs.

Proof. 1t Sufﬁces to prove this for each extremal measure in M., (ST(R4!)), that
is, for pn = €2, where A is a finely closed Borel set in R*™* (see [5, I11.6.10,VI.12.5,
VI1.4.6]). By (2.2), p = e, + (e AUHt\Ht\A)A. Since e(H;) = 0, for every
z € Hy \ A, we see that 1g,pu = lang,elP% < 1p,e49% On the other hand,
by (2.5) and (2.2), g\ = el = 1,689 + (La\m,e AUHt) > 1pg,efYH | finishing

tZO

the proof. u
Defining
d+1

we also need yet another consequence of Lemma 2.2.

LEMMA 6.4. Given 6 > 0, there exists t; € (0,1) such that 52205"’(”(u)c(Hu) > 1/2,
for all0 <t <t and 0 < u < §%t.

Proof. Let t € (0,1), 0 < u < 6%, p :=dp(t), and V := Z,(u). Since [|eV"|| =1 and
e¥" is supported by the subset OV of H,UH}, it suffices to know that e} " (H,}) < 1/2.
If ¢ is sufficiently small, then

p*_ 2d(67)*tlog(1/t)

2
6d 6d >0,

and hence (see the lines following (2.6)),

d 2
< 5244 L 2,\—3/2 P
ucy(u) < 07t/ 47Tp(5 t) exp( 4d62t)’

where

2 2
p> _ (6)72dtlog(1/t) P 1/2
4do2t 4do2t > 2 og(1/t), exp( 4d62t) <t

and thus uc,(u) < v/d ¢(t). Sincelim; o (t) = 0, the proof is finished by Lemma 2.2.
[

Proof of Theorem 6.1. By scaling invariance, it suffices to consider the case r = 1.
Let € M, (So(D)) and ¢ € [0, 1] with g > e¢Ap. We fix 0 < 6 < 1/5 such that

2
(6.1) bi=(1-56)y>1+ e
We choose t; according to Lemma 6.4, take 0 < ¢ < min{ty,t1,1/e}, and define

= ((1 - 36)@@)7 07 s 70) S ]R'dv B:=x+ BQ&p(t)
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Z:=Bx(~t,—t+4dt), and S:=Bx{-t}=0ZnNH,.
If (y,s) € Z, then |y| < (1 —§)p(t) < (1 —0)t) < ¢(|s|), and hence Z C D. We
next define
U = (z + Bsy@) x (—t,—t + 6°t), V= c\y, p o= (p—v)+ 7.
Then U C Z and i/ € M., (So(D)). So 1g,p' < gi\i, by Lemma 6.3, and hence
(6.2) Lsv?" < g

For the moment, let us fix z = (y, s) € U and consider V' := (y+ Bsy)) % (—t, 5).
By Lemma 6.4 and translation invariance, €/°(S) = V" (H;) > 1/2. Since V C Z,
we know that eZ°(S) > £V°(S), by (2.2).

Integrating with respect to v we hence conclude that

29 (5p()) 8%,

2(8) > gl = 2
(63) V7(8) > Sl =

where wy denotes the volume of the unit ball in R?. On the other hand,

((1 — 55)90<t>)2) . wd(25<,0(t))d,

/gt dhy < sup gi(S) - \(S) < (4nt)~ Y2 exp(—
S

4t
e (1 —58)p(t))>  b-2dtlog(1/t) bd
—920)p(t - 2dtlog(1/t
At = 1 = - log(1/1),
and hence (L 55)0(t))
_ (= 90)p(t _ bd/2
exp( m ) = "2,
Having (6.2) and (6.3) we therefore obtain that
(6.4) 55215 < (mt)Y2gbd/2 = /2 (0-1d/2

By (6.1), (b —1)d/2 > 1. Thus (6.4) can only hold for arbitrarily small ¢t > 0,
if c=0. U

A special case of the following result is known for harmonic spaces (see [10]; for
classical potential theory and d = 2, see [12]). The proof shows that the lemma
holds for general balayage spaces.

LEMMA 6.5. Let A be a Borel set in R* which is not thin at a point z € R+,
Then there exists a compact set L in R4 such that L\ {z} C A and L is not thin
at z.

Proof. Let p be a continuous strict potential on R and let V,,, n € N, be open
neighborhoods of z such that V1 C V,, and [, Vo = {#}. Then the sets ANV,
n € N, are not thin at z, and hence, by [5, VI.1.9], there exist compact sets L,
in ANV, such that Rl (z) > p(z) — 1/n. Clearly, the set L := {2} U, cp Ln is
compact, L\ {z} C A, and RL(z) = p(z), that is, L is not thin at z. O

The next result is usually proved using Choquet’s theory (see [12, 9, 10, 6, 7, 4]).
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PROPOSITION 6.6. Let D be a bounded open set in R and z a stable point
for D, that is, that D is not thin at z. Then M.(Hy(D)) = {e.}.

Proof. Let p € M,(Hy(D)). Of course, p is a probability measure, since the con-
stant function 1 is a temperature on R4, By Lemma 6.5, there exists a compact L
in R*! such that D N (L \ {z}) = 0 and L is not thin at z. For every n € N, let
Vi i={2 € R |2/ — 2| < 1/n}. Let L’ be a compact in R4\ {2} and ¢ > 0.
Since z is polar, there exists m € N such that R}™ < ¢ on L'. Since (L\{2z})NV,,
is not thin at z, there exists n > m such that the function v := le(vm\vn) satisfies
u(z) > 1 —6. Of course, u < 1 on R and u < RY™ < § on L'. Moreover, u is

a temperature on the open neighborhood (R4 \ L) UV, of D. Therefore

10 <u(z)= /udﬂ < (1 —p(L)) +6ou(Lh),

that is, (1 — d)u(L') < d. Since this holds for every § > 0, we see that p(L') = 0.
So p does not charge the complement of {z}, and hence p = ¢,. O]
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