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Abstract

It is shown that, for solid caps D of heat balls in Rd+1 with center z0 =
(0, 0), there exist Borel measurable functions w on D such that inf w(D) > 0
and

∫
v(z)w(z) dz ≤ v(z0), for every supertemperature v on a neighborhood

of D. This disproves a conjecture by N. Suzuki and N.A. Watson. On the
other hand, it turns out that there is no such volume mean density, if the
bounded domain D in Rd × (−∞, 0) is only slightly wider at z0 than a heat
ball.

1 Introduction

Let D be a bounded domain in Rd+1, d ≥ 1, such that z0 := (0, 0) ∈ D. This paper
is devoted to the question if there exists a Borel measurable function w on D such
that inf w(D) > 0 and

(1.1)

∫
D

h(z)w(z) dz = h(z0),

for every temperature h (solution to the heat equation ∆u−∂u/∂t = 0) on a neigh-
borhood of D (cf. [13, Corollary 3.3] and [1] for classical harmonic functions).
N. Suzuki and N.A. Watson [15, Remark 8] conjectured that this is impossible, what-
ever the choice of D is, and the open question is mentioned again in [17, p. 32].

Clearly, there is no chance for such a density unless D ⊂ Rd × (−∞, 0), since,
choosing z = (y, 0) /∈ D, the Green function for the heat equation with pole at z,
that is, the function (x, t) 7→ 1(0,∞)(t)(4πt)

−d/2 exp(−|x−y|2/(4t)), is a temperature
on the neighborhood Rd+1 \ {z} of D, which vanishes at z0, but is strictly positive
on Rd × (0,∞).

Let us recall that, for heat balls, volume mean densities (not bounded away
from zero) are explicitly known. Indeed, for r > 0, let Ωr denote the heat ball of
“radius” r and “center” z0 := (0, 0), that is,

Ωr := {(x,−t) ∈ Rd+1 : |x| <
√

2dt log(r/t), 0 < t < r}.

It is the set, where the Green function for the coheat equation ∆u+∂u/∂t = 0 with
pole at z0 has a value which is larger than (4πr)−d/2.
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Let µr,z0 denote the Fulks measure for Ωr, that is, µr,z0 is the (probability) mea-
sure on ∂Ωr having the continuous density

ϕr(x, t) :=

{
(4πr)−d/2|x|2

[
4|x|2t2 + (|x|2 − 2dt)2

]−1/2
, (x, t) ∈ ∂Ωr \ {z0},

(4πr)−d/2, (x, t) = z0,

with respect to the surface measure σr on ∂Ωr. It is known that µr,z0 = ε
Ωcr
z0 , that is,

that µr,z0 is obtained sweeping the Dirac mass at z0 on the complement of Ωr (see [3,
Theorem 2.2] and [14, p. 20]) and that

∫
h dµr,z0 = h(z0) for every temperature h

on a neighborhood of Ωr (see, for example, [17, Theorem 1.6] or [11], [5, VII.9.5],
and [3, Corollary 2.3]).

The measure

µz0 := (d/2)

∫ 1

0

rd/2−1µr,z0 dr

has the (continuous) density

(1.2) K(x, t) := (4π)−d/2 |x|2/(4t2)

with respect to Lebesgue measure on Ω1 and (1.1) holds with w := K (see [17, p. 15]).
In fact, we (even) have

∫
Ω1
v(z)K(z) dz ≤ v(z0), for every supertemperature v on

a neighborhood of Ω1 (see [17, Theorem 3.51]; a temperature h is a function such
that both h and −h are supertemperatures). However, K vanishes on the “axis”
{0} × (−1, 0) of Ω1.

Nevertheless, we claim the following (disproving the conjecture by N. Suzuki and
N.A. Watson).

THEOREM 1.1. Let 0 < a < 1/e and D := {(x, s) ∈ Ω1 : s > −a}. Then there
exists a Borel measurable function w on D such that inf w(D) > 0 and

(1.3)

∫
D

v(z)w(z) dz ≤ v(z0),

for every supertemperature v on a neighborhood of D.

But we shall see that such a result is impossible, if D is only slightly wider at z0

than a heat ball.

THEOREM 1.2. Let D be a bounded open subset of Rd × (−∞, 0) and suppose
that there exist t0, r ∈ (0,∞) such that{

(x,−t) ∈ Rd+1 : 0 < t < t0, |x| <
d+ 1

d

√
2dt log(r/t)

}
⊂ D.

Then there is no Borel measurable function w on D such that inf w(D) > 0 and
(1.3) holds, for every supertemperature v on a neighborhood of D.

Finally, let us recall the following. If D is a bounded domain in Rd × (−∞, 0)
such that

D ∩ (Rd × (−t0, 0)) ⊂
{

(x,−t) ∈ Rd+1 : t > 0, |x| < c
√
t
}
,
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for some t0 > 0 and c > 0, or, more generally, if z0 is a stable point of D (that
is, the complement of D is not thin at z0), then εz0 is the only measure µ on D
such that

∫
hdµ = h(z0) for every temperature h on a neighborhood of D (see [4,

Corollaries 3.14 and 2.7], for a more direct proof for the non-existence of a volume
mean density see Proposition 6.6; cf. also [15, Theorem 4]).

The proof of Theorem 1.1 requires some preliminaries (Section 2) and the con-
struction of two representing measures having densities which are bounded away
from 0 on certain subsets of Ω1 (Sections 3 and 4). A combination of these two mea-
sures then yields Theorem 1.1 (Section 5). A proof of Theorem 6.1 and a discussion
of the case, where z0 is a stable point of D, finish the paper (Section 6).

2 Preliminaries

Again and again, we shall use swept measures. So let us briefly recall their definition
and some properties we shall need (most of them hold in much more general settings).
Given a set A in Rd+1 and a supertemperature u ≥ 0 on Rd+1, let RA

u denote the
infimum of all supertemperatures v ≥ 0 on Rd+1 such that v ≥ u on A and define
R̂A
u (z) := lim infz′→z R

A
u (z′), z ∈ Rd+1 (see [2, Section III.2] or [17, Section 7.4]).

Clearly, R̂A
u = RA

u on the interior of A. Moreover, R̂A
u = RA

u on the complement of A
(see [5, VI.2.3]). The set A is polar if and only if R̂A

u = 0, for every supertemperature
u ≥ 0 on Rd+1. It is thin at a point z, if there exists a supertemperature u ≥ 0 on
R
d+1 such that R̂A

u (z) < u(z). Thinness is a local property, that is, A is thin at a
point z if only if the intersection of A with some neighborhood of z is thin at z.

Given a finite measure µ on Rd+1, there exists a unique measure µA on Rd

(obtained by sweeping µ on A) such that∫
u dµA =

∫
R̂A
u dµ, for every supertemperature u ≥ 0 on Rd+1

(see [2, III.4] or [5, VI.2.1]); for the case of open sets A, the crucial additivity of
u 7→ RA

u is part of [17, Theorem 7.31]). The measure µA is supported by the closure
of A. It is supported by the boundary of A, if µ does not charge the interior of A.
Clearly,

(2.1) µA =

∫
εAz dµ(z).

The set A is thin at a point z if and only if εAz 6= εz (true if z is not in the closure
of A, not true if z is an interior point of A).

The following holds for iterated sweeping. If z ∈ Rd+1 and B is a Borel measur-
able set contained in A such that z /∈ B or B is not thin at z or A is thin at z, then
(and only then)

(2.2) εBz = εAz |B +
(
εAz |Bc

)B
(see [5, VI.9.4]). This implies, in particular, the fact that

(2.3) ε∂Uz = εU
c

z , whenever U is open and U c is thin at z.
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It is easy to understand (2.2) (and several of its consequences) in terms of the
associated space-time Brownian motion, that is, the diffusion (Yt) in Rd+1 which,
starting at z = (x, s), is obtained from Brownian motion (Xt) in Rd starting at x
by

Yt(ω) := (Xt(ω), s− t).
The measure εAz (for Borel measurable A) is the distributions of the process (Yt)
at the time TA of the first hitting A (defined by TA(ω) := inf{t > 0: Yt(ω) ∈ A}),
and (2.2) is a consequence of the strong Markov property and the trivial fact that
TA ≤ TB.

The parabolic character of the heat equation implies the following. If u ≥ 0 is
a supertemperature on Rd+1 and s ∈ R, then

(2.4) R̂R
d×[s,∞)

u = 0 on Rd × (−∞, s] .

Indeed R̂
R
d×[s,∞)

u ≤ R̂
R
d×(s,∞)

u + R̂
R
d×{s}

u , and both functions on the right side of the
inequality vanish on (−∞, s] (see [5, V.1.2, V.6.16, VI.5.8.3]). It has the following
consequence for swept measures.

LEMMA 2.1. (i) If A ⊂ Rd+1 and H := Rd × (−∞, 0), then εAz0 = εA∩Hz0
.

(ii) If A ⊂ Rd+1 is closed, t > 0, and S := Rd×(−t, 0), then εA∩Sz0
= 1Rd×(−t,∞)ε

A
z0

.

Proof. (i) Consequence of (2.4), since, for every supertemperature u ≥ 0 on Rd+1,

R̂A
u (z0) ≤ R̂A∩H

u (z0) + R̂Hc

u (z0) = R̂A∩H
u (z0) ≤ R̂A

u (z0).

(ii) By (i), the statement holds trivially, if A is not thin at z0, since then A ∩H
and hence A ∩ S are not thin at z0. So let us suppose that the closed set A is
thin at z0, and let S ′ := R

d × (−t, 0]. By (i), εA∩S
′

z0
= εA∩Sz0

. The measure εA∩Hz0
is

supported by A∩H and R̂A∩S′
1 ≤ R̂

R
d×[−t,∞)

1 = 0 on Rd× (−∞,−t], by (2.4). Thus,
by (2.2),

εA∩S
′

z0
= 1A∩S′ε

A
z0

+
(
εAz0 |Rd×(−∞,−t]

)A∩S′
= 1A∩S′ε

A
z0

= 1Rd×(−t,∞)ε
A
z0
.

Let us define, for t, ρ ∈ (0,∞),

Ht := Rd × {−t}, H+
t := Rd × (−t,∞), H−t := Rd+1 \H+

t ,

Bρ := {x ∈ Rd : |x| < ρ}, Zρ := Bρ ×R, Zρ(t) := Bρ × (−t, 0).

Let λt denote d-dimensional Lebesgue measure on Ht. We note that

(2.5) εH
−
t

z0
= gtλt = εHtz0 ,

where gt(x,−t) = (4πt)−d/2 exp
(
−|x|2/(4t)

)
(see [5, V.6.1, VII.2.9, VII.2.3] and (2.3);

cf. also [17, Theorem 2.2]).
For ρ, t ∈ (0,∞), let

(2.6) cρ(t) :=

√
d

4π
ρ sup0<u≤t u

−3/2 exp
(
− ρ2

4du

)
.
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If f(u) := u−3/2 exp
(
−ρ2/(4du)

)
, u > 0, then f ′(u) = f(u)(−3/(2u) + ρ2/(4du2)) > 0,

if and only if u < ρ2/(6d). In particular, the supremum in (2.6) is t−3/2 exp(−ρ2/(4dt)),
if t ≤ ρ2/(6d), and limt→0 cρ(t) = 0.

LEMMA 2.2. Let ρ, t ∈ (0,∞) and A ⊂ Rd+1 \ Zρ(t). Then εAz0(H
+
t ) ≤ tcρ(t).

Proof. Let Q(t) := {(y1, . . . , yd, s) ∈ H+
t : max |yj| < ρ/

√
d} and, for z ∈ Q(t),

g(z) := εAz (H+
t ), h(z) := εQ(t)c

z (H+
t ).

Then A ⊂ Q(t)c, both g and h are temperatures on Q(t), and g ≤ h, by the minimum
principle. Furthermore, let

Dj,l := {(y, s) ∈ H+
t : yj < ρ/

√
d} and Dj,r := {(y, s) ∈ H+

t : yj > −ρ/
√
d}.

By the minimum principle, for all z ∈ Q(t),

h(z) ≤
∑d

j=1

(
ε
Dj,l
z (H+

t ) + εDj,rz (H+
t )
)
.

In particular, using the symmetries of the heat equation,

εAz0(H
+
t ) = g(z0) ≤ h(z0) ≤ 2d ε

D1,l
z0 (H+

t ).

Since

ε
D1,l
z0 (H+

t ) ≤ t√
4π

ρ

2
√
d
· sup0<u≤t u

−3/2 exp
(
− ρ2

4du

)
(see [5, V.6.2]; cf. [8, 2.VII.8.3]), the proof is finished.

LEMMA 2.3. There exist η, δ ∈ (0, 1) such that, for every set A in Rd+1 \ Z1(η),

(2.7) εA∪H
−
η

z0
≥ (1/2)λη on Hη ∩ Zδ.

Proof. There exists 0 < η < (4π)−1 such that c1(η) < 1/2 and

(2.8) (4πt)−d/2 exp
(
− 1

16 t

)
≤ 1, whenever 0 < t ≤ η.

Since obviously gη(0,−η)) > 1, we may choose δ ∈ (0, 1/2) such that

(2.9) gη > 1 on Hη ∩ Zδ.

Now let A ⊂ Rd+1 \ Z1(η) and ν := ε
A∪H−η
z0 |H+

η
. Then ‖ν‖ ≤ ηc1(η) < 1/2,

by Lemma 2.2. Clearly ε
A∪H−η
z0 does not charge the interior of H−η . So, by (2.2),

(2.10) gηλη = εHηz0 = εA∪H
−
η

z0
|Hη + νHη .

Finally, let B be a Borel measurable subset of Hη∩Zδ. By (2.9),
∫
B
gη dλη ≥ λη(B),

whereas, for every z = (y, s) ∈ (Rd × (−η, 0)) \ Z1,

εHηz (B) = (4π(η + s))−d/2
∫
B

exp
(
− |x− y|

2

4(η + s)

)
dλη(x) ≤ λη(B),

by (2.8) (observe that 0 < η+s < η and |x−y| ≥ 1−δ ≥ 1/2, for every (x,−η) ∈ B).
Hence νHη(B) ≤ ‖ν‖λη(B) ≤ (1/2)λη(B). Thus, by (2.10),

εA∪H
−
η

z0
(B) ≥ (1/2)λη(B).
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Let us recall that the heat equation is scaling invariant, that is, invariant under
the transformations Tα, α > 0, defined by

Tα(x, s) := (
√
αx, αs), (x, s) ∈ Rd+1.

The following result can presumably be derived from estimates of hitting densities
for the d-dimensional Bessel process. We show that it can easily be deduced from
Lemma 2.2 using Harnack inequalities on cylinders in Rd+1.

PROPOSITION 2.4. Let ρ > 0, β ∈ (0, 1), and ε > 0. Then there exists δ ∈ (0, 1)
such that, for all x ∈ B(1−β)ρ and −δρ2 ≤ s1 < s2 ≤ 0,

(2.11) ε
Zcρ
(x,0)(R

d × (s1, s2)) ≤ ερ−2(s2 − s1).

Proof. By scaling invariance, it suffices to consider the case ρ = 1. We define
z′ := (0,−1) (0 being the origin in Rd). By [2, Satz 1.4.4], there exists C > 0 such
that h(z′) ≤ Ch(z0) , for every temperature h ≥ 0 on Z1−β. By translation and
scaling invariance, we obtain that, for all temperatures h ≥ 0 on Z1 and x ∈ B1−β,

(2.12) h(x, s) ≤ Ch(x, s′), whenever s ∈ R and s ≤ s′ ≤ s+ 1.

We now fix δ ∈ (0, 1) such that c1−β(2t) < ε/(2C), for all 0 < t ≤ δ. Let x ∈ B1−β.
Then, by Lemma 2.2 and translation invariance,

(2.13) ε
Zc1
(x,t)

(
R
d × (−t, t)

)
≤ tε/C for all 0 < t ≤ δ.

We next fix 0 < t ≤ δ, n ∈ N, define γ := t/n,

zi := (x, (i− 1)γ), J := (−t,−t+ γ), and Ai := Rd × ((i− 1)γ + J)

so that z1 = (x, 0) and A1 = Rd × J . The functions

hi : z 7→ εZ
c
1

z (Ai), 1 ≤ i ≤ n,

are positive temperatures on Z1. Therefore, by translation invariance and (2.12),

h1(z1) = hi(zi) ≤ Chi(x, t), 1 ≤ i ≤ n.

Consequently, by (2.13),

nh1(z1) ≤ C
∑n

i=1
hi(x, t) = C ε

Zc1
(x,t)

(
R
d × (−t, 0)

)
≤ tε.

Thus ε
Zc1
(x,0)(R

d×J) = h1(z1) ≤ γε, that is, (2.11) holds for s1 = −t and s2 = −t+γ.

Now the proof is easily finished approximating arbitrary intervals (s1, s2) in (−δ, 0)
by rational intervals.

We recall from the Introduction that, for every r > 0, the Fulks measure µr,z0 ,

having the density ϕr with respect to σr on ∂Ωr, is the swept measure ε
Ωcr
z0 . In par-

ticular, Ωc
r is thin at z0 and, by (2.3),

(2.14) εΩcr
z0

= ε∂Ωr
z0

.
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The set of heat balls with center z0 is scaling invariant, that is, for all r > 0,

(2.15) Tα(Ωr) = Ωαr.

For a proof of (2.15), let

Fr(t) :=
√

2dt log(r/t), 0 < t < r,

(we observe that limt→0 Fr(t) = limt→r Fr(t) = 0 and Fr has its maximum at r/e)
so that Ωr is the set of all (x, s) ∈ Rd+1 such that −r < s < 0 and |x| < Fr(−s).
If (x, s) ∈ Ωr, then −αr < αs < 0 and |

√
αx| < Fαr(−αs), hence Tα((x, s)) ∈ Ωαr.

So Tα(Ωr) ⊂ Ωαr. Replacing α by α−1 and r by αr we see that as well (Tα)−1(Ωαr) =
Tα−1(Ωαr) ⊂ Ωr, and hence Ωαr ⊂ Tα(Ωr).

Given 0 < t < r <∞, we define

Ωr(t) := Ωr ∩H+
t , Lr(t) := ∂Ωr ∩H+

t , Sr(t) := Ωr ∩Ht.

Then ∂Ωr(t) is the union of Lr(t), Sr(t), and the λt-null set ∂Ωr ∩Ht.

The following lemma shows that, for every z ∈ Ωr, the measure ε
Ωcr
z is absolutely

continuous with respect to σr.

LEMMA 2.5. Let r > 0 and let L be a compact in Ωr. Then there exists C > 0
such that, for every z ∈ L, ε

Ωcr
z ≤ Cε

Ωcr
z0 .

Proof. There exists t ∈ (0, r) with L ⊂ Rd × (−∞,−t). Let ν := 1Sr(t)ε
Ωr(t)c

z0 . Then

(2.16) εΩcr
z0

= εΩr(t)c

z0
|Lr(t) + νΩcr ,

by (2.2) and (2.14). In particular, ν 6= 0. By [2, Satz 1.4.4], there exists C > 0 such

that, for every z ∈ L, ε
Ωcr
z ≤ CνΩcr (if A is a Borel set in ∂Ωr and h denotes the

temperature z 7→ ε
Ωcr
z (A), then

∫
h dν = νΩcr(A)). By (2.16), the proof is finished.

LEMMA 2.6. For all r > 0 and t ∈ (0, r) the following holds:

(i) ε
Ωr(t)c

z0 = ϕrσr on Lr(t).

(ii) The measure ε
Ωr(t)c

z0 |Ht admits a density ψr,t ≤ gt with respect to λt which locally
is bounded away from 0 on Sr(t).

In particular, the measure ε
Ωr(t)c

z0 is supported by the union of Lr(t) and Sr(t).

Proof. (i) Consequence of Lemma 2.1.

(ii) By (2.2) and (2.5), ε
Ωr(t)c

z0 |Ht ≤ εHtz0 = gtλt. Let us choose η, δ ∈ (0, 1)
according to Lemma 2.3 and fix z = (x,−t) ∈ Sr(t). There exists ρ ∈ (0, 1) such
that the closure of the cylinder

{y ∈ Rd : |y − x| < 2ρ} × (−t,−t+ ηρ2)

is contained in Ωr. Let

S := {y ∈ Rd : |y − x| < ρδ/2} × {−t+ ηρ2} and ν := εΩr(t−ηρ2)c

z0
|S.
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Then ν 6= 0 and ε
Ωr(t)c

z0 ≥ 1Sr(t)ν
Ωr(t)c , by (2.2). Let B′ be a Borel measurable set in

B := {y ∈ Rd : |y − x| < ρδ/2} × {−t}. Then, by Lemma 2.3 (applied to A := Ωc
r)

and by translation and scaling invariance, there exists c > 0 such that

εΩr(t)c

z (B′) ≥ cλt(B
′) for every z ∈ S.

By integration with respect to ν, we obtain that νΩr(t)c(B′) ≥ c‖ν‖λt(B′). Thus

ε
Ωr(t)c

z0 ≥ c‖ν‖λt on A.

3 Construction of a first representing measure

For the moment, we shall assume that D is an arbitrary bounded open set in Rd+1.
Let S0(D), H0(D), respectively, denote the set of restrictions on D of functions which
are continuous supertemperatures, temperatures, respectively, on a neighborhood of
the compact D. Given z ∈ D, a positive Radon measure µ on D is a representing
measure for z with respect to S0(D) provided

(3.1)

∫
u dµ ≤ u(z), for all u ∈ S0(D).

The set of these measures is denoted by Mz(S0(D)). The set Mz(H0(D)) of all
representing measures for z with respect to H0(D)) is defined in an analogous way
(where, of course, the inequality corresponding to (3.1) can be replaced by an equal-
ity, since H0(D) is a linear space). Clearly, Mz(S0(D)) ⊂ Mz(H0(D)) because of
H0(D) ⊂ S0(D)), and both Mz(S0(D)) and Mz(H0(D)) are compact convex sets
with respect to weak convergence.

Such sets of representing measures have been studied in much more generality
(see [4], [5, VII.9]). In particular, it is known that

(3.2) {εA∪D
c

z : A ⊂ Rd+1}

is the set of all extreme points ofMz(S0(D)) and that a positive Radon measure µ
on D is contained in Mz(H0(D)) if and only if

(3.3) µD
c

= εD
c

z

(which, for example, implies that εD
c

z + α(εz′ − εD
c

z′ ) ∈ Mz(H0(D)) \ Mz(S0(D)),

whenever α > 0 and z′ ∈ D \ {z} satisfy αεD
c

z′ ≤ εD
c

z ).
For our purpose, it is sufficient to know that εU

c

z ∈ Mz(S0(D)), for every open
set U in D (the non-trivial case z ∈ ∂U follows from the simple fact that there
exists a sequence (xn) in U such that limn→∞ xn = z and limn→∞ ε

Uc

xn = εU
c

z ; see, for
example, [5, VI.11.6]).

Let us now fix a ∈ (0, 1) and define

D := Ω1(a) =
{

(x,−t) ∈ Rd+1 : 0 < t < a, |x| <
√

2dt log(1/t)
}
.

For every open set U in Rd+1, let λU denote Lebesgue measure on U . Sweeping εz0
on the complement of scaled versions Dr := Tr(D) = Ωr(ra) of D, 0 < r ≤ 1, and
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then integrating with respect to r, we shall obtain a representing measure for z0

having a density with respect to λD which is bounded away from zero on many
paraboloids containing the axis {0} × (−a, 0). Indeed, let

(3.4) νr := εD
c
r

z0
, 0 < r ≤ 1, and ν := (d/2)

∫ 1

0

rd/2−1νr dr.

Moreover, we define paraboloids Pβ, a < β ≤ 1, by

Pβ :=
{

(x,−t) ∈ Rd+1 : 0 < t < a, |x| <
√

2dt log(β/a)
}

(see Figure 1).

¶Dr

¶D¶P1

z0

Figure 1. D, Dr, and P1 (d = 1, a = 0.5, r = 0.7)

Then P 1 ∩H+
a ⊂ Ω1 ∪ {z0}. Moreover, for all β, r ∈ (0, 1], Tr(Pβ) = Pβ ∩H+

ra and
inf K(D \ Pβ) ≥ (4π)−d/2d/(2a) log(β/a) > 0.

PROPOSITION 3.1. The measure ν is contained inMz0(S0(D)) and there exists
a density ψ with respect to λP1 such that ν = KλD\P1 +ψλP1 and inf ψ(Pβ) > 0, for
every β ∈ (a, 1).

Proof. Since νr ∈Mz0(S0(D)), for every 0 < r ≤ 1, we obtain that ν ∈Mz0(S0(D)).
By Lemma 2.1, for every 0 < r ≤ 1,

(3.5) νr|Lr(ar) = 1Lr(ar)µz0,r + κr, where κr := νr|Sr(ar).

Given 0 < t < r, we have Fr(t) >
√

2dt log(1/a) if and only if t < ra. Therefore

(3.6)
⋃

0<r<1
Lr(ar) = D \ P1.

Moreover, by Lemma 2.6, there exists a density ψ1 for κ1 with respect to λa such
that, for every β ∈ (a, 1),

(3.7) inf ψ1(Pβ ∩Ha) > 0.

By scaling invariance,

(3.8) (x,−ra) 7→ r−d/2ψ1(x/
√
r,−a)

is a density for κr with respect to λra, 0 < r < 1. Defining

κ := (d/2)

∫ 1

0

rd/2−1κr dr

9



we thus obtain, using (1.2), (3.5), and (3.6), that

(3.9) ν = KλD\P1 + κ = KλD\P1 + ψλP1

with
ψ(x, s) := (d/2)s−1ψ1(

√
−a/s x,−a).

By (3.7), for every β ∈ (a, 1), inf ψ(Pβ) > 0 (even limz→z0,z∈Pβ ψ(z) =∞).

4 Construction of a second representing measure

In this section we assume, more restrictively, that

D := Ω1(a), where 0 < a < 1/e.

Moreover, we defineR := ea and fix β′ ∈ (R, 1). Then FR(a) =
√

2da <
√

2ad log(β′/a).
So there exists a′ ∈ (0, a) such that

FR(t) <
√

2dt log(β′/a), for every t ∈ [a′, a].

By definition of Pβ′ , this implies that

(4.1) D = Pβ′ ∪ Ω1(a′) ∪ (D \ ΩR)

(see Figure 2).

¶WR

¶W1
¶ Β’P

z0

a’

Figure 2. Pβ′ , Ω1(a′), and ΩR(a) (d = 1, a = 0.25, a′ = 0.2, β′ = 0.9)

We shall prove the following, and observe already now that, by (4.1), a convex
combination of ν (defined by (3.4)) and ν ′ will then immediately lead to Theorem 1.1
(see Section 5).

PROPOSITION 4.1. There exists ν ′ ∈Mz0(S0(D)) such that ν ′ admits a density
with respect to λD which is equal to K on Ω1(a′) and larger than K/2 on D \ ΩR.

Similarly as in Section 3, the measure ν ′ is obtained integrating with respect to r,

(4.2) ν ′ := (d/2)

∫ 1

0

rd/2−1ν ′r dr.

Here we define, for 0 < r < R,

(4.3) ν ′r := εΩr(a′+r(a−a′))c
z0

so that ν ′r = ϕrσr on ∂Ωr ∩H+
a′ . For every R ≤ r < 1, we shall “hide” the bottom

Ωr ∩Ha of Ωr(a) by a countable union Ir of subsets of hyperplanes Ht such that

(4.4) ν ′r := εIr∪Ωr(a)c

z0

does not charge Ha and satisfies ν ′r ≥ (1/2)ϕrσr on ∂Ωr ∩H+
a (see Figure 3).

10



WrHaL
Ir

z0

Figure 3. Ωr(a) and Ir (d = 1, a = 0.25, r = 0.8)

Then, of course, ν ′ ∈ Mz0(S0(D)), since ν ′r ∈ Mz0(S0(D)), for every r ∈ (0, 1). To
construct the sets Ir, we recall that, for ρ > 0, Zρ = Bρ ×R, and define

Iρ(t) := Zρ ∩Ht, t ∈ R.

Let us say that a set A in Rd+1 is rotationally invariant, if A is invariant under
the mappings (x, s) 7→ (Tx, s), T being a rotation on Rd. Similarly for measures on
rotationally invariant sets. The following lemma is crucial for the proof of Proposi-
tion 4.1.

LEMMA 4.2. Let η > 0 and α ∈ (0, 1). There exists γ′ > 0 such that, for all
R ≤ r ≤ 1 and 0 < γ ≤ γ′, the compact I(1−α)Fr(a)(a − rγ) is contained in Ωr(a)
and, for every rotationally invariant measure τ on this set, the restriction of τΩr(a)c

on ∂Ωr admits a density with respect to σr which is bounded by η‖τ‖.

Proof. By Dini’s lemma, there exists a′′ ∈ (a, a′) such that, for every R ≤ r ≤ 1,
(1− α/2)Fr(a) < Fr(a

′′), and hence

(4.5) B(1−α/2)Fr(a) × (−a, a′′] ⊂ Ωr(a), for every R ≤ r ≤ 1.

Let πd denote the surface of the unit ball in Rd and let η′ := πd(ad/2)(d−1)/2η.
Taking ε := (ad/4)η′ and β := (1 − α)/(1 − α/2) let us choose δ > 0 according to
Proposition 2.4 and define

γ′ := min{a′′ − a, (ad/2)δ}.

Now let us fix r ∈ [R, 1], 0 < γ ≤ γ′, and let τ be a rotationally invariant
measure on the compact I(1−α)Fr(a)(a − rγ), which, by (4.5), is contained in Ωr(a).
We claim that, for all (1− α/2)Fr(a) ≤ ρ ≤ Fr(a) and −a < s1 < s2 < −a+ γ,

(4.6) τZ
c
ρ(Rd × (s1, s2)) ≤ (η′/2)‖τ‖(s2 − s1).

Indeed, we have (1−α)Fr(a) = β(1−α/2)Fr(a) ≤ βρ. So the measure τ is supported
by Iβρ(a− rγ). Moreover,

(4.7)
√
ad/2 = FR(a)/2 ≤ (1− α/2)FR(a) ≤ ρ.

Therefore γ ≤ (ad/2)δ < ρ2δ and ερ−2 ≤ η′/2. Hence (4.6) follows by Proposi-
tion 2.4, translation invariance, and integration with respect to τ .

Let κ := τΩr(a)c |∂Ωr . By Lemma 2.5 and rotational invariance of both τ and Ωr,
there exists a bounded Borel measurable function f ≥ 0 on (−a, 0) such that f
vanishes outside (−a,−a+γ) and (x, s) 7→ f(s) is a density for κ with respect to σr.
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For the moment, let us fix a Lebesgue point s ∈ (−a,−a + γ) of f such that
f(s) > 0. Then there exist −a < s1 < s < s2 < −a+ γ such that

(4.8)
1

s2 − s1

∫ s2

s1

f(ξ) dξ > f(s)/2.

Let
ρ := Fr(−s2) and A := Rd × (s1, s2).

Considering the harmonic functions g : z 7→ ε
Ωr(a)c

z (A) on Ωr(a) and h : z 7→ ε
Zcρ
z (A)

on Zρ, we see, by the minimum principle, that g ≤ h on Ωr(a) ∩ Zρ. Integration
with respect to τ yields that

κ(A) ≤ τZ
c
ρ(A).

Of course, Fr(a) ≥ Fr(−s2) ≥ Fr(a− γ) ≥ Fr(a
′′) > (1− α/2)Fr(a). So, by (4.6),

τZ
c
ρ(A) ≤ (η′/2)‖τ‖(s2 − s1).

On the other hand, by (4.7) and (4.8),

κ(A) =

∫
A

f(s) dσr(x, s) ≥ πdρ
d−1

∫ s2

s1

f(ξ) dξ > πd(ad/2)(d−1)/2(s2 − s1)f(s)/2.

So f(s) < η‖τ‖.
Thus the function (x, s) 7→ min{f(s), η‖τ‖} is a density for κ with respect to σr.

Proof of Proposition 4.1. Clearly,

(4.9) η :=
1

2
inf{ϕr(x, s) : (x, s) ∈ ∂Ωr, R ≤ r ≤ 1, −a ≤ s ≤ −a′} > 0.

Let αn ∈ (0, 1), n ∈ N, such that αn+1 < αn and limn→∞ αn = 0. We may choose
a − a′ > γ1 > γ2 > · · · > 0 such that limn→∞ γn = 0 and, for every n ∈ N, the
statements of Lemma 4.2 hold with αn and γn in place of α and γ′. Let

Ir,n := I(1−αn)Fr(a)(a− rγn), R ≤ r ≤ 1, n ∈ N.

For every R ≤ r ≤ 1, let

Ir :=
⋃

n∈N
Ir,n, ν ′r := εIr∪Ωr(a)c

z0
, τr := 1Irν

′
r

(see (4.4)). Of course, ‖τr‖ ≤ 1 and τr is the sum of rotationally invariant mea-

sures τr,n on Ir,n, n ∈ N. Hence, by Lemma 4.2, τ
Ωr(a)c

r |∂Ωr admits a density with

respect to σr which is bounded by η. By (2.2), ε
Ωr(a)c

z0 = ν ′r|∂Ωr + τ
Ωr(a)c

r . Since

ε
Ωr(a)c

z0 = ϕrσr on H+
a , we conclude that

(4.10) ν ′r ≥ (1/2)ϕrσr on Rd × (−a,−a′).

Obviously, the measure ν ′r is supported by ∂Ωr(a) ∪ Ir. However, ν ′r does not
charge Sr(a). This is obvious from a probabilistic point of view, since every contin-
uous arc from z0 to some point in Sr(a) has to intersect Ir. For an analytic proof,
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let us fix δ > 0, 0 < ρ < Fr(a), and let A := Bρ × {a}. There exist m ∈ N and
β, t ∈ (0, 1) such that ρ + β < (1 − αm)Fr(a) and

∫
Bρ
gs(y − x) dx < δ, whenever

y ∈ Rd \ Bβ and s ∈ (0, t). We now consider n ∈ N such that n ≥ m and γnr < t.
Then εHaz (A) < δ for every point z = (y,−a + γnr) ∈ F := Sr(−a + γnr) \ Ir,n).

Hence, by (2.2), ν ′r(A) ≤
(
ε

Ωr(−a+γnr)c

z0 |F
)Ha

(A) < δ.
By definition of ν ′r, 0 < r < R, and ν ′ (see (4.3) and (4.2)), it is now easily

seen that ν ′ is absolutely continuous with respect to λD. By Lemma 2.1, for every
r ∈ (0, 1), ν ′r = ϕrσr on Lr(a

′). Therefore 1Ω1(a′)ν
′ = KλΩ1(a′). This and (4.10)

imply that ν ′ ≥ (1/2)KλΩ1(a)\ΩR .

5 Proof of Theorem 1.1

Let ν and ν ′ be measures according to Propositions 3.1 and 4.1, respectively. Then
µ := (1/2)(ν + ν ′) is contained inMz0(S0(D)) and admits a density ϕ with respect
to λD such that inf ϕ(Pβ′) ≥ (1/2) inf ψ(Pβ′) > 0 and ϕ ≥ (1/4)K on the union
of (D \ ΩR) and Ω1(a′). Since

D = Pβ′ ∪ (D \ ΩR) ∪ Ω1(a′),

by (4.1), and inf K(D \ Pβ′) > 0, the proof is finished.

6 Counterexample

In contrast to Theorem 1.1 we have the following, if D is only slightly wider at z0

than a heat ball.

THEOREM 6.1. Let D be a bounded open subset of Rd × (−∞, 0) and suppose
that there exist t0, r ∈ (0,∞) such that{

(x,−t) ∈ Rd+1 : 0 < t ≤ t0, |x| <
d+ 1

d

√
2dt log(r/t)

}
⊂ D.

Then there is no µ ∈Mz0(S0(D)) such that µ ≥ cλD, c ∈ (0,∞).

REMARK 6.2. Let us note that the assumption of Theorem 6.1 is satisfied, if there
exist 0 < β < 1/2 and t0, c0 ∈ (0,∞) such that (x,−t) ∈ D, whenever t ∈ (0, t0)
and |x| < c0t

β.
In [15, Corollary 7, part (d)] it is stated that, for a (smaller) class of domains

D(ϕ) := {(x,−t) : |x| < ϕ(t), 0 < t < 1},

where C−1tβ ≤ ϕ(t) ≤ Ctβ for some C > 0, 0 < β < 1/2, and all 0 < t < t0, there
is (even) no µ ∈Mz0(H0(D)) admitting a density which is bounded away from zero.
In its proof, however, the integral in front of the sum at the bottom of page 95 clearly
has to be taken (more restrictively) over all x ∈ Rd satisfying |x| < ϕ(t), and then
the subsequent estimates seem to break down.
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To prove Theorem 6.1 we first observe the following, where S+(Rd+1) is the set
of all positive supertemperatures on Rd+1 andMz0(S+(Rd+1)) denotes the set of all
positive Radon measures µ on Rd+1 such that

∫
u dµ ≤ u(z0) for all u ∈ S+(Rd+1).

Of course, Mz0(S0(D)) ⊂Mz0(S+(Rd+1)) for every bounded open set D in Rd+1.

LEMMA 6.3. For all t > 0 and µ ∈Mz0(S
+(Rd+1)), 1Htµ ≤ gtλt.

Proof. It suffices to prove this for each extremal measure in Mz0(S+(Rd+1)), that
is, for µ = εAz0 , where A is a finely closed Borel set in Rd+1 (see [5, III.6.10,VI.12.5,

VI.4.6]). By (2.2), µ = εA∪Htz0
|A +

(
εA∪Htz0

|Ht\A
)A

. Since εAz (Ht) = 0, for every
z ∈ Ht \ A, we see that 1Htµ = 1A∩Htε

A∪Ht
z0

≤ 1Htε
A∪Ht
z0

. On the other hand,

by (2.5) and (2.2), gtλt = εHtz0 = 1Htε
A∪Ht
z0

+
(
1A\Htε

A∪Ht
z0

)Ht ≥ 1Htε
A∪Ht
z0

, finishing
the proof.

Defining

γ :=
d+ 1

d
and ϕ(t) := γF1(t) = γ

√
2dt log(1/t), 0 < t ≤ 1,

we also need yet another consequence of Lemma 2.2.

LEMMA 6.4. Given δ > 0, there exists t1 ∈ (0, 1) such that ε
Zδϕ(t)(u)c

z0 (Hu) > 1/2,
for all 0 < t ≤ t1 and 0 < u ≤ δ2t.

Proof. Let t ∈ (0, 1), 0 < u ≤ δ2t, ρ := δϕ(t), and V := Zρ(u). Since ‖εV cz0 ‖ = 1 and
εV

c

z0
is supported by the subset ∂V ofHu∪H+

u , it suffices to know that εV
c

z0
(H+

u ) < 1/2.
If t is sufficiently small, then

ρ2

6d
=

2d(δγ)2t log(1/t)

6d
> δ2t,

and hence (see the lines following (2.6)),

ucρ(u) ≤ δ2t

√
d

4π
ρ (δ2t)−3/2 exp

(
− ρ2

4dδ2t

)
,

where

ρ2

4dδ2t
=

(δγ)22dt log(1/t)

4dδ2t
>

1

2
log(1/t), exp

(
− ρ2

4dδ2t

)
< t1/2,

and thus ucρ(u) <
√
dϕ(t). Since limt→0 ϕ(t) = 0, the proof is finished by Lemma 2.2.

Proof of Theorem 6.1. By scaling invariance, it suffices to consider the case r = 1.
Let µ ∈Mz0(S0(D)) and c ∈ [0, 1] with µ ≥ cλD. We fix 0 < δ < 1/5 such that

(6.1) b := (1− 5δ)2γ2 > 1 +
2

d
.

We choose t1 according to Lemma 6.4, take 0 < t ≤ min{t0, t1, 1/e}, and define

x := ((1− 3δ)ϕ(t), 0, . . . , 0) ∈ Rd, B := x+B2δϕ(t),
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Z := B × (−t,−t+ δt), and S := B × {−t} = ∂Z ∩Ht.

If (y, s) ∈ Z, then |y| < (1 − δ)ϕ(t) ≤ ϕ((1 − δ)t) ≤ ϕ(|s|), and hence Z ⊂ D. We
next define

U := (x+Bδϕ(t))× (−t,−t+ δ2t), ν := cλU , µ′ := (µ− ν) + νZ
c

.

Then U ⊂ Z and µ′ ∈Mz0(S0(D)). So 1Htµ
′ ≤ gtλt, by Lemma 6.3, and hence

(6.2) 1Sν
Zc ≤ gtλt.

For the moment, let us fix z = (y, s) ∈ U and consider V := (y+Bδϕ(t))×(−t, s).
By Lemma 6.4 and translation invariance, εV

c

z (S) = εV
c

z (Ht) > 1/2. Since V ⊂ Z,
we know that εZ

c

z (S) ≥ εV
c

z (S), by (2.2).
Integrating with respect to ν we hence conclude that

(6.3) νZ
c

(S) >
c

2
‖λU‖ =

ωdc

2
(δϕ(t))d δ2t,

where ωd denotes the volume of the unit ball in Rd. On the other hand,∫
S

gt dλt ≤ sup gt(S) · λt(S) ≤ (4πt)−d/2 exp
(
−((1− 5δ)ϕ(t))2

4t

)
· ωd(2δϕ(t))d,

where
((1− 5δ)ϕ(t))2

4t
=
b · 2dt log(1/t)

4t
=
bd

2
log(1/t),

and hence

exp
(
−((1− 5δ)ϕ(t))2

4t

)
= tbd/2.

Having (6.2) and (6.3) we therefore obtain that

(6.4)
c

2
δ2t < (πt)−d/2tbd/2 = π−d/2t(b−1)d/2.

By (6.1), (b − 1)d/2 > 1. Thus (6.4) can only hold for arbitrarily small t > 0,
if c = 0.

A special case of the following result is known for harmonic spaces (see [10]; for
classical potential theory and d = 2, see [12]). The proof shows that the lemma
holds for general balayage spaces.

LEMMA 6.5. Let A be a Borel set in Rd+1 which is not thin at a point z ∈ Rd+1.
Then there exists a compact set L in Rd+1 such that L \ {z} ⊂ A and L is not thin
at z.

Proof. Let p be a continuous strict potential on Rd+1 and let Vn, n ∈ N, be open
neighborhoods of z such that V n+1 ⊂ Vn and

⋂
n∈N Vn = {z}. Then the sets A∩Vn,

n ∈ N, are not thin at z, and hence, by [5, VI.1.9], there exist compact sets Ln
in A ∩ Vn such that R̂Ln

p (z) > p(z) − 1/n. Clearly, the set L := {z} ∪
⋃
n∈N Ln is

compact, L \ {z} ⊂ A, and R̂L
p (z) = p(z), that is, L is not thin at z.

The next result is usually proved using Choquet’s theory (see [12, 9, 10, 6, 7, 4]).
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PROPOSITION 6.6. Let D be a bounded open set in Rd+1 and z a stable point
for D, that is, that D

c
is not thin at z. Then Mz(H0(D)) = {εz}.

Proof. Let µ ∈ Mz(H0(D)). Of course, µ is a probability measure, since the con-
stant function 1 is a temperature on Rd+1. By Lemma 6.5, there exists a compact L
in Rd+1 such that D ∩ (L \ {z}) = ∅ and L is not thin at z. For every n ∈ N, let
Vn := {z′ ∈ Rd+1 : |z′ − z| < 1/n}. Let L′ be a compact in Rd+1 \ {z} and δ > 0.

Since z is polar, there exists m ∈ N such that RVm
1 < δ on L′. Since (L\{z})∩Vm

is not thin at z, there exists n > m such that the function u := R
L∩(Vm\Vn)
1 satisfies

u(z) > 1 − δ. Of course, u ≤ 1 on Rd+1 and u ≤ RVm
1 < δ on L′. Moreover, u is

a temperature on the open neighborhood (Rd+1 \ L) ∪ Vn of D. Therefore

1− δ < u(z) =

∫
u dµ ≤ (1− µ(L′)) + δµ(L′),

that is, (1 − δ)µ(L′) < δ. Since this holds for every δ > 0, we see that µ(L′) = 0.
So µ does not charge the complement of {z}, and hence µ = εz.
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