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Abstract. Let (M, p, ) be an RD-space satisfying the non-collapsing condition. In this paper, the
authors introduce Besov-type spaces B, (M) and Triebel-Lizorkin-type spaces Fj;’q (M) associated
to a non-negative self-adjoint operator L whose heat kernels satisfy some Gaussian upper bound
estimate, Holder continuity, and the stochastic completeness property. Characterizations of these
spaces via Peetre maximal functions and heat kernels are established for full range of indices. Also,
frame characterizations of these spaces are given. When L is the Laplacian operator on R", these
spaces coincide with the Besov-type and Triebel-Lizorkin-type spaces on R" studied in [Lecture
Notes in Mathematics 2005, Springer-Verlag, Berlin, 2010]. In the case 7 = 0 and the smoothness
index s is around zero, comparisons of these spaces with the Besov and Triebel-Lizorkin spaces
studied in [Abstr. Appl. Anal. 2008, Art. ID 893409, 250 pp] are also presented.

1 Introduction

The tremendous development of theories of function spaces in the last few decades has resulted
in extraordinary accomplishments in several fields of mathematics such as potential theory, partial
differential equations, approximation theory and so on. Besov and Triebel-Lizorkin spaces, known
so far, are very general scales of functions spaces. They cover various types of function spaces such
as Lebesgue spaces, Sobolev spaces, Hardy spaces and BMO (see, for example, [36, 37, 30, 13, 14]).
In recent years, due to the applications in partial differential equations such as Navier—Stokes
equations, the scale of Besov and Triebel-Lizorkin spaces was further extended to Besov—Morrey
spaces and Triebel-Lizorkin—-Morrey spaces, via replacing the Lebesgue norm in the definition of
Besov—Triebel-Lizorkin spaces by the Morrey norm (see, for example, [1, 23, 28, 35, 31, 33, 34]).
The classical Morrey spaces and many Morrey-type spaces, like Hardy—Morrey spaces and Sobolev—
Morrey spaces, are proved to belong to this scale. Another scale of generalized Besov and Triebel—-
Lizorkin spaces is the Besov-type and Triebel-Lizorkin-type spaces introduced in [41, 42, 45], which
cover Besov and Triebel-Lizorkin spaces, Triebel-Lizorkin—-Morrey spaces, and the @, spaces (see
[16, 15, 38, 39]) as special cases. For more properties on these generalized Besov and Triebel-
Lizorkin spaces and their applications in partial differential equations, we also refer to [30, 40, 32,
44, 26, 27, 25, 24] and, especially, to excellent two surveys [33, 34] by Sickel for many unsolved
questions on this subject.

In recent years, there is an increasing interest in functions spaces related to operators. It is
known that Riesz transforms defined via a general operator L may not be bounded on the classical
Hardy spaces. To solve such problems, Auscher, Duong and McIntosh [2] made some prominent
contributions, which include a theory of Hardy spaces associated with a general operator L whose
heat kernels satisfy pointwise Possion upper bounds; see also Duong and Yan [10, 11, 12]. On
metric measure spaces whose measures satisfy a polynomial growth condition, Bui, Duong and
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Yan in [5] studied homogeneous Besov space Bf,’q for |s] < 1 and p,q € [1, 0] associated with an
operator L whose heat kernels satisfy the upper bound Gauss estimate and the Holder continuity.
A recent work on the theory of Besov and Triebel-Lizorkin spaces associated to an operator L,
with full range of the indices s,p and ¢, is due to Kerkyacharian and Petrushev [22].

Let (M, p) be a locally compact complete metric space with a metric p. Suppose that p is a
positive regular Borel measure such that the following doubling condition holds: there exists a
positive constant K such that, for all z € M and r € (0, c0),

(L1) u(B(x,2r)) < Ku(B(x,r)).

Then, the triple (M, p, ) is called a space of homogeneous type in the sense of Coifman and Weiss
[7, 8]. Notice that (1.1) implies that, for all x € M, r € (0,00) and A € (1, 00),

(1.2) w(Bla, xr)) < KEXu(B(x,r),

where d := logy K > 0 is the “dimension” constant. Also, we assume that the reverse doubling
condition is valid: there exists a constant K, € (1, 00) such that, for allz € M and 0 < r < w7

(1.3) W(B(w,2r)) = K.u(B(a, 7).
Notice that (1.3) implies that, for all x € M, XA € [1,00) and 0 < r < %,
(1.4) w(B(w,Ar) > K22\ u(B(z, ),

where & := log, K. > 0 also measures the “dimension” of (M, p, ). The doubling condition and
the reverse doubling condition make (M, p, 1) an RD-space introduced in [20, 21]. Moreover, we
require the following non-collapsing condition: there exists a positive constant ¢ such that

(1.5) xléllf/l w(B(x,1)) > c.

Further, let L be a non-negative self-adjoint operator on L?(p), with domain D(L) dense in L?(M).
Then, L has spectral resolution { E) }5>¢0. Given a bounded Borel measurable function f, the theory
of functional calculus implies that

f(VI) = / " F(VR) dEy.

Assume that the associated heat semigroup {e~ Y}, consists of integral operators with heat
kernels {p; }+>0 and there exist positive constants ¢* and C* such that {p; };+~¢ satisfy the following
conditions:

(UE) Gaussian upper bound estimate: for all ¢t € (0,1] and z,y € M,

exp ( e [p(ziy)]Q)

V(B VD) u(Bly. VD)

(HE) Hoélder continuity: there exists a positive constant «g such that, for all ¢t € (0,1] and
z,y,y" € M satisfying that p(y,y’) < v,

(1.6) Ipe(z,y)| < C*

[p(wgy)]z )

p(y,y’)r‘) exp (— ¢

(1.7) pe(,y) — pe(,9)| < C* { Vi \/M(B(xa V) u(By, VE)
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(SC) Stochastic Completeness: for all ¢t € (0,00) and z € M,

(1.8) /M pe(z,y) du(y) = 1.

An interesting example that fits the above frame work arises from the operator L := —div(AV),
where A := {a; ;(z)}1<ij<a is a uniformly elliptic symmetric matrix-valued function on R so
that the heat kernels satisfy (UE), (HE) and (SC). For more examples which satisfy the above
framework, we refer the reader to [22, 9]. With the previous assumptions, Besov and Triebel-
Lizorkin spaces associated with the heat kernels were studied in [22]. Let Ry := [0,00). Assume
that there exists a positive constant ¢ such that ®g, ® € C*°(R,.) satisfy

(1.9) supp @y C [0, 2], <I>E)2V+1)(O) = 1for all v > 0, |Bo(N)| > ¢ for A € [0,273/4],
and
(1.10) supp® C [271,2], |B(N)| > ¢ for A e [273/423/4),

For all j € N, let ®;(-) := ®(277-). For s € R and p, q € (0,00], the Besov space B (M) is defined
to be the collection of all distributions f such that

1/a
(1.11) 1£1l55,,(ar) : {ZH?JS‘I’ Df |z M)} =00

when p € (0, 00), the Triebel-Lizorkin space F, (M) is defined to be the collection of all distribu-
tions f such that

1/q
(1.12) T H{Dm fl"}

< 0Q.

Ly (M)

Similarly, the spaces é;’q(M) and ﬁzf,q(M) are defined with 27° replaced by [u(B(-,277))]7*/¢ in
the above two (quasi-)norms. One may also equivalently define these Besov and Triebel-Lizorkin
spaces by replacing the dilation 2 with a general number b € (1,00) in the definition of {®;}32;
see [22, Propositions 6.3 and 7.2]. Frame decompositions of these spaces are considered in [22] by
using the Calderén reproducing formula.

Inspired by [22] and [41, 42, 45], the main aim of this article is to develop the Besov-type
and Triebel-Lizorkin-type spaces on the metric space (M, p, ) satisfying (1.1), (1.3) and (1.5),
associated to a non-negative self-adjoint operator L whose heat kernels {p;}:~o satisfy the above
stochastic completeness property (SC) and the following conditions (UE’) and (HE') with positive
constants C*, ¢*, ap € (0,00) and Sy € (1, 00):

(UE') Upper bound estimate: for all ¢ € (0,1] and =,y € M,

B
exp (< [$58] %)

\/u (a, #1/50)) u(B(y, t1/50))

(HE') Hélder continuity estimate: for all ¢ € (0,1] and z,y,3y’ € M satisfying that
ply,y') < /P,

(1.13) Ipt(z,9)|

Bo
[e% * (wﬂl) Bo—1
ply,y) ] eXP(— (57 ]7T)
1.14 ,Y) — )| < CF L .
( ) Ipe (s y) = el 9)] < { t1/Bo ] \/,u (w,t1/P0)) u(B(y, tL/Po))
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Different from the conditions (UE) and (HE) used in [22], in this article, we consider more
general conditions (UE’) and (HE’), which were suggested by Professor Alexander Grigor’yan
to us. Obviously, if By = 2, then the conditions (UE’) and (HE') go back to (UE) and (HE),
respectively. It is known that a large family of various fractals (e.g., Sierpinski gasket) has a
natural diffusion process on these general conditions, and this diffusion process has a transition
density p; with respect to a proper Hausdorff measure p of the fractals such that

5
c z,y) | 7T
(1.15) pe(z,y) < w75 P (c* {pil/ﬁ )} ) )

where d is the Hausdorff dimension of the fractals and S the walk dimension which is larger than 2
in many interesting examples; see [18] for a brief introduction. Here the notation =< in (1.15) means
that both < and > can be used, but the positive constants C'* and ¢, may be different in upper
and lower bounds. With all metric balls are precompact as a priori, if the heat kernel p, satisfies
(1.15), then it satisfies (HE'); see [3, Theorem 3.1 and Corollary 4.2] and [19, Theorem 7.4]. The
topic of heat kernels has been studied intensively in lots of works; see, for example, [3, 18, 19] and
the references therein.

In this article, we stick to the philosophy used in [4, 13, 36, 45] (see also [33, 34]) to study
the Besov-type and Triebel-Lizorkin-type spaces on the metric measure spaces (M, p, 1) which is
associated to the heat kernels {p;}+~0. Though we are assuming conditions (UE’) and (HE') in
this article, one of the important things is that the smooth functional calculus induced by heat
kernels still have fast decay at infinity. This is presented in Proposition 3.4 below, which is a
generalized version of [22, Theorem 3.1]. Such smooth functional calculus plays a role of the
Schwartz functions as in the Euclidean space. One may also notice this issue from the off-diagonal
estimate in Proposition 3.7 below. Furthermore, as in [22], the continuous Calderén reproducing
formula (see Section 3.2) keeps valid, which can be used to establish the Peetre maximal function
characterizations and heat semigroup characterizations of these spaces (see Section 5). Applying
the technique of [22], we build a new discrete Calderén reproducing formula (see Theorem 6.1
below) that is much more parallel to the one used in [4, 13, 36, 45]. Consequently, in Section 6,
frames decompositions of such Besov-type and Triebel-Lizorkin-type spaces are considered. The
framework we build in this article generalizes the work of [45] (see also [33, 34]) to metric measure
spaces, and also generalizes the work of [22] to more general scale of functions spaces.

This article is organized as follows. In Section 2, we introduce the Besov-type spaces B;:g(M ),
E;:QT(M), and the Triebel-Lizorkin-type spaces F, 7 (M), ﬁ';;;(M),Nwhere T € (0,00), s € R,
p € (0,00), g € (0,00), and ¢ can take oo for the spaces By7 (M) and B, 7(M). When 7 = 0, these
spaces are actually the Besov and Triebel-Lizorkin spaces introduced in [22].

Section 3 is devoted to some auxiliary estimates. In Section 3.1, we present some basic estimates
which hold on any metric measure spaces (M, p, 11). Then, Section 3.2 gives some estimates related
to the smooth functional calculus induced by the heat kernel, including an off-diagonal estimate
(see Proposition 3.7 below). The continuous Calderén reproducing formula is given at the end of
Section 3.2. Applying these basic estimates and the reproducing formula, we control the Peetre
maximal functions (see Proposition 3.11) by the Hardy-Littlewood maximal function, which is a
generalized version of [22, Lemma 6.4] and is used elsewhere in this article. It should be remarked
that, different from the one in [22, Lemma 6.4], which holds true only on the spectral space, the
estimate in Proposition 3.11 holds true for more general distributions.

Using the estimates from Section 3, we in Section 4 prove some embedding properties of the
Besov-type and Triebel-Lizorkin-type spaces, and then classify these spaces for the index 7 in
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different ranges.

As an application of the estimates of the Peetre maximal functions and the continuous Calderén
reproducing formula, in Section 5, we characterize the Besov-type and Triebel-Lizorkin-type spaces
via the Peetre maximal functions (see Theorem 5.2), which also indicates that these spaces are
well defined. By this Peetre maximal function characterization, we further establish the heat
semigroup characterization of the Besov-type and Triebel-Lizorkin-type spaces in both discrete and
continuous versions (see Theorems 5.8 and 5.9). Comparing with the continuous heat semigroup
characterization for Besov and Triebel-Lizorkin spaces in [22, Theorems 6.7 and 7.5], wherein
p € [1,00], there is no restriction on p in the discrete heat semigroup characterization of the
Besov-type and Triebel-Lizorkin-type spaces.

Section 6 is devoted to the frame characterization of these new scales of function spaces. The
frame structure we considered here relies on Christ’s dyadic cubes in M, which is different from
those in [22], and hence we need to establish a new discrete Calderdn reproducing formula associated
with Christ’s dyadic cubes and the functions &y and ® in (1.9) and (1.10) (see Theorem 6.1, whose
proof is presented in Section 8). As an application, we show that F;j;/p(M) and Ef,’ql/p(M) are
indeed the endpoint case F3, (M) and ﬁoso’q (M) of the Triebel-Lizorkin spaces, where p € (0, 00),
q € (0,00] and s € R.

Finally, in Subsection 7.1, we prove that, when (M, p, ) is the Euclidean space and L the
Laplacian operator, the Besov-type and Triebel-Lizorkin-type spaces defined in this article coin-
cide with those spaces introduced by Yuan, Sickel and Yang [45], by using their heat semigroup
characterizations. Hence, the article here generalized the work of [45]. Further, in Subsection 7.2,
when 7 = 0 and Sy = 2 in (UE’) and (HE'), we show that the (quasi-)norms of the Besov and
Triebel-Lizorkin spaces on RD-spaces satisfying (1.5) defined in [21] coincide exactly with those in
[22] when s is around zero, which answers a question presented in [22]. The proof of this coincidence
needs the discrete Calderén reproducing formula obtained in Section 6 and the corresponding one
on RD-spaces obtained in [21].

In this article, we use the following notation. Let N := {1,2,...}, Z; := {0} UN and R} :=
[0,00). For any numbers s,t € R, let

sVt:=max{s,t} and sAt:=min{s,t}.

If an operator T is bounded from a (quasi)-Banach space X to a (quasi)-Banach space ), then
we denote by ||T'||x—y its operator norm. For notational convenience, we let |E| := u(E) for any
measurable set £ C M. By C we denote a positive constant, independent of the main parameters,
whose value may be different on each occasion. Further, A < B means A < C'B and, similarly, for
A2z B. If BS AS B, then write A ~ B. We use C, g,... to denote a positive constant depending
ona,f3,....

yeen

2 Besov-type and Triebel-Lizorkin-type spaces
From now on, we let L be a non-negative self-adjoint operator on L?(M) such that the associated

heat kernels exist and satisfy (UE’), (HE') and (SC). When p(M) < oo, we use D(M) to denote
the test function space which consists of all functions ¢ € N, D(L™) with topology induced by

Pm(p) = ||Lm¢||L2(M)» m e ZLy.
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Let o be some fixed point in M. When u(M) = oo, the test function space D(M) consists of all
functions ¢ € N, D(L™) such that, for all m, £ € Z,

Pono(9) = sup [1+ p(a, o) | L $(x)| < oc.
xeM

No matter p(M) is finite or not, the distribution space D’(M) is defined by the set of all continuous
linear functionals on D(M) and the pairing between f € D'(M) and ¢ € D(M) is denoted by
(f,®) := f(¢). See [22] for more details on this aspect.

Before introducing the Besov-type and Triebel-Lizorkin-type spaces associated with the heat
kernels of the aforementioned operator L, we recall Christ’s dyadic cube construction (see [6]) on
the space of homogeneous type. Such Christ dyadic cubes retain most of the properties of the
dyadic cubes in the Euclidean space.

Lemma 2.1. Let (M, p,u) be a space of homogeneous type. Then, there exist a collection Q =
{Qj CM: j€eZ acl} of open subsets, where I is some index set, and positive constants
0,1) and Cy > ¢y such that

€ (0,
(i) for each fized j € Z, (M \ U, Q%) =0 and @, ﬂQJ =0if a #B;
(ii) for any «, B, j, £ with ¢ > j, either Qﬁ C Q) or QZ NnQJ = 0;
(iii) for each (j,) and each { < j, there is a unique B such that QJ, C Q%;
)

(iv) diam @4, < G467 and each QJ, contains some ball B(z%,c,67), where zJ, € M.

In what follows, we always use d to denote the constant appearing in Lemma 2.1. Then, any
Christ dyadic cube QF with k € Z and « € I, has diameter roughly 6*.

Definition 2.2. Let s € R, 7 € [0,00) and ¢ € (0, 00]. Let 6 € (0,1) be as in Lemma 2.1. Assume
that there exists a positive constant ¢ such that the pair of functions (®g, ®) in C*°(R;) satisfies
that

(2.1) supp ®o C [0,6 772, <I>é2"+1)(0) =1 forall veZ,, |By(N)|>c forhe]0,63%/8
and

(2.2) supp ® C [§%0/2, 5= Fo/2], |B(\)| > ¢ for A e [§350/8 §7380/8)

where (g is the constant appearing in (UE’) and (HE’). For all j € N and A € Ry, let

(2.3) D () 1= D(67F0/2)).

(i) For p € (0, o], the Besov-type space BT (M) is defined to be the collection of all f € D'(M)
such that

o0

q/py 1/q
I sz00) = sup |Qk|7{ 5 [ /Q g |6-js<1>j<ﬁ>f<x>|w<x>} } < oo,

j=kV0

with a usual modification made when p = 0o or ¢ = oco. The Besov-type space E;:g(M) is defined
to be the collection of all f € D’'(M) such that

oo

seion = g 3 [ [, 6o e Do au) RS

j=kVO0

/]
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with a usual modification made when p = oo or ¢ = co.
(ii) For p € (0,00), the Triebel-Lizorkin-type space F;.7 (M) is defined to be the collection of all
f € D'(M) such that

1 o0 ] r/q 1/p
1\l 757 ary = sup == / > 1670, (VI) f(@))1]  du(z)p < oo,
kel |Qa| Qk .
a€ly a =j=kV0

with a usual modification made when g = co. The Triebel-Lizorkin-type space ﬁ;; (M) is defined
to be the collection of all f € D'(M) such that

/]

12 meor v omrer]” wew) <

a =j=kV0

1
Fom (M (= sup k{/
o0 = TP 0T g
with a usual modification made when g = co.

Remark 2.3. (i) For any ®; in Definition 2.2, the operator ®;(1/L) has an integral kernel, denoted

by @;(v/L)(z,y), which belongs to D(M) as a function of the variable y (see Proposition 3.4 below),

so that it makes sense to consider ®;(v'L)f(z) := (f, ®;(v/L)(x,-)) for all f € D'(M) and = € M.
(ii) When p = g € (0,00), it is easy to see that By~ (M) = F;:7 (M) and E;Z;(M) = ﬁ;;(M)
(iii) In general, the spaces B,7 (M) and E‘;:g(M ) may not coincide with each other, unless

(M, p,p) is an Ahlfors d-regular metric measure space. Neither do F;:7 (M) and F‘Zf,’; (M).

Remark 2.4. Let all the notation be as in Definition 2.2. When pu(M) = oo and 7 € (—00,0), it
is easy to see that

Bpg(M) = Fpg(M) = Byg(M) = Fyg (M) = {0}.
But, when p(M) < oo and 7 € (—00,0), it holds true that

BST(M) =B (M), B>T(M)=DB:, (M), F3I(M)=F: (M), F>(M)=F(M).

p,q p,q p.q p,q p,q p,q p,q

No matter (M) is finite or not, when 7 = 0, it always holds true that
s,0 o s ~s,0 _ DS s,0 _ s ~s,0 _ s
By (M) =B, (M), By,(M)=B, (M), Fy/(M)=F, (M), F;/(M)=F, (M).
When 7 € (1/p, 00), in Proposition 4.3 below, we show that
s,T _ 1s,T _ pstdr—d s, T _ s, T _ pstdr—d
Bp,q(M) _Fp,q (M) _Boo,oo /p(M) and Bp,q(M) _Fp,q (M) _Boo,oo /p(M)

Thus, when 7 € (0,1/p], Definition 2.2 gives new scales of function spaces. Especially, when
7 = 1/p, it is proved in Theorem 6.7 below that F;j;/p(M) and F;)’;/p(M) are respectively the

endpoint cases of the Triebel-Lizorkin spaces F5, (M) and FS, ,(M).

3 Auxiliary estimates

For any constants d, 0 € (0, 00), let

1 1
BT ()
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For any §,v € (0,00) and 8 € (0, 1), let

B
EYP(z,y) = ! exny J o | PLT2Y) } z,y € M.
N eIl p{ ”[ 5 } ve

Obviously, there exists a positive constant C., g, such that, for all 6 € (0,00) and z,y € M,

E}P(,y) < Cy p.oDso(z,y).

Further properties of the kernels D5 ,(z,y) and Eg”ﬁ (x,y) are addressed in this section. By using
these kernels, in this section, we present smooth functional calculus induced by the heat kernels,
off-diagonal estimates, and estimates of Peetre maximal functions.

3.1 Basic properties of Dj,(z,y) and E}"(z,y)

The estimates listed in the following lemma follow from (1.1) and (1.3), while their proofs were
essentially given in [9, Lemma 2.3] and [22, Lemma 2.1, (3.22)], the details being omitted.

Lemma 3.1. (i) Let 0 € (d,00). Then, there exists a constant Ck € [1,00) such that, for all
0 € (0,00) and x € M,

1 1
|B(x,0)| /M (146 p(z,y))”

and

1
/M [B(y, 0)I[1 + 6~ pla, y)]7

du(y) < C7, du(y) < C
/ Ds o (z,y) duly) < C7,
M

where the last inequality indeed holds true only when o > d/2.
(ii) Let o € (d,00). Then, there exists a constant C € [1,00) such that, for all s,t € (0,00)
and x,y € M,

/ Dy,o(,2) Do (2,y) dp(z) < Cqmax{(t™ s)¥2, (s7')¥*} Dyvio(2,y).
M

(iii) Let v € (0,00) and B € (0,1). Then, there exists a constant Crg € [1,00) such that, for
all 6 € (0,00) and z,y € M,

/M E;”B(sr:,u)Eg’B(u,y) dp(u) < C;k’BEg’B(x,y).

Via (1.1), (1.3) and (1.5), the following Lemma 3.2(i) was proved in [9, Proposition 2.9] (see
also [22, Proposition 2.4]); while Lemma 3.2(ii) follows from a similar argument.

Lemma 3.2. (i) Let§ € (0,1) and o € [d+1,00). Assume that the kernels of the integral operators
U and V satisfy that

(3'1) ‘U((L‘,y)| SD&U(x,y) and |V((L‘,y)| SD&U(x,y)

for all x,y € M. Then, for any operator R which is bounded on L*(M), the operator URV is an
integral operator with its kernel satisfying that

| Rl L2 (ary— L2 (1)
|URV (x,y)| < [|[U (2, )20 | Rl 2 any— 2y IV G ) L2y < Co
VIB(z,0)[|B(y,0)]
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for all x,y € M and for some constant C* € [1,00) independent of 6.
(i) Let v € (0,00), B € (0,1) and § € (0,00). Instead of (3.1), if

U(z,y)| < EPP(x,y)  and  |[V(z,y)| < Y’ (2,y)

hold true for all x,y € M, then the conclusion of (i) keeps valid, but with the constant C% there
replaced by some positive constant C:,B which depends on v and 3, but not on §.

3.2 Smooth functional calculus induced by the heat kernels

According to [29, Theorem 7.3], the doubling condition (1.1) and the assumption (UE’) imply
that the Gaussian upper bound can be extended to the open right half-plane. Indeed, there exist
positive constants C' and ¢ such that, for all z,y € M and z :=t + tu with ¢ € (0,1] and v € R,

_Bo_
exp (— e[ ZHE] %7 cos )

VB, t1750)[[B(y, t1/B0)[

(3'2) |pz(xay)| <C

where 0 := arg z.

Lemma 3.3. Assume that (1.1) and (UE’) hold true. Let o € (0,00) and g be a function in the
Schwartz class S(R). Then, there exists a positive constant C such that, for all § € (0,00), u € R
and z,y € M,

’/Q(U)pmlm)(w,y) du| < CDg2/80 ().
R

Proof. For z := 62(1—1u), we have |z| ~ 62(1+|u|) and cosarg z ~ [1+|u|]~1. Thus, for a different
positive constant ¢/, we have

ﬁﬁo 1
0
p(, y)} o0

Bo
ex —c p(x,y) Po=1 1
P |2|1/Po BE)

< | — g _
= C[w%1+mn 1+ [uf

Bo—1\ ~ 7

e i

{1+ p(xvy)y” 1+ full”.

A

A

62/Bo

From this and (3.2), it follows that

14 2o
~ V1B(x, 625 |B

[ oo < s LI £ Dy o),

as desired. This finishes the proof of Lemma 3.3. O
Applying Lemma 3.3, we can obtain a result parallel to [9, Theorem 3.1], but invoking the index

Bo- Next, slight modifications of the proofs of [9, Theorems 3.7] and [22, Theorem 3.1, Corollary 3.5]
show that the following smooth functional calculus holds true, the details being omitted.
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Proposition 3.4. Let f € C®(R.) satisfy that, for allv € Z, and r € (0,00), there is a positive
constant C,, » such that

(3.3) FE () =0, 1FP N <Cur(T4+ X" forall A€ (0,00).

Let o € (0,00). Then, for any m € Zy and ¢ € (0,00), there exists a constant Co p € [1,00) such
that the operator L™ f(6v/L) is an integral operator with kernel L™ f(6v/L)(x,y) satisfying:
(i) for all x,y € M,

(3.4) L™ F(OVL)(@,y)| < Comd > Dy2/o9 o (2, 9);

(ii) for all z, y, y' € M such that p(y,y') < 62/P0,

/

(35) (L™ FOVI)(@,y) = L™ FOVL)(w,5)] < Comd ™" [p éﬁ’}i)} Dyssso o)

(ili) for allz € M, [, f(6VL)(z,y) du(y) = f(0).
Here, in (i) and (i), the constants ag and By are as in (UE') and (HE').

Remark 3.5. In (3.3), the condition f*+1)(0) = 0 for all v € Z, ensures that the function f
has an even extension to R. Conversely, any even function f € S(R) satisfies (3.3).

Likewise, one deduces the following conclusion via a slight modification of the proof of [22,
Theorem 3.6], the details being omitted.

Proposition 3.6. With all assumptions as in Proposition 3.4, assume that there exist constants
M € (0,00) and 8 € (0,1) such that, for all k € N,

1F P ey < (ME)FE=E).

Then, for any m € N, there exist positive constants vy, depending on B and m, and C,"y,ﬂ, depending
on v and B, such that, for all § € (0,00), the operator L™ f(6v/L) is an integral operator with
kernel L™ f(6v/L)(z,y) satisfying:
(i) for allx,y e M,
L™ F(OVL) (2, y)| < C 5,00 2™ ELY, (2,0);

(ii) for all z, y, y' € M such that p(y,y') < 62/Po,

FOVD ) - SOV ) < s | B0 | B o)

As an application of Proposition 3.4, we have the following off-diagonal estimates.

Proposition 3.7. Let 6 € (0,1). Assume that two pairs of functions, (P, ®) and (¥, V), satisfy
(2.1) and (2.2). For any j € N, define ®; and V; as in (2.3). Then, for any m € Z and o > d,
there exists a constant Cy . € (1,00) such that, for all j,k € N and x,y € M,

(3.6) ’(@j(ﬁz)\pk(ﬁ)) (x,y)’ < O8I mBo=d/2 (1),
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Proof. For k = j, notice that (3.6) follows from Proposition 3.4(i) and Lemma 3.1(ii). By sym-
metry, we only need to show (3.6) for £ > j. If j > 0, then, by the functional calculus, we
have

O;(VL)W(VL) = (®,94)(VL)
_ /OO (I,(yﬁo/?\[\)\p((gkﬁo/?ﬁ) dE\
0

= §lk—a)mbo / OO((SjBO/Q\F)\)mel)((SMo/2ﬁ)(ékﬁoﬂﬁ)—zm@(yﬂo/z V) dEy
0
= o0 g5 (VI)U (VL),

where ¢;(V) := (6790/23/X)2m B (§750/2\/X) and (V) i= (6*F0/23/X) =2y (§750/2\/X). By the
properties of ®, ¥ and Proposition 3.4, we see that, for all z,y € M,

|¢J(\/E)(xay)| /SDM,U(I?y) and W)k(\/i)(xvy” §D6k,o(x7y)'

Then, applying o € (d,c0) and Lemma 3.1(ii), we conclude that
(8:(VDIVE)) (.0)] 5 [ Davaw 0Dy o 1) dita) £ 697992Ds, (2.
M
Consequently, for all z,y € M,

[2;(VD)U(VL)(z,y)| < 60D Dy, ().

A similar argument also shows the desired result for the case j = 0. This finishes the proof of
Proposition 3.7. O

Remark 3.8. From the proof of Proposition 3.7, it follows that, if £ > j and ®¢, ® only satisfy
(3.3), then (3.6) keeps valid.

Due to Proposition 3.4, the proofs of [22, Propositions 5.1(b) and 5.3(b)] and [22, Proposi-
tions 5.2(a) and 5.4(a)] imply the following conclusions, the details being omitted.

Proposition 3.9. (i) For any even function ¢ € S(R), the kernel (b(\/f)(x,y) of the operator
¢(\/f) belongs to D(M) as a function of x ory.
(ii) If u(M) < oo, then there exist mg € Z4 and Cy,, € (0,00) such that, for all f € D'(M)
and ¢ € D(M),
[(fs &) < Cimg o ax. P ().

0
(iil) If u(M) = oo, then there exist by, mg € Z4 and Cpy ¢, € (0,00) such that, for all f € D'(M)
and ¢ € D(M),

|<f7 ¢>‘ < Omoyéo ym,g((ﬁ)

max
0<m<my, 0<l<Lo

Let § € (0,1). Assume that functions (g, ®) in C°(R,) such that (2.1) and (2.2) hold true.
For j € N, define ®; as in (2.3). Then, according to [14, Lemma 6.10] (see also [4, p. 1487, (3.20)]),
there exist functions &y, ® € C*°(R,.) satisfying (2.1) and (2.2) such that, for all A € Ry,

i%j@mm =1,

Jj=0
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where &)j for j > 1 is defined as in (2.3). Furthermore, by the proof of Lemma 6.10 in [14], if ®g
and ® are required to be nonnegative, then ®; and ® are also nonnegative. Consequently, for all
feD (M) (or feLP(M) with p € [1,00), or f € D(M)), by [22, Proposition 5.5(b)], we have

37 f=> ,(VD)®;(VL)f =) @;(VD)®;(VL)f nD'(M) (or L’(M) or D(M)).
: —

This is usually called the continuous Calderdn reproducing formula. As was seen from the works of
[13, 14, 4, 45] (see also [33, 34]), the Calderdén reproducing formula and the almost orthogonality
estimates serve as powerful tools in discussing the theory of function spaces.

3.3 Estimates of Peetre maximal functions

In addition to the aforementioned Calderén reproducing formula and the off-diagonal estimates,
another important tool to deal with Besov-type and Triebel-Lizorkin-type spaces is the Peetre
mazximal function (see also [27]).

Definition 3.10. Let b € (0,1). Let Ko, K € C™(R,) satisfy that |Ky| > ¢ on [0,b7%0/2]  and
|K| > con [b%/2 b=Fo/2] where c is a positive constant. Assume that Ky and K satisfy (3.3). For
each k € N, let Kj(-) := K (b*$0/2.). Define the Peetre maximal function

a1k
KV /(o) o= sup (BOIUIELIO),

r e M,

where £ € Z, a € (0,00) and v € R. For v = 0, we simply write [Kg(\/f)]j;ﬁf as [Ko(VL):f.

Recall that, for all g € L3 . (M), its Hardy-Littlewood mazimal function Mg is defined as
follows:

Mg(x) = sup —: /Ig ) du(y) e M,
Box |B|

where the supremum is taken over all balls B containing z. If » € (0,00), then we define
M,(g)(x) := [M(|g|")(x)]*/" for all z € M.

The following estimate of Peetre maximal functions is used throughout the whole paper. Its
proof relies on the Calderén reproducing formula in [22, Proposition 5.5] and the off-diagonal
estimates in Proposition 3.7.

Proposition 3.11. Let r € (0,00), v € (0,00) and v € R. Suppose that v € QX with k € Z and
a € I,. Then, with all the notation as in Definition 3.10, it holds true that, for any f € D'(M)
and € Z,

(3.8) KoV} e f ()
> szb(j_g)ybiVMr <|B('7bj)n‘Kj(\/Z)f|XB(z§,b€*i+diang)> (217)7
=t i=0

where the positive constant C' is independent of x, k,« and £.

We remark that, comparing with the estimate in [22, Lemma 6.4], the estimate in Proposition
3.11 holds true for more general set D'(M) of distributions, and is somehow more delicate due to
the existing of characteristic functions in maximal function. To show Proposition 3.11, we begin
with two lemmas.
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Lemma 3.12. Let b € (0,1), 0 € (d,00) and g € L} . (M). Then, for all j € Z and x € Q% with
keZ and o € I,

(3.9)

l9(y)l - i(o—d)
n = d y §C’ bza M X B(zk pi—i iam QF x),
/M Bu B+ b O SC2 (9xBieg s+ diom 1)) (2)

where C is a positive constant independent of k,j,z and g.

Proof. Let J denote the left-hand side of (3.9). Then, obviously,

oo

1 lg(y)|
J = / ‘ - du(y),
2 | ot BB A5 53 )

where the symbol p(z,y) ~ b~ means that b/~ < p(z,y) < ¥ =% for i > 1 and that p(z,y) <
b~ for i = 0. Then, invoking the fact = € Q¥ , we see that

1 lg(y)|
/pu,wi Bly, o) [+ b opwp MY

. 1 |B(x, ")
<b o 19X Bk b+ diam @) (¥) du(y)
|B(2,b7=)| ) pway<pi-i 1By, b7)] B(zk ,bi~i+ diam Q¥)
LAY (QXB(zgg,bj—i+ diam Qi)) ().
Finally, taking the summation over all i € Z,, we obtain (3.9), which completes the proof of
Lemma 3.12. -

Lemma 3.13. Let mg and £y be as in Proposition 3.9. Let r € (0,00), 0 > £y +d and N >
mo + d/(28o). With all the notation as in Definition 3.10, there exists a positive constant Cy 5 n
such that, for all f € D'(M), k € Zy and x € M,

(3.10) |Ke(VL) f(2)|" < Crgny Y bV RINBotd/2) (A1) =]
j=k

1 |K;(VL)f(2)]"
: /M |B(z,b%)| 14 b *p(z, Z)]cr(r/\l) dp(z).

Proof. Fix £ € Z,. Choose a non-negative function ®; € C2°(R, ) such that supp ®¢ C [0, b50/2]
and ®g(\) = 1 when X € [0,1]. Define ®(\) := ®o(\) — Bo(b~%/2)\) for all A € R;. For any j € N,
define ®; as in (2.3). Notice that ® satisfies (2.2). Moreover, for all A € R,
o020 + Y @0 =1
J=0+1
Define Wy(-) := ®q(b%%0/2.) and ¥ := /K. By the support of K, we know that ¥ is well defined.
The assumption on K implies that ¥ satisfies (2.2). Moreover, for all A € (0, 00), we have

(3.11) TN+ D TN =1,
j=t+1
where W;(-) := W(b%/2.) for all j € N. Based on (3.11) and [22, Proposition 5.5(b)], we see that

K(VL)f =U(VD)K,(VL)f+ Y K(VL)V;(VL)K;(VL)f.

j=t+1
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Since Wy(-) = ®o(b*%/2.), we apply Proposition 3.4(i) to deduce that, for any z,y € M,
(o (VL) (@, 9)| S Dye gy ayo(@,y)-
By Proposition 3.7 and Remark 3.8, we see that, for any j > ¢+ 1 and z,y € M,
Ko (VL)U (VL) (w,y)| S 09O DDy 4 ay(a,y).

Consequently, for all z € M, we have

hE

(3.12) [Ke(VI) f()| S ) b0/ /M Dyt g gaya(, 9) [ 1 (VL) £ ()] dpaly)

0

.
I

pli—O(NBo—d/2) / 1 |K;(VL)f(2)

|
M |B(z7 bf)‘ [1 + b_ép(x7 Z)]o' d‘U(Z)

N

<
1
~

Thus, the estimate (3.10) for » = 1 is proved.
To obtain (3.10) for r € (1,00), by Holder’s inequality and Lemma 3.1(i), we find that, for all

xeM,
K;(VL)(2) K;(VL)f(2)|" Hr
/ |BZbé 1+“( ?)] "du {/ Iszf 1+bf( ) du(z)} '

Inserting this into (3.12) and applying Holder’s inequality again, together with N5y > d/2, we see
that, for all z € M,

z)|" S G- O(NBo—d/2) 1 KD fE)I ;
umﬁwms;b ‘&B%WU+VW%MJM)

Hence, (3.10) holds true for r € (1, 00).
To see that (3.10) also holds true for r € (0,1), we define

- Ki(VL) f(y)|
N(xz,k) := sup su pU—F)(NBo+d/2) | Ky ,
( ) ézllzye]lv)f [1_|_b k ( )]U

ZEGM,]CEZJ,_.

If ¢ > K, then |B(z,b%)| > b9 B(z,b%)| and [1 + b Fp(x, y)][1 + b p(y, 2)] > 1+ b *p(x, 2) for
all x,y,2 € M. From this and (3.12), it follows that

|Ke(VL) f(y)| o 7 =) (N Bo—d/2) p (h— 1 1K (VL) f(2)]
[u@k(>05§”lwgwwkmﬂzmwmuwkwa“@

N (s LKD)
SO )d/MB(z,b’f)|[1+b Fpla, o) )

0

<

which, together with the definition of N(x, k), further implies that

o z L 1T

1 - — pli—R) (N Bo+d/2)r—d] 1 |Kj(\/Z)f(Z)|r . |
Jz::k /M |B(z,b%)] [1 4+ b=Fp(x, 2)]" #iz)
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Therefore, if N(z, k) < oo, we know that

G i S (=) (N Bo-+d/2)r—d] 1 |K; (VL) f(2)|" .
|Kk(\/Z)f( >| ]_Zkb A] ‘B(Z,bk” [1 _i_b_kp(x,z)}(ﬂ d,LL( )a

as desired.
Now we show that N(x,k) < oo when p(M) < oco. Indeed, by (i) and (ii) of Proposition 3.9,
we see that, for all y € M,

[K(VL) f(y)] S g dmax L™ Ke(y)llcaan

From Proposition 3.4(i) and Lemma 3.1(i), it follows that, for any given & > d/2,

1 1 Y2 pfomt
L™K, 2y < b Pom / _d —
12" KeCo9)lzan 3 { L TBG OB 5 " “(z)} S Bl

which further implies that, when o > d/2,

p—k) (N Bo+d/2)—Bome
N(x,k sup su ma.
(02 K) S 500 S o dBina [T+ b (s 9) 7 By, D[ 2
p—Bomok b(ffk)Nﬂo p—Bomok

< ——FF XX Sup sSu <
~ B2, )72 o yert L+ b~ Fp(a, 9)]7 972 ~ [B(x, bF)]

< 00.

Finally, we show that, if u(M) = oo, then N(x,k) < co. For any 0 < m < my, it follows from
Proposition 3.4(i) that, for all £ € Z, and z,y € M,

| p—Bomt < p—t(Bomo+d)
~ By, 0)[L+ 0~ p(z, )] ™ | By, DL+ plz, )]
By this, (i) and (ii) of Proposition 3.9, we see that, for all y € M,

|LmK€( ay)

b~ oot D11 4 p(y, )]
K(VI)f(y)| < 1 ™K < ;
E(VDIWI S, max  sup[l+p(z,e0)) I Koz )] S Bl D]

Therefore, if ¢ > £y + d and N > mg + d/(20p), we have

b= k) (N Bo+d/2)—£(Bomo+d) 1 t
N(z,k) < sup sup [L+ £y, 20)]

>k yeM [1+p(]j,y)]a|B(y,1)|
b=FBomotd)[1 4 p(z, x0)] %0 pU—F) (N Bo—moBo—d/2)
< sup sup —
|B(x,1)] e>kyzem [+ p(z,y)]o—f
o bTFEomo DL plar, )]
~ |B(z,1)| ’
which is finite. This finishes the proof of Lemma 3.13. O

Proof of Proposition 3.11. Since Mg < M,g for all r € [1,00) and g € L}, (M), it suffices to
show that (3.8) holds true for r € (0,1]. Fix r € (0,1]. Let ¢ and N be large numbers satisfying
the assumptions of Lemma 3.13, 0 > v + d/r + d|y| and NSy + d/2 > d/r — d|y| + v/r. Then,
applying Lemma 3.13, we conclude that, for all ¢ € Z, and y € M,

(3.13) By, O KD )] ib(if)[(l\fﬁo+d/2)rd]/ M
[+ 0= p(a,y)]taim ™ | o 1Bz, 09)[7
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| Bz, W) K (VL) f (=) 1
AT e e+ 0

Since
1By, b)| S Bz, b)|[1 + b ply, 2)]* < oD B(z,07)[[1+ b~ p(y, 2))*
and
1B(z, )| < |B(2,b)] < |B(y, b)|[1 + b p(y, 2)]%,

it follows that

|‘B(y7b€)|r’y —7)dr — T
W < plt=a)d M[l + b p(y, 2)]* vl

By this and the fact or > vr 4+ d 4 dr|y|, we see that
By, b)" [ K (VL) f ()|
(145 (e

S -0 Botds2r—d—dry) [ 1BEINTEVDE }”T
5{;[)] +d/2 Y /M ‘B(Z,b€)|[1+bie ( )]V’I‘-i-dd‘u( )

(3.14)

[ee]

< N pli-Ol(Nfo+d/2)r—d—dr] / B )IMEVDIEN W
~ m 1Bz 0)|[1 + 0 p(w, 2)]r+d ’

J=t

where the second step is by Holder’s inequality and (NfSg+d/2)r —d—dr|y| > v > 0. Furthermore,
applying Lemma 3.12, we conclude that, for all y € M,

\B(y,bé)l"lKe
140 *p(x,

‘ o v piv j
u+d/r ZZZ}J f b M, ‘B('vbg)|’Y|Kj(\/E)f|XB(z"§,b£*i+diamQ";))(x)'

j=£ i=0

Then, taking the supremum of all y € M and using the definition of [K@(\FL)]:‘/M/T,Yf(x)7 we see
that (3.8) holds, which completes the proof of Proposition 3.11. O

By the proof of Proposition 3.11, especially (3.14), one easily sees that the following holds true,
the details being omitted.

Corollary 3.14. Letr € (0,00),v € (0,00) and v € R. Then, with all the notation as in Definition
3.10, there exists a positive constant C' such that, for all f € D'(M), L € Zy and x € M,

K (VI g @) £ C Y0079 M, (1B G (VI (@),
j=¢

Remark 3.15. It should be remarked that the conclusion of Corollary 3.14 was obtained in [22,
Lemma 6.4], but only for functions in the spectral space X% defined as follows:

SP(M):={f e LP(M): §(VL)f = f for all § € C=°(R,), § = 1on [0, },

where p € [1,00], A € (0,00) and C°(R;) denotes the space of all functions in C*°(Ry) with
compact support. Clearly, the result in Corollary 3.14 improves [22, Lemma 6.4}, since it holds true
for general distributions.
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4 Properties of Besov—Triebel-Lizorkin-type spaces

In this section, we establish some embedding properties of Besov-type and Triebel-Lizorkin-type
spaces, and then we identify Besov-type and Triebel-Lizorkin-type spaces when the smooth index
is in different ranges.

4.1 Embeddings
For s € R, notice that B3, (M) = B30 (M) and B, (M) = B3, (M). Thus, for any
feD(M),
1fllBs, ) = 1f g0 ary = = sup sup 5% |@; (VL) f ()|

+reEM

and

I3 qan = 1905 qany = Sup sup 1B )12, (VE) £ ()]

+ xEM

In what follows, if the function space X is contlnuously embedded into Y, then we write X — ).
We start by the following embedding property. The corresponding result for Besov-type and
Triebel-Lizorkin-type spaces on R™ were obtained in [34, Proposition 4.2].

Proposition 4.1. Let s € R, 7 € [0,00) and g € (0, c0].
(i) If p € (0,00, then ByT(M) < B~ P(M) and By (M) < B4~ 47 ().
(ii) If p € (0,00), then F37 (M) < B2 YP(M) and F37 (M) < B YP(M).

Proof. Due to the similarity, we only consider embeddings of E;:;(M ) and ﬁ;”; (M). By the
Minkowski inequality, we know that

(4.1) BT i (M) = FST(M) s By (M),
which, together with the monotonicity of E;:: (M) on r € (0, 00], further implies that
Byt (M), Fyor(M) < Byl (M).

Thus, to complete the proof, it suffices to show that E;go(M) < BAT d/p(M). To see this, we
let (@, @) be a pair of functions satisfying (2.1) and (2.2), and f € B;:go(M). Then,

/1

1 . 1/[?
sion =, 5w sw | | 155 (VD) @) dulo)| <

k€Z, al), j>kVO
where ®; for j € N is defined as in (2.3). By Lemma 3.13, for all k € Z and € M, we have
|B(x, 6%)| 7 CHIT= D9 (V) f ()|

0 k\|—sp/d—pT 1/p
< Z5<jfk>[<mo+d/2)(pm)fd]/ [Bla, d) [t @5 (VI () du(z)|
=k M |B(z,0%)| [L+ 07 Fp(z, 2)]oPrD)

where o and N are large numbers satisfying the hypothesis of Lemma 3.13, o(pA 1) — |s|p — prd >
2d+1and (NBy+d/2)(pAl)—d>|slp+ 1. Forall k € Z;, j > k and x,z € M, we find that

\B(x, 5k)|7sp/d7p7'+1 < |B(Z, 5k)|7sp/d7pr
Bz, ML+ 0 Fp(@, 17000 ~ [T+ 8 Fp(a, 2)|7 A0 Tp-prd=d
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|B(z,67)|~*P/4
|B(z,8%)|7P[1 + 6=k p(x, z)]d+1’

< §k=9)lslp

and hence

|B(z, 5’“)I_(S’Ld“d/”)/dlék(ﬁ)f(x)|

5|5/ ® . (/L P 1/p
< 5] k Z / |B(z,07)] | J(f)f(z)| du(z)
x| B(z, (5’C )| 1+ Fp(x,z)]4t!
-j= k acly
r 00 - 1 1 ) /d \/7 1/p
~ 07 inf B(z,07)| 7P/ ¢|®,; (VL Pd
SN i e R, 1P VDS due)
-j=k acly a
r oo - 1 1/p
< - - _
|20 T s ] Mon
-j=k acly
which implies that || f| Barir=a/v(apy S B (ary I we observe that Dok §7=% <1 and
1 1
inf d <1.
2 TG “Z/ B0z, L+ 6~ pla, o))t () =

This proves that E;‘;;go (M) — E;‘;Zg‘d/p(M) and hence finishes the proof of Proposition 4.1. [
Theorem 4.2. Let s € R, 7 € [0,00) and g € (0, 00].

(i) If p € (0,00], then D(M) < By 7 (M) < D'(M) and D(M) — E;g(M) — D'(M).

(ii) Ifp € (0,00), then D(M) — F5;7 (M) < D'(M) and D(M) < F57 (M) < D'(M).

Proof. We only consider the case p(M) = oo, the proof for the case p(M) < oo being similar.
Let ®g, ® satisfy (2.1) and (2.2). Fix f € D(M). Assume that m > (|s| + 7d + 2/d)By and
£> |s| +dr +d/p. As in the proof of [22, (6.19)], it holds true that, for all j € Z; and x € M,

(4.2) |25 (VL) f(x)] = 8P ‘/M(tsjﬂomLm¢j(ﬁ))(x7y)me(y) dp(y)

< 5jﬁomgzm7l(f)/ Dy o(z,y) D1y, x0) dp(y)
M
< §Bom=dID[1 4 p(z, 20)] T P o (),

where we recall that x( is some fixed point of M. Then, for any cube Q* with k € Z and a € Iy,
we see that

3= IQ}“IT{ i:: UQ |B(x’5j)|‘s”/d|<bj(fL)f(x)|pdu(m)}Q/p}l/q
@ j=kVv0
s Imeld { ; v d/z)q[@kw / B <x,<sf>|—sp/d[1+p<x,xo>]—fpdu<x>r/p}l/q_
J VO

Then, notice that, for all x € QX we have |Q*| ~ |B(x,6*)| 2 |B(z,d7)| and

< |B(x,8%)

FL+ plaao)] S gt S [ ool
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which implies that
|QAITTPB(, 87)| 7/ S |B(a,67)| TP/ S gTITPINIP[L 4 p(ar, o )] ST,

Inserting this estimate into (4.3), we know that

J < Wm,e(f){ Z §9(Bom—d/2)q—jrdg—j]s|q

j=kVO0

« {/M[l +p(x7x0)]fep+\slp+drp du(x)] Q/p}l/q S Poni(f),

by using the fact that

1
1 —Lp+|s|p+dTp d <1

when ¢p — |s|p — drp > d. Hence, we obtain f € E;:;(M) and | f] g;,;(M) S Pme(f), which
implies that D(M) — E;QT(M) In a similar way, one deduces that D(M) —
these and (4.1), it follows that D(M) < F;:7(M) and D(M) < F;:7(M).

Based on Proposition 4.1, we still need to show that B3, (M), B3, (M) < D'(M) for all

s € R. Indeed, for all f € D'(M) and ¢ € D(M), by the Calderén reproducing formula (3.7), we
have

(f.0) = (@;(VL)f, ®;(VL)9),
=0

J

where (@, ®) satisfy (2.1) and (2.2), and &)j with j € Z is defined as in (2.3). Given any m,{ € N
such that mfBy > d/2 + |s| and £ > |s| + d, applying (4.2) to ®;(v/L)¢, we obtain

|B(x,87)|*/
o, D|[1 + p(z, z0)]*

~ . j(mBo—d/2)
1.0 5 Zonal@ o 27 | du(z)

S j(mpBo— —|s 1
g‘@m,e(¢)|‘f||§goﬂoo(M)Z6]( Bo—d/2 ‘l)/

s B0 DI+ plo,ag) =T 1@

Jj=0

SJ y’rn,é(¢)”f|

Bs, (M)

which implies that Egooo(M) < D'(M). Similarly, BS, (M) < D'(M). This finishes the proof
of Theorem 4.2. O

4.2 Classifications of Besov-type and Triebel-Lizorkin-type spaces

We begin with the case that 7 is lager than 1/p, and show that in this case both Besov-type
and Triebel-Lizorkin-type spaces go back to the Besov spaces. Different from the corresponding
result on R™ in [44], which was obtained via the coincidences between the related sequence spaces
and the frame characterizations, here we give a more direct proof.

Proposition 4.3. Let 7 € (1/p,00), s € R and p,q € (0,00] (p < oo for F:7(M) and ﬁ;g(M))

S,T _ S, T _ 3+d7'_d/17 ~s,7’ _ Ns,‘r _ ~5+d7'_d/17 -
Then, BsT(M) = F37(M) = BX&~YP(M) and By7(M) = Fer(M) = BXE™7(M) with
equivalent (quasi-)norms.
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Proof. By similarity, we only show é;:g(M) = ﬁ;g(M) = Eiiig’d/”(M). By (4.1) and Propo-
sition 4.1, it suffices to prove Eéj,ﬁg‘d/”(M) — B;g(M) To this end, suppose that f €
Eéiffg’d/”(M) with norm 1, then | B(z,67)| /4= 7+1/P|®,(v/L) f(x)| < 1forall j € Z, and z € M.
Then, applying the reverse doubling condition (1.4), we obtain

sup IQEI{ i [/ IB(x,cW')IS”/d|<1>j(fL)f(x)|Pdﬂ(x)r/p}l/q

oty j=kvO &
1 i _ ) a/py1/q
<swp o { S [ [ B ]|}
akeeli ‘ng“ j=kVvO0 Q(kl
1 o0 ) a/py1/q
Sswp or={ Y 59 [ Bt duto) <1,
kez ‘Qa‘ . QF
acly, j=kVvO0 @

where, in the last step, we used the fact |B(x,6%)] ~ |Qk| for all # € Q. This proves that
ij,ilfd/”(M) < By7(M) and hence finishes the proof of Proposition 4.3. O

The proofs of the following two propositions are similar to those proofs presented in [33, Section
3.2].

Proposition 4.4. Let 7 € [1/p,00) and all other notation be as in Definition 2.2. Then, the
Supremum SUPjez, acr, N Definition 2.2 can be equivalently replaced by suprey, acr,-

. /
Proof. For any k € Z, let g, := [Z;‘;kvo |B('75])|75q/d|‘pj(ﬁ)f|qr q. When k < 0, we have

0 D
LQ;;TP/Q]C gk (z)] dp(z) = > (:g;:) Q?jrp /Q0 lgr ()| dp()

{BEIo: Q4NQK #0}

Q31N 1
< Z Sal Sub S |gk($)| dp(x)
(e 0 TnQL#0) Q%) kezyacn, Q™ Jor

1
sup ———
kEZ4 ,a€l} |Q¢]§¢|Tp

/ g1 (2)] da (),
Qk

where in the second step we used the fact 7p > 1. This implies that
1 o0 4 J r/q 1/p
lzon < 59 g [, [ SIBCO 0,0/ Dir| |
p,q k€€¢1+ ‘Qa)l Qk j=k
acl

The converse of this inequality is obvious. The equivalence for the spaces F;:7 (M), E;;g(M ) and

g;j; (M) follow from the same manner. This finishes the proof of Proposition 4.4. O

Proposition 4.5. Let 7 € [0,1/p) and all other notation be as in Definition 2.2. Then, the
summation Z;‘ikvo in Definition 2.2 can be equivalently replaced by Z;io-

Proof. By similarity, we only consider the space ﬁzfg (M). Tt suffices to show that, when k > 0,

k—1 1/p

) 3= gl [ [S s e omren] aww) " <is
i s 125

Foq (M)
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By Proposition 4.1, we have ngT (M) — B4~ d/p(M)7 so it suffices to show that J is bounded
by a positive constant multiple of || f[| zs+a-—a/» (M ). Indeed, using the reverse doubling condition

(1.4), we see that, for all z € Q¥ and 0 < j <k — 1,
|B(w,67)| 2 6U%| Bz, 6")| ~ 697H"|Q],

which, combined with the fact 7 < 1/p, further implies that

1 k-1 1 p/q 1/p
V< Wl [, [ B0 i}
5 o Q}; o =0

1 k-1 ik i ) r/q 1/p

SWllzsss—sman g [ | 0PI Qa | o)}
(6% Qa _]:O

~ ”ngg:g—d/P(M)'

This finishes the proof of (4.4) and hence Proposition 4.5. O

5 Equivalent characterizations

In this section, we characterize the Besov-type and the Triebel-Lizorkin-type spaces via the
Peetre maximal functions and the heat semigroups; see Theorems 5.2, 5.8 and 5.9 below.
5.1 Peetre maximal function characterizations

For notation convenience, we introduce the following (quasi)-norms.

Definition 5.1. Let p,q € (0,00] and 7 € [0,00). The space ¢4(LP) is defined to be the set of all
sequences {g;};cz, of measurable functions on M such that

o0

q/py 1/q
Hosdsen, ey 2= sup |Q,€|T{ 5 [ /Q g |gj<x>|f’du<x>} } < oo,

j=kVvO

with a suitable modification made when p = co or ¢ = oco. The space L2(¢9) (only for p € (0,00))
is defined to be the set of all sequences {g;} ez, of measurable functions on M such that

> p/q 1/p
1{g;}iez, L2 0oy = SUp T {/ { Z |gj($)|q} dx} < 00,
‘Q ‘ & Li=kvo
QL L=
with a suitable modification made when g = oo

With all the notation as in Definition 5.1, we rewrite the (quasi-)norms defined in Definition
2.2 as follows:

£ 11537 0y = 1{677°@5(VL) fliezs learnys 1N sz any = IHIBC, )17/ 495(VL) fYjez leaqiny,

and

/]

rrron = 6 @;(VI) ezl 1z n = INIBC 6 7/9@; (VL) fYjen, |l o ooy
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Theorem 5.2. Let (U, V) satisfy (2.1) and (2.2). For j € N, define ¥; as in (2.3).

(1)

(i)

(iii)

Let all the notation be as in Definition 2.2(i). If a > d(T+1/p), then there exists a constant
C € (1,00) such that, for all f € D'(M),

(5.1) CH A sgzan < 10, (VD)a S Yiezy leaqeny < CI S|

Bpig (M)
and

(5.2) C M35z ary < G VDN s paf Yoz lesciry < CIS]

Byg (M)

Let all the notation be as in Definition 2.2(i1). If a > d[t + 1/(p A q)], then there exists a
constant C' € (1,00) such that, for all f € D'(M),

(5.3) C M gy any < 6 [W(VI)E Y ez, Nl esy < ClFRgg )
and
(5.4) C gz any < {1, (VI); _ojaf biez Lz ey < CIf] BTy

The spaces By7 (M), E;;g (M), E;7(M) and ﬁ;;(M) are independent of the choices of the

functions (®g, ) satisfying (2.1) and (2.2).

We recall that the corresponding results for Besov-type and Triebel-Lizorkin-type spaces on
R™ can be found in [43, 26]. As an immediate consequence of Theorem 5.2, we have the following
conclusion.

Corollary 5.3. The spaces By (M), E;:qT(M), E3r(M) and ﬁz‘f;(M) are independent of the
choices of (9g, D) satisfying (2.1) and (2.2).

To prove Theorem 5.2, we need the following estimate, which is simple but very useful.

Lemma 5.4. Let e € (0,1) and o € (0,00). Assume that {¢;}32, C [0,1] satisfies that

00 , 1/0’
(Z|sj|w) = B < o0
=0

when o € (1,00), where o’ denotes the conjugate index of a. Then, for any sequence {a;}52, C C,

(5.5)

(Z |sjaj) < (max(B. 1) Y ey 70y
j=0 j=0

Proof. If o € (0,1], then (5.5) follows from the facts that every |e¢;| < 1 and that

[ea

oo oo o0
S leillal | < lesl7Nagl” <D 1ei 7 ay)
=0 =0

=0

When o € (1,00), Holder’s inequality implies that

oo o S o/o’ , oo S
(Z €jaj|> < (Z le;1°° ) (Z €j|g(1€)|aj|”) < BT g7 a7
=0 =0 =0 =0

This finishes the proof of Lemma 5.4. O
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The following estimate was essentially proved in [43, Lemma 2.3]; however we give a much
simpler proof here by using Lemma 5.4.

Lemma 5.5. Let b € (0,1), g € (0,00], 7 € [0,00) and 6 € (dr,00). Suppose that {gm}mez, are
measurable functions on M. For all j € Z, let G; := Em€Z+ plm=ilf g,

(i) If p € (0,00], then there exists a positive constant C, independent of {gm}mez, , such that
I{Gj}iezy Nlearry < Cli{gmtmez, lea(rry-
(i) If p € (0,00), then there exists a positive constant C, independent of {gm}mez. , such that

I{Gj}iezi e oy < Cli{gmtmez, e (ea)-

0o P

Proof. By similarity, we only prove (i). Let k € Z and « € I}. Fix e € (0,1). Applying Lemma
1
el 51
@\ 2 o,

5.4 twice, we find that
o0 0 a/py 1/aq
Z oI g, () du(x)} }
j=kVv0 m=0

S| & S pmmor] L, tomr du<x>]m}l/q.

j=kVv0Om=0

Clearly,

1 o2 a/py 1/aq
it e 3 3 [ [ g ]} S Mo nes sy
(03

7=kV0m=kVvO0
Thus, it suffices to show that

(kVO)—

0o a/py 1/q
1o % S giai=a? [ @ )]} S Wb e

j=kV0 m=0

Notice that J’;’Q is void when £ < 0. If k > 0 and 0 < m < k — 1, then Q’é is covered by a finite
number of dyadic cubes {Qg”}ge 1, with #1 < 1 uniformly in m. For such cubes Q' they must
intersect Q¥, so that Q7| < §m=kd|Qk|. Since both b,d € (0,1), there exists a unique kg € N
such that 6% < b < §%0—1, Hence,

IS e |Qk|T { i kZ:: pli—msat=c) {/le |gm (2)[" du(x)]qm}é

Bel
oo k—1 ) %
< Z { Z Z pli—m)0a(l—e) 5(m—k)dﬂ1} 1{gm Ymez, learr)
BeI ~ j=km=0
oo k—1
< Z { Z Z Sho(G—k)0q(1— 6)25k0(’€ m)0g(1l— 6)25(m k)dTQ} |‘{gm}m€Z+Héq )
gel N j=km=0

S Hgm}mez, HEQ(LE)a

provided that we choose € € (0,1) such that kof(1 — €)? > dr, while the latter is possible since
0 > dr and kg > 1. This finishes the proof of Lemma 5.5. O
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Proof of Theorem 5.2. Notice that (iii) follows directly from (i), (ii) and the fact that

|B(x,6")["|0;(VL) f(x)| < [¥;(VL)]; -, f (x)

a,”y

forall j € Zy, x € M, a € (0,00) and v € R. Thus, it suffices to show (i) and (ii). Due to
similarity, we only show (5.2) and (5.4).

Let k € Z and j > (k Vv 0). Assume that (g, ®) satisfy (2.1) and (2.2), and @, is defined as in
(2.3) when j € N. With (¥, ¥) as in Theorem 5.2, there exists (g, ¥) such that the Calderén
reproducing formula (3.7) holds. Then, for all z € M,

(5.6) o,(VD)f(a) = /M &, (VI)To(VI) (2, 9) U (VI) f(y) dp(y).
=0

Here the dilated functions W, are defined as in (2.3). Notice that the kernel @ﬂ\/f)\i@(ﬁ) is
non-zero only when supp ®; N supp \T/g # (), which implies that the summation in (5.6) is only
valid for these ¢’s satisfying |¢ — j| < 2. For such ¢, applying Proposition 3.4(i) and Lemma 3.1(i),
we see that, for any 0 > |s| +a+d and z,y € M,

15 (VL) B (VE) (2, )| < /M Dy o (2, 2)Dst. o (2.9) du(2) < Do o (2, 9).

By this and Lemma 3.1(ii), we know that, for all z € M,
(5.7)  |B(z, )| (VL) f ()]
S Y [ Do o)WV )] duty)

055
|B(y, 6°)| =/ W, (VL) f(y)] [1+ 6 p(x,y)]~(0Isl-2)
< :
S Dy v /B(2,00)|[B(y,00)] duly)
le—7l<2
< Z (W (VL)) _yjaf ().
P

Noticing that the sum in ¢ has at most 5 terms, we then apply Lemma 5.5 to conclude that

(5.8) | f]
and
(5:9) 1 Flzsz an = IKIBC &) 10,(VD) ez, loaen < I (VI jaf biez, o o

This proves the first inequalities of (5.2) and (5.4).
To finish the proof of (5.2), it remains to show the converse of (5.8). To this end, it suffices to
prove that

(5.10) I (VI —jaf Yiezy leaezy S IHIBC, 0D (VD) Y ez Neaqrry-
Indeed, if (5.10) holds, then

5 (VI —sjaf Yiezileaqny S IHIBC, 8™ (VD) fjez Nleacrr)

oz = HIBCO10,(VI) fYjez. Nleaqeny S K95 (VID): —paf Yiez lleacen
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S {12 (VD —ajafYiezi lleaqen
SIHIBC, )@ (VI) fYjez. Nlea(rr):

where the second inequality is deduced from reversing the roles of (@, ®) and (¥y, ¥) in (5.8),
and the third inequality is deduced from reversing the roles of (®¢, ®) and (¥¢, ¥) in (5.10).

Now we show (5.10). Since a > d(7 + 1/p), we can find v € (0,00) and r € (0,p) such that
a > v+d/r and v > dr. Applying Proposition 3.11, we know that, for any z € QF, with k € Z
and « € Iy, and for all £ > (kV 0),

W VD) oyl (8) S 30 3000076 M, (1B, )05 (V) fIxep s cam) ) (2)

j=¢ i=0

For notation convenience, we let g; := |B(-,87)|7%/4|¥;(v/L)f|. Fix € € (0,1) small enough such
that v(1 — €) > dr. Then, Lemma 5.4 implies that

" P © X O\ civ p(l—e)
{0Vl @} 303 [097967 ] My (g5t s camy) ()]
Since 0 < 7 < p, by the boundedness of M on L?/" (M), we have

P oo oo ) p(1—¢)
U,(VL)E du(z) < §U—0vgiv / ()P du(z).
/Q . (VD) _oyaf @)} du() ZZ | i ek sy T )
For every i € N, define
(5.11) Tk = {B €Lyt QT N B(=E, 6" 4+ Cyo%) # @} ,

Clearly, the union of all Q’g*i with 8 € Jj,; covers the ball B(zk, 68~ + C6%). Since {Q’;{i}gegkyi
are mutually disjoint, it follows that

(5.12) 8Tk, < C,
where C' is a positive constant depending only on § and K. Also, notice that, for any 8 € J;,
(5.13) Q51 S B(25, (Cy +1)8" " + Cyd*)| S 67| Qa-

Therefore,
1 . p
Ak [rp [‘I’e(\FL)}a,—s/df(fc) du(z)
|Q&I™ ok
5(]'72)1/51'1/] p(1—e) 57id‘rp

DWHIPD i /. D@ )

j=£ i=0 BEJTk i

Again, using Lemma 5.4, we see that

o0

g X [ L, {[Mﬁ)]:,s/df(x)}p ]

{=kVv0
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< i {ii Z [66~ l)u(szu]i =) g—idrp /Qki |gj(x)|pdu(x)}4/p

k—i|r
t=kvo \ j=¢ z:OﬂeJkﬁi Qg™
> . qq(1—e)? 1 q/p
< (F—0)v siv a —idrq(l—e¢) . D
DY BD DI DN Lt [lQW /Q 19;()] du(xﬂ
£=kV0 j=L i=0 BETn. B B
S B (VD) fiez e

where the last step follows from interchanging the summations over j and ¢ and then using the
inequality

J oo ‘ Cqa(1—e)? '
5 J— V(SIV 6—1 Tq —€ < 1'
>3 3 [ oo

£=kV0 =0 BETy ;
Thus, (5.10) holds. This finishes the proof of (5.2).
To obtain (5.4), it suffices to show the converse of (5.9), which follows from

(5.14) 5 (VD) —jaf Yiezi lzen S HIBC, 6 (VD) fYjens Nz o).

To see (5.14), we again use the notation g; := |B(-,67)|~*/4|¥;(v/L)f|. Since a > d[7 +1/(p A q)],
we choose 7, v, € satisfying that r € (0,p A q), dr < v < a —d/r and v(1 — €)® > dr. Applying
Proposition 3.11 and Lemma 5.4, we find that, for any = € Q¥ with k € Z and « € I, and for all
L>kVO0,

{[‘I’e(ﬁ)}a 7s/df } ZZ [ 500 V‘Sw} e [Mr (ngB(z(’;,zS’“*i-ﬁ-Chék)) (ff)]q~

j=£ i=0

Then, applying the vector-valued Fefferman-Stein maximal inequality for spaces of homogeneous
type (see [17]), we have

%=t L, (zio{[w(ﬁ)];_s/df(x)}q)p/q du(x)}l/p

@; { / ( >SS [stmomg] |gj<x>|qXB<Z§,5kiwk)m)”/ "du(x)}”p

l=kV0 j=¢ =0

N (1- 2 & (—Ore(1—9) p/a 1/p
5 S €) §U—0rq(l—e gi(x (1:| du(x }
2’ |@k|f{/3<zg,5ki+ch5k)[ 2> 42| )

£=kV0 j=¢
Z Z p/q 1/p
gt o sl | - dute
~ k|7 J ’
T Uit e | 2,

where in the second inequality we used Lemma 5.4 twice and in the third inequality we interchanged
the summations over j and ¢. For every ¢ € N, define Jj; as in (5.11). From the estimates (5.12)
and (5.13), we deduce that

b = cin(1a) §—idrp s r/q 1/p
ZED IR =y D SEMICI e
i=0 ‘QB |™® Qy

BETk,i j=kVO0

G iv(l—e)® c—idr
N E grvi=e) g ||{gj}j€Z+||L§(£q) N ”{gj}jGZJr”LQ(@)v
=0

by >, §v(1=9)°§=idT <1 Thus, (5.14) holds. This shows (5.4) and hence Theorem 5.2. O
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5.2 Heat kernel characterizations

Applying the Peetre maximal function characterizations in Theorem 5.2, we now characterize
Besov-type and Triebel-Lizorkin-type spaces via the heat semigroup.

Definition 5.6. Let 7 € [0,00), s € R and m € N such that m > s/8p. For any A € (0,00) and
j €N, define

(5.15) ho(A) :=e N, h(A) =A™ and  hy(A) i= h(67%/2)) = (§790/2))2me 0N
If p,q € (0, 00], then define B, 7 (H) to be the collection of all f € D'(M) such that

12z o= {077 h (VL) f}ezy Mleacrry < 00,
and define Ef,;g(H ) to be the collection of all f € D’(M) such that

11 527 oy = HIBC, ) hy (VL) ez llearn) < oo
If p € (0,00) and ¢ € (0, 0], then define F*7(H) to be the collection of all f € D'(M) such that
p.q
I mer ey = {077 R (VL) f} ezl Lo geay < 00,

and define ﬁ;g (H) to be the collection of all f € D/(M) such that

17z = 1B, (V) ezl z e < oo.

Remark 5.7. Notice that, for any given o > 0 and k € Z, it follows from Proposition 3.4 that

|Lke_L(x’ y)| 5 Dl,U(xay) and |Lkh](\/Z)(aE,y)| 5 6_2kD5j,a(x7y)

for all z,y € M. This implies that e~ (z,y), h;(v/L)(z,y) € D(M) as a function of variable = or
as a function of variable y. Thus, e~% f and hj(\/f)f make sense for any f € D'(M).

Now we have the following discrete heat kernel characterizations. Comparing with the continu-
ous versions for Besov and Triebel-Lizorkin spaces in [22, Theorems 6.7 and 7.5], wherein p € [1, co],
there is no restriction on p in Theorem 5.8.

Theorem 5.8. Let g € (0,00], 7 € [0,00), s € R and m € N such that m > s/fy.

(i) If p € (0,00], then ByT(M) = Byr(H) and E;g(M) = E;:g(H) with equivalent (quasi)-
norms.
(ii) If p € (0,00), then F57(M) = F3:7(H) and ﬁlqu(M) = ﬁ;;(H) with equivalent (quasi)-
norms.
Proof. Due to similarity, we onlxshgw é;:;(M) = Bg:g(H) and f}i’; (M) = f‘;;; (H). With (®g, ®)
as in Definition 2.2, there exist (®g, @) satisfying (2.1) and (2.2) such that the Calderén reproducing
formula (3.7) holds. Hence, for all j € Z, and z € M,

(5.16) VD) =3 by (VDB VD)@V f(x).

£=0
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Given any o > 0, we claim that, for all j,¢ € Z, and z,y € M,

+1)Bg/2

(5.17) (VL)@ (VL) (,y)| S §U~080me=8"" 002D (2,y).

Now we show (5.17). Consider first the case j € N. Write hJ(\E)EI;O(\/E) = W(VL), where
TU(N) = §3Bom \2m 6770 A% ®o(N) for all A € R;. One easily verifies that ¥ has compact support
and that, for any v,i € Z,

D) =0, [TV < CipdPm (14 N),
where C; ,, € (0,00) is independent of A and j. Hence, Proposition 3.4 implies that, for all z,y € M,
i (VD) Ro(VL) (2,9)| = [W(VL)(2,9)| S 657 Dy g (),

and hence (5.17) holds for j € Nand ¢ =0. If £ € N, to prove (5.17), we write hj(\@)ffg(\/f) =
w(04P/2\/L) with w()\) := 5(j*e)mﬁ0/\Qme*‘s(]%wo)‘r‘a(}\) for all A € Ry. By the properties of ®,
we know that suppw C [§%0/2,§=50/2] and that, for any v,i € Z,

|w(”)()\)| < C@V(S(jfz)ﬁomefg(j7e+1)ﬁo/2(1 n /\)ﬂ.’

where C;, € (0,00) is independent of A, j and ¢. Then, applying Proposition 3.4, we find that

156G =t+180

i (VL)®o(VL) (2, y)| = lw(VL)(w,y)| < 00Pme= Dse ,(z,y),

which proves (5.17) for j,¢ € N. Similar argument shows (5.17) for j =0 and ¢ € Z.
Fix k € Z, j > (kV0), and z € QX for some a € I. Let a be a sufficiently large number
satisfying the condition of Theorem 5.2. By (5.16) and (5.17), we see that

(5.18)  [B(z, &)~/ (VL) f(x)]

=\ i m —L15G—t+1)80 iN—s
S 60T Okmemz0 |B(z,d”)] ‘/d/MDsz,a+|s|(x,y)|¢e(ﬁ)f(y)|du(y)
£=0

oo

< Z §G=0Bom ,— 35U (max{l, 5(@—3’)3}) [<I>g(\/f)]2,fs/df($)-

£=0

Notice that > ,o, §U—0)Bom =50tV (max{1, 6¢~9*}) < oo when m > s/B,. From this,
Lemma 5.5 and Theorem 5.2, we deduce that

103 oy S K@ (VD:_yaf Yiezs leaey ~ 1]

B}q (M)

and
1 sy S 2 VD _yaf Ve lzen ~ 1z can-

It remains to prove the converse of these two inequalities. Let r € (0, min{l,p,q}) and a be
sufficiently large. Define ¢o(A) := €** ®g(A) and ¢()) := A~™e* ®()), where A € R,. For any
k € Z, ¢ €N such that £ >k V0, and x € QX for some a € I, the functional calculus gives that

(5.19) |B(w,69)| 7/ "@o(VL) f(x) = [B(x,8") " *¢o(VL)he(VL) f ().
Given any o € (0,00), according to Proposition 3.4, it holds true that, for all z,y € M,

(5.20) 6¢(VL)(2,9)| < Dse o (2, 1).
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From (5.19) and (5.20), it follows that, when o > a + 2d + |s],
(5.21)  [B(x, 8|7/ @((VL) f(x)] S/M Dyt s/ (2:y)| By, 8)~*/*he (VL) f (y) dpaly)
S he(VL)G - jaf (@).

Furthermore, Proposition 3.11 implies that, for all x € M,

(5:22) (VI _oyaf () € 3252007276, (1B, 6y (VI I cyom) (0)

j=L i=0

Invoking this and (5.21), we proceed the same lines as in the proof of (5.10) to obtain

1155z (ary = IHIBC, 69~/ @e(VI) flYeez Nleacrny S IIF)
5 (M)

Likewise, applying (5.21) and (5.22), we follow the same procedure as in the proof of (5.14) to see
that

Byq(H)'

1z ary = IHIBC 89 @u(VI) feez, ingeny < 1171
which completes the proof of Theorem 5.8. O

Fyq (H)

As in [22, Theorems 6.7 and 7.5], continuous versions of the heat semigroup characterizations of
the Besov-type and Triebel-Lizorkin type spaces also hold true. In what follows, for all p € (0, co],
7 € [0,00) and f € D'(M), we let

1/p
1
1fllp,r == sup [Q’;T /Qii e f(z)[P du(x)]

k<0, a€ly
and
o 1 1/p
Il = sup TT/ |B(z,1)| 7"/ L f()|P du(z)
’ k<0, acl, | Q4] Qk

with the usual modification made when p = oc.
Theorem 5.9. Let 7 € [0,00), s € R and m € N such that m > s/f,.
(i) If p € [1,00] and q € (0,00], then || f]

BT (M) U8 equivalent to
1/q

dt

min{1,6"} fo a/p
(5.23) | fllp.r + Sup R / / t*5p|(t50L)m67t Lf($)|p du(z) i
|Q | 0 Qk t

for all f € D'(M), and a similar result also holds true for || - ||1§§t§(M)’ but with || f||,- and
t=5P in (5.23) replaced by m;m and |B(x,t)|%P/?, respectively.
(ii) Ifp € [1,00) and q € [1,00], then || f||ps7(ar) s equivalent to
1/
min{1,5%} bog, dt P/ b
5:20) Flr+swp = d [ | [T et @ G| duto)
|Q | k[ Jo t
for all f € D’(M), and a similar result also holds true for || - |
t=%% in (5.24) replaced by mp; and |B(z,t)| 759/, respectively.

By but with [fllp.- and
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Proof. By similarity, we only consider || - Hgs,T(M) in (i). Via writing the integral in (5.23) as
p,q
min{1,5k} dt 0 57 dt
/0 ¢ j—zkvo /5j+1 ¢

and noticing that t ~ 67 when t € [0, §7], we know that

1/q

__ 1 min{1,6%} - 5 g qa/p gt
1F1lp. 7 + sup [0k /O /th FIERL) e f@)Pdu(z) | S Il 7

eIy,

by following the same procedure as the first part of the proof of Theorem 5.8. The proof of this
direction works for all p € (0, oo].

Now we consider the inverse inequality. This time we assume that p € [1,00]. Fix x € Q¥ with
k €Z and « € Iy, and let o > drg+ |s| + d+ 1. By an argument similar to that used in the proof
of (5.21), we see that, for all t ~ & with ¢ > (kV 1) and k € Z,

|B(, 69|~/ @c(VL) f(2)] S /M Dy 1 (2, 9)| Bly, )~/ L) e~ L £ () du(y)

1/p
s m B
5[/MD5E,J_|S<x,y>B<y,t>| P\ (450 Ly f ()P duly)|

where the second inequality is due to Holder’s inequality and Lemma 3.1(i). Splitting the integral
over M into annuals, when ¢ € N, we write

|B(x,6°)| 7| @ (VL) f ()"

s 1B
S/ Dse o 1si(z, )| By, t)| 7P/ 4¢P L) e F £ (y) P duly)
B(zk,C5%)

+Z/C

cee
jEN 65k —it1<p(y,2k)<Clok—I

where C? is as in Lemma 2.1 and 2% is the “center” of Q¥. For notational convenience, let g;(-) :=
|B(-,t)|~5P/4|(tPo Lyme—t"L f(.)[P. Notice that, if € QX and Ci6*—9+1 < p(y, 2%) < C#6*~7 then
Dyt gjs(@,y) S 697151=4=D Dy, 41 (2, y). Therefore, by Fubini’s theorem, we find that, for all
keZ,

oo

qa/p
S| B s e VD) ) )
l=kVv1 a

© a/p @

5[
N Dse d d
~ Z /5”1 [/Q/B(zg,cuak) st .o—1s| (T, )9 (y) du(y) du(z) 7

{=kV1

00 5¢ _ q/p dt
Py / [ZWIMD / / Dt ara @ 9)n(w) diny) du(z) |
§e+1 Jen Qk Jp(y,zk)<Cligk—i

{=kV1

min{1,6"%} a/p dt
S / { / 9:(y) du(y)} "
0 B(zk,Cté*)

(o [s]—d—1)[1—q min{l,&k} q/p dt
+ ) gllolslmdm ‘E/ [/ g(y)duy)|  —
0 B(zk,Clgk—i) ' 13

JjEN
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where, in the last inequality, we used Lemma 5.5 with € being any number in (0,1). Notice that the
ball B(z%,C%§%=7) can be covered with N Christ cubes Qg_37 where N € (0,00) is independent

of k € Z,j € N and o € I;. Moreover, \Q];;jvp < §7947P|Qk|™P. Therefore, choosing € € (0,1)
satisfying that (o — |s| —d — 1)(1 — €) > dr¢q, we conclude that

- a/p) V4
sup 1 { Z [/Qk |B(xa5e)|Sp/d|<1>g(\/f)f(x)|pdp(x)} }

keZ, acly |Q(I§|

t=kVv1

1/
1 min{1,6%} fo a/p dt g

Sswp o0 [ | Baor e nre @ )| 5

P TR | o % t

o k
In a similar way, when £ = 0, we have

B VDS S [ Dyl B D e S du)

+Z/C

jEN aok =it <p(y,zk)<Cask—J

Then, repeating the above arguments, we see that

(vt
sup  ——
kEZ, a€l} ngz{ Z |:/Q"

{=kVO0 o

1 1/p
sup { L |B<x,1>|Sp/d@ow)f(x»pdu(z)}

k<0, acl; |QF]

a/p) V4
IB(%‘,(V)Sp/dl‘be(\FL)f(x)lpdu(I)] }

q/p /4

1 ! —sp/d|,—L P dt

S osup |B(x,1)] le™ " f(z)|” du(z) -
k<0, acty [QET | Jo |Jox t

S -

Combining these two estimates, we obtain the desired conclusion. This finishes the proof of (i).
The proof for (ii) follows from a similar method, the details being omitted. This finishes the
proof of Theorem 5.9. O

Taking 7 = 0 in Theorem 5.9, we easily obtain the following corollary; see [22, Theorems 6.7
and 7.5] for the case By = 2.

Corollary 5.10. Let s € R and m € N such that m > s/fy.

(i) If pe [1,00] and g € (0,00], then

/]

1 oo )
B; o) ~ lle™" flloqar) + {/0 IR L) E U t}

for all f € D'(M), and a similar result also holds true for || - 5. (ary but with le=" fllze
and t=*P in (5.23) replaced by ||[|B(-, 1)l f||L»(ar) and |B(-,t)| =P/, respectively.
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(ii) Ifp € [1,00) and q € [1,00], then
1 1/q
| e re e
0 t

for all f € D'(M), and a similar result also holds true for || - | z. (n): but with lle™® fllzeany
P,q
and =% in (5.23) replaced by |||B(-,1)le™L f| zoar) and |B(-,t)|~%9/4, respectively.

1 llms ory ~ e fllzoary +

L (M)

6 Frame decompositions

In this section, we establish the frame characterization of the Besov-type and Triebel-Lizorkin-
type spaces. Using this, we further show that F;qu/p(M) and F,qul/p(M) are indeed the endpoint
spaces I3, (M) and F3, (M) of the Triebel-Lizorkin spaces, where p € (0,00), ¢ € (0,00] and
s € R.

6.1 Frame decompositions

Different from those in [22], the frame structure we considered in this section is more specific
and relies on Christ’s dyadic cubes in M, due to the definition of the Besov-type and Triebel—-
Lizorkin-type spaces. Therefore, we need to establish a new discrete Calderén reproducing formula
associated with Christ’s dyadic cubes and the functions ®; and ® in (1.9) and (1.10), which is
different from the one obtained in [22, Theorem 4.3 and Proposition 5.5].

In what follows, we shall use the following notation. For j € Z and 7 € I;, we denote by Q%",
v € {1,...,NJ}, the set of all cubes Q]jj" C @7, where QJT-,H” is the Christ dyadic cube as in
Lemma 2.1 and jy a positive large integer such that

(6.1) (Chéjo)ao < min{1, € (80(,7002)_1},

where ¢y € (0,1) is a small number to be determined in (8.11) below, o > 3d/2, Cy ¢ is the constant
from Proposition 3.4, C the constant from Lemma 3.1, and «aq the constant from (HE’). Denote
by 22" the “center” of Q2¥, and by £2¥ a point in Q%".

The discrete Calderén reproducing formula we need is as follows, which is different from the
one used in [22]. For the completeness of the paper, we present its proof at the end of this article
(see Section 8 Appendix), though a majority of the skills used comes from [9, 22].

Theorem 6.1. Let 6 € (0,1) be as in Lemma 2.1. Suppose that o, ® € C°(R) satisfy (2.1)
and (2.2). For any j € N, let ®;(-) := ®(67%/2.). Then, there exists a sequence {\I/j(\/f)}]o‘;o of
operators such that, for any f € D'(M) and all & € Q%" with T € I; and v € {1,..., NI},

00 NI
(6.2) FO =003 1QE @ (VI I(EY) Tyl ),

j=0r€el; v=1

where the series converge in D'(M). Moreover, {W;}3% satisfy the following: for any o € (0, 00),
there exists a constant Cy ., € [1,00) such that the following hold:

(i) for allz,y € M,
le\Ijj(\/Z)(xa y)| < Ca,mé_QMJD6j70($7y);
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(ii) with ag as in condition (HE'), then, for all z, y, v’ € M such that p(y,y') < &7,
U5 (VL)(2,y) = ¥ (VL) (2, )| + 195 (VL) (y, ) = ¥(VI) (Y @)
< Com [677p(y,¥)]™ Ds.o (2, y);

(iii) letting (Uo, W) satisfy (2.1) and (2.2), then, for any m € N and o € (d, ), there exists a
positive constant Cy p, such that, for all j, k € Z, and x, y € M,

(TeVIIE, (VD)) (@) < Cod 020D (2, ).

Now we introduce the related sequence spaces.

Definition 6.2. Let s € R, 7 € [0,00) and p, q € (0, 00]. The sequence space by7 (M) is defined to
be the collection of all sequences a := {a{’”}jez+7telj71§V§Ng C C such that

a/py1/q
Xqiv (x > du(x)} } < o0.

The sequence space EZ:E(M) is defined to be the collection of all a := {a"” jezsper;a<v<ni CC
such that

ol ) = sup |Q,€|T{ > [/, (ZZ|QJ”|-S/d|a”|wa<x>)p ]V <o

j=kvo L/Qa Nier;v=1

bl = s {32 577 [ (x5

j=kVvO tel; v=1

Definition 6.3. Let s € R, 7 € [0,00), p € (0,00) and ¢ € (0,00]. The sequence space
defined to be the collection of all sequences a := {a{’”}jezﬁte%lgygw C C such that

pq(M) is

p/ay1/p
lall g5 (ary = sup ri{/ [ Z o JSQ(ZZM |XQJ’ x) d,u(a:)] } < 00.

=kVO0 tel; v=1

S, T

The sequence space f3:7(M) is defined to be the collection of all a := {a{’”}jEZJr ter;a<v<ni CC
such that -
> N g q p/ay1/p
oo = 20 g [y | 32 (T B0t ngpeto)) o]} <o
Qa Lj=kvo Mter;v=1

Suppose that ®; and ® satisfy (2.1) and (2.2), and ®; with j € N is defined as in (2.3). By
(6.2), there exist {W;}72, satisfying (i)-(iii) of Theorem 6.1 such that, for any f € D'(M),

=D 2 2 QI (VD) HET) B (VI)E", ) in D' (M),
j=0tel; v=1

where ff ve Q{"’, teljandve{l,..., th }. Define the “analysis” and “synthesis” operators as
follows:

(6.3) Se: f—={(®;(VL)f)( g’y)}jez+,te1j,1gung
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and

oo N}
(64) Ty {al"}er, veracveny = D0 D QP 1%;,(VI)(E", )l

j=0tel; v=1

These operators S¢ and Ty are generalizations of the ¢-transform and the inverse ¢-transform
of Frazier and Jawerth [13]. Notice that the Calderén reproducing formula (6.2) implies that
Ty 0 S = Id on D'(M), here and hereafter, we use Id to denote the identity operator. Then we
have the following frame characterizations.

Theorem 6.4. Let 7 € [0,00), s € R and g € (0, 00].

(i) Let p € (0,00]. Then, the operators Sg : E;;;(M) — Z;:;(M) and Ty : Z;:g(M) — E;;g(M)
are bounded, and Ty o Sy = 1d on E;;(M) Moreover, f € E;:g(M) if and only if Seof €
FEZ’II(M), and there exists a constant C € (1,00) such that, for any f € E;:;(M),

1

6||f| BET(M) < ||5<1>f||’g;1;(M) < CHf”E;;g(M)-

(ii) Item (i) keeps wvalid if E;:g(M) and gf,:;(M) therein are replaced by By7 (M) and by7 (M),
respectively.

(iii) Let p € (0,00). Then, the operators §¢ P EST(M) — for (M) gnd Ty : f7 (M) — F37(M)
are bounded, and Ty o Sp = 1d on F;;7(M). Moreover, f € By7(M) if and only if Sef €

fl;f,:;(M), and there exists a constant C € (1,00) such that, for any f € ﬁlf;g(M),

1

5||f| Foran < 1Sefllgran < Clfl a7 -

(iv) Item (iil) keeps valid if ﬁ;;(M) and ;f_j; (M) therein are replaced by Fy:7 (M) and f5:7 (M),
respectively.

Theorem 6.4 generalizes the ¢-transform characterization for Besov-type and Triebel-Lizorkin-
type spaces on R™ in [45]. To prove Theorem 6.4, we neeglv the followirig two lemmas. In what
follows, for any s € R, we write b5, (M) := b5°, (M) and bS, (M) := b5 (M). Then, for any

‘7” .
sequence a := {a] }j€Z+’t€Ij’1SV§NtJ C C, let

N

o = ol o= 5w sup 3D 1Q71 7 ab
’ J€Ly @My =

(6.5) la

Xqiw (z).

Similarly, we define the norm |[|al|ys_ __(as) via replacing |Q7¥ |5/ in (6.5) by 677*.
Lemma 6.5. Let s € R, 7 € [0,00) and ¢ € (0, 0].
(i) If p € (0,00], then b7 (M) < b3~ P(M) and b37(M) = b5 YP(M).

(ii) If p € (0,00), then f57(M) < b“;—;’ig_d/p(M) and ~If;(M) %Ziig_d/p(M).



BESOV-TYPE AND TRIEBEL—LIZLORKIN-TYPE SPACES 35

Proof. By Minkowski’s inequality, we see that

BT ey (M) C foT(M) C b7 (M) and B30T (M)C for(M)CbT (M).

p,min(p,q) p,max(p,q) p,min(p,q) p,max(p,q)
Hence, it suffices to show (i). Notice that {Q}" : t € I, v € {1, e N/}} are disjoint with each
other. Then, for each j € Z, there exists a unique cube in {Q7" : ¢t € I;, v € {1,...,N/}},

denoted by Q{’, such that x € Q{’; and hence

tac

HCL ’55+dT*d/P(M) = Sup Ssup |Q%:Z|—S/d—7+l/p|a§§|
o2 JEZ+ xEM
Sy a/py 1/q
< sup sup sup { E [Q i Ia]’”l”} }
k€EZy o€l zeQk |Qk|T b
0 . P a/py 1/q
WV — sV
S Q’”{ 5 1L (S n o) we] )

j=kvo LY QE \ier, v=1

This proves that g;:g(M) < b3 ATYP (M), Similarly, it holds that by o (M) — b2 (M), the
details being omitted. This finishes the proof of Lemma 6.5. O

Lemma 6.6. Let s € R, 7 € [0,00) and p,q € (0,00]. If the sequence a := {at"”}jeZJr el 1<p<NJ
3 YISV IVE

belongs to any of the sequence spaces by7 (M) bET (M), fST(M) or M), then the series

7 UPq p.q pq(

VL)(E", Yal”

o N}
(6.6) To(a)() =YD > 1QI ¥

j=0tel; v=1

converges in D' (M).

Proof. Due to Lemma 6.5, it suffices to show that the series in (6.6) converges in D'(M) when
a € b3, (M) or a € b3, . (M). We only show the conclusion for a € b3, (M) and pu(M)

the proofs for the rest cases being similar. If a € Zgow(M) with norm 1, then |a}”| < |Q}"[*/¢ for
any j € Z,,t € I; and 1 <v < N/. Thus, for any ¢ € D(M), we have

= 00,

(6-7)ZZEIQ§’”II<‘P]‘(\E)( ), O)llaf |<ZZZIQJ” U (VI)E", ), o).

j=0tel; v=1 j=0tel; v=1
Let ®¢, ® satisfy (2.1) and (2.2), respectively. Define {®;};en as in (2.3). Using the Calderén
reproducing formula (3.7), we know that there exist ®o and ® satisfying (2.1) and (2.2) such that
¢ = Z;’;O@g(\/f)@g(\/f)qﬁ, where the series converges in both D(M) and L?(M). Notice that
U, (VL)(&", ) € L*(M). Hence,

(6.8) (W;(VL)(E", ), ¢) =

12

((3.(VI)w; (VD)) (&), (VL))

00
=0

Choose 7, N, m, o such that n > [s| +d, BoN > 3d/2 + o + |s|, Bom > 2d + |s| and o > 3d/2 + 7.
According to the proof of [22, (6.19)] (see also (4.2)), it holds true that, for all £ € Z; and z € M,

|De(VL)$(2)| S 6 PoNTVDL 4 p(z,20)] " P (9),
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where we recall that zg is some fixed point of M. By Theorem 6.1(iii), we see that, for all j,¢ € Z,
2€ M and £ € Q)"

(2.vD)e, (VD) ) (€. 2)

< gle=iltmbo=2d) iy, ., U(gz»v, 2)

< gltmdlmbo=2d) = Undo) (e, 2).

From these two estimates and (6.8), we deduce that, for any & € Qg’”,

§16=31(mBo—2d) §5(BoN—3d/2-0)¢

DI+ p(&, )7 42[1 + p(z, z0)]"

69 KEVDE"), 9] £ Pl Z /MB < du(2)

§lt=3il(mBo—2d) §(Bo N —3d/2—0)t

<
S Prald ; [T+ p(& o))"

Observe that, for any £ € Q7. it holds true that
QP11 < 67+ (&, x0)] T < 571G 4 p(g, o).
Inserting this and (6.9) into (6.7), we have

00 N
DO IREIY(VINE" ), d)llal”]

j=0tel; v=1

S Pnald ZZZZIQ“ 155/ ing

§=0 £=0 tel; v=1 geqQd (14 p(&, xo)]"

§le=3l(mBo—2d) §(BoN—3d/2—0)t

§lt—=il(mpBo—2d—|s|) §(BoN—3d/2—c—]s|)¢

S Puale ;;/ T pEaopr

Jj=

5 f@N,n((rb)v

which implies that (6.6) converges in D'(M) and hence completes the proof of Lemma 6.6. O
Now we are ready to prove Theorem 6.4.

Proof of Theorem 6.4. We only show (i) and (iii), the proofs for (ii) and (iv) being similar. Let
f € D'(M)and a > dlt + 1/(p A q)]. By (3.7), we know that there exist ®o and ® satisfying
(2.1) and (2.2) such that f = >",2, ®y(vL)®¢(VL)f. Then, given any m > (d + |s| + a)/By and
o > a+ |s| + d, applying Proposition 3.7, we see that, for any j € Z,t € I; and v € {1, .. .,th},

QP71 (VI)F(E)] < Y 1Q17 17/ (VI)@e(VI) e (VL) (€]
£=0

(oo}

S gl tmBomd/2) gl ms/d /M Dyine o (&, )| @e(VL) f(y)| dps(y)-
£=0

If 2 € Q7 and y € M, then, by & € Q)" we see that D,;szc,(fg"ﬂ y) ~ Dsire o(x, y) and

Q717 B(y, )|/ ~ | B(x, )|~/ B(y, §°)|*/4 < 6~ HISI[1 4 670D p(z, y))l*!.
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Hence, for any = € Q7"

QY |7/ @; (VL) £(&77) S sl mBomd 2N (@, (VL) f7 ()
=0
1 [1+6 “p(x,y)]"
\/\B x’(Sj/\K)”B(y’é‘j/\E” 1+ 57(jAe)p($7y)]g,‘s| du(y)

f:(;u lmBo—d/2=151=0) (@, (VL) Iz ().
£=0

Consequently, for any x € QX with k € Z and « € I}, and for any j > (k V 0),

N}
= 1@, (VI E xgpe (@)

tel; v=1

< Zé\j—e\('rnﬁo—d/Z—M—a) [@e(ﬁ)f];ﬁs/d(x).

£=0

By this and the definition of bS T( ), applying Lemma 5.5 and Theorem 5.2, we see that
16l ) = 103520 llneey S IRV padZollencery S 1y

which implies the boundedness of S from Bs:g (M) to B;E(M) Due to the same reasons, we also
see that S is bounded from Fé T (M) to forr (M).
Now we consider the boundedness of Ty. Fix r € (0,min{l,p,q}). For any a € b57 (M) or

;:g(M), let

£() == Tya(") ZZZW” VI, Yai”.
j=0tel; v=1

Then, f € D'(M) by Lemma 6.6. Hence, for any z € Q, with k € Z and a € I, and any
j=(kVO0),

LS N
=33 Y e (e VD)W (VD) ) (€ w)at”

j=0tel; v=1
From this and Theorem 6.1(iii), it follows that

J

B2, 6|~/ @o(VI) f(2)| £ 3D ZW 31 (mBo—2d) 3w

j=0tel; v=1

(e, 8] /14

(&),

where we chose o > 2d/r + |s| + 1 and m > (3d + |s| + ¢)/2. Notice that
Q1Y | Dsine o (617, 2) S 67071 4+ 670N p(&] " )] 7 < 6~ WAL 4 679 p(e] )]~
and

|B(x, 6%~/ S 1071~

1+ p(eh ).
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Therefore,

QJ V| s/d‘a |
(610) | (‘T 5Z)| S/d|q) |< §|€ jl(mBo—3d—o—|s|) . '
Z ;Zl 1+ 6-7p(&" 2o

Observe that
7 V|—sr V|1
(6.11) (ZZ (o S/dla ) / Nt @1 ot " xgpe (2) (2)
L+6-3p&" )l 1) = I & 2 QP e o

tel; v=1
T
xqp ()

N/ v — i,
/ (Sier, 050 1QPH /o
~J
M

B+ 6 pz oo )
For notational convenience, set f; := > ./ Zl],vil |Q{’”|_s/d|a{’”|ng,u. Then, applying Lemma
3.12 to (6.11) further gives that
ZZ Qe {ié““”"”d)/w(lf”x o) @ )}W
S roipg o S\ & TR

o0
S Z 51(0T_|S|r_d)Mr(\fj|XB(z§,5k—i+ch5k))($)7

=0

where the second inequality is due to Holder’s inequality. Combining this with (6.10) implies that

(6.12) |B(x,8°)| /@, (VL) f ()|
S gli=altmBo=sd=|s|=) gilor=lslr=d) pq, (| f; IXB(zk 5 —i4Cyo0)) (T)-
7=0 i=0

Then, repeating the proof for (5.10), we obtain || f]

BT (M) S ||{fj}j€Z+||ZQ(L§) ~ |la BT (M)
which proves that Ty : EST( M) — E”( M) is bounded. Again, applying (6.12) and repeating
the proof for (5.14) gives that ||f||F;T(M) S IHfitiezy e eay ~ Ha||fs 7(ary» Which implies that
Ty : fyg (M) — F;;(M) is bounded.

By (6.2), we have Tg0Ss = Id on E;;;(M) or 155’7( M). It Sef € fl;f,:g(M), then the boundedness
of Ty implies that f = Ty (Sef) € g;j;(M) and || f| BT HT\I,(Scpf)Hg;:g(M) S |ISef
Likewise, || f| For () < 1Sa f] For o holds. This finishes the proof of Theorem 6.4.

bpg (M)

6.2 The endpoint Triebel-Lizorkin spaces F, (M) and Efojq(M)

For s € R and ¢ € (0,00], inspired by the definition of F3  (R") on R™ in [13], we define the
endpoint Triebel-Lizorkin spaces F3, (M) := F;}’ql/q(M) and ﬁosqu(M) = ﬁ;qu/q(M). Then we
have the following coincidence.

Theorem 6.7. Let s € R, p € (0,00) and g € (0,00]. Then F3, (M) = Foa/P(M) and ﬁ;oq(M) =

Ei’ql/p(M) with equivalent (quasi-)norms.

For the corresponding result on Triebel-Lizorkin spaces on R™, we refer to [13, Corollary 5.7].
Due to Theorem 6.4, to show Theorem 6.7, it suffices to prove the following fact.
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Proposition 6.8. Let s € R, p € (0,00) and q € (0,00]. Then f;qu/q(M) = f;j(}/p(M) and
;j;/q(M) = ;j,}/p(M) with equivalent (quasi-)norms.
To prove Proposition 6.8, we follow the proof of [13, Corollary 5.7] and need the following

lemmas. Lemma 6.9 follows from an argument similar to that used in the proof of Proposition 4.4
(see also [45, Lemma 2.2]), the details being omitted.

Lemma 6.9. Let s € R, p € (0,00) and q € (0,00]. If 7 € [1/p,00), then supyez 4eq, in the
definitions of fy:7 (M) and A;f;(M) can be equivalently replaced by supyez,  aer, -

Lemma 6.10. Let ¢ € (0,1], s e R, p € (O,oq),q € (0, ] and T € [0,00). For all j € Z4,t €
1,1 <v < N, let ST be a set contained in Q7" such that [S]"|/|Q7"| > €. Then, there exists a
positive constant C', depending on €, s,p,q, T, such that, for all a := {at’y}jeh,tel- 1<v<ni C C,

1 1 > 4 N a1p/a 1/p
s —Js JsV .
clelzion < s |Q§|T{/Qk { 2 ”(ZZ"” 'Xsf'"(x)> } d“(x)}
a€Ely, o

j=kV0 tel; v=1

< Cllall g7 (ar)

and

la

cllon = 52 Q’”{/ {Z (ZZ'Q” |><sg=u<x>>q]p/qdu<x>}1/p

tel; v=1

<l

e.r

Proof. By similarity, we only consider the second formula regarding ;f;; (M). Obviously, the right-
hand side is dominated by the left-hand side. To see the inverse, notice that, for all j € Z,,t €
I;,1<v <N}, Ac(0,00) and z € M, XQ{,u(x) < E*I/A[M(XS{,V)(:U)]UA. We choose A such
that 0 < A < min{p, ¢}. Then, by the Fefferman-Stein vector-valued inequality, we see that

la

Fooq (M)

w5 (S re

kEL
ol j=kvO Ntel; v=1

Mg xas @) | " du@}”p

. a1p/a 1/p
g @) | dno )

This finishes the proof of Lemma 6.10. O

1 > A
SPQ{/Q{ > (Zxe

ke
acly j=kv0o “Mtel; v=1

Combining Lemmas 6.9 and 6.10, we can show that, if 7 € [1/p,00), then the supremum
SUPkez, acr, and Q7" in the definitions of g (M) and f5:7 (M) can be equivalently replaced by

SUPez, , acr, and 577 respectively.

. e [V )
For any sequence a := {a]’"'} ter;1<v<ni C C, define

JELy,

~ i qq1/q
Gl {Z(ZZlQ“’l Yl [xgie (@)X g (@ )> ] . zeM,

j=k “tel;v=1
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M (@) =it {3 > 00 [{o e Qi G (@) > M| < [Qh1/4)

and

m®9(a)(x) := sup ﬁliiiwu(a))(@;;,u (2), x € M.
k€Zy,a€l,,1<u<NE
By the same way as above with |Q7"|~5/¢

and m*®9(a), respectively.

replaced by 677°%, we also define G}%, (), mp?, ,(a)

Lemma 6.11. Let s € R and g € (0,00]. Then, there exists a positive constant C' such that, for

Pp— )V .
all sequences a = {a] }j€Z+,t€I_771§V§Ng c C,

1 S
Sl sraapy < 2 9@ s ary < Cllal sy

and

llallzaraany < 17U (@)ll ety < Clallz 170y

Proof. 1f we choose \ € (4'/||a|

Folia gy 00), then, by the Chebyshev inequality, we have

Lo QA lall% ./
{zeab: G @@ >} <+ /Q G (@) @) du(e) < 0D 2 jQhv

Therefore, ||m*?(a)||re ) S ||a| 7oL (- Conversely, for any = € M, we define a stopping time
function
o0 NfJ ) a i aq1/q
o) =t {u ez, [Z (TS0 hgpet@)) | < r(@)o) .
=v “tel;v=1
and let

ShY = {m eQl: w(z) < j} = {m eQ: éjfy(a)(x) < ﬁ%s’q(a)(x)}.
Q"] > 3/4 and, for all z € M,

v (s e

jeZy Ntel;v=1

Moreover, |S7"”

Pl | < e a).

By this and Lemma 6.10, we obtain Ha| Frliaan S < [[m*9(a)|| Lo (ar), which completes the proof of
Lemma 6.11. O

Proof of Proposition 6.8. By similarity, we only prove f;‘f’;/p(M) = ?’;/Q(M). If p > ¢, then
||a| Frilan S ||a Folle(ar follows immediately from Holder’s inequality. Conversely, let S7"” be
as 1n ' the proof of Lemma 6.11. Then, by Lemmas 6.9, 6.10 and 6.11, we know that

bl an ~ 2 { o [Z (ZZW” ; (w))qr/qdum}l/p

j=k “tel; v=1

aEIk

a7

~ |

S1/q
Lo (A1) (M)

o0 N _ a71/q
(i)
=0

tel; v=1
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Now we consider p < ¢. By Holder’s inequality, we have ||a

=1/p < llal| 7174, - TO prove
plal T(M) ™~ fala " (M) .

the converse, we only need to repeat the proof of Lemma 6.11 involving the Che(iayshev inequality.
The only difference is that we need to replace ¢ therein by p now, which completes the proof of
Proposition 6.8. O

7 Further remarks

In this section, we first prove that, on the Euclidean spaces, when L is the Laplacian operator,
the Besov-type and Triebel-Lizorkin-type spaces coincide with those introduced in [45]. Further-
more, when 7 = 0 and Sy = 2 in (UE’) and (HE'), we show that the Besov and Triebel-Lizorkin
spaces on RD-spaces satisfying (1.5) defined in [21] coincide with the Besov and Triebel-Lizorkin
spaces in [22], which gives a positive answer to a question presented in [22].

7.1 Go back to the Euclidean setting

In this section, we consider the case that M = R"™, p is the Euclidean distance, and the measure
1 is the Lebesgue measure. In this case, the collection of Christ cubes is chosen to be the classical
dyadic cubes

Q:={Ql, =277([0,1)" +m): j€Z, meZ"},
and the constant § in Lemma 2.1 is exactly 1/2. Assume that L is the Laplacian operator
A = —Z?zl 88—3;. Then, L is a non-negative self-adjoint operator on L?(R™) such that the
associated heat S(;migroup {e71'};~ consists of integral operators with heat kernels p; satisfying
the conditions (1.6) with 5y = 2, (1.7) with ag = 1, and (1.8).

Let S(R™) denote the class of all Schwartz functions on R™. By the Newton-Leibniz formula
and the mathematical induction, an easy calculation leads to that the test function space D(R™) in
the beginning of Section 2 is exactly the Schwartz class S(R™). As a consequence, the distribution
space D'(R™) coincides with the space S'(R™) of Schwartz distributions.

With the previous discussions, the previous discussed Besov-type and Triebel-Lizorkin-type
spaces on R"™ read as follows.

Definition 7.1. Let &y, ® € C*°(R,) such that
suppdo € [0,2], TV (0)=1 for all vEN, |®(A)| > ¢ for A € [0,2%/4],
and
supp® C [271,2], |B(N)| > ¢ for X e [273/4,2%/4],

where ¢ is a positive constant. Let ®;(+) := ®(277.) for all j € N. Let 7 € [0,00), s € R and
q € (0,00]. For p € (0, 00], the Besov-type space By:7(R™) is defined to be the set of all f € D'(R")
such that

1 > _ a/py 1/q
Hf”B;;g(]R") ‘= sup ,“_{ Z [/ 2j5p|¢j(\/g)f(:r)| daz} } < 0.
kez,mezn |QF,| e La,

For p € (0,00), the Triebel-Lizorkin-type space F,7(R™) is defined to be the set of all f € D'(R")
such that

/]

1 0 , r/q 1/p
F;,’;(R") = sup W{/{;k |: Z 2qu|(I)](\/Z)f(I)|q:| d.T} < 0.

kEZ,meZ" iS5m0
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Recall that in [45] Besov-type and Triebel-Lizorkin-type spaces were introduced as follows.

Definition 7.2. Let ¢g, ¢ € S(R™) such that

(7.1) suppdo C {E €R™: [¢] <2}, |do(€)] > if [¢] <5/3,
and
(7.2) suppp C {€ € R™: 1/2<[¢] <2}, |B(&) > ¢ if 3/5<|¢| <5/3,

where ¢ is a positive constant. For j € N, define ¢;(-) := 27"¢(27.). Let 7 € [0,00), s € R and
q € (0,00]. For p € (0, 00], the Besov-type space B, 7 (R™) is defined to be the set of all f € S'(R")
such that

1 > _ a/py1/q
I fllBgr@ny == sup |Qk|‘r{ Z [/Qk 205P| ¢, *f(a:)|dm] } < oo.

kez,mezn j=kVO0 i

For p € (0,00), the Triebel-Lizorkin-type space F,:7(R") is defined to be the set of all f € S'(R")
such that

1 >© p/q 1/p
”f”]—',fjg(]R") = sup W{/Qk |: Z 2J8q|¢j*f($)|q] dm} < 00.

kEZ,meznn s Lo

Theorem 7.3. Let all the notation be as in Definitions 7.1 and 7.2. Then By7(R") = B, 7 (R")
and Fy:7(R") = Fo7(R"™) with equivalent (quasi-)norms.

Proof. Let m > s/2 and hg, h and h; be as in (5.15). That is, ho()) := e, h(A) == AZme=A?
and h;(A) == h(27\) = (27X)2me=2"> for all j € N and A € (0,00). By Theorem 5.8, we know
that f € By 7(R™) if and only if f € S'(R™) and

1]

Moreover, || - HB;;;(Rn,H) ~ |- HB;;;(Rny

On the other hand, let Hy(z) := e~ and H(z) := (| - |*™e~I"")V(2) for all 2 € R". Then,
it is well known that ho(vVA)f = e 2f = CoHp * f and h(V/A)f = A™e 2f = C1H * f for
all f € S’'(R™) and some positive constants Cy and C;. Notice that ﬁo and H are positive on
B(0,2) and B(0,2) \ B(0,1/2), respectively, and 8*H (0) = 0 for all |a| < 2m. Thus, by the local
mean characterization of B;7 (R") (see [26]), we know that B, 7(R") = B;:7 (H) with equivalent
(quasi-)norms. Thus, B, 7 (R") = B, 7 (R") with equivalent (quasi-)norms.

The proof for the Triebel-Lizorkin-type case is similar, the details being omitted. This finishes
the proof of Theorem 7.3. O

By (R H) = H{Tjshj(\/g)f}jeh||24(L';) < o0.

7.2 Go back to the RD-space

A systemic treatment of the theory of (in)homogeneous Besov and Triebel-Lizorkin spaces on
RD-spaces was due to the work [21]. Here, in this subsection, we compare the Besov and Triebel-
Lizorkin spaces introduced in [21] with those in [22]. Throughout this subsection, for all z, y € M
and § > 0, let Vs(z) := p(B(x,0)) and V(z,y) := u(B(z,d(x,y))).

Recall that the definitions of Besov and Triebel-Lizorkin spaces in [21] rely on the existence of
the so-called approzimation of the identity; see [21, Definition 2.2].
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Definition 7.4. Let ¢; € (0,1] and €3, €3 € (0,00). A sequence {Sj}rez of bounded linear
integral operators on L?(M) is called an approzimation of the identity of order (e, ez, €3) (in
short, (e1,€a,€3) - ATT), if there exists a positive constant C' such that, for all k € Z, z, 2/, y and
y' € M, Si(z,y), the integral kernel of Sy, is a measurable function from M x M into C satisfying
that

; 1 2~k €.
@) 18k 9)| < Cymmrvmmves = res)

(i) for plr,a") < [2* + plz,)]/2

plz, ) 1 { 9k

1Sk(@,y) = Sila', )l < © {2"“ + p(w,y)] Var(z) + Vor(y) + Vi(z,y) [27F + p(:my)} ;

(iii) Sy satisfies (ii) with = and y interchanged,;
<[27" + p(z,)l/3 and p(y,y') < [27% + p(z,y)]/3,

[Sk(z,y) = Se(z,y")] — [Se(z’,y) — Sk(a’, )]
plz,z') 19T plyy) 17 1 2~k -
=¢ [2’“ + p(z, y)] {2’“ + ﬂ(w,y)} Vai(w) + Vo (y) + V(2,y) [2’“ + p(z, y)] ’
(V) Sy Sz, w) dp(w) =1 = [}, Sk(w,y) du(w).

Definition 7.5. Let 1 € M, r € (0,00), 8 € (0,1] and v € (0,00). A function ¢ on M is said to
belong to the space G(x1,r, B,7) of test functions, if there exists a positive constant C' such that,
for all z,y € M,

(iv) for p(x,z’)

. 1 T .
(1) [e(2)] < CVT(w1)+Vr(w)+V(11,w) [7’+P($171)]’Y7
(i) Jo(z) = p(v)| < Ol v sy T When p(z,y) < [+ p(a1, 2)] /2.

If ¢ € G(21,7,8,7), then its norm is defined by ||¢llg(z,,r g,~) := Inf{C : (i) and (ii) hold}.

Fix 1 € M and let G(8,7v) := G(z1,1,5,7). For any 2o € M and r € (0,00), it is easy
to see that G(xa,7, 5,v) = G(8,7) with equivalent norms. Also, the space G(3,7) is a Banach
space. Let € € (0,1] and 3, v € (0,€]. Denote by G§(3,7) the completion of G(e, €) in G(B,7).
Then, ¢ € G§(B3,7) if and only if ¢ € G(8,7) and there exist functions {¢;};en converging to ¢
in G(e,€). For any ¢ € G§(B3,7), define [¢llges,) = ll¢llg(s,y)- For the above chosen {¢;};en,
we have [¢llge(s,y) = im0 [|¢4lg(s,y)- Notice that G§(3,7) is also a Banach space. Denote by
(G5(8,7)) the set of all bounded linear functionals on G§(5,7). Define (f,¢) to be the natural
pairing of elements f € (G5(8,7)) and ¢ € G§(5,7).

We now recall the definition of Besov and Triebel-Lizorkin spaces on RD-spaces in [21, Definition
5.29]. In what follows, for all € € (0,1) and |s| < €, let p(s, €) := max{d/(d+¢€),d/(d+ e+ s)}. We
also write mq(g) := ITIQI fQ g(y) du(y) for all g € LY (M) and Christ dyadic cubes Q.

loc
Definition 7.6. Let e; € (0,1], €2, €3 € (0,00), € € (0,e1Ae2), B, v € (0,¢€), |s| < € and {Sk }rez be
an (e1, €2, €3)- ATI. Define Do := So, and Dy, := Sk — Sk—1 for all k € N. Let {Q%"}-cy veq1,.... N0}
be dyadic cubes in Section 6.
(i) Let p € (p(s,€),00] and g € (0,00]. The Besov space B, ,(M) is defined to be the set of all
f €(G5(B,7)), for some B, v satisfying

(7.3) max {s,0,—s +d(l/p—1)4} <B<e, d(l/p—1)4+ <y<e
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such that

1/4q

N 1/p
T :=[ZZIQQ’“I[me(IDoJ“)]”] [ZﬁéanmW} < o0

T€lp v=1

with the usual modifications made when p = 0o or ¢ = 0o
(ii) Let p € (p(s,€),00) and q € (p(s,¢€),o0]. The Triebel-Lizorkin space F; (M) is defined to
be the set of all f € (G§(8,7))’ for some 3, v satisfying (7.3) such that

> 1/q
Fg (M) = [ZZ|QO”|onU (I1Do f])] ] H{Zkaquﬂq}
k=1

T€lp v=1
with the usual modification made when ¢ = oo

< 0
Lr (M)

/]

For all e; € (0,1], €2, €3 € (0,00), € € (0,€1 A€a), B, v € (0,€) and |s| < ¢, it was proved in [21,
Proposition 5.32] that, if p € [1,00] and ¢ € (0, o0], then, for all f € (G5(5,7)),

o0

1/q
IR SE R T

k=0

and, if p € [1,00) and q € (p(s, €), o0, then for all f € (G§(8,7)),

i

oo 1/q
£l 7, cary ~ H {Z 2ksq|Dkf|q}
k=0 Lp (M)

where the implicit equivalent positive constants are independent of f.

Applying the discrete Calderén reproducing formula in Theorem 6.1, by an argument similar to
that used the proof of [21, Proposition 5.32], we obtain the following main result of this subsection,
which answers a question presented in [22].

Theorem 7.7. Lete; € (0,1], €2, €3 € (0,00), € € (0,0 A€y ANea), B, v € (0,€) and |s| < €, where
ag is as in (HE').

(i) If p € (p(s,€),oc], q € (0,5¢] and B, v satisfy (7.3), then |flls; ) ~ f]
1 € (G5(8,7)) D' (M).

(i) Ifp € (p(s,€),00), g € (p(s,€),00] and 5, y satisfy (7.3), then |f|
any f € (G5(8,7)) N D'(M).

Here, in (i) and (ii), the implicit positive equivalent constants are independent of f.

Bz (M) for any

7z o) ~ sy for

Proof. First, we show (i). Let {Sk}rez be an (e1, €2, €3)-ATIL. Set Dy := Sy, and Dy := S — Sp_1
for k € N. It was proved in [21, Lemma 3.2, (3.2)] that, for any €] € (0,e; Ae2) and all z,y € M,

1 9—(kAj)ez
‘/vQ*(kAj) (LE) + VQ*(k/\J‘) (y) + V(.’E, y) [2_(k/\j) + p(l’, y)]ez

For 8,7 € (0,€), we recall that the discrete inhomogeneous Calderén reproducing formula in
[21, Theorems 4.14 and 4.16]: for all f € (G5(5,7))’,

0o N
(75 =Y Z / Doy y) dum)D2Yf + 3 57 S Q1 D yh ) Def ()

T€lp v=1 k=171€l v=1

(7.4)  |DyDj(x,y)| S 271 F
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converges in (G§(3,7))’, where y* is an arbitrary point in Q%7 D?f denotes the integral operator
with kernel DE;’(Z) = ﬁ ng,v Dy(z,u) dp(u), and the kernels of the operators {Ek}keZ+ satisfy
the conditions (i) and (1T11) of Definition 7.4 with ¢; and es replaced by ¢ € (e,e1 A €2), and
S Dy (z,y) du(y) = 0 when k € N and = 1 when k = 0.

Let ®) € C°(R,) such that supp®, C [0,2%°/2] and &y = 1 on [0,1]. Define ®()\) :=
Po(N) — Dg(2%/2)) for A € Ry. For j € N, define ®;(-) := ®(277%/2.). By (i) and (ii) of
Proposition 3.4, we see that ®;(L)(x,-) € G§(ao,y) C G§(B,7). Moreover, by Proposition 3.4(iii),
we see that [, ®;(vL)(z,y)du(y) = 0 for j € N and = 1 for j = 0. From these and the proof
of [21, Lemma 3.2, (3.2)], it follows that an orthogonal estimate similar to (7.4) holds, namely, for
any given €/ € (0,0 A €1 A €3),

1 1
Vo toan (2) + Vomeniy (y) + V(z, y) [1 4 267D p(a, y)]e2

(7.6) |¢)J(ﬁ)l~7k(m,y)| < 9—li—kle!
holds for all j,k € Z; and z,y € M. Further, applying (7.5), we know that, for all z € M,
(7.7) |@;(VL) f ()]

N7
S [ DDy dulu) DY f

T€lp v=1

oo N
+3 03 > 1QE |95 (VL) Di(w, b ) Dif(y5)

k=1T1€l} v=1

N? -
2 2779 1 0,0
S Lo T TR TV T O

T€lp v=1
= - sl D ()
T U 27 —Jl€1 Dk‘f yT,’U
DD I T X A ol e
J=1 7€l v=1 Vamtern (2) + Vamwena (yr%) + Vi, y77) [1 + 208 p(a, yr7) |

Since both €,€f € (0,00 A €1 A €2), |s| < e and B,y € (0,¢), we may choose €] such that
|s| < €, p(s,ef) < pand B,y € (0,€]) satisfy (7.3) with e replaced by €/. On the other hand,
since Vi(2) + Vi(y) + V(z,y) ~ Vi(z) + Vi(y2?) + V(z,y2") and 1 + p(2,y) ~ 1 + p(2,y2") for
any y € Q%", applying [21, Lemma 5.3], we see that, for all x € M,

(7.8) |27°®;(VL) f ()]
9—i(e} —s) 1

NO
< Q%) D) |
Tezzo vz:‘: Vi(x) + Vi(ye") + Vi, y2") 1+ p(z,yp¥)e T

o Nk 3 "
- 9~ Ik=3l(¢} =s) 2ks| Dy, f (yF
+3 % S ek | D f (y7")]

k=1 rel;, v=1 Vot () + Vot (9 ) + V (2, 97") [L+ 208D pla, y7") o2

N? 1/r
o (2w )]

Telp v=1

00 Nf 1/r
+ Z 2—\k—j|5/1/2(j—k)s2[(kAj)—k]d(1—1/r) [M ( Z Z 2kSTDkf(y§7v)|TXQ§_WU> ((E)] ,

k=1 Tl v=1
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where we chose r € (p(s,€f),p) if p < 1lorr =1if p € (1,00]. Therefore, letting o € (0,€/ —
max{s,0, —s + d(1/r —1)}), by Lemma 5.4 and the boundedness of M on L?/" (M), we see that

N‘T) 1/r
[M( > |D3:1’f|erg,v>]

T€lp v=1

q

(7.9) /]

Bs (M) S { > grileimema)
j=0

(oo} (oo}
£35S o ledl(el ~adagli=kysagl(knd) ~kld(1-1/r)a

Lr(M)

=0 k=1
NF 1/rq 1/q
. [M(zz2ksr|nkf<y’:vv>|r><@§,u)] }
TElR v=1 Lr(M)
NU
0,v
S DD flxgee
T€lp v=1 Lp(M)
0o N.’: q 1/q
+{z S S 2D e } Wl oy
k=1 || 7€l v=1 Lr(M)

where the last inequality follows from the frame characterization of By (M) in [21, Theorem 7.4].
To show the converse, for f € By (M), we use (6.2) to write every D, f as

D) =3 3 S 1R (k(VE) ) (EE) Dy Ti(eR, ),

k=0T1€l} v=1

where @), and Wy, are as in (6.2). Notice that D; ¥, (v/L)(x,y) has the same estimate as in (7.6).
Thus, repeating the previous proofs of (7.7)-(7.9), but with the roles of D; and ®;(v/L) exchanged,
and applying Theorem 6.4, we obtain || f]| B3, (M) < ||f||B;)q(M). This finishes the proof of (i).

Now we show (ii). This time we choose €] such that |s| < €], p(s,€}) < min{p,q} and 3, v €
(0, €/) satisfy (7.3) with e replaced by €]. In this case, (7.7) and (7.8) keep valid, but this time
we choose 7 € (p(s,€]), min{p,q}) if min{p,q} < 1 or r = 1 if min{p,q} € (1,00]. Then, by
Lemma 5.4, the frame characterization of F; (M) in [21, Theorem 7.4], and repeating the above
proof for Besov spaces, with the boundedness of M on L/ "(M) replaced by the Fefferman-Stein
vector-valued maximal inequality (see [17]), we see that

/]

s <
F;'a,q(M) ~

o0 NO q/r
{3 asion a5 Sioisre )
j=0

T€lpv=1

+ 3 g lkdl(el ~adagli=kysagl(knd) ~Hd(1-1/r)a
k=1

Sz -
Lo (M)

NF q/ry 1/q
(T vt )|}

7€l v=1

The converse of this inequality follows from an argument similar to that used in the proof of
1B,y S I fll B, (a), With the boundedness of M on LP/7 (M) replaced by the Fefferman-Stein
vector-valued inequality. Thus, (ii) holds, and the proof of Theorem 7.7 is then completed. O
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8 Appendix

The main aim of this section is to show Theorem 6.1. Using the language of Christ cubes, we
restate the Marcinkiewicz—Zygmund inequality, whose proof was essentially given in [9, Proposi-
tion 4.1], here we re-present its proof for convenience as the constants involved is very subtle.
Lemma 8.1. Let \,p € [1,00). Then, for any f € X(M), all j € Z such that j > —%log(; A,
and &V € QLY with T € I and v € {1,...,N},

sy {X 5 [ 5w = sl dut )}1/,,

TEIl/l

(32/206)) ™ I sy

oo\CJ

When p = oo, it holds true that
(82) sup  sup sup |f(x) — f(&Y)] <
TEl 1<u<NI zeQ?”

Proof. Let ¢ € C°(Ry) be such that supp¢ C [0,2], 0 < ¢ <1 and ¢ =1 on [0,1]. For any
o > 3d/2, by Proposition 3.4 and the self-adjoint property of L, there exists a positive constant
C,o such that, for all z, 2/, y € M satisfying that p(z,2’) < A\~2/Po,

Q0 (N2B057Y0 | £l oo (-

®|&

6O VE)(.y) — 6O VD)@' )| < Coo N7 pla,a")] ™ Dyeasng o (a.y):

Also, ¢(\"NWL)f = f for all f € ¥¥(M). For all z € Q¥ by (6.1), we have p(z,&") <
diam Q%" < §7 < A\=2/P0 and hence

() — 1) —]/ AV (e, y) - (A‘l\/f)(ﬁi’”,y)]f(y)du(y)‘

< €y (G2 Pogi oy /M Dy 210 o (2, 9) £ ()| dp(y)-

Let J denote the left-hand side of (8.1). Applying Holder’s inequality and Lemma 3.1(iii), and
then using Fubini’s theorem and (6.1), we see that
1/p
du(l’)}

, . 1/p
< (C2) P g (CoN2/ o570y { / /M Dy ars0 o ) | F )P dia(y) du(w)}

. e € o
< CCoo(CyN*Po§TH0 )0 £l ) < §0(>\2/’B°5J) Nl fllLoe (ar)-

J < O, o(CoAH bogitinya { / ‘ / D210 o () ()] dia()

This proves (8.1). A modification of the above proof also shows (8.2), which completes the proof
of Lemma 8.1. O

Applying Lemma 8.1 and (6.1), and arguing as in the proof of [9, Theorem 4.2], we obtain the

following sampling theorem, the details being omitted.

Lemma 8.2. Let A € [1,00) and p € [1,2]. Then, for any f € X5(M) and j € Z such that
j > —7logs N, and all ¥ € Q3 with 7 € I; and v € {1,..., N},

N _ 1/p
(I —e)llflleeary < { >3 |Q]T’V||f(§i’y)|p} < (X + o)l fllrean.-

Tel; v=1
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The following Cubature formula (see [9, Theorem 4.4]) follows directly from Lemma 8.1 and [9,
Proposition 4.6], the details being omitted.

Corollary 8.3. Let A € [1,00) and j € Z such that j > —6—20 logs A. Then, there exists a sequence
of positive constants, {e2¥ : 7 € I;, 1 < v < Ni} with 2 < l¥ < 2, such that, for all f € S} (M)
and &Y € Q2V with 7 € Ij and v € {1,...,NZ},

N
/M @) dp(z) = 323 Qi £(e0).

T€l; v=1

The following lemma follows from the same manner as that used in the proof of [22, Lemma 3.10],
the details being also omitted.

Lemma 8.4. Let v, € (0,00) and 6 € (0,1) be as in Lemma 2.1. Then, there exists a positive
constant C’f’/ﬁ such that, for all j € Z, x,y € M, and &V € Q%" with 7 € I; and 1 <v < NJ,

N}
SO NQEEY (2, MV EY (Y y) < CS 4B (2,y).

TEIJ' v=1

Applying Lemma 8.4 and Corollary 8.3, and invoking the ideas used in the proof of [22,
Lemma 4.2], we have the following conclusion.

Lemma 8.5. Suppose that T, T' € C°(R) satisfy that
suppTy C [0,677°], To(A) =1 for A € [0,(5‘50/2],
and
supp D C [67, 67F0], To(A) =1for A e [560/2,5750/2], and 0 <TI'g, ' < 1.

Assume that there exist constants A € (0,00) and 8 € (0,1) such that, for any i € {0,1} and
keN,
1T e ey < (AR and  [[T®)| o e,y < (AR)FED.

Let T :=T(67%/2.) for j € N. Assume that f € L*(M) such that T;(v/L)f = f for some j € Z.
Then, there exist operators {¢;(V'L)}jez, such that, for allz € M and &V € Q3" with T € I
andv € {1,..., N7},

N]
(8.3) fla) =YY QM| f(EM)e; (VL) x),
Tel; v=1

where ;(V/L)(&2Y,x) is the integral kernel of an operator $;(v/L). Moreover, for any m € Z.,
there exist positive constants C and vy, depending only on B, M and m, such that the following
hold:

(i) For all z,y € M, |Lm<,5j(\/f)(x,y)| < C&‘Qijg’ﬂ(x,y);

(ii) For any x,y,y € X satisfying p(z,y) < &7,

13 (VL) (,9) =55 (VI) (@, )| +18; (VD) (y,2)— 3 (VI) (W, 2)] < CL6 7 ply, 9] B (1, );
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(i) Let (g, ®) satisfy (2.1) and (2.2). Then, for any m € N and o € (d,00), there exists a
positive constant Cy p, such that, for all j,k € N and x,y € M,

(2 VDIZ(VE)) (2,9)] < Comd 0D D ().

Proof. Suppose that © € C2°(R, ) satisfies that supp© C [0,672%] and © = 1 on [0,53%/2],
Define ©; := ©(57%/2\/L). For simplicity, we use I';(z,y) and ©;(z,y) to denote the integral ker-
nels of the operators Fj(ﬁ) and @j(\/f)7 respectively. Define the operator U; which is associated
with the kernel

=2 Z T 10 0@ ), yE M.
+
Tel; v= 1
Define V; := I';U,;T'j and R; :=T'j(Id — U;)T; = I'; — V. Since ©,;T'; =T, we use the expression
of U; to deduce that the operator V; has a kernel as follows:

ZZ Q”|F($5”) (€Y y),  x, y € M.

TEl; v= 1

By Lemma 8.2, for any f € ¥2_, (M) and all & € Q” with 7 € [ and v € {1,..., N/}, we
have

(1—€0)?

1+ < )2||fHL2(M) <> Z 1+ QIQ]”IIf(ﬁ“)IQ < 1£1Z2an)-

TEIVl

Notice that 60 > 1—2¢y. Also, for any f € 26 (+3)80/2 (M), it holds true that ©;f = f, and
hence

(1= 2602 flZ20ar) < (U ) = D Z 1+ QJ’”IIf(f“ WP <122 any-
T€l; v= 1

Notice that T';(L*(M)) C X2_ . 45,,2(M). As 0 < T; < 1, the functional calculus implies that
IT5 fllz2ary < I fllL2(any- Thus, for any f € L*(M), by R; =T% = V; =T7 —T;U;T;, we have

0 <(R;f, f) = (Usf, Tif) = (UT3f, Tif) < [1— (1= 2€0)]IT; fllZ2ary < 4eoll FIIZ2ar)

which implies that R; is bounded on L?(M) with operator norm at most 2y/e,. Hence, it makes
sense to define T; := (I — R;) ™' =1+ 7, Ré‘?. Further, if f € L2(M) such that I';(vVL)f = £,
then f =T;(f — R;f) :Tj(f—F?f—l-V}-f) =T;V;f, so that

NJ
=y Z i Qﬂ”\r FE@NT; (U5, 87) (2) = Y > 1QE | (€7 3 (VL)€ ),
TEL; v= 1 Tel; v=1

by setting @(\/E) to be the operator whose associate integral kernel

L T () (@), mye M

&;(VL)(z,y) == TETER.
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This proves (8.3).
For simplicity, we write $;(z,y) instead of the kernel @;(v/L)(z,y). It remains to show that
@;(x,y) satisfies the properties (i)-(iii). By Proposition 3.6, there exist positive constants v and

C:,ﬁ,o such that, for all z, y € M,

b s
(2, y)] < Cs0EL (2,y),

which, together with Lemma 8.4, implies that

j B (CPYEO)QC»Y;; B
84) Vo) < 2ZZIQJ”\E nGIE G < g B @)
T€l; v=1

and also, together with Lemma 3.1(iii), implies that

85) Tyl < (C]40) / B (2, u) B (u, y) du(u) < (CY 5.0)°C sEY (2, y).
Combining (8.4) and (8.5), we find that

(86) |R;(x,y)| = [T3(z,y) — Vi(z,9)| < (C3 5+ C2 ) (Ch 50)° B (2, y) = AEL (2, y).
Applying this estimate and Lemma 3.1(iii) repeatedly, we see that, for all k € N and z,y € M,
(8.7) R (2, y)| < AM(C; p)F T EY (2,y).

Consequently, for all k£ € N,

(8.8) |RIT ()| < (ACS 5)FCE 5 0B (w,y).

By Lemma 3.2(ii), we see that, for k > 2,

1RSIl 2(an) 22y
8.9 RMT; (2, y)| = | R;RE'T (2, )| < ACY 45,C
(8.9) |RET (2, )] = | i(@9)] < AC) 50 /1B, |B(y, )|

<Acb600 5 (2\/>O)k !
"V/1B(w, 6)[ 1By, 67)]

By taking geometric means between the above two inequalities, we know that

(810) RS (0,0)] S /(O3 pA) L @veg) LY (2, y) £ 2700 B/ (a,y),
provided that we choose ¢y small enough satisfying that

1
4CS 5+ C3 5)(CF 50)2C5 5

1
(8.11) 0<\f0_4AC* =

Therefore, by writing

(L+ )’ (VL) (2,y) = Tj (L)) (2) = Ty, 9) + Ry (0 9)) (@) + Y R} (L)) (@),
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we use (8.10) to obtain that |¢;(vVL)(z,y)| < E;’/z’ﬁ(m,y), which proves (i) for m = 0. If m € N,
then, by writing

(14 )’ L™;(x,y) = Tj (L"T5(y) (x) = LTy (z,y) + Y R (L™'T5(,9)) (x),
k=1

and following the previous argument, we also obtain the desired result of (i). To obtain (ii), write

(1+€0)? I%(\F)(SE y) — (=9l

< 0j(x,y) — Tz, y') + ‘/ (2, u) [T (u,y) —Tj(u, )] dp(u)

o

/ R (2, u) [T (w, y) — Tj(u, )] dp(u)]|
M

k=2
Then, applying Proposition 3.6, we see that, when p(y,y’) < &7,
ITj(2,y) — D(@,y)| < C2 4167 p(y, v B (2, ).

From this estimate and following the previous argument, one deduces (ii), the details being omitted.
To show (iii), for j € Z, we use ®;T;(x,y) to denote the kernel of ®;(v/L)T';(v/L). Notice
that Proposition 3.7 implies that

(8.12) |©,T; (2, y)| S WA=/ D o0 (2,y), @, y € M.
Then, instead of (8.8), we apply (8.7) to conclude that, for all i € N,

|R Q.T(z,y)| S (C’* )ialk_j‘(mﬁo_d/Q)ng/\j’20-(1'7y)7 x, y € M.
Similar to the estimate of (8.9), we use Lemma 3.2(i) and (8.12) to find that, for all ¢ > 2,

|RE®T (2, )| < 1R () 2an IR L2 (any— 2 () @1 L5 (5 9) |22 (ary
< 5\k—j|(mﬁo—d/2)(460)i—1 - 5\k—j|(mﬁo—d)(4€0)i—1

~ V1B(x,8)[[B(y,0:"F)| ~ /1B(z, 57"F)[ [ B(y, 677F)]

x, y € M.

By taking geometric mean of the above inequalities, we see that, for all x, y € M,
|R_l]q>kr.7 (Z‘, y)' SJ (600:75A)i(Slkijl(mﬁOid)Dtsk/\j,o’(xv y) S 27i5‘kij|(Mﬁ07d)D6’“/\j ,O'(x7 y)a

if we choose ¢y small enough. Then, summing over all ¢ > 2 and using the fact that

(14 €)? (@k(\@)%(ﬁ)) (x,y) = ®pL(z,y) + ZR’CI)kF (2,9), z, yeM,

i=1

we argue as before and obtain the desired estimate in (iii), which completes the proof of Lemma
8.5. O

Now we are ready to deduce the discrete Calderén reproducing formula.
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Proof of Theorem 6.1. By similarity, we only prove the case f € D/(M). Starting from the con-
tinuous Calderdn reproducing formula (3.7), we write

F =Y 8,(VD)%; (VI f = E:j /M /M &,(VI)(9)®;(VI)(y, 2) f (=) dia(y) dpa(z).

Jj=0

For any z € M, applying Lemma 8.5 to the function <I>j(\/f)(-, z), we know that, for all y € M,

3,V (o) = 3 S 1Q 10, (VENEY, )3 (VI)(E, ),

Tel; v=1

where @;(v/L) satisfies (i), (ii) and (iii) of Lemma 8.5. Consequently,

o N
FO=03"3"1Q1 (@, (VL) F)(E) /M o;(VL)(- 9@ (VL) (EY y) duly),

j=0T7€l; v=1

which implies (6.2), provided that the operator W;(v/L) is defined with an associated kernel as
follows: for all z, z € M,

¥, (VD) = [ BV 0F VD) e 9) duty).
Noticing that (i) and (ii) of Lemma 8.5 and the fact that Proposition 3.4 implies that ®,(v/L)
satisfies (3.4) and (3.5), we apply Lemma 3.1 to obtain (i) and (ii). Moreover, (iii) of the theorem

follows from Lemma 8.5(iii), Proposition 3.4(i) and Lemma 3.1(ii). This finishes the proof of
Theorem 6.1. 0

Acknowledgements. Liguang Liu is very grateful to Professor Alexander Grigor’yan for his
valuable suggestions and discussions on the paper.
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