COMBINATORIAL ASPECTS OF EXCEPTIONAL SEQUENCES ON (RATIONAL)
SURFACES

MARKUS PERLING

ABSTRACT. We investigate combinatorial aspects of exceptional sequences in the derived category of
coherent sheaves on smooth and complete algebraic surfaces with p; = ¢ = 0. We show that to any
such sequence there is canonically associated a complete toric surface whose torus fixpoints are either
smooth or cyclic T-singularities (in the sense of Wahl) of type %2(1, kr —1). We also show that any
exceptional sequence be transformed by mutation into an exceptional sequence which consists only of
objects of rank one.
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1. INTRODUCTION

In this article we want to work out certain combinatorial aspects associated with exceptional sequences
in the derived category D’(X) of coherent sheaves on rational surfaces. In earlier work [HP11] it was
found, somewhat surprisingly, that to any exceptional sequence of invertible sheaves on a rational surface
there is associated in a canonical way the combinatorial data of a smooth complete toric surface. This
finding suggests that in many interesting cases there could be a link between semi-orthogonal decompo-
sitions of derived categories and toric geometry. However, this is far from being well-understood so far,
even for the case of line bundles. An important development in this direction is recent work by Hack-
ing and Prokhorov [HP10] and Hacking [Hac13]. In [HP10], singular surfaces with ample anticanonical
divisor and Picard number one which admit Q-Gorenstein smoothings are classified. These surfaces
necessarily have T-singularities in the sense of Wahl [Wah81]. Among such surfaces, there is one family
of weighted projective planes P(e?, f2, g?) such that e, f, g satisfy the Markov equation

e+ f2+9° =3efyg.
This classification resembles Rudakov’s interpretation [Rud89] of the classification of exceptional bundles
P2 by Drezet and Le Potier [DL85]. Rudakov showed that any exceptional sequence &, F,G on P? is

essentially uniquely determined by the ranks (e, f, g, say) and the possible ranks ranks correspond to
solutions of the Markov equation e + f2 + g2 = 3efg. In [Hacl3], Hacking shows that indeed there
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2 MARKUS PERLING

exists a natural bijective correspondence between degenerations of P2 and exceptional bundles on PZ2.
More generally, for a rather large class of surfaces (which includes rational surfaces and certain surfaces of
general type) Hacking constructs a correspondence between exceptional vector bundles and Q-Gorenstein
degenerations.

In this article, we want to follow some ideas of both [HP11] and [Hac13] and show that the relation
between exceptional sequences and toric surfaces with T-singularities is a quite general phenomenon.
Our main result is the following:

Theorem (11.3): Let X be a (rational) surface with and let &,...,E, be a numerically exceptional
sequence whose length equals 1k Ko(X) such that vtk & = e; # 0 for every i. Then to this sequence there
is associated in a canonical way a complete toric surface with n torus fixpoints which are either smooth
(if €2 = 1) or T-singularities of type (1, kie; — 1) with ged{ki, e;} =1 (if €] > 1).

Here, the term “numerical” refers to a weaker version of exceptionality and semi-orthogonality which
only requires the vanishing of Euler characteristics rather than Hom-vanishing (see Definition 2.2). By
X being a (rational) surface, we mean that X is a smooth and complete algebraic surface which satisfies:

1) py =¢=0.
2) The Grothendieck group Ko(X) is finitely generated and torsion free.
3) The Chow ring splits degree-wise as CH*(X) 2 Z @ Z" 2 & Z.

There does not seem to be a generally agreed upon name for surfaces satisfying these conditions (though,
of course, there are the rational surfaces and “fake” rational surfaces of general type), so we settle for
“(rational)” for sake of brevity. We will reserve the term “rational” (i.e. without the parentheses) to
denote proper rational surfaces. Another interesting result which will be part of our analysis leading to
Theorem 11.3 is the following.

Theorem (10.8): Let X be a (rational) surface. Then any numerically exceptional sequence on X can
be transformed by mutation into a numerically exceptional sequence consisting only of objects of rank
one.

Note that both theorems a fortiori apply as well to proper exceptional sequences. The main reason why
we formulated them for numerically exceptional sequences is that indeed they are almost purely a result
of the surprisingly rich Riemann-Roch arithmetic. The most important consequence of this fact is that
the correspondence between exceptional and toric surfaces can be formulated very generally in the sense
that it does not depend on any geometric construction or any refined geometric properties of X. This is of
particular interest in light of recent work [BGKS12] where exceptional sequences have been constructed
on surfaces of general type which are (rational) in our sense. These sequences are almost full — their
complements in the derived category are among the first examples of so-called phantom categories, and
our results are applicable to these sequences as well. Indeed it is an open question whether the existence
of a full exceptional sequence on a variety implies that this variety is rational. So far, no example of a
non-rational variety which admits such a sequence is known. We believe that our results in conjunction
with Hacking’s provide tentative evidence that indeed the existence of an exceptional sequence implies
rationality.

Overview. In Section 2 we introduce some basic notions. There is a good chance that the reader will
avoid some confusion by paying attention to standing conventions as stated in paragraphs 2.1 and 2.9.
Section 3 is devoted to the exploitation of the Riemann-Roch formula for exceptional objects. Sections
4 and 7 deal with some crucial aspects which arise if exceptional objects of rank zero are involved. In
Sections 5 and 6 toric systems and their Gale dual are introduced. The latter will be analyzed locally
in Sections 8 and 9. The global analysis and the main theorems are contained in Sections 10 and 11.
Section 12 then concludes with some observations related to T-singularities. For easier reference, we
collect some facts on toric surfaces in an appendix.

Acknowledgements. I want to thank Lutz Hille for discussions at an early stage of this project. I am
grateful for its hospitality to the Max Planck Institute in Bonn, where part of this work was done.
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2. SOME GENERALITIES

2.1 (Standing conventions throughout the rest of this paper). We assume that X is a (rational)
surface as defined in the introduction over some algebraically closed base field K. We denote D°(X)
the bounded derived category of coherent sheaves on X. We will always write objects of D°(X) in
calligraphic style, £, F,..., Z. Then their ranks will be denoted in the corresponding lower case letters
e, fy...,z. By n we will always denote the rank of Ky(X).

For any two objects £, F of D’(X) the Euler Characteristic is defined as:

X(E,F) = (-1)FdimHomps(x (&, F[k]) = > _(~1)" dimExt, (€, F).
keZ keZ

Definition 2.2: (i) We call an object £ of D*(X) exceptional if End(£) = K and Hompe(x) (€, E[k]) =
0 for all k£ # 0. We call & numerically exceptional if x(€,€) = 1.

(ii) A sequence of objects &1,...,& is called an exceptional sequence if all &; are exceptional and
Hom pi(x) (&, E;[k]) = 0 for all i > j and all k € Z. Similarly, we call it a numerically exceptional
sequence if all £; are numerically exceptional and x(&;,&;) =0 for all ¢ > j.

(iii) Denote wx = O(Kx) the canonical sheaf on X. Then we can extend any exceptional sequence

&1,...,& to an infinite sequence ..., E&;, 11, ... by setting &; := &@w}t ) and i = kL%J +7r
withkeZ,1<r<t:

80,61 EL 1, = L S R WX, Ey e 6 EL B WY

We call this a cyclic exceptional sequence. If the sequence is only numerically exceptional, then we
call it cyclic numerically exceptional sequence.

(iv) An exceptional sequence is called strongly exceptional if Hom ps(x(E;, E;[k]) = 0 for all 7, j and all
k # 0. A cyclic exceptional sequence is called cyclic strongly exceptional if every winding is strongly
exceptional.

(v) Any collection of objects in D*(X) is called full if it generates D®(X).

As general references for exceptional sequences we refer to [Bon90] and [Rud90].

2.3. Note that any sub-interval of length at most t of a cyclic (numerically) exceptional sequence is a
(numerically) exceptional sequence (see [HP11, Proposition 5.1]). By convention, if we are given a fixed
exceptional sequence &1, ..., &, then we will always implicitly assume that it is extended cyclically, i.e.
we consider &; for any i € Z, denoting any element of the original sequence twisted by an appopriate
power of wx.

2.4. If &,...,& is a (numerically) exceptional sequence, then so is &1,...,&—1,&j], Eiv1, ..., & for
any i and any j € Z. So, as long as we are not interested in concrete representations for the &;, we have
some flexibility in considering exceptional sequences up to shift. For instance, there usually is no loss of
generality to assume e; > 0 for all 4.

~

It is a standard fact that a full exceptional sequence &, ...,&, induces a decomposition Ky(X) =
DB, K((&)) and K((&;)) = K(K — vector spaces) = Z, hence Ko(X) = Z". On the other hand, any
numerically exceptional sequence induces a semi-orthogonal decomposition of Ky(X). In particular, the
length of such a sequence is bounded by n = rk Ko(X).

2.5. For any pair of objects £, F there exist the following two distinguished triangles:
LeF — RHom(E, F) @x € =5 F,
E X% RHom(E, F)* @k F — RzE,

where can in both cases denotes the canonical evaluation map. If £, F form an exceptional pair, then it
follows that both F, Rx€ and LgF,E form exceptional pairs as well.

Definition 2.6: For an exceptional or numerically exceptional pair £, F, we call the pairs F, Rx€ and
LeF, € its right- and left-mutation, respectively.
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2.7. The usual invariants for sheaves such as rank and Chern classes extend naturally to D?(X) (and
then factor naturally through K(X)). In particular, the rank function is additive on triangles and for
an exceptional pair £, F of ranks e and f, respectively, we obtain

tkLeF =x(E,F)e—f and rtkRzE=x(E,F)f —e.
The first Chern classes can be written down directly:
c1(LeF)=x(E, F)ar(E) —cai(F) and ¢1(RxE) = x(E, F)er(F) —ci(€).

For the second Chern classes, one can make use of the fact that for any triangle 7/ — 7 — T, the
Chern character satisfies ch(7") = ch(7”) + ch(7"”). With this, we obtain the following formulas for the
second Chern classes of mutations:

er(LeF) = (X(E,f)

5 )01(5)2 —X(&, F)er(E)er(F) + er(F)? + x(E, F)ea(€) — ca(F),
and similarly for co(RxE).

2.8. More generally, for a (numerical or proper) exceptional sequence E := &,..., &, we can consider
mutations at the ¢-th position:

RE: =&, ....&6 1,841, Re;  Ei, Eiga, ., &,
LiE:=¢&,...,& 1, Lg&iva, &, Eivay oy &

Both R;E and L;E are exceptional sequences again. Moreover, up to natural equivalence, the R; and L;
satisfy the following properties:

(11) the braid relations RiRiJrlRi = Ri+1RZ‘Ri+1, LiLZ‘+1Li = LiJrlLiLiJrl-
In particular, the operators Li,...,Ls, R1,..., R; establish a braid group action on the exceptional

sequences of length ¢. Note that mutations extend in a natural way to cyclic exceptional sequences.

2.9 (More standing conventions). In the following, mutations will be our main tool for manipulation
(numerically) exceptional sequences and we may keep in mind that any mutation of a proper exceptional
sequence is proper exceptional again. So, if we like to, we can distinguish between (proper) exceptional
and numerically exceptional orbits of the braid group action. In order to avoid cumbersome language or
awkward abbreviations, we will throughout sections 3 to 9 use the term “exceptional sequence” for both,
proper and numerical exceptional sequences. The reader who does not care about numerical exceptional
sequences can safely assume that we are only dealing with proper exceptional sequences. From section 10
on, we will start making the distinction between both cases. Again, the non-numerically inclined reader
can safely assume that all results a fortiori apply to proper exceptional sequences.

3. EXCEPTIONAL PAIRS AND TRIPLES ON SURFACES

In [HP11], for an exceptional sequence of invertible sheaves O(Dy), ..., O(D,,), we have considered the
differences of divisor classes D;;1 — D;. In our more general setting, we use the following generalization.

Definition: For any objects £, F in D’(X), we denote ¢;(€, F) = ¢;(RHom(E, F)).
3.1. For any two objects £, F the following formula holds:

c1(E,F) =ec1(F) — fer(€).

This is immediately true for vector bundles, because in this case RHom(E, F) = £*®@F. The extension to
the general case follows from the fact that, because X is smooth, any object in D’(X) is quasi-isomorphic
to a finite complex of vector bundles.

3.2 (Riemann-Roch formula). For any &, F in D?(X), the Riemann-Roch formula is:

X(E,F)=ef — %Kxcl(é',]:) + %(fcl(é')2 +eci(F)? — 201(5)01(f)) — (fCQ(g) + 662(]:)>.

We now collect some identities which we obtain from simple inspection of the Riemann-Roch formula.
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3.3. Let £ be a numerically exceptional object in D?(X), i.e. x(&,€) = 1. Then we obtain the following
constraints on the Chern classes of £.
(i) If e = 0 then ¢;(£)? = —1.
(ii) If e # 0 then
1

— (4 (e—1)ei ()2 —1).

(&) = 2e

3.4. Now for objects £, F with x(&,&) = x(F,F) = 1, we can use 3.3 to simplify the Riemann-Roch
formula:

(i) If e, f # 0, then:

L e F e+ ).

1
X(E,F) = —incl(&]:) + 5ef

(ii) If e=0 and f # 0, then:

f

§KX01(5) — (i

X(Eﬂ}-): 9

+e1(E)er(F) + fea(E)).
(iii) If e # 0 and f = 0, then:

X(EF) = =S Kxer(F) = (5 + er(E)er(F) + eca(F)).
(iv) Ife = f =0, then (€, F) = —¢1(€)er(F).

3.5. Symmetrizing and Anti-symmetrizing of the Euler form yields for exceptional objects:
(i) x(&,F) = x(F, &) = —Kxar (€, F).
(ii) If e, f # 0, then x(&,F) + x(F, &) = 5(01(57]:)2 +e? + f2).
(iii) If e = 0 and f # 0, then x (&, F) + x(F, &) = —(f + 2¢1(E)er (F) + 2fca2(€)).
(iv) Ife ;é 0 and f =0, then x(,F) + x(F,&) = —(e + 2¢1(E)e1 (F) + 2eca(F)).
(v) If e = f = 0, then x(£,F) = x(F,€) and therefore x(€,F) + x(F,E) = —2¢1(E)ci(F). In
particular, if x(F,€&) = 0, then x(&, .F) —2¢1(&)er(F) = 0.
Note that for e = 0 (respectively f = 0), we have ¢1(E,F) = —fc1(€) (respectively = ecy(F)). In
the case that x(F,&) = 0, the formulas of Lemma 3.5 yield particularly nice formulas for the Euler
characteristic x (&, F).

Lemma 3.6: If £, F is an exceptional pair, then also F,E @ w™"' is and the following equality holds:
X(EF)+x(F,€ow ) =efK%

Proof. The first assertion follows by Serre duality. For the second assertion, we use 3.5 (i) and ¢1(F,E®
wl)=—c1(,F) —efKx. O

3.7. From 3.1, for any three objects £, F,G we get:
fcl(g7 g) = gcl(gv f) + 661(.7, g)
If moreover these objects form an exceptional triple, this equality transfers to the Euler characteristic:

Ix(&,G) =gx(&,F) +ex(F,G).

In order to obtain an exceptional triple from two exceptional pairs, we have the following compatibility
condition.

Proposition 3.8: Let &, F,G in D*(X) with e, f,g # 0 such that £, F and F,G form exceptional pairs.
Then E,F,G forms an exceptional triple (i.e. x(G,€) =0) if and only if c1(E, F) - c1(F,G) = eg.

Proof. By equation 3.4 (i) we have

S L @erre g,

x(G,€) = 5eg

a(G,€)+
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Using 3.1 and 3.5 we get:

x(G,&) =

—hx (ec1(G, F) + ger(F.E)) + ! (€®c1(G, F)? + g1 (F.€)* + 2egc1 (G, F) - e1(F,E)) + ¢ +g° =
9 1 ) 1 ) 2€f29 1 ) 1 ) 1 ) 1 ) 269

e fP+4% g e? + f? 1 e?+g*

?(X(gaf)i 2fg )+?(X(‘Fag>7 2€f )+Fcl(g7‘/—:)cl(‘/—:7g)+ 269 -

1

ﬁ(*QGQQQ + 2egc1 (G, F) - c1(F,E)).

Hence, we get x(G,€) =0iff ¢1(G, F) - c1(F,E) = c1(E, F) - c1(F,G) = eg. O

3.9 (Mutations). For an exceptional triple £, F, G, the Chern classes and Euler characteristic transform
for right mutation as follows:

Cl(‘Fv R]:(‘,‘) = Cl(gvf)7 Cl(R}—gag) = X(gaf)cl(]:ag) - Cl(gag)
Similarly, for left mutation, we get:
ci(LrG, F) = cai(F,G), (&, LrG) =x(F,G)er(E, F) —ci(E,G)

If e, f # 0, we have by 3.5 (ii) that x (&, F) = é(a+e2 + f?) where a = ¢1(€, F)?, and the rank formulas
of 2.7 specialize as follows:

2 2
ote  nd kRee= 2t

rk Le F =

4. EXCEPTIONAL SEQUENCES CONTAINING OBJECTS OF RANK ZERO

As we have seen in paragraphs 3.3 and 3.5, the Riemann-Roch formula does not allow a uniform
treatment of exceptional objects of rank zero as it does for objects of nonzero rank. Indeed, one should
consider such objects as associated with exceptional divisors of blow-ups, as indicated by a classical
construction due to Orlov.

Example 4.1: Let b : X — X be a blow-up with exceptional divisor E and let &, ...,&, be a full
exceptional sequence on X. Then by [Or193], Op(E),Lb*y, ..., Lb*E, is a full exceptional sequence on
X. Clearly, co(Og(F)) =0 and ¢1(€)c1 (Lb*E;) = 0 for all . It follows that x(Op(FE),Lb*E;) = —e; for

every i.

4.2. This example motivates that, ideally, the rank zero members of an exceptional sequence should be
orthogonal (at least in some appropriate sense) to the rest of the sequence. However, as we can see by
formulas 3.5, this is not an immediate consequence of the Riemann-Roch formula.

Let &1, ..., &, be a numerically exceptional sequence and denote Z1, ..., Z; the maximal sub-sequence
consisting of objects of rank zero. The following lemma shows that the Z; can never represent a semi-
orthogonal basis of Ky(X).

Lemma 4.3: Under above assumptions we have t <n — 3.

Proof. By Lemmas 3.3 (i) and 3.5 (v), the Chern classes ¢;(Z;) form an orthogonal system of vectors of
length —1 in CH*(X). Then t < n — 3 = rk CH*(X) — 1 by the Hodge index theorem. O

Given a divisor D, we can consider the twisted sequence &;(D),...,E,(D). For the sub-sequence of
the Z;, we observe the following fact:

Lemma 4.4: With above notation, there exists a divisor D such that co(Z;(D)) = 0 for every 1 <1i < t.
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Proof. By the multiplicative property of the Chern character, for every i we have ch(Z;(D)) = ch(Z;) -
ch(O(D)). From this we compute that co(Z;(D)) = c2(2;) — ¢1(Z;)D. As we have observed in the proof
of Lemma 4.3, the ¢1(Z;) form an orthogonal set of vectors of length —1 with respect to the intersection
form. Hence, we can always find a divisor D with ¢;(2;)D = c2(Z;) for all 4. O

Remark 4.5: Note that ¢;1(Z2;(D)) = ¢1(Z2;) for any D.

Now assume that we have an exceptional sequence of the form Z,&,,... &, with z = 0. By 3.5 (iii),
(v), we know that either x(Z,&) =0if e; =0, or x(Z,&) = —e;(1 + c1(Z)s(&;) + c2(Z)) otherwise,
where we write s(&;) for ¢1(&;)/e; € CHY(X)q.

Lemma 4.6: With above notation, we have ¢1(2)s(&;) = c1(Z)s(E;) whenever e;,e; # 0.

Proof. We have ¢1(Z,&;) = —e;c1(Z) for every i and hence by Lemma 3.5 (i), we get fx(Z,€) =
ex(Z,F). Then the assertion follows from 3.5 (iii). O

So, independent of i, as long as e; # 0, we can define:

Definition 4.7: With above notation, for some ¢ with e; # 0, we denote 6z := ¢1(Z2)s(&;) + c2(2).

In a sense, the presence of §z represents a “defect” of Z with respect to the rest of the exceptional
sequence which we would like to remove. By Lemma 4.4 we can twist the sequence with an appropriate
divisor such that arrange that ¢3(Z) = 0 (indeed we can take an appropriate power of O(F), where E
is a divisor representing c¢;(Z)). However, it is easy to see that dz is invariant with respect to twist and
this way we cannot get rid of it. We will spend the rest of this section to show that indeed dz = 0.

4.8. For this, we will consider the left-orthogonal complements E and & of Z in Ky(X) and D*(X),
respectively. The former is simply defined as the saturated submodule of corank one of Ky(X) which
is generated by the classes of the &;. Clearly, E coincides precisely with the classes of all objects F in
D’(X) such that x(F, Z) = 0. For the latter, we must be somewhat careful, as we are only dealing with
numerical exceptionality. By a result of Thomason [Tho97, Theorem 2.1], the objects whose class in
Ko(X) are contained in E do form a strictly full dense triangulated subcategory of D’(X). We define &
to be this subcategory. Note that both & and (&, ..., &,) generate E, but € is a strictly bigger category
in general.

Lemma 4.9: The linear form x(Z,—) restricted to E coincides with —(1+ dz) times the rank function
on E. Moreover, x(Z,F) = —(1+20z) rk(F) iff F is an object of €.

Proof. For any &;, we have x(Z,&;) = —e;(1+2dz) by 3.5 (iii), hence the first assertion follows. For the
second assertion, we can write the class of F in Ko (X) as k[Z]+[F’] for some integer k and some object F’
of €. As k[Z] = [2®¥], it follows that tk 7/ = F, but x(Z,F) = kx(Z, 2)+x(Z,F') = k—(1+25z) 1k F.
So, the second assertion follows. (Il

Now we determine, which line bundles O(D) are contained in €. We first observe that by the Riemann-
Roch formula, we have x(Z,0(D)) = —(142§z)—c1(Z)D for any divisor D. Hence we have the following
consequence of above lemma.

Corollary 4.10: A line bundle O(D) is contained in € iff ¢1(Z)D = 0.

‘We can now conclude:
Proposition 4.11: With Z,&,,...,&, as above we have —Kxc1(Z) =1 and 6z = 0. In particular, if
c2(Z) =0, we get ¢1(Z)e1(E;) =0 for all i.

Proof. We can assume without loss of generality that co(Z) = 0. Let D be a divisor with ¢;(Z)D = 0.
For some &; with e; # 0 we have x(Z,&;) = —c1(Z,&)Kx = e¢;c1(Z)Kx = —e;(1 + 26z) and hence
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—c1(Z2)Kx = (14 20z). Then by the Riemann-Roch formula 3.2 we get:

X(O(D), 2) = ~ 3 Kxer(2) ~ 5 — 1(2)D - ex(2)

1 1
= 5(1 + 252) - 5 - CQ(Z)
=Jz.

But because O(D) is an object of & by above corollary, we necessarily get x(O(D), Z) = 0, hence 6z = 0.
The second assertion is clear for e; = 0. Otherwise, we observe ¢1(Z)c1(&;) = e;(dz — c2(Z)) = 0. O

The following Corollary is an immediate consequence of 4.9 and 4.11.

Corollary 4.12: If c3(Z) = 0 then x(Z][1],—) coincides with the rank function on E.

5. TORIC SYSTEMS

In [HP11], exceptional sequences of invertible sheaves O(D;),...,O(D,,) have been considered. For
such sequences, so-called toric systems have been introduced, which represent a normal form for such
sequences. More precisely, a toric system is simply given by forming the differences A; := D; 1 — D; for
all1 <i<nand A, := Dy — D, — Kx. Such a toric system satisfies the following equations:

(i) 4;-A;1 =1 for all 4,

(ii) A;-A; =0 otherwise,

(ii) Y, A4 = —Kx.
In [HP11] the peculiar fact was observed that a toric system is equivalent to the data of a smooth
complete toric surface, which this way becomes a combinatorial invariant of an exceptional sequence of
invertible sheaves.

In this section we will extend the notion of toric systems to the case of general exceptional sequences.
This generalization will be straightforward for the most part, with two notable differences:

(1) It is necessary to pass to rational Chern classes, i.e. to an exceptional sequence we will associate
elements A; in a similar fashion, but they are now constructed as elements of CH'(X)g.
(2) Objects of rank zero cannot be treated uniformly together with objects of nonzero rank.

5.1. We start with an exceptional sequence &1, ..., &, where e; # 0 for all 4, which we assume extended
to a cyclic exceptional sequence. This in particular implies that ¢;(&;, Eiv1) = ¢1(Eite, Eir141) for all
i. Then the following are straightforward consequences of 3.8, Serre duality, and the Riemann-Roch
formula:

(i) c1(&i1, &) - e1(&i, Eiv1) = rimamiya for every i € Z.
(11) Cl(gifl,gi) . 01(6’]‘,1,(2‘) =0forl< |Z —j| <t—1.

5.2. For any object £ of D(X) of nonzero rank, we set s(£) := ¢1(£)/e € CH'(X)g. For any two such
objects £, F we set s(E,F) = s(F) — s(€) = s(RHom(E,F)). The intersection product extends in a
natural way to a Q-valued bilinear form on CH'(X)q, so that we can reformulate the equalities of 5.1
as follows:

(i) s(&i-1,&) - 5(&i, Eira) = 1/72,

(ii) S(gifl,gi) . S(gjfl,gj) =0forl< |Z —]| <t-—1.
Moreover, by s(&, 1) = 5(E,E1 @w™t) = 5(&,&1) — Kx, we have:

(111) Z::l 5(€iagi+1) = 7Kx.

5.3. Assume that we have an exceptional sequence &1, ...,&, and assume that one of the & has rank
zero. By choosing the appropriate winding in the cyclic sequence, we can always assume without loss of
generality that we have & = Z with z = 0. Then by Lemma 4.6, we have ¢1(Z2)s(&;, &) = 0 for every
1 <i<j<n. However,if say,1 —n<j<1l<i<nandi—j<n,then & = &4, ®w and therefore
5(&;,&) = s(Ej4n, &) — Kx, hence ¢1(2)s(€;,&;) = —c1(Z2)Kx =1 by Proposition 4.11.
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5.4. Now consider an arbitrary exceptional sequence &1,...,&,. Then we can partition {1,...,n} =
TI1J, where I = {i; < --- <4}, J ={j1 <+ < Jn-t}, and such that e; = 0 iff i € I. Then we set:

Ek 1201(5ik) fOI‘lSkSt,
Ay :=5(E;,,E,.,) for 1 <k<n-—t,

Ik~ Ik+1

An*t = s(gjn—t’gh ® w_l)

Clearly, the A; satisfy the conditions listed in 5.2 and it follows from from 3.3 (i) and 3.5 (iv) that
EJ2 =—land —KxE; =1forall jand E; - Ej, =0 for all j # k. Moreover, by 5.3, there exists for every
i € J precisely one k € J such that E;. A, # 0.

For easier notation, we give a formal definition for above data.

Definition 5.5: An abstract toric system on X is given by the following data:

(1) A collection of integral divisor classes F1, ..., E; with Ef = —1land —KxFE; =1 for all 7 and
E;-E; =0 for all i # j.
(2) A sequence of ranks rq,...,7,— € Z\ {0}.
(3) A sequence of Q-divisor classes Ay, ..., A,_; such that
(i) ryri414; is integral for every i,
(i) A;-Ajpq = % for every 1,
(iii) A; - A; = 0 otherwise,
(iv) Yoy Ai = —Kx.
(4) A function ¢ : {1,...,¢t} — {1,...,n —t} such that E; - A; # 0 if and only if j = ¢(¢) (and thus
E;- Agiy =1by (1) and (3iv)).

Note that the indices of the r; and A; are to be read cyclically; in particular, we have A,,_; - Ay = 1/r3.
A toric system is an abstract toric system which can be constructed from an exceptional sequence
&1,...,&, by the procedure described in 5.4.

Remark 5.6: In the following we will exclusively with actual (i.e. non-abstract) toric systems. In
[HP11, §2], some effort has been devoted to the inverse problem, i.e. the question whether for a given
toric system we can check implications such as vanishing of the x(O(—A4;)). However, contrary to the
case of line bundles, the association of toric systems to exceptional objects is not as straightforward at
this stage. Instead, our strategy will in the subsequent sections will be to reduce such question to the
case of sequences of rank one objects (see Remark 10.9 below).

Example 5.7: Consider the strongly exceptional sequence 7,O(2),0(4) on P2, where T denotes the
tangent sheaf. If we denote H the class of a line in CH'(P?), then the toric system associated to this

~

sequence is given by Aj, As, Az = %H, 2H, %H Now we take any point € P? and denote b : F; =

P2 — P2 the blow-up at x with exceptional curve E. For ease of notation we identify F with its class in
CcH! (F1). We also identify H with its pull-back in CH! (Fy). Completing to a full exceptional sequence by
adding Og(FE) we get Op(E),b*T,b*O(2),b*O(4). Then the toric system associated to this sequence is
given by the —1-divisor Fy = FE, the rational classes A1, Ay, A3 = %H, 2H, %HfE, and ¢ : {1} — {1,2,3}
with ¢(1) = 3. Now, by right mutating the pair Og(E), b* T, we obtain b*T, R, b*O(2),b*O(4). We have
X(Og(E),b*T) = —2, which implies tk R = —4. Moreover, we get s(b*T,R) = 1E and consequently
the new toric system consists of four rational divisor classes which are given by

ety _lponlu_p
4727 T g 2

6. TORIC SYSTEMS AND THEIR GALE DUAL

Let A=FEq,...,E, Ay,...,An_¢, ¢ be an abstract toric system.

Definition 6.1: The contraction A of A is given by Ay, ..., A,_;, where

Jle()=1



10 MARKUS PERLING

Both A and A give rise to subgroups of CH! (X)g given by A := (Ey,...,Ey, Aq,..., Ay_y)z and
A:=(Ay,...,A,_)z. Clearly, both A and A are finitely generated and torsion free Z-modules of rank
at most n — 2.

Proposition 6.2: tkA=n—2 andtk A=n—t — 2.

Proof. As the E; form an orthogonal system of divisors which by construction contain A in their or-
thogonal complement, it suffices to show that tkA = n — ¢ — 2. Starting with the observation that
the A;, and in particular A;, are all nonzero we will show by induction that Al, ..., A; are Q-linearly
independent for 1 < i <n—t—2. So, for 1 <i <n —t— 2 we assume that Al, . Al 1 are linearly
independent. Then, for any Q-linear combination B := Z; 11043/1], we have B - A;1; = 0. However,
we have A; - A;41 = r% # 0, hence A; cannot be contained in the linear span of A;,...,A;_1, hence

Ay, ..., A; are linearly Zindependent forall 1 <i<mn—t—2 and the assertion follows. O

6.3. Consider the structural linear maps ¢ : Z" — A and ¢ : Z"~* — A. That is, if we denote by, ..., b,
of Z"™ the standard basis of Z™, then we have ¢(b;) = E; for 1 < i <t and ¢(b;) = A;—; for t < i < n.
For Z"~* with standard basis b,...,b,,_,, we have &(b;) = A; for every i. We define a linear map
O 72"t — Z™ by setting @(b’) = bitt + D j|4(j)=i bj for every 1 <i <n —t. Then ® induces a linear
map ® : A — A with <I>(AZ) =A; + Zj\¢(j)=i E; for 1 <i < n —t. Clearly, both ® and ® are injective
and their image is saturated in Z"™ and A, respectively. We obtain the following commutative diagram:

0 M—ts7zn—t £ 5 4 0
R
0 M—Lsgn_< .2 ,
where M = 7?2 by Proposition 6.2. We can represent L and L as row matrices with rows Iy, . .. JAn €M

and I1,...,lh_y € M, respectively. The following proposition justifies the natural identification of the
kernels of L and L.

Proposition 6.4: Denote N := M™ and consider the dual maps

b
gn—t LN

where we consider the l; andji as column vectors in N. Then the map N — N in this diagram is an
isomorphism and maps l; to l; ¢ fort <i <mn andl; to lyyy for 1 <i<t.

In other words, both LT and LT give rise to the same set of column vectors, but some column
vectors of LT can be repeated. That is, every column vector l;,; appears with multiplicity (at least)

1+ [{j | o(j) = i}-

Proof. 1t is clear that the map N — N is an isomorphism. Now, we choose some FE; and observe
that E; and Ag;) are the only elements among Ei, ..., Ey, Ay, ..., A,y which are not contained in
the orthogonal complement of F; in A. That is, if we complete F; to a basis of A by choosing n — 3
appropriate elements in the orthogonal complement of E;, we obtain a matrix representation ¢ = (¢pq),
where for the i-th row (c14,...,cn;) we have ¢;; = 1, Cit+¢(5) = —1 and ¢ = 0 otherwise. This implies
that the i-th and ¢(i)-th rows of L satisfy the relation [; = [4(;). Furthermore, if we remove the i-th row
from L, it is straightforward to check that we can represent the cokernel by a matrix ¢/, whose columns
coincide with that of ¢, except that the i-th column is left out and the (¢ + ¢(i) — 1)-th column is the
sum of the i-th and (¢ + ¢())-th column. Applying this argument iteratively to every 1 < i < ¢ proves
the proposition. O

Example 6.5: In Example 5.7 a toric system was given with (—1)-divisor E and A;, Ay, A3 = %H, 2H,
%H — FE such that F - (%H — E) = 1. For the Gale dual, we obtain vectors l,l3,15,1l4 which for a
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suitable choice of basis can be represented as lo = (1,0), I3 = (0,1), Iy = Iy = (—1,—4), i.e. up to
latter multiplicity, the I; generate fan of P(1,1,4). The mutated toric system A, A}, A5, A) = iE, %H —
%E,2H, %H — F has Gale duals 11,15,14,1) which can be represented such that I}, = I, 15 = 3,1 = l4,
and I} = (3,—4). These I} can be interpreted to generate the fan of a weighted blow-up of P(1,1,4)
which has two singular points of order 4 and 16, respectively.

So, in both cases the [; are primitive lattice vectors and generate the fan of a complete toric surface.
It is easy to see that the singularities are T-singularities. We will show that this and the observation
that the multiplicity {; = l4 translates into a weighted blow-ups via mutation are general properties of
toric systems.

7. MOVING AROUND OBJECTS OF RANK ZERO

Let E = &;,...,&, be an exceptional sequence and denote E,..., FE, Ay,..., Ap_¢, ¢ its associated
toric system. As we have seen in the previous section, we can translate this data to a set of lattice vectors
Ii,...,l, in N 2 Z2. Our aim in this and the following sections is to show that these lattice vectors are
cyclically ordered and generate the fan associated to a complete toric surface. We start in this section
with investigating the “local” constellations of the [; and their behaviour under mutation by rank zero
objects.

7.1. We start with the behaviour of multiplicities of rays as observed in Proposition 6.4 under mutation.
For this, consider an exceptional triple £, Z, F with e, f # 0 and z = 0. By moving Z to the left
or right via mutation, we obtain exceptional triples Z, RzE, F and &, Lz F, Z, respectively. Using 3.9
and Corollary 4.12, we see that s(RzE&) = s(€) — ¢1(Z) and s(LzF) = s(F) + ¢1(Z). Thus we get
s(RzE,F) = s(E,LzF) = s(€,F) + c1(Z). If we can extend our exceptional triple to the left, say,
i.e. we have an exceptional sequence D, &, Z, F with d # 0, then we get furthermore that s(D, LzF) =
s(D,E)—c1(2). The following proposition shows that this simple modification of Chern classes translates
in the Gale dual picture to a “hopping” of multiplicities.

Proposition 7.2: Assume that E; has rank zero for some 1 < k < n and let 1 < i < t such that
E; = c1(&). Consider the mutations LyE and Ry_1E. Then the corresponding toric systems are given
by EYy,...,El, A, .. AL (for LkE) and EY ... B AL, ... AL ¢ (for Rp_1E), where
(i) If ex41 = 0 (resp. ex—1 = 0), then E} = E;1, B | = E; and E; = E; otherwise, A; = A; for
all j, and ¢' = ¢ (resp. E!' | = E;, E}' = E;_1 and E] = Ej; otherwise, A} = A; for all j and
" =9).
(ii) If ex+1 # O then B = E; for all j, A

= A¢(2) + E;, A = A¢(i)+1 — FE;, and A; = Aj

:ﬁ(i) @(i)+1
otherwise. Moreover, ¢'(5) = ¢(j) for j #1i and ¢' (i) = ¢(i) + 1.
(iii) If ex—1 # O then E} = Ej for all j, A;)(i)_l = Ayiy-1 — B, A:l)(i) = Ay + Ei, and A} = A;.

Moreover, ¢'(j) = ¢(j) for j #i and &' (i) = ¢(i) — 1.

Proof. (i) Any Mutation of a pair £, F with e = f = 0 yields a pair F’,&’, where [£'] = [£] and [F'] = [F]
in Ko(X) so that on the level of toric systems nothing happens except that F; gets exchanged with its
(left or right) neighbour. The assertion correspondingly just reflects the reshuffling of data.

(ii) We have already seen in 7.1 that the A; behave in the described way (in particular, the A; for
J # ¢(i), #(¢ + 1) remain the same). Also, as the sequence of E;’s remains constant, the function ¢(¢)
changes as described.

(iil) follows completely analogously to (ii). O

(

7.3. In the Gale dual picture, we obtain (for the left mutation, say) I3, ...,l;,, where I; = [; for every

J # i and [} either coincides with I; = ly(;) (if ex—1 = 0) or with l4¢;, (if ex—1 # 0). This can be seen
easily by our analysis of Proposition 6.4 and the observation that the contractions Ay, . A,y and
fl’l, ceey fl;%t coincide. In other words, moving a rank zero object in an exceptional sequence to the
left by mutation has the effect that the corresponding multiplicity either remains the same or hops one
position to the left. Similarly, moving a rank zero object to the right yields a hop of multiplicity to the
right. This is very convenient, as it tells that we can without loss of generality move around the rank
zero objects without any effect on a combinatorial level (e.g. we can without loss of generality assume
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that ¢ is constant, that is, the rank zero objects form an uninterrupted sub-sequence anywhere in the
sequence). In particular, we can pretend in many situations that the I; have no multiplicities at all.

8. LOCAL CONSTELLATIONS

In order to simplify notation and to reduce the number of trivial caveats, in this section we will make
the assumption that our exceptional sequence E = &, ..., &, contains no objects of rank zero (and hence
we can identify the [; with the l;) In the spirit of 7.3, “up to multiplicities” the results extend trivially
to the general case.

8.1. We denote a; := e?e?,; A?. The intersection product in CH'(X) induces a bilinear form on A.
For any A;, we denote A the orthogonal complement of A; in A with respect to this form. Clearly,
At contains all A; for j ¢ {i —1,4,i + 1} and therefore the quotient A/A* is isomorphic to Z and
AJ(A; € ALY, 2 7@ F where F 2 AL /(A; € AL)y is finite. By restricting the structure map Z" — A
to the subspace generated by the (i — 1)-st, i-th and (¢ + 1)-st standard basis vectors, we obtain a
surjection Z> —» Z @ F. Dualizing then yields an exact sequence

T T
Ci—1,i,i4i Li—l,i,i+1

73 N F 0,

0 Z

where it is natural to identify L7, ;. , with the submatrix of L” consisting of the (i — 1)-st, i-th,
and (i + 1)-st row. With this identification, it follows that the vectors l;_1,1;,l;+1 generate a sublattice
of order |F| of N. Moreover, we have ¢;_1,;;41 = (r,8,t), where r = det(l;,li+1),s = det(li+1,li-1),
t = det(l;—1,1;). Note that gcd{r,s,t} = |F|. The values r,s,t are determined in the following lemma.

Proposition 8.2: We have (det(l;,1;11),det(lit1,1;-1),det(l;—1,1;)) = (ef,ai,ea_l).

Proof. The projection A — Z & F induces a Q valued bilinear form on Z & F. This form vanishes on the
torsion part and, projecting further to Z, we can represent this form by a rational number q. We denote
A;_1,A;, Aj1 the images of A;_1, A;, A;y1 in Z. We distinguish the cases a; # 0 and a; = 0.

In the case a; # 0, we denote g := ged{r, s,t}. Then we have A;,_1qA; = 1/e?, AjqA; = a;/e? el ,
and A;qA; 1 = 1/€? 1~ Without loss of generality, we can write ¢ = x/ ae?e3 for some x € Q and evaluate
Aioy = €ly, A; = a;y, and A; 41 = €,y with z = y?. But, as the A’s are integral and generate Z, we
get x = 1/g. For the dual map this yields ¢/ |, ;. = (€7, a;,€7,,).

The case a; = 0 follows analogously, where we set g = ged{r,t} and ¢ = 1/e?e?+1. [l

Corollary 8.3: For every i the pair l;,1;11 is positively oriented (i.e. det(l;,l;11) > 0) and generates
a strictly convex polyhedral cone in Ng. FEvery triple l;_1,1;,lix1 generates a fan which contains two
2-dimensional cones which intersect in the common facet Q>ol;.

Proof. The first assertion follows from det(l;,l;11) = ef > 0 for every i. This also implies that [;_; and
l;+1 lie in opposite half spaces with respect to the line QI;, hence the cones generated by [;_1,l; and
l;,li11, respectively, intersect at the common facet Q>¢l; and therefore form a fan. O

As the following lemma shows, the case a; = 0 corresponds to a very special configuration.

Lemma 8.4: Ifa; =0 then el = e?, | and l;_1 = —li1.

2 2
Proof. By 3.5 (ii) we have x(&;,&i41) = St If we denote g = ged{e;,ein}t and € = e;/g,

€i€it1
2 2
(e)’+(eiqy)

€iy1 = €ir1/g, then we get immediately x(&;, Eiv1) = But then ¢} divides (e},)? and

eje; g
e, divides (¢})%. But because ged{e}, €}, ,} = 1, this implies (¢;)?> = (€},,)?, hence €7 = €7, . For the
second assertion, observe that the relation e? 1l + €2l;11 = 0 holds. O

We want now describe what happens to the vectors [; if we perform a mutation of the sequence E.
If we apply a mutation L;E or R;E, then we can construct by above procedure a sequence of vectors
I,...,11, € N', where N’ is the dual of the structural morphism ¢’ corresponding to the new toric system.

The following lemma shows that in terms of the [;, the effect of mutation is local.
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Proposition 8.5: With above notation, we can naturally identify N with N' such that l; = 1; for all
jAi.

Proof. Without loss of generality, we only consider left mutations L;E; the case of right mutations then
follows analogously. On the level of toric systems, the effects of such a mutation can be described by
the formulas of 3.7 and 3.9. For this, we distinguish two cases, depending on whether R :=r1k Lg, €11 is
nonzero or not.

In the first case, we obtain a toric system A},..., A}, where A]_| = A;_; — “FLA;, A] = “HL A,
Al = Ai+ Aigq, and A} = A; otherwise. In partlcular (A%, ..., An>Z contains all A; with j # 4,7+ 1.
As we have seen in Propomtlon 6.2, these A; are linearly independent and therefore form a Q-basis of
CHI(X )g- By rescaling these basis vectors by a factor i, we can represent the Q-linear extension of

the maps ¢ and ¢’ in 6.3 by the following matrices:

e3  ap e 0 - 0 €3 — %2ay  Gay as + €3 0 -+ 0
2 e [ 2
- 0z Y2 €3 0 .y — BT Fxa T3+ Y2 €3 0
2 e e 2
0 Tn—2 Yn—2 0 €5 _ﬁxn72 ﬁlﬂan Tp_2 + Yn—2 0 €5

where by cyclic renumbering we assume without loss of generality that ¢ = 2. The entries z;,y; are
determined by the relations z;ls 4+ y;ls + €3lj42 = 0, in particular we have x; = det(l3,/j42) and
y; = det(lj41,12) for every j. Consider first the case as # 0. Then [ = —( 210 + R%1%). Now it follows
from a direct calculation that the we can represent the Gale transforms ll, co by 1,1, 15,000y, in
particular, we have ly = Z1(ejly + R?l3). In the case ag = 0, we use any row with z; # 0 in order to find
the representation 1, = Iy 4 2l;. As before, we check that we can represent l},...,1I) by l1,15,15,...,1,.

In the second case, our toric system is given by Ei, Aj,..., A}, _;,¢, where A} = A; for j < i,
A = Ai+ Ay A = Ajy for j > 4, and ¢(1) = i — 1. By similar arguments as in the proof
of Proposition 6.4, we can con conclude that effect of the mutation is that the vector I; “hops” onto
li_1. U

We can now prove that the /; indeed are primitive vectors.
Proposition 8.6: The l; are primitive lattice vectors.

Proof. Assume there is one [; which is not primitive. Without loss of generality, we cyclically renumber
the sequence such that ¢ = 1. Then 11 = pl1 for some ¢t > 1 and l1 is a primitive lattice vector. Then
p divides both €2 = det(l,l1) and e3 = det(l;l3). Now for every i > 3 with e; # 0, we can perform
right-mutations in order to move &; to the left:

1,8, Re,&ay ..y Re, & 1,815+, En

As these mutations do not alter I, and [y, the exceptional pair &;,&; corresponds to rays l,,l1,15
and e? = det(ly,15). Therefore p divides €? as well, and hence we get ged{e?,...,e2} # 1 and thus
ged{er,...,en} # 1. But this contradicts the fact that the rank morphism from Ky(X) to Z is surjec-
tive. (]

Another special configuration arises if Lg,E+1 or Re,, ,&; has rank zero.

i+1

Lemma 8.7: Ifrk Lg, &1 = 0 then efli,l — e?li + e?li+1 =0. IfrkRe
4
€; li+1 =0.

E =0 then €?l;_1 — e2l; +

i+1

Proof. We only prove the first equation. Observe that 0 = vk Lg,&41 = Xx(&;, Eiv1)ei — €41 by 2.7 and
X(&i,Eiv1) = x(Lg, Eiv1,E) = —e; by Corollary 4.12, hence ;11 = —e? and a; = —e? and the statement
follows. [l

Remark 8.8: As remarked at the beginning of this section, in order to simplify the presentation we
considered only the case where our exceptional sequence contains only objects of nonzero rank. Given
an arbitrary sequence, we can always produce such a sequence by mutation. More precisely, by 7.3, we
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can assume that e; = 0 for 1 < i < ¢ for some 0 <t <n—3 and e; # 0 for t < i < n. Then by right
mutation, we can produce a sequence

gt+1,R£t+1(€1, .o -7R€t+1gt7gt+27 oo ,gn

with rk Re,,, & = —e?,; # 0 for 1 < < t. The local configuration of the new [; then arises iteratively
from Lemma 8.7. In the case e; = £1 this corresponds (at least locally, so far) to a series of smooth toric
blow-ups (see also Remark 11.4)

..1&i- The Chern classes
(&, Eiv1) are all collinear to ¢;(&y, &) in CH'(X)g, where the proportionality is successively given by
the quotients of ranks e;/e;11. These ranks are determined in the following proposition which generalizes
a similar statement by Rudakov [Rud90, §4]. It is not needed in the rest of this paper but it might be

of some general interest.

For any exceptional pair &, &1, we define inductively for i > 0 &2 = Rg

Proposition 8.9: Let &, &1 be an exceptional pair with x(Ey, £1)% > 4 and for i > 0 define inductively
Eiv2 = Re, & Moreover, denote ax = 3(x(€o,&1) £ \/x(Eo,E1)? —4) the roots of the polynomial
22 — x(&y,E1)x + 1. Then for i > 2 we get:

aijl — o't aly —ab

= — o,E1)e0 — e1).
€ ar —a €0 a+—a_(X(O 1)60 61)

Proof. We set x(&y, 1) =: x. Then we have the following recurrence relation for ¢ > 0:
€i+2 = X€i+1 — €.
By forming formal power series in a variable x on both sides and rearranging terms we obtain:

S i = 20 0o

2 _
>0 T xzr+1

The denominator on the right hand side has two zeros at

1 1
ay = i(xi VX% —4), where a_ = —,

ay
which gives a partial fractions expansion:
(e1 —xeo)r +eo A B

22 —xr+1  l—ayz 1-—oa_z’

with
A (e1 — xeo) + Oé+€07 B— (e1 — xeo) + a-¢o
ayp — o a_ — o4

Now, the assertion follows from expanding the geometric series for (1 — aqz)~!. O

Remark 8.10: For the five remaining cases x (&g, £1)? < 4, we can directly use the first equation in the
proof of Proposition 8.9 end get the following results by induction.

_1yi/2 :
(i) If x(&),&1) =0 then e; = {E—g(i—f?ﬂel :; z z\(';na
(—=x(&0, 1)) 3eq for i = 0(3)
(11) If X(g(),gl)z =1 then €; = (—X(go,gl))(i_l)/3€1 for i = (3)
(—x(€0, &) 72/3(x (&, €1)er —e)  for i = 2(3)

(iii) For x(&o,&1) = 2 we get e; = iey+eg(1—i) and for x(Ey, E1) = —2we get e; = (1)1 (ie; —eo(1—1)).
Funnily, we have a periodic behaviour for x(&y, £1)? < 1.
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9. MUTATIONS

In this section we consider an exceptional pair £, F with e, f # 0 and a := ¢1(€, F)?. We assume that
this pair can be extended to an exceptional sequence of length n, £, F,&5,...,&,. Then the set of Gale
duals of the associated toric system contains primitive lattice vectors l.,[,ly € N such that the following
relation holds:

fPle +al+€*ly = 0.
Note that by Proposition 8.6 and Lemma A.5, l., [, are essentially uniquely determined by the integers
62) a7 f2 *
9.1. As in Definition A.2, we have circumference segments p. := I — l., py := Iy — [ and reduced
circumference segments g := %, q5 := %. It is also convenient to define
We :=e€qe, and wy:= fgqy.

Using 3.5 and 3.9, we immediately get the following formulas:

det(we, wy) = i(a—I— e+ f?) = x(&, F),

ef
2
det(wy,le) = L—;e =1k L¢ F,
2
det(we, 1;) = oI xRy,
€

Note that mutation can change the orientation of the w’s with respect to the p’s and ¢’s.

In our subsequent analysis, the circumference segments will play a crucial role. We start with the
following observation.

Lemma 9.2: Both w. and wy are integral.

Proof. After a choice of coordinates we can assume without loss of generality that I, = (1,0), | = (z,€?),
l = (y,—a) for some integers x,y. Then v, = (z — 1,€?) and vy = (y — ,—a — €?) and efx(E,F) =
det(ve,vf) = €%(1 —y) —a(x — 1). So, in particular, e divides a(z — 1) and therefore e divides a - v.
Moreover, as e divides a + f2, it also divides (a + f?)v. and therefore also f2 - v.. Hence, e divides
ged{a, €2, f?} - v.. Now, via mutation, we can replace F by any & with e; # 0. In the fan, this leaves
le, | and v, unchanged, and we obtain analogously that e divides ged{c;(€,&;)?, €2, e?} - ve. So we get
that e divides ged{e?, f2,e? | e; # 0} - v.. But ged{e?, f%,e; | e; # 0} = 1 and the assertion follows for
w, and, by exchanging the roles of £ and F, also for wy. (|

As we have seen in Proposition 8.5, the effect of mutation is local in the sense that if we apply a
mutation to the pair £, F, say, then the triple l.,,l; gets transformed to a triple l.,!’,l; and the other
l; remain constant. The transformation of [ to I’ can be described nicely with help of the circumference
segments. We consider the mutated pairs F, R€ and LeF,E, by which [ gets transformed to some I’
and [”, respectively, which satisfy the following relations:

a—+ f?
(™

? a+e?\’
) le+al'+fl;=0 and €. +al"+ ( 7 ) l; =0.
We then get the following transformation formulas.

Lemma 9.3: We have ! = Iy + at’ﬂwe = lo + f(det(we, wy)we + wy) and 1" = 1. — %wf =
Iy — e(det(we, wy)wys 4+ we).

Proof. We only prove the formulas for I’; the case I” then follows analogously. By A.5, I’ is completely
2
determined by a and the volumes f2 and (#) relative to Iy and [, respectively. Then the first

equality follows from

2 2\ 2
det(ly + aif We, lf) = <a;e ) and  det(le,lf +

a+f2we) =f2,
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which both are immediate consequences of formulas 9.1. The second equality follows from a simple
rearrangement of terms. O

For x(€,F)? < 1 we see that the transformations of w, and wy reflect the periodic behaviour we have
observed in Remark 8.10. For x(&,F)? > 4 we observe the following.

Corollary 9.4: With above notation, consider the pair F,RzE and assume that x(E,F) # 0. If
rk RrE # 0, then we and wy transform in the sublattice which they generate by the matriz (X(gl’]'—) _01),

Ifrk Le F # 0, we and wy transform as and (_01 X(g{]:))

i

Remark 9.5: For x(&, F)? > 4, Corollary gives us a nice method in order to compute the terms e

o ——

of Corollary 9.4 for & = £ and & = F. It follows by induction that for i > 1, Zi:z: coincides with the
upper left entry of the (i — 1)-st power of the matrix (X(“:l’}—) _01)

The following statement is less nice but stronger, as it in particular implies that w. and w; do not
change their lattice length in N under mutation.

Lemma 9.6: We have det(we, wy)we +ws = Gwy and det(we, wy)ws+we. = G'w, for G,G" € GLz(N).
In the case that x(E,F) #0 and tk RxE # 0, .

Proof. We consider only the first equality; the second equality follows analogously. By construction,
det(we, wff)we +wyp = %(l’ —l.) which is a lattice vector by Lemma 9.2. We show that its lattice length
coincides with that of w¢, which then implies the assertion. For this, we consider the exceptional triples
&o, F,RrE and Lg &, &, F (for simplicity, we assume that eg # 0, which can always be arranged). In
the first case, the exceptional pair &, F gives rise to a relation f2l,,_1 +bl. +e3l’ = 0, and in the second
case we get f2I, + bl + €3ly = 0, where [/ is the mutation of I, corresponding to Lg,E. As the triples
ln—1,lc," and I,1,1; correspond to the same triple of volumes f2,b,€3, it follows by Lemma A.5 that
I'—1l.=G-(ly —1) for some G € GLz(N), which implies the assertion. O

9.7. We have seen that the value éx(g,}') = det(ge, qf) = afjftfz measures the convexity of the
configuration of lattice vectors [, [,l¢. More precisely, we have three possibilities:

ate?+f2>0 (convex),
at+e+f2<0 (concave),
at+e?+f2=0 (flat).

Definition 9.8: According to above inequalities, we call an exceptional pair £, F with e, f # 0 either
convex, concave, or flat. We call the value a + e? + f? the convezity of the pair &, F.

The following lemma shows that very often we can reduce the convexity of an exceptional pair by

mutation.

Lemma 9.9: Let £, F be a convex exceptional pair and assume that a < 0. Then either (tk Le F)? <
max{e?, f2} or (tk Rz&)? < max{e?, f?}.

Proof. We can assume without loss of generality that 0 < e? < f2. Then we have to show that both
2 2
aJ}e < f and —aJ}e < f, which both follow trivially from the assumptions. O

9.10. In particular, the lemma implies that for any convex pair with a < 0, we can obtain by mutation
a sequence of exceptional pairs where both the maximal rank as well as the convexity strictly decrease
until either we arrive at a concave pair or one of the exceptional objects acquires ranks zero.

9.11. Moreover, observe that flatness implies a < 0 and that mutation preserves flatness. In particular,
we have rk LeF = —f and tk Rx€ = —e and it can never occur that iterative mutations of a non-flat
pair can result in a flat pair.
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Corollary 9.12: Let &1,...,&E, be an exceptional sequence, then we can produce by mutation an excep-
tional sequence Z1,..., 2y, F1,...,Fn_t such that the Z; have rank zero and for any 1 < i < n —t, if
Fi, Fix1 ts not a concave exceptional pair then Af > 0, where A; is the corresponding element of the
reduced toric system.

Proof. We iterate the following procedure.

1) Choose any pair &;,&; with i < j and e;, e; # 0 such that e, = 0 for all i < k < j. If &, &; is a convex
pair and ¢;1(&;, E+1)? < 0 then continue with steps 2) and 3).

2) Move all & for i < k < j, to the position left of £; via right mutation. We denote Re, - Re
&!. The resulting pair £/, &; is still convex and (rk &/)? = €.

3) We iterate mutations as in Lemma 9.9 and successively minimize the maximal rank of the resulting
mutated pairs until either the pair becomes concave or a mutation results in an object of rank zero.

51' =:

i+1

We repeat these steps until the resulting sequence does not contain any concave pair &, &; with ¢ (&;,
&-H)Q < 0. As we minimize the absolute value of ranks it is guaranteed that this iteration will terminate.
We then finalize this procedure by moving all rank zero objects to the leftmost range. (I

10. THE GLOBAL PICTURE

So far, we have established that the Gale transforms of a toric system at least locally represent the
data of a complete toric surface. That is, by Corollary 8.3 and Proposition 8.6, every triple l;_1,1;,l;+1
generates a fan with two maximal cones which intersect in a facet such that l;_1,l;,[;11 are the primitive
vectors which generate the 1-dimensional cones. In this section we want to show that all the [; indeed
form the set of primitive vectors which generate the fan of a complete toric surface. For this, we can
start with the two cones o1, 09, generated by, say, l1,l2,l3. Then clearly, we can try to add a third cone
o3 generated by I3 and 4. By construction, this cone lies in counterclockwise direction from the first two
cones, and we know that o, and o3 again form a fan with two maximal cones. However, so far we do not
have any information on whether o1, 03, o3 fit together to form a proper fan. For this, we would have to
prove that either oy N o3 = {0} or 01 Nog = Q>¢l; (which implies [; = l4). Similarly, if we successively
add o; = (l;,li+1)0-, in counterclockwise fashion, we have to show that o; obeys the correct intersection
properties with the previously added fans.

The only possibility that this construction can violate these intersection properties is that for some
3 < ¢ < n, the intersection o1 No; is a two-dimensional cone by itself. Then o4, ..., 0; cover all of Ny for
some i < n without closing up to a proper fan. Continuing this way, we would end up with a sequence
of cones which in counter-clockwise order cover Ng several times by “winding” around the origin until
finally o, and o7 close up these windings via the triple [,,, 11, l3. We are going to show that there indeed
can only be one winding.

10.1. We first observe that the number of windings does not depend on the existence of objects of rank
zero among the &;. Indeed, if e; = 0 for some ¢, we can use mutation to produce a sequence which only
contains objects of nonzero rank. As we have seen in Lemma 8.7, this is a completely local operation
which cannot change the number of windings. Therefore we may start without loss of generality with
the case that e; # 0 for all ¢ and our toric system therefore consists only of Aq,..., A,.

10.2. With notation from the previous section, we consider now the case n = 3. Then we have one
single relation €3l; + €3l + e?l3 = 0. The problem of additional windings does not occur in this case and
we obtain the fan of a weighted projective space P(e?,e3,e2). In that case, we have (A, As, A3)g = Q
and (c1(&;, Eiv1 |1 =1,2,3)z = Z, where under a suitable identification (and possibly shifting the &; in
DP(X)), we can assume that —Kx = 3 and ¢ (&;,E41) > 0 for all i. Then from

Cl(gi—la 51) . 61(51',5z'+1) = €i—1€i+1
for i =1,2,3 we get
C1(5¢71,5i) = €41

for any 7. Now, via the identity

x(&i-1,&) =

(Cl(gi_l,gi)Q + 622,1 + 6?) = _Kxcl(gi—lagi)

€i—1€;
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with ¢1(&;-1,&;) = ;41 and —Kx = 3, we see that the e; satisfy the Markov equation:
el + €3 + e3 = 3ejeqes.

This reproduces a well-known result of Rudakov [Rud89] for P? from a purely combinatorial perspective.
It is also a combinatorial variant of results of Hacking [HP10, Hac13] which gives a correspondence of
the construction of exceptional sequences on P? to Q-Gorenstein degenerations of P? whose exceptional
fiber is a weighted projective spaces P(e?, €3, e3), where the e; satisfy the Markov equation.

We have seen in Section 8 that the self-intersection numbers A? (respectively c1(&;, Ei+1)?) encode
convexity properties among the [;. Indeed, the case n = 3 is special, because A? > 0 for i = 1,2,3. More
generally, we have the following lemma.

Lemma 10.3: Let n > 4.

(i) Assume that A? > 0 for some i, then there exists at most one other A; such that A? > 0. Then j
1s eithert —1 or i+ 1.
(it) If A7 =0, A3 =0, and A; - Aj =0 then j =i+ 1 and n = 4.
(iii) If A? = A?_H = 0 for some i, then either n = 4 and A? =0 for all j, orn >4 and Af < 0 for all
j£d,i+1.

Proof. We first remark that CH* (X)g is a metric space with respect to the intersection product which
has an orthogonal decomposition CHl(X Jo & CTL C~ into positive and negative definitive part. By
the Hodge Index Theorem we have dimg Ct = 1 and dimg C~ = n — 3. Up to cyclic renumbering let
us now assume that A3 > 0. Then clearly A; and C~ generate CH'(X)g as a Q-vector space and for
every i we can write A; = a; A1 + n; for some a; € Q and n; € C~. Now, for any 2 < i < n we have
0=A;-A; = Ay - (A1 + n;) = a;A? + An;, hence a; A? = —Ajn;. Now, for 2 < i < n we compute
AZZ = (OéiAl + n¢)2 = OZEA% + 20&1141 s n; + nf = Oéz'Al . (Oéz'Al + 2774) + TL? = OéiAlAi + oaiAlni + TlZZ
= a;A1n; + n? = —a2A? + n? <0, as both —a?A? < 0 and n? < 0. If A7 > 0 then this inequality
is strict for every 7. This leaves only A; and A,, which can have positive self-intersection number. But
because n > 4, we also have A - A,, = 0. So if one of A,, A, has positive self-intersection, then we can
argue as for A; and conclude that the other must have negative self-intersection and (i) follows.

(ii) The same computation leads to A? = n? = 0, hence n; = 0 and thus A; = a; A;. Then A;- Ay # 0
and A; - A,, # 0, which is only possible if n = 4 and i = 3.

(iii) We know from (i) that there cannot be any A; with A2 > 0. If there exists a third A; with
A? =0, then A;-A; =0o0r A;-A;11 = 0 and by (ii) this implies n = 4 and [y = —I3, Iy = —l4 by Lemma
8.4. O

Remark 10.4: Note that the arguments of Lemma 10.3 also apply to reduced toric systems Ay, ..., A,_4,
because the positive definite part of (A;,..., A,_¢) is at most one-dimensional. That is, whenever we
will create rank zero objects by mutation of our original sequence, above estimates on the number and

configuration of objects non-negative self-intersection apply also to the resulting A;.

10.5. The case n = 4 still exhibits some nice symmetry. Clearly, we have c;(&;,Ei41)? = det(liy0,1;) =
—det(l;,li12) = —c1(Eiya, Eivs)? for every i. In the case that I; = —l; 15 for some i, we get by Lemma
8.4 that e7_; = e? and €2, = €2,,. Then 8 = K} = Z?zl A2 = 4(6% + i) and thus e? = 1 for all 4.
That is, the [; generate the fan of a Hirzebruch surface and we recover a special case of the corresponding
result for exceptional sequences of line bundles as was proven in [HP11, Theorem 3.5]

If no two opposing [; exist, then it is elementary to see that the I; can produce only one winding and
for some i we have A?_27 A?_l > 0 and A?, Af_H < 0. The two pairs &;, ;11 and &;41, 42 also cannot
be both concave, because otherwise the positive span of the /; could not generate Ng. This means that
whenever there is no opposing pair [;’s, we can use Lemma 9.9 in order to decrease the maximal rank of
a concave pair. By iteration we will eventually end up in one of two cases:

1) We produce a pair of opposite I; and therefore obtain an exceptional sequence of objects of rank one.
2) We produce a sequence of the form Z,F;, Fo, F3 with 2 = 0 and f2 > 0 for i = 1,2,3. For the

corresponding reduced toric system A;, Ay, As it follows analogously to 10.2 that the f; must satisfy
the Markov equation fZ + f2 + f2 = 3f1 fafs.
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As for the case of P? (and with an eye on 7.3), it follows that we can mutate the F; further such that
we end up with an exceptional sequence Z', Fi, F}, F4 with 2z’ = 0 and f{2 = 52 = §2 = 1. By
another right-mutation we obtain JFj, Ry, Z', F2, F3 such that every element has rank (+) one. The
corresponding smooth toric surface can easily be seen to correspond with the first Hirzebruch surface.

So we have reproduced a result of Nogin [Nog91, §3] which states that every exceptional sequence on
a Hirzebruch surface can be mutated to a sequence consisting of objects of rank one (see also Example
10.10).

Proposition 10.6: Let &1,...,&, be a numerically exceptional sequence with associated reduced toric
system Ay,..., Au_y. Then the Gale duals Zl, .. -7l~n—t generate the fan corresponding to a complete
toric surface such that the l; span the rays in this fan and the mazimal cones are generated by L, l~i+1 for
1<i<n-—tand ZNn_t,Zl.

Proof. By Corollary 9.12, we can produce by mutation an exceptional sequence Z1, ..., 25, F1,...,Fn_s
with s > ¢ and associated reduced toric system By, ..., B,_g, such that any exceptional pair F;, F;t1
(where we read the indices cyclically modulo n — s) with B,L-2 < 0 is concave. We denote k1, ..., k,_s the

Gale duals of the B;. The cases n — s < 4 have been covered in 10.2 and 10.5, so we assume n > 5. It
follows from Lemma 10.3 that there exist at most two B; with BZ > 0 which then must be adjacent.

Now consider any subsequent B;, Bj41, ..., Bj, such that B?_W < 0 for all 0 < j/ < r. Then the
sequence of circumference segments pj,...,pj4+,r is non-convex with respect to the origin, i.e. for any
0 < j’ <, the vector kj;4; is contained in the convex hull of 0, kj4;/_1, kj+;/+1. But this implies that
all the k; ;- for —1 < j' < r are contained in the same half space whose boundary is given by Qk;_;. In
particular, k;_; is the only one which is contained in the boundary.

With this observation it follows that there must be at least one B; with BZ > 0, say By, and By, ..., B,
is the maximal sequence with B? < 0, where j = 2 or j = 3. This implies that all cones except for
possibly two (if j = 2) or three (if j = 3) are contained in a half space and it follows from elementary
geometric arguments that we cannot produce more than one winding this way.

Now, as we have argued 10.1, we can conclude that also the original reduced toric system does not
produce more than one winding and the assertion follows. U

Corollary 10.7: Let &y,...,&, and Z1,..., 2, F1,...,Fn_¢ be numerically exceptional sequences as in
Corollary 9.12. Then either t = n—3 and f1, fo, f3 satisfy the Markov equation of 10.2 ort =n—4 and
the F; are objects of ranks +1. In particular, any exceptional sequence can by mutation be transformed
into an exceptional sequence consisting only of objects of ranks +1 and 0.

Proof. The assertions follow from the proof of Proposition 10.6 and the elementary observation that for
n —t > 4 our exceptional sequence always contains a convex pair &, ;41 with ¢;(&;,E41)? < 0. Hence,
the procedure of Corollary 9.12 always results in an exceptional sequence with n —¢ < 4. Then we can
conclude as in the last part of 10.5. O

The following theorem can also be considered as a corollary of Proposition 10.6 and Corollary 10.7.

Theorem 10.8: Let X be a (rational) surface. Then any numerically exceptional sequence on X can be
transformed by mutation into a numerically exceptional sequence consisting only of objects of rank one.

Proof. By Corollary 10.7, every sequence can be transformed into an exceptional sequence of objects of
ranks one and zero. To this sequence is associated the fan of a toric surface which is given by the Gale
duals Iy, ...,l,—; of the associated reduced toric system. By assumption, we have det(l;l;11) = 1 for all
i, hence the toric surface is smooth. If we instead consider the Gale duals of the unreduced toric system,
we obtain by Proposition 6.4 the same fan, but where the rays come with possible multiplicities, i.e. if
&i,Eit1,...,&; is a sub-sequence for i < j such that e, = 0 for all ¢ < k£ < j, then the multiplicity of the
Gale dual of the reduced element s(&;) —s(&;) + Zi;iﬂ ¢1(&) is j —i. For any pair &;, ;1 with e; = 0,
we have 1k Lg, &1 = —e; and rk R, & = —e;41 (and similarly if e;1; = 0). We have seen in Section
7 the mutation from &;,&11 to Lg,Ei+1,E; leaves the associated fan unchanged, except for a possible
exchange of multiplicities. On the other hand, if e;11 # 0, then the mutation to &1, Re,, & yields a
new object of rank +1, and the associated fan obtains a new primitive vector I’, whose position is given
by the relation €2, 1, — e?, 41’ + €}, 11541 for the corresponding 1 < k < n —t, and with e, ; =1 we get
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I =l + lgy1. That is, the right mutation yields a bigger fan which corresponds to a toric blow-up of
the original fan. Similarly, if e; # 0 and e;+1 = 0, then left mutation results in a blow-up as well. Now
we can iterate the following two steps of mutations &, &1 to Lg, &1, & (respectively &1, Re,,, &;):
1) If e; = 0 (respectively e; 1 = 0), which only affect multiplicities of the primitive vectors.

2) If (eZ,e7,1) = (1,0) (respectively (eZ,€Z,,) = (0,1)), which correspond to smooth blow-ups.
Iterating these steps at will we can realize every smooth toric surface which can be obtained from the
original Iy, ...,l,—+ by at most ¢ blow-ups. O

Remark 10.9: By Theorem 10.8, we have now justified the statements we made in Remark 5.6. Indeed,
any toric system coming from a numerically exceptional sequence indeed can be constructed by mutation
from a toric system associated to rank one objects as were considered in [HP11]. Note that the relevant
analysis of [HP11, §2] is strictly on the numerical level and therefore also applies to any numerical
exceptional sequence whose elements’ classes in Ko(X) coincide with that of invertible sheaves. Note
that any numerically exceptional object £ of rank one has the same class in Ky(X) as an invertible sheaf
O(D), where the class of D in CH'(X) coincides with ¢;(£). This is easy to see from cz(£) = 0 by 3.3
(ii) and by the injectivity of the Chern-isomorphism with ch(£) = ch(O(D)) € CH'(X)q.

Example 10.10: We construct examples of exceptional objects of rank one which are not isomorphic
to invertible sheaves. Consider an even Hirzebruch surface F,, where a = 2b for b >= 0 and denote
P, Q the generators of its nef cone, where P? = 0,Q? = a and P-Q = 1. In [HP11, Proposition 5.2] it
was shown that F, admits two families of toric systems for exceptional sequences consisting of objects
of rank one, which are of the following form:

Fi(s): (—s—b0P+Q,P,(s—b)P+Q,P for seZ,
Fy(s): —bP+Q,P+s(—bP+Q),-bP+Q,P —s(—bP + Q) for s € Z.

Note that both families meet at s = 0. Any toric system of type F(s) corresponds to an exceptional
sequence of invertible sheaves L = L,...,L4. Assume that, say, ¢;(L2,L3) = P, then tk L., L5 =
tk Ry, Lo = 1 and both mutations are isomorphic to invertible sheaves, and ¢y (Lgz,Ls, L2) = ¢1(L3,
Rﬂgﬁg) = P. 1\/101‘60\/'61‘7 Cl(ﬁl,LL:QEg) = Cl(ﬁl,ﬁg) — 2P and Cl(R[,3£2) = Cl(£3,£4) — 2P. That iS,
from a sequence of type Fi(s) we obtain by left mutation of the pair Lo, L3 a sequence of type Fi(s — 2)
and by right mutation a sequence of type F(s + 2) and we can conclude that the exceptional sequences
of invertible sheaves of type Fj(s) can be transformed into each other via mutations (note 2 facts: 1.
that this is strictly true only up to overall twist by an invertible sheaf; 2. V(L) & Fo,, which due to the
type of the intersection form is the only allowed case). We can argue similarly that exceptional sequences
of type Fy(s) can be transformed into each other via mutations.

Both families intersect in the particular case s = 0, where Y (L) =2 P! x P!. Then, starting with an
exceptional sequence of invertible sheaves representing F;(0) = F»(0), we can produce both families by
either mutate the pair Lo, L3 (to obtain Fi(s)) or L1, L (for F(s)). However, by [HP11, Proposition
5.2], for b > 0 and s # 0, the resulting sequences of type F5(s) cannot consist entirely of invertible
sheaves.

11. THE MAIN THEOREM
We are now in possession of everything we need in order to show our main theorem.
Theorem 11.1: Let X be a (rational) surface with tk Ko(X) = n and E = &;,...,&, a numerically
exceptional sequence. Then to the maximal sub-sequence of objects of nonzero rank &;,,...,&;, _, there is

associated in a canonical way a complete toric surface Y (E) with n — t torus fixpoints. These fixpoints
are either smooth (if €2 = (rk &J.)Q = 1) or T-singularities of type %(17 ki ei; —1) with ged{k;,,e;, } =1

j
(if e?j #1).
Remark 11.2: To justify “canonical”, we should, strictly speaking, also incorporate the multiplicities

of the rays of Y (E) coming from the rank zero objects. However, in light of our discussion in Section 7,
at least on the combinatorial level there seems not much to be gained from this.

In absence of rank zero objects, we can state Theorem 11.1 in a more convenient form.
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Theorem 11.3: Let X be a (rational) surface with and let E = &y, ...,&, be a numerically exceptional
sequence of maximal length such that tkE; = e; > 0 for every i. Then to this sequence there is associated
in a canonical way a complete toric surface Y (E) with n torus fixpoints which are either smooth (if
e; = 1) or T-singularities of type é(l, kie; — 1), where ged{k;,e;} =1 (if e? #1).

Proof of Theorem 11.1. By Proposition 10.6, we have constructed our toric variety as the Gale duals of
the associated reduced toric system. It only remains to show that this surface indeed can only have at
most T-singularities. Consider the vectors Iy, ..., l,_+ generating the fan of Y (E) and their corresponding
n — t circumference segments p; = I; — [;_1. For any given ¢, with a convenient choice of coordinates we
can represent the vectors l;, ;11 as [; = (1,0) and l;41 = (—x,¢e?) for some 0 < z < e?. We have seen
in Lemma 9.2 that the vector w; = Pilpi is integral, hence we get x = k;e; — 1 for some 1 < k; < e. By
Lemma A.3, ged{k;,e;} =1 if and only if w; is primitive. By Lemma 9.6 we know that any left or right
mutation of a pair &, ;41 with e;,ej | # 0 which results in a pair &£, ; such that e}, e, ; # 0 leaves
the lattice lengths of the involved w; invariant. By Theorem 10.8 we can transform any sequence by
mutation into a sequence of length n of objects of rank one, where obviously the w; are primitive for every
1 < 7 < n. However, in this process we might destroy or create new circumference segments by creating
or destroying objects of rank zero, and it remains to check whether we obtain non-primitive w; this way.
By Lemma 8.7, for every pair &;, &1 with rk Lg, £,41 = 0 we have the relation efli,l - e%li + e?li+1 =0,
respectively we have I; = e?l;_1 + l;+1. Then mapping I; to [;_; extends to a linear map on N which
leaves ;1 invariant and thus the pairs [;_1,; and [;_1,l;11 both correspond to cones whose associated
affine toric surfaces are isomorphic, hence ;11 — ;1 has lattice length e; iff [; — [;_; has. The difference
liv1 — l; = €%l;_; clearly corresponds to the circumference segment of a T-singularity of order e}. This
concludes the proof of the theorem. O

Remark 11.4: As we have already seen in the proof of Theorem 10.8, passing between sequences which
consist of objects of rank one and zero is much akin to lifting the toric minimal model program for
smooth toric surfaces to the level of exceptional sequences. Likewise, we can regard a toric minimal
model program implicit in the proof of Theorem 11.1 for the toric surfaces with T-singularities which
can be realized via exceptional sequences and their associated toric systems.

11.5. We conclude this section with an observation on cyclic strongly exceptional sequences. In [HP11,
Theorems 5.13, 5.14] it was shown that any rational surface which admits a cyclic strongly exceptional
sequence necessarily has Picard-rank at most 7 and that every del Pezzo surface meeting this conditions
indeed does admit a cyclic strongly exceptional sequence of invertible sheaves. More generally, in [van09]
van den Bergh constructed cyclic strongly exceptional sequences for all del Pezzo surfaces, which for
for the Picard-ranks 8 and 9 necessarily cannot consist of line bundles only. The crucial observation in
[HP11] was the fact that for the rank one case the associated toric surface must be a weak del Pezzo
surface or, equivalently, that the fan must be convex. This is easily seen to be true also in the general
case, as by 9.1, x(&;, E;4+1) > 0 implies the convexity of the triple I;_1,1;,1;+1. The following implication
for the Picard-rank then is quite straightforward. Note that K% > 0 implies that rk Pic(X) < 10.

Theorem 11.6: The length of a cyclic strongly exceptional sequence is at most 11. In particular, if X
admits a cyclic strongly exceptional sequence which generates Ko(X), then K% > 0.

Proof. By Proposition 4.3, we can choose &;,&; with e;e; > 0 and ¢ < j. From strong cyclicity it
follows that x(&;,&;), X(Ej, & @ wx') > 0. From the fact that the fan for Y (E) necessarily has a convex
configuration of primitive vectors it follows that at least one inequality is strict, where up to cyclic
renumbering we can assume without loss of generality that x(&;,&;) > 0. By Lemma 3.6, we have
X(&, & @wy') = eie; K% — x(&:,E;) > 0, hence

eiengg > x(&,&5) > 0.

from which our assertion follows. O
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12. SOME REMARKS ON THE SINGULARITIES

Consider a numerically exceptional sequence E = &1, ..., &, where for simplicity we will assume that
e; > 0 for all i. Then by the classification of Section 11, Y (E) belongs to a very nice class of toric surfaces
with the following properties:
1) det(l;,li+1) = e? for every i.
2) The circumference segments p; = I; — [;_1 have lattice length e, for every i.
3) Ky g =K% =12-n.
For Ky(E), we have by A.7, 3.5, and 9.1 the formulas:

n

n n 2 2 2
1 c1(&i,Eiv1) +ei + €
K)Q/(E) = Zdet(%‘(b‘ﬂ) = Z 51;51-1-1 Z 2o +2
i=1 i= €i

€;€;
1 <t i+1 i=1 +1

As we have already stated in Remark 11.4, this kind of surface can be classified in terms of mutations,
for instance by starting from the fan of a smooth toric surface. However, a classification of such surfaces
independent of exceptional sequences might be of interest as well (e.g. one could relax property 3)
above and just require that K%,(E) be integral). This is beyond the scope of this article, but with this
perspective we want conclude with some general remarks on the singularities which occur in our setting.

Cyclic T-singularities of type kj:il with ged{k,e} = 1 have been classified Kollar and Shepherd-
Barron. Their statement is:

Proposition 12.1: [KS88, Proposition 3.11] A cyclic singularity is of class T if and only if its continued
fraction expansion [by,...,b.] is of one of the following forms:
(i) [4] and [3,2,...,2,3] are of class T,
(ii) If [b1,...,br] is of class T then so are [2,by,...,b. +1] and [by +1,...,b,,2].
(iti) Every singularity of class T that is not a rational double point can be obtained by starting with one
of the singularities described in (i) and iterating the steps described in (ii).

12.2. Tt follows from the analysis in the proof of [KS88, Proposition 3.11] that d = 1 implies that the
T-singularities of type % are precisely those obtained from [4] and iterating step (ii). Consider the
minimal desingularization of Z — Y = Y(E). Denote I := {1 < k < n | €2 # 1}, then the fan of

Z is obtained from Y by inserting ¢, new primitive vectors corresponding to the continued fractions
[bk,...,bi ]. We have

n ty
KZ =Y a;i+2n-> O bh—2t)=12-n->) t,
i=1 kel j=1 il
where the a; are the self-intersection of the pullbacks of the original n divisors to the surface Z. A simple
induction using Proposition 12.1 shows that ZJ 1 ] =1+ 3ty for every k € I, hence
n

Zai =12—-3n+ 1|

i=1
This is almost the same formula as for the sum of self-intersection numbers of the toric prime divisors on
a smooth toric surface with n rays, except that we obtain the number of singularities as an extra term.

12.3. Consider e, f > 1 and a triple of primitive lattice vectors l.,l,{; such that the cones generated
by l.,l and [,1y, respectively, correspond to T-singularities of types 2 (1,ae — 1) and #(lﬁf - 1),
respectively. We can choose coordinates such that [ = (0,1) and I = (e?,—ae + 1 + \€?), I =
(—f2,—Bf + 1+ Xaf?). Tt is easy to verify that the term \ := \; + Ao does not depend on any choice of
coordinates with { = (0, 1). Using 9.1, we compute:

detliy 1) = 22+ D n e poepXEE) e p
f ef
hence éx(é',]-") =2+ ? +AIfe=1,f>1(ore>1,f=1o0re= f =1, respectively), then the same
calculation yields %X(E,}“) =1+ ? + A (respectively éx(é’,}") =2+1+Xand x(£,F) =2+ 2). In
the case e = f = 1, X coincides with the self-intersection number of the toric divisor associated to I.
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12.4. Now, if we transfer above considerations to Y (E), we have in terms of reduced circumference
segments for every 1 <4 < n that —L—x(&;,E41) = det(q;, ¢iv1), where

€i€it1
@4 eﬁ+1 + N ife;,ei01>1
qis 4i+1 - ;
U414 N ife;>1e41 =1

2+ )\ if e e?, = 1.

It is a consequence of local change of coordinates that «; = e; — 3;_1 for every i and in particular, for
any ¢ with e; > 1 we have 2+ + % = 1. Thus we get:

n n
Kym =12-n= Zdet(QiaQi-‘rl) = ZM +2n — |1},
=1

i=1

where I = {1 <i<n|e > 1} asin 12.2, hence

n
> Ai=12-3n+]I].
i=1
That is, the sum of the \; coincides with the sum of the a; from 12.2. Using mutation, one can trace the
a; and the A\; to see that indeed a; = A; for every ¢, though we will leave the verification to the reader.

APPENDIX: TORIC SURFACES

A toric surface is a normal algebraic surface X on which an algebraic torus T' = (K*)? acts such that
T embeds into X as an open dense orbit and the group action extends the multiplication on T'. In this
appendix we want to remind the reader on standard material on toric surfaces as it can be found in
standard textbooks such as [CLS11]. However, we will need to paraphrase some of the material in order
to suit its use in the main text.

Let us denote M = Z? the character group of X and N its dual module. We denote Mg := M ®z Q
and Ng := N®zQ. The complement of T in X (if nonempty) is given by a union of divisors D;U---UD,,.
We are interested in three cases:

(1) X is affine and has a fixpoint with respect to the torus action.
(2) X can be covered by two affine toric varieties and has two fixpoints.
(3) X is complete.

Each of these cases is completely determined by a collection of primitive lattice vectors ly,...,l, in
N. In every case, we will write L for the matrix whose rows are given by the [; which we will interpret
as Z-linear map from M to Z".

A.1 (The affine case). In the affine case, we have n = 2 and the T-fixpoint is Dy N Dy, where Dy and
D5 both are isomorphic to K. The vectors [; and [, generate over Q>¢ a strictly convex polyhedral cone
in Ng. In general, the fixpoint of X is a quotient singularity, i.e. X = K?/u,, where u, = spec K[G] the
abelian group scheme over K corresponding to the cyclic group G = N/(Zly + Zlo) = Z/vZ.

As I; and Iy are primitive, one can choose a suitable basis for N such that [y = (1,0) and I = (—k,v),
where ged{k,v} =1 and 0 < k < v. In the case that char K and v are coprime, this yields a customary
representation for the action of j, on K2 as diag(n, n*), where n € K is a v-th root of unity. We also use
the notation %(1, k) to denote a toric singularity which up to choice of coordinates can be represented
in this way. Note that v = det(ly,l2), which equals the lattice volume of the parallelogram spanned by
l; and ly. We will therefore very often refer to det(l1,ls) as the volume of I; and ly. A useful invariant
for us will the lattice vector Iy — 1:

Definition A.2: We call Is — [; the circumference segment of the pair Iy, ly. We call m(lg —1l)
the reduced circumference segment.

Note that the circumference segment ls — l; in general is not primitive and the reduced segment in
general is not integral.
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Lemma A.3: Assume that p, acts on K2 with weights %(1,k). Then the lattice length of lo — I is
ged{v, k+1}.

Proof. With above coordinate representation, we get Iy — 1 = (—k — 1,v) = g((—k — 1)/g,v/g) =: gP,
where g = ged{k + 1,v} and P is a primitive lattice vector. O

A.4 (The minimal linearly dependent case). Let l1,1,ls be three primitive lattice vectors such that
l1 and Iy lie in opposite half spaces with respect to the line @QI. Then Iy, and I,l5 generate strictly
convex polyhedral cones in Ng which intersect in the common facet Q>l and therefore generated a fan
corresponding to a two-dimensional toric surface which is covered by two affine toric surface each of
which contains a single torus fixpoint. We choose an orientation on Ng such that [i,!,ls are ordered
counter-clockwise. Then they satisfy a relation

wly 4+ al + vly =0,

where v = det(ly,1), w = det(l,l2), and a = det(l2,l;). This relation is unique up to a common scalar
multiple of the coefficients. If a = 0, then v;1 = wy; and [y = —Il;. We have the two circumference
segments p; = | — I; and py = I3 — [ and the corresponding reduced circumference segments ¢; = %pl
and g2 = %pg. ‘We observe:

1
det(p1,p2) =det(l —l1,la — 1) =a+ v+ w, det(q1,q2) = w(a—l—v—l—w).

It follows that the sum a 4+ v + w determines the convexity of the configuration of lattice vectors. That
is, [ is not contained in the convex hull of I1, /s and the origin if and only if a + v + w > 0. The vectors
l1,1,13 lie on a line in Ng if and only if a +v +w = 0.

Lemma A.5: Let aj,a3 > 0 and as be integers and ly,ls,l3 € N primitive such that ar(1) = (sgnm) -
det(lx(2), lx(3)) for any permutation = € Sz. Then

(’L) a1l1 + aglg + a3l3 = O,
(i1) ged{ai,a;} = ged{ai,as,a3} for any 1 <i#j <3,
(i1i) The l; are uniquely determined up to a transformation by GLz(N).

Proof. We have seen (i) already in A.4.

(ii) Without loss of generality, we assume that ¢ = 1, j = 2. Clearly, ged{a1,as,a3} divides
ged{ay,as} =: g. Now we write aily + asls = —agls. Clearly, g divides the left hand side and hence
the right hand side. But l3 is primitive, so g cannot divide 3, hence g divides a3 and thus g divides
ng{(Ll, as, (Zg}.

(iii) Up to a choice of basis for N, we can write I; = (1,0), lo = (z,as3), I3 = (y,—az), where
—ag < = < 0 and y is determined by the relation a; + asz + asy = 0. We set a; =: ajg, where
g = ged{a1, az,as}. Then the aj are pairwise coprime by (ii) and equation a} + a4z + a4y = 0 holds as
well. Then the set of solutions (x,y) is given by the set (x{,y,) + k(—a}, a}), where k € Z and (zo, yo)
is some special solution. Multiplying by by g, the solutions are given by the set (zq,yo) + k(—as, as) or
k € Z and (x0,y0) some special solution. It follows that the condition —a3 < z < 0 determines x (and
therefore y) uniquely. O

A.6 (The complete case). In this case the D; form a cycle of P!’s and there are n torus fixpoints
which are given by the intersections D; N D; 1. Here it is customary to consider in this case the integers
1,...,n as a system of representatives for Z/nZ, i.e. we read the indices modulo n. The Chow group of
X is determined by the following standard short exact sequence

0— M -2 7" — CH'(X) — 0,

such that the i-th standard basis vector of Z™ maps to the class of D; in CH'(X). The canonical
divisor on X can be represented by Kx = —>." | D;. On CH'(X), there exists a Q-valued intersection
product which is completely determined by triple relations as in A.4. That is, if for every ¢ we denote
v; :=det(l;_1,1;) and a; := det(l;+1,1;—1), then we have for every i the following relation:

S Lli-‘rl =0,
ViVi+1 Vi+1

1
Viy1li—1 + ail; +vili1 =0,  respectively —I;—1 +
Vi
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which translates to intersection products:

1 a;

2 0
D \Di=—, Di=——, DiDjy=
Vs ViVi41 Vit+1

for every i

and D;D; = 0 else.
For any i, we have a circumference segments p; := [; — ;1 and its reduction ¢; := 2. As in A.4, we
have equations

det(ps, piv1) = a; +vi +vipr and  det(qi, git1) = (a; +vi + vig1) = Di(Di—1 + D; + D)

VijVi4+1
for every 1.

Lemma A.7: We have K% = 3.1, det(qi, qiy1) = Sy, HFvitves

=1 ViVit1
Proof. By above discussion and Kx = = . | D;. O

Note that in the case that X is smooth, we have v; = 1 for every i and this formula specializes to
K% =12—n=2n+ ) a; or equivalently, >_""_, a; = 12 — 3n.

A.8. The minimal resolution of a toric surface singularity can be described with help of Hirzebruch-Jung
continued fractions. That is, in the situation of A.1, we have I; = (1,0) and Iy = (—k,v) and we write
the quotient 7 = [by,...,b.] ;=01 —1/(ba —1/(b3 —--- /(by—1 — 1/b;)---)) and the b; are integers > 2.
Now, in the first step of the resolution, we introduce a new primitive vector (0,1) which subdivides the
cone into smaller cones of volumes 1 and k, respectively. Ultimately, this new vector will correspond to
a component with self-intersection number —b; of the the exceptional divisor in the minimal resolution.
After this first step we see that the fraction 7 can be interpreted as the ratio of the volume of the original
cone and the volume of the (possibly still) singular cone after the first resolution step. Iterating this, we
see that the continued fraction [b;,...,b,] equals the ratio of volumes V;_;/V;, where V; is the volume
of the remaining singular cone after the i-th resolution step (we set Vp := v and V; := k, and it follows
that V. = 1).

We now are interested in the behaviour of the canonical self-intersection number under minimal
resolutions. That is, we consider a complete toric surface X which has a singular point and ¥ — X a
toric morphism which is the result of s < r steps of the minimal desingularization procedure for this
point as described in A.8.

Proposition A.9: With notation of A.8, we have K% — K% =Y, W

Proof. We consider the very first step of of the resolution, i.e. we factor Y =2, —--- = 27 — Zp = X,
where every map Z; — Z;_1 is a partial resolution step which precisely adds one more toric divisor
according to the procedure of A.8. For the first step, we use the presentation of K% and K %1 of Lemma
A.7. Up to cyclic renumbering and a choice of basis of N, we can assume that the singular point on X
being resolved is represented by the cone generated by Iy = (1,0) and I3 = (—k,v2) and one primitive
vector [ = (0, 1) is added as described in A.8. Using the relations v;1l;—1 +a;l; +v;l;+1 = 0, we compute
Iy = (“’2’27;‘12, —vg) and Iy = (%;”4, —ag) (note that these will coincide if n = 3). Then we immediately
obtain the relations 4

L +aly+vsl =0 with a=22"%  and vyl +bly+klg=0 with b= 85"

U3 U3

Now, the effect of the canonical self-intersection number is local in the sense that, if we write K% =:
R+ az+v2+v3 + a3+v3+v4’ then

VU3 V34
at+vo+1 —wvo+1+k b+k+wvy
K, —R=
Z V2 + k + kvy
2 k 1 2
:a2+U2+U3+CL3+’U3+U4+2+7_7_U73_7_7
V2U3 V3V4 k V3 k ’ng V3
k— vz +1)2
= K? _R_(i.
X k”Ug

Iterating this procedure implies the assertion. O
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It is useful to understand also how the terms det(g;, g;+1) behave under resolution of singularities.

Corollary A.10: Let l1,l2,l3 and w,a,v as in A.4 such that l; and ls generate a singular cone and
assume that we have a minimal resolution corresponding to a continued fraction [by,...,b.]. If we denote
v=:Vy,V1,...Vs for s < r the associated volumes and &1, . .. ,&s the successively added primitive vectors,
then we have a relation

wés + bls + Vils =0 such that —

VW Viaw

atv+w b+Vi4+w iVi—Vg,l—i—l
VieVi

i=1
Proof. As in the proof of A.9 it is enough to consider one iteration step. We have seen that we can

write Iy = (1,0), Iz = (=V4,w), I3 = (y,—a) and thus we obtain the equation y = L(aVi —w). It

follows that for & = (0,1) we have a relation w&; 4 bly + Vil3, where b := y. By plugging in b, we get
a+‘>/0+w _ b+‘\//1+w _ Vl\;VVDJrl' O
ow 1w oVl
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