ON A THEOREM OF AUSLANDER
HERBERT ABELS

ABSTRACT. We extend a theorem of L.Auslander and give a short
proof of it.

1. INTRODUCTION AND RESULTS

The following theorem is due to L.Auslander, see [Ra] Theorem 8.24,
and is useful in many contexts.

Theorem 1.1. Let G be a Lie group and let R be a closed connected
solvable normal subgroup of G. Let m : G — G /R be the natural map.
Let H be a closed subgroup of G such that H°, the identity component
of H is solvable. Let U := w(H) be the closure of m(H). Then the
identity component U° of U is solvable.

We extend this for connected G, namely we can replace m by any
continuous homomorphism f with solvable kernel. In particular, the
kernel of f need not be connected and the quotient G/ker(f) need not
have the quotient topolgy and may be dense in some larger group. We
can extend this futher to the case that G has a virtually solvable group
of connected components.

To facilitate the language let us call a subgroup H of a topological
group G to be CS in G, if the identity component H® of its closure H
is solvable. Recall that a group is called virtually solvable if it contains
a solvable subgroup of finite index.

Theorem 1.2. Let Gand Gy be Lie groups and let f : G — G1 be a
continuous homomorphism. Suppose G s connected and the kernel of
f is virtually solvable. If H is a CS subgroup of G then f(H) is a CS
subgroup of G.

We will derive the following generalization using lemma 2.6.

Corollary 1.3. Let G and Gy be Lie groups and let f : G — G,
be a continuous homomorphism. Suppose the kernel of the induced

map 7°(f) : G/G° — G1/GY of groups of connected components has a
virtually solvable kernel. If H is CS in G then f(H) is CS in G;.
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We derive from Auslander’s theorem a handy criterion for when a
subgroup of a connected Lie group G is CS, namely we reduce it to the
case of the adjoint group of the semisimple quotient of GG, see 2.3. Using
this criterion we can apply Lie group and algebraic group techniques.

For the convenience of the reader we also give in chapter 3 a short
proof of Auslander’s theorem.

2. PROOFS
The following observation is trivial.

Observation 2.1. Let f : G — G be a continuous homomorphism of
topological groups with solvable kernel. If f(H) is CS in Gy then H 1is
CSinG.

The question is: When does the converse hold? Certainly not in gen-
eral, e.g. if H = G is a free discrete group and f is a dense embedding
into a semisimple group GG;. Our main result is that the converse holds
if G is connected, and more generally if the induced map of the groups
of connected components has a virtually solvable kernel.

We shall need some facts about virtually solvable groups.

Lemma 2.2. a) Every virtually solvable group A contains a largest
solvabel normal subgroup, called the radical of A and denoted Rad(A).
Then Rad(A) is of finite index in A and is a characteristic subgroup of
A, i.e. every automorphism of A maps Rad(A) to itself automorpically.
b) Every virtually solvable normal subgroup of a connected Lie group G
15 actually solvable.

c) Every extension of a virtually solvable group by a virtually solvable
group 1s virtually solvablle, which means in more detail: Every group
B which contains a virtually solvable normal subgroup A with virtually
solvable quotient B/A is virtually solvable.

Proofa) is clear, since every subgroup of finite index contains a normal
subgroup of finite index.

b) Let A be a virtually solvable normal subgroup of the connected Lie
group GG. We claim that A is solvable. We may assume that A is
closed. Then Rad(A) is a closed solvable normal subgroup of G. The
group A/Rad(A) is a finite normal subgroup of the connected Lie group
G/Rad(A), hence central in G/Rad(A). It follows that A is solvable.
c) We may assume that B/A is solvable. Now B contains the normal
solvable subgroup Rad(A) and B/Rad(A) contains the finite normal
subgroup A/Rad(A) with solvable quotient B/A. We are thus reduced
to the case that A is a finite normal subgroup of the solvable group
B. Then B acts on A by inner automorphisms. The kernel C' of the
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associated homomorphism B — Aut(A) is of finite index in B and
centralizes A. In particular C'N A is a central subgroup of C. So C'is
solvable, since C'/(C'N A) is a subgroup of the solvable group B/A. O

Recall that any connected Lie group G contains a largest connected
solvable normal subgroup, called the radical R := rad(G) of G. The
semisimple group S := G/R contains a largest solvable normal sub-
group, namely its center Z. It follows that GG contains a largest solvable
normal subgroup, namely the inverse image of Z under the natural map
m:G — G/R. Let us call it 771(Z) =: Rad(G), the big radical of G.
Thus the group Rad(G) is the kernel of the composed homomorphism
of ¢ :== Adg om of m and the adjoint homomorphism of S = G/R.
The group G/Rad(G) is hence algebraically isomorphic to Ad(S). The
natural isomorhism G/Rad(G) — Ad(S) is actually an isomorphism of
Lie groups, as follows from lemma 2.5. In fact every virtually solvable
normal subgroup of G is contained in Rad(G), by the preceding lemma.

Theorem 2.3. Let G be a connected Lie group. A subgroup H of G
is CS in G if and only if its image in G/Rad(G) = Ad(S) under the
natural map ¢ is CS in G/Rad(G). Hence if ¢(H) is Zariski dense in
Ad(S) then H is CS in G if and only if o(H) is a discrete subgroup of
Ad(S).

Proof Sufficency follows from observation 2.1, necessity from Auslan-
der’s theorem and the following lemma 2.4. In case H; := ¢(H) is
Zariski dense in Ad(S) the connected Lie subgroup H," is normalized
by Hi, hence by its Zariski closure Ad(.S). It follows that EO is trivial,
if Hy is CS in Ad(S), since then H," is a connected normal solvable
subgroup of the semisimple group Ad(S5). O
Lemma 2.4. Let G be a topological group and let Z be a closed central
subgroup of G. A subgroup H of G is CS in G (if and) only if its
natural image in G/Z is CS in G/Z.

Proof The commutator map of G

c:GxG—G

c(a,y) == wyz~y”
descends to a well defined continuous map
t:GxG =G

c(m(z),m(y)) = c(z,y),

where we set G = G//Z and let m be the natural map from G to G. It
follows that
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¢(r(H),w(H))=c(H,H) C [H, H],

hence

é(r(H),n(H)) C [H HlCc H

and

((r(H))" (n(H))°) C (H)".
This implies that Hy := 7~ ((n(H))°) is solvable, since
c(Hy, Hy) =¢((n(H))°, (x(H))") C (H)".

Hence also (r(H))? is solvable, as claimed. O
We can now prove theorem 1.2 .
Proof of theorem 1.2. Let G and G, be Lie groups and let f : G — G,
be a continuous homomorphism with virtually solvable kernel. By hy-
pothesis, G is connected. We may furthermore assume that f(G) is
dense in Gy, hence that G is connected as well. We have f(Rad(G) C
Rad(Gh), since f(Rad(G) is a normal solvable subgroup of the dense
subgroup f(G) of G, so its closure f(Rad(G) is contained in the
big radical Rad(G1) of G;. On the other hand, the inverse image
f~Y(Rad(G4) of the big radical of Gy is a normal subgroup of G which
is virtually solvable by lemma 2.2 c), hence solvable by lemma 2.2 b)
and thus f~!'(Rad(Gy) C Rad(G). So f induces a continuous injective
homomorphism G/Rad(G) — G1/Rad(G1). To prove our theorem we
may thus assume, by theorem 2.3, that G and G; are both connected
semisimple groups without center, that f is injective and has dense
image. But then f is an isomorphism of Lie groups by the following
lemma. U

Lemma 2.5. Let G and H be connected Lie groups and let f : G — H
be a continuous injective homomorphism with dense image. Suppose H
is semisimple. Then f is an isomorphism of Lie groups.

Proof A dense connected Lie subgroup of a semisimple Lie group H
must be equal to H, see [Ho] XVI Theorem 2.1. So f is surjective.
Then a Baire category argument implies that f is actually an open
map, see [Ho|] I Theorem 2.5. O

Corollary 1.3 is implied by the the following lemma for the following
reason. We may assume that G; is connected and hence that G/G°
is virtually solvable. Set H; := f(H). Then take N := f(H N G") in
the following lemma and use that H;/N is virtually solvable since it
is the image of H/(H N G°) under the homomorphism induced by f
and H/(H NG°) is virtually solvable since isomorphic to a subgroup of
G/GO.
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Lemma 2.6. Let G be a Lie group and let H and N be subgroups of
G. Suppose N is a normal subgroup of H with H/N wirtually solvable.
If N is CS in G then also H is CS in G.

Proof This is not trivial, since in the chain of subgroups H > N >
N we have no information about N/WO. To prove the lemma we
may assume that G is connected. Then H is CS in G if its image in
G/Rad(G) is so. This is the trivial observation 2.1. We may assume
that the image of N in G/Rad(G) is CS in G/Rad(G). This is the non-
trivial part of theorem 2.3. We may thus assume that G is a connected
semisimple adjoint group. It suffices to show that H is CS in the
identity component of its Zariski closure. Using the same arguments
as before for the Zariski closure of H in GG, we may thus assume that G
is a connected semisimple adjoint group and H is furthermore Zariski

dense in G. Now N is a normal solvable connected Lie subgroup of
H | hence is normalized by G, since H is Zariski dense in G. But a
semisimple group has no connected solvable normal subgroup, so N
is trivial and thus N is a discrete subgroup of G, in particular a closed
subgroup of G. Now H' is a connected Lie subgroup of G, normal in
H, hence normal in G. So H isa semisimple subgroup of G or trivial.
We claim that H is trivial. The group N is a normal subgroup of
H, so the connected group H® normalizes the discrete group N, hence
centralizes it. So H' /(NN FO) is a semisimple group or trivial, but is
on the other hand contained in H/N, a virtually solvable group. So
H® must be trivial, O

3. AUSLANDER’S THEOREM

For the convenience of the reader we give a short proof of Auslan-
der’s theorem. The method of proof is similar to the construction of
Zassenhaus neighborhoods. We repeat the statement of the theorem.

Theorem 3.1. Let G be a Lie group and let R be a closed connected
solvable normal subgroup of G. Let m : G — G/R be the natural map.
Let H be a closed subgroup of G such that H, the identity component
of H, is solvable. Let U := w(H) be the closure of m(H). Then the

identity component U° of U is solvable.

Proof By induction we may assume that R = A is abelian. The case
that A is compact is easy since then H°A is the identity component
(HA)? of HA for the following reason. H°A is a connected subgroup
of HA and open in HA since the complement of H°A in HA is the
closed set H'A where H’ is the union of those connected components
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H°h of H which do not intersect A. It follows that 7(H) is a closed
subgroup of 7(G) and 7(H?) is the identity component of 7(H), which
implies the theorem in this case. It thus suffices to consider the case
that A is a vector group. Here is the key lemma.

Lemma 3.2. Let G be a connected Lie group and let A be a closed
normal vector subgroup of G. Then there is a neighborhood U of the
identity in G with the following property. For every closed subgroup H
of G every subgroup of HA generated by a finite subset of HANU is
nilpotent modulo H°A.

Note that H°A is a normal subgroup of HA.
Using this lemma we can complete the proof of Auslander’s theorem
as follows. We use the hypotheses and notations of the lemma. Then

the connected group H; = HA is generated by U N H;. So the
subgroup H, of Hy generated by UNH;NHA is dense in H,. For every
finite subset ¥ of Hy the group generated by X is nilpotent modulo
HCA, since this holds for finite subsets X of the generating set U N
H, N HA, by lemma 3.2. This implies that H;/H°A is nilpotent by

lemma 3.3 and hence the theorem, since 7(H) = w(H;), because w(H)
is connected and open in w(H) = w(HA), since H; is generated by a
neighborhood of the identity in HA.

Proof of lemma 3.2. We identify A with its Lie algebra a via the
exponential map. We compute the commutator [x,y] := zyx~'y~! for
x = ga and y = hb with g, h € G and a,b € a. We have

lga, hb] = [g, h]((a(hgh™")(1 — a(h))a + a(h)(a(g) — 1)b),

where a(g) = Ad(g)|a for g € G. Note that a(ga) = a(g) for a € A.
We thus define a commutator map c¢: (G x A) x (G x A) - G x A by

c((g.a), (h,0)) = ([g. 1], (a(hgh™")(1 = a(h))a + a(h)(a(g) — 1)b).
We shall study the iterates of this commutator map for ga close to the
identity. Choose a norm ||.|| on the vector space g. Let B(0,¢) := {X €
g; || X|| < €}. We may suppose that € is small enough so that the expo-
nential map induces a diffeomorphism of B(0,€) to a neighborhood of
the identity in G. We denote by log the inverse of this diffeomorphism.
The commutator map ¢ : G x G — G,¢(x,y) = [z,y] of G is analytic
and ¢(z,e) = e =¢(e,y) for every z,y € G. It follows that

[Hoge(x, y)|| < K - |[log ][ - || log y]|

for e sufficiently small where K is a constant depending on ||.|| and
€, by the following argument. Let V' and W be finite dimensional
normed real vector spaces and let f be a smooth function defined on
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B(0,¢) x B(0,¢). If f(v,0) =0 = f(0,w) for every v € B(0,¢) and
w € B(0,€) then
|f (v, w)| < [[o]] - [Jwl]] - sup |00, f]]
by the mean value theorem. Define
B, L) :={(g,a) € G x A; ga € exp B(0,¢), || log(ga)|| <9,]||a|]| < L}.
It then follows from the commutator formula that for §; sufficiently
small we have
(B (0, Lo), B(d1, L1)) C B(da, L2),
where
0y < Képoy
and
L2 S K(50L1 + (51[/0)
for some (conceivably larger) constant K > 1. Choose dy so small that
60K < 1/2. Define inductively ¢"(B(do, Lo)) by (°B(dg, Lo) = B(do, Lo)
and
Cn+1B<(50, Lo) = C(B((SQ, Lo), Cn(B<50, Lo))
We thus obtain
Cn(B<507 LO)) C B(éna Ln)7
where
and
Ly, < K&Ly—1+08,-1Lo < 1/2L, 1 + (1/2)" 'Ly
and then by induction
Lo, < (1/2)"Lo +n(1/2)" ' L.
Let now H be a closed subgroup of G. Then
"((H x A)N B(do, L)) € (HNA)N B(0,, Ly,).

Hence if (h,a) is an element of (H N A) N B(d,, L,,) then for n large
both ||log(ha)|| and ||a|| are close to 0 and hence h € H is contained
in the open subgroup H® of H. In particular, if ¥ is a finite subset of
HAN B(0,d) then, for some Lg we can write every g € ¥ in the form
ha with (h,a) € B(dg, Lo). It follows that for n large every iterated
commutator ¢*(X) of ¥ is contained in H°A, hence the subgroup of
H A generated by X is nilpotent modulo H?A. O

Lemma 3.3. Let G be a connected Lie group which contains a dense
subgroup all of whose finitely generated subgroups are nilpotent. Then
G s nilpotent.



8 HERBERT ABELS

Proof 1t suffices to show that Ad(G) is nilpotent. Thus, replacing G
by the Zariski closure of Ad(G), we may assume that G is the identity
component of a linear algebraic group which contains a Zariski dense
subgroup H all of whose finitely generated subgroups are nilpotent. So
for every finite subset 3 of H the subgroup (X) of H generated by %
has a non-trivial center. In particular the centralizer C'(X) of ¥ in G
is a non-trivial finite index subgroup of a linear algebraic group. It
follows by a descending chain argument over first the dimension and
then the number of connected components that there is finite subset
Y. of H such that C'(X) = C(X') for every finite subset ¥’ of H that
contains ¥. Hence C(X) = C(H). Now C(H) is the center of G, since
H is Zariski dense in G. It follows that G has a non-trivial center
C(G). This implies the lemma by induction on the dimension of G
in view of the following two facts. The property of G is inherited by
the quotient group G/C(G). It cannot happen that the center of G
is finite and non-trivial and the center of G/C(G) is finite and non-
trivial, since then the inverse image of the center of G/C(G) under the
natural homomorphism G — G/C(G) is a finite normal subgroup in
the connected group G, hence central. 0
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