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Abstract

We discuss general concept of Markov statistical dynamics in the con-
tinuum. For a class of spatial birth-and-death models, we develop a per-
turbative technique for the construction of statistical dynamics. Particu-
lar examples of such systems are considered. For the case of Glauber type
dynamics in the continuum we describe a Markov chain approximation
approach that gives more detailed information about statistical evolution
in this model.
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1 Introduction

Dynamics of interacting particle systems appear in several areas of the com-
plex systems theory. In particular, we observe a growing activity in the study
of Markov dynamics for continuous systems. The latter fact is motivated, in
particular, by modern problems of mathematical physics, ecology, mathemati-
cal biology, and genetics, see e.g. [27,28,31-34,36-39,51-53, 68] and literature
cited therein. Moreover, Markov dynamics are used for the construction of
social, economic and demographic models. Note that Markov processes for con-
tinuous systems are considering in the stochastic analysis as dynamical point
processes [43,44,46] and they appear even in the representation theory of big
groups [10-14].
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A mathematical formalization of the problem may be described as the fol-
lowing. As a phase space of the system we use the space I'(R?) of locally finite
configurations in the Euclidean space R%. An heuristic Markov generator which
describes considered model is given by its expression on a proper set of func-
tions (observables) over I'(R%). With this operator we can relate two evolution
equations. Namely, Kolmogorov backward equation for observables and Kol-
mogorov forward equation on probability measures on the phase space I'(R%)
(macroscopic states of the system). The latter equation is a.k.a. Fokker—Planck
equation in the mathematical physics terminology. Comparing with the usual
situation in the stochastic analysis, there is an essential technical difficulty: cor-
responding Markov process in the configuration space may be constructed only
in very special particular cases. As a result, a description of Markov dynamics in
terms of random trajectories is absent for most of models under considerations.

As an alternative approach we use a concept of the statistical dynamics that
substitutes the notion of a Markov stochastic process. A central object now is
an evolution of states of the system that shall be defined by mean of the Fokker—
Planck equation. This evolution equation w.r.t. probability measures on I'(R%)
may be reformulated as a hierarchical chain of equations for correlation func-
tions of considered measures. Such kind of evolution equations are well known
in the study of Hamiltonian dynamics for classical gases as BBGKY chains but
now they appear as a tool for construction and analysis of Markov dynamics.
As an essential technical step, we consider related pre-dual evolution chains of
equations on the so-called quasi-observables. As it will be shown in the paper,
such hierarchical equations may be analyzed in the framework of semigroup the-
ory with the use of powerful techniques of perturbation theory for the semigroup
generators etc. Considering the dual evolution for the constructed semigroup
on quasi-observables we introduce then the dynamics on correlation functions.
Described scheme of the dynamics construction looks quite surprising because
any perturbation techniques for initial Kolmogorov evolution equations one can
not expect. The point is that states of infinite interacting particle systems are
given by measures which are, in general, mutually orthogonal. As a result, we
can not compare their evolutions or apply a perturbative approach. But under
quite general assumptions they have correlation functions and corresponding dy-
namics may be considered in a common Banach space of correlation functions.
Proper choice of this Banach space means, in fact, that we find an admissible
class of initial states for which the statistical dynamics may be constructed.
There we see again a crucial difference comparing with Markov stochastic pro-
cesses framework where the initial distribution evolution is defined for any initial
date.

The structure of the paper is following. In Section 2 we discuss general
concept of statistical dynamics for Markov evolutions in the continuum and
introduce necessary mathematical structures. Then, in Section 3, this concept
is applied to an important class of Markov dynamics of continuous systems,
namely, to birth-and-death models. Here general conditions for the existence
of a semigroup evolution in a space of quasi-observables are obtained. Then we
construct evolutions of correlation functions as dual objects. It is shown how to



apply general results to the study of particular models of statistical dynamics
coming from mathematical physics and ecology.

Finally, in Section 4 we describe an alternative techniques for the construc-
tion of solutions to hierarchical chains evolution equations by means of an ap-
proximative approach. For concreteness, this approach is discussed in the case
of the so-called Glauber type dynamics in the continuum. We construct a fam-
ily of Markov chains on configuration space in finite volumes with concrete
transition kernels adopted to the Glauber dynamics. Then the solution to the
hierarchical equation for correlation functions may be obtained as the limit of
the corresponding object for the Markov chain dynamics. This limiting evo-
lution generates the state dynamics. Moreover, in the uniqueness regime for
the corresponding equilibrium measure of Glauber dynamics which is, in fact,
Gibbs, dynamics of correlation functions is exponentially ergodic.

This paper is based on a series of our previous works [26,28-30, 34, 53] but
certain results and constructions are detailed and generalized, in particular, in
more complete analysis of the dual dynamics on correlation functions.

2 Statistical description for stochastic dynamics
of complex systems in the continuum

2.1 Complex systems in the continuum

In recent decades, different brunches of natural and life sciences have been ad-
dressing to a unifying point of view on a number of phenomena occurring in
systems composed of interacting subunits. This leads to formation of an inter-
disciplinary science which is referred to as the theory of complex systems. It
provides reciprocation of concepts and tools involving wide spectrum of appli-
cations as well as various mathematical theories such that statistical mechanics,
probability, nonlinear dynamics, chaos theory, numerical simulation and many
others.

Nowadays complex systems theory is a quickly growing interdisciplinary area
with a very broad spectrum of motivations and applications. For instance, hav-
ing in mind biological applications, S. Levin [61] characterized complex adaptive
systems by such properties as diversity and individuality of components, local-
ized interactions among components, and the outcomes of interactions used for
replication or enhancement of components. We will use a more general in-
formal description of a complex system as a specific collection of interacting
elements which has so-called collective behavior that means appearance of sys-
tem properties which are not peculiar to inner nature of each element itself.
The significant physical example of such properties is thermodynamical effects
which were a background for creation by L. Boltzmann of statistical physics as
a mathematical language for studying complex systems of molecules.

We assume that all elements of a complex system are identical by proper-
ties and possibilities. Thus, one can model these elements as points in a proper
space whereas the complex system will be modeled as a discrete set in this space.



Mathematically this means that for the study of complex systems the proper
language and techniques are delivered by the interacting particle models which
form a rich and powerful direction in modern stochastic and infinite dimensional
analysis. Interacting particle systems have a wide use as models in condensed
matter physics, chemical kinetics, population biology, ecology (individual based
models), sociology and economics (agent based models). For instance a popu-
lation in biology or ecology may be represented by a configuration of organisms
located in a proper habitat.

In spite of completely different orders of numbers of elements in real phys-
ical, biological, social, and other systems (typical numbers start from 1023 for
molecules and, say, 10° for plants) their complexities have analogous phenomena
and need similar mathematical methods. One of them consists in mathemati-
cal approximation of a huge but finite real-world system by an infinite system
realized in an infinite space. This approach was successfully approved to the
thermodynamic limit for models of statistical physics and appeared quite useful
for the ecological modeling in the infinite habitat to avoid boundary effects in
a population evolution.

Therefore, our phase space for the mathematical description should consist
of countable sets from an underlying space. This space itself may have discrete
or continuous nature that leads to segregation of the world of complex systems
on two big classes. Discrete models correspond to systems whose elements can
occupy some prescribing countable set of positions, for example, vertices of the
lattice Z¢ or, more generally, of some graph embedded to R?. These models
are widely studied and the corresponding theories were realized in numerous
publications, see e.g. [62,63] and the references therein. Continuous models, or
models in the continuum, were studied not so intensively and broadly. We con-
centrate our attention exactly on continuous models of systems whose elements
may occupy any points in Eucledian space R?. (Note that the most part of
our results may be easily transferred to much more general underlying spaces.)
Having in mind that real elements have physical sizes we will consider only the
so-called locally finite subsets of the underlying space R?, that means that in
any bounded region we assume to have a finite number of the elements. Another
our restriction will be prohibition of multiple elements in the same position of
the space.

We will consider systems of elements of the same type only. The mathe-
matical realization of considered approaches may be successfully extended to
multi-type systems, meanwhile such systems will have more rich qualitative
properties and will be an object of interest for applications. Some particular
results can be found e.g. in [21,22,39].

2.2 Mathematical description for a complex systems

We proceed to the mathematical realization of complex systems.
Let B(R?) be the family of all Borel sets in RY, d > 1; By,(R?%) denotes the
system of all bounded sets from B(R?).



The configuration space over space R? consists of all locally finite subsets
(configurations) of R%. Namely,

I'=T(R%) = {’y C R? ‘ |ya| < oo, for all A € Bb(Rd)}.

Here | - | means the cardinality of a set, and y5 := vN A. We may identify each
v € I' with the non-negative Radon measure ), . 0, € M(R?), where 4, is the
Dirac measure with unit mass at x, > cp 0. is, by definition, the zero measure,
and M(R?) denotes the space of all non-negative Radon measures on B(R?).
This identification allows to endow I' with the topology induced by the vague
topology on M(R9), i.e. the weakest topology on I' with respect to which all
mappings

FawHZf(x)E]R (2.1)

rey

are continuous for any f € Co(R?) that is the set of all continuous functions
on R? with compact supports. It is worth noting the vague topology may
be metrizable in such a way that I" becomes a Polish space (see e.g. [50] and
references therein).

Corresponding to the vague topology the Borel o-algebra B(I") appears the
smallest o-algebra for which all mappings

IS5 Na(y) == |yal € N := NU {0} (2.2)

are measurable for any A € By, (R?), see e.g. [1]. This o-algebra may be generated
by the sets

Q(A,n) :={y €T | Na(y) = |al = n}, A € By(RY),n € Ny. (2.3)
Clearly, for any A € By, (R%),

r= || QA n).

n€Ng

Among all measurable functions F : T' — R := RU {oo} we mark out the set
Fo(T) consisting of such of them for which |F(y)| < oo at least for all |y| < oc.
The important subset of Fo(I") formed by cylindric functions on I'. Any such a
function is characterized by a set A € By, (R?) such that F(vy) = F(v,) for all
v € I'. The class of cylindric functions we denote by Fei(I') C Fo(T).

Functions on I" are usually called observables. This notion is borrowed from
statistical physics and means that typically in course of empirical investigation
we may estimate, check, see only some quantities of a whole system rather then
look on the system itself.

Example 2.1. Let ¢ : R? — R and consider the so-called linear function on T,
cf. (2.1),

D (@), if Y le(w) <oo, yeT,
(p,7) = vex v€y
400, otherwise.



Then, evidently, (p,-) € Fo(T). If, additionally, ¢ € Co(R?) then (p,-) €
Feyi(T). Not that for e.g. p(z) = |z||gs (the Euclidean norm in R?) we have
that {p,~v) = oo for any infinite v € T.

Example 2.2. Let ¢ : R4\ {0} — R be an even function, namely, ¢(—z) = é(z),
x € R, Then one can consider the so-called energy function

Y. dl—y), it Y [d@—y)|<oo, yeT,
E?(7) == { {zy}cy {z.y}cy (2.4)
400, otherwise.

Clearly, E¢ € Fo(T'). However, even for ¢ with a compact support, E¢ will not
be a cylindric function.

As we discussed before, any configuration 7 represents some system of ele-
ments in a real-world application. Typically, investigators are not able to take
into account exact positions of all elements due to huge number of them. For
quantitative and qualitative analysis of a system researchers mostly need some
its statistical characteristics such as density, correlations, spatial structures and
so on. This leads to the so-called statistical description of complex systems
when people study distributions of countable sets in an underlying space in-
stead of sets themselves. Moreover, the main idea in Boltzmann’s approach
to thermodynamics based on giving up the description in terms of evolution
for groups of molecules and using statistical interpretation of molecules motion
laws. Therefore, the crucial role for studying of complex systems plays distribu-
tions (probability measures) on the space of configurations. In statistical physics
these measures usually called states that accentuates their role for description
of systems under consideration.

We denote the class of all probability measures on (T',B(I')) by M*(T).
Given a distribution p € MY(T') one can consider a collection of random vari-
ables Np(-), A € By(R?) defined in (2.2). They describe random numbers of
elements inside bounded regions. The natural assumption is that these random
variables should have finite moments. Thus, we consider the class ML (T') of
all measures from M*(T) such that

/ Al dp(y) < oo, A€ By(RY),neN. (2.5)
r

Example 2.3. Let o be a non-atomic Radon measure on (R%, B(R?)). Then
the Poisson measure w, with intensity measure o is defined on B(I') by

o(A)"
7o (Q(A,n)) = % exp{—c(A)}, A € By(RY),n € Np. (2.6)
This formula is nothing but the statement that the random variables Nj have
Poissonian distribution with mean value o(A), A € B,(R?). Note that by the

Rényi theorem [47,74] a measure 7, will be Poissonian if (2.6) holds for n = 0



only. In the case then do(z) = p(x)dz one can say about nonhomogeneous
Poisson measure 7, with density (or intensity) p. This notion goes back to the
famous Campbell formula [15,16] which states that

Jtein) = [ e@p . 21)

Rd

if only the right hand side of (2.7) is well-defined. The generalization of (2.7)
is the Mecke identity [65]

[Siwnanm = [ [ eavadowane, @

rey

which holds for all measurable nonnegative functions h : R x I' — R. Here
and in the sequel we will omit brackets for the one-point set {x}. In [65], it
was shown that the Mecke identity is a characterization identity for the Poisson
measure. In the case p(z) = z > 0, * € R? one can say about the homogeneous
Poisson distribution (measure) 7, with constant intensity z. We will omit sub-
index for the case z = 1, namely, 7 := m = 74,. Note that the property (2.5)
is followed from (2.8) easily.

Example 2.4. Let ¢ be as in Example 2.2 and suppose that the energy given by
(2.4) is stable: there exists B > 0 such that, for any |y| < oo, E®(y) > —B|y|.
An example of such ¢ my be given by the expansion

¢(x) = ¢" (2) + ¢P(z), weRY, (2.9)

where ¢t > 0 whereas ¢” is a positive defined function on R (the Fourier
transform of a measure on R?), see e.g. [40,75]. Fix any z > 0 and define
the Gibbs measure u € M*(T') with potential ¢ and activity parameter z as a
measure which satisfies the following generalization of the Mecke identity:

X = X T ) expy— ¢£C zZax .
[ b@adne) = [ [ wlenva)esp(=E @)} 2dzduta). (210)

ey
where
Ed)(xa’Y) = <¢(x_)77> :Z¢(x_y)7 ’yEF,J}GRd\’}/ (211)
yey

The identity (2.10) is called the Georgii-Nguyen—Zessin identity, see [45,67]. If
potential ¢ is additionally satisfied the so-called integrability condition

B = }e—¢($) _ 1’ dx < o0, (2.12)
Rd

then it can checked that the condition (2.5) for the Gibbs measure holds. Note
that under conditions z3 < (2¢)~! there exists a unique measure on (I', B(T"))
which satisfies (2.10). Heuristically, the measure p may be given by the formula

1 _roe
dp(y) = e B dr,(v), (2.13)



where Z is a normalizing factor. To give rigorous meaning for (2.13) it is possible
to use the so-called DLR-approach (named after R.L.Dobrushin, O.Lanford,
D. Ruelle), see e.g. [2] and references therein. As was shown in [67], this approach
gives the equivalent definition of the Gibbs measures which satisfies (2.10).

Note that (2.13) could have a rigorous sense if we restrict our attention on
the space of configuration which belong to a bounded domain A € B,(R?). The
space of such (finite) configurations will be denoted by I'(A). The o-algebra
B(T'(A)) may be generated by family of mappings I'(A) > v — Na/(y) € Ny,
A € By(RY), A’ c A. A measure p € M} (T) is called locally absolutely
continuous with respect to the Poisson measure 7 if for any A € By, (R?) the
projection of p onto I'(A) is absolutely continuous with respect to (w.r.t.) the
projection of m onto I'(A). More precisely, if we consider the projection mapping
pa i T = T(A), pa(7y) := v then p? = p opX1 is absolutely continuous w.r.t.
TA=TOP, .

Remark 2.5. Having in mind (2.13), it is possible to derive from (2.10) that
the Gibbs measure from Example 2.4 is locally absolutely continuous w.r.t. the
Poisson measure, see e.g. [24] for the more general case.

By e.g. [48], for any p € M} (I") which is locally absolutely continuous w.r.t
the Poisson measure there exists the family of (symmetric) correlation functions
k:;(]l) : (RH)™ — Ry := [0,00) which defined as follows. For any symmetric
function (™ : (R?)™ — R with a finite support the following equality holds

[ X m) i)

{1,020 }Cy

1
=il f(")(wl,...,xn)kL")(xl,...,xn)dxl...dmn (2.14)
. (R )n

for n € N, and & = 1
The meaning of the notion of correlation functions is the following: the

correlation function k&n)(xl, ..., xp) describes the non-normalized density of
probability to have points of our systems in the positions x1, ..., Zy.

Remark 2.6. Tterating the Mecke identity (2.8), it can be easily shown that

n

K (21, ) = [ o), (2.15)

i=1

in particular,
) (21, @) = 2" (2.16)

Remark 2.7. Note that if potential ¢ from Example 2.4 satisfies to (2.9), (2.12)
then, by [76], there exists C' = C(z, ¢) > 0 such that for y defined by (2.10)

k&”)(xl,...,xn) <C", Z1,..., 2, € RY (2.17)

The inequality (2.17) is referred to as the Ruelle bound.



We dealt with symmetric function of n variables from R¢, hence, they can
be considered as functions on n-point subsets from R?. We proceed now to the
exact constructions.

The space of n-point configurations in Y € B(R?) is defined by

r™y) .= {ncY|Inl=n}, n € N.

We put TO(Y) := {#}. As a set, T (Y) may be identified with the sym-
metrization of

W:{(ml,...,aﬁn)eY"|mk7ﬁxl if k#1}.

Hence, one can introduce the corresponding Borel o-algebra, which we denote
by B(I'™(Y)). The space of finite configurations in Y € B(R?) is defined as

To(Y):= | | T™(V). (2.18)

neNg

This space is equipped with the topology of the disjoint union. Let B(FO(Y))
denote the corresponding Borel o-algebra. In the case of Y = R? we will omit
the index Y in the previously defined notations. Namely,

[o:=Ty(RY), TW.=r™(RY, neN. (2.19)

The restriction of the Lebesgue product measure (dz)™ to (I‘(”), B(F("))) we

denote by m(™. We set m(® := d7py- The Lebesgue-Poisson measure A on I'g
is defined by

A=) L., (2.20)

For any A € By(R?) the restriction of A to I'g(A) = I'(A) will be also denoted
by A.

Remark 2.8. The space (', B(T")) is the projective limit of the family of measur-
able spaces {(F(A),B(F(A)))}Aegb(w). The Poisson measure 7 on (T, B(T"))
from Example 2.3 may be defined as the projective limit of the family of
measures {WA}AGBb(Rd), where 7 = e~™M) )\ is the probability measure on
(T'(A), B(T'(A))) and m(A) is the Lebesgue measure of A € By(R?) (see e.g. [1]
for details).

Functions on I'y will be called quasi-observables. Any B(I'g)-measurable

function G on Iy, in fact, is defined by a sequence of functions {G(”)}n N

where G(™) is a B(I'(™)-measurable function on I'™). We preserve the same
notation for the function G considered as a symmetric function on (R?)™.
Note that G(©) € R.

A set M € B(Ty) is called bounded if there exists A € By(R?) and N € N
such that

N
Mc || T™(A).

n=0



The set of bounded measurable functions on I'g with bounded support we denote
by Bps(Io), ie., G € Byps(Io) iff G [\ pr= 0 for some bounded M € B(I'p).
For any G € Bys(I'o) the functions G have finite supports in (R%)” and may
be substituted into (2.14). But, additionally, the sequence of G(™) vanishes for
big n. Therefore, one can summarize equalities (2.14) by n € Ng. This leads to
the following definition.

Let G € Bps(T), then we define the function KG : T' — R such that:

(KG)(7) =) G(n) (2.21)

ney

1Y Y G, el

n=1 {1‘17~-77«'n}C"/

see e.g. [48,59,60]. The summation in (2.21) is taken over all finite subcon-
figurations n € Ty of the (infinite) configuration v € I'; we denote this by the
symbol, n € v. The mapping K is linear, positivity preserving, and invertible,
with

(K'F)() =Y (~DIMIF(), neTo. (2.22)

€Cn

By [48], for any G € Bys(I'y), KG € Fey(T'), moreover, there exists C' = C(G) >
0, A = A(G) € B,(R%), and N = N(G) € N such that

IKG(y)| < C(1+|m))Y, yeTl. (2.23)

The expression (2.21) can be extended to the class of all nonnegative mea-
surable G : Ty — Ry, in this case, evidently, KG € Fy(T'). Stress that the left
hand side (1.h.s.) of (2.22) has a meaning for any F € Fo(T'), moreover, in this
case (KK ~1F)(y) = F(y) for any v € Ty.

For G as above we may summarize (2.14) by n and rewrite the result in a
compact form:

/F(KG)(”Y)dM(’Y) =/ Gk (m)dA(n). (2.24)
0
As was shown in [48], the equality (2.21) may be extended on all functions G
such that the Lh.s. of (2.24) is finite. In this case (2.21) holds for p-a.a. vy €T’
and (2.24) holds too.

Remark 2.9. The equality (2.24) may be considered as definition of the corre-
lation function k,. In fact, the definition of correlation functions in statistical
physics, given by N.N. Bogolyubov in [7], based on a similar relation. More pre-
cisely, consider for a B(R%)-measurable function f the so-called coherent state,
given as a function on I'y by

ex(fin) =[] f(=), €T\ {0}, ex(f,0):=1. (2.25)

xeEN

10



Then for any f € Cp(R?) we have the point-wise equality

(Kea(5)() = [[(1+ f(x)), neTo. (2.26)

reY

As a result, the correlation functions of different orders may be considered as
kernels of a Taylor-type expansion

/H + f(z d,u —1+Zn'/ fol k:(L) ey Zp)dry .. dxy,

xrey (]Rd)n )
_ / ex(fs )k (n) dA(n). (2.27)

Remark 2.10. By (2.18)—(2.20), we have that for any f € L*(R¢, dz)

[ et mixm =eo{ [ e} (2:28)

As a result, taking into account (2.15), we obtain from (2.27) the expression for
the Laplace transform of the Poisson measure

/6_“0’7) d’]'('p(’}’) = / EX (e—tp(w) - 1a77)€>\(/’»77) d)‘(n)
r Lo
= exp{f /Rd (1 — 6790(‘/1‘,));)(1;)611'}7 p e Oo(Rd)

Remark 2.11. Of course, to obtain convergence of the expansion (2.27) for, say,

f € LY(R%, dr) we need some bounds for the correlation functions k&n). For
example, if the generalized Ruelle bound holds, that is, cf. (2.17),

M (o1, ) < AC™ ()0, 24,2, € RY (2.29)

for some A,C > 0, § € (0,1] independent on n, then the L.h.s. of (2.27) may be
estimated by the expression

1+AZ (Ol )"

For a given system of functions k(™ on (R%)" the question about existence
and uniqueness of a probability measure p on I' which has correlation functions

k,(tn) = k(" is an analog of the moment problem in classical analysis. Significant
results in this area were obtained by A. Lenard.

Proposition 2.12 ([58], [60]). Let k:Ty — R.
1. Suppose that k is a positive definite function, that means that for any
G € Bps(To) such that (KG)(y) > 0 for all v € T the following inequality holds

G(n)k(n) dA(n) = 0. (2.30)

o

11



Suppose also that k() = 1. Then there exists at least one measure yu € M}, (T)
such that k = k,,.
2. For anyn € N, A € By(RY), we set

1
52 = ] k(”)(xl,...,xn)dxl...d:cn.
. A’!L

Suppose that for all m € N, A € By,(R?)

1

Z(sﬁij)_; = o0. (2.31)

neN
Then there exists at most one measure i € M} (L) such that k = k,,.

Remark 2.13. 1. In [58,60], the wider space of multiple configurations was
considered. The adaptation for the space I' was realized in [57].

2. Tt is worth noting also that the growth of correlation functions &™) up to
(n!)? is admissible to have (2.31).

3. Another conditions for existence and uniqueness for the moment problem
on I' were srudied in [4,48].

2.3 Statistical descriptions of Markov evolutions

Spatial Markov processes in RY may be described as stochastic evolutions of
configurations v € R%. In course of such evolutions points of configurations
may disappear (die), move (continuously or with jumps from one position to
another), or new particles may appear in a configuration (that is birth). The
rates of these random events may depend on whole configuration that reflect an
interaction between elements of the our system.

The construction of a spatial Markov process in the continuum is highly
difficult question which is not solved in a full generality at present, see e.g.
a review [71] and more detail references about birth-and-death processes in
Section 3. Meanwhile, for the discrete systems the corresponding processes are
constructed under quite general assumptions, see e.g. [62]. One of the main
difficulties for continuous systems includes the necessity to control number of
elements in a bounded region. Note that the construction of spatial processes
on bounded sets from R? are typically well solved, see e.g. [41].

The existing Markov process I' 3 v+ X, € T', t > 0 provides solution the
backward Kolmogorov equation for bounded continuous functions:

%Ft = LF,, (2.32)
where L is the Markov generator of the process X;. The question about exis-
tence and properties of solutions to (2.32) in proper spaces itself is also highly
nontrivial problem of infinite-dimensional analysis. The Markov generator L
should satisfies the following two (informal) properties: 1) to be conservative,
that is L1 = 0, 2) maximum principle, namely, if there exists vy € T' such
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that F(v) < F(yo) for all v € T', then (LF)(y0) < 0. These properties might
yield that the semigroup, related to (2.32) (provided it exists), will preserves
constants and positive functions, correspondingly.

To consider an example of such L let us consider a general Markov evolution
with appearing and disappearing of groups of points (giving up the case of
continuous moving of particles). Namely, let F' € F.,1(I") and set

(LE)() :Z/F c(m &\ [F((y\n) U &) = F(7)] dA§). (2.33)

ney

Heuristically, it means that any finite group 7 of points from the existing con-
figuration v may disappear and simultaneously a new group ¢ of points may
appear somewhere in the space R%. The rate of this random event is equal to
c(n,&,v\ n) > 0. We need some minimal conditions on the rate ¢ to guarantee
that at least

LF € Fo(T) for all F' € Feui(T) (2.34)

(see Section 3 for a particular case). The term in the sum in (2.33) with n =0
corresponds to a pure birth of a finite group & of points whereas the part of
integral corresponding to & = () (recall that A({#}) = 1) is related to pure death
of a finite sub-configuration n C . The parts with |n| = |£]| # 0 corresponds to
jumps of one group of points into another positions in R%. The rest parts present
splitting and merging effects. In the present paper the technical realization of
the ideas below is given for one-point birth-and-death parts only, i.e. for the
cases |n| =0, || =1 and |n| = 1, |¢] = 0, correspondingly.

As we noted before, for most cases appearing in applications, the existence
problem for a corresponding Markov process with a generator L is still open.
On the other hand, the evolution of a state in the course of a stochastic dy-
namics is an important question in its own right. A mathematical formulation
of this question may be realized through the forward Kolmogorov equation for
probability measures (states) on the configuration space I'. Namely, we consider
the pairing between functions and measures on I' given by

(F,p) = / F(v) dp()- (2.35)

Then we consider the initial value problem

d
—A(F ) = (LF,pe), t>0, t—o — MO, (2.36)

dt
where F' is an arbitrary function from a proper set, e.g. F € K(BbS(I‘o)) C
Fey1(T). In fact, the solution to (2.36) describes the time evolution of distribu-
tions instead of the evolution of initial points in the Markov process. We rewrite
(2.36) in the following heuristic form

E/Jt = L"u, (2'37)
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where L* is the (informally) adjoint operator of L with respect to the pairing
(2.35).

In the physical literature, (2.37) is referred to the Fokker—Planck equation.
The Markovian property of L yields that (2.37) might have a solution in the
class of probability measures. However, the mere existence of the corresponding
Markov process will not give us much information about properties of the solu-
tion to (2.37), in particular, about its moments or correlation functions. To do
this, we suppose now that a solution u; € M} _(T') to (2.36) exists and remains
locally absolutely continuous with respect to the Poisson measure 7 for all ¢ > 0
provided g has such a property. Then one can consider the correlation function
ki ==k, t>0.

Recall that we suppose (2.34). Then, one can calculate K ' LF using (2.22),
and, by (2.24), we may rewrite (2.36) in the following way

d

a«frlﬂ k) = (K'LF k), t>0, kel,_, = ko, (2.38)

for all F € K(BbS(FO)) C Feyi(T). Here the pairing between functions on Iy is
given by

(G k)= [ Gkm . (2.39)
0
Let us recall that then, by (2.20),
— 1
(G, k) = Z_;J — /(Rd)n G (xy,. . )™ (2, ... xn) dey .. day,
Next, if we substitute F = KG, G € Bps(Tp) in (2.38), we derive

d
pral

for all G € Bps(T'g). Here the operator

G k) = (LG, ke)), t>0, k|, = ko, (2.40)

(LG)(n) = (K'LKG)(n), neTy

is defined point-wise for all G € Bys(I'g) under conditions (2.34). As a result,
we are interested in a weak solution to the equation

9 “
akt =L k?t, t>0, kt}t:[) = k?o, (241)

where L* is dual operator to L with respect to the duality (2.39), namely,

/F (LG)(k(n) dX(n) = | G(n)(L*k)(n) dA(n). (2.42)

To

The procedure of deriving the operator L for a given L is fully combinatorial
meanwhile to obtain the expression for the operator L* we need an analog of
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integration by parts formula. For a difference operator L considered in (2.33)
this discrete integration by parts rule is presented in Lemma 3.4 below.

We recall that any function on I’y may be identified with an infinite vector
of symmetric functions of the growing number of variables. In this approach,

the operator L* in (2.41) will be realized as an infinite matrix (L:‘L’m)n mENy’

where Lz,m is a mapping from the space of symmetric functions of n variables
into the space of symmetric functions of m variables. As a result, instead of
equation (2.36) for infinite-dimensional objects we obtain an infinite system of
equations for functions kt(n) each of them is a function of a finite number of
variables, namely

9, (n 1 (n)
—k ' (z1, ... ) = (L), K T1,-..,Tn), t>0, n €Ny,
(8t) (21 ) (( ), ) (2 ) " (9.43)
ki (xy, 0|,y = ko (@1, ).

Of course, in general, for a fixed n, any equation from (2.43) itself is not closed
and includes functions kzﬁm) of other orders m # n, nevertheless, the system
(2.43) is a closed linear system. The chain evolution equations for kt(n) con-
sists the so-called hierarchy which is an analog of the BBGKY hierarchy for
Hamiltonian systems, see e.g. [18].

One of the main aims of the present paper is to study the classical solution to
(2.41) in a proper functional space. The choice of such a space might be based
on estimates (2.17), or more generally, (2.29). However, even the correlation
functions (2.16) of the Poisson measures shows that it is rather natural to study
the solutions to the equation (2.41) in weighted L>°-type space of functions with
the Ruelle-type bounds. Integrable correlation functions are not natural for the
dynamics on the spaces of locally finite configurations. For example, it is well-
known that the Poisson measure 7, with integrable density p(x) is concentrated
on the space I'y of finite configurations (since in this case on can consider R?
instead of A in (2.6)). Therefore, typically, the case of integrable correlation
functions yields that effectively our stochastic dynamics evolves through finite
configurations only. Note that the case of an integrable first order correlation
function is referred to zero density case in statistical physics.

In the present paper the restrict our attention to the so-called sub-Poissonian
correlation functions. Namely, for a given C' > 0 we consider the following
Banach space

Ko := {k: Ty — R | k-c e L“(Fo,d)\)} (2.44)

with the norm
Kl e = 1CTE) | Lo roon)-
It is clear that k € K¢ implies, cf. (2.17),

|E()| < [|kllxce ol for A-a.a. n € T'y. (2.45)
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In the following we distinguish two possibilities for a study of the initial value
problem (2.41). We may try to solve this equation in one space K. The well-
posedness of the initial value problem in this case is equivalent with an existence
of the strongly continuous semigroup (Cp-semigroup in the sequel) in the space
K¢ with a generator L*. However, the space K¢ is isometrically isomorphic to
the space L= (T, CI'ld\) whereas, by the H. Lotz theorem [64], [3], in a L> space
any Cp-semigroup is uniformly continuous, that is it has a bounded generator.
Typically, for the difference operator L given in (2.33), any operator LZ .,
cf. (2.43), might be bounded as an operator between two spaces of bounded
symmetric functions of n and m variables whereas the whole operator L* is
unbounded in K¢.

To avoid this difficulties we use a trick which goes back to R. Phillips [72].
The main idea is to consider the semigroup in L space not itself but as a dual
semigroup T*(t) to a Cp-semigroup T'(t) with a generator A in the pre-dual
L' space. In this case T*(t) appears strongly continuous semigroup not on the
whole L> but on the closure of the domain of A* only.

In our case this leads to the following scheme. We consider the pre-dual
Banach space to K¢, namely, for C' > 0,

Lo = L*(To,CdN). (2.46)

The norm in L¢ is given by

o0 Cn
1Glc == /FO|G(77)|olnl d\(n) —nz_;)n!/(Rd)n|G’(”)(x1,...,In)|dx1...da:n.

Consider the initial value problem, cf. (2.40), (2.41),

0 ~
&Gt == LGt, t> O, Gt|t:0 = G() S Ec. (247)

Whereas (2.47) is well-posed in L¢ there exists a Co-semigroup 7 (t) in Le.
Then using Philips’ result we obtain that the restriction of the dual semigroup
T*(t) onto Dom(L*) will be Cy-semigroup with generator which is a part of L*
(the details see in Section 3 below). This provides a solution to (2.41) which
continuously depends on an initial data from Dom(f*). And after we would
like to find a more useful universal subspace of K¢ which is not depend on the
operator L*. The realization of this scheme for a birth-and-death operator L
is presented in Section 3 below. As a result, we obtain the classical solution
to (2.41) for t > 0 in a class of sub-Poissonian functions which satisfy the
Ruelle-type bound (2.45). Of course, after this we need to verify existence and
uniqueness of measures whose correlation functions are solutions to (2.41), cf.
Proposition 2.12 above. This usually can be done using proper approximation
schemes, see e.g. Section 4.

There is another possibility for a study of the initial value problem (2.41)
which we will not touch below. Namely, one can consider this evolutional equa-
tion in a proper scale of spaces {K¢}c.<c<c+. In this case we will have typically
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that the solution is local in time only. More precisely, there exists T' > 0 such
that for any ¢ € [0,T) there exists a unique solution to (2.41) and k; € K¢, for
some C; € [C,, C*]. We realized this approach in series of papers [5,25,37,38]
using the so-called Ovsyannikov method [69,77,78]. This method provides less
restrictions on systems parameters, however, the price for this is a finite time
interval. And, of course, the question about possibility to recover measures via
solutions to (2.41) should be also solved separately in this case.

3 Birth-and-death evolutions in the continuum

3.1 Microscopic description

One of the most important classes of Markov evolution in the continuum is given
by the birth-and-death Markov processes in the space I' of all configurations
from R?. These are processes in which an infinite number of individuals exist at
each instant, and the rates at which new individuals appear and some old ones
disappear depend on the instantaneous configuration of existing individuals [46].
The corresponding Markov generators have a natural heuristic representation in
terms of birth and death intensities. The birth intensity b(z,~) > 0 characterizes
the appearance of a new point at € R? in the presence of a given configuration
~ € I'. The death intensity d(x, ) > 0 characterizes the probability of the event
that the point = of the configuration v disappears, depending on the location of
the remaining points of the configuration, v\ z. Heuristically, the corresponding
Markov generator is described by the following expression, cf. (2.33),

(LF)(y) = > d(x,y\z) [F(y\z) - F(7)]

xEY

+ [ e PG - Fo)lds, (3)

for proper functions F : I" — R.

The study of spatial birth-and-death processes was initiated by C. Preston
[73]. This paper dealt with a solution of the backward Kolmogorov equation
(2.32) under the restriction that only a finite number of individuals are alive at
each moment of time. Under certain conditions, corresponding processes exist
and are temporally ergodic, that is, there exists a unique stationary distribution.
Note that a more general setting for birth-and-death processes only requires
that the number of points in any compact set remains finite at all times. A
further progress in the study of these processes was achieved by R. Holley and
D. Stroock in [46]. They described in detail an analytic framework for birth-
and-death dynamics. In particular, they analyzed the case of a birth-and-death
process in a bounded region.

Stochastic equations for spatial birth-and-death processes were formulated
in [42], through a spatial version of the time-change approach. Further, in [43],
these processes were represented as solutions to a system of stochastic equations,
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and conditions for the existence and uniqueness of solutions to these equations,
as well as for the corresponding martingale problems, were given. Unfortunately,
quite restrictive assumptions on the birth and death rates in [43] do not allow
an application of these results to several particular models that are interesting
for applications (see e.g. some of examples below).

A growing interest to the study of spatial birth-and-death processes, which
we have recently observed, is stimulated by (among others) an important role
which these processes play in several applications. For example, in spatial plant
ecology, a general approach to the so-called individual based models was de-
veloped in a series of works, see e.g. [8,9,17,66] and the references therein.
These models are described as birth-and-death Markov processes in the con-
figuration space I' with specific rates b and d which reflect biological notions
such as competition, establishment, fecundity etc. Other examples of birth-
and-death processes may be found in mathematical physics. In particular, the
Glauber-type stochastic dynamics in I' is properly associated with the grand
canonical Gibbs measures for classical gases. This gives a possibility to study
these Gibbs measures as equilibrium states for specific birth-and-death Markov
evolutions [6]. Starting with a Dirichlet form for a given Gibbs measure, one can
consider an equilibrium stochastic dynamics [54]. However, these dynamics give
the time evolution of initial distributions from a quite narrow class. Namely, the
class of admissible initial distributions is essentially reduced to the states which
are absolutely continuous with respect to the invariant measure. Below we con-
struct non-equilibrium stochastic dynamics which may have a much wider class
of initial states.

This approach was successfully applied to the construction and analysis of
state evolutions for different versions of the Glauber dynamics [28, 34, 53] and
for some spatial ecology models [26]. Each of the considered models required
its own specific version of the construction of a semigroup, which takes into
account particular properties of corresponding birth and death rates.

In this Section, we realize a general approach considered in Section 2 to
the construction of the state evolution corresponding to the birth-and-death
Markov generators. We present conditions on the birth and death intensities
which are sufficient for the existence of corresponding evolutions as strongly
continuous semigroups in proper Banach spaces of correlation functions satis-
fying the Ruelle-type bounds. Also we consider weaker assumptions on these
intensities which provide the corresponding evolutions for finite time intervals
in scales of Banach spaces as above.

3.2 Expressions for L and L*. Examples of rates b and d

We always suppose that rates d,b : R? x T' — [0;4+oc] from (3.1) satisfy the
following assumptions

d(x,n),b(z,n) >0, n €T\ {0}, = € R\, (3.2)
d(z,n),b(z,n) < oo, nely, x € R? \ 7, (3.3)
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/ (d(z,m) + b(z,n))dA(n) < 0o, M € B(Iy) bounded, a.a. € R?, (3.4)
M
/ (d(z,m) 4 b(z,n))dx < oo, n ey, A€ By(RY). (3.5)
A
Proposition 3.1. Let conditions (3.2)—~(3.5) hold. The for any G € Bys(Ty)

and F = KG one has LF € Fy(T).

Proof. By (2.23), there exist A € B,(R?), N € N, C > 0 (dependent on G) such
that

[F(y\2) = F(3)| < C1a(@)(1+hal)™,  wemyel,
|F(yUz) — F(v)| §C’]1A(x)(2+|’yA|)N, yel,zeR\~.
Then, by (3.3), (3.5), for any n € T'g,
(@R < @+l (X den\ o)+ [ bame) < .
TEMA A
The statement is proved. O
We start from the deriving of the expression for L=K LK.

Proposition 3.2. For any G € Bys(To) the following formula holds

NGO S (K (@, ug\ 2))(n\ €)

£Cn z€E

(3.6)
+Z L GEUa)(Kb(w, - U)(n\ &)de,  n €Ty,
£Cn

Proof. First of all, note that, by (3.3) and (2.22), the expressions (K_lb(x, -U
€))(n) and (K~'d(x,- U&))(n) have sense. Recall that G € Byps(I'g) implies
F € Fou(T') € Fo(I'), then, by (2.21),

F(y\z)=F(y) = > G =Y Gn =

ney\z ney

=~ Y Gua) = ~(K(G(U)(y\ o).

nev\z

(3.7)

In the same way, for x ¢ v, we derive
F(yUz) = F(y) = (K(G(-U)))(7)- (3.8)

By Proposition 3.1, the values of (EG)(U) are finite, and, by (2.22), one can
interchange order of summations and integration in the following computations,
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that takes into account (3.7), (3.8):

(LG)(m) == (~)"™ 3 d(@,¢\z) Y GEUa)

¢Cn zeC §Cq\z

/Rdz \n\C\beZGgugc

¢Cn £C¢

and making substitution £’ = £ Ux C (, one may continue

=D ST S i, ¢\ 2)G(E)

¢Cn §'cCxeg’
/ > (1), ) > G u ) da
RY ¢cn ¢
Next, for any measurable H : 'y x 'y — R, one has

SYHEQ=YHE)=Y Y HEC V.

¢Cnéc¢ £Cn(¢Cn £Cn¢'Cn\¢
£ce

Using this changing of variables rule, we continue:

e T ()OS (¢ U 2)G(E)

€Cn¢'Cn\g el

/ (—1)INCUDl(e, ¢ U E)G(E U ) do
Re €Cn <'Cn\s

that yields (3.6), using the equality [n\ (EU ()| =|(n\ &)\ | and (2.22). O

Remark 3.3. The initial value problem (2.47) can be considered in the following
matrix form, cf. (2.43),

8 n = n
EG( )(:vl,...,xn) = (Ln,mGg ))(xl,...,mn), t>0, ne€Np,

Gg )(xl,...,a:n) :Gén)(xl,...,xn).

li=o

The expression (3.6) shows that the matrix above has on the main diagonal
the collection of operators L,, ,, n € Ny which forms the following operator on
functions on I'y:

(FainsG)(1) = )+ | 60\ U2) oo ) —b(o.\9)] d, (3.9)

yen

where the term in the square brackets is equal, by (2.22), to (Kﬁlb(xf Un\
y)))({y}). Next, by (3.6), there exist only one non-zero upper diagonal in the
matrix. The corresponding operator is

o~

EappecG) = [ Gl U a)bla ) o (310)
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since (K~'b(z,- Un))(0) = b(z,n). The rest part of the expression (3.6) corre-
sponds to the low diagonals.

As we mentioned above, to derive the expression for L* we need some discrete
analog of the integration by parts formula. As such, we will use the partial case
of the well-known lemma (see e.g. [56]):

Lemma 3.4. For any measurable function H : Ty x I'g x T'g = R
[ Saenennm=[ [ Hennuga©nm G
To g o /T
if at least one side of the equality is finite for |H|.

In particular, if H(,-,-) = 0 if only |¢] # 1 we obtain an analog of (2.8),
namely,

/FZho:n\znd/\ /F/R (z,m,n U x)dzd\(n), (3.12)

0 xzen

for any measurable function h : R x 'y x I'g — R such that both sides make
sense. R
Using this, one can derive the explicit form of L*.

Proposition 3.5. For any k € Bns(I'y) the following formula holds

=% [ HEUn (e U\ ) ©aA)

xren

+Z/ (CUm\ @) (K bz, Un\ 2))(Q)dAQ),

xren

(3.13)

where L*k is defined by (2.42).
Proof. Using Lemma 3.4, (2.42), (3.6), we obtain for any G € Bps(I'g)

GG )(L*k) (n) dA(n)

/ SO (K, U 2)) (7 )k(n) dA()

Lo gcn :v€£

/F GEUR) (Kb, UE) 1\ €) dek(n) d(n)
0&Cn

-/ / (o UE\ ) k(U ) dA(n) dA(E)
To /I'o zEE

" /p /F /R G(e U ) (K b(x, - UE))(n) dek(n U E) dA() dA(E).
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Applying (3.12) for the second term, we easily obtain the statement. The
correctness of using (2.8) and (3.12) follow from the assumptions that G,k €
By,s(Ty), therefore, all integrals over T'g will be taken, in fact, over some bounded
M € B(T'g). Then, using (3.4), (3.5), we obtain that the all integrals are fi-
nite. O

Remark 3.6. Accordingly to Remark 3.3 (or just directly from (3.13)), we have
that the matrix corresponding to (2.43) has the main diagonal given by

(Liiagh)(n) = —D(n)k(n)

+Z/de((77\z) Uy)[b(z,(n\z)Uy) —b(z,n\z)]dy, (3.14)

xen

where we have used (3.12). Next, this matrix has only one non zero low diagonal,
given by the expression

(Linek) () =Y~k \ @)b(a, n\ @). (3.15)

xEN

The rest part of expression (3.13) corresponds to the upper diagonals.

Let us consider now several examples of rates b and d which will appear in the
following considerations (concrete examples of birth-and-death dynamics, with
such rates, important for applications will be presented later). As we see from
(3.6), (3.13), we always need to calculate expressions like (K~ 'a(z,- U ¢))(n),
nN & =0, where a equal to b or d. We consider the following kinds of function
a:R*xT = R:

o Constant rate:

a(z,v) =m > 0. (3.16)
If we substitute f = 0 into (2.26), we obtain that
(K~'m)(n) = mol, €Ty, (3.17)

where as usual 0° := 1, and, of course, in this case K ~la(x,- U &)(n) also
equal to m0!"! for any ¢ € T'g;

e Linear rate:

a(w,) = {e(x —),7) = Y_elz —y), (3.18)

yey

where c is a potential like in Example 2.2. Any such c for a given z € R?
defines a function C, : Ty — R such that C,(n) = 0 for all ¢ T'") and,
for any n € T, y € R? with 5 = {y}, we have C,(n) = ¢(z — y). Then,
in this case, taking into account (3.17) and the obvious equality

(c(x =-),nU&) = (c(z —-),m) + (c(z =), &), (3.19)
we obtain

(K~ a(z,-U€))(n) = a(z, )01 + Cy(n), n € Ty (3.20)
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e FExponential rate:

a(z,y) = el = exp{z el — y)}, (3.21)

yey

where ¢ as above. Taking into account (3.19) and (2.26), we obtain that
in this case

(K_la(a:, -U8))(n) = a(x,&)ex (ec(z_') —1,n), nel,. (3.22)
e Product of linear and exponential rates:
a(w,) = (el =), y)el 07, (3.23)
where ¢; and ¢ are potentials as before. Then we have
a(z,nU€) = a(z,n)e! >0 +a(z, €)el =, (3.24)

Next, by (2.22),

(K*la(m, ))(77) Z ‘U\C\ ch z — el (@=):0)

¢Cn yeC
—Y el —y) 3 (—1) W\ Celear)con)
yen ¢Cn\y

and taking into account (2.26),
:ch(x—y)ecZ(‘”—y)e)\(e”(“”_') —1Ln\y). (3.25)
yen
By (3.24) and (3.25), we finally obtain that in this case
(K~ ta(x,-U&))(n) =e!2=)0 N "¢y (. — y)e= Ve (e27) — 1,7\ y)

yen

+a(z, E)ex (e —1,9), neTl,.
(3.26)

o Mixing of linear and exponential rates:

z,7y) = Z c1(z — y)ele2=)7\w) (3.27)

yeY

We have
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Then, similarly to (3.26), we easily derive

(K 'a(z,-U&))(m) = cr(z —ylea(e?W™) —1,n\ y)elz=)9
yen

+ Z ci(z —y)ea (W) — 1,p)el2v=)8W),
yeg

Using the similar arguments one can consider polynomials rates and their
compositions with exponents as well.
3.3 Semigroup evolutions in the space of quasi-observables

We proceed now to the construction of a semigroup in the space Lc, C > 0,
see (2.46), which has a generator, given by L, with a proper domain. To define
such domain, let us set

D(n) =) d(z,n\z) >0, neTy (3.28)
D:={GeLc|D()GeLc}. (3.29)

Note that Bps(T'g) C D and Byps(Tg) is a dense set in L. Therefore, D is also a
dense set in L. We will show now that (L, D) given by (3.6), (3.29) generates
Co-semigroup on L¢ if only ‘the full energy of death’, given by (3.28), is big
enough.

Theorem 3.7. Suppose that there exists ay > 1, as > 0 such that for all £ € Ty
and a.a. r € R?

D | KT (@, ug\ )| () CMaA () < arD(E), (3.30)
rxegv o
D | KT U\ @) (n) A (n) < a2D(E). (3.31)
T€E 0

and, moreover,

a2 3
- < - .32
ay + C < 5 (3 3 )
Then (L, D) is the generator of a holomorphic semigroup T (t) on L.
Remark 3.8. Having in mind Remark 3.3 one can say that the idea of the proof is
to show that the multiplication part of the diagonal operator (3.9) will dominates

on the rest part of the operator matrix (Enm) provided the conditions (3.30),
(3.31) hold. Note also that, by (2.20), (2.18), (2.19), (3.28), the Lh.s of (3.30)
is equal to

DO+ / Ly e vl i),

€€

This is the reason to demand that a; should be not less than 1.
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Proof of Theorem 3.7. Let us consider the multiplication operator (Lg, D) on
L given by
(LoG)(n) = =D (n)G(n), GeD, nel,. (3.33)

We recall that a densely defined closed operators A on L¢ is called sectorial of
angle w € (0, 7) if its resolvent set p(A) contains the sector

Sect (ngw) = {ZG(C ) |arg z| <g+w}\{0}

and for each ¢ € (0;w) there exists M. > 1 such that

M

R(z,A)|| <
1Bz A)] < 75

(3.34)

for all z # 0 with |arg z| < g + w — €. Here and below we will use notation

R(z,A):= (21— A)~Y,  z¢€p(A).

The set of all sectorial operators of angle w € (0, §) in Lc we denote by He(w).
Any A € Heo(w) is a generator of a bounded semigroup 7T'(¢) which is holomor-
phic in the sector |arg t| < w (see e.g. [19, Theorem I1.4.6]). One can prove the
following lemma.

Lemma 3.9. The operator (Lo, D) given by (3.33) is a generator of a contrac-
tion semigroup on Lc. Moreover, Ly € Hc(w) for all w € (0, §) and (3.34)
holds with M, = —— for all ¢ € (0;w).

COos w
Proof of Lemma 3.9. It is not difficult to show that the densely defined operator
Ly is closed in Lo. Let 0 < w < § be arbitrary and fixed. Clear, that for all
z € Sect (5 +w)
|D(n) 42| >0, nely.

Therefore, for any z € Sect (5 + w) the inverse operator R(z, Lo) = (21—Lg) ™",

the action of which is given by

1

(R(z,Lo)G)(n) = D)+

G(n), (3.35)

is well defined on the whole space L. Moreover,

|z, if Rez >0

[D() + 2| = \/(D(n) + Re2)? + (Im2)? > {|1m 2, ifRez<0’

and for any z € Sect (g + w)

Im z| = |z||sinarg z| > |z| |sin Eer = |z|cosw.
& 2
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As a result, for any z € Sect (g + o.))

1

R(z, L <
H (Z7 0)||_|Z|COSW,

(3.36)

that implies the second assertion. Note also that |D(n)+ z| > Rez for Rez > 0,
hence,

IR G, Lo)ll < . (337)
that proves the first statement by the classical Hille-Yosida theorem. O
For any G € Bys(Tg) we define
(L1G) () = (LG)(n) — (LoG)()
==Y GO (K 'd(z,- U\ 2))(n\ )
£Gn z€E (3.38)
+ Z Gl (V) (K b(z,-UE))(n\ &)da

§Cn

Next Lemma shows that, under conditions (3.30), (3.31) above, the operator
L1 is relatively bounded by the operator L.

Lemma 3.10. Let (3.30), (3.31) hold. Then (L1,D) is a well-defined operator
i Lo such that

ILiR(z, Lo)| < a1 — 1+ %2 Rez >0 (3.39)

and
LGl < (al 1+ )HLOGH GeD. (3.40)

Proof of Lemma 3.10. By Lemma 3.4, we have for any G € Lo, Rez > 0

J,

-3 G S (K, U\ 0) (1) ©)|CdA ()

& z+D(§) =
/ |z+D IGEI_IK (.- u g\ 2)|(n\ CTdA ()
FOgC vet
_/p W IZ/ |K~td(z,- Ug\ z)|(n)C1dA () C'€ld (€)

rel

Y I
| P Gl

< =) [ foz ey POICICT A < ~ ]Gl
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and

>

£Cn

x x Un(a, eldleld
/F/F/R |z+D§U )\|G5U ) K™ bz, - U )| (n)dzCM CIIAN (€) dA (1)

C/ I+ D()] —|—D 'G |Z/ |K " b(x, - U g\ )| (n)CIdA () ClldA (€)

1 1 n
/R T DEo CE VR K b, L)\ €de|CPax ()

LB c 5 m |G(&)| D(&)CEldN (¢) < gllGHc.

Combining these inequalities we obtain (3.39). The same considerations yield
| |- oo Tt verm)molchiane
Pol ecn €€

+/FD S [ Gleun) (Kb, UO)(n\ E)dr

d
ecn /R

TolldP) (n)

a2

<(t-1+Z) [ 1601 Dopeare),

that proves (3.40) as well. O

And now we proceed to finish the proof of the Theorem 3.7. Let us set

an 1
0:= — -1 0; ).
a+ 5 -1e(053)
Then % € (0;1). Let w € (0;%) be such that cosw < ﬁ. Then, by the
proof of Lemma 3.9, Ly € ’HC( ) and ||R(z, Lo)|| < m for all z # 0 with
|arg z| < g—&-w, where M := ——. Then
g1 1 1
I g 1AM

Hence, by (3.40) and the proof of [19, Theorem I11.2.10], we have that (L

o

Lo + L1, D) is a generator of holomorphic semigroup on L¢.
Remark 3.11. By (3.28), the estimates (3.30), (3.31) are satisfied if
K (2,0 €)] () CVdA () <ard(2,€) (3.41)
To
|E~'b (2, - UE)| () CdA () <agd (x,€). (3.42)
To
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3.4 Evolutions in the space of correlation functions

In this Subsection we will use the semigroup f(t) acting oh the space of quasi-
observables for a construction of solution to the evolution equation (2.41) on
the space of correlation functions.

We denote dA\¢ := Cl'ld\; and the dual space (L) = (L'(To,dc)) =
L>(Ty,d\¢). As was mentioned before the space (L¢)’ is isometrically isomor-
phic to the Banach space K¢ considered in (2.44)—(2.45). The isomorphism is
given by the isometry R¢

(Lo) 3 k+— Rek:=Fk-Cll e Ke. (3.43)

Recall, one may consider the duality between the Banach spaces L& and K¢

given by (2.39) with
4G, k)| < IGlc - Ko

Let (E’, Dom(f’)) be an operator in (L¢)" which is dual to the closed oper-
ator (E7 D). We consider also its image on K¢ under the isometry Rc. Namely,
let L* = RcL'Ro-1 with the domain Dom(L*) = ReDom(L'). Similarly, one
can consider the adjoint semigroup f/(t) in (L¢) and its image T+ (t) in Kc.

The space L¢ is not reflexive, hence, f*(t) is not Cp-semigroup in whole
Ke. By e.g. [19, Subsection I1.2.5], the last semigroup will be weak*-continuous,
weak*-differentiable at 0 and L* will be weak*-generator of 7%(t). Therefore,
one has an evolution in the space of correlation functions. In fact, we have
a solution to the evolution equation (2.41), in a weak*-sense. This subsection
is devoted to the study of a classical solution to this equation. By e.g. [19,
Subsection I1.2.6], the restriction T®(t) of the semigroup T*(t) onto its invariant

Banach subspace Dom(f*) (here and below all closures are in the norm of the
space K¢) is a strongly continuous semigroup. Moreover, its generator L® will
be a part of L*, namely,

Dom(L®) = {k € Dom(L*) | I*k € Dom(Z*)} (3.44)

and Lk = L*k for any k € Dom(L®).

Proposition 3.12. Let (3.30), (3.31) be satisfied. Suppose that there exists
A>0, N €Ny, v>1 such that for E €Ty and x ¢ &

d(z, &) < A1+ €Nl (3.45)

Then for any o € (0; %)

Kac C Dom(L*). (3.46)

Proof. In order to show (3.46) it is enough to verify that for any k& € K¢ there
exists k* € K¢ such that for any G € Dom(L)

(LG, k) = (G, k™). (3.47)
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By the same calculations as in the proof of Proposition 3.5, it is easy to see that
(3.47) is valid for any k € Kqc with k* = L*k, where L* is given by (3.13),
provided k* € K¢.

To prove the last inclusion, one can estimate, by (3.30), (3.31), (3.45), that

C=| (L) ()|
<c- lnl;/ k(U |K " d(x, - Un\ 2)|(Q)dA(Q)
cw%/ K(CU (n\ @) |[K~"b(a, - U\ )] (Q)AA()
< kil Mlz;/ (aC) [K~d(z,- U\ 2)|()aAQ)
+||k||,€aca|"|§€%/ (@C) | K b(a, - U\ 2)|(Q)dA(Q)
< Nkl (a1 + %) @l Y d @\ )

xren

a2 N+1_ |n|-1
<Akl (ar+ %) all(1 4 N,

Using elementary inequality

1 bo\°
1 bt<f( ) >1 1 > 4
A40fa' < (=) b=1Lac (1), 120, (348

we have for av < 1

_ ~ a A N+4+1 V!
esssup C 1"l ‘(L k)(n)’ < [kl (a1 + é) — ()) < 00.

nelo av? \ —eln (av
The statement is proved. U
Lemma 3.13. Let (3.45) holds. We define for any o € (0;1)
Do:={G€Loc | D()GE Luc}.

Then for any o € (0; 1)
DCLcCD, C Lac (3.49)

Proof. The first and last inclusions are obvious. To prove the second one, we
use (3.45), (3.48) and obtain for any G € L¢

[ D@6 mIe) dr(n) < [ a3 A0+ ) ¥ |6 ] Car (o

<const [ |G (n)|C!"d(n) < .
o

The statement is proved. O
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Proposition 3.14. Let (3.30), (3.31), and (3.45) hold with

3
a + 2 < . (3.50)

aC

for some a € (0;1). Then (L,Dy) is a generator of a holomorphic semigroup
T, (t) on Lac.

Proof. The proof is similar to the proof of Theorem 3.7, taking into account
that bounds (3.31), (3.30) imply the same bounds for aC' instead of C. Note
also that (3.50) is stronger than (3.32). O

Proposition 3.15. Let (3.30), (3.31), and (3.45) hold with

- (3 )
1< —| = - . .51
sv< a5 \2 ay (3.51)
Then, for any o with
@ a4l (3.52)
——<a< -, .
C(5—m) v

the set Koo is a fQ(t)—im}am‘ant Banach subspace of Ko. Moreover, the set
Kac is TO(t)-invariant too.

Proof. First of all note that the condition on « implies (3.50). Next, we prove
that T, )G = T (t)Gforany G € Lo C Lo Let L, = (E,Da) is the operator
in Loc. There exists w > 0 such that (w;+o00) C p(f) N p(La), see e.g. [19,
Section 1IL.2]. For some fixed z € (w; +00) we denote by R(z, L) = (21— E)fl
the resolvent of (E, D) in L and by R(z, Ea) (21 — Ea)_l the resolvent of

Za in L,c. Then for any G € L we have R(z, E)G €D c D, and

~

R(2,L)G — R(2,La)G = R(2,Lo)((21 — L) — (21 — L)) R(z, L)G = 0,

since Lo, = L on D. As a result, Ty, )G = f(t) G on L¢.
Note that for any G € Lo C Ly and for any k € Koo C Ko we have

fa(t)G € L,c and R R
<<Ta(t)G, k:>> - <<G,T; (t)k:>> ,

where, by the same construction as before, fj (t)k € Kac. But G € Lo, k € Ko

implies <<ffa(t)G,k’>> _ <<f(t)G, k>> — <<G,f* (t)k>> .

Hence, T*(t)k = f;(t)k € Kac that proves the statement due to continuity of
the family T (t). O
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By e.g. [19, Subsection I1.2.3], one can consider the restriction T (t) of the
semigroup T (t) onto K. It will be strongly continuous semigroup with the
generator L®% which is a restriction of L® onto K,c. Namely, cf. 3.44,

Dom(L®%) = {k € Koc ‘ Ik e m} (3.53)

and Lok = LOk = L*k for any k € Koc. In the other words, L& is a part of
L*.
And now we may proceed to the main statement of this Subsection.

Theorem 3.16. Let (3.30), (3.31), (3.45), and (3.51) hold, and let o be chosen

as in (3.52). Then for any ko € Koo there exists a unique classical solution
to (2.41) in the space Koc, and this solution is given by ky = T%(t)ko. More-
over, ko € Koo implies ki € Koo

Proof. We recall that (L, D) is a densely defined closed operator on L (as a
generator of a Cg-semigroup 7'(t)). Then, by e.g. [79, Lemma 1.4.1], for the
dual operator (E*,Dom(f*) we have that p(i*) = p(f) and, for any z € p(f),
R(z, Z*) = R(z, E)* In particular,

|R(z,L*)|| = |R(z. L)*|| = | R(2,L)]|. (3.54)

Next, if we denote by R(z, E)Q the restriction of R(z, E)* onto R(z, E)*—invariant
space Dom(z*) then, by e.g. [79, Theorem 1.4.2], p(EQ) = p(f*) and, for any
z € p(L*) = p(L), R(z,L®) = R(z,L)®. Therefore, by (3.54),

1BG, L9)]| < | (=, L))

Then, taking into account that by Theorem 3.7 the operator (E, D) is a generator
of the holomorphic semigroup f(t), we immediately conclude that the same
property has the semigroup 7 (t) with the generator (EQ,Dom(EQ)) in the
space Dom(f*).

As aresult, by e.g. [70, Corollary 4.1.5], the initial value problem (2.41) in the
Banach space Dom(f*) has a unique classical solution for any kg € Dom(f*). In
particular, it means that the solution k; = T© (¢)kg is continuously differentiable
in ¢t w.r.t. the norm of Dom(f*) that is the norm |||, and also k; € Dom(ie).
But by Proposition 3.15, the space ¢ is fQ(t)-invariant. Hence, if we consider

now the initial value kg € Koo C Dom(f*) we obtain with a necessity that k; =
TO(t)ko = T (t)ko € Kac. Therefore, k; € Kac (Dom(L®) = Dom(L®%)
(see again [19, Subsection 11.2.3]) and, recall, k; is continuously differentiable in ¢
w.r.t. the norm || - ||, that is the norm in K,c. This completes the proof of the
first statement. The second one follows directly now from Proposition 3.15. O
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3.5 Examples of dynamics

We proceed now to describing the concrete birth-and-death dynamics which
are important for different application. We will consider the explicit conditions
on parameters of systems which imply the general conditions on rates b and d
above. For simplicity of notations we denote the Lh.s. of (3.30) and (3.31) by
I1;(¢) and I(€), &€ € Ty, correspondingly.

Example 3.17. (Surgailis dynamics) Let the rates d and b are independent on
configuration variable, namely,

d(z,v) =m(z),  blz,y)==z2(z), z€R~eT, (3.55)
where 0 < m, z € L>°(R%). Then, by (3.17) we obtain that
14(§) = (m, §) = D),  L(§) =(2,§), {eTo.
Therefore, (3.30), (3.31), (3.32) hold if only
2(z) < am(x), x€R? (3.56)

with any

0<a< % (3.57)

Clearly, in this case (3.45) holds with N = 0, v = 1, therefore, the condition
(3.52) is just
2a
— <a<l 3.58
“<a (3.59)

The case of constant (in space) m and o was considered in [23]. Similarly to
that results, one can derive the explicit expression for the solution to the initial
value problem (2.41) considered point-wise in I'g, namely,

ki) = ex(e™™m) Y ea (S (e = 1).¢)ko(m\ &), meTo.  (359)
£Cn

Note that, using (3.59), it can be possible to show directly that the statement
of Theorem 3.16 still holds if we drop 2 in (3.57) and (3.58).

Example 3.18. (Glauber-type dynamics). Let L be given by (3.1) with

d(z, v\ z) =m(x) exp{s Z oz — y)}, rxey, verl, (3.60)

yeY\z

b(x,v) = z(x) exp{(s -1 Z o(x — y)}, zeRI\~, yel, (3.61)

yey

where ¢ : R4\ {0} — R is a pair potential, ¢(—2) = ¢(x), 0 < z,m € L>=(R?),
and s € [0;1]. Note that in the case m(z) = 1, z(z) = z > 0 and for any
s € [0;1] the operator L is well defined and, moreover, symmetric in the space
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L2(T, i), where p is a Gibbs measure, given by the pair potential ¢ and activity
parameter z (see e.g. [55] and references therein). This gives possibility to
study the corresponding semigroup in L?(T, ). If, additionally, s = 0, the
corresponding dynamics was also studied in another Banach spaces, see e.g.
[28,34,53]. Below we show that one of the main result of the paper stated in
Theorem 3.16 can be applied to the case of arbitrary s € [0; 1] and non-constant
m and z. Set

Bri= [ |79 —1|dz € [0;00], 7€ [-1;1]. (3.62)
R

Let s be arbitrary and fixed. Suppose that 85 < 0o, 85;-1 < 0o. Then, by (3.60),
(3.61), (3.22), and (2.28),

Ly(¢) =Y d(x, &\ w)e”’ = D(¢)e,

€L

and, analogously, taking into account that ¢ > 0,

0(©) = X b€\ 00 < 3 2, e
g

m
FASIS

Therefore, to apply Theorem 3.7 we should assume that there exists ¢ > 0 such
that

2(z) < om(z), x€RY, (3.63)

and 5
Cs 4 T (CPan - ° 4
el + o <3 (3.64)

In particular, for s = 0 we need

o cp,_ L
Fer <o (3.65)

Next, to have (3.45) and (3.51), we will distinguish two cases. For s = 0 we
obtain (3.45) since m € L>°(R?). In this case, v = 1 that fulfilles (3.51) as well.
For s € (0,1], we should assume that

0 < ¢ e L>®(RY). (3.66)

Then, by (3.60), v = €% > 1, where ¢ := |l oo (ray- Therefore, to have (3.51),
we need the following improvement of (3.64):

CBa . O 34CBay _ 3
P+ Ze <3 (3.67)

Example 3.19. (Bolker-Dieckman—Law—Pacala (BDLP) model) This example
describes a generalization of the model of plant ecology (see [26] and references
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therein). Let L be given by (3.1) with

d(z,y\z)=m(x)+» (z) > a (x-y), wzey, yeT, (3.68)
yeY\z
b(z,v) = »"(x) Zcﬁ(m —-v), reR\y, yeT, (3.69)

where 0 < m € L®(R%), 0 < »* € L®(RY), 0 < a* € L' (RY, dx) N L>=(RY, dx),
Jga @ (z)dz = 1. Then, by (3.17), (3.20), and (2.18)—(2.19),

L(€) =Y d@, e \2) + Y Cor (2),  L(€) =Y blx.6\a)+ > Ot (x

z€el el € €L

Let us suppose, cf. [26], that there exists § > 0 such that

(4 +0)Csx (z) <m(x), zeRY (3.70)
(44 68)xt(z) <m(z), xeR% (3.71)
4t (x)aT (z) < Cr (z)a™ (). 2 € RY (3.72)
Then
Aw,€)+ Cor (1) < dla, ) + 0 < (14 1) dle )
C _ Cm(z) C
08+ O o) < @ 0o+ FF < T
Hence, (3.30), (3.31) hold with
ap =1+ m, as

that fulfills (3.32). Next, under conditions (3.70), (3.72), we have

d(x, &) < [[ml[pee ey + [[5¢7 oe ey @™ [[ oo ey €], € € To,
and hence (3.45) holds with v = 1, which makes (3.51) obvious.

Remark 3.20. It was shown in [26] that, for the case of constant m, »T, the
condition like (3.70) is essential. Namely, if m > 0 is arbitrary small the operator
L will not be even accretive in L¢.

Example 3.21. (Contact model with establishment). Let L be given by (3.1)
with d(z,~v) = m(z) for all v € T and
bz, 7) = #(@)exp{d ée—9)} Y ale—y), el zeR\y (373
yey yey

Here 0 < m € L®(R%), 0 < » € L¥(R?), 0 < a € LY(R?Y) N L2(RY),
Jga a(x) de = 1.
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3.6 Stationary equation

In this subsection we study the question about stationary solutions to (2.41).
For any s > 0, we consider the following subset of Ko

K, = {k € Kac | k(0) = 5.

We define K to be the closure of ngg in the norm of K¢. It is clear that K with
the norm of /¢ is a Banach space.

Proposition 3.22. Let (3.30), (3.31), and (3.45) be satisfied with

a
ar + 52 <2. (3.74)

Assume, additionally, that
d(z,0) >0, xR (3.75)

Then for any o € (0; 1) the stationary equation
L'k =0 (3.76)
has a unique solution kiny from KW oC which is given by the expression
kiny = 1* + (1 — S)'E. (3.77)

Here 1% denotes the function defined by 1*(n) = 0" 5 € Ty, the function
Ee /ng s such that

b(z,0)
d(z,0)’

E(n) = 1ra)(n) n € Lo,

xren

and S is a generalized Kirkwood—Salzburg operator on I@, given by

1 1 . -
(S0 0 =- 55 2 Ly HEUDUE a0\ ) OdG) (379

1 -1
"Dw Z/F (CU(n\2) (Kb, - Un\ 2))(OdAC),

xen

for n # 0 and (Sk) (0) = 0. In particular, if b(z,0) = 0 for a.a. x* € R? then
this solution is such that
=0, n>1. (3.79)

mv

Remark 3.23. It is worth noting that (3.41), (3.42) imply (3.75).
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Proof. Suppose that (3.76) holds for some k € IC(()}(}. Then
D (n)k(n) = — E(CUn) (K Yd(z,-un\ z))()dA(Q)
(n) k() }:A“m} ) (K" d(a, - U\ ) (Q)dA(

s / (CU(m\ @) (K tb(z,- Un\ 2))(O)dAC).  (3.80)

xen

The equality (3.80) is satisfied for any k € ICSC), at the point n = (). Using the fact

that D() = 0 one may rewrite (3.80) in terms of the function k = k—1* € /ng.
Namely,

D (n)k(n) = — Z / o k(CUn) (K d(z, - Un\ 2))(¢)dA(C)

+Z kcu (n\ @) (K b(z,- Un\ 2))()dA(Q).

xzen

—i—ZO'"\’”'b z,n\ ). (3.81)

xen

As a result,

k(n) = (Sk)(n) + E(n), n€TLo.
Next, for n # ()

I |(Sk) (n)]
[n]
gc Z/ U] (K~ d(z,- Un\ 2))(Q)] dAC)

) 25 Jro\(0y

7]
G 2 [ HEU ) (bl Un ) ()] AQ)

x€77

|l~c|,<cz/F Il (K ~d(a, - Un \ 2))(Q)] dA(C)

zen ? To\{0}

Ik
|||ICCCZ/ ClN (B bz, - Un\ ))(O)] dA(Q)

pASH

S”;I(’;)CD(U) (a1—1+%2):( -l )”’“”’CC

Hence,

a
||S||=a1+g—1<1

in K. This finishes the proof. O
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Remark 3.24. The name of the operator (3.78) is motivated by Example 3.18.
Namely, if s = 0 then the operator (3.78) has form

(58 (1) = o 3 eale™ ™ n\a) [ HCU G\ @)eale ) = LA,

xeEn

that is quite similar of the so-called Kirkwood—Salsburg operator known in
mathematical physics (see e.g. [49,75]). For s = 0 condition (3.74) has form
%ecﬁﬂ < 1. Under this condition, the stationary solution to (3.76) is a unique
and coincides with the correlation function of the Gibbs measure, corresponding
to potential ¢ and activity z.

Remark 3.25. It is worth pointing out that b(z,0)) = 0 in the case of Exam-
ple 3.19. Therefore, if we suppose (cf. (3.70), (3.72)) that 2:x~C < m and
2xtat(z) < Csx~a™(z), for + € RY, condition (3.74) will be satisfied. How-
ever, the unique solution to (3.76) will be given by (3.79). In the next example
we improve this statement.

Example 3.26. Let us consider the following natural modification of BDLP-
model coming from Example 3.19: let d be given by (3.68) and

b(x,fy):/ﬁ+%+2a+(x—y), zeR\y, yeT, (3.82)
yey

where 2T, a’ are as before and x > 0. Then, under assumptions

2K
2max{% OF 6} <m (3.83)
and
2%t at(x) < Cx~a™(x), x€RY (3.84)

we obtain for some § > 0

[ K v neanm) = die,) + 0x < (14 s )d@,6)

[ K00 )CTar () = b, &) + Ooc*

1., _ m C
<k+ 50% yze;a (x—y)+ZC'< gd(x,g).

The latter inequalities imply (3.74). In this case, E(n) = lpa) (1) 2.
Remark 3.27. If at(z) = a (x), x € R and »* = 23c~, k = zm for some z > 0
then b(x,7v) = zd(x,v) and the Poisson measure 7, with the intensity z will
be symmetrizing measure for the operator L. In particular, it will be invariant
measure. This fact means that its correlation function k. (n) = z/"l is a solution
to (3.76). Conditions (3.83) and (3.84) in this case are equivalent to 4z < C

and 2~ C < m. As a result, due to uniqueness of such solution,

1*(n) + 2(1 — §) ey (n) = 2", 5 eT,.
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4 Approximative approach for the Glauber dy-
namics

In this section we consider an approximative approach for the construction of
the Glauber-type dynamics described in Example 3.18 for

s=0, m(x)=1, 2z(z)=z>0.

Therefore, in such a case, (3.1) has the form

(LF)(7) =Y [F(y\ @) = F(y)] (4.1)

fiSied

+ z/ [F(7 Ux) — F(v)] exp{—E¢(a:,*y)}dm, v eT,
Rd

with E?¢ given by (2.11).
Let G € Bys(Ig) then F' = KG € F,(T'). By (3.6), (3.17), (3.22), one has
the following explicit form for the mapping L := K LK on Byg(Ty)

(LG)(n) = —|nlG(n)
o [ U L g, 0

£Cn

where e is given by (2.25).
Let us denote, for any n € Iy,

(LoG)(n) := —=nlG(n); (4.3)
= ZZ/ “EY@OGEUr)ea(e ? @) — 1\ )da.  (4.4)
£Cn

To simplify notation we continue to write Cy for S_;. In contrast to (3.29),
we will not work the maximal domain of the operator L. Namely, the following
statement will be used

Proposition 4.1. The expression (4.2) defines a linear operator L in Lc with
the dense domain Loc C Le.

Proof. For any G € Lo

HMQM=LJQMWWWMMM: |G ()2 CIM () < oo

1)
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and, by Lemma 3.4,

121Gl
<z Z/ e~ B @) |G(EUz) ey (‘e“b(x_‘) -1
Lo ¢y /R

= z/ / / e~ B @) |G(EUz)|ex (’e*‘b(w*') — 1‘ ,77) dzCMCIEldN (€) dX (n)
Ty JTy JRE

1\ €) deClax ()

< Gewi(ccy) [ G Cir©) < G e (CCy) / 161260 9
< Q.

Embedding Lo¢c C L is dense since Bps(T'o) C Lac. O

4.1 Description of approximation

In this section we will use the symbol K to denote the restriction of K onto
functions on I'y.

Let 6 € (0;1) be arbitrary and fixed. Consider for any A € By (R%) the
following linear mapping on functions F' € K (Bbs(I‘o)) C Fep(I)

(PEF) (1) =328 (1= o) (=5 () (45)
x / (e ge-Ed’WF(w \M)Uw)dA(w), €T,
where
=A — 2! e EPWMN g (W) . )
=4 (7) /FA(é) 11 0A () (4.6)

Clearly, P§A is a positive preserving mapping and

(PM) () = dM =6 =1, yeT,.
nCy

Operator (4.5) is constructed as a transition operator of a Markov chain,
which is a time discretization of a continuous time process with the generator
(4.1) and discretization parameter 6 € (0;1). Roughly speaking, according to
the representation (4.5), the probability of transition v — (y\ n) Uw (which de-
scribes removing of subconfiguration n C v and birth of a new subconfiguration
w € I'(A)) after small time ¢ is equal to

(E2(7) "o (1 = 5V gl T e B,

yew

We may rewrite (4.5) in another manner.
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Proposition 4.2. For any F € F¢(To) the following equality holds

(PAF) () =32 (1= [ (o) [Le =" (47)

£Cy r YEw

x (Kg'F) (EUw)dA (w).

Proof. Let G := K;'F € By,s(Tg). Since Z2 doesn’t depend on 7, for v € Ty
we have

(PYF) () =(25 (7))71/F (z0)“ T e (4.8)

IS
< 36Vl = §)" F (nUw) dA () .
nCy

To rewrite (4.5), we have used also that any 1 C ~ corresponds to a unique
v\ 1 C 7. Applying the definition of Ky to F = K,G we obtain

Z s\l (1 — 5)In| F(nUw) = Z sl (1 — 5)\77\ Z Z G(CUp) (4.9)

" ey (CnBCw
- ZZG(CUB) Z (5|’Y\(77/U<)| (1_6)‘7]'UC|7
(Cvy pCw e\

where after changing summation over n C v and ¢ C n we have used the fact
that for any configuration n C v which contains fixed { C v there exists a unique
n' C v\ ¢ such that n = n’ U . But by the binomial formula

S s aol (1 - gyl Z 1 - g S slnavl (- gl (a10)
7’ CY\¢ 7' CyY\¢
=(1- 5)\<|(5 +1-— 5)Iv\<| =(1- 5)|<|_

Combining (4.8), (4.9), (4.10), we get

(PF) () =(=§ (v))’l/F (20) T ==

YyEw

X3 N GCUB) (1 —6)ldA (w).

(CyBCw

Next, Lemma 3.4 yields

(B'F) (v) =(=5 (7))71/1“ /r (26)l«7] H e B2 ()

yeEWUp
X Y G (CUB) (1 —8)lldr(w)dr(B)
¢Cy
— [ P [Je P00 Y Gcus - 5)4an ).
Ia yeB ¢Cy
which proves the statement. U
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In the next proposition we describe the image of P(;A under the Ky-transform.

Proposition 4.3. Let ]/56/\ = KglP(SAKO. Then for any G € Bys(T'o) the fol-
lowing equality holds

Fre) =Y -0 [ )M aeuw) (4.11)
£Cn Ta
X H e B (W) H (67E¢(y/’”) - 1) d\ (w), neTy.
yel y'en\§

Proof. By (4.7) and the definition of K ', we have
(PAG) (m)
= Z(_l)ln\CI Z (1-— 5)\5\ / (z(;)\wl H e—E“’(y,C)G(g Uw)dA (w)

¢cn £c¢ Ta yew
:Z(l_(s)‘f‘ Z (_1)|(n\£)\4|/ (zd)‘”‘ He_E¢(y’<U5)G(§Uw)dA (w).
€Cn con\¢ Ta yew

By the definition of the relative energy
11 e~ B?(y,CU8) — I1 e~ B (yw) 11 e B (VW)
yEw yes y'eq

The well-known equality (see, e.g., [36])

S (1) TT e (v')

¢Cn\& y'€C

(5 TLe ) g

I (1)

Yy €N\E

completes the proof. O

4.2 Construction of the semigroup on L

By analogy with (4.11), we consider the following linear mapping on measurable
functions on I'y

(PG) () =>_(1 —5)‘5‘/ (26)“l G (¢ Uw) (4.12)
£Cn Lo
X H e~ B (yw) H (e’E¢(y/’“) — 1) dA (w), mneTy.
yes y' €n\E

Proposition 4.4. Let
2e% < C. (4.13)

Then /P:;, given by (4.12), is a well defined linear operator in L¢, such that
|Ps|| < 1. (4.14)
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Proof. Since ¢ > 0 we have

HR;GH /Z 1-96 ‘f‘/ (20) |G (e Uw)|

<[ =0 ] ‘e—E (v —1‘d)\ (w) X (n)

IS y'en\§

/F/F |§|/ (26) |G (€ Uw)

x[[e @ ] ’ —B¢ (v w 1‘d>\ (w) CICIEL N (€) dX ()
yeg y'en

:/ / (1-6)1 (20) G (¢ Lw)|
Ty /T

Lm0 f (170 ar} s,

yeg R

It is easy to see by the induction principle that for ¢ >0, w € Ty, y ¢ w

I N I Ea <> (1-ettew), (4.15)

TEW rew

Then

PGlo< [ [ =594 16 €00

xexp{C’Z/ 1—6 ¢(z— y))dy}d/\( )C"f‘d)\(f)

rew

/ / )51 (26)1|G (£ Uw)| eCC Il CIElgN (w) dA (€)
To JTo
:/F [(1—8)C + 26¢°%*) 11 ()] dA (w) < |Gl

For the last inequality we have used that (4.13) implies (1 — §) C' +26e““¢ < C.
Note that, for A-a.a. n € Iy

(P5G) () < oo, (4.16)
and the statement is proved. O

Proposition 4.5. Let the inequality (4.13) be fulfilled and define

~ 1
L§ — 5(

where 1 is the identity operator in Lo. Then for any G € Lo

I(Zs — L)G| . < 38)|Glzc- (4.17)

Bs—1), 6€(0;1),
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Proof. Let us denote

(BG) () =Y (1= a0 = 19" G m); (4.18)
£Cn
(PG () =26 > (1—6)" G(fo) (4.19)
£Cn
< [[e v H (e7#0=) —1) da; (4.20)
yes yen\§
and
PP =P — (P + V). (4.21)
Clearly

SN 1~ .
I(@s — e, = H6 (BG-G)-ic

(4.22)
C

5177l

1= 1+
< ‘5 (PVG - G) —LOG‘ + H6P§1)G—L1G +
C C

Now we estimate each of the terms in (4.22) separately. By (4.3) and (4.18), we

have
c /1“O

‘ 1

_snl _
- (]/56(0)6; _ G) ~ LG (152%

; G ()| A ().

+ [n]

But, for any |n| > 2

o\l \’7\
In| In| In] inl
= Z(”)( )rok=2 <5Z<’7> <420,
k=2
Therefore,

|5 (P06-6) - 16| <alcac. (1.23)
Next, by (4.4) and (4.20), one can write

— N ) T e ¢
i /I‘OZ((l 5) 1)/ GeEva ]

36 -G

e - y€eg
X H ( —¢(y—= 71) ax Ml (n)
yEN\E
Sz/ / (1—(1_5)\5\>/ Gleua) [0
I'g v/Tg Rd s
x H (1 —e - $)) d:chCWd)\ (f) d\ (?7)7
yeEn
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where we have used Lemma 3.4. Note that for any |¢| > 1

|€]—1
1-(1-0) =53 (1-6)" <sl
=0

Then, by (4.13) and (2.12), one may estimate

1
‘515}1)6*— LG

gz(s/ |§|/ |G (£ U z)| deC¥leCCe d) (&) (4.24)
C Ty R4
<26 | €€l = 1) |G (&) O dn (€).

o

Since n (n — 1) < 2™, n > 1 and by (4.13), the latter expression can be bounded
by

5 [ 1G©1C) A de).
To
Finally, Lemma 3.4, (4.15) and bound e Buw) < 1, imply (we set here
F822) = |_|n22 F(n))

1 5(>2) 1/ \5\/ |wl
“PFq| <= 1-6 20)“NG (¢ Uw 4.25
3727 sf S [ eoaeus) (4.25)
x [T 2@ T (1 e B @) dx (w) ClldA ()
IS yeEN\E
_ s\l |w|
<
<o Sa-of [ HieEu)
£Cn 0
><1—‘[6—E")(y7W) H (1_6—Ed’(y7w)) dX (w) Cdx (n)
yee yeEN\§
<o [ Y -9 [ jeeuw)
Togcn To
XHe—Eeo(y,w) H (1 o~ B yw))d)\( )y Cldx ()
1SS yeEN\E
<5// 5)€ 2141 1@ (6 U w)|
Ty 4T
/ 1— e B we)) alilax (n) dx (w) C¥ldA (€)
Lo yEn

\5\ \wl CCywl €]
<5/FO/FO G (€ Uw)| e“Cl«ld (w) CIEldA (€)

<6 [ [(1-08)C+ 2% G ()] dr (w)
To

<5 / (2601 |G () dA (@) <6 [ G @) 20) dA (w).
Lo

To
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Combining inequalities (4.23)—(4.25) we obtain the assertion of the proposition.
O

We will need the following results in the sequel.

Lemma 4.6 (cf. [20, Corollary 3.8]). Let A be a linear operator on a Banach
space L with D (A) dense in L, and let || - || be a norm on D (A) with respect
to which D (A) is a Banach space. Forn € N let T,, be a linear ||-||-contraction
on L such that T,, : D (A) — D (A), and define A,, = n (T, — 1). Suppose there
exist w > 0 and a sequence {e,} C (0;400) tending to zero such that for n € N

1(An — A) fll <enllfll, f € D(A) (4.26)

and w
I Toen |l < 1+~ (4.27)

Then A is closable and the closure of A generates a strongly continuous con-
traction semigroup on L.

Lemma 4.7 (cf. [20, Theorem 6.5]). Let L, L,, n € N be Banach spaces, and
pn : L — L, be bounded linear transformation, such that sup, ||p.| < oo.
For any n € N, let T,, be a linear contraction on Ly, let €, > 0 be such that
lim,, o0 &, = 0, and put A,, = &, (T, — 1). Let T(t) be a strongly continuous
contraction semigroup on L with generator A and let D be a core for A. Then
the following are equivalent:

1. For each f € L, T,Et/s"]pnf = p, T () f in L, for all t > 0 uniformly
on bounded intervals. Here and below [- | mean the entire part of a real
number.

2. For each f € D, there exists f, € Ly, for each n € N such that fn, = pnf
and Ay, fn — pnAf in L,.

And now we are able to show the existence of the semigroup on L¢.

Theorem 4.8. Let
z < min{Ce*CC% 206726’0“’}. (4.28)

Then (E, Egc) from Proposition 4.1 is a closable linear operator in Lo and its
closure (E, D(E)) generates a strongly continuous contraction semigroup ﬁ on
Lc.

Proof. We apply Lemma 4.6 for L = L¢, (A, D(A)) = (f, Lac), I =1l ll2c:
T, = Ps andAn:n(Tnfl):%(ng]l):E(;, where § = L. n > 2.

n’

Condition ze““» < C, Proposition 4.4, and Proposition 4.5 provide that T,,

n > 2 are linear || - ||c-contractions and (4.26) holds with €, = 2 = 35. On the
other hand, in addition, Proposition 4.4 applied to the constant 2C' instead of
C gives (4.27) for w = 0 under condition ze2¢“+ < 2C. O
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Moreover, since we proved the existence of the semigroup ft on L¢ one can
apply contractions Py defined above by (4.12) to approximate the semigroup 7.

Corollary 4.9. Let (4.13) holds. Then for any G € L
(f;)[nt]G —T,G, n— oo

for all t > 0 uniformly on bounded intervals.

Proof. The statement is a direct consequence of Theorem 4.8, convergence
(4.17), and Lemma 4.7 (if we set L, = L = Lo, p, = 1, n € N). O

4.3 Finite-volume approximation of IA}

Note that 16\5 defined by (4.12) is a formal point-wise limit of ]/55‘\ as A T R<.
We have shown in (4.16) that this deﬁmtlon is correct. Corollary 4.9 claims

additionally that the linear contractions P§ ap)Qrommate the semigroup Tt, when
4 1 0. One may also show that mappings P5 have a similar property when
ATRE § 0.
Let us fix a system {A,, },>2, where A, € By(R?), A,, C Api1, Un A = R4,
We set N
T, = Pi\".

Note that any T, is a linear mapping on Bys(I'g). We consider also the system
of Banach spaces of measurable functions on I'g

Loni= {65 > R [6le, = [ Jemieix < oo,

n

Let p, : L& — L, be a cut-off mapping, namely, for any G € Lo

(PnG)(n) = Lpa,) (M) G(n).

Then, obviously, ||pnG|lc.n < ||Gllc. Hence, p,, : L& — Lc,y is alinear bounded
transformation with ||p,|| = 1.

Proposition 4.10. Let (4.13) hold. Then for any G € L
[nt] 3
H(Tn) pnG—pnTtGHCyn—>0, n — 0o

for all t > 0 uniformly on bounded intervals.

Proof. The proof of the proposition is completed by showing that all conditions
of Lemma 4.7 hold. Using completely the same arguments as in the proof of
Proposition 4.4 one gets that each T,, = PA is a linear contraction on L¢ ,,
n > 2 (note that for any n > 2, (2.12) 1mphes fAn (1- e~ ?@))dz < Cy < 0).
Next, we set A,, = n(T;,, — 1,,) where 1,, is a unit operator on L, and let
us expand T}, in three parts analogously to the proof of Proposition 4.5: T;, =
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(O) + T(l) + T(>2) As a result, A,, = n(Ty(LO) —1,)+ nTT(Ll) + nT,ELZZ). For any

G € Loc we set G, = pr,G € Locn, C Lo,n. To finish the proof we have to
verify that for any G € Lo

|ALG — anGHC,n —0, n— oo. (4.29)
For any G € Lo

|A.Gr — anGHC,n < Hn(Tr(LO) —1,,)Gn — anoG”C,n (4.30)
+ HnTy(Ll)Gn _anlGHC,n + HnTygszn”C,n-

Note, that p,LoG = LoG,. Using the same arguments as in the proof of
Proposition 4.5 we obtain

2 2
0T = )G = puLoGllcm + I1TEH Gullom < =[Gl < = [Gllc.

Next,
InTM Gy — pLiGlloyn

<Z/mn /R 1_n)|£11A (@)1

« H e—¢(y—x H (1 _ e—¢(y—1)> dzC"d\ (n)

yeg yeEN\§

SZ/F(M/HA”)/W {1— (1— i)f ]lAn(Jf)} |G (§uz)]

< [ (1= e7@=)) dzCild (n) dA (€)

yen

<C / N / d {1 ~(1- ;)5 nAn@:ﬁ G (¢ Ua) ldaC¥lar (),

G (EUa)]

where we have used (2.12) and (4.13). Using the same estimates as for (4.24)
we may continue

gC’/F(A )/A {1 - (1 - i)lgl} |G (€U ) |dzeCEldN (€)
+c/ / |G (€U z) |dzCEldX (€)

<Gl e [ / (€U ) daCHld(€)
But by the Lebesgue dominated convergence theorem,

// |G (£ U ) |deCEldA (&) = 0, n — oo
To JAg
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Indeed, 1¢ (2)|G (€U x)| — 0 point-wisely and may be estimated on I'g x R?
by |G (£ U x) | which is integrable:

¢ [ [ 16ua)icane = [ II6©ICan© < [Glle < .
Ty JRE To

Therefore, by (4.30), the convergence (4.29) holds for any G € Lo¢, which
completes the proof. O

4.4 Evolution of correlation functions

Under condition (4.28), we proceed now to the same arguments as in Subsec-
tion 3.4. Namely, one can construct the restriction T®(¢) of the semigroup of

T*(t) onto the Banach space D(L*) (recall that the closure is in the norm of
Kc). Note that the domain of the dual operator to (L, Lac) might be bigger
than the domain considered in Subsection 3.4. Nevertheless, T (t) will be a Cy-

semigroup on D(E*) and its generator L® will be a part of L*, namely, (3.44)
holds and L*k = L®k for any k € D(L®).
The next statement is a straightforward consequence of Proposition 3.12.

Proposition 4.11. For any o € (0;1) the following inclusions hold Koo C

D(L*) c D(L*) C Ke¢.

Then, by Proposition 3.5, we immediately obtain that, for & € Ky,

(L*k)(n) = — [nlk(n) (4.31)
2 e [ ) Lk 2) UE AN,

The next statement is an analog of Proposition 3.15.

Proposition 4.12. Suppose that (4.28) is satisfied. Furthermore, we addition-
ally assume that
2<Ce %%, if CCy<In2. (4.32)

Then there exists ag = ap(z, ¢, C) € (0;1) such that for any o € (aw; 1) the set
Kac is the T*(t)-invariant linear subspace of K¢.

Proof. Let us consider function f(z) := xze™®, z > 0. It has the following prop-
erties: f is increasing on [0; 1] from 0 to e~! and it is asymptotically decreasing
on [1;+00) from e™! to 0; f(z) < f(2z) for z € (0,In2); z = In2 is the only
non-zero solution to f(x) = f(2z).

By assumption (4.28), 2Cy < min{CCge~““%,2CC,e~2¢C¢}. Therefore, if
CCye=CC% £ 20C,e~2¢C% then (4.28) with necessity implies

2Cy < et (4.33)
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This inequality remains also true if CCy = In2 because of (4.32). Under condi-
tion (4.33), the equation f(z) = zCy has exactly two roots, say, 0 < z1 < 1 <
zg < +00. Then, (4.32) implies z1 < CCy < 2CCy < z5.

If CCy > 1 then we set o := max {%, %%; %} < 1. This yields 2aCCy >
CCyand aCCy > 1> x;. If 21 < CCy < 1 then we set ap := max {%, 21,1

cc, 5} <
1 that gives 2aCCy > CCy and aCCy > 1.
As a result,

r < OtCC¢ < CO¢ < 20(CC¢ < 2004, < x5 (434)

and 1 < aC < C < 2aC < 2C. The last inequality shows that Loc C Lonc C
Lo C Lac. Moreover, by (4.34), we may prove that the operator (L, Lanc) is
closable in £,¢ and its closure is a generator of a contraction semigroup T, (t)

on Lac. The proof is identical to the proofs above.
It is easy to see, that T, (¢t)G = T(t)G for any G € L. Indeed, from the

A

construction of the semigroup T'(¢) and analogous construction for the semigroup
T.(t), we have that there exists family of mappings Ps, 6 > 0 independent of

a and C, given by (4.12), such that 1/55[3] for any t > 0 strongly converges to

T(t) and To(t) in Le and Lac, correspondingly, as § — 0. Here and below |[-]
means the entire part of a number. Then for any G € Lo C Lo we have that
T(t)G € Lo C Loc and T, (1)G € Lyc and

IT(H)G ~ Ta(H)Gllac < Hf(t)G — ]/55[%]GHQC + ”fa(t)G _ 136[%]6;

aC

<[00 - ], + .00 7]

as 0 — 0. Therefore, f(t)G = fa(t)G in Loc (recall that G € L) that yields
T(t)G(n) = To(t)G(n) for M-a.a. n € I'g and, therefore, T'(t)G = T,,(t)G in Lc.
Note that for any G € Lo C Ly and for any k € Koo C Ko we have

To(t)G € Loc and ~ -
(06 8) = (6. 52008).
where, by construction, fo’j (t)k € Koc. But G € L¢, k € K¢ implies
(TG k) = (TG, k) = (G, T*(t)k) .

Hence, T* t)k = ZA“; (t)k € Koo, k € Koc that proves the statement. O

Remark 4.13. As a result, (4.28) implies that for any ky € D(L*) the Cauchy
problem in K¢

6 T
ke =Lk (4.35)
ki |t:0 = ko

has a unique mild solution: k; = T*(t)kg = T®(t)ko € D(L*). Moreover,
ko € Kuoc implies k; € Koo provided (4.32) is satisfied.
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Remark 4.14. The Cauchy problem (4.35) is well-posed in K¢ = D(f*), ie.,
for every ko € D(L®) there exists a unique solution k; € K¢ of (4.35).

Let (4.28) and (4.32) be satisfied and let ag be chosen as in the proof of
Proposition 4.12 and fixed. Suppose that a € (ag;1). Then, Propositions 4.11
and 4.12 imply K,c C D(f*) and the Banach subspace K,c is f*(t)— and,
therefore, T® (t)-invariant due to the continuity of these operators.

Let now 70« (t) be the restriction of the strongly continuous semigroup 7 (t)
onto the closed linear subspace K,c. By general result (see, e.g., [19]), T®*(t)

is a strongly continuous semigroups on K,c with generator L% which is the
restriction of the operator L®. Namely,

D(LO%) = {k € Koo ’ Itk e m} (4.36)

and R N R R
Lo = L®k = L*k, k € D(L®%) (4.37)

Since f(t) is a contraction semigroup on L, then, f'(t) is also a contraction
semigroup on (L¢)’; but isomorphism (3.43) is isometrical, therefore, T*(¢) is a
contraction semigroup on K. As a result, its restriction 7@%(t) is a contraction
semigroup on K,c. Note also, that by (4.36),

D.c = {k € Kac ‘ E*k € ’Cac}

is a core for LO% in Kpe.
By (4.12), for any k € Koc, G € Bps(T'o) we have

/F (BG) (n) k () dA ()
— _ [€] P [w] w e—E¢(y,w)
/FZu 5) /Fo<a> GEuw ][

0¢&Cn ISS
x JT (e7@) — 1) dx(w) k () dX (1)
yeEN\§

\5\ |w] —E?(y,w)
/FO/FO /1“0(Z5) G(§Uw)yl_[e£e v
< T (e @) — 1) dx (w) k (U €) dA () dA (1)

yen
‘é\w (20) ! G (¢ e~ B (yw)
/FO ‘/FO wC& ygw
x TT(e7 2" @) = 1) k(U g\ w)dA(€)dA (),
yen
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therefore,

(Pyk) () = (1= 6)" (zg) T e ") (4.38)
wCn yeEN\w
e~ B yw) w .
/11( 1) k(EUn\w)dr ()

Proposition 4.15. Suppose that (4.28) and (4.32) are fulfilled. Then, for any
k € Dyc and o € (e, 1), where o is chosen as in the proof of Proposition 4.12,

hmH (Pr — 1)k — L|| =o. (4.39)
Kc
Proof. Let us recall (4.31) and define
(B k) () = (1= 8) k()
POk () _252 s)M=1e (e‘¢(’”—')7n\w)

xen
x /FO ex (€7 = 1,E) k(EUn \ =) dA(€);

and P2 — Pr  pr© _ pr),
We will use the following elementary inequality, for any n € NU{0}, § € (0;1)

1—(1-=9)" n(n —1)
<n-— < .
0<n 5 <4 5

Then, for any k € Koc and M-a.a. n € Tg, n # 0

Il

1 Sk
5B = )+ k)|

1—(1—5)77‘

)
<|Ikllkaca™ nl - — 5 |= illkHzcacOé'”'IﬂKlnl -1 (4.40)

and the function o”x(z — 1) is bounded for z > 1, a € (0;1). Next, for any
ke Koo and M-a.a. n € g, n# 0

o[ Bk _22/ ~9=) 1\ z)
xen
 ex (e*¢<w*-> - L) EEUn\2) X9
< bll.e 50 S (1= (1= 8)77) [ e (aC(e )~ 1),€) r(©)
TEN To
<kl —alnlz Inl 1)exp{aCC¢}
xTEN
< ||k||/<ac£a'"'5\77l(|ﬂ\ — 1 exp{aCCy}. (4.41)
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which is small in § uniformly by |n|. Now, using inequality

1— e El(yw) _ H e %@y < Z (1 — e ¢(@— y))

TEW rEw
we obtain
w w —E%(.w
70 \n\z |TI\| 25)\ | ( E(’)ﬂ?\w)
wCn
|wl>2

€) IK(EUn\ w)ldA €)

X / ey (’e’m("“) -1
o

1 w 20 |w]
= kl.col s 3 (1 -0 (2 expfacCs))

wCn
|w|>2

recall that o > ay, therefore, z exp{aCCy} < aC, and one may continue

1 w| clw
SElcacal™s D7 (1 -8 g

R
- In] - [nl! Inl—k sk—2
Il 80" > prmt = (=9
_ ] & [n|! Inl—k—2 ck
= lI*llcacoo ;;0 (k+2)!(|n| — k —2)! (1-9) 0
o (] 1) S (2! gk g

= lobal (=) 32 =gy -9

<|lkllic.c0a™ 0] (In] — 1) kzo k'||7|7|—_2—2) (1- 5)|7I|*27k 5k

= |[kllic.c0a™ [nl (jn| = 1) (4.42)
Combining inequalities (4.40)—(4.42) we obtain (4.39). O

As a result, we obtain an approximation for the semigroup.

Theorem 4.16. Let ag be chosen as in the proof of the Proposition 4.12 and
be fixed. Let o € (a3 1) and k € Koo be given. Then

(P = TOt)k, §—0
in the space Koo with norm || - ||k for allt > 0 uniformly on bounded intervals.

Proof. We may apply Proposition 4.15 to use Lemma 4.7 in the case L, = L =
Eoszpn:]Lfn:f:k,é‘n:a—)o,neN. O
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4.5 Positive definiteness

We consider a small modification of the notion of positive definite functions
considered in Proposition 2.12. Namely, we denote by L (I'g) the set of all
measurable functions on I'y which have a local support, i.e. G € L?S(I‘o) if there
exists A € By(R?) such that G Iro\r(a)= 0. We will say that a measurable
function k : Iy — R is a positive defined function if, for any G € L2 (Ty) such
that KG > 0 and G € L¢ for some C > 1 the inequality (2.30) holds.

For a given C' > 1, we set L5 = LY (I'g) N L¢. Since Bys(To) C LY, for any
C > 1, Proposition 2.12 (see also the second part of Remark 2.13) implies that
if k£ is a positive definite function as above then there exists a unique measure
p € Mj, (T) such that k = k, be its correlation function in the sense of (2.24).
Our aim is to show that the evolution k — T© (t)k preserves this property of
the positive definiteness.

Theorem 4.17. Let (4.28) holds and k € D(L*) C K¢ be a positive definite

function. Then ky := T®(t)k € D(L*) C K¢ will be a positive definite function
for any t > 0.

Proof. Let C > 0 be arbitrary and fixed. For any G € Elcsv we have

G (n) ke (n) dX (n) = / (T()G) (n) k (m) X (1) (4.43)

Fo l—‘O

By Proposition 4.10, under condition (4.28), we obtain that

n—0 T

li [ [T, G ) = Brn) (0TOG) )] €M) =0

where for n > 2 N
T, = P

n

and A,, ~ R%. Note that, by the dominated convergence theorem,

/F TOC) () k() dA () = Tim | Toea,, () (BOG) () k () dA ()

n—oQ To

= lim (T@G) () K (n) dA (n) -
n—00 C(An)

Next,

[ @oemrmam - [ TG koo
L'(An) T'(An)

< [T, G ) - 1o, ) EOG) )] k1) dA ()
F(A")

< [[kllxe / o [P0 (1) = T, (DTOG) ()| A () 0, = o

n
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Therefore,

/F (T)G) () k () dA (1) = lim TV ra,) G () k () dA () . (4.44)

Our aim is to show that for any G € ﬁlcs the inequality KG > 0 implies

g G (1) ke (n) dA (n) > 0.

By (4.43) and (4.44), it is enough to show that for any m € N and for any
G € L% such that KG > 0 the following inequality holds

| A T, G@E MA@ 20, meNa (@.0)
To

The inequality (4.45) is fulfilled if only
Klpa,)Ty'Gn 20, (4.46)

where G, := lip(,,)G. Note that

(Klpa) T Gn) (7) = lira,) (0) (T3 Gr) () (4.47)
= > (TGn) (n) = (KT'Gn) (1a,,)

for any m € Ny. In particular,
(KGn) (v) = (Klrn,)G) (v) = (KG) (ya,) = 0. (4.48)

Let us now consider any Ge Elg (stress that G is not necessary equal to 0
outside of I'(A;,)) and suppose that (KG) () > 0 for any v € I'(A,,). Then

(KT,G) (ya,) = (Kﬁg"é) (VA,) = (P;?”Ké) (VA,,) (4.49)

Eren)” ¥ () (-2

NCYAp

N et ok
) /F(An)<) [Te 7@ (EG)((va, \ n) Uw)dA (w) > 0.

n
YyEw

By (4.48), setting G = G, € LB we obtain, because of (4.49), KT,G, > 0.
Next, setting G = T,,G,, € Elg we obtain, by (4.49), KT2G,, > 0. Then, using
an induction mechanism, we obtain that

(KT;"Gn) (7a,) 2 0, m € No,

that, by (4.46) and (4.47), yields (4.45). This completes the proof. O
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4.6 Ergodicity

Let k € Koc be such that k() = 0 then, by (4.38), (E;kk) (@) = 0. Class of all
such functions we denote by K2.

Proposition 4.18. Assume that there exists v € (0;1) such that
z < min{VCe_CC¢; 206_2CC¢}. (4.50)

Let, additionally, « € (a;1), where ag is chosen as in the proof of the Propo-
sition 4.12. Then for any § € (0;1) the following estimate holds

ngé‘ o || < 1—(1—w)d. (4.51)

Proof. Tt is easily seen that for any k € K the following inequality holds
k()] < 1jp1>0 ||kH7cc cll X—a.a. n € To.

Then, using (4.38), we have

c—l ‘(ﬁ;k )’
<CTM Y7 (-9 (20 '“‘/ 1= e P W)Y k(¢ U\ w)| dA (€)
wen To yGE
ol (20 B
SUPMC |<5) / [T (1= e @) C¥Mgp pag=0dA (€)
wCn Ty yee
= HkHICC Z (1 5 I\l 26 / H 1 — e_E(b(y w)) ClEldn (5)
wCn To yee
25 Inl e
+Hk||;<;c = / [T (1= e B@e)) el g odn (€)
To yEeE
w]
=1kl Z (1—g)ml <Z—£> / H (1 _ e—E¢(y7w)) ClElan ()
wCn To yee
2’5 Il _E%(y.w 20 [
+Hk‘||/cc Vel / [T (1 — e E@e)) clelane) — |1kl (E)
To yEeE
ol
wen To yee
25\ 1l
~ e ()
wl (26 [w] -
e () e -l
wCn R
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25\ 1l
e (3)

26\ 25\ 7
<Nkl Y (16 '<5) exp {CCp |wl} — ||k, (5)

wCn

25\ 1
<[l 3o 0 - )" @) — ikl (2)

wCn

25\ 1l
= Ikl ((1 ~a-ne - (%) )

ko)
= ||kH;cc (1 - (11:12;5> < ||k||)cc ( - (1 - V) 5),

[¢]

where we have used that, clearly, z < vC' < C. The statement is proved. O

Remark 4.19. Condition (4.50) is equivalent to (4.28) and (4.32).

As it was mentioned in Example 3.18, under condition (cf. (4.33))
2Cy < (2¢)71, (4.52)

there exists (see, e.g., [35] for details) a Gibbs measure p on (I',B(I)) cor-
responding to the potential ¢ > 0 and activity parameter z. We denote the
corresponding correlation function by k,. The measure p is reversible (sym-
metrizing) for the operator defined by (4.1) (see, e.g., [35,54]). Therefore, for
any F' € K Bps(T0)

/F LF(y)du(y) = 0. (4.53)

Theorem 4.20. Let (4.52) and (4.50) hold and let o € (ap; 1), where g is
chosen as in the proof of Proposition 4.12. Let ko € Kac, ky = T (t)ko. Then
foranyt >0

e = kullce < e |lko = kullxe- (4.54)
Proof. First of all, let us note that for any a € (ap;1) the inequality (4.34)
implies z < aC exp{—aCCy}. Hence k,(n) < (aC)I", n € Ty. Therefore, k, €
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Kac C Kac N D(L*). By (4.53), for any G € Bys(To) we have (<EG7kH>> = 0.
It means that L*k, = 0. Therefore, L9k, = 0. As a result, T9*(¢)k, = k,,.
Let rg = ko — k,, € Koc. Then rg € K9 and

ke = kullce = [T ®)rol|.,

<[ @) Fl 7o 0o = ) Fro]

SES o
= ”P5 r’C(c)x i HTOHKIC + HT® (t)ro — (P(S)[é]ro

.
< (1= =)8) " rolle + [T tro = (B) ]|

since 0 < 1—(1-»)§ <1and £ < [£] + 1. Taking the limit as § | 0 in the
right hand side of this inequality we obtain (4.54). O

References

[1]

2]

S. Albeverio, Y. Kondratiev, and M. Rockner. Analysis and geometry on
configuration spaces. J. Funct. Anal., 154(2):444-500, 1998.

S. Albeverio, Y. Kondratiev, and M. Rockner. Analysis and geometry on
configuration spaces: the Gibbsian case. J. Funct. Anal., 157(1):242-291,
1998.

W. Arendt, A. Grabosch, G. Greiner, U. Groh, H. P. Lotz, U. Moustakas,
R. Nagel, F. Neubrander, and U. Schlotterbeck. One-parameter semi-
groups of positive operators, volume 1184 of Lecture Notes in Mathematics.
Springer-Verlag, Berlin, 1986. ISBN 3-540-16454-5. x+460 pp.

Y. Berezansky, Y. Kondratiev, T. Kuna, and E. Lytvynov. On a spec-
tral representation for correlation measures in configuration space analysis.
Methods Funct. Anal. Topology, 5(4):87-100, 1999.

C. Berns, Y. Kondratiev, Y. Kozitsky, and O. Kutoviy. Kawasaki dynamics
in continuum: micro- and mesoscopic descriptions. J. of Dyn and Diff.
Eqgn., 25(4):1027-1056, 2013.

L. Bertini, N. Cancrini, and F. Cesi. The spectral gap for a Glauber-type
dynamics in a continuous gas. Ann. Inst. H. Poincaré Probab. Statist., 38
(1):91-108, 2002.

N. N. Bogoliubov. Problems of a dynamical theory in statistical physics.
In Studies in Statistical Mechanics, Vol. I, pages 1-118. North-Holland,
Amsterdam, 1962.

B. Bolker and S. W. Pacala. Using moment equations to understand
stochastically driven spatial pattern formation in ecological systems. Theor.
Popul. Biol., 52(3):179-197, 1997.

o7



[9]

[10]

[11]

[19]

[20]

B. Bolker and S. W. Pacala. Spatial moment equations for plant com-
petitions: Understanding spatial strategies and the advantages of short
dispersal. American Naturalist, 153:575-602, 1999.

A. Borodin and G. Olshanski. Point processes and the infinite symmetric
group. Math. Res. Lett., 5(6):799-816, 1998.

A. Borodin and G. Olshanski. Distributions on partitions, point processes,
and the hypergeometric kernel. Comm. Math. Phys., 211(2):335-358, 2000.

A. Borodin and G. Olshanski. Harmonic analysis on the infinite-
dimensional unitary group and determinantal point processes. Ann. of

Math. (2), 161(3):1319-1422, 2005.

A. Borodin and G. Olshanski. Representation theory and random point
processes. In Furopean Congress of Mathematics, pages 73-94. Eur. Math.
Soc., Zirich, 2005.

A. Borodin, G. Olshanski, and E. Strahov. Giambelli compatible point
processes. Adv. in Appl. Math., 37(2):209-248, 2006.

N. R. Campbell. The study of discontinuous problem. Proc. Cambridge
Philos. Soc., 15:117-136, 1909.

N. R. Campbell. Discontinuities in light emission. Proc. Cambridge Philos.
Soc., 15:310-328, 1910.

U. Dieckmann and R. Law. Relaxation projections and the method of mo-
ments. In The Geometry of Ecological Interactions, pages 412-455. Cam-
bridge University Press, Cambridge, UK, 2000.

R. L. Dobrushin, Y. G. Sinai, and Y. M. Sukhov. Dynamical systems
of statistical mechanics. In Y. G. Sinai, editor, Ergodic Theory with Ap-
plications to Dynamical Systems and Statistical Mechanics, volume II of
Encyclopaedia Math. Sci., Berlin, Heidelberg, 1989. Springer.

K.-J. Engel and R. Nagel. One-parameter semigroups for linear evolution
equations, volume 194 of Graduate Texts in Mathematics. Springer-Verlag,
New York, 2000. ISBN 0-387-98463-1. xxii+586 pp.

S. N. Ethier and T. G. Kurtz. Markov processes: Characterization and con-
vergence. Wiley Series in Probability and Mathematical Statistics: Prob-
ability and Mathematical Statistics. John Wiley & Sons Inc., New York,
1986. ISBN 0-471-08186-8. x+534 pp.

D. Filonenko, D. Finkelshtein, and Y. Kondratiev. On two-component
contact model in continuum with one independent component. Methods
Funct. Anal. Topology, 14(3):209-228, 2008.

D. Finkelshtein. Measures on two-component configuration spaces. Con-
densed Matter Physics, 12(1):5-18, 2009.

98



[23]

[27]

28]

D. Finkelshtein. Functional evolutions for homogeneous stationary death-
immigration spatial dynamics. Methods Funct. Anal. Topology, 17(4):300—
318, 2011.

D. Finkelshtein and Y. Kondratiev. Measures on configuration spaces de-
fined by relative energies. Methods Funct. Anal. Topology, 11(2):126-155,
2005.

D. Finkelshtein, Y. Kondratiev, and Y. Kozitsky. Glauber dynamics in
continuum: a constructive approach to evolution of states. Discrete and
Cont. Dynam. Syst. - Ser A., 33(4):1431-1450, 4 2013.

D. Finkelshtein, Y. Kondratiev, and O. Kutoviy. Individual based model
with competition in spatial ecology. STAM J. Math. Anal., 41(1):297-317,
2009.

D. Finkelshtein, Y. Kondratiev, and O. Kutoviy. Vlasov scaling for the
Glauber dynamics in continuum. Infin. Dimens. Anal. Quantum Probab.

Relat. Top., 14(4):537-569, 2011.

D. Finkelshtein, Y. Kondratiev, and O. Kutoviy. Correlation functions
evolution for the Glauber dynamics in continuum. Semigroup Forum, 85:
289-306, 2012.

D. Finkelshtein, Y. Kondratiev, and O. Kutoviy. Semigroup approach to
birth-and-death stochastic dynamics in continuum. J. of Funct. Anal., 262
(3):1274-1308, 2012.

D. Finkelshtein, Y. Kondratiev, and O. Kutoviy. Establishment and fe-
cundity in spatial ecological models: statistical approach and kinetic equa-
tions. Infin. Dimens. Anal. Quantum Probab. Relat. Top., 16(2):1350014
(24 pages), 2013.

D. Finkelshtein, Y. Kondratiev, and O. Kutoviy. An operator approach to
Vlasov scaling for some models of spatial ecology. Methods Funct. Anal.
Topology, 19(2):108-126, 2013.

D. Finkelshtein, Y. Kondratiev, O. Kutoviy, and E. Lytvynov. Binary
jumps in continuum. I. Equilibrium processes and their scaling limits.

J. Math. Phys., 52:063304:1-25, 2011.

D. Finkelshtein, Y. Kondratiev, O. Kutoviy, and E. Lytvynov. Binary
jumps in continuum. IT. Non-equilibrium process and a Vlasov-type scaling
limit. J. Math. Phys., 52:113301:1-27, 2011.

D. Finkelshtein, Y. Kondratiev, O. Kutoviy, and E. Zhizhina. An approx-
imative approach for construction of the Glauber dynamics in continuum.
Math. Nacher., 285(2-3):223-235, 2012.

99



[35]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

D. Finkelshtein, Y. Kondratiev, and E. Lytvynov. Equilibrium Glauber
dynamics of continuous particle systems as a scaling limit of Kawasaki
dynamics. Random Oper. Stoch. Equ., 15(2):105-126, 2007.

D. Finkelshtein, Y. Kondratiev, and M. J. Oliveira. Markov evolutions
and hierarchical equations in the continuum. I. One-component systems.

J. Evol. Equ., 9(2):197-233, 2009.

D. Finkelshtein, Y. Kondratiev, and M. J. Oliveira. Glauber dynamics in
the continuum via generating functionals evolution. Complex Analysis and
Operator Theory, 6(4):923-945, 2012.

D. Finkelshtein, Y. Kondratiev, and M. J. Oliveira. Kawasaki dynamics in
the continuum via generating functionals evolution. Methods Funct. Anal.
Topology, 18(1):55-67, 2012.

D. Finkelshtein, Y. Kondratiev, and M. J. Oliveira. Markov evolutions
and hierarchical equations in the continuum. II: Multicomponent systems.
Reports Math. Phys., 71(1):123-148, 2013.

M. E. Fisher and D. Ruelle. The stability of many-particle systems.
J. Math. Phys., 7:260-270, 1966.

N. Fournier and S. Meleard. A microscopic probabilistic description of a
locally regulated population and macroscopic approximations. The Annals
of Applied Probability, 14(4):1880-1919, 2004.

N. L. Garcia. Birth and death processes as projections of higher dimensional
poisson processes. Adv. in Appl. Probab., 27:911-930., 1995.

N. L. Garcia and T. G. Kurtz. Spatial birth and death processes as solutions
of stochastic equations. ALEA Lat. Am. J. Probab. Math. Stat., 1:281-303
(electronic), 2006.

N. L. Garcia and T. G. Kurtz. Spatial point processes and the projection
method. Progress in Probability, 60:271-298, 2008.

H.-O. Georgii. Canonical and grand canonical Gibbs states for continuum
systems. Comm. Math. Phys., 48(1):31-51, 1976.

R. A. Holley and D. W. Stroock. Nearest neighbor birth and death processes
on the real line. Acta Math., 140(1-2):103-154, 1978.

D. G. Kendall. Stochastic Geometry, chapter Foundations of a theory of
random sets, pages 322-376. New York: Wiley,, 1974.

Y. Kondratiev and T. Kuna. Harmonic analysis on configuration space. I.
General theory. Infin. Dimens. Anal. Quantum Probab. Relat. Top., 5(2):
201-233, 2002.

60



[49]

[50]

[51]

[52]

[53]

[54]

[55]

Y. Kondratiev and T. Kuna. Correlation functionals for Gibbs measures
and Ruelle bounds. Methods Funct. Anal. Topology, 9(1):9-58, 2003.

Y. Kondratiev and O. Kutoviy. On the metrical properties of the configu-
ration space. Math. Nachr., 279(7):774-783, 2006.

Y. Kondratiev, O. Kutoviy, and R. Minlos. On non-equilibrium stochastic
dynamics for interacting particle systems in continuum. J. Funct. Anal.,
255(1):200-227, 2008.

Y. Kondratiev, O. Kutoviy, and S. Pirogov. Correlation functions and in-
variant measures in continuous contact model. Infin. Dimens. Anal. Quan-
tum Probab. Relat. Top., 11(2):231-258, 2008.

Y. Kondratiev, O. Kutoviy, and E. Zhizhina. Nonequilibrium Glauber-type
dynamics in continuum. J. Math. Phys., 47(11):113501, 17, 2006.

Y. Kondratiev and E. Lytvynov. Glauber dynamics of continuous particle
systems. Ann. Inst. H. Poincaré Probab. Statist., 41(4):685-702, 2005.

Y. Kondratiev, E. Lytvynov, and M. Rockner. Equilibrium Kawasaki dy-
namics of continuous particle systems. Infin. Dimens. Anal. Quantum

Probab. Relat. Top., 10(2):185-209, 2007.

Y. Kondratiev, R. Minlos, and E. Zhizhina. One-particle subspace of the
Glauber dynamics generator for continuous particle systems. Rev. Math.
Phys., 16(9):1073-1114, 2004.

T. Kuna. Studies in configuration space analysis and applications. Bonner
Mathematische Schriften [Bonn Mathematical Publications], 324. Univer-
sitat Bonn Mathematisches Institut, Bonn, 1999. ii+187 pp. Dissertation,
Rheinische Friedrich-Wilhelms-Universitat Bonn, Bonn, 1999.

A. Lenard. Correlation functions and the uniqueness of the state in classical
statistical mechanics. Comm. Math. Phys., 30:35-44, 1973.

A. Lenard. States of classical statistical mechanical systems of infinitely
many particles. I. Arch. Rational Mech. Anal., 59(3):219-239, 1975.

A. Lenard. States of classical statistical mechanical systems of infinitely
many particles. II. Characterization of correlation measures. Arch. Rational
Mech. Anal., 59(3):241-256, 1975.

S. A. Levin. Complex adaptive systems: exploring the known, the unknown
and the unknowable. Bulletin of the AMS, 40(1):3-19, 2002.

T. M. Liggett. Interacting particle systems, volume 276 of Grundlehren der
Mathematischen Wissenschaften [Fundamental Principles of Mathematical
Sciences]. Springer-Verlag, New York, 1985. ISBN 0-387-96069-4. xv+488

bp-

61



[63]

T. M. Liggett. Stochastic interacting systems: contact, voter and ex-
clusion processes, volume 324 of Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences]. Springer-
Verlag, Berlin, 1999. ISBN 3-540-65995-1. xii+332 pp.

H. P. Lotz. Uniform convergence of operators on L* and similar spaces.
Math. Z., 190(2):207—-220, 1985.

J. Mecke. Eine charakteristische Eigenschaft der doppelt stochastischen
Poissonschen Prozesse. Z. Wahrscheinlichkeitstheorie und Verw. Gebiete,
11:74-81, 1968.

U. Murrell, David J. and Dieckmann and R. Law. On moment closures for

population dynamics in continuous space. Journal of Theoretical Biology,
229(3):421 — 432, 2004.

X.-X. Nguyen and H. Zessin. Integral and differential characterizations of
the Gibbs process. Math. Nachr., 88:105-115, 1979.

O. Ovaskainen, D. Finkelshtein, O. Kutoviy, S. Cornell, B. Bolker, and
Y. Kondratiev. A mathematical framework for the analysis of spatial-
temporal point processes. Theoretical Ecology, 2013.

L. V. Ovsjannikov. Singular operator in the scale of Banach spaces. Dokl
Akad. Nauk SSSR, 163:819-822, 1965.

A. Pazy. Semigroups of linear operators and applications to partial differ-
ential equations, volume 44 of Applied Mathematical Sciences. Springer-
Verlag, New York, 1983. ISBN 0-387-90845-5. viii4+279 pp.

M. D. Penrose. Existence and spatial limit theorems for lattice and contin-
uum particle systems. Prob. Surveys, 5:1-36, 2008.

R. S. Phillips. The adjoint semi-group. Pacific J. Math., 5:269-283, 1955.

C. Preston. Spatial birth-and-death processes. Bull. Inst. Internat. Statist.,
46(2):371-391, 405-408, 1975.

A. Rényi. Remarks on the Poisson process. Studia Sci. Math. Hungar., 2:
119-123, 1970.

D. Ruelle. Statistical mechanics: Rigorous results. W. A. Benjamin, Inc.,
New York-Amsterdam, 1969. xi+219 pp.

D. Ruelle. Superstable interactions in classical statistical mechanics.
Comm. Math. Phys., 18:127-159, 1970.

M. V. Safonov. The abstract Cauchy-Kovalevskaya theorem in a weighted
Banach space. Comm. Pure Appl. Math., 48(6):629-637, 1995.

62



[78] F. Treves. Ovcyannikov theorem and hyperdifferential operators. Notas de
Matematica, No. 46. Instituto de Matemadtica Pura e Aplicada, Conselho
Nacional de Pesquisas, Rio de Janeiro, 1968. iii4+-238 pp.

[79] J.van Neerven. The adjoint of a semigroup of linear operators, volume 1529
of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1992. ISBN 3-
540-56260-5. x+195 pp.

63



