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ARITHMETIC GROUPS, BASE CHANGE,
AND REPRESENTATION GROWTH

NIR AVNI, BENJAMIN KLOPSCH, URI ONN, AND CHRISTOPHER VOLL

ABSTRACT. Consider an arithmetic group G(Og), where G is an affine group scheme
with connected, simply connected absolutely almost simple generic fiber, defined over
the ring of S-integers Og of a number field K with respect to a finite set of places S. For
each n € N, let R,(G(Og)) denote the number of irreducible complex representations
of G(Og) of dimension at most n. The degree of representation growth a(G(Og)) =
lim,, 0 log R,,(G(Og))/logn is finite if and only if G(Og) has the weak Congruence
Subgroup Property.

We establish that for every G(Og) with the weak Congruence Subgroup Property
the invariant a(G(Og)) is already determined by the absolute root system of G. To
show this we demonstrate that the abscissae of convergence of the representation zeta
functions of such groups are invariant under base extensions K C L. We deduce from
our result a variant of a conjecture of Larsen and Lubotzky regarding the representation
growth of irreducible lattices in higher rank semi-simple groups. In particular, this
reduces Larsen and Lubotzky’s conjecture to Serre’s conjecture on the weak Congruence
Subgroup Property, which it refines.

CONTENTS

Introduction and Main Results

Background and Motivation

Discussion of Main Results
Reduction of the Main Results to Theorem 2.8
Base Change for Finite Groups of Lie Type

Finite Groups of Lie Type

Applications to Finite Quotients of Arithmetic Groups
Relative Zeta Functions, Kirillov Orbit Method and Model Theoretic
Background

Relative Zeta Functions and Cohomology

Kirillov Orbit Method

Quantifier-Free Definable Sets and Functions

Valued Fields
Parametrizing Representations

Relative Orbit Method

The Stabilizer of =g

The Lie Algebra Associated to the Stabilizer of =g

27
27
29
32
38
40
40
43
48



2 NIR AVNI, BENJAMIN KLOPSCH, URI ONN, AND CHRISTOPHER VOLL

5.4. Proof of Theorem 5.1 51
6. Quantifier-Free Integrals 56
6.1. Uniform Formulae for Quantifier-Free Integrals 56
6.2. Proof of Theorem 6.2 57
6.3. Proof of Theorem 2.8 63
References 64

1. INTRODUCTION AND MAIN RESULTS

1.1. Background and Motivation. One of the aims of this paper is to prove a variant of
a conjecture of Larsen and Lubotzky on the representation growth of irreducible lattices in
higher rank semi-simple groups. We recall that the representation growth of an arbitrary
group G is given by the asymptotic behavior of the sequence R,,(G), n € N, where R, (G)
denotes the number of equivalence classes of irreducible complex representations of G of
dimension at most n. Whenever G is a topological (resp. algebraic) group, we restrict the
investigation without further comment to continuous (resp. rational) representations. Ac-
cording to Margulis’ Arithmeticity Theorem, the lattices in question arise in the following
way. Consider an arithmetic group G(Og), where Og is the ring of S-integers of a number
field K with respect to a finite set of places S of K and G is an affine group scheme over
Og whose generic fiber is connected, simply connected absolutely almost simple. Suppose
further that the S-rank of G, i.e., tk¢ G = > _s1kg, G, is at least 2 and that an infinite
place v is included in S if tkx, G > 1. A theorem of Borel and Harish-Chandra shows
that the image of G(Og) under the diagonal embedding is indeed an irreducible lattice
in the higher rank semi-simple group H =[], .4 G(k,). Moreover, Margulis proved that
this construction produces, up to commensurability, essentially all irreducible lattices in
higher rank semi-simple groups. Precise notions and a more complete description can be
found in [33]. In this paper, we call a group arithmetic if it is commensurable to a group
of the form G(Og) as above. In particular, all arithmetic groups that we consider are
defined in characteristic 0.

The study of representation growth for arithmetic groups was initiated by Lubotzky
and Martin in [30]. They showed that, whenever I" is commensurable to G(Og) as above
and rkg, G > 1 for every finite place p € S, then the growth of the sequence R,(I'), n € N,
is bounded polynomially in n if and only if G(OS) has the weak Congruence Subgroup

Property. To discuss the latter, let G(OS) and OS denote the profinite completions of the
group G(Og) and the ring OS. Furthermore, we write O, for the completion of the ring
of integers O of K at a prime p. The group G(Og) has the weak Congruence Subgroup
Property (wCSP) if the kernel of the natural map

G(0s) —GOs)= [ GOy,

peSpec(O)\S
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is finite. A long-standing conjecture of Serre asserts, in particular, that G(Og) has the
wCSP whenever tkg G > 2 and rkg, G > 1 for every finite place p € S. This part of
Serre’s conjecture is known to be true in many cases; e.g., it holds for groups yielding
non-uniform irreducible lattices in higher rank semi-simple groups. For more information
see [37, Chapter 9.5], [39] or [38], and the references therein.

Next we recall the definition of the representation zeta function of a group G and its
abscissa of convergence, which captures the degree of representation growth of G.

Definition. Let G be a group such that R, (G) is finite for all n € N. The representation
zeta function of G is the Dirichlet generating series

Cals) = Y (dimo)™,

0€lrr(G)

where Irr(G) is the set of equivalence classes of finite-dimensional irreducible complex
representations o of G and s € C is a complex variable.

The abscissa of convergence of (;(s) is the infimum of all & € R such that the series
(c(s) converges absolutely for all s € C with Re(s) > o; we denote this invariant by a(G).
In particular, a(G) = oo if (¢(s) diverges for all s € C.

Whenever a group G, as in the definition above, possesses infinitely many finite-
dimensional irreducible complex representations, the abscissa of convergence «(G) is re-
lated to the asymptotic behavior of the sequence R, (G) by the equation

(1.1) a(G) = hmsupw.

n—oo  logm
In the case of an arithmetic group I' = G(Og), as described above, Lubotzky and Martin’s
result in [30] can therefore be stated as follows: I' has the wCSP if and only if a(I") < oo.
In this sense the invariant «(I") provides a means to study the wCSP in a quantitative

way. We also remark that if T' has the wCSP, then «(T") = lim,, log’ifg"ér) is actually a

limit, hence R, (T") = n®M+°M): this is shown implicitly in [2].

1.2. Discussion of Main Results. In this paper we establish new quantitative results
regarding the representation growth of arithmetic groups with the wCSP. Our first main
theorem is the following.

Theorem 1.1. Let ® be an irreducible root system. Then there exists a constant ag such
that, for every arithmetic group G(Og), where Og is the ring of S-integers of a number
field K with respect to a finite set of places S and G is an affine group scheme over Og
whose generic fiber is connected, simply connected absolutely almost simple with absolute
root system ®, the following holds: if G(Og) has the wCSP, then a(G(Og)) = ag.

The theorem highlights two challenging open problems, namely to determine the con-
stants ag and to establish finer asymptotics for the representation growth of arithmetic
groups with the wCSP. Even at the conjectural level we are presently very far from solv-
ing these problems. The main theorem in [2] shows that ag € Q for all ®. Furthermore,
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o > 1—15 (see [28, Theorem 8.1]) and ay, < 22 for all ¢ € N, with similar bounds on
other root systems (see [1]). The only precisely known values are acy, = 2 (see [28, The-
orem 10.1]) and a4, =1 (see [3, Theorem CJ). In fact, for arithmetic groups I' = G(Og)
with the wCSP which arise from affine group schemes G of type A; or Ay, even finer
asymptotics of the representation growth of I' have been established. If G has abso-
lute root system Aj, then (r(s) admits a meromorphic continuation beyond its abscissa
of convergence and has a simple pole at s = 2 (compare [28] and [4]); consequently,
R,(T) = (cr + o(1))n? for a constant cp € R. Similarly, if G has absolute root system
A,, then (r(s) has a meromorphic continuation beyond its abscissa of convergence and
a double pole at s = 1 (see [4]); consequently, R,(I") = (cr 4+ o(1))nlogn for a constant
cr € R. For general I', it remains open whether and how far (r(s) can be extended mero-
morphically and, if so, whether the order of the resulting pole at s = «(I") depends only
on the absolute root system ®.

Besides its intrinsic group theoretic importance, the invariant a(G(Og)) of an arith-
metic group G(Og) is also related to the singularities of deformation varieties of surface
groups inside G(C); see [1]. Furthermore it is significant for the volumes of the moduli
space of U-local systems on algebraic curves, where U is a compact group. We refer to
Witten’s paper [43] for the case where U is a compact Lie group and to [1] for the case
where U is a maximal compact subgroup in the adelic group G(Ag).

Finally, we remark that Theorem 1.1 is similar in spirit to the main result of [31], which
pins down the subgroup growth of irreducible lattices in higher rank semi-simple groups
(modulo Serre’s conjecture and the generalized Riemann Hypothesis). We emphasize that
the subgroup growth of such lattices is always faster than polynomial and, in fact, our
proofs and methods are completely different from those used in [31].

Let us now focus on the representation growth of irreducible lattices in semi-simple
locally compact groups. Let H be a semi-simple group in characteristic 0 of the form
H = [[;-, H;(Fj), where each Fj is a local field of characteristic 0 and each H; is
a connected, almost simple Fj-group. As indicated at the end of Section 1.1, for every
arithmetic irreducible lattice I' in H we may regard a(I") as a quantitative measure for the
wCSP. Moreover, Serre’s conjecture on the Congruence Subgroup Problem asserts that
the question whether such a lattice T" has the wCSP, equivalently whether «(I") < oo,
does not depend on the particular choice of I', but is controlled by the ambient group H.
Larsen and Lubotzky conjectured that, if H has higher rank, i.e., 22:1 rkp, H; > 2, then
the abscissa of convergence a(I") is the same for all irreducible lattices I' in H; see [28,
Conjecture 1.5]. We establish the following variant.

Theorem 1.2. Let H be a semi-simple group in characteristic 0, and let 'y, 'y be two
arithmetic irreducible lattices in H, both having the wCSP or, equivalently, satisfying
a(l'y), a(l'y) < co. Then a(I'y) = a(T'y).

This unconditional result and Margulis’ Arithmeticity Theorem immediately reduce
Larsen and Lubotzky’s conjecture to the original conjecture of Serre.
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Theorem 1.3. Let H be a higher-rank semi-simple group in characteristic 0. Assuming
Serre’s conjecture, for any two irreducible lattices 'y, 'y in H we have o(I'y) = a(I'y).

We emphasize that our results are at the same time weaker and stronger than [28,
Conjecture 1.5]. They are weaker, since we do not prove Serre’s conjecture, and stronger,
since Theorem 1.1 shows that the abscissa of convergence depends only on the absolute
root system associated to the ambient semi-simple group H.

Central to this paper are new insights into the behavior of the abscissa of convergence
under base change. More precisely, we consider the relation between the abscissae of
convergence for groups G(0O;) and G(O3), where O; C O, is a ring extension. We
initiated this study in [3] in the local case, where each O; is a compact discrete valuation
ring of characteristic 0. In the present paper we consider the global case, where each O;
is the ring of S;-integers in a number field K;.

It is convenient to organize the results on base change of arithmetic groups into two
theorems. Theorem 1.4 links the abscissa of convergence for an arithmetic group G(Og)

with the wCSP to the abscissa of convergence for the group G(O\) over the integral adeles
0 = Hpespec(O) O,. Key to this are results of Larsen and Lubotzky, such as an Euler
product factorization for representation zeta functions of arithmetic groups and results
on the representation growth of Lie groups, and [3, Theorem B]|. The latter is a base
change result in the local case; we record a relevant corollary as Theorem 2.2 below.

Theorem 1.4. Let K be a number field with ring of integers O and let S be a finite set
of places of K. Let G be an affine group scheme defined over Og whose generic fiber is
connected and simply connected semi-simple. Suppose that G(Og) has the wCSP. Then

o(G(0s)) = a(G(0)).

Theorem 1.5 incorporates the main thrust of the current paper. It relates the abscissae
of convergence for the adelic groups G(Ok) and G(Oy), where K C L is an extension of
number fields.

Theorem 1.5. Let K C L be number fields with rings of integers O C Op, and let G
be an affine group scheme defined over Ok whose generic fiber is connected and simply
connected semi-simple. Then o(G(Ok)) = a(G(Oyr)).

It is noteworthy that the global situation is more rigid than the local one: in the local
case, the abscissa of convergence is monotone non-decreasing with respect to base change,
but it can be strictly increasing; see Remark 2.3.

At a formal level we can summarize the base change theorems as follows. Theorem 1.4
means that a(G(0;)) = a(G(0O3)) when Spec(Oy) — Spec(Oy) is an open embedding.
Theorem 1.5 means that a(G(01)) = a(G(O3)) when Spec(O;) — Spec(O;) is finite.
Taken together, they mean that a(G(0;)) = a(G(Os)) when Spec(O;) — Spec(O;) has
finite fibers.

Theorem 1.5 is more difficult to prove than its local counterpart Theorem 2.2. Our
approach is based on close approximations of the representation zeta functions associated
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to groups of the form G(O,). A central feature of these approximations is that they are
uniform, as O ranges over the set of all finite extensions of a fixed global ring and p ranges
over a cofinite set of primes of O. We give such approximations in Theorem 2.8. Similar
approximations for zeta functions of the finite groups of Lie type G(O/p) are derived in
Theorem 3.1, using Deligne-Lusztig theory. This allows us to control representations of
G(O) that factor through [[, G(O/p), but does not account for other representations.
In contrast to the situation for finite groups of Lie type, the representation theory of
groups over local rings is at present poorly understood. Instead of enumerating represen-
tations directly, we follow in the proof of Theorem 2.8 Weil’s idea to express local factors
of zeta functions as p-adic integrals. We show that in our case the local factors can be
approximated by a class of p-adic integrals involving quantifier-free definable functions
(Theorem 5.1) and that such integrals admit uniform formulae (Theorem 6.2). In this
context we employ tools from the model theory of valued fields, such as partial elimi-
nation of quantifiers in the theory of Henselian valued fields of residue characteristic 0.
Working with quantifier-free definable functions, we strike a balance between being able
to approximate the relevant local factors in the first place and being able to derive uniform
formulae for the resulting integrals. At present it is unknown whether one may use more
elementary classes of functions, such as polynomials, to carry out an equally effective
approximation.

Organization. In Section 2 we prove Theorem 1.4, state Theorem 2.8, and prove Theo-
rems 1.5, 1.1, and 1.2, using Theorem 2.8. The rest of the paper is dedicated to proving
Theorem 2.8. In Section 3 we prove Theorem 3.1, which is a variant of Theorem 2.8
for zeta functions of semi-simple algebraic groups over finite fields, and apply it to fi-
nite quotients of arithmetic groups. In Section 4 we collect some results about relative
representation zeta functions, the Kirillov orbit method, and model theory. In Section 5
we prove that the local factors of representation zeta functions of arithmetic groups are
approximated by integrals of quantifier-free definable functions. In Section 6 we prove
that integrals of quantifier-free definable functions have a uniform formula, and finish the
proof of Theorem 2.8.

Notation. All affine group schemes appearing in this paper are algebraic. For reference
purposes we summarize some of the notation used frequently.

o G, H denote affine group schemes; in this context g refers to the Lie algebra of G,
but sometimes g denotes a more general Lie lattice.

o ® denotes a root system; rk ® its rank and ®* a choice of positive roots; C(G, T, E)
and C(®) are defined in (3.6), (3.7).

o I', A denote arithmetic groups.

o K, L denote number fields, with rings of integers Ok, Oy..

o p denotes a prime of Ok and q a prime of Oy.

o K, and Ok = Ok, denote the completions of K and Ok at p; similarly, L, and
Or,q = Oy, are the completions of L and Op at q.
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o A is a semi-ring with an ideal A" and &, , a Dirichlet polynomial; see Definition 2.6.

Griie(g) and GrlP(g) are the Grassmannians of Lie subalgebras and of nilpotent Lie

subalgebras of a Lie algebra g; see Definition 4.11.

F,k,I" are the sorts of the Denef-Pas language of valued fields; see Section 4.4.

Tﬁelds, Tﬁelds’R, Tperf._ﬁelds’nR, THen,O, and S’Hen,K,O denote the first-order theories of

certain types of fields; see Sections 4.3 and 4.4.

o II, = and decorations thereof refer to relative orbit method functions; see Section 5.1.

o X', % are quantifier-free definable sets introduced in Definitions 5.2 and 5.12.

o R,L,8 and decorations thereof refer to definable functions/families of Lie alge-
bras/groups over 2" and %/; see Section 5.1 and also Theorem 5.18.

e}

O

o

Additional summaries of more specialised notation can be found in Sections 5.1 and 5.2.

Acknowledgments. Avni was supported by NSEF Grant DMS-0901638. Onn was sup-
ported by ISF grant 382/11. We acknowledge support from the EPSRC. Many thanks to
Udi Hrushovski, Michael Larsen, and Alex Lubotzky for lots of helpful conversations and
the referees for a number of comments that improved the exposition of the paper.

2. REDUCTION OF THE MAIN RESULTS TO THEOREM 2.8

In this section we prove Theorems 1.1, 1.2, and 1.5, modulo Theorem 2.8 stated below.
For this purpose we fix the following notation.

o K is a number field, O = Ok its ring of integers, and Og the ring of S-integers for a
finite set of places S.

o G is an affine group scheme defined over Og whose generic fiber is connected and
simply connected semi-simple.

o I' = G(Og) has the wCSP.

The groups that we consider in this article have the property that their categories of
finite-dimensional complex representations are semi-simple. For example, I' satisfies this
condition since, for every finite-dimensional complex representation g of I', the Zariski
closure of p(I") is a reductive algebraic group in characteristic 0.

Our starting point is an Euler product factorization for the representation zeta function
of a suitable subgroup A C I'. The following elementary lemma will be used repeatedly.

Lemma 2.1. Let Gy and Gy be groups such that their categories of finite-dimensional
complez representations are semi-simple. If R, (G1) and R,(G2) are finite for all n € N,
then (g, xc, = Cc,Ca,- In particular, a(Gy x G2) = max{a(G1), a(G2)}.

Proof. This follows from the fact that the irreducible complex representations of G x Go
are the tensor products of irreducible complex representations of G; and Gs. 0
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Considering pro-algebraic completions, one finds that there is a finite-index subgroup
A C T such that

(2.1) =l T o

pEsS

where the product ranges over the primes p € Spec(O) \ S = Spec(Og) and A, is the
closure, in the p-adic topology, of the image of A under the embedding I' — G(O,);
see [28, Theorem 3.3 and Proposition 4.6]. Furthermore, the generating series (g(c)
counts only rational representations, and the generating series (a, count only continuous
representations. Since A has finite index in I', the Strong Approximation Theorem implies
that A, is open in G(O,), for every p, and A, = G(Oy), for all but finitely many primes.

It is well-known that the abscissa of convergence for groups is a commensurability
invariant (see [30, Lemma 2.2]; we prove a more general version in Lemma 2.11). In
particular, a(I") is equal to a(A). By [28, Theorem 5.1] and [28, Proposition 6.6, we have
a(G(C)) < a(G(0Oy)), for every p € Spec(Og). Therefore, (2.1) shows that a(I") is equal
to the abscissa of convergence of the product Hp¢ s Ca,. By another application of the
commensurability invariance, «(T") is equal to the abscissa of convergence of Hp¢ s Ca(op)-

To deduce Theorem 1.4 we need to justify that the abscissa of convergence of the
product [, ¢a(0,), ranging over all primes p € Spec(0), is unchanged by omitting finitely
many factors. This is a consequence of the following more general result.

Theorem 2.2. Let K be a number field with ring of integers Ok, and let G be an affine
group scheme over O whose generic fiber is connected and simply connected semi-simple.

Then, for every finite extension L of K with ring of integers O, and every prime q of Oy,
there are infinitely many primes p of Ok such that «(G(Op4)) < a(G(Oky)).

Theorem 2.2 is a corollary of [3, Theorem B], whose proof uses p-adic integrals to analyze
the representation zeta functions of g-adic groups such as G(Op4). The connection to
p-adic integrals, and more generally definable integrals in the sense of model theory, is
[3, Corollary 3.7] (see also [24, Lemma 4.1]). The notion of a quantifier-free definable
function is explained in Section 4. It follows from [3, Corollary 3.7] that there are d € N
and quantifier-free definable functions ¢, ¢ such that, for every finite extension L of K,
every prime q of Oy, and every sufficiently large integer r, the representation zeta function
of the rth principal congruence subgroup G (Or 4) = ker(G(OL4) — G(Or/q")) can be
expressed as follows:

(2.2) Ca(0r,q)(8) = IOL/CI!’“'dimG/d [p1(2)lq [@2(2)]g *dA (),

OL,CI

where the absolute value in the integrand is the g-adic one, and A is the additive Haar
measure on Lg normalized so that )\(O%’q) = 1. Since the abscissae of convergence for
G(Op4) and its rth principal congruence subgroup are equal, the claim in Theorem 2.2
may thus be reduced to a similar claim for integrals of the form (2.2). The main point is
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that the functions ¢, ¢ are independent of L and ¢, allowing us to compare the integrals
for varying fields and primes.

Remark 2.3. Theorem 2.2 can be regarded as a local analog of Theorem 1.5. We explain
why a more naive analog is false. Suppose that K C L is a finite extension of number fields
and that q is a prime of Oy, lying over a prime p of Og. Then [3, Theorem B| implies
that a(G(Okp)) < a(G(Or,4)). However, in contrast to the global case considered in
Theorem 1.5, the inequality can be strict. For example, let D be a central division
algebra of degree d over a non-archimedean local field F', and let G be an affine group
scheme over Op such that G(F') is the group of norm 1 elements in D. Then the abscissa
of convergence for G(Op) is 2/d; see [28, Theorem 7.1]. But if F' C F is an extension such
that D splits over E, then a(G(Og)) > 1/15 by [28, Theorem 8.1], and hence strictly
greater than 2/d for d > 30.

We move on to the proof of Theorem 1.5. The description in (2.2) of representation
zeta functions of principal congruence subgroups G(’")(Op) as p-adic integrals is of limited

use for determining (G (O)). This is due to the fact that the infinite product of such
congruence subgroups is not of finite index in G(O) = [, G(Oy). Facing the challenge

to deal with the groups G(Oy), and not merely congruence subgroups of sufficiently large
index, we approximate their representation zeta functions in the following sense.

Definition 2.4. Let f(s) = > >~ a,n ® and g(s) = >~ b,n~*® be Dirichlet generating
series, i.e., Dirichlet series with integer coefficients a,, b, > 0. Let C' € R. Suppose that
oo € R5 is greater than or equal to the abscissae of convergence of f and g. We write

f<cg foro>o

if f(o) < C'g(o) for every o € R with 0 > 05. We write f <¢ g, without specifying
the domain, if f and ¢ have the same abscissa of convergence a and if f <g g for
o > max{0, a} Finally, we write f ~¢c g if f <¢ g and g <¢ f.

We routinely use the fact that f S¢, g and g S¢, b imply f Sc,c, .

Lemma 2.5. Let f, g be Dirichlet generating series with abscissae of convergence oy, ag.
Suppose that [ = T[~_ (1 + fm) and g = [[_ (1 + gm), where fu, gm are Dirichlet
generating series with vanishing constant terms, and, for every m € N, let 3,, denote the
abscissa of convergence of g,,. Suppose further that, for each € > 0, there is C(g) € R
such that, for all m, fm Sce) gm for o > P +c. Then oy < ay.

Proof. The assumptions imply that the abscissa of convergence of f,, is less than or
equal to S, for every m. The abscissa of convergence of a Dirichlet generating series
is determined by its behavior on the real axis. Fix ¢ > 0, and let ¢ € R with o >
max{0, oy} + ¢, so that ¢ > f3,,, + ¢ for all m. Then g(o) = [[,,(1 + gm(0)) and hence
3. gm(0o) converge. As f,,(0) < C(e)'*7¢g, (o) for all m, this implies that > f.(0)
and hence f(o) =]],,(1+ fm(0)) converge. Thus o > ;. Letting ¢ tend to 0, we deduce
that oy > ay. O
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We now introduce a semi-ring A whose elements a are used to index Dirichlet polyno-
mials &, , approximating certain Dirichlet generating series.

Definition 2.6. Let A be the collection of all finite subsets a C Z>q X Z~oU{(0,0)}. We
turn A into a commutative unital semi-ring by defining the sum of a,b € A as a+b = aUb
and their product as a-b = {u+wv | u € a,v € b}. Note that the neutral elements in A are
0= and 1 ={(0,0)}. For a € A and n € N we write a™ = {(nuy, nuy) | (u1,us) € a}.

The set AT = {a € A |(0,0) ¢ a} forms an ideal of the semi-ring A. For a,b € AT we
define a x b € A' by the formula (1+a)(1+b) =1+axb. Fora € AT and n € N we
write a* = a x - - - x a for the n-fold power with respect to .

For a € A and ¢ € Ns5 we define the Dirichlet polynomial

fa,q(s): Z qm—ns‘

(m,n)€a

Remark 2.7. (1) Let a,b € A" and n € N. The following properties are immediate from
the definitions: a™ C a*, &, 0 = §am) 4> and there exists C' = C(a,b) € R such that

(1 + fag)(l + £b7q) — 1~ ga*b,q for all qc NZQ.

For instance, C(a,b) = 1 + min{|al, |b|} works. Furthermore, if @ C b, then &, , <1 &, for
all qc NZQ.

(2) Let a,b € A. Let N(a) denote the “north-west”-Newton polytope associated to a,
i.e., the convex hull of [ J{u + (R<p X R>) | u € a} in R?. Then N(a) C N(b) if and only
if there exists C' € R such that &, ,(s) S¢ &4(s) for all ¢ € Nso. In fact, if N(a) C N(b)
one can take C' = |al.

Recall that the Dedekind zeta function (x(s) = [ [ especioy (1 — |0/p|~%)"" of a number
field K has abscissa of convergence 1, and that, for any subset 7' C Spec(O) with positive
analytic density, the abscissa of convergence of [[ o (1 — |0/p|~%)"" is equal to 1. Of
course, every co-finite subset of Spec(O) has positive analytic density.

Theorem 2.8. Let K be a number field with ring of integers Ok, and let G be an affine
group scheme over Ok whose generic fiber is connected, simply connected semi-simple.
Then there exist

o c¢(G) e AT,
o for every finite extension L of K with ring of integers Op, subsets R(L) C T(L) C
Spec(Op) with T(L) co-finite and R(L) of positive analytic density in Spec(Op),
o for every e € Ryg, a constant C(g) € Ryg
such that for every finite extension L of K with ring of integers Oy, the following hold.

(1) For every q € T(L), there is a subset ¢ C ¢(G) such that, for every e € Ry,

€G(0Lq) = L ~c(e) Eejopsa) for o > a(G(Og)) +e.
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(2) For every q € R(L) and every € € Ry,
(G(01q) — 1 ~c(e) €uG)josa for o> a(G(OLy,)) +¢

We remark that the element ¢(G) in Theorem 2.8 depends on G, but is not canonically
determined by it: in the course of the proof we implicitly make a number of choices,
influenced by triangulations of polytopes and resolutions of singularities, and different
choices result in different elements ¢(G). In addition, the proof actually shows that the
set R(L) is a Chebotarev set in the sense of Definition 3.14. The proof of Theorem 2.8
occupies a large part of the paper and is completed at the end of Section 6. We now show
how Theorem 2.8 implies Theorem 1.5.

Lemma 2.9. Let a € AT~ {@}, let L be a number field with ring of integers O and
R C Spec(Opr) of positive analytic density. Then the abscissa of convergence of the
Dirichlet series & = [[,cp(1 +&ajo,/q) 18 equal to max{(m + 1)/n | (m,n) € a}.

Proof. For any two sequences (x,)nen and (Y, )nen of positive real numbers, the product
[Len(1 + @5 + y,) converges if and only if J], (1 4+ 2,) and [[,cn(1 + yn) converge
individually. Thus, if @ = b+cin A, then the abscissa of convergence of £ is the maximum
of the abscissae of convergence of [ [ cx(1+&j0,/q)) and [[jcp(1+&c 0, /q)- Thus we may
assume that a = {(m,n)} is a singleton.

Let Crspecop)\r(8) = [1qer(l —101/q|7°)~" denote the “restriction” of the Dedekind
zeta function of L to the Euler product over factors in R. We observe that

£(s) = (1 Spec(0r)\R(NS — M) '

(. Spec(op)\R(2(ns —m))

Since the abscissa of convergence of (1 spec(o,)\r(5) is equal to 1 and (7 spec(o,)\r(S) # 0
for Re(s) > 1, we deduce that the abscissa of convergence of ¢ is equal to (m +1)/n. O
Proof of Theorem 1.5. Let ¢(G) € AT, R(L) C T(L) C Spec(Or) and C(g), for £ > 0,
be as in Theorem 2.8. As noted before, Theorem 2.2 implies that a(G(é\L)) =
a( HqESpec o1) G(Oy, q)) = a( quT(L) G(OLJ{)). Moreover, R(L) C T(L) implies that

(2:3) a<quR(L) G(OL’q)> = a<quT(L) G(OL"‘)>'

For ¢ € R(L) and € > 0, Theorem 2.8 yields that (g(o,,) — 1 ~c() &ea)joL/q for
o > a(G(Opg)) + €. Lemma 2.5 implies that the left-hand side of (2.3) is equal to the
abscissa of convergence of [] cp (14 &e(@),j0,/q). Similarly, since

(G(0Lq) — 1 So) &ejorsal St €u@yforsa for o> a(G(Org)) + ¢
for every q € T(L) and suitable ¢ C ¢(G), the right-hand side of (2.3) is less than or
equal to the abscissa of convergence of [, )(1 + €@ o /q)- Since R(L) has positive
analytic density, the two abscissae are equal. By Lemma 2.9 their common value, and
hence a(G(Op)), is completely determined by ¢(G). O
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Proof of Theorem 1.1. Let S be a Chevalley group with root system ®, i.e., an affine
group scheme over Z whose generic fiber is split, connected, simply connected absolutely
almost simple with absolute root system ®. Consider an arithmetic group G(Og) with the
wCSP, as in the statement of the theorem. There is a finite extension L of K such that
G and S are isomorphic over L. Denoting the ring of integers of L by Op, Theorems 1.4
and 1.5 imply that

a(G(0s)) = a(G(0)) = a(G(01)) = a(S(01)) = a(S(2)).
Thus a(G(Og)) depends only on ®. O

Proof of Theorem 1.2. Let H be a semi-simple group in characteristic 0. Recall that this
means that H = [[;_, H;(Fj), where each F} is a local field of characteristic 0, and each
H; is a connected, almost simple group defined over Fj. Let I' be an arithmetic irreducible
lattice in H.

Then there are a number field K with ring of integers O, a finite set .S of places of K, an
affine group scheme G defined over Og whose generic fiber is connected, simply connected
absolutely almost simple, and a continuous homomorphism ¢: [],.¢ G(K,) = H whose
kernel and cokernel are compact such that 1(G(Og)) is commensurable to I'. Since
ker(¢) N G(Og) is finite and G(Og) is residually finite, the latter contains a finite-index
subgroup that is isomorphic to a finite-index subgroup of I'. Hence a(I") = a(G(Og)).

Fix j € {1,...,r}, and denote by Lie(G) and Lie(H;) the Lie algebras associated to
G and H;. The homomorphism v induces a surjection €, .¢ Lie(G)(K,) — Lie(H;)(F;)
which is additive and preserves Lie brackets; if F} is non-archimedean of residue char-
acteristic p, the construction uses the Lie correspondence for p-adic groups. Taking the
tensor product with C — over R if F} is archimedean and over @, embedded into C if
F} is non-archimedean of residue characteristic p — we obtain a Lie algebra epimorphism
Lie(G)(C)™ — Lie(H;)(C)", for some m,n € N. In particular, since G(C) is almost
simple, the group G(C) and the simple factors of the groups H;(C) are all isogenous to
one another, and therefore have the same absolute root system ®. The claim now follows
from Theorem 1.1. 0

As mentioned above, the abscissa of convergence for groups is a commensurability
invariant; see [30, Lemma 2.2]. We conclude the section with a more general lemma
about relative zeta functions.

Definition 2.10. Let G be a group with a normal subgroup N C G and let ¥ be an
irreducible, finite-dimensional complex representation of N. Denote by Irr(G|J) the set
of (equivalence classes of) finite-dimensional irreducible complex representations g of G
such that 1 is a constituent of the restriction Res% 0, which is completely reducible by
Clifford’s Theorem.

For n € N we denote by R,,(G|9Y) the number of representations ¢ € Irr(G|J) such that
dim ¢ < ndimd. Suppose that R,(G|J) is finite for all n € N. Then the relative zeta
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function of G over ¥ is defined as the Dirichlet generating series

1= 3 (Gus)

o€lrr(G|Y)

We also set

dimo\ *
/ —
CGw(S) = Z (dimﬂ) :
o€lrr(G|Y)
dim p>dim 9

Lemma 2.11. Let N C H C G be groups such that |G : H| is finite and N is normal
in G. Let ¥ € Irr(N), and suppose that R, (G|9), R,(H|9) are finite for all n € N.
(1) Let m € N. Then

|G - HI7' Ry (H|9) < Ro(Gl9) < |G 2 H|Ryo (HID).
(2) Let 0 € Rxqg. If one of (o) or Cupw(o) converges, then so does the other, and
|G = H77Co(0) < Caplo) < |G H|Cmio(0)-

(3) Suppose that min{dim o/ dim 9 | ¢ € Irr(G|9) with dimp > dimd} > |G : H|. Let
o € Rsqg. If one of C’GW(U) or C}{W(U) converges, then so does the other, and

G H| 7 77C19(0) < Copo(0) < |G 2 HICpp9(0).

Proof. Consider the bipartite graph B whose vertex set is Irr(G|¢J) U Irr(H|J) and which
has the property that there is an edge between p; € Irr(G|9) and gy € Irr(H|9) if and only
if oy is a constituent of Res% o;. By Nakayama’s generalisation of Frobenius reciprocity,
the latter condition is equivalent to p; being a constituent of Indf, 09; see [21, Chapter VII,
Section 4]. This implies that

o the degree of every vertex of B is positive and bounded by |G : H| and that

o if oy € Irr(G|V) and gq € Irr(H|Y) are connected by an edge, then dim gy < dim p; <

|G : H|dim ps.

Let m € N. Write Irr(G|9),, C Irr(G|9) for the subset consisting of representations of
dimension at most m dim 9, and likewise define Irr(H|¥),,. Then Irr(G|?),, is contained
in the set of neighbors of Irr(H|¢),,, hence

R,.(G|9) = |Irr(G9) | < |G : H||Irx(H|0) | = |G : H|Ry(H|Y).
Similarly, Irr(H[)m/|c:m|) is contained in the set of neighbors of Irr(G|1)),,, hence
Rimyjcen)) (H[0) = (e (H]9) ey | < |G 2 H] [Iee(Gld)m| = |G 2 H[ Ry (G0).

This proves (1). A similar argument yields (2) and (3). For (3) one observes that, if
min{dim o/ dim? | ¢ € Irr(G|Y) with dimp > dimd} > |G : H| and if o1 € Irr(G|9)
and oo € Irr(H|¥) are connected by an edge, then dim g; > dim ¢ if and only if dim gy >
dim v. 0J
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3. BASE CHANGE FOR FINITE GROUPS OF LIE TYPE

In this section we prove Theorem 3.1, a variant of Theorem 2.8 for zeta functions of
semi-simple algebraic groups over finite fields. In Section 3.2 we apply our results to finite
quotients of arithmetic groups.

3.1. Finite Groups of Lie Type. Given a root system ®, we denote by rk ® its rank
and by ®* a choice of positive roots. By a Lie type £ we mean a pair (®,7), where
® is a root system with an automorphism 7 stabilising ®*. We say that a reductive
algebraic group G defined over a finite field F, has Lie type £ = (®,7) if the absolute
root system of G associated to an [F -rational and maximally I -split maximal torus of G
is ® and the action of the Frobenius automorphism Frob, on @ is given by 7; compare [13,
Chapter 3]. For each finite field I, the connected semi-simple algebraic groups over F,
are parametrized up to isogeny by their Lie types. Given a Lie type £ = (®,7) we write
L = (®,1d) for the Lie type of a split group with underlying root system ®. Recall the
notation A" and &, , from Definition 2.6. In this section we prove the following result.

Theorem 3.1. Let ® be a non-trivial root system, and let Lg denote the collection of
Lie types with underlying root system ®. Let Q denote the set of all prime powers. Then
there exist C € R, m € N, a(®) € A*, and a(L,q) € At for (L,q) € Lg x Q such that
the following hold:

(1) a(L,q) C a(®) for all (L,q) € Lo x Q,

(2) a((®,1d), q) = a(P) for all g =, 1,

(3) for every connected semi-simple algebraic group G defined over a finite field F, which

has Lie type L € L,

Caw,) = |GEF)/IGEF), G(F)]| ~e Lacz.g).0-

Moreover, (tk @, |®T|) € a(®P), and every connected semi-simple algebraic group G defined
over a finite field F, with absolute root system ® satisfies

(3.1) CarE,)(s) ~c 1+ gre-1tls

Remark 3.2. We remark that if G is a connected, simply connected semi-simple algebraic
group over F, and ¢ > 3, then G(F,) is perfect and therefore |G(F,)/[G(F,), G(F,)]| = 1.
Indeed, for simple groups this is a result of Tits [42] (see also [34, Theorem 24.17]), and
the semi-simple case follows by taking products.

Example 3.3. The representations of the special linear group SLy(IF,) over a finite field
F, are well known; e.g. see [13, Chapter 15]. In particular, we have (sp,,)(s) —1 ~2 ¢'~*
for sufficiently large q. Consider the following semi-simple algebraic groups defined over
[F, whose absolute root systems are both A; x A;: Gy = SLy X SLy and Gy = RFq2|]Fq SLo,

the restriction of scalars of SLy defined over a quadratic extension. Then Gy(F,) =
SLy(F,) x SLy(Fy) and (g, r,)(s) — 1 ~4 ¢' 7 + ¢* 72, whereas Gy(F,) = SLy(F,2) and
Caam,)(8) — 1 ~g ¢*725. Since ¢'* + ¢* 7% obe ¢*72* for any fixed C' but unbounded ¢, we
see that the inclusion in part (1) of Theorem 3.1 can be strict.
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Whilst Theorem 3.1 is a result on semi-simple groups, it leads to the following corollary
on reductive groups.

Corollary 3.4. Let G be a connected reductive algebraic group defined over a finite field IF,
with absolute root system ®. There is a constant D € R, depending only on ® and the
dimension of G, such that (a,)(s) ~p qimZ(G) (1 4 gk @125y

The proof of Theorem 3.1 and its Corollary 3.4 is given in Section 3.1.4, and prepared in
the preceding sections. It is based on Lusztig’s classification of irreducible representations
of finite groups of Lie type; e.g., see [13, Chapter 13]. We write G* for the dual group
of a connected reductive group G and recall that, while G and G* have isomorphic
Weyl groups W = W* the absolute root system ®¥ of G* is dual to ® in the sense
that the roles of long and short roots are interchanged. We also note that G is simply
connected respectively adjoint if and only if G* is adjoint respectively simply connected.
Since equivalence classes of irreducible representations of G(F,) are parametrized by the
corresponding characters, we use the notation Irr(G(F,)) in a flexible way to denote also
the set of irreducible complex characters of G(F,). The set Irr(G(F,)) is the disjoint
union of certain Lusztig series E(G(F,), (¢9)) so that

(3.2) CeEn(s) = Y > X,

(9)CG*(Fq) x€€(G(Fq),(9))

where the outer sum ranges over G*-conjugacy classes of semi-simple elements in G*(F,).

3.1.1. Unipotent Zeta Functions. The elements of E(G(F,), (1)) are known as the unipo-
tent characters of G(IF,). We set

cu;rz%)q)(s) = Z x(1)7°.

X€E(G(Fq),(1))

Proposition 3.5. Let ® be a non-trivial root system and let Lg denote the collection
of Lie types with underlying root system ®. Then there are C € R and b°(L) € A* for
L e Lg such that the following hold:
(1) b°(L) C b°(LP) for all L € Lo,
(2) for every connected reductive algebraic group G defined over a finite field IF, which
has Lie type £ € L,
Cary — 1~e&ewyg  and (o ~e 1.
Proof. Throughout, all constants — be they real or elements of AT — depend only on ®
or a given Lie type £ € Lg. Let G be a connected reductive algebraic group of Lie type
L= (P,7) € Ly. Then G/Z(G) is a semi-simple group over F, of adjoint type and, by [13,
Proposition 13.20], every unipotent character of G(F,) factors through (G/Z(G))(F,).
Therefore we may assume that G is semi-simple of adjoint type and thus a direct
product of F-simple groups S; of Lie type £; = (®;,7;), say, where ¢ € {1,...,m}. The
unipotent characters of G(F,) = Si(F;) x --- x S,,,(F,) are the irreducible characters
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that appear in the Deligne-Lusztig character RS (1), where T is a maximal torus defined
over F,. The generalised character RS (1) arises from the action of G(F,) x T(F,) on the
cohomologies of the Deligne-Lusztig variety X = £~'(U), where £ denotes the Lang map
and U is the unipotent radical of a Borel subgroup containing T; see [13, Section 11].
This construction is compatible with taking products, hence X can be taken to be the
product of the Deligne-Lusztig varieties of the groups S;(F,). The Kiinneth formula now
implies that

unip unip
(3.3) G(F,) HCS (Fo)°
Fix i € {1,...,m}. Since S; is F,-simple, 7; permutes the irreducible components @ ;,
Do, ... ;. D; n(i) of ®, transitively. Thus 7, () restricts to an automorphism of ¥; = @1 1.

Writing S for the adjoint absolutely simple algebraic group over F .i) of Lie type L =
(0;,7'D), we have S;(F,) = Si(Fyn). By [6, Sections 13.8 and 13.9], the number k(i) of

ump

unipotent characters of g(]F n() depends only on L This shows that Q NC 1 for a

suitable constant C; € R. Since the trivial character is unipotent, we also get 1<, C§n1§ "

This yields Cump ~¢, 1 and thus Cump ~cyc,, 1, using (3.3).

Furthermore lookrng through the tables in [6, Sections 13.8 and 13.9], one sees that
there are polynomials f;1,..., fixw € Q[X] depending only on £, such that the degrees
of the unipotent characters of gi(Fqn(i)) are precisely f;1(¢"?"), ..., fi k(i) (¢"®). Moreover,
only one of these polynomials has degree zero, namely the constant polynomial 1 giving
the degree of the trivial character. We may assume that f;; = 1 and define

b°(L:) = {(0,deg fi;) | 2 < j < k(i)} € A

We show below that, while the degrees of the f; ; generally depend on Z ; and not only
on W;, the set of degrees in the split case LSp (P;,1d) is a superset of the set of degrees

in the twisted cases. Granted that this is so, we continue and define 0°(L;) = bC(L,) (@)
so that for a suitable constant C] € R we obtain

(3'4) (;n(léz = (g?(ﬁ i) -1 ~C! gbc(zi)7qn(i) = &,c(ri),q
q

We set b°(L) = b°(Lq) *--- % b°(L,,). From our claim regarding the degrees of the polyno-
mials f; ; and Remark 2.7 we deduce that, for each i € {1,...,m},

(3.5) be(L;) = b°(L£;)"D)  b¢(W,;, 1d) ") < be(W,, 1d)*D = b¢(L5P).

In the special case m = 1 this establishes assertion (1) of the proposition, and (3.4)
directly yields the remaining first assertion in (2). In the general case we conclude the
proof based on (3.3) and Remark 2.7.
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It remains to justify the claim about the degrees of unipotent characters for split and
twisted finite groups of Lie type with the same underlying absolute root system. Simpli-
fying the notation used above, let S (rather than S;) be a connected, adjoint absolutely
simple algebraic group defined over IF, (rather than F ..»), and let S°* denote a split form
of S over F,. We consider the possible groups case by case. By the remarks following [13,
Theorem 3.17], the relevant twisted Lie types are 2A,,, 2D,,, 3Dy, and 2Eg, where the left
index represents as customary the order of the automorphism of the root system. (In
our setup, the Suzuki and Ree groups do not occur. In fact, the analogous statement for
groups of Lie type Fy and ?F} is incorrect; see Remark 3.6.)

Case 1: S has Lie type 2A4,, and S* has Lie type A,. The unipotent characters of each
group, S(F,) and S*P(F,), are parametrized by partitions o of n + 1. The degree x,(1)
of the unipotent character y, associated to « in either case is given by a polynomial in ¢
whose degree only depends on «; see [6, p. 465]. This proves that b°(2A,,) = b°(A,).

Case 2: S has Lie type 2D,, and S* has Lie type D,,. The unipotent characters of S**(F,)
are parametrized by so-called Lustzig symbols (or just “symbols” in the terminology
of [6]). These are certain pairs (5,7) of finite subsets of Z>q such that |S| —|T| = 0
(mod 4), where pairs of the form (.S,S) correspond to pairs of characters rather than
single characters, but this subtlety is irrelevant for our purposes. Similarly, the unipotent
characters of S(IF,) are parametrized by pairs (S,T') such that |S| — |T| = 2 (mod 4).
Let (S,T) be a pair of the second kind and suppose without loss of generality that there
exists an element a € S\T. Then (5, 7") = (S~ {a},TU{a}) is a pair of the first kind.
Inspection of the formulae giving the degrees x(sr)(1) and x(s77)(1) of the unipotent
characters x(s) of S(IF,) associated with (S,7) and x (s 1y of S®(IF,) associated with
(S, T") yields: the polynomials in ¢ giving x(sry(1) and x(s/ (1) have equal degrees.
For details see [6, p. 471 and 475f.]. This proves that v°(2D,,) C b°(D,,).

Case 3: S has Lie type 3D, and S has Lie type D,. The set of degrees of the poly-
nomials expressing the degrees of unipotent characters of S(F,) is {0,5,9,11, 12} (see [6,
p. 478]), whereas the corresponding set for S**(F,) is {0,5,6,9,10,11,12}. This shows
that b°(*Dy) C b°(Dy).

Case 4: S has Lie type 2Eg and S* has Lie type Fs. The 30 unipotent characters of these
groups are in degree-preserving bijective correspondence; cf. [6, p. 480f.]. This shows that

b (Eg) = b°(2Eg). O

Remark 3.6. Proposition 3.5 extends only partly to the remaining groups of Lie type, the
Suzuki and Ree groups. For the groups Bs(q) and 2By(¢?) the degrees of the polynomials
giving the degrees of the unipotent characters coincide. The same is true for the groups
G(q) and 2Gy(q¢?). But the degrees of the polynomials giving the unipotent character
degrees of the Ree groups 2Fj(¢?) are {0,9, 14, 20,21, 22,24} (see [6, p. 489]), whereas the
corresponding degrees for the split groups Fy(q) are {0,11, 15,20, 21,22,23,24} (see [6,
p. 479]).
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Remark 3.7. In fact, the sets 0°(£) in Proposition 3.5 are all contained in {0} x Z,
50 &pe(g),4 could be replaced by ¢~™*)%, where m(£) = min{m € Z, | (0,m) € b°(L)}.
Moreover, it is conceivable that m(£) actually only depends on the root system ®. As
the proof of the proposition shows, this reduces to a question regarding the degrees of
unipotent characters of groups of type D,,. More precisely, it would follow if the degrees of
the polynomials giving the degrees of the unipotent characters of the (untwisted) groups
of type D,, indexed by special Lusztig symbols of the form (5, .S) were already among the
corresponding degrees obtained from Lusztig symbols of the form (S,7T") with S # T.

3.1.2. Connected Centralizers of Semi-Simple Elements. In preparation for the proof of
Theorem 3.1 we record some auxiliary facts about the connected centralisers of semi-
simple elements in algebraic groups over finite fields.

Let ® be a root system. We consider a connected split reductive algebraic group G
over a finite field F, whose absolute root system, associated to some [Fg-rational split
maximal torus T, is isomorphic to and identified with ®. We denote by F;lg the algebraic
closure of Fy. The connected centraliser Cg(g)° of any semi-simple element g € G(F2')
is a reductive subgroup of maximal rank in G. Indeed, every semi-simple element of G
is conjugate to an element of T. Furthermore the connected centraliser of g € T(F2#) is
the reductive group (T, U, | a € ¥,) with root system ¥, = {a € ® | a(g) = 1}, where
each U, denotes the root subgroup associated to «a; see [13, Proposition 2.3]. For every
extension E of F, we put

(3.6) e(G, T.E) = {, | g € T(E)}.

Furthermore, we set

(3.7) c@) = |J e@G,17F,),
G,TF,

where G, T and [, range over all possible choices for the fixed root system ®. In Propo-
sition 3.9 we show that, in fact, C(G,T,F,) = C(®) as long as F, contains a sufficient
supply of roots of unity.

Lemma 3.8. Let ¢: G — H be an isogeny, i.e., a surjective morphism with finite central
kernel, between algebraic groups defined over a finite field F,. If g € G(F,), then ¢ maps
Cal(g)® onto Culp(g))°.

Proof. Write h = ¢(g) and observe that
(38) [ Cel@=Caly) c ¢ (Cu(h).

GEG(FT®), o(3)=h
Furthermore, ¢~ (Cu(h))/ N, 5-n Ca(g) acts faithfully by conjugation on the finite set
gker(p). This shows that the inclusion in (3.8) is of finite index, and hence Cg(g)° is a
finite index subgroup of ¢~ (Cg(h)). Since ¢(Cg(g)°) is connected and of finite index in
Cu(h), we conclude that p(Cg(g9)°) = Cu(h)°. O
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Proposition 3.9. Let ® be a root system. There exists m € N such that for every con-
nected split reductive algebraic group G over a finite field F, whose absolute root system,
associated to an Fy-rational split maximal torus T, is isomorphic to and identified with ®
the following holds: if F, contains primitive mth roots of unity, equivalently ¢ =, 1, then
C(G,T,F,) =C(P).

In particular, if G is as above and q =, 1, then for every semi-simple element g €
G(F2'®), there is a semi-simple element gy € G(F,) such that Cg(g)° and Cg(go)® are
G-conjugate.

Proof. Fix ¥ € C(®). Clearly, it suffices to show that there exists m(¥) € N so that ¥
arises as the absolute root system of a connected centraliser in each instance of (G, T, F,)
with ¢ =,w) 1.

Let G be a connected split reductive algebraic group over a finite field I, with absolute
root system ®. The group G is the image of an isogeny from the direct product of the
connected split semi-simple group [G, G| and Z(G)°, a torus. Using Lemma 3.8, we may
concentrate on the case that G is semi-simple and hence an isogenous image of a direct
product of split simply-connected almost simple algebraic groups. Applying once more
Lemma 3.8, we may restrict to the case that G is simply-connected almost simple, with
root datum (X, ®,Z®Y, ®V), say. The root lattice Z® is a sublattice of finite index in the
free Z-lattice X. We fix free generators xi, ..., x¢ of X.

Let T C G be an F -rational split maximal torus. We identify ® with the root system
and X with the character group associated to T. Let g € T(F2'). As noted before, the
connected centraliser of g is the reductive subgroup

Ca(9)’ =(T, Uy | a € ¥y)

with root system W, = {or € ® | a(g) = 1}. Furthermore, the multiplicative group (F2'¢)*
is isomorphic to the additive group Q,s/Z, where p denotes the characteristic of F, and
Qp the ring of all rational numbers whose denominator is not divisible by p. Under this
isomorphism [} corresponds to the additive group Z[1/(q — 1)]/Z.

The conditions a(g) = 1 for @ € ¥, and «a(g) # 1 for a € & ~ U , which deter-
mine Cg(g)°, translate into a finite system of linear equations and inequations with
integer coefficients in ¢ variables zq,...,x,, corresponding to the generators xi,..., X
of X. The element g corresponds to a solution (ay/by + Z,...,a;/by + Z) € (Qy/Z)* of
the system modulo Z. Without loss of generality, we may assume that ged(a;, b;) = 1 for
each i € {1,...,¢}, and we set m(¥,) = lem(by,...,b;). Then g € T(F,) if and only if IF,
contains primitive roots of unity of degree m(¥,), equivalently ¢ =m(y,) 1.

As ¥ € C(®), there is an instance of (G, T,F,) and ¢g € F, as described above such
that ¥ = W, . This single solution shows that ¥ € C(G, T, F,) for all instances (G, T,F,)
with ¢ =,,p) 1. [

Corollary 3.10. There exists ¢ € N, depending only on ®, such that, for all finite fields
F, of characteristic p > c,
C(G, T,F2¢) = €(P).
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Remark 3.11. Proposition 3.9 is related to more detailed investigations into semi-simple
conjugacy classes and their centralizers in finite groups of Lie type, which were initiated
by Carter and Deriziotis. In particular, their results imply that €(G,T,F2¢) = €(®) if
the characteristic of F, is greater than 5; see [12, Proposition 2.3 and remarks|]. For an
overview, including also subsequent developments we refer to [20, Chapters 2 and 8] and
the references given therein.

Corollary 3.12. Let ® be a non-trivial root system, and let C(P) be as defined in (3.7).
Let W(®) denote the Weyl group of ®. Let G be a connected semi-simple algebraic group
defined over a finite field F, with absolute root system ®. Identify ® with the root system
associated to a mazimal torus T of G, and let C(G, T, F2'%) be as defined in (3.6). Then
there are connected subgroups Hy of G, not necessarily defined over F, and indexed by

U e (G, T,Fglg), such that the following hold.

(1) The groups Hy form a — typically redundant — set of representatives for the G-
conjugacy classes of connected centralisers Cg(g)° of semi-simple elements g €
G(Fa').

(2) The data (dim Z(Hy),dim Hy, |¥"|) depend only on ® and ¥; more precisely, the
first two entries satisfy dim Z(Hy) =k ® — rk ¥ and dimHy = rk ¥ + 2|0,

(3) For every V¥, the number of G(F,)-conjugacy classes of connected centralisers
Ca(9)° C€ G of semi-simple elements g € G(F,) that are G-conjugate to Hy is
at most |W(®)[|C(P)].

Proof. For each ¥ € C(G, T,]Ffl‘lg), choose Hy as the connected centraliser Cg(gy)° of a
semi-simple element gy € T(Fglg) such that the root system associated to Hy is W.
Clearly, (1) and (2) are satisfied. It remains to justify (3). Fix ¥ € C(G,T,Fa).
We may assume that H = Hy is itself equal to Cg(go)° for a semi-simple element gy €
G(F,). Let Ty be an [F,-defined maximal torus of H. We observe that gy € Z(H°) C T,
(see [6, Proposition 3.5.1]) and that T is also an F,-defined maximal torus of G. By [6,
Proposition 3.3.3], the number of G(IF,)-conjugacy classes of F,-defined maximal tori is
at most |W(®)|. Thus we only need to bound the number of connected centralisers of

semi-simple elements ¢ in any fixed [F;-defined maximal torus, but this number is clearly
bounded by |C(®)]. O

3.1.3. Non-Central Semi-Simple Conjugacy Classes. Let G be a connected reductive al-
gebraic group defined over a finite field IF, and let G* be the dual group. By [6, Proposi-
tion 3.6.8], we have Z(G*(F,)) = Z(G*)(F,) so that central geometric conjugacy classes
and central rational conjugacy classes in G*(IF,) coincide.

We set

(3.9) o) = D > xm

(9)22(G*(Fq)) x€€(G(Fq),(9))
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where the outer sum ranges over the non-central semi-simple G*-conjugacy classes (g)
in G*(F,). For a non-trivial root system ®, we define

(3.10) (@) = {(1k(®) — tk(W), |&F| — [UH]) | ¥ € (®) ~ {@}} € AT,

Lemma 3.13. Let ® be a non-trivial root system and let Go denote the collection of pairs
(G, q), where G is a connected semi-simple algebraic group over a finite field F, with
absolute root system ®. Then there are C' € R and 0™(G,q) C b"(®) for (G,q) € Go
such that for all (G, q),(H,q) € G the following hold:

(1) (G, q) C b*(H, q) whenever there is an isogeny ¢: G — H defined over F,,,

(2) 0™(G, q) = b*(P) whenever G is split and q =, 1, where m is as in Proposition 3.9,

(3) (&, ~o Ee(@a)ar

(4) (K, |B¥]) € B7(®), and 1+ Epecgpals) ~o L+ g# 71

Proof. Consider (G, q) € G and let G* be the dual group of G. The centralizer Cg«(g)
of a semi-simple element g € G*(F,) is a reductive subgroup of maximal rank in G*.
Furthermore, there is a surjection ¢,: E(G(F,), (g)) = €(Ca-(g)(Fy), (1)) such that the
fibers of 1, have sizes at most |Z(G)|, and the degree of an element x € E(G(F,), (¢9)) is

given by

xX(1) = |G*(Fy) : Ca=(9)(Fy)ly - (1bg(x))(1),
where ny denotes the prime-to-¢ part of a number n; see [13, Theorem 13.23 and Re-
mark 13.24] and [6, Proposition 4.4.4] in the case where G has trivial centre, and [32,
Proposition 5.1] for the general case. It follows that

C&C(Fq)(s) ~z(G) Z |G*(F,) : Ca- (9)(Fq)|;fs : ng(g)(mq)(3)~
(9)Z2(G*(Fq))
Consider a semi-simple element g € G*(IF,). The index |Cg+(g) : Ca+(g)°| is bounded
by a constant C; € R, depending only on ®; see [13, Remark 2.4]. This gives

(G (Fy) : Ca-(9)(Fy)ly” ~en |GH(Fy) - Ca-(9)°(Fy)l "
Moreover, the unipotent characters of Cg«(g)(F,) are the irreducible characters whose

restrictions to Cg«(g)°(F,) are sums of unipotent characters. From Proposition 3.5 we
conclude that there is a constant Cy € R such that

Gie o (8) o L

We get that

nc G* ql B
CG(]Fq) ~1Z(G)|C1C2 Z (|C(|; (() (%qu”q’) '

(9)2Z(G*(Fq))

Applying Corollary 3.12 to G*, we obtain N € N, bounded by |C(®)|, and algebraic
subgroups Hy, ..., Hy C G* with the properties described in the corollary. For each i €
{1,..., N} denote the absolute root system of H; by ¥; € €(®). Given a non-central semi-
simple element g € G*(F,), the group Cg«(g)° is G*-conjugate to some H;. There is a



22 NIR AVNI, BENJAMIN KLOPSCH, URI ONN, AND CHRISTOPHER VOLL

constant Cy € R such that |G*(Fy)|y ~c, ¢S~ T and |Ca-(9)°(Fy)|y ~c, i Hi—I¥
Therefore

|G*<Fq)|q’ ~ge qdime|¢+|fdimH¢+|\I/:r|
[Ca-(9)°(Fly
for all i € {1,..., N}. Writing Cy = |Z(G)|C1C2C2N, we obtain

(3-11)  (giw,)(s )~c4

+
ot |—|wf]

=q

Z]{ ¢ Z(G*(F,)) | Cg-(g)° is G*-conjugate to H;}| - ¢~ (®"1- v Ds,

The additional factor N of Cy is included, because Cg+(g)° could be conjugate to more
than one H;.

Denote by I(G, q) theset of all i € {1,..., N} such that there exists a non-central semi-
simple element g € G*(F,) with Cg-(g)° being G*-conjugate to H;. Fixi € I(G, ¢) and let
Ki1,..., K, beaselection of such centralisers, forming a complete set of representatives
up to G*(IF,)-conjugacy. By Corollary 3.12, the number n(i) is uniformly bounded in
terms of ®. The collection of non-central semi-simple conjugacy classes (¢g) C G*(F,)
such that Cg«(g)° is G*-conjugate to H; decomposes as a disjoint union as follows:

(3.12) {(9) ¢ Z(G*(F,)) | Cg*( )° is G*-conjugate to H;} =
|_| ) ¢ Z(G*(F,)) | Ca+(9)° is G*(IF,)-conjugate to K, ;} .

Fix also j € {1,...,n(i)}. Now [29, Lemma 2.2(ii)] supplies a constant C5 € R such
that, for every non-central semi-simple conjugacy class (g) C G*(F,) with Cg+(g)° being
G*(F,)-conjugate to K, ;,

1< Hg" €(9) | Ca-(97)° = Ki;}| < Cs.
It follows that

(3-13)  [{(9) € Z(G*(F,)) | Ca-(9)° is G*(Fy)-conjugate to Ki;}| ~c;
{g € G'(Fy) | Ca-(9)° = Kij}-

If g € G*(F,) is semi-simple and Cg+(9)° = K, ;, then g € K; ;(F,). Choose a maximal
torus T; j of K; ;. The torus T, ; is also maximal in G*. Denote the set of roots of (G*, T; ;)
by A;; C Hom(T”,G ) and the set of roots of (K;;, T;;) by A;; C Hom(TU,G ).
Note that A;; is isomorphic to ® and A;; is isomorphic to ¥;. The set of elements
g € Z(K;;)° with Cg+(g)° = K, ; is the complement of the union of the zero loci of the
roots in A; ; \ A, ;. Each such zero locus is the extension of a proper sub-torus by a

finite group. The order of that finite group, i.e., the number of connected components of
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the zero locus, is bounded by some constant depending only on ®; see, for example, [15,
Corollary 9.7.9]. For every torus T, we have

(314) 2—dimquimT S |T(Fq)| S 2dimquimT;
see [35, Lemma 3.5]. Hence there is a constant D € R such that, for all sufficiently large g,
(3.15) ¢ A ) <p [{g € GH(Fy) | Ca-(9)° = Kiy} |

By [15, Corollary 9.7.9], the index [Z(K;;) : Z(K;;)°| for the connected reductive
group K; ; is bounded by some constant depending on ® and, of course, dim Z(K;;) =
dim Z(H;). Using (3.12), (3.13), (3.14), and (3.15), it follows that there is a constant
Cs € R such that

{(9) Z Z(G*(F,)) | Ca-(9)° is G*-conjugate to H,}| ~g, g™ #H),
and from (3.11) we obtain
() ~oey S g AEI=( s
i€1(Gq)
Recalling from (3.10) the definition of 6"¢(®), we put
(GLg) = {(dim Z(H), |9 — W7} |i € [(G.q)} € ()
so that
CG(F,) ~CiCsN Ebne(Grg).q-
The extra factor NV in the index of the ~-symbol accommodates for the fact that H; and
H; may lead to the same data even though i # j. This completes the proof of assertion (3)

of the lemma.
Next we prove (4). For i € I(G,q), [29, Lemma 2.5] yields that

dim Z(H;) < kG 1k®

O — W] T [F] ||

Moreover, we have dim Z(H;) < rk G for each i € I(G,q), and for sufficiently large ¢
(depending only on ®; see [6, Proposition 3.6.6]) there is at least one H;, i € I(G,q),
namely a non-degenerate maximal torus, for which

(3.17) (dim Z(H;), || — [T ]) = (tk ®, |®7]).

From this we deduce that, for sufficiently large ¢,

L+ &re(@aals) ~var 1+ Efakojornyg(s) = 1+¢

indeed, the inequality 2.1 is clear from (3.17), and <Sy; follows from Remark 2.7,
noting that |[b"°(G, ¢)| < N. Thus (4) is proved.

Assertion (1) follows from the observation that, if ¢: G — H is an isogeny over F,,
then by Lemma 3.8 we may arrange the labelling so that I(G, ¢) C I(H, q). Assertion (2)
holds by virtue of Proposition 3.9. O

(3.16)

tk ®—|DT|s,
)
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3.1.4. Proofs of Theorem 3.1 and Corollary 3.4.

Proof of Theorem 3.1. Let G be a connected semi-simple algebraic group over F, of Lie
type L € Lg and let G* be the dual group. In analysing the right-hand side of (3.2), we
deal separately with the sum over central conjugacy classes and the sum over non-central
conjugacy classes. In analogy with the definition (3.9) of Céc(Fq)(s) we set

(e, (8) = Z Z x(1)7%,

(9)CZ(G*(Fq)) x€€(G(Fq),(9))

where the outer sum ranges over the central G*-conjugacy classes (g) in G*(F q) corre-

sponding to semi-simple elements g € Z(G*(IF,)). Thus (gr,) = GG, T CGr,); f. (3.2).
We first consider Ca(Fq). There is a constant Cj € R, depending only on O, such that
(3.18) |Z(G*(F,))| < Cy.

Furthermore, if ¢ € Z(G*(F,)), then the elements of E(G(F,),(g)) are in dimension-
preserving bijection with the elements of E(G(F,), (1)); see [32, Theorem 5.1]. Thus,

(3.19) Caw,) = 12(G*(Fy))| Cén%jy

and, in combination with (3.18), Proposition 3.5 yields C; € R and °(£) € A", depending
only on ® respectively L, such that

(3.20) Car,) — 1Z(G(F,))| = 1Z(G*(Fo))| (o — 1) ~cocn &0y
We set b°(P) = b°(LP).

Next we account for (g, ). We recall the definition (3.10) of the set v"*(®) and set
(3.21) a(®) = 0°(®) +b"(2),  a(G,q) = V(L) +b"(G, q),

where b"°(G,q) is defined as in Lemma 3.13. Furthermore, we choose m, depending
only on @, in accordance with Proposition 3.9. Then the following weaker variants of
assertions (1) and (2) of the theorem are clearly satisfied:

(1) a(G,q) C a(®),
(2)" a(G,q) = a(®) whenever G is split and ¢ =,, 1.
Moreover, setting Cy to be the sum of the constant CyCy from (3.20) and the constant
that Lemma 3.13 supplies, we obtain

(3.22) Cary(s) = [Z(G"(Fy))| ~cy EaGuga(S)-
We now prove that, for ¢ > Cj,

G(Fy)/[G(Fy), G(F))]| = |Z(G"(F,))l-
Indeed, put 6(¢q) = |G(F,)/|G(F,), G(F,)]| — |Z(G*(F,))|- Fix ¢ > Cy and let s =0 € R
tend to oo in (3.22). The limit of the left-hand side of (3.22) as s = 0 — o0 is equal to
d(q), and ¢ > Cy implies that the limit of C377¢,q (o) as 0 — oo is equal to 0. Thus
d(q) < 0. On the other hand, the limit of the right-hand side of (3.22) as s = 0 — o0 is
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equal to 0, and the limit of C3 7 (Caer,) (o) —|Z(G*(F,))|) as 0 — oo is non-negative only
if §(q) > 0. Hence d(q) =

Next we show that in the approximations that we seek it is not necessary to distinguish
between different members of the isogeny class of G, as we have done up to this point.
We define

a(L,q) = a(G™, q) = b°(L) + b (G q),

where G*® denotes the adjoint quotient of G and claim that assertions (1), (2), (3) in the
theorem hold. The statements (1), (2) are clearly special cases of (1), (2)’. In order to
establish (3) we observe that Lemma 3.13 already gives

fa(GSC q),q Nl fa (G,9) qN1 fa Gad ¢ fan)q

where G*¢ denotes the simply connected member in the isogeny class of G.
Thus it suffices to show that there is a constant ('35 € R, depending only on &, such
that

Case(r,) — |G*(F)/[G*(Fy), G*(Fy)]| Zey Camar,) — |G (Fy)/[G™(F,), G™(F,)]|-

Write G = G*(F,). Let H denote the image of G*(FF,) under the natural homomorphism
G*(F,) — G*(F,). Then |G| = |G*(F,)|, thus |G : H| = |Z(G*(F,))| is bounded by
= |Z(G*)|, depending only on ®. From (3.22) we observe that the smallest degree of
a non-linear character of G is given by an increasing function in ¢. Taking as a normal
subgroup the trivial subgroup, we apply part (3) of Lemma 2.11 to deduce that

Case(r,) — |G™(Fy)/[G™(Fy), G*(Fo)]| 21 Cur — [H/[H, H]| Z¢, Ca — |G/[G.G]l.

Finally, it remains to deduce the estimate (3.1). We need to show that for some constant
C, € R, depending only on P,

CG(]FQ)(S) ~cy 1 + qu®—|¢>+|s‘
By part (4) of Lemma 3.13, there is a constant C5 € R such that
(3.23) 1+ Epne(Gg)q(8) ~ey 1+ g @1o7

Furthermore, using equation (3.19), part (2) of Proposition 3.5, part (3) of Lemma 3.13
and equations (3.18) and (3.23), we conclude that there is a constant Cs € R, depending
only on @, such that

Cae,)(8) = Coap (8) + (i (8) = 12(GT(F))ICG i (8) + (e ()
~oo [Z(GT(F))| = 1+ 14 me(aaa(s) ~cores 1+ a1,
proving the claim. This concludes the proof of Theorem 3.1. O
Proof of Corollary 3.4. We use the inequality
o= dimHdimH o |f(F )| < gdimHdimH

true for every connected algebraic group H over a finite field F,; cf. [35, Lemma 3.5]. Let
C1 be the constant from Theorem 3.1. The derived subgroup G’ is connected, semi-simple,
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and has absolute root system ®. The quotient G/G’ is a torus of dimension dim Z(G).
By the Lang—Steinberg theorem [13, Theorem 3.10], there is a short exact sequence 1 —
G'(F,) — G(F,) - G/G'(F,) — 1, which implies that

CG(]Fq)<S) 51 |G/G,<Fq>|§G’(Fq)(5) SQdimZ(G) C]dimZ(G)CG’(]Fq) 501 qdimZ(G)(l + qu<1>—|<1>+|s).
For the opposite inequality, choose a maximal F,-rational torus T C G/Z(G) and

a Borel subgroup B € G/Z(G) containing T. Let T,B C G be the pre-images of
T, B under the quotient map. By the proof of [6, Lemma 8.4.2], there is Cy € R, de-

pending only on ®, such that the set of characters ¥ of ’T(Fq) for which the parabolic

induction Indggq; (9) is irreducible has size at least 02|T(1Fq)|. Thus, we get at least

Cy - 27 dmTgdimT _ 7, 9= dimT (dim Z(G)+1k ® jrpedycible representations of dimension

|G(Fq)|/|]§(Fq)| < 2dimG+dimBqdim G—dimB _ 2dimG+dimBq\<I>+|.

Finally, G(F,) has |G/G/(F,)| > 2~ 4mZ(&)¢dimZ(G) one_dimensional representations fac-
toring through G/G'(F,). Combining these two classes of representations, we get that
Cawr,)(8) Zcy ¢ 2@ (1 + gk ®=1®71s) for a suitable C5 € R. O

3.2. Applications to Finite Quotients of Arithmetic Groups. In order to apply
Theorem 3.1 in a global context, we recall the definition of a Chebotarev set.

Definition 3.14. Let K be a number field with ring of integers O, and let o: Galxy — G
be a continuous homomorphism from the absolute Galois group of K into a finite group G.

Let P(p) denote the set of primes p € Spec(O) such that p is unramified in the extension

K ¢ K% and the Frobenius conjugacy class (Frob,) C Galk associated to p lies in the

kernel of p. A set P C Spec(O) is a Chebotarev set if it almost contains a set of the form
P(p), in the sense that P(p) \ P is finite.

The intersection of two Chebotarev sets is a Chebotarev set. Furthermore, by Cheb-
otarev’s Density Theorem, every Chebotarev set has positive analytic density. We record
the following corollary of Theorem 3.1; compare the definition of a(®) € A™ in (3.21).

Corollary 3.15. Let ® be a non-trivial root system, and let C' € R and a(®) € AT be
as in Theorem 3.1. Let K be a number field with ring of integers O. For every affine
group scheme G over O whose generic fiber is connected semi-simple with absolute root
system ®, the set of primes p € Spec(O) such that

Caosp) — 1G(O/p)/[G(O/p), G(O/p)]]| ~c L) 0]

18 a Chebotarev set.

Proof. Let G be as in the corollary, and m € N as in Theorem 3.1. The set of primes p
such that the reduction of G modulo p is connected, semi-simple, and has absolute root
system @ is cofinite. If M D K is a splitting field of G and p splits completely in M, then
the reduction of G modulo p is split. Hence, there exists a Chebotarev set P C Spec(O)
such that, for all p € P,



ARITHMETIC GROUPS, BASE CHANGE, AND REPRESENTATION GROWTH 27

(1) The reduction of G modulo p is connected, split, semi-simple, and has absolute root
system ®.
(2) The field O/p contains primitive mth roots of unity, that is |O/p| =,, 1.
Let p € P and set ¢ = |O/p|. By property (1), the group G(O/p) has Lie type £ = L =
(®,1d). Property (2) together with parts (3) and (2) of Theorem 3.1 yields

Caom — 1G(O/p)/IG(O/p), G(O/P)]| ~¢ La(@).q-
U

Furthermore, an argument similar to the one used in the proof of Theorem 1.5, now
based on Theorem 3.1 and Corollary 3.15 instead of Theorem 2.8, gives the following.

Corollary 3.16. Let K C L be number fields with rings of integers O C Oy, and let G
be an affine group scheme defined over Ok whose generic fiber is connected and simply

connected semi-simple. Then ([ cspecio,) G(OK/P)) = alliespecio,) G(OL/a))-

We remark that one can use Deligne-Lusztig theory to pin down the precise value of
o(]], G(O/p)) as in Corollary 3.16. For instance, if G is simple of type A, then the
abscissa of convergence for the product Hp G(O/p) of finite groups of Lie type is equal
to 2/¢ and, in particular, tends to 0 as ¢ — oo. This behavior stands in contrast to
the fact the abscissa of convergence a(G(0O)) is known to be bounded away from O;
cf. [28, Theorem 8.1]. This underlines that the investigation of a(I") for arithmetic groups
[' = G(Og) requires a more careful analysis.

4. RELATIVE ZETA FuNcTIONS, KIRILLOV ORBIT METHOD AND MODEL
THEORETIC BACKGROUND

4.1. Relative Zeta Functions and Cohomology. Throughout this section, let G' be
a group such that R,(G) is finite for all n € N. Let N C G be a normal subgroup,
and let ¥ be an irreducible finite-dimensional complex representation of N. Recall from
Definition 2.10 that Irr(G|J) denotes the set of (equivalence classes of) finite-dimensional
irreducible complex representations o of G such that 1 is a constituent of Res%; o, the no-
tion of the relative zeta function (go(s) = 3_ crm(ao) (fﬂ%ﬁ) ", and the notation R, (G|0)
for the number of representations p € Irr(G|v) such that dim o < ndim .

Suppose further that, up to equivalence, 1 is G-invariant. It is typically not true that
the relative zeta function (g is equal to the zeta function of the quotient G/N; for
instance, if G' is non-abelian, step-2 nilpotent, N = [G,G] and ¥ is non-trivial, then (g9
is not equal to (g/n. We describe now a situation in which the two zeta functions are
equal. Recall that ¥ defines an element in the second cohomology group H?(G/N,C*) of
G/N with values in C*, also known as the Schur multiplier of G/N. The construction is as
follows; see [22, Chapter 11]. Suppose J: N — GL4(C). Pick a coset representative a € G
for every element a of G/N such that 1=1. For every a € G/N, the representations
¥ and 9% are equivalent, and we choose T, € GL4(C) such that T,9T, ! = ¥%; for T}
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we choose the identity. Then one checks that, for all aj,ay € G/N, the transformation
T, ! 2Ta1Ta219(071c72(cf1\<72)_1) commutes with each element of ¥(N) and thus defines a scalar

B(ay,ay) € C*. Themap 5: G/NxG/N — C* is a 2-cocycle representing the cohomology
class associated to (G, N, ), which is independent of the choices involved.

Lemma 4.1. Let G be a profinite group with an open normal subgroup N < G, and let
¥ € Irr(N) be a complex representation of N which is G-invariant up to equivalence. If
the cohomology class in H*(G/N,C*) associated to (G, N,) vanishes, then (g9 = (/N

Proof. By [22, Theorem 11.7], the vanishing of the cohomology class implies that ¢ can be
extended to a representation ¢ of G. By [22, Theorem 6.16], the map Irr(G/N) — Irr(G|?9)
given by 7 +— 7 ® 9 is a bijection, and the claim of the lemma follows. 0

Lemma 4.2. Let p be a prime number. Let G be a profinite group with an open normal
pro-p subgroup N < G, and let 9 € Irr(N) be G-invariant up to equivalence. Then the
cohomology class in H*(G/N,C*) associated to (G, N,¥) has order a power of p.

Proof. The dimension of 1 is a power of p and, for every h € N, the scalar det(¢(h)) is a
p"th root of unity, for some n. For all a;,as € G/N, taking determinants in the definition
of the cocycle 8, we get B(ar, az)™™? = det(T, L, T, To,¥(a@1a2(araz)™")). Since we are

free to arrange det(7,) = 1 for z € G/N, we get that 5(a,b) is a root of unity of order a
power of p. O

Lemma 4.3. Let ¢ be a prime number. Suppose that G is a finite group and that N C G
is a central subgroup such that ged(|N|,¢) = 1. Then ged(|H*(G,C*)|,£) =1 if and only
if ged | H2(G/N,C¥)], 0) = 1.

Proof. Let (EP?) be the Lyndon-Hochschild-Serre spectral sequence associated to the
central extension 1 - N — G — G/N — 1. Since the order of N is prime to ¢, so are
the orders of H'(N,C*) and H?(N,C*). Therefore, the orders of

Ey? = H'(G/N,H*(N,C*)) = H*(N,C*)

and
Ey' = HY(G/N,H'(N,C*)) = Hom(G/N, H'(N,C*))

are prime to ¢ and, hence, so are the orders of E%? and E!;'. The fact that E2:? converges
to H*(G,C*) implies that |H?*(G,C*)| = |E%?| |ELY| |E20|, so |H?*(G,C*)] is prime to £
if and only if |E2°] is prime to .

Since the order of Ey' = H(G/N, H'(N,C*)) = H'(N,C*) is prime to ¢, we get that
the order of E2° = E2° is prime to ¢ if and only if the order of Ey° = H*(G/N,C*) is
prime to ¢, yielding the result. 0

Lemma 4.4. For every root system ® there is a constant C' € R such that, for every finite
field F, of characteristic greater than C and for every connected reductive Fg-algebraic
group G with absolute root system @, the size of H*(G(F,),C*) is prime to q.
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Proof. Let T, be a finite field of characteristic p and let G be a connected reductive
F,-algebraic group with absolute root system ®.

Assume first that G is semi-simple. Then there are almost simple groups Gy, ..., G,
such that G is a quotient of Gy x - -+ x G,, by a central subgroup Z, and both n and the
ranks of the groups G; are bounded in terms of ®. In particular, the size of Z is bounded
in terms of . From the exact sequence

0 Z(F,) - [ Gi(F,) > G(F,) > H'(Gals,, Z)

we conclude that both the kernel and the cokernel of the map [[;_, G;(F,) — G(F,) have
sizes bounded in terms of ®.

It is known that the sizes of H'(G;(F,),C*) and H?*(G;(F,),C*) are bounded in
terms of ®; see, for example, [11, Table 5]. By the Kiinneth formula, the sizes of
HYITL, Gi(F,),C*) and H*(J], Gi(F,),C*) are bounded by some constant C; € R.
In particular, if p is greater than Cy, then the size of H*([[;_, G;(F,), C*) is prime to g.
By Lemma 4.3, the same is true for the size of H*(G(F,),C*) if p is larger than the size
of the kernel and cokernel of the quotient map [[;"_, Gi(F,) — G(F,).

Now assume that G is merely reductive. Let S = [G, G| be the derived subgroup of
G and let T = Z(G)°. Then T is a torus, S is semi-simple, and G(F,) is a quotient of
T(F,) x S(F,) by a central subgroup, whose size is bounded in terms of ®. As shown
above, if p is sufficiently large, then the size of H*(S(F,),C*) is prime to ¢; a similar
claim for H*(S(F,),C*) also holds. Since the size of T(F,) is prime to g, so are the
orders of its first and second cohomology groups. By the Kiinneth formula, the size of
H?(T(F,) x S(F,),C*) is prime to ¢q. By Lemma 4.3, if we assume, in addition, that p is
larger than the size of the kernel of T(F,) xS(F,) — G(F,), then the size of H*(G(F,),C*)
is prime to gq. 0

4.2. Kirillov Orbit Method. All pro-p groups in this section are open subgroups of
G(Op4), where G is an affine group scheme over the ring of integers Oy, of a number field
L and Oy, 4 is the completion of O, at a prime q lying above a rational prime p. We fix
an embedding G C GLy, for a suitable N € N, and denote by g C gl the Lie algebra
of G.

Definition 4.5. Let q be a prime of O;. We say that a pro-p subgroup H C G(Op4) is
good if the following two conditions hold.

(1) The logarithm series log(X) = 220:1(—1)”*1@ converges on H, setting up an
injective map log: H — log H C g(Or4), and the exponential series exp(X) =
oo % converges on log H, yielding the inverse map exp: log H — H.

(2) The image log H is closed under addition and the Lie bracket, thus forming a Z,-Lie
lattice. It is also closed under the adjoint action of H. For all A, B € log H, the



30 NIR AVNI, BENJAMIN KLOPSCH, URI ONN, AND CHRISTOPHER VOLL

Hausdorff formula (e.g., see [23, Chapter V]) holds:

log(exp(A) - exp()) = - Yy el s, gy,

ril st o) sy

m
m=1 ri+s;>0
where the Lie polynomials R,, s, .. s.(A, B) are defined by

ad(A)" ad(B)* ---ad(A)™(B) if s, =1,
Ry s omsm (A, B) =< ad(A)" ad(B)* ---ad(B)™1(A) ifr,=1,s, =0,
0 otherwise.

Lemma 4.6. Let G C GLy be as above and let q be a prime of O extending a rational
prime p > [L : QIN?. Then every pro-p subgroup H C G(Op ) is good.

Proof. Pro-p groups which are saturable in the sense of Lazard — for recent characteri-
zations see [26, 17] — are good in the sense of Definition 4.5. The assertion thus follows
from [26, Corollary 1.5] which implies that every pro-p subgroup H C GLn(Op4) is
saturable. OJ

A good pro-p group H acts on h = log H via the adjoint action Ad: H — Aut(h). We
denote by Ad(h)(A) the image of A € h under the adjoint action of h € H. The adjoint
action induces the co-adjoint action of H on the Pontryagin dual ¥ = Homee(h, C*),
consisting of all continuous homomorphisms from the abelian pro-p group h to C*. Con-
cretely, for h € H, A€ b, and ¥: h — C*, one defines

(Ad*(h)(9)) (A) =¥ (Ad(h™1)(4)) .

Equivalence classes of irreducible representations of H are parametrized by the corre-
sponding characters. Accordingly, we use the notation Irr(H) in a flexible way to denote
also the set of irreducible complex characters of H. The Kirillov orbit method for p-adic
analytic pro-p groups yields the following description of the irreducible characters of H.

Proposition 4.7. Let G C GLy be as above. For almost all primes q of Op, every pro-p
subgroup H C G(Opq) is good and, setting b = log H, the following hold.

(1) There is a function Q: Y — Trr(H) which is constant on co-adjoint orbits and
induces a bijection between the set of co-adjoint orbits in §Y and the set of irreducible
characters of H.

(2) For ¥ €Y, the character (V) is given by

QW) = T S elost) (e H)

peAd” (H)(9)

In particular, the degree of Q1) is dim Q(¥) = |Ad*(H)(9)[*/2.
(3) Every g € G(Op,4) that normalizes the subgroup H also normalizes the Lie lattice b
and Q)9 = Q(Ad*(g7)(V)) for ¥ € bY.
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Proof. Let S be the finite set of primes q of Op that extend a rational prime p with
p < [L : Q]N?. The assumptions then imply that # C G(Op,) is saturable for q ¢ S
(see [17, Theorem A]), in particular good in the sense of Definition 4.5. As saturable pro-p
groups of dimension at most p are potent, the assertions follow from [16, Theorem 5.2]. [

We refer to the map €2 in Proposition 4.7 as the orbit method map.

Lemma 4.8. Let G C GLy be as above, and let G be an open subgroup of G(Op4) for
some prime q of Op, with open normal subgroups K C H C G. Suppose that H and K
are good pro-p groups, with Lie lattices h = log H and € = log K, and that the irreducible
characters of H and K are described by the orbit method as in Proposition 4.7. Then

Z| d* dlmQ(ﬂ))’SCGmw)(S)
dehVv

Furthermore, if T € €, then

B |Ad*(H)(7)| (dimQ(¥)\ .
= 2 AT@0) () Somole)

Proof. For each x € Irr(H), the set Irr(G|y) depends only on the G-orbit xy“. Moreover,
the sets Irr(G|x), indexed by the orbits x“ of irreducible characters of H, form a partition
of Irr(G). Choosing representatives x;, ¢ € I, for the G-orbits, we get

Cals) =D (dimx:) Cop, () = > [x7H (dimx) *Cap(s).

iel X€lrr(H)

Consider the orbit method map Q: §h¥ — Irr(H). Its fibers are the H-coadjoint orbits.
Moreover, € is G-equivariant, so the pre-images of the G-orbits in Irr(H) are the G-orbits
in h¥. Hence,

Cals) =D XM (dimx) " Cop(s)

x€lrr(H)

1 . —s
_gﬂAd*( - e ) e )
_ Z | d* dlmQ(ﬁ))fsCGm(ﬂ)(S)-

depv

The proof of the second statement is similar, using the following consequence of Proposi-
tion 4.7: for 7 € £V and ¥ € hY, the character Q(7) is a constituent of the restriction of
Q) to K if and only if ¥ = 7" for a suitable h € H. O
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4.3. Quantifier-Free Definable Sets and Functions. We use several notions from
model theory, which we summarize below. For more details we refer to [7]. Fix a first-
order language and a theory T, that is a consistent set of sentences, in that language.
Let (Modelsg) be the category whose objects are models of I and whose morphisms are
elementary embeddings. Let x = (z1,...,z,) denote an n-tuple of variables. A formula
@(x) gives rise to a functor X = X,: (Modelsg) — (Sets) that sends a model M of T to
the set

X(M) =A{(a1,...,a,) € M" | the sentence p(ay,...,a,) holds in M} .

We call such a functor X a definable functor or a definable set in J, and denote X, also
by {z | ¢(z)}. By Godel’s completeness theorem, the functors associated to formulae ¢
and 1 are equal if and only if the sentence Vz (¢(x) <> ¢ (x)) can be proved from J. We
say that a definable set is quantifier-free definable if it is associated to some quantifier-free
formula. For a definable set X arising from a formula ¢, the notation a € X is employed
in two different contexts: if a € M™ for some model M of T it means ¢(a) holds in M,
whereas if a is a tuple of terms in the underlying language it simply stands for ¢(a).

The usual pointwise operators N, U, and x on functors to sets take definable sets to
definable sets. If XX and Y are definable sets, we write X C Y if X(M) C Y(M) for all
models M of J. If X and Y are associated to the formulae ¢ and v, then X C Y if and
only if the sentence Vz (p(z) — ¢ (x)) can be proved from T.

Example 4.9. We consider the first-order language of rings and the theory JTgeqs of
fields.

(1) For every n € N, the formula 0 = 0 (in variables xy,...,z,) yields a definable
set X with X(F) = F" for every field F. The associated definable set is called
n-dimensional affine space, and denoted by A",

(2) More generally, every affine scheme X over Z can be considered as a quantifier-free
definable set. This means that there is a quantifier-free definable set X such that
X(F) = X(F) for every field F.

(3) The definable set Y arising from the formula Jy (y* = ) is not quantifier-free. Indeed,
every quantifier-free definable set in the theory of fields is a Boolean combination of
affine varieties. It follows that if X C A! is quantifier-free, then there is a constant
C € R such that |X(F,)| or |F, ~ X(FF,)| is bounded by C', uniformly for all primes p.
However, |Y(F,)| = (p+1)/2if p > 2.

The dimension of a definable set X C A" is the dimension of its Zariski closure in A";
cf. [10, Section 3|. Let X and Y be definable sets in a theory J. A natural transformation
f: X — Yis called a definable function if the functor sending M € (Modelsy) to the graph
of the map f(M) is definable. This means that the graph of f, considered as a functor,
is definable. On some occasions, if f: X — Y is a definable function, we say that X is a
definable family of (definable) sets with base Y. For y € Y, we denote the fiber f~!(y) by
Xy. It is a definable set in the enriched language obtained by adding the coordinates of y
as constants.



ARITHMETIC GROUPS, BASE CHANGE, AND REPRESENTATION GROWTH 33

Throughout the remainder of the section, let R denote a commutative unital ring.

Definition 4.10. Consider the language of rings enriched by constant symbols ¢, for all
a € R. Let Tgeas r be the theory consisting of the axioms of fields and the statements
Ca * Ch = Cap, Cq + Cp = Cqrp for all a,b € R.

A model for Tfeqs r is a field F' together with a ring homomorphism R — F', which we
routinely omit from the notation. As in Example 4.9, every affine scheme over R gives
rise to a quantifier-free definable set in Jgelas k-

We explain now how projective spaces arise as definable sets in the theory Jgeas . Let
g be a free R-module of finite rank n with an R-basis ey, ..., e,. We view g as a definable
set in Tgelas,r Via g(F) = g ®g F for ' € (Modelsg,,,,, ). The chosen basis allows us to
identify g with A”. The definable set

P={(D)} x A" U {0, 1)} x A" U ... U{(0,0,...,1)} x A°C A"

plays the role of projective space over g in the category of definable sets, in the fol-
lowing sense. Consider the definable family V C P x g given by the condition that
((a1,...,a,), (v1,...,v,)) € P x gisin Vif and only if all minors Zz Z] 1 <i<j<nm,
g J

vanish. For every definable set 8§ and every definable set X C 8§ x g with the property that,
for every s € §, the fiber X, is a line in g — that is, a one-dimensional linear subfunctor
of g — there is a unique definable map f: 8 — P such that the pull-back f*V C 8 x g of
V via f is equal to X. Choosing a different (definable) basis for g, we obtain a different
universal family over P, but there is a quantifier-free definable map from P to itself that
interchanges the two universal families.

More generally, for 0 < d < n, there is a quantifier-free definable set that functions as
the Grassmannian of d-dimensional subspaces in g ®r F' for every model F' of Tgeids i-
The union of these, over all dimensions d, is the Grassmannian Gr(g) of g.

Definition 4.11. Let g C gly(R) be a free R-module which is closed under Lie brackets.
In the theory Tgeas g, let Grrie(g) be the subfunctor of Gr(g) given by

F +— {Lie subalgebras of g ®g F'},
and let Gr}'*(g) be the subfunctor of Gri(g) given by

F +— {Lie subalgebras of g ® F' consisting of nilpotent matrices} .

Proposition 4.12. Let R be a commutative unital ring, and let g C gly(R) be a free
R-module which is closed under Lie brackets. View g as a definable set in Tgeasr via
g(F) =gQ®g F for F € (Modelsy,, ). Then the following hold.

(1) Griie(g) and GriP(g) are quantifier-free definable subfunctors of Gr(g).
(2) The natural transformation Grye(g) — GriiP(g) induced by taking a Lie algebra
h C g(F) to the subalgebra of nilpotent matrices in the solvable radical Rad(h) of h

1 quantifier-free definable.
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(3) The natural transformation Grii®(g) — Griie(g) induced by taking a Lie algebra h C
g(F) consisting of nilpotent matrices to its normalizer Nypy(h) in g(F') is quantifier-
free definable.

(4) There are a constant py € N and a quantifier-free definable function from Gry(g)
to the set of all root systems of rank at most N such that the following is true: for
every Lie algebra h C g(F') with F' satisfying char(F) = 0 or char(F) > py, the Lie
algebra h/ Rad(h) is semi-simple of classical type and the value of the function at h
is the absolute root system of h/Rad(h).

(5) Suppose that g is the Lie algebra of an affine group scheme G over R. Then there
is a quantifier-free definable subset of G X Grpi(g) whose fiber over a Lie algebra
h C g(F) is the normalizer Ng(ry(h) of h in G(F).

We use the following well-known characterization of quantifier-free definable sets; e.g.,
see [25, Theorem 8.11].

Lemma 4.13. Let R be a commutative unital ring, and let X C A™ be a definable set in
the theory Tgewas,r. Then the following are equivalent.

(1) For every two models F C E of Tgelas,r, we have
X(F)=X(E)nF".
(2) For every model F' of Tgewas,r, we have
X(F) = X(F*&)n F".
(3) X is quantifier-free definable.

Proof. The implications (1) = (2) and (3) = (1) are clear. We prove (2) = (3). By
elimination of quantifiers over algebraically closed fields with coefficients in R, there is a
quantifier-free definable set Y such that X(E) = Y(F) for every algebraically closed model
E of Thaas,r. Let F' be a model of Tgeas - By (2) and the implication (3) = (1), applied
to Y, we obtain X(F) = X(F&) N F" =Y(F28) N F" = Y(F), s0o X =Y. O

Remark 4.14. We also use variants of Lemma 4.13 which characterize quantifier-free
definable sets in (i) the theory T per fielasp,r Of perfect fields of characteristic p together
with a homomorphism from R and (ii) the theory Tyen i o of Henselian valued fields of
residue characteristic 0 together with a homomorphism from field K cf. Definition 4.17.
The proof proceeds in the same way.

Proof of Proposition 4.12. We show in each case that the functor or the graph of the
natural transformation in question is definable. In some cases, the formulae that we
supply are polynomial, and hence quantifier-free. In the remaining cases, we explain how
to apply Lemma 4.13 in order to obtain that the functor or graph in question is actually
quantifier-free definable.

Put n = dimg and fix an R-basis ej,...,e, of g. There are a finite Zariski
open affine cover (U,),er of Gr(g), non-negative integers (d,),es, and regular functions
Ty, Tt U, — g, for ¢ € I, such that for each model F' of Tgeigs g,
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o the dimension of every h € U,(F) is equal to d,,
o for every h € U,(F), the elements z,(h),...,z,4,(h) yield a linear basis for A and
the elements x,1(h),...,z,,(h) yield a linear basis for g(F).

In order to prove that a subfunctor X C Gr(g) is definable, it is enough to show that
X'NU, is definable for every ¢ € I. A similar claim holds for natural transformations. Fix
therefore ¢," € I and write

U=u,UwW=4u, d=d,d=d,, and z;=ux,, 2,=1z,,forie{l,...,n}

(1) Consider the ((dgl) x n)-matrix A whose first d rows record the coordinates of the

functions z1,..., x4 and whose last (g) rows record the coordinates of the Lie brackets
[z, 2], 1 <i < j < a, all with respect to the basis ey, ..., e,. The functor Grr(g) NU
is definable by the polynomial condition rk A = d.

The functor Gri’(g) N U is definable by the conjunction of the previous condition
and the polynomial condition that all products of the z; of length N vanish, i.e., that
H;.V:lxij =0 for all (iy,...,iy) € {1,...,n}".

(2) Let F' be a model of Tgeags g and h € (Grrie(g) N U)(F). Recall that an element
X € h is in the solvable radical Rad(h) of h if and only if the Lie ideal [X, h] generated
by X in h is solvable. As an F-vector space, [X, h| is spanned by the set 8§ consisting of
all elements [ X, z;, (h),...,z;,_,(h)], where iy,...,iq-1 € {1,...,d}. The Lie words wj,
i € N, defining the terms of the derived series are wq (21, 22) = [21, 22| and w; (21, ..., 291) =
[wi—1(z1, .., z9i-1), w1 (29i-141, . .., 291)] for ¢ > 2. By linearity, [X, h] is solvable if and
only if w,(Zy,...,Z) =0 for all Zy,..., Zy € 8.

Using (1), we deduce that the functor

(4.1) F s {(h, X) € (Grye(g) NU)(F) x g(F) | X € Rad(h)}

is quantifier-free definable. Clearly, we can express nilpotency of an element X € h by a
polynomial formula. Consequently, also the functor

F— {(h,X) € (Grri(g) NU)(F) x g(F) | X € Rad(h) is nilpotent}
is quantifier-free definable. Using quantifiers, we deduce that the functor

(4.2) F o { () € (Grue(e) NW(F) x (Grii(e) N W)(F) |
' k is the collection of nilpotent elements in Rad(h)

is definable and thus the graph of a natural transformation, namely the one we are inter-
ested in.

It remains to prove that the functor (4.2) is quantifier-free definable. By Lemma 4.13,
it suffices to consider the following. Let /' C E be models of Tgeas r, and for subalgebras
h,k C g(F) write hp = h®p F and kg = k®p E. We claim: if kg consists of the nilpotent
elements of Rad(hg), then k consists of the nilpotent elements of Rad(h).
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Clearly, X € h is nilpotent as an element of hg if and only if it is nilpotent as an
element of h. Moreover, because the functor (4.1) is quantifier-free definable, we have
Rad(hg) N g(F) = Rad(h). This proves the claim.

(3) We first show that the functor N given by
F s {(hk) € Gr(g)(F)* |VY € g(F): (Y €k < (VX €h: [X,Y]€h))}

is definable. As before, it is enough to prove this Zariski locally around fixed elements
h € UW(F) and k € W(F'), of dimensions d and d’. The intersection N N (U x W) is given
by the formula

(4.3) Vaq,...,a,

((Ajzl b1, - ba ([w“ 2:21 ajx;} - Zizl bmmm)) > Qyy1 = ... =Gy = O) )

We now show that this formula is equivalent to a quantifier-free formula. To this end,
consider first the (d(d’ + 1) x n)-matrix A whose first d rows record the coordinates of
1, ..., 74 and whose last dd’ rows record the coordinates of the Lie brackets [z;, 2], where
1 <i<dand1 < j <d,all with respect to the basis ey, ..., e,. The polynomial condition
rk(A) = d ensures that (zf,...,2/,) is contained in the Lie normalizer of (zy...,x4).
Consider now, for 1 < i < d and coordinates ag1,...,a,, the ((d + 1) X n)-matrix
Bi(ag1,-..,a,) whose first d rows record the coordinates of x,...,z; and whose last
row records the coordinates of [z;, > 7, a;x}]. Formula (4.3) is equivalent to

(rk(A) =d) A
d
Yagi1, .-, an (</\i71 tk(Bi(agy1,...,a,)) = d) > Ay = =Gy = O) )
We claim that this is equivalent to a polynomial condition in the coordinate func-
tions x1,...,2q, Ti,..., 2. Indeed, for every ¢ € {1,...,d}, the condition
tk(Bi(ag41,-..,a,)) = dislinear in ag41, ..., a, and polynomial in 1, ..., x4, 2, ..., ).
The condition that the resulting system of linear equations for ag 1, ..., a, only has the
trivial solution is polynomial in xy, ..., x4, 27, ..., 2.

(4) The theory of modular Lie algebras, and in particular the classification of semi-
simple Lie algebras, is rather more involved than in characteristic 0. However, there exists
po € N such that the classification of semi-simple Lie algebras of dimension at most n
over every algebraically closed field of characteristic at least py is completely analogous to
the well-known classification in characteristic 0: the Lie algebras are of classical type and
parametrized by suitable root systems. One can deduce this, for instance, from Robinson’s
Principle, according to which a first order statement in the language of fields is true in
algebraically closed fields of characteristic 0 if and only if it is true in algebraically closed
fields of sufficiently large characteristic. We may thus restrict attention to fields F' with
char(F) = 0 or char(F) > po.
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Since the absolute root system of a Lie algebra does not change under extension of
scalars, it suffices, by Lemma 4.13, to produce a definable function with the required
properties.

For every root system @, let s¢ be the split Lie algebra, given in terms of a corresponding
Chevalley basis, with root system ®; see [23, Chapter IV]. For every subalgebra h of
gly(F), the algebra h/ Rad(h) is semi-simple and has rank at most N. By adjoining the
characteristic roots of basis elements of a Cartan subalgebra of h in the adjoint action, one
obtains a splitting field £ for h. Clearly, the degree of such a field F over F' is bounded
in terms of N. Therefore, it suffices to show that, for any given m € N, the functor

F s h € Griie(g)(F) |
3 field ext. F' C E of degree m such that (h/ Rad(h)) ®p E = s¢(E)

is definable. Using Boolean combinations of formulae, it is enough to show that the
functor

(4 4) F h € GrLie(g)(F) |
’ 3 field ext. F' C E of degree m and an embedding s¢(F) — h®p E

is definable.
It is enough to check definability on an open neighborhood Grri.(g) N U of an element
h € Grrie(g)(F). Field extensions F' C E of degree m can be modelled on the vector
space F'™ via a set of structure constants ¢ = (cf]);”]k:l in F'. The latter supply a binary
operation
m m m m k m
F"x " — F s (al, ce 76Lm> * (bl, ey bm) = (Zi,jzl aibjcij)]g:l
The condition that the multiplication *, together with vector addition, defines a field
extension of F' is a first-order condition on ¢. Furthermore, for every ¢ giving rise to an
extension F' C F, an E-linear map 7T': s4(F) — h ®p E can be described, locally, by
a (dimsg X d)-matrix over F™, with respect to the Chevalley basis of s and the basis
x1(h),...,xq(h) of h. The condition that the map 7" is an embedding and preserves Lie
brackets is polynomial in the entries of the corresponding (dim s x d x m)-array t over F.
Thus the functor (4.4) is indeed definable.

(5) Let X be the functor
F = {(g,h) € G(F) x Griie(g)(F) | Ad(g)h = h}.
The functor X N (G x (Grrie(g) NWU))) is definable by the formula

(45) (o, a0 (@, ) (Ad(9) (307 asash) =370 b))

=
where the operation of Ad(g) is given by polynomial expressions involving the entries of the
matrix g. To see that the functor is quantifier-free definable, consider the (2d x n)-matrix
A = A(g, h), whose first d rows record the coordinates of x1, ..., x4 and whose last d rows
record the coordinates of Ad(g)x1,...,Ad(g)zy, all with respect to the basis e, ..., e,.
The polynomial condition rk(A(g, h)) = d is equivalent to (4.5). O
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The following proposition can be found, for example, in [8, Théoreme 6.4] or [9, Main
Theorem).

Proposition 4.15. Suppose that p(z,y) is a first-order formula in the language of rings,
where x = (x1,...,Ty) and y = (Y1,...,Yn). There is a constant C' € R such that, for
every finite field Fy and every a € Ky, there is a natural number d such that the size of

the set {x € FI" | p(x,a) holds in F,} is either 0, or between C~'q* and Cq*.

Lemma 4.16. Let G be an affine algebraic group over a finite field F, with at most C
connected components, and let g be the Lie algebra of G.
(1) Writing Dy = C 246G | the estimates Dy '|g(Fyn)| < |G(Fyn)| < D1|g(Fyn)| hold for
every finite extension Fy C Fyn.
(2) Suppose that G acts on a variety X in such a way that the stabilizer H of a point
z € X(Fyn) in G has less than C' connected components. Writing b for Lie algebra
of H and Dy = 0?29 G the following estimates hold:

8ED] e - p 18
P2 o) = ISE = Py, )
Proof. We use the inequality
2—diqundimG < |G0(Fqn>| < 2diqundimG
for the connected F,-algebraic group G°; cf. [35, Lemma 3.5]. Observing that |G°(F,»)| <
IG(Fp)| < |G/G°| - |G°(Fyn)| and |g(Fyn)| = ¢"™ G we deduce (1). Claim (2) follows
from (1), by applying the orbit stabilizer theorem. O

4.4. Valued Fields. We use the Denef-Pas language of valued fields; see, for example
[10, Section 2|. It is a three-sorted, first-order language. The three sorts are the valued
field sort F, the residue field sort k, and the value group sort I'. The function symbols are

+val, Xval from pairs of valued field sort variables to one valued field sort variable,
+resy Xres from pairs of residue field sort variables to one residue field sort variable,
+o from pairs of value group sort variables to one value group sort variable,
val from one valued field sort to one value group sort,
ac from one valued field sort to one residue field sort.
In addition there is one binary relation symbol, <, between two value group sort variables.
For us, the important structures for the language of valued fields come from discrete
valuation fields. Given a discrete valuation field F' with a uniformizer w, we interpret
the valued field sort F as F', the residue field sort k as the residue field of F', and the
value group sort [ as the value group of F' which we identify with Z. The functions
+vals Xval, Fres, Xres; Tor, and the relation < are interpreted as the usual operations and

order relation. Finally, the function symbol val is interpreted as the valuation map, and
the function symbol ac is interpreted as the angular component map

ac(z) = rw @ (mod @) for x € F~ {0}.
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The values of val(0) and ac(0) are chosen to be co and 0.

We will only use theories for which F is a valued field with residue field k and value
group I'. Definable sets and functions are introduced similarly as for languages with only
one variable sort. The definable set {x € F | val(z) > 0} is denoted by O. We let
red : O — k denote the reduction modulo the maximal ideal, i.e. the definable map

_ Jac(x), if val(z) =0,
red(w) = {O, if val(z) > 0.

When several valuation rings are involved, we sometimes use subscripts to distinguish
between the various realizations of the reduction map. We use the function symbol red(-)
also to denote the componentwise reduction of a matrix or a tuple. In the latter case we
also write red™" to highlight the n-arity. Likewise, we write ac*"(x) and val™"(z) when
we apply the map ac or val coordinatewise to a tuple x € F".

For every discrete valuation field F', the set O(F) is the valuation ring Op. Every
Op-scheme X gives rise to three definable sets in the Denef-Pas language augmented
by constants from Op. Indeed, let © = (x1,...,2,) denote an n-tuple of variables and
suppose that X is given as the vanishing set of polynomials fi(z), ..., fi.(z) € Op[z]. The
first definable set is the set X of all zeros of f;(x), 1 < i < m, in F". The second is the set
Xy of zeros of the reductions of f;j(z), 1 < i < m, in k™. The third is Xy = XN O0". For
instance, if G is an affine group scheme defined over Op, and F' C F is a finite extension
of discrete valuation fields, with ring of integers Op and residue field F,, then

GH(E) = G(E),  Gu(E)=G(F,), Go(E)=G(Op).

The constructions of Section 4.3 can be applied to definable sets of sorts F and k. For
example, let F' be a valued field and let g be a Lie algebra scheme over Op. Applying
Proposition 4.12 to the quantifier-free definable set g, we get a quantifier-free definable
set Grpie(gk) such that, for every extension F' C E, the set Grii.(gk)(E) is the collection
of all Lie subalgebras of gi(E) = g ®0, k(E). The assertions of Proposition 4.12 carry
over to analogous statements for definable sets of sorts F and k.

Definition 4.17. Let Jyen o be the theory of Henselian valued fields of residue character-
istic 0, that is the theory generated by the axioms stating that a discrete valuation field
is Henselian (i.e., the valuation ring satisfies the conclusions of Hensel’s Lemma), and
that its residue characteristic is not equal to p, for every rational prime p. Furthermore,
given a field K of characteristic 0, we consider also the Denef-Pas language enriched by
constant symbols ¢, of valued field sort for all @ € K and Jen 0 denotes the theory of
Henselian valued fields of residue characteristic 0 together with the statements ¢, ¢, = cap,
Ca + Cp = cqup for all a,b € K; cf. Definition 4.10.

The theory Tyen o admits partial elimination of quantifiers; see [36, Theorem 4.1] or [19].
By a standard argument, the same holds for the theory Jnen ko in every extended lan-
guage, as discussed above. We record this fact as follows.
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Theorem 4.18. Every Denef-Pas formula ¢ s Ten0-equivalent to a formula 1 without
valued field quantifiers. For every field K of characteristic 0, the analogous statement
holds true for Tten,k.0-

Consider a number field L. None of the local fields L, where q ranges over the primes
of Or, is a model for Jpeno. Nevertheless, we will use theorems proved in JTpen k0 in
the following way. Suppose that X and Y are two definable sets, and that X = Y holds
in THen k0. Then the equivalence of X and Y can be proved by only finitely many axioms
of Then k0. Hence, X(E) = Y(F) is true is true for K C E, assuming only that the valued
field E is Henselian and that the characteristic of the residue field of F is greater than
some constant (depending on X and Y). In particular, we deduce that X(Lq) = Y(L,) for
almost all primes q of Oy.

5. PARAMETRIZING REPRESENTATIONS

In this section, we consider an affine group scheme G C GLy over the ring of integers
Ok of a number field K whose generic fiber is semi-simple. Let g C gl be the Lie algebra
of G. We consider G and g as quantifier-free definable sets over the first-order language
of valued fields enriched by adding constant symbols for the elements of K, and work in
the theory Jyen 0 of Henselian fields over K with residue characteristic 0. Our aim is to
prove the following result.

Theorem 5.1. Let K be a number field with ring of integers Ok, and let G C GLy be an
affine group scheme over O whose generic fiber is semi-simple. There are a (dim G + 1)-
dimensional quantifier-free definable set 2 C QWG+ guantifier-free definable functions
fi, fa: & — T, and a constant C' € R such that, for every finite field extension K C L
and almost all primes q of Oy,

Cao1.9)(8) = Caon/)(s) ~o / 01 /q|1 &)= q)(2),

Z(Lq)
where X is the additive Haar measure on LE™ S normalized so that M(OF7S*1) = 1.
Throughout the proof of Theorem 5.1, there are places where we omit finitely many
primes g of Op. Observation 5.3 collects most of the restrictions that we impose. In
addition, we exclude in the proof of Proposition 5.9 and all consequences thereof finitely
many primes that are not specified explicitly; this is due to partial elimination of quanti-
fiers. In the actual proof of Theorem 5.1 in Section 5.4, an application of Proposition 4.12
also requires us to disregard finitely many primes. Throughout we collectively write “for
almost all primes” to refer to these restrictions. The choice of primes we omit may depend
on L. However, we emphasize that the definable set 2 and the definable functions fi, fo
in Theorem 5.1 do not depend on the choice of omitted primes.

5.1. Relative Orbit Method. We continue to use the notation set up to formulate
Theorem 5.1.
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Definition 5.2. Let 2" be the quantifier-free definable set go x (O ~ {0}).

Throughout we fix a non-degenerate, invariant and Ad(G)-invariant bilinear form (-, -)
on g, e.g., the Killing form, and we consider finite extensions K C L. For q € Spec(Oy)
lying above a rational prime p, we denote by g(Op 4)" the Pontryagin dual of the abelian

pro-p group g(Op q).

Observation 5.3. By omitting finitely many primes of O, we may concentrate in the
proof of Theorem 5.1 on q € Spec(Oy,) such that the following conditions hold.

o pZ = q N Z is unramified in Q C L, i.e., the valuation of the integer p in L is 1;
furthermore, p > N +1, and p { |H?(H(F,), C*)| for every finite field F, of character-
istic p and every connected reductive IF;-algebraic group H with dim H < dim G; see
Lemma 4.4.

o The form (-, -) is non-degenerate on g(Oy,4).

o There is a surjective map Il;: 2°(Ly) — 9(Orq)", taking the pair z = (A4, z,) to the
homomorphism of abelian groups

Hq(l’)i Q(OL,q) — CX, B — exp <27r2’ . Tqu\Qp (<Ax7B>)> '

Ry

o Every pro-nilpotent Lie subring of g(O4) containing the 1st principal congruence
Lie sublattice g®(Op4) yields a pro-p subgroup of G(Or ) via the exponential map,
and the Kirillov orbit method applies to pro-p subgroups of G(Oy4) as described in
Proposition 4.7. (For instance, p > [L : Q| N? suffices.)

In particular, by restricting one of the homomorphisms I1,(z) to gV(Oy ) = q-9(OL4)
and applying the orbit method map €, we get an irreducible character =Z,(z) =
Q(ly(x)]g (0, ,)) of the st principal congruence subgroup GW(Or,). When the prime
q is clear from the context, it may be dropped from the notation.

For every finite extension K C L and every q € Spec(Op), the set Z°(Lg) is an open
subset of L;ﬁm G+l We normalize the additive Haar measure on L, so that the ring of
integers Op 4 has measure 1, and denote by A the product measure on L;“mGH. In [24,
Lemma 4.1 and Corollary 4.6], Jaikin—Zapirain proved the following result.

Theorem 5.4. There exist quantifier-free definable functions o1, pe: X — T such that,
for every finite extension K C L, almost all q € Spec(Oy), and every v € Z (L),

(1) AT (Iy(x))) = [Op /q]# @),

(2) dimE,(z) = [Ad*(GO(OLg)) Ty (x))[ 12 = 01 /],

Remark 5.5. More explicitly, one can take ¢i(x) = dim G val(z,), and @s(z) =
1 val(a(z)), where a is essentially the function appearing in [24, Corollary 4.6]. According
to its definition in [24], the function «, and hence 9, is quantifier-free.

We need a generalization of the construction leading to Theorem 5.4. Employing the
notation introduced in Sections 4.3 and 4.4 (compare, in particular, Definition 4.11), the
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definable set Grpi(gk) is the Grassmannian of Lie subalgebras of gy, and the definable
set Grﬁ{f (gk) is the subset of Grri(gk) parametrizing Lie subalgebras that consist of
nilpotent matrices. By applying Proposition 4.12, part (1), we see that both sets are, in
fact, quantifier-free definable with respect to the theory Jgeds oy -

Suppose that R: 2~ — Grli(g,) is a definable function. We denote by R € 2" x go
the definable set of tuples (z, X) such that the reduction of X to gk is in R(z). Recall
that G C GLy. By Observation 5.3, we may assume that the residue field characteristic
p satisfies p > N so that, over the residue field, one can evaluate without problems the
logarithm series up to its Nth term. We define expR C 2" x Gy to be the definable set
of pairs (z,g) such that g is unipotent and logg € R(z). By Observation 5.3, we may
assume that the residue field characteristic p is unramified in L and satisfies p — 1 > N.
In this case, a result of Lazard implies that log(g) converges for elements g of any pro-p
subgroup of G(Op,4), cf. [26, Lemma B.1]. Denoting by R, the fiber of R at z, we define
expR C 2" x Gy to consist of all pairs (z,g) such that the reduction of g to Gy is
unipotent and log(g) € R,. More generally, if 8 C 2 x Gy is a definable family over 2,
let 8§ C Z x Gg be the definable set of all pairs (x, g) such that the reduction of g to Gy
lies in 8,. We observe that exp R = exp R and will use the lighter notation.

By Observation 5.3, for every finite extension K C L, for almost all primes q of O,
and for every z € 2'(Ly), the additive group R,(L,) is closed under Lie commutators
and it is the Lie ring associated to the pro-p group exp R, (Ly).

Definition 5.6. Denote by Il 4(z) the restriction of Il (x) to ﬁm(Lq). For almost all
primes ¢, the orbit method map applied to Il 4(x) yields an irreducible character Zg 4(z)

of the group exp R, (L,). When the prime q is clear from the context, it may be dropped
from the notation.

Note that, if R: 2 — Gr]'(g,) is the constant function with common value {0},
then the irreducible character Zqy 4(x) coincides with the previously defined Z4(z). For
general R, we are interested in possible extensions of the character =g 4() to its stabilizer
in the normalizer Ng(o, ,)(expR.(Lq)). This stabilizer is known as the inertia group

of Zgq().
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We summarize the described set-up for x € 2" (L,) in the following diagram.

characters groups Lie lattices functionals
G(OLy) ° ° 9(OLq) I14(z)
Zgle)  epRelly)  e< T - Re(Ly) Iz ()
Eq(z) GM(OLy) @ . g (Or4) () [gm (0, )

5.2. The Stabilizer of Z¢. Suppose now that R: Z~ — Grm . (gx) is a quantifier-free de-
finable function with respect to the theory Jen 0. This means that R can be described
by a quantifier-free definable formula for all models L, with sufficiently large residue field
characteristic. We remark that many of the results in this section do not yet depend
essentially on R being quantifier-free, but it is convenient to focus on this situation in
preparation of Section 5.3, where the extra condition plays a crucial role. By Proposi-
tion 4.12, parts (3) and (5), there are quantifier-free definable sets Ng ;e C 2" X g and
Ng C Z x Gy whose fibers over a point z € 2 (L,) are the stabilizers of R(z) under the
adjoint actions in the Lie algebra and in the group respectively.

By Proposition 4.7, part (3), the stabilizer of Zg 4(2) in G(Or 4) is equal to the stabilizer

in G(Opq) of the exp Ry (L q)-orbit of Ilgq(x). Hence, this stabilizer is the product of
exp R, (Ly) and the stabilizer of Il () in G(Op4). Writing

Ne(0,.)(Ra(Lg)) = {g € G(OL,) | Ad(9)(Ra(Ly)) = Ru(Lq)},
we have
Stabg (o, ) (Hzq(7)) =
{9°€ N0, Ra(Lq)) | VY € Rul(Ly): Thag(2)(Y) = Tz g(w) (Ad(9)Y) }

In the following we consider a prime q of Oy, lying above a prime p of Ok and different

from the previously-omitted primes; see Observation 5.3. In addition we fix an element

= (As, 22) € Z'(Lg). Recall that redg : O — k denotes the reduction map (applied
component wise to entries of a matrix or vector).

Let S = ng a.z C Go be the definable group, in Jyen k0, given by the formula

(5.1)  p(x,g9) =der redok(g) € (Nr)z A (‘V’Z € .'Rz(val((Ag — A, 7)) > Val(zm))> :

where we think of x as a parameter and g as a “free variable”.
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We denote by 8 = 8x 4, the reduction of $ modulo the maximal ideal, i.e., the definable
subgroup of Gy, in Tien k0, given by the formula

(5'2) TP(% h) =dqer 39 € Go (red(‘)\k(g) =h A 90(1‘79)) )

where again we think of x as a parameter and h as a “free variable”.
Denote the characteristic of the residue field Ok /p by p. The functor of p-Witt vectors

F > Witt(F) = lim Witt, ()

associates to every perfect field F of characteristic p canonically a strict p-ring Witt(F)
with residue field F; see [40, Chapter II]. The integral domain Witt(IF) is complete and
Hausdorff with respect to the p-adic topology and Witt, (F) = Witt(F)/p" Witt(F) is
called the ring of truncated Witt vectors of length n. For short we denote by FWitt(IF)
the field of fractions of Witt(F).

The functor Witt is pro-representable; the underlying set is represented by [~ Al
cf. [18]. Using this fact, one sees that there are a pro-algebraic group scheme S = §R7q7x
and a definable group S = gxq@, in T pert-fields,p,0;, /q- Such that, for every (possibly infinite)
perfect extension F of Oy /q,

53 Z(]F) = $(FWitt(F)) C Go(FWitt(F)),

(F) = $(FWitt(F)) C Gy (FWitt(F)) = G(F).

Our next goal, Proposition 5.7, is to show that there exists an algebraic group S over
Op/q such that, for every perfect extension IF of Or/q, one has S(F) = §(FF). The following
table summarizes some of the notation that will feature in this discussion.

T Hen, K 0-def. T pert.-fields,p,0;, /q-def. Witt,, (F)-algebraic F-(pro-)algebraic

S C Go S, S = lim F,(S,)
8 C Gy S S

We briefly recall further details regarding the functor Witt; compare [18], or [5, p. 276]
for a summary. As above, let IF be a perfect field of characteristic p > 0 and fix n € N.
For an F-scheme X, let G, (X) be the locally ringed space whose underlying topological
space is the same as the topological space of X and whose sheaf of rings is the sheaf of
germs of morphisms X — Witt,,. For example,

S, (Spec(FF)) = Spec(Witt,(F)) and G, (Spec(Fle]/(e?))) = Spec(Witt, (F)[e]/(e?)),
which we will shortly put to good use. By the main theorem of [18, §4], there is a functor

Fn: (Witt, (F)-schemes of finite type) — (F-schemes of finite type),
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the Greenberg functor of degree n, such that, for every F-scheme X of finite type and
every Witt, (F)-scheme Y of finite type, there is a natural bijection

(54) HomSpec(F) (X7 g:’n (Y)) = HomSpec(Wittn (F)) (9n<X)a Y) .

Returning to the situation at hand, by Observation 5.3, we may suppose that pZ = qNZ
is unramified in Q C L. For n € N, there is an affine group scheme S,, over Witt,,(Or/q)
such that, for every perfect extension F of Oy /q,

S, (Witt,(F)) = {g € G(Witt,(F)) | redwis, @r(g) € (Nx).(F) A
VZ € ﬁx(P’\?\/itt(I[?’))(Vad((Afj — Ay, Z)) > min{n,val(z,)}) }.

Here redwyist, mr: Witt,(IF) — Witt,(F) =2 F denotes the natural reduction map. The
pro-algebraic group scheme S = §j}g7q7x in (5.3) is the inverse limit of the Op/g-group
schemes F,(S,), n € N.

Next we discuss the pro-Lie algebra T of S. We use the following consequence
of (5.4). If V.= Spec(Witt,(F)[xy,...,z4]/(f1,..., fm)) is an affine Witt, (F)-scheme
and v: Spec(Witt, (F)) — V a Witt,, (F)-point, then the tangent space of F, (V) at F,(v)
is the affine subspace of FH(A%\,ittn(F)) >~ A2 defined by the “polynomials” F,(dfi(v)),
i € {1,...,m}. This can be seen from applying (5.4) to X = Spec(F[e]|/(e*)) and Y = V.
In particular, the Lie algebra of F,(S,,) is isomorphic to F,(T,), where T,, denotes the
Witt,, (Or,/q)-scheme satisfying, for every perfect extension F of Oy /q,

T, (Witt,(F)) = {X € g(Witt,(F)) | redwis, @F(X) € Nz vie)s(F) A
VZ € R,(FWitt(F)) (val({[A,, X], Z)) > min{n, val(z,)}) }.

The pro-Lie algebra T is the inverse limit of the O /g-Lie algebra schemes F,(T,), n € N.
Next we show that the definable group 8 in (5.3) is actually an algebraic group.

Proposition 5.7. Let q € Spec(Oy), v € X (Ly) and 8 = 8z 4. be as above. In particular,
suppose that q satisfies the conditions listed in Observation 5.3. Then 8 is (equivalent to)
an algebraic group over Op/q.

Proof. Recall that G C GLy. We show that S is quantifier-free in J pers-felds p,0;, /q, USING
Remark 4.14. Since constructable subgroups are Zariski-closed, this implies that § is
(equivalent to) a Zariski-closed subgroup of the algebraic group GLy over O /q.

We need to check that

(5.5) 8(F) = §(F*8) N G(F)

for every (possibly infinite) perfect extension F of Oy, /q. Fix such an extension F, set O =
Witt(F) with residue field O/pQ = F, and write L = FWitt(F). Let Q" = Witt(F2s)
and L™ = FWitt(F*'8) denote the maximal unramified extensions. Since L, is unramified
over Q,, we have L, C L.
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The inclusion C in (5.5) is clear. To prove the other inclusion we consider A € g(0),
g € G(F), and z € O ~ {0}. Writing z = (A,2) € 2 (L) and v = val(z), we suppose
that there exists g € G(0"™) such that redo(g) = 7 and val({A9 — A, X)) > y+1 for all
X € R, (L"™). The task is to produce g € G(Q) with the same properties as g. Clearly,
there exists g; € G(0) such that redg(g91) = g. Put B = A% € g(0) and consider the
definable set

Y =Yapaw, = {9€GY |VZ € Ry (vl((BY — A,2)) 27 +1) },

where the labeling is permissible, because R(z) determines R,. Clearly, ¢g;'g € Y(O™),
and it suffices to show that Y(Q) is not empty. Furthermore, by forming the quotient of Y
by the (v +1)st principal congruence subgroup Gg’ﬂ) of Gy, we obtain a Witt,;1(OL/q)-
scheme. Using the Greenberg functor, this quotient can be identified with an algebraic
variety Y = Y 4 g r(2),y over Op/q. Our aim Y(Q) # @ is equivalent to Y (F) # @.

It is convenient to treat first the special case R(z) = {0}. This means that R, gives
the 1st principal congruence Lie sublattice g(!). Since the form (-,-) is non-degenerate,
the defining condition of Y is equivalent to BY = A (mod p”). By induction on v, we may
further assume that B = A (mod p?~!), that is B = A+ p"~!D for some D € g(Q). By
Observation 5.3, the logarithm map is a well-defined polynomial map on G (Q"). For
g € GW(Q"r), the formula

=1
(56)  B'=B+)_ +[Blog(g).... log(g)| = B +[B,log(g)] (mod p’*"),

i=1 .
where § = sup{d € N | [B,log(g)] =0 (mod p?)}, shows that the defining condition of Y
can be replaced by

[A,log(g9)] +p" "D =0 (mod p").

Passing to Y, this translates into a system of linear equations over F. Since Y (F##) is
non-empty we deduce that Y (F) is non-empty.

Now we return to the general case. Based on the trivial inclusion {0} C R(x), the
special case yields gy € GM(Q) such that B = A (mod p?). Thus we may assume that
B itself is already of the form B = A + p"E for some E € g(0). By choosing a basis
for the Lie lattice R,(LL), the defining condition of Y can be phrased as ¢(BY — A) =0
(mod p"*1!) for a linear operator £ = lg(;): g — g. The elementary divisors of ¢ are 1
and p, with multiplicities dim R(x) and dim gx — dim R(z). Thus (5.6) implies that the
defining condition of Y can be replaced by

(([A1og(g)] +p"E) =0 (mod p'*'),

because necessarily [4,log(g)] = 0 (mod p?) and all higher terms vanish modulo p7*'.
Passing to Y, this translates once more into a system of linear equations over F. Since
Y (F218) is non-empty we deduce that Y (F) is non-empty. O
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Remark 5.8. The proof of Proposition 5.7 admits the following short interpretation. In
the special case R(0) = {0}, one can regard Y = Y 4 pr(z), as a torsor of the connected
unipotent group

Upy = {gGgH) € GS)/GQH) | A9 —A=0 (mod p”)} ,
and the logarithm map sets up a bijection between Y and the affine space
{(Z+g5™ cgP/a5™ | [A,2]=0 (mod p")}.

It is known that connected unipotent groups have trivial first Galois cohomology groups,
and thus every torsor over such a group has a rational point.

We denote the algebraic group equivalent to 8§ = Sﬁ,q,x by S = Sz 4. and refer to it as
the stabilizer of Zg () modulo the 1st principal congruence subgroup.

Proposition 5.9. There is a constant C' € R, depending only on K and G, such that, for
every finite extension K C L, almost all primes q of Or, every quantifier-free definable
function R: Z — CriiP(gy), and every x = (A,, z,) € 2 (Ly), the number of connected
components of S = Sg 4. s less than C.

Proof. Recall that the notation ac*™, respectively val*", indicates that the angular com-

ponent map, respectively valuation map, is to be applied coordinatewise to vectors of
length n. We apply partial elimination of quantifiers in the theory Jyen ko (cf. Theo-
rem 4.18) by treating the entries of x, which involve elements of L, as parameters: after
omitting finitely many primes, the formula (5.2) defining § = 84, is equivalent to a
formula of the form

77(3?> h) =def

\/ (Hi(Az) = 0 A piac™™ O (H(A,)), R(x), h) A ti(val " (H] (A,)), val(z))),

where the H;, H; = (Hj,,...,H;, ) and H] = (H},..., H, ) are polynomial func-
tions over K (of sort F), the ¢; are formulae in the language of rings (of sort k), and
the ¢); are formulae in the language of ordered groups (of sort I'). This can be proved by
induction on the length of the formula.

It follows that & is a finite union of some of the definable sets
{h|pi(ac*™D(H](A,)),R(z),h)}. Write § = 8zgq. and F, = Or/q. Since 8(F,)
always contains the identity, it is non-empty. Proposition 4.15 implies that there is a
constant C' € R such that, for every unramified finite extension L, C M, with residue
field F,-, there exists d € Ny such that C~1¢"® < [§(M,)| = |8(F )| < Cq™.

Using Proposition 5.7, we regard 8 as an algebraic variety S over F, and apply the Lang-
Weil bound [27]. There are infinitely many r € N such that all absolutely irreducible
components of S are defined over F,-, and |S(F,)| = (IS : S°| + O(¢7"/?))q"4™S for
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such 7. Comparing the two estimates for |$(F,-)| = |S(F,)| as 7 tends to infinity, we
obtain |S : S°| < C. O

Next we identify the Lie algebra of S = Sg g4, where R and © = (A, 2,) € Z'(Lg) are
as above. In analogy to (5.1), let T = quq » C go be the definable set given by

§(x, X) =daer redo(X) € (N ie)z A (VZ R, (val(([Az, X], Z)) > Val(zx))> ,

where we think of z as a parameter and X as a free variable. Furthermore, let T =
Tr,q denote the reduction of T modulo the maximal ideal, a definable subset of gy;
compare (5.2). Arguing similarly as in the proof of Proposition 5.7, we see that for every
finite extension K C L, almost all primes q of Oy, and every x € 2'(Ly), the set T(L,) is
a linear space over the residue field of L,. In fact, we give an independent proof of this
fact in Corollary 5.15.

Proposition 5.10. For every finite extension K C L, almost all primes q of Or, and
every x € 2 (L,), the definable set Ty g, is (equivalent to) the Lie algebra of Sg g

Proof. Write x = (Ay, 2z,) and v = val(zx) We drop all subscripts R, q, . Recall the
construction of the pro-algebraic group S = L »(S,) and its pro-Lie algebra T =

@?n(Tn) via Witt vectors. The reduction map redo: 8§ — 8 translates into S — S
which factors through the homomorphism f,: F,(S,) — S of O /g-algebraic groups. By
definition, this homomorphism is onto and therefore flat; see [14, Proposition 6.1.5]. As
indicated in Remark 5.8, the fibers of f,, each isomorphic to the kernel of f,, are affine
spaces, and hence smooth. By [15, Theorem 17.5.1], the map f, is smooth, and so its
differential at 1 is surjective. It follows that J,(T,) maps onto the Lie algebra T of S.
In this way we can identify T with T. O

Using Proposition 5.9 and Lemma 4.16, we obtain the following consequence.

Corollary 5.11. There is a constant C' € R such that, for every finite extension K C L,
almost all primes q of Op, and every x € Z (L),

Cilwﬂi,q,z([/q)‘ < ’Sﬂ%,q,w([’q)’ < Cwﬂ%,q,w([’qﬂ-

5.3. The Lie Algebra Associated to the Stabilizer of =;. We continue to work in
the set-up introduced in Sections 5.1 and 5.2. In particular, we consistently omit finitely
many primes, as specified by Observation 5.3 and in the proof of Proposition 5.9. It is
easier, and more transparent, to handle the Lie algebra associated to the stabilizer Sg g,
of Zg () modulo the 1st principal congruence subgroup, rather than the stabilizer itself.
For this purpose, we introduce the following cover of 2.

Definition 5.12. Let # C 2" x (TU{oc})¥m8x (Aut(g)y)? be the quantifier-free definable
set consisting of tuples ((4, z), (7, - - ., Ydimg), (U1, Uz)) such that, in the chosen standard
basis of g, the linear operator 7' = U; (ad A) U, is diagonal and the valuations of the
diagonal elements are given by (71, .., Ydimg)-
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Let R: % — Grﬁiilep (gk) be a definable function. The following definitions are analogous
to those in Section 5.1. Let R C % x go be the definable set of tuples (y, X) such
that the reduction of X to gy is in R(y). Recall that G C GLy and that, by virtue of
Observation 5.3, the residue field characteristic p satisfies p > N. We define expR C
% x Gy to be the set of pairs (y,g) such that ¢ is unipotent and logg € R(y). Finally,
again based on Observation 5.3, we define eprJvQ C % x Gy to consist of all pairs (y, g)
such that the reduction of g to Gy is unipotent and log g € ﬁy.

We denote by pry o0 % — 2 the natural projection. For every finite extension

K C L, almost all primes q of Oy, and for every y € #(L,), the additive group ﬁy(Lq)
is closed under Lie commutators and it is the Lie ring of the pro-p group exp ﬁiy(Lq).
Given y € % (L), we write Iz 4(y) for the restriction of Il (pry - (y)) to fJV%y(Lq) and we
denote by Zg4(y) the resulting irreducible character of exp ﬁy(Lq). As in the analogous
Definition 5.6, the subscript q is sometimes omitted. Similarly, we write Sg 4, = Sx .2,

where x = pry | 4 (y).
The following lemma is evident.

Lemma 5.13. Let O be a complete, discrete valuation ring with a uniformizer w. Let
M = O" be a free O-module of rankn € N, and let N C M /@M be a linear subspace with
pre-image N in M. Assume that T is an endomorphism of M which, in the standard basis,
15 giwven by a diagonal matriz with diagonal entries @, ... @™, where vi,...,V, € Z
satisfy 0 < v < ... < y,. Forl € Z, let i(l) = max({0} U {i | v < 1}) and j(I) =
min({n + 1} U{j | v, >1}). Then the following hold.

(1) The pre-image T~ (@' N) is equal to
{(al,...,an) eM|Vie{l,...,i(D)} :val(a;) > 1 —
and (@~ lay, ..., @0 a;0),0,...,0) € N}.

(2) The reduction of T~ (@' N) modulo w is the set of all (ay, . .. ,@n) € (O/@wO)" such
that ay = ... = a;q—1 = 0 and (0,...,0,a;q),- .., @q),0,...,0) € N.

Proposition 5.14. Let R: ¥ — Griiilep(gk) be a quantifier-free definable function. Then
there is a quantifier-free definable function L: % — Grrie(gk) such that, for every finite
extension K C L, almost all primes q of Oy, and everyy € % (L), the Lie algebra of the
stabilizer S q., is given by L(y).

Proof. For every y € % (L,), the Lie algebra of the stabilizer Sy 4, is the sum of R(y) and
the Lie algebra of the stabilizer of Ilg4(y) modulo the maximal ideal. Thus it suffices to
prove that there is a quantifier-free definable function £: % — Grpie(gk) such that the
image £(y) of y € #(L,) is the Lie algebra of the stabilizer of Il ;(y) modulo the maximal
ideal. For y = ((Ay,2y), (Vy1s - -+ Yydima)s (Uy1, Uy2)) € # (L), this is the intersection
of the normalizer of R(y), which is given by a quantifier-free function, and the reduction
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modulo the maximal ideal of
Vy(La) = {¥ € golL) | VX € (R),(Lq) (Taa(y)([X,Y]) = 1)}
= {¥ € go(Ly) | VX € (R),(Lq) (val((4y,[X,Y])) > vall(z,)) }
={¥ € g0(L) | VX € (R),(Ly) (val((X, [4,, Y]) > val(z,)) }

The set V, can be interpreted as the fiber of a definable set V C %" x go, and it remains
to prove that the reduction of V, is quantifier-free. Let R*(y) be the orthogonal subspace
to R(y) in gk with respect to the form (-,-). Recall that by omitting finitely many ¢, we
arranged that (-, -) is non-degenerate on gi(Lq). We observe that V(L) is the pre-image

of z, ((R1)y(Lg)) under the map ad(A,). According to the definition of %, we have
ad(4,) = Uy_’llTyU_1 where Uy 1,U, 2 € Aut(g)o(Ly) and T}, is diagonal with respect to

Y,27 -
the standard basis. Thus U, 5(V(Ly)) is the pre-image of z, U1 ((R4),(L,)) under T},
By Lemma 5.13, statement (2), its reduction modulo the maximal ideal is quantifier-free.
Hence, the reduction of V, is quantifier-free. O

nilp

Corollary 5.15. For every quantifier-free definable function R: 2~ — Gr{\2(gk), there is
a quantifier-free definable function L: 2 — Grrie(gk) such that for every finite extension
K C L, almost all primes q of Oy, and every v € 2 (L), the Lie algebra of the stabilizer
Sg.qz @ given by L(x).

Proof. Pre-composing R with the projection pry ,: % — 2 we get a quantifier-free
definable function R': % — Grrﬁiilp(gk). Applying Proposition 5.14, we obtain a quantifier-
free definable function £': % — Grpie(gk) such that, for all y € #(L,), the vector space
L'(y) is the Lie algebra of the stabilizer Sgq,. Since £'(y) depends only on pry 4 (y),
we get a definable function £: 2" — Grpie(gk) such that £(z) is the Lie algebra of the
stabilizer Sg 4, for all z € 2 (L,).

It suffices to show that £ is quantifier-free definable. By an analogue of Lemma 4.13
for valued fields (cf. Remark 4.14), it is enough to show that if F' C F is an extension of
valued fields, x € 2°(F'), and v € Grrie(gk)(F), then £(z) = v holds in F if and only if
L(x) = v holds in E. Since the map % — 2 is onto, we can choose y € ¥ (F) C ¥ (F)
such that pry ,-(y) = . Then the following assertions are pairwise equivalent: £(x) = v
holds in F; £'(y) = v holds in F; L'(y) = v holds in E (because L' is quantifier-free);
L(z) = v holds in FE. O

Proposition 5.16. Let R;,Ry: 2 — Grﬁiilep(gk) be quantifier-free definable maps and
assume that, for every x € 2, the Lie algebra Ry(x) is normalized by Ro(x). Then there
is a quantifier-free definable function p: Z — T such that, for every finite extension
K C L, almost all primes q of L, and every x € Z (L),

Ad* (exp R () (I, ()| = |01 /],
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Proof. Similarly to the proof of Proposition 5.14, the first claim of Lemma 5.13 gives a
quantifier-free function ¢;: % — I such that, for every y € #(L,),

A (exp R (pr(y))) (T, pray) | = 101/01,

where pr = pry | 41 # — 2 is the projection. Since ¢;(y) depends only on the image of
y in 2, we get a definable function py: 2  — I such that

A (exp Raf)) (Tl o)) | = [01/9] .

An argument similar to the one in Corollary 5.15 shows that (5 is a quantifier-free defin-
able function, so we can take ¢ = ©s. 0

Remark 5.17. We can now indicate a proof of part (1) of Theorem 5.4.
We write © = (A, 2,). Then Hfol}(H{o} (x)) consists of the pairs (B, w) such that, for

all X € gl(OL,q)7
val (<é - E,X>) =0,
Zy W

or, equivalently, such that val(A,w — Bz,) > val(z,w). The claim follows.

5.4. Proof of Theorem 5.1. We continue to work in the same set-up as in the previous

sections and recall that, if 8§ C 2" x Gy is a definable family over 2", then 8 C 2" x Gy
denotes the definable set of all pairs (z, g) such that the reduction of g to Gy lies in §,.

Theorem 5.18. There are, for n € Ny, quantifier-free definable functions
Gshn: X =T, Ryt = GiP(g),  Ln: 27— Grie(ow),

constants C,, € R, and definable families 8,, C X x Gy of subgroups of Gy such that the
following hold.
(1) Ry is the constant function {0}, Lo is the constant function gy, and 8¢ = 2 x G.
(2) For n > 1, every finite extension K C L, almost all primes q of O, and every
r € X (Ly), the following hold:
o (é\;)x is the stabilizer of Zx,_,(x) in (5/:1)3:;
o L,(x) is the Lie algebra of (8,)., and
o R, (x) is the Lie subalgebra of nilpotent matrices in the solvable radical of L., (x).
(3) There exists ng € N such that the sequences g, by, Ry, L, Sy, stabilize for n > nyg.
(4) For every n, every finite extension K C L , and almost all primes q of Oy,

CG(OL,q)(S) - CG(OL/CI)(S) ~Chr / |OL/C||gn(gc)_hn(I)SC(C’g;)I(Lq)|592 (@(S) d)\(:l?).

Z (Lq) "

Proof. We first construct R, £,,,8,, using recursion on n € Ny. Suitable functions g,, h,
will be obtained in a second step. The functions Ry, Ly and the family 8, are prescribed
by (1). Suppose R,,L,,8, have been constructed. The discussion at the beginning of
Section 5.2 implies that there is a definable family of subgroups of Go over 2  whose
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fiber at any = € 2 is the stabilizer of Zg, () in (8,),. Take 8,41 to be the reduction of
this family modulo the maximal ideal. Similarly, we get £, 1, using Corollary 5.15, and
Ryi1, using Proposition 4.12. Thus (2) is taken care of.

Next, we show that the sequences R,,, L,,, and §,,, n € Ny, stabilize as required by (3).
Note that the sequence dimR,, n € Ny, is (pointwise) non-decreasing and the sequence
dim £,,, n € Ny, is non-increasing. Proposition 5.9 implies that, for every n € Ny, there is
an upper bound D(n) for the number of connected components of each of the groups (8,,)..

We claim that, if ny € Ny is such that dim R, (z) = dim R,,, 4 p(n,)(2) and dim Ly, () =
dim £,,, 4 p(ny) (), then the sequences R, (x), Ly (x), and 8,(x), n € Ny, stabilize for n >
ny + D(ny). Indeed, suppose that n € Ny with ny < n < ny + D(ny). If dim L, (z) =
dim £,,41(x), then £,(x) = L,,41(x) and similarly for R, (z). Since (8,11). is a subgroup
of (8,), and they have the same Lie algebra, either §,(x) = 8,41(x) or 8,.1(x) has
fewer connected components than 8, (x). It follows that there is n € Ny with n; < n <
ny + D(ny) such that 8, (z) = 8,11(z). It now follows that the sequences of functions
R,,L,, and §,, stabilize for sufficiently large n € Ny. Once R,, and §,, stabilize, we can
keep also the functions g,, and h,, unchanged. Thus (3) is satisfied.

It remains to construct g, and h, for n € Ny so that (4) holds. We start with n = 0.
Fix a finite extension K C L, and consider primes q of Oy, that satisfy, in particular, the
conditions of Lemma 4.6. For short we write X = 27 (L,), and we put

X' =| |{Xy [0 € gV (Orq)" ~ {1}},

where Xy = {z € X | Iljoy4(z) = ¥} for every homomorphism + from the additive
group of the 1st principal congruence Lie sublattice g(l)(OL,q) to C*. Summing over
¥ € gM(0r )V~ {1}, applying the orbit method map 2, and using Lemma 4.8, we obtain

(a0 (8) = Ca(oL/a)(8)

=2 |Ad*(G(1OL,q))(19)| (dim ©(9))™* Ca(0r.q) 1000 (5)

1 1 o .
- Z/Xﬂ AMXy) |Ad*(G(Op4)) oy ()] dim(Z oy ()) CG(OL’q)\E{O}(x)(S) d\(z)
1 1
/X/ ATy (Mo (2))) [Ad™(G(Or,q)) (Tgoy (2))]

dim(E{o} (l‘))_s CG(OL,q)E{o}(x) (S) d/\<m)

By Theorem 5.4 and Corollary 5.15, there are quantifier-free definable functions
01, P2, 03: Z — I such that, for almost all primes q of Oy,

(1) Mg, (goy () = [0 /q]#@),
(2) dimEqgy () = |AD(GM(Op)) gy ()2 = |01 /g]#2),
(3) dim £ (z) = |01, /q[#®.



ARITHMETIC GROUPS, BASE CHANGE, AND REPRESENTATION GROWTH 53

By Lemma 4.16, there is a constant C' € R such that, for every x € X,

[AdY(G(Or,q)) (o ()| =
[Ad(GD(O0)) Mgy (2))] - [G(O1/a)/(81)a(Lg)| ~e [Op /g[?e2 ) Fdimemest),

Therefore,

Ca(01.4)(5) = Ca(oL/9)(8) ~c

Xl|OL/q’(*@1(x)f%z(aﬁ)ws(x)fdimg)f “Ca On) oy ( x)( s) d\(z),

and we set go(x) = —p1(z) — 2¢2(x) + p3(x) — dim g, ho(x) = p2(z), and Cp = C.
Finally, we suppose that g,,h, are given for some n € Ny and we explain how to
construct ¢ni1,hni1. Again, fix a finite extension K C L, and consider primes q of O
that are different from any of the finitely many primes omitted.
Let a C g(OL/q) be a nilpotent Lie algebra, and recall that a denotes the pre-image
of a under the map g(Or4) — g(OL/q); it is a Lie ring, and, in particular, an additive
group. Let 7 be a homomorphism from a to C*, and consider the set

Xor = H;{i(T) ={r e Z(Ly) | Ru(z) = a,1lg, (z) =7}

Inductively, we see that on X, -, the values of Ry(z), Lo(z),..., R, (z), Ln(x) and thus the
values of (8,,),(Lq), (8n11)e(Lyq), and R, 41 () are constant. Denote the latter by S, Sp41,
and b respectively. Writing m = [b : a|, let ¥4, ..., 9, denote the homomorphisms from

b to C* that extend 7. We define, for ¢ € {1,...,m},
Xor =g, () = {2 € Xor | T, (2) = 0}

These sets form a partition of X, ; into m parts of equal measure. Using Lemma 4.8 and
Clifford theory, we deduce that, for every z € X, -,

8 (Lo)En, @ (8) = Cariam (8) = [Sn + Snia| (o) (9)

o A (exp R ()] ( dim ()
|S Sn-i—l’ ; |Ad* n+1)(19 >| (dlmQ(T) ) CQEIQ(&)(S).
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Therefore,

T o [ AMXay) JAd (exp Ropd)(7)] (dim Q(Y;
B Sy [ M) ARl (OO

’ ~ Jxi MXer) AdY( n+1)(19)|
I /Z [(8n)2(Lq) : (Sn+1)a(Lg)| ™ lﬁRn_H(;pzr; fRn@;)l

[Ad* (exp Rosr) (T, (2))]  (dimE,, (2)\ ™ s)dA(z
G (L) T ()] ( T =y (1) ) Csmrn)a )\_szﬁl(m)( ) dA(x).

Now there are quantifier-free definable functions 1, 1o, 13,%4: 2 — [ and a constant
C € R — all independent of L and q — such that, for almost all primes q of O, and all
x € Z (Ly), the following hold:

(1) 1(8)x(Lg) & (8nt1)x(Lq)| ~c |Or/q|*@, by Corollary 5.15 and Lemma 4.16 (1),
because the number of connected components of (8,,), is bounded by D(n),
(2) |Rus1(z) : Ro(z)| = |OL/q|¥2®), as R,, and R, 41 are quantifier-free definable,

(3) 1A (05 Ros) ([T, () /1AQ" (S ) (L)) ([T ()] ~c [01/a165, a5

A ((Snt1)a(L)) (T, ,, ()] =
|AQ (exp Ryt (7)) (T, (2))] - 1(S)e (L) (Snin)a( Lo

by part (1), and by Proposition 5.16,
(4) dim \_‘jzn_’_l(m)/ dimZg, () ~c |Op/q[**® because, for example, dimZg, () =
|Ad” (expr (z))(Ilx, (x))|*/? and by Proposition 5.16.

Writing «,, = 19 + 13 and 8,, = ¥ + 14, we obtain

C(GmaL) () (8) AA(T) ~c / [OL/al™ 7O (o iz, 0 (5) dA(2).

Xa,r ar n
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Defining g,,+1 = g+, and h, 1 = h,+ [, we obtain, from the corresponding properties
of gn, hn,

QG(OL,q)(S) - CG(OL/CI)( ) ~Cp / |OL/q|gn hn(e)s g(é“ )a(Lq)|Ex,, (x) ( )d)‘(x)

2 (Lq)

n+1(x)—hnt1(x)s
e Z /X Opfafpm @ mnsig () dA)
a,T a,T

= /%(L ) |OL/q|9n+1 Pt (z C(SnH) )\Eynﬂ(x)(S) d)\(:r),
q

Here a ranges over the finite set of nilpotent Lie subalgebras of g(Op/q) and 7 ranges
over the countable set of characters of a. The required properties of ¢, 41, h,41 hold for
Chryr = C,C3. O

We are now ready to prove Theorem 5.1.

Proof of Theorem 5.1. We continue to use the notation set up in this section. In partic-
ular, let g,, h,, R, L,,8,,C, be the sequences constructed in Theorem 5.18. Suppose
ng € N is sufficiently large so that g,, h,, R,, L,, S, are stable for n > ng. Fix n > ny.
By Theorem 5.1, for all finite extensions K C L and almost all q,

(5.7)  Caory)(s) = Caor/a(s) Ncn/ (O /a1 D% (o (S)AA(@).

2 (Lg)
Recall that (8,), C Gy is an algebraic group. Let (8,)S denote the connected compo-
nent of the identity, and let (8,)° C Gy be the pre-image of (8,)S under the reduction

xX
map modulo the maximal ideal. It was shown in Proposition 5.9 that there is a constant

D, € R such that, for almost all q and all z € 2 (L,),

(8n)a(Lq) : (8n)2(La)l < [(8n)a : (8n)z] < D1
By Lemma 2.11 (2), we get for almost all q and all x € 27(Ly),

CEm)e (Lo) Eny () D1 C@(anamn(@'

For every prime q and every z € 2 (Lg), the group Q, = (8,)2/exp R, (z) is a reduc-
tive group over the field O /q of dimension at most dim G. Omitting finitely many
primes q of Op as specified in Observation 5.3, none of the Schur multipliers of the

—_—~— —_—

groups (8,)%(Lq)/ exp Ry (x)(Lg) = Q(OL/q), for x € 2 (L), contains elements of order
char(Or/q). Using Lemmas 4.2 and 4.1, we thus obtain

C(sz\)/é’:(Lq)lEszn(a:) = €Q.(01/0)-
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The Lie algebra of @, is £, (z)/R,(x). By Proposition 4.12, there is a finite, quantifier-
free partition of 2" such that, on each part, the absolute root system &, of Q./Z(Q.)
and the dimension of the center of (), — which can be read off from the Lie algebra of @,
cf. Proposition 4.12 — are constant. By Corollary 3.4, there is a constant Dy € R such
that

Cau(01/0(8) ~p, |01 /a|"™#@) (14 |0y [q|* P 1721e),
Setting & = 2" x {0, 1},

fi(2) = gn(z) +dim Z(Q.) for z = (x,0) € &,
' gn(z) +dim Z(Q,) + tk®, for z = (x,1) € &,

and

—h,(z) + || for z = (z,1) € Z,
we obtain, with C' = C, D1 D,

) = {—Zn(x) for z = (z,0) € &,

(G (01.,4)(8) = Ca(or/a)(8)
~C / ’OL/q’gn(m)+dimZ(Qm)+hn(a¢)s(1 + |OL/q|rk<I>f\4>$IS)d)\(x)
2 (Lq)

_ / ’OL/qlfl(Z)_fZ(z)sd)\(Z>‘
Z(Lq)

This completes the proof of Theorem 5.1. ([l

6. QUANTIFIER-FREE INTEGRALS

In this section we complete the proof of Theorem 2.8. The section’s main result is
Theorem 6.2, expressing the dependence of an integral such as the one in Theorem 5.1 on
the local field the integral is interpreted at. We state the precise result in Section 6.1 and
prove it in Section 6.2.

Throughout this section, we fix a number field K and work within the first order
language of valued fields together with a constant, of the value field sort, for every element

of K. We will use the theory Jyen 0 of Henselian valued fields over K of characteristic 0;
cf. Definition 4.17.

6.1. Uniform Formulae for Quantifier-Free Integrals. We make no notational dis-
tinction between an algebraic variety and the corresponding functor of points.

Definition 6.1. Let X be a smooth algebraic variety of dimension n over K and let w
be a regular differential n-form on X. For any local field F' containing K, the set X (F')
has the structure of a p-adic analytic manifold; cf. [41, Part II, Chapter III]. We define a
measure |w|p on X (F') as follows: given a compact open set U C X (F'), an open compact
subset W C F™, and an analytic diffeomorphism f: U — W, we write

ffw=gdry N Ndx,,
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for some function g: W — F', and define

wlw (U / 19(2) | rdA(z

where || is the normalized absolute value of F" and A is the Haar measure on F normal-
ized so that A(O%) = 1. The assignment U — |w|r(U) extends uniquely to a non-negative
(possibly infinite) Radon measure on X (F'), which we also denote by |w|r. See [1, Sec-
tion 3.1] for further details.

We now state the section’s main theorem.

Theorem 6.2. Let K be a number field with ring of integers Ok, and let X C AM be
a smooth affine K-variety, and w a reqular differential top form on X. Suppose that
Z C X NOM is a quantifier-free definable set and that fi, fo: 2 — T are quantifier-
free definable functions. There exist N € N, quasi-affine Og-schemes W; and integers
a;,8; € Ng and n; € N, fori e {1,...,N}, and A;;,B;; € Z, fori € {1,...,N} and
Jj € {1,...,n;}, such that the following holds: for every finite extension K C L and
almost all primes q of Oy,

N
60 [ 10ufal" Oy, = 37 [0ufg
Z(Lq) i=1

q

1 10L/q
W.(O/q)| —=—)
( L/ )‘ Jl:[l 1— |OL/C||A”_B”S

for every s € C for which the integral on the left converges.

a;—fis

Theorem 6.2 may possibly be deduced from [19, Proposition 4.5 and Proposition 10.10]
in a similar way that [19, Theorem 1.3] is. In the next section we give a direct proof, in
terms of resolutions of singularities.

6.2. Proof of Theorem 6.2. In this section we decorate the reduction, angular com-
ponent and valuation maps with a superscript to indicate the arity of their domain and
write, e.g., red*", ac*™ and val*" (cf. Section 4.4).

Definition 6.3. A rational polyhedral cone in Q" is the intersection of finitely many
open or closed linear half-spaces, i.e. subsets of the form {z € Q" | (z,v) >0} or
{r € Q" | (z,v) > 0}, where v € Q" and (,) denotes the usual inner product on R™.

We will reduce Theorem 6.2 to the following special case:

Special Case. There exist an Og-scheme X C AJ‘O{( such that the structure map X —
Spec(Of) is smooth and its non-empty fibers are irreducible of dimension n, an étale
map § = (51, NN ): X — Aj_, a rational polyhedral cone D C Q%;, an Og-scheme
M cC (G})o, x X, and integers ai, ..., ay,,b1,...,b, such that

(1) X =X x Spec( ), i.e. X is an Og-model of X,

(2) w=E&"(dxy A--- Ndwy,), where 7y, ..., 2, are coordinates on Af
(3) filz) =202 1ana1(€( ),
(4) fa(2) = 2202, bival(€,(2)),
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(5) the quantifier-free definable set % is defined by the formula
2 € X NOM A val*™(£(2)) € D A (ac™™({(2)),red*™(2)) € M.

6.2.1. Proof of Theorem 6.2 in the Special Case. Let Z C X be the image of M under the
projection to X. After reordering the coordinates of the map £ and passing, if necessary,
to one of the parts of a finite, quantifier-free partition of M, we can assume that, for some

0 < ¢ <n, the functions { , ..., ¢, vanish on Zx Spec(K) and §t+1, ..., & are invertible on

Z x Spec(K). This implies that, for every finite extension K C L and almost all primes g

of Or, the functions € , ..., vanish on Z x Spec(Or/q) and &, 1o, are invertible on

Z x Spec(Or,/q). We may thus assume, without loss of generality, that D C Q% x {0}~
For each p € X(Or/q), the map ¢ induces a measure-preserving diffeomorphism be-

tween ((redXM)_1 (p) N X(Ly), \w|Lq> and ((redxn)_1 (&), |dzy A=+ A dxn]Lq>. The

image of (redXM)_1 (p) N Z(Lg) under & is the set of all x = (z1,...,2,) € OF , that
satisfy

(1) val*(z) e DN Z",
(2) red™"(z) = £(p), and
(3) (ac*"(z),p) € M(O/q),

or, equivalently,

(1) val*"(z) e DN Z",

(2) (ac(in), s ac(za)) = (€., (), €,(0))
(3) (ac(xy),...,ac(x;)) € MP(Oy/q),

where

M(p)(OL/Q) =
{90 € O/ ) | 01906, (D), 1€, (0),D) € M(OL/a)}

Setting W(p) C O7 , to be the set defined by the conjunction of these three conditions,
we get

Fi(2)~fa(2)s
AR Y
:/( ) 7€) Ly (2)|O /q|=i=t b)) gy Ao A dy g,
red*"™ P

— ‘M(p)(OL/q)‘~ Z 10, /q|=i=1@=bish,

yeDNZ™
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Therefore,

/ |OL/q|f1(z)_f2(z)5|w|Lq

Z(Lq)

— [ Loy @I0ual N,
X(OL,q)

= 3 [ L0l L,
) (redXM) (p)

pPEX(OL/q

= > MO > jou g

peX(OL/a) YEDNZ"

Let W be the fiber product M Xgn-v),  x X, where the map M — (G Mo, x X is

the projection onto the last n — ¢ + M coordinates, and the map X — (G ")p, x X is
(§t+1’ € ) x 1dx. As

W(OL/a)l= Y IM*O./q).

pe€X(0L/q)

(6.2)

(6.2) implies that

(6.3) L(L ) |OL/q|f1(z)_f2(z)s|W|Lq = [W(Or/q)| Z |OL/q|Z?:1(ai—bi$)'7i'
a

yeDNZ™

The set DN Z™ may be decomposed into a finite, disjoint union of cosets of free monoids.
We may thus replace DNZ" by such a coset. Sums as the ones in (6.3) over free monoids
are just finite products of geometric progressions of the form %, for suitable
numerical data A, B € Z. Translating the monoid amounts to multiplying the relevant
product by a factor of the form |Oy, /q|*~#¢, for suitable v, 8 € Z. This proves Theorem 6.2

in the Special Case.

6.2.2. Reduction to the Special Case. Let X,w, %, fi, fo be as in Theorem 6.2. As X is
smooth, the integral (6.1) in the theorem is the sum of the respective integrals over the
irreducible components of X. Hence, we can assume that X is irreducible.

Lemma 6.4. Ifh: OM — T is a quantifier-free definable function, then there exist N € N,
a finite quantifier-free definable partition

OM =Q,U---UQy,

and, for each i € {1,..., N}, finitely many polynomials Py, ..., Py, over K and rational
numbers r, ..., Tin, such that hlq, = 2?1:1 rij val o Pj;.

Proof. By assumption, the graph of h is a Boolean combination of quantifier-free formulae
in M + 1 variables z1, ..., x, 7y, where x; are valued field sort and v is value group sort.
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The quantifier-free formulae, in turn, are Boolean combinations of formulae of the form

P(z) =0, Q(ac(Ri(x)), ... ac(Ry/(x))) = 0, and ngy + Y _ n;val(Pj(z)) =0,
jed
where * = (z1,...,2p), J is a finite index set, P, Ry,..., Ry, and P;, j € J, are
polynomials over K, () is a polynomial over ac(K), and ng and n;, j € J, are integers.
This implies the claim. 0

By Lemma 6.4, we can assume that the functions f; and f; have the form

fi= Zrk valoF}, fo= Z:'d€ val o F},,
keJ keJ
where J is a finite indexing set, ry, 7, € Q, and Fj are regular functions on X. By
definition, the definable set 2 is a disjoint union of sets that are defined using formulas
of the form

(6.4) 2e XNOM A plac*™ (H(2))) A ¢(val*™ (H(2))) A H'(z) =0,

where H, H': X — AY " are regular maps defined over K, ¢ is a quantifier-free formula
in the language of fields (in variables of sort k), and ¢ is a quantifier-free formula in
the language of ordered groups (in variables of sort ). Hence, it is enough to prove the
theorem assuming that 2 is defined by a formula of the form (6.4).

If H" # 0, then the integral in (6.1) is zero. Hence, we can assume that H' = 0. The
definable set defined by ¢ is equivalent to the disjoint union of finitely many quasi-affine
varieties. Partitioning 2 according to these varieties, we can assume that ¢ defines a
single quasi-affine K-variety V. Since we are only interested in evaluating the integral (6.1)
over local fields with large residue field characteristic, we may replace V' by one of its O-
models, which we denote by V. We apply a similar argument for 1: after passing to
one of the parts of a finite, quantifier-free partition of 2, we can assume that v defines
a translation of a rational polyhedral cone in QY by a vector of the form ValXM/(e),
where e € K™'. For every finite extension K C L and almost all q € Spec(Oy), we have
VaIXM/(e) = 0. We may thus assume that ¢ defines a rational polyhedral cone € C Q%.
In conclusion, we can assume that 2 is defined by the formula -

(6.5) e XNOM A ac™(H(2)) e V A val*™ (H(z)) € €.

6.2.3. Resolution of Singularities. We write H = (Hy,...,Hy), let P = sz\i/l H; -
[1;cs Fr, and consider the divisor D = div(P - w), i.e. the union of the vanishing loci
of w and P. By Hironaka’s theorem on strict resolution of singularities (cf. [1, Defini-
tion B.5.1]), applied to the divisor D, there exist m € N and a smooth variety Y C X xP™
defined over K such that the projection 7: Y — X is birational, is an isomorphism above
the complement of D, and the pullback of D under 7 is a divisor with normal crossings.

Denote the dimension of X by n. By the definition of divisor with normal crossings,
there is an open cover Y = J,.,; U; by affine K-varieties U;, for some finite index set I,
and, for each ¢ € I, there is an étale map &: U; — A" such that 7~ (supp(D)) N U; is
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contained in the pre-image under &; of the coordinate hyperplanes in A". The divisor
of 7*w is supported on 771(D), and & (dxy A --- A dz,,) is an invertible top differential

form. Hence, the function WMAdw) is regular and its divisor is supported on 71(D).

Therefore, there is a regular function ¥; : U; = Gy, and a;; € Z, j € {1,...,n}, such that,
for y € U,

T*w - a”
E(dzy N+ A d:cn) 1;[ &y

For each i € I, fix an embedding U; C AV for some N. For every finite extension K C L
and almost all primes q of Op, the function ¥J; is the restriction of a polynomial in N
variables with coefficients in Op, 4. In particular, its restriction to ON has non-negative
valuation. The same is true for 1/9; and so, for almost all q, the restrlctlon of val(?;) to
Ui(Lq) N O, is 0. Consequently, we obtain, for y € U;(Lq) N O,

v <€£“ (dzy /7\T - A da,) (y)) - ; a;;val(&i(y);)

Similarly there are, for j € {1,...,n} and t € {1,..., M'}, integers b;;, ¢;;, d;s; and func-
tions 7;; : U; = Gy, such that, for y € U;(Lg) N O]L\{q,

fom(y) = Z by Val(fz’(y)j)v gom(y) = Z Cij Val(fi(?J)j)’

and, for t € {1,..., M'},

val(Hy o 7( Z dij val(&(y ac(H; o m(y)) = ac(ni(y H ac(&(y ditj

6.2.4. Reduction Modulo q. Fix a total ordering < on the finite index set /. For i € [ set
Z; = U; U].<Z. Uj = AN so that Y = Uicr Ui = Lies Zi» the latter union being disjoint.
Further choose Og-models X C AY |, Y C X x Py, and Z; C AJ_ for the varieties X
Y, and Z;, for i € I. We also fix Og-models for the maps n;, for t € {1,..., M'}, and &
which — by slight abuse of notation — we continue to denote by these letters.

Lemma 6.5. For every finite extension K C L and almost all primes q of Oy,

(X(O1g)) = ||red ™ (Zi(O1/9))-
icl
Proof. We first contend that 7= (X (Op4)) = Y(OL,) for almost all q. One containment
follows from the projectivity of m, the other follows from the fact that, for almost all q, the
map 7 is defined over Oy 4. Next, we claim that, for almost all g, the sets Z;(Or/q) form
a partition of Y(Or/q). Indeed, we know that Z;(C) form a partition of Y(C), so the
Z;((0O1/q)™#), i € I, form a partition of Y ((Or/q)™¢) for almost all g, using Robinson’s
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Principle. Since Z; and Y; are quantifier-free, we get that Z;(Or/q) form a partition of
Y (Or/q) for these primes q. Altogether this yields, for almost all q,

Y(Or,) = || red?®) = || || red'p) = | |red(Z:i(OL/a)).

pPEY (0L /q) 1€l p€Z;(Or/q) il
O

We deduce from Lemma 6.5 that, for every finite extension K C L and almost all
primes q of Oy,

[ 0RO = [ L @O
Z(Lq) X(Or

)

_ / L) (7(9))| O fal AT 2@ oy
7~ 1(X(OL,q))

-y L1 (2)(2g (9) O fa 1 DO o
icl Y redq (Zi(OL/q))
Recall from Section 6.2.2 the rational polyhedral cone € C Q% and the Og-model V
of the quasi-affine K-variety V, featuring in the definition (6.5) of the quantifier-free

definable set %', as well as the various data defined in Section 6.2.3. For each ¢ € I, let
D; C Q% be the rational polyhedral cone defined by

Ml

j=1

t=1

let M; C (G})o, X Y be the Og-scheme defined by

K

n M’
(xh-"uxnay) € Mz < <nzt<y)Hx;lm> EV:

j=1 t=1

and let Z; be the definable set defined by
y € U; NOMH™ A val*™((y)) € Dy A <aCX”(£i(y)),redX(M+m)(y)) e (M), .
Then

/ O/~ =E2 0], =
7(Ly)

Z/ |OL/q|Zg 1(@ij+bij—cijs) val(&i(y |§ (dl’l A - /\dxn)|an
Z(Lq)

el

and each summand on the right hand side is of the form covered by the Special Case.
This concludes the proof of Theorem 6.2.
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6.3. Proof of Theorem 2.8. Let ® be the absolute root system of G. We show that
the assertions of the theorem hold for

(G) = a(®) UD(G),

where a(®) € AT is the element constructed in Theorem 3.1 and b(G) is obtained as
follows. By Theorem 5.1, there are a quantifier-free definable set 2, quantifier-free defin-
able functions fi, fo: & — I, and a constant C'; € R such that, for every finite extension
K C L and almost all primes q of Oy,

Ca(01.0)(8) = Caora(5) ~c / |01, /gD RB3a)(2).
Z(Lq)

Furthermore, Theorem 6.2 gives that, for almost all primes q,

N "
a;—Pis 7 |OL/q Aij=Bijs
(66) Ca(01.9(5) = Cawoum(s) ~er D 10u/al™ * IWilOL/)l- [ [ 75 e
i=1 j=1
where the Wy, ..., Wy are quasi-affine Og-schemes and n;, A;;, B;;, o, 3; are integers

specified in Theorem 6.2. We can assume that the generic fiber of each W; is non-empty
and irreducible, and we set

b(G) = {(a +dim W, + Z; Ay, — B — ijl Bz-j) 11<i< N} c A",

Let @ C Spec(Op) denote the set of all primes q such that (6.6) holds. By the Lang-
Weil estimates [27], there is a constant Cy € R such that, for each i € {1,..., N} and for
almost all q € @, either W,;(OL/q) = @ or

1 (W;i(OL/q)
- < < (.
2 =[Oy /q|imW: = 7

For each q € @Q, there exists i € {1,..., N} such that W;(O/q) # &, and we define
B = max {Ayj/Byj | 1 <i <N, 1< j <ni, Wi(OL/a) # @, By # 0} € Qoo
bq = {(Oéz +dim W, + Zj;l Aij7 —B; — Zj;1 Bij) | 1<e <N, WZ(OL/C]) 7& @} c AT,

We observe that, for each prime q € @), the abscissa of convergence of (g(o, ,) is equal to
Bq by (6.6) and by C b(G).

Let € € Rog. Since |Or/q| > 2 for all q € Spec(Op), there is a constant d(g) € Ryg
such that, for each i € {1,..., N}, each q € @, and all 0 € R with o > f, +¢,

5(e) < Hj (1-101/q

From (6.6) it follows that there is a constant C3(e) € R such that, for every ¢ € @,

Aij—Bi]'O') S 1.

(6.7) CG(01.9) — CG(OL/a) ~Cs(e) Sbg,On/a)  TOT 0 > Fy +e.
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By Theorem 3.1 and Remark 3.2, there is a constant C, € R such that, for almost all
primes q € Spec(Oy), there is a; C a(®) such that

(6.8)

Caor/a) — 1 ~cy &ag o /-

Combining (6.7) and (6.8), we get that, for almost all primes q € @, the following holds:
for every € € R+,

CGa(01.) — 1 ~2max{Cs(e).0s} Sagubg o/ fOT 0 > By +e.

These primes form a co-finite subset T'(L) C Spec(Oy), and this proves the assertion (1)
of the theorem.

Assertion (2) of the theorem is derived from the argument above as follows. The set
Ri(L) = {q € Spec(Oyr) | aq = a(®)} is a Chebotarev set by Corollary 3.15. Moreover, the
Chebotarev Density Theorem implies that {q € Q | Vi € {1,...,N}: W;(Or/q) # @} is
a Chebotarev set. Hence Ry(L) = {q € @ | by = b(G)} is a Chebotarev set. It follows
that R(L) = Ry(L)N Ry(L) is a Chebotarev set, in particular of positive analytic density.
This concludes the proof of Theorem 2.8.
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