ON THE UNIQUENESS OF NONNEGATIVE SOLUTIONS OF
DIFFERENTIAL INEQUALITIES WITH GRADIENT TERMS ON
RIEMANNIAN MANIFOLDS

YUHUA SUN*

ABSTRACT. We investigate the uniqueness of nonnegative solutions to the following dif-
ferential inequality
div(A(z)|Vu|™ > Vu) + V(z)u |[Vul|7? <0, (1)

on a noncompact complete Riemannian manifold, where A,V are positive measurable
functions, m > 1, and o1, o2 > 0 are parameters such that o1 + 02 > m — 1.

Our purpose is to establish the uniqueness of nonnegative solution to (1) via very
natural geometric assumption on volume growth.

1. INTRODUCTION

These years the uniqueness of nonnegative solutions of various differential inequalities
and systems has attracted much attention [2, B, 6 [7, @, 12] 13}, 15, 16l 17], and these
studies arise naturally in geometry and physics.

In this paper, our interest is to investigate the nonexistence of non-negative solution to
the following differential inequality

div(A(z)|Vu"2Vu) + V(x)u’|Vul|2 <0, on M, (1.1)

on a geodesically complete noncompact connected Riemannian manifold M. Here div and
V are the Riemannian divergence and gradient respectively, A is non-negative measurable
function, and V is a positive measurable function. m > 1, and o1, o9 > 0 are parameters
such that o1 + 09 >m — 1. When 4 = 1, A, u := div(|Vu|™2Vu) is aslo well known as
m-Laplacian.

The purpose of this paper is to establish the uniqueness of nonnegative solution via
very natural geometric assumption volume growth, without any curvature assumptions.
The difficulty here is that how to decide the speed of the volume growth to guarantee the
uniqueness of nonnegative solution.

Let us first give our setting on Riemannian manfolds: let M be a geodesically complete
noncompact connected Riemannian manifold. Denote by p the Riemannian measure on
M and by d(x,y) the geodesic distance between z,y € M. Let B(z,r) be the geodesic
ball centered at x € M of radius r. Let x¢ be some reference point on M.

Let us introduce two paramters

moq + o9 m—1
b= , 4= ; (12)
o1+o02—m+1 o1+o09—m+1

and another measure v defined by

og1+o9 m—1

dv = Avitor—mIl Y ortoa—mildy, (1.3)
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Throughout the paper, we say that A,V satisfies (VA) condition: if there exist a
nonnegative pair (d1,02) and two positive constants cy, Cy such that

< Co(1+47r)%, for large enough 7. (VA)

BN

Co(l + 7")751 <

where r := d(z, z¢).
Here are our main results.

Theorem 1.1. Assume that (VA) holds with some 61,02 > 0. If for some xg € M, the
following inequality
v(B(zo,7)) < CrPln?r, (1.4)

holds for all large enough r, then the only nonnegative solution of s constant.
When A =V =1, we have the following corollary
Corollary 1.2. If for some x¢g € M, the following inequality
w(B(xg,r)) < CrPIn?r, (1.5)
holds for all large enough r, then the only nonnegative solution of s constant.

For the first time the study of uniqueness of nonnegative solutions of semilinear equation
began from Gidas and Spruck’s work [5]. Later, the inequality

Au+u® <0, inR"” (1.6)

was considered by Ni and Serrin [I8, [19], which is a particular case of (1.1} They proved
that in R, has no positive solution, while in R” with n > 3 as no positive
solution if and only if o < 5.

The first uniqueness result in the Riemannian manifold setting in terms of volume
growth is due to Cheng and Yau'’s pioneering work [I]. They proved that if the volume of
geodesic balls of a complete Riemannian manifold grows at most a quadratic polynomial,

namely, if
w(B(zo,7)) < Cr?,  for large enough r, (1.7)

then any positive superharmonic function on M is constant.
Grigor’yan relaxed the condition ([1.7) to the integral form [§]: if

| eyt (18)

then any superharmonic function on M is constant, or equivalently to say, M is parabolic.
Holopainen generalized the notion of parabolicity to m-parabolicity [10, 1], and ob-

tained that if
r = 00, )
,U,(B(J?(),T'))

then M is m-parabolic, or equivalently, any positive m-superharmonic function u (A, u <
0) is constant.

Very recently, in [9], Grigor’yan and the author reinvestigated in the Riemannian
manifold setting, they proved that under the following volume growth hypothesis

w(B(xg,r)) < cra=T In-1 r, for all large enough 7.

then any nonnegative solution to l) is identical zero. Moreover, the exponents % and

ﬁ cannot be relaxed. Their methods are based on the carefully chosen families of test

functions.
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In [20], the author investigated a more general semilinear inequalities, and obtained the
uniqueness result in terms of volume growth. It is worth mentioning that two different
proofs were given, relying on two different choices of families of test functions.

Let us recall some results of in the Euclidean setting. Mitidieri and Pokhozhaev
in [14] obtained that: when A(z) = V(z) =1, in R” with n >m > 1. If

n—1 <n(m—1).

o1+ 09 (1.10)

n—m n—m

then ([1.1)) has no positive solutions except constants. By Corollary we see that if for
large enough r (1.5)) holds, then the only nonnegative solution of ([1.1)) is constant. Note
that in R”

w(B(0,r)) = er",
so that the condition (1.5) is equivalent to
mo1 + 02
o1 +09—m+1’

which in turn is equivalent to (L.10)). Therefore, the result of [I4] is covered by Corollary
For the case V(z) = |z|772, A(x) = |z|"t for |z| > 1, the problem in R" with
n > m > 1 was studied by Filippucci [4], who proved that if

n<p=

(=) (m—1) n—ity (1.11)
m—1—09<o01 < njn+71 — 2n7m+711.

{Ogag<m—1, m—n<y; <m-—yy— 02,

then (1.1)) has no positive solutions except constants. Let us compare the result of [4] with
our Theorem Using the measure v in (|1.3)), we obtain in R™ for large enough r

og1+to9g

Z/(B(O,’I")) = / A01+02 m+1V gl+o-2 m+1d'LL
B(Or

v1(o1+02) (m—1)v9
— C roitog—m+lpojtog— m+17an 1d7“+01

71 01+02)+(m 1)
~ r o1+og—m-+1

2 +n
9

where p is the Lebesgue measure. The condition (|1.4]) is then equivalent to

v1(01 4+ 02) + (M —1)7, tn<p= moy + 02 7 (1.12)
o1+o09—m+1 op+o2—m+1

which in turn is equivalent to (1.11)). Under (1.11)), we obtain that ([1.1) has no positive

solutions except constants. Thus, our Theorem covers the aforementioned results in
R™.
Next we will explain in which sense the solutions of (1.1)) are defined. Define

dw = Adp.
Set,
WE™ (Myw) = {f: M = R|f € L. (M,w), V[ € L% (M,w)}, (1.13)

where V f is understood in distributional sense. Denote by whm (M, w) the subspace of
VVllgcm (M, w) of functions with compact support.
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Definition 1.1. A function v on M is called a weak solution of the inequality (|1.1)),
ifu>0,uce VV;’;”(M,w), V|Vul?2 € L} (M,u), and for any nonnegative function

loc

P € We (M, w), the following inequality holds:
- / A(x)|[Vu™ 2 (Vu, Vi) du +/ V(z)u®* | Vul?¢pdp < 0, (1.14)
M M
where (-, -) is the inner product in 7, M given by the Riemannian metric.

Remark. Using the defintion of ¢, we have

[ AT v

< / AVl [V yldy
supp ()

m—1

1
( / A!W’"du) ( / A\W!%) ,
supp(v) supp(y)

Since u € W2 (M, w) and ¢ € We™(M,w). Therefore, the first term in 1) is finite,

loc
which implies the finiteness of the second term, that is

IN

/ Vu | Vul??)dp < oo.
M

The structure of this paper is as follows: in Section [2] we show the proof of Theorem
In Section [3] we show some interesting applications of Theorem In Section [ the
sharpness of p, ¢ in Theorem [I.1] in some cases are showed.

NoOTATION. The letters C, Cy, C1, ... denote positive constants whose values are unim-
portant and may vary at different occurrences.

2. PrROOFS OF THEOREM [I.1]

Let u be a nonnegative weak solution to (1.1). xg is the reference point as before in
Theorem Denote Br := B(xzg, R), and fix a Lipschitz function ¢ on M with compact
support, such that 0 < ¢ <1 and ¢ =1 in a neighborhood of Br. In particular, we have
© € We™(M,w). Take the following test function for :

¥p(2) = p(z)*(ulz) + p) ", (2.1)

where the value of p > 0 is a parameter near zero, s is some fixed bigger enough constant,
and t is variable and can be chosen arbitrarily close to 0. By Definition we know that
¥, has compact support and is locally bounded. Since

Vi, = —t(u+p) 1" Vu+ s(u+p) " Vo,

we see that, Vi, € L™(M,w). It follows that, v, € W2 (M,w). We obtain from (1.14)
that

¢ / o A() (u+ p) Ml ™y + / SV (@) (u+ )t Vul*2d
M M

< s/ O T A(x) (u + p) VU (Vu, V)dp. (2.2)
M
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thus
t] S A@ o)Vl [ V@ k)Tl
M M
< s [ T A ) T Vil (2.3)

In what follows, we use the following Young’s inequality

[ fodu <z [ amanc [ qalban (2.4)
M M M

where € > 0 is arbitrary. When ¢ is small enough, (po,pp) is a Holder conjugate couple
such that

moy — t(m — o2) + o2
o1+o09—1t

moy — t(m — o2) + o9

Po = > 1, pf): > 1.

moy, — o1+t —t(m—o2)

Applying (2.4]) to the right-hand side integral of (2.3)), we obtain

s /M LA (u+ p) [ Vul L Vipldu

1 1

= [ (R A (g (Tuli)
M

S

—1-= L, A 2 S _1_m
: (wos 0 A7 (u p) 0 [V po\W') dp

tro

IN

t [ A o) Tu
M

P

A o1y sph s PO+ 1y, PO ,
o2 / POV TI A (u 4 p) T e W TP [ Pod
M

tro

IN

t [ A )Ty
M

sPo

+Ce / P* TP A(a) (u + p)P0 V| P ViplPod .
M

P —1

Letting ¢ = %, substituting the above into 1' and cancelling out the half of the first

term in ([2.3)), we obtain

t
5 [ A T+ [ V@ )Vl
M M

Po , / , /
3 [ A e o T Vb, (2.5)
tPo M
Using (2.4)) once more to the right-hand side of (2.5)) with another Holder conjugate couple
(p1,p}) satisfying

09 o1+ 09—t ;o 09 o o1+ 09—t

p1=m_p,02 m—t—1"~ pl_ag—m+p6_01+02—m+1’
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We obtain
C sPo , , / /
O [ @+ e TRV
s 1 / / C P = —p| _1 ’
= [ V@R e g T (Y (@) AG) Vel
M 0
1

IN

2/ OV (x)(u 4 p)Po~t=1P1 || (m—PO)P1 g
M

Sp6 pll 7o _i ’ sl
e / oY (2) P AP Vi P dp
M
_ ! / V(@) (u+ p)7 | Vul7du
M

’ p/1
D ™ / / /o
e <t> [ e @) A Vet (2.6

Combining (2.6) with (2.5, we obtain
t
: / o A+ p) [Vl g+ / SV (@ (u+ p) !Vl dp

M M

1
3 [ V@t o7Vl
M

IN

2

+Cyt~ P n / " TIY () () [V PP, (27)
M

where the term contains s is absorbed into constant C.
We know that

/M PV (@) (u+p)” | Vuldy < C /M PV (@)u” (u+ p) ' [Vu|2dp
40 [ P Vi@)Ivulan
From , and by definition of the solution, we know
| V@ s gy vulan
is bounded, and noting that by definition of the solution V|Vu|o2 € L} (M, u1), we obtain
| V@t o 1vuran

is bounded.
Taking p — 0 in (2.7)), applying Monotone Convergence theorem to the left-hand side
integrals, and Dominated Convergence theorem to the right-hand side integrals, we obtain

t/ gpSA(z)u_t_IIVu|mdu+/ OV (2)u” | Vu|"2du
2 m M

1

/ O*V (2)u | Vul72du
2 m

IN

’ V41
Po 77 ’ ’ .
M(S/ ) [ o @) A Ve
M

tro—1
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which is
t

1
/ cpSA(a;)utl\Vu|mdu+/ O*V (2)u” "t Vu|72du
2 J/m 2 J/m

< oy hvrh / P TRV (2) P AP Vo P dy, (2.8)
M

Applying (1.14)) once more with another test function ¥ = ¢°, we obtain

/ ©*V (z)ut|Vu|”2dp
M

IN

s / o LA() V" (Vu, Vo) dp
M

IN

s [ o A(@)|Vu|"HVeldp

1 t+1

/M
s m s 1 m
- / oz A(z)7zu 72 [Vul] - [ )77 Ax) P u e [Vl R [Vlldp
M

1

s (/ gaSA(x)ut1|Vu]md,u) -
M

’ sph (t+1)p} / mipl ,
« </ S0(8—1)172— p22 A(x)u P2 2 ‘Vu’(m—l)PQ_ p22 ‘th’%d,u,)p
M

1

= s </ goSA(;r)ut1|Vu]md,u> "
M

IN

o

|~

v (/ Sos—péA(J;)u(tJrl)(P’g—l)|Vu|m—p’2|v(p‘p’zdﬂ> "2 (2.9)
M
where we have used the following conjugate pair
t+1 t+1
:mal—i-di( + )7 p,2:m01+02( + ) (2.10)
mo1 — 01 Ul+02(t+1)
From (2.8), we have
/M O Alz)u Y V| dp < Ot o= 1ph /M ¥ POPLY ()P A(2)P1 |V 0[PP d .
Substituting this into (2.9)) yields
/ OV (x)u’t |Vu|72dp
M
< Ot [ ey () A V]
M
X [ / cpSpéA(x)u(Hl)(p/?D]Vu|mp/2Vg0|p/2d,u] " (2.11)
M

Noting that Vi = 0 on Bg, and applying Holder inequality to the last term of (2.11)) with
the following couple (ps, p§)

o1+ 09 (t + 1)
o1+ o2(t+1)—(t+1)(m—1)

o1 —|—02(t—|—1)
(t+1)(m—1)

p3 = Py =
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It is easy to check that

oy tEDm=1 o
(1) = e =
+)m=1) ~_ o2

m —ph = 09 = —.
= ot )T b

We obtain

=

P A )V D [T Vgl

/

(o5 V@B kg ) (7 (@) AWVl ) d
\Br

(o5 V@ HuR 9 ) (v (@) H ATl )

1

P3
( / wSV(fC)uUI\WI”du>
M\Bgr

sp ! / / /W
X </ <pP33 _pQPSV(:c)lp3A(x)p3\Vg0]p2p3d,u> . (2.12)
M\BRr

IN

X

Substituting (2.12)) into (2.11)), we obtain

/ *V(z)u®t |\Vu|?dp
M

1

p2

< Ot [y @) A Vet d
M\Bg

1
ﬁ_l / / / ! %
([ W @) A VP
M\Bg

X / O*V (x)u’ |Vu|72dp . (2.13)
M\Bg

Choosing s large enough, and recalling that 0 < ¢ < 1, from (2.13)), we obtain

/ ©*V(z)u®t |Vu|2dp
M

1
< C tl(pél)pi/ V() P Az |V p|PoP1 dy ”
M\Bg

1

Lol
x < / v<x>1—péA<w>pé|w’2p%du> o
M\BFpg

1

php3
X / OV (x)u’ |Vu|”2dp .
M\Bg
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o +c72
Using the new measure dv = A”1+f’2 mI1y TrTos dp, we have

/ V(z)p*u’ |Vu|72dp
M

) 1
Erp——1 P2
< C tl(Pél)Pi/ <V> e |V | POPs
m\Br \A
to1 (m—1) A
0'1 m—
“GrFes—mi Do foa (G DG D(m 1] - "2
|Ve|P2Psdy
M\BR
1
php3
« / S Vulo2dn | (2.14)
M\BRr

We know [, ¢V (z)u”"|Vu|?2dp is finite in Introduction, it follows from that

1

-
(/ gpsV(m)u”1|Vu|"2d,u> e
M

1

. 1
P . P2
< C t—l—(p6—1)p’1/ <V) tee IV |POPh dy
M\BRr A
toq(m—1) ol ol
V\ ~ GiFor—mi oy Foath D-GFDm=1] . F2rs
X — |V[P2Psdy . (2.15)
M\Br \A

We notice, that all integral terms in the right hand side of (2.15]) have the form

V b
Vol | — | dv
f e ()

with the following two pairs of (a,b) such that

, ,  mop—t(m—o3)+ 09

a1 = = s
1= PoPy o1+09—m+1 (2.16)
y .
by = .
! o1+o0o—m+1
and
0 — Dl — moy + o9t + 1)
2R et 1) — (t+ D(m—1)’ 217
by — top(m —1) '
2T (ot os—m+ o1 +oat+1) = (t+ 1) (m—1)]
Besides, a could be written in the form
=p+It, (2.18)
with the following two respective values of [
— — -1
h=—22"" I = o1(m = 03)(m — 1) .(2.19)

o1+02—m+1’ 01 +02(t+1)—(t+1)(m—1)](c1 +02 —m+1)

where p = %‘721 is defined as before in 1) Clearly, it is obvious that all the values

o1+o2—m+ .
of a and [ are uniformly bounded, when t is small enough near zero.
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Let {@1}ren be a sequence satisfying the following condtions: each @) is a Lipschitz
function such that supp(@;,) C Bok, @, = 1 in a neighborhood of Byk-1, and

~ < _C foerBk\Bk_l
— 9k—1> 2 2 ,
IV { =0, otherwise. (2.20)

where C' does not depend on k.
Fix some n € N and set

p= L 2.21
L 21

and
P = it SR i (2.22)

Note that ¢,, = 1 on Ban, @y2n = 0 outside Bg2n, 0 < ¢, < 1 on M. Note also that for
any a > 1, using that supp(V@,,) is disjoint with each other, we have

2 -
2 kmngt V@[

n(l

IVe,|* = ; (2.23)

Besides, ¢,, € VVllocm(M,w)
Consider the integral

V\?
JIn(a,b) = / Ve, <> dv, (2.24)
M A
where a, b take values from (2.16)) and (2.17)).
Substituting (2.22) into (2.24]), applying (2.23)) and (2.20)), when b > 0, we obtain

V b
nat) = [ wee () a
2n ~ la b
_ C/ > ket | VPl <V> v
M na A

2n Vo, e
< 3 / | @ak| (14 )" dy
k=n+1 By \Byk—1 n
2n 21_
< C > ( ) (2)%92( By
k=n+1
2n 2—k a
<oy (5) @, (2.25)
k=n-+1

where we have used that a is uniformly bounded. Noting that a = p+bt, n+1 < k < 2n,
and substituting t = %, if b > 0, we obtain

—k\ @ —k\P kNIt
27 <2k)b62 — 27 L (2]6)1)62
n n n
—k\P —kN\ n
(5) () e
n n<k<ont=1 \ T

oY

IA



INEQUALITIES WITH GRADIENT TERMS 11

Thus, using 1) recalling that by 1) p= Ul’f;’éfﬁ T 4= 5 +;”27_1m —7, We obtain

o = ¢ 3 (2 i

k=n-+1
(2N k
< C — Pn?
<oy (3) @rwe
k=n-+1
1 2n
il q
<ol Yy
k=n-+1
< Cpati-p
__ (m—-1)oyq
< (Cn o1tog—m+I, (2.26)
Similarly, if b < 0, we also have
__(m-1)o
Jn(a,b) < Cn” 7itoa—m1, (2.27)

Setting ¢ = ¢,, in (2.15)), we obtain

-
( / so:;VuUWuP?du)
M

1 (pp—Dp) 1 1

< et 2,2 (Jplag,b1))P2 (Ju(ag, b))% . (2.28)

where (a;, b;)i=12 are defined in (2.16]) and ([2.17)).
Substituting (2.26)), (2.27)) into (2.28)), using t = % as before, we obtain

-
</ gpfqu‘”|Vu|‘72d,u> v
M

1
1, o-Ypy /0 (m—loy \ py
< CnPQ P2 n c1tog—m+l

1
(m—1)o A
X <n_01+02—m1+1> r2rs , (2.29)
The exponents in the power of n in the right hand side of (2.29) is equal to
1 (o —Dp} (m —1)aq B (m —1)o1 0
P2 P2 p2(o1+0o2—m+1)  pyps(or +o2 —m+1)
Therefore, we obtain
1— 1
o o phHp3
</ 0, Vut|Vul 2d,u> <C < oo. (2.30)
M

Recalling that ¢,, = 1 on Ban, and taking the limsup of both sides in (2.30) as n — oo,
we obtain

/Vu”1|Vu|”2d,u < (0 <o (2.31)
M

The same argument can be used in ([2.14]), which implies

hps
/ oy Vut|Vul|?2dp < C (/ gofqu‘”]Vur’Qd,u) ’ , (2.32)
M on
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Using that 0 < ¢,, <1 and ¢,,|p,, = 1 once more, we obtain

vhp3
/ Vut|Vu|?2du < C / V| Vu|”2dp i , (2.33)
Bgn M\BQ'”

Letting n — oo, and using (12.31]), we obtain
/ Vut|Vu|?2dp = 0,
M

which implies that u = const.

Remark. One also could use the method developed in [20] 9].

3. APPLICATIONS

Theorem[I.T]could be applied to get the uniqueness of bounded nonnegative m-superharmonic
function, namely, the uniqueness of the following problem

Anpv <0, on M, (3.1)

where M is the same as before, i.e. a geodesically complete noncompact connected Rie-
mannian manifold.

Let w = In(v + 1). Since v is nonnegative, hence, u is also nonnegative. Moreover, an
easy calculation shows that u satisfies the following inequality

MDY (A u+ (m —1)|[Vu|™) <0, (3.2)
which simplifies to
Apu+ (m—1)|Vu|™ <0, (3.3)

By changing v — cu, we can get rid of the factor m — 1 in (3.3). By Theorem we
obtain that if

w(B(xzg,r)) < Cr™ In™ L, (3.4)

then the only bounded nonnegative solution of is constant, and hence the only
bounded nonnegative solution of is constant.

Compared to the result obtained by Holopainen in [I0, II]. Obviously, (3.4) implies
(1.9). However, the function r — 7™ In™ ! is right on the borderline of divergence of
the integral in , so that the condition cannot be significantly improved.

Another application of Theorem is to investigate the following inequality

Apu+ |[Vu|" VB - Vu +ut|[Vu|72 <0, on M, (3.5)

where B is a given measurable function on M, and VB does not have any singular point,
01, oo are defined as in (I} One can rewrite (3.5)) as the following

e Bdiv(eP|Vu|"2Vu) + u’t|Vu|7? <0,
which is equivalent to
div(eP |Vu|™ 2V u) + ePut|Vu|7? < 0.
Thus, applying Theorem [1.1], we obtain the following result.
Corollary 3.1. If for some z¢g € M, the following inequality
v(B(zg,7)) < CrPlnr, (3.6)

holds for all large enough r, where v is defined by dv = ePdpu, p and ¢ are defined by (1.2),
then the only nonnegative solution of (3.5|) is constant.
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4. SHARPNESS OF D, q

In this section, we show the sharpness of parameters p and ¢ in Theorem [I.1]

The sharpness of p is already known in R™ with n > m > 1. The following example was
given by Mitidieri and Pokhozhaev in [17]: If
(n—yp)(m=1) _  n—liy

R n—m+7,’
m—n <75 <Mm-—7%y 02, (4.1)
Y1(o1+02) +79(m — 1) + n(o1 + 02 —m+1) >0,
0< o9 <m—1.

o1 >

then the function
m—og—y1—73 _ __m—l—ogy
U(ZL‘) = 6[]. _.I_ |$| m—1—og } o1+oo—m+1
is a solution to (1.1)) with A(x) = |z|71, V(z) = |z|~72, where € is a suitable small positive
constant. Actually, using the measure v of ([1.4))

g1+o2 _ m—1
v(B(o,r)) = / A7iFoz-mT1 Y " orfes-mil gy
B(0,r)

vi(o1+o2) v2(m—1)

— / |$|o'1+027'm+1 |x|01+a'27m+1 d/.L
B(0,r)

~ 1P, (4.2)

o1+o2—m—+1

where p = 2101402+ (m=1) | Byom the assumption 1’ we know it is equivalent to

mo1 + o2
o1+09—m+1’

p> (4.3)

One could let p be close to #ﬁ;ﬂ_l from above, by carefully choosing vy, v,.

In what follows we show the sharpness of ¢ in case of A=1,V =m —1, 01 =0 and
o9 = m. Fix here
moq1 + 02

o1+o0o9a—m-—+1 -

)

and for arbitrary € > 0, choose

m—1
q= +e=m—1+e
o14+09—m+1

Recall that M is called m-parabolic, if any positive m-superharmonic function v on M is
constant, namely A,,v < 0. Holopainen proved in [I0] that M is m-parabolic if and only
if holds, provided that the volume doubling condition and the Poincaré inequality
hold. Thus, if

w(B(zo,7)) < Cr™In™ '€y for large enough r, (4.4)

we know does not hold any more. Thus, there exists a positive function v such that
Apv < 0. Letting v = In(v + 1), we know w is a positive solution of . Hence, the
exponent m — 1 is sharp here.
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