UNIQUENESS RESULT FOR NONNEGATIVE SOLUTIONS OF A
LARGE CLASS OF INEQUALITIES ON RIEMANNIAN MANIFOLDS

YUHUA SUN!

ABSTRACT. We consider a large class of differential inequalities on complete connected
Riemannian manifolds, and provide a sufficient condition in terms of volume growth for
the uniqueness of nonnegative solutions to the differential inequalities.

1. INTRODUCTION

The purpose of this paper is to give the sufficient condition for the uniqueness of non-
negative solutions to a large class of differential inequalities
Lu+ V(z)u® <0, (1.1)

on a geodesic complete noncompact connected N-dimensional Riemannian manifold MY
with N > 2. Here

N
d
Lu=Y_ d—:CiAi(x,u, Vu), (1.2)
=1

where A;(z,n,£) are Carathéodorian functions defined on M*™ x [0, 00) x TM*Y and TMN
is the tangent bundle of M”. V is a positive measurable locally integralable function on
MY,

Let m > 1 be an arbitrary given number. We say that the operator L belongs to the
class A(m) if there exists a positive constant C such that for almost all z € M, all
n € [0,00), and all &, ¢ € T, M", the following inequalities holds

(A(w,1,€),€) 2 0, - )
|(A(z,n,€), Q)] < CI¢ (A(z,m,£),€) ™
where (-, ) is inner product given by the Riemannian metric.

The definition of such class operator was firstly introduced by Miklyukov [10, [IT]. The
operators of such class are quite common, for example:

(1) m-Laplacian operator:
Liu = div(|Vu|"2Vu), m > 1. (1.4)

(2) Mean Curvature type operator:

m—2
Lou = div (M) , m>1 (1.5)

V 1+ [Vu|m

m—2
Lsu = div (WVU) , m>1 (1.6)

V1+|Vul?
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(3) Nonlinear operator:

Lyu = div (a(z,u, Vu)|Vu|"2Vu), m > 1. (1.7)
The definition of L in ((1.3)) is less restrictive than the following one defined by
Az, 0, &) < Cule]™ Y, [(A(,m,€),6)] > Colg|™, (1.8)

for some positive constant C7,C5y. For example, by choosing a(x,,£) appropriately, the
operator Ly belongs to A(m) but not necessarily satisfies .

Generally speaking, the operator Lu defined by may belong to several classes
denoted by A(my),---, A(my), where m; < mg < --- < my. For example, the operators
Ly and L3 belong to A(m — 1) and A(m) at the same time. Throughout the paper, when
we say that L belongs to the class of A(m), we mean m is the largest value my.

The purpose of this paper is to provide very simple geometric condition of volume
growth on M? to suffice that the only nonnegative solution u of (|1.1)) is identical zero.
We emphasize here there is no curvature assumption throughout the paper.

First, let us give our assumption on manifolds. Let M be a geodesic complete non-
compact connected manifold. Denote by p the Riemannian measure, and by B(z,r) the
geodesic ball on M of radius 7 centered at x € M. Given that d(-,-) is geodesic dis-
tance, and x¢ is a reference point on M. Denote B, := B(xg,r) for simplicity, where
r = d(x,x0). Assume that V(z) € L (MY) throughout the paper.

The problem of investigating the uniqueness of nonnegative solutions has attracted
a lot of attention, especially in the Euclidean space. For example, when MY = RY
with N > 2, V(x) = 1, the problem (1.1)) was systematically investigated by Kurta [9].
By using the nonlinear capacity arguments, he obtained many nonexistence results. For
specific operator L, let us recommend the papers of Mitidieri and Pokhozhaev [12] 13} [15]
for a more comprehensive description. The related problems have also been studied in
massive literatures, for example, [2] 3, [4], 5] [16], [17] and the references therein.

Let us turn to the results in Riemannian manifolds setting. The celebrated idea of
studying uniqueness of nonnegative solutions in terms of volume of geodesic ball was due
to Cheng and Yau [1]. They proved that if for all large enough r

M(Br) < CTZ’ (1'9)

then any positive solution to Au < 0 is identical constant.
Very recently, this idea was used by Kontradtiev, Grigor’yan and the author [7, [8, (18]
to investigate the inequality in the form

div(A(z)Vu) + V(x)u’ <0,

where o > 1. In [§], when A(z) = Id,V(z) = 1, Grigor’yan and the author proved that if
w(By) < Cre=ilnsir

holds for all large enough 7, then the only nonnegative solution of

Au+u® <0

is identical zero. Moreover, the exponents of 02% and

1 o—
relaxed.
Let us define the weak nonnegative solution of ([1.1). For convenience, introduce some
notation

#1 are sharp, and cannot be

A, = (A(z,u, Vu), Vu). (1.10)
and
Wil (MN) == {f|f € Lis(MN), V€ L. (M™)}, (1.11)

loc loc
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and denote by W™ (M) the subspace of Wlloén(M N of functions with compact support.
Here is our definition of the solution:

Definition 1.1. A function v on M¥ is called a weak nonnegative solution of (1.1)), if
u € VV;O:L(MN), and A, € L} (M) and for any nonnegative function 1 € Whm™(MN) |
the following inequality holds

—/ (A(a;,u,Vu),Vl/J)d,u—i—/ updp <0, (1.12)
MN MN

where (-,-) is the inner product in T,,(M¥) given by Riemannian metric.

Remark 1.2. If u is a weak nonnegative solution of (1.1]), and the operator L belongs to
the class A(m), we know

m—1
/ (A(z,u, Vu), Vi)dp < C/ |Vi|A,™ dp
MN MN
1 m—1
< c( / |vw|mdu> ( / Audu>
MN supp(1))
< 0o0Q.

Hence, by the definition of the solution, we know the second integral in ([1.12]) is bounded.

Define
mo m—1
- S — 1.13
P Ty T o w1 (1.13)
and introduce a new measure v defined by
dy = V™ rmmtT dp. (1.14)

Assume that V' satisfies the following condition : for some nonnegative constants d1, da,
the following inequality

cr—01 <V < C’r52, (V)

holds for all large enough r.
Here is our main result.

Theorem 1.3. Assume that operator L in (1.1)) belongs to the class of A(m) with 1 <
m < o — 1. Assume also that (V) holds with d1,d2 > 0. If the following inequality

v(B,\ By) < CrPInr, (1.15)
holds for all large enough r, then the only nonnegative solution of (|1.1]) is identical zero.

Remark 1.4. We still do not know the sharpness of exponents p and ¢ in ((1.15) for the
operators of this class. However, in many specific cases, the exponents are sharp, one can
refer to |7, 18, 19].

NOTATION. The letters C,C’,Cy, C1, ... denote positive constants whose values are
unimportant and may vary at different occurrences.
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2. FIRST PROOF OF THEOREM [[.3]

Let u be a nonnegative solution of (|1.1). Fix some ball B, and R > 0 to be chosen
later. Take a Lipschitz function ¢ on M* with compact support, such that 0 < ¢ <1
and ¢ = 1 in a neighborhood of Bp. Particularly, ¢ € whm (MY). We use the following

test function for :
Pp(x) = o(x)*(u+ p) 7", (2.1)

where p > 0 is a parameter near zero, and s will be chosen to be a large enough fixed
constant, and ¢ will take arbitrarily small positive values near zero.

Since u—li-p is bounded, hence, 9, has compact support and is bounded. The identity

Vip, = —te®(u + p) IV + s (u + p) IV,

implies that V¢, € L™(M?N), hence, Y, € Wclm(MN) We obtain from |i that
t/ ©*(u+ p) " Audp + / OVl (u+ p) tdu
MN MN

< s/ O Hu+ p) Az, u, Vu), V)dp. (2.2)
MN

Estimating the right-hand side of (2.2]) by the following Young inequality

/MN Fodp < c /MN FPodu + ClglPody, (2.3)

Do m—1>

where - + pl—, = 1. Letting pg = -2, and using |D we obtain
0

s / oM+ p) A, w, V), Vo)
MN

m—1

< Cs / o+ p) " A [Vipldp

MN

1 s 4l m=l g S 1-d

= C [ [tropr(utp) o Ay™ ][ (u+tp) " |[Volldu

MN tpO

t

<

/ ¢ (u+p) " Audp
2 MN

Sm

+Cm_1/ @ (u+ p)™ V| dp.
t MN

Substituting the above into (2.2)), and cancelling out the half of the first term in (2.2), we
obtain

t
- / ©*(u+ p) T Aydp + / OV (u+ p)~tdu
2 MN MN
s s—m m—t—1 m
< Com /MN " (u+ p) Vo ™dp. (2.4)

Using Young inequality again to the right-hand side of ([2.4]) with

o—t
c—m+1’

_ o—t ;o
pl_m_t_la P =
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we obtain
Sm

ot [ e Tl

s 1 o—t m

s 1 o=t g S —m_ __ 1
= [ VI ) WY T

1
/ @*V (u+p) dp
MN

IN

2

m(o—t) m(o—t)

§M \ oomi1 .
40 () [ eV IR T G, @9

Using in the right-hand side of (2.5 the simple inequality

Sm o'f';zil < Sm 07;‘77,4»1
tm—1 — \¢m—1 :

and combining (2.5)) with (2.4), we obtain that

t
— / ©*(u+ p) T Aydp + / OVl (u+ p)tdu
2 MN MN

o(m—1) m(oc—t) m(o—t)

1
g / (p V(u—i—p)a tdu—‘—ct o— 'm+1/ SOS o— m+1V o— m+1|v80|o' m+1dlu/’
2 MN MN
(2.6)

where the value of s is absorbed into constant C.
It is easy to obtain from the definition of the solution the boundedness of the following
term

/ @Vl (u+ p) "y,
MN

Then, the boundedness of [, x ¢V (u+ p)? ~tdu follows by the boundedness of

/ @V (u+ p)~tdp,
MN

and V € L}, (M).
By Dominated Convergence theorem, we know

lim OV (u+ p) tdu = / O Vutdy,
pL0 SN MN

Letting p | 0 in (2.6) , applying Monotone Convergence theorem, we have

t
/ QOS’LL_t_IAud,U,jL/ gOsVuo_td,U,
2 N MN
o(m=1) m(o—t) m m(o—t)
S 1/ SOSV o= tdlul_i_ct o— m-‘,—ll/ SOS o— m-:lV o— T:L+11|V(p‘(7' m-:ldu7
2 MN MN
which is
t 1
/ cpsutlAud,u—i-/ SVutdp
2 MN 2 MN

m(o—t) m(o—t)

o(m—1)
Cto-m+1/ ()08 o— m+1V o— m+1|V(P|O‘ m+1dM’ (27)
MN

IA
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Applying (1.12) once more, using another test function 1) = ¢*®, we obtain

/ O*Vuldu
MN

< s/ O (A(z,u, Vu), Vo)du
MN

m—1
< CS/ P° A [Vepldp
MN

m

m—1
< Cs </ cpsutlAud,u> (/ wsmu(tﬂ)(ml)lvwmdu) . (2.8)
MN MN
From ([2.7), we obtain
o(m—1) m(o—t) m—t—1 m(o—t)

/ spsu_t_lAud/J/ S C‘[; T o— m+1/ 908 o— m+lv o— m+1|vS0|a m+1d,u
MN MN

Substituting into (2.8]) yields

3=

m—1

s o 7170'(""71) s— m(o—t) m—t—1 m(o—t) m
PVuldy < C |t 7 o-mFt p° o= m+1V o-m+1 V|- de,u
MN MN

1

% [/ @S_mu(t—’—l)(m_l”V(p‘mdu] _ (2.9)
MN

Recalling that Vo = 0 on Bp, and applying Hélder inequality to the last term of (2.9)
with the Holder couple

o , o

t+)m-1) 2T @trDm-1)

D2 =
we obtain

/ SOs—mu(t—‘,—l)(m—l)|v80|md'u
MN

= [ (EvEam) (G g )
MN\Bgr

(t+1)(m—1)
< / P*Vuldp
MN\Bp
o—(t+1)(m—1)
o mo (t+1)(m—1) c
X / % o=+ )(m=1) |/ o—(t+1)(m— 1)|V(P‘a'—(t+1)(m 1>d,u ('2'10)
MN\Bpg
Substituting (2.10]) into (2.9)), choosing s large enough, noting that ¢ < 1, we obtain
/ O Vudu
MN

m—1

_m-1_ _o(m=1)? _m—1-t m(o—t) m
S Ct m m(oc—m+1) V o—m-+1 |VSO| o—m-+1 d'u
MN
o—(t+1)(m—1)

(t+1)(m—1) mo
X V o—(t+1)(m— 1) |v(p| o— (t+1)('m 1) d,LL
MN

+)(m=1)

X / e Vuodp . (2.11)
MN\Bpr
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From the definition of the solution, we know [, x ©*Vu?dy is finite. It follows from (2.11)
that

(t+1)(m—1)

1—
(/ goSVuUd,u,)
MN

m—1 o'(m—l)2 m(o—t)

S CtiTim(af'nH»l) ( V o— m+1‘V(p|a m+1du> "
MN

m—1

o—(t+1)(m—1)

(t+1)(m—1) mo
X ( V oc—(t+1)(m—1) |v80|o' (t+1)(m 1) d,u) X (212)
MN

Note that the first integral in the right-hand side of (2.12)) has the following estimate

m—1— m(o—t) m(o—t)
/ VoS V| ommt dy < / V| =1 V =it du, (2.13)
MN MN

where we have used that dv =V~ T dp. Similarly, the second integral in the right-hand
side of (2.12]) can be estimated as follows
(t+1)(m—1)

Vo o=@+ (m— 1)|V¢|o (t+1)(m 1)d'u
MN

to(m—1)

< / |Vg0\ t+1)(m DY -rDm-Dle—mtD p. (2.14)
MN

Substituting that (| and (| into , we have

/ o Vudu
MN
m—1

_om—1_ o'(”mfl)2 m(o—t) t m
S Ct m m(oc—m+1) |VS0‘ o—m+1 Vafm#»l dy
MN

o=(t+1)(m=1)

mo _ to(m—1) mo
X |V<p| o—(t+1)(m—1) V [e—(t+1)(m—1)](c—m+1) d]/
MN

(t+1)(m—1)

X (/ e Vudp . (2.15)
MN\Bpr

Substituting that - and (| into , we obtain

(t+1)(m—1)

1—
</ goSVu”d,u>
MN
m—1

_m—1_ _o(m-1? m(o—t) Tm
S C’t m m(oc—m+1) |VS0| o—m+1 VG m+1 dy
MN

o—(t+1)(m—1)

to(m—1) mo
X </ |V(p‘o (t+1)(m DV =+ Dm-—DI(e— m+1)dy> . (2'16)
MN

Let {@}ren be a sequence satisfying that each @, is a Lipschitz function such that
supp(@y) C Bok, @, = 1 in a neighborhood of Byr—1, and

- < _C_ for = € Byx \ Bk
— 2k-1 2 2 )
IV { =0, otherwise. (2.17)

where C' does not depend on k.
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Fix some n € N and set

t=— 2.1
- (2.18)
and

n

Note that ¢,, = 1 on Ban, ¢,, = 0 outside By, 0 < ¢,, < 1 on M. Note that for any
a > 1, using that supp(V@;,) are disjoint, we have

VN a
|v80n|a _ Zk n+1a‘ (Pk’ ) (2'20)
n
It is easy to see that
n € Wil (M),
Consider the integral
T@b) = [ 19V (2.21)
MN
where a, b are taking values from
(o—1) ¢ )
o—m+1’ o—m+1 )
(a,b) = o K to(m1) ) (2.22)
o—(t+1)(m—1)° [o—(t+1)(m—1)](c—m+1)
We write in the form
a=p+lt, (2.23)
with the corresponding two values of [
m mo(m — 1)
h=———"— Ih= 2.24
YT o—m+1 P o=+ Dm—=D]c—m+1) (2:24)
where p = J—Tg-yr
When b > 0, we know
Jn(a,b) = / Ve, |*VPdy
MN
_ Zk =n+1 IV(Pk‘
MN no
- V"
> / @ak Vdy
k:*n—&—l Bok\Byk—1 "
—k
o L, ()
k=n+1 By \Byk—1
2n 21_
< k\62b
<oy (% ) (220 (By. \ B)
k=n+1
o~ (2N
< 2%)°2°v(Bor \ B1). 2.2
<oy () @t (2.25)
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2- k) ( )lt o\ Gab
— — ) (27)™
n
p _ It
(2k> (22 sup <2k>
n n+1<k<2n n
c < ) (2k)920, (2.26)

Substituting (2.26]) into (2.25), and using the volume growth (1.15)), we obtain

Note that a =p+1t, n+1 < k < 2n,

<21n_k> ‘ (2k)62b

IN

2n _k\P
Jn(a,b) < C Z (271) (26)921( By \ By)

k=n+1
n 9—k D
<oy (5) ermermed
k=n+1 n
1 2n
< C— ) K12k
k=n+1
< qu+1fp22n52b
o(m—
< On~5Smeigndsh (2.27)

Similarly, for the case of b < 0, we have

og(m—1)
Tu(a,b) < Cn~e-mrig=2ndib, (2.28)

Taking the sequence of {¢,,} in (2.16]), we obtain

1— (t+1)(m—1)

( / soiVu“du> "
MN
1 (m—1)2 ( t) t med
< Ot m  mle-miD [, m\o ,
c—m+1 oc—m-+1
o—(t+1)(m—1)

X <Jn (0' —(t +Tri(;(m -1) [o—(t+ 1;87(711)}20 . 1)>) " (2.29)

Substituting (2 and -, noting that ¢ = =, we obtain

(L+1)(m-1)

1—
< / SOfLVUUdM>
MN

o(m— 1)2 o(m—1)

m— m
Cn m +m(a m+1) <n_a—m+1 22n62d—m+1>

m—1

1
n

IN

o—(L+1)(m-1)
%U(m—l) mo

_o(m=1) 2nd; T
X n o—m+19 [o—(5+1)(m—=1)](c—m+1)

(m=1)2  2(81+62)(m—1)

S Cnn(o'fm+l)2 m(o—m+1) , (230)
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Noting that ¢,, = 1 on Bgn, and taking the limsup of both sides in (2.30]) as n — oo, we
obtain

/ Vuldp < C < oo. (2.31)
MN
Applying similar arguments to (2.15]), we obtain that
(E+1(m=1)
/ o, Vuldu < C / oy Vuldu , (2.32)
MN MN\Bgyn
since p,, = 1 on Ban, we have
(F+1)(m-1)
Vudy < C / ey Vudp , (2.33)
BQTL MN\BQn

Combining with (2.31]), letting n — 0o, we obtain that

/ Vu®du =0,
MN

since V > 0 for almost all z € MY, thus v = 0.

3. EXAMPLES

Our result could cover many known results in RV, let us mention two of these examples.
Example 1. Let us investigate the following inequality

div(|Vu|"?Vu) + V(z)u” <0, in RV, (3.1)
where V(z) = ﬁ for || > 1; N > m > max{l,~v}, and 0 > m — 1.
By Filippucci’s [6, Corollary 1.5], we know if
(N =) (m —1)
< 2
7= N —m (3:2)

then (3.1) has no positive solutions in some natural class. Compared to our result of
Theorem we know for large r

V(Br \ B]_) = / V_a:n7;-l}—1 d,l,L
B;\B;

T
y(m—1)
= wN/ so—mii gV =1gg
1

y(m—1)

~ CrVTo-mi ; (3:3)

where wy is the surface area of unite ball in R, and y is the Lebesgue measure.
Now, the condition (|1.15]) is equivalent to

y(m —1) mo
N+ —<p=—""—— 3.4
+0—m—|—1_p c—m-+1’ (3-4)

which in turn is equivalent to (3.2)).
Example 2. Consider the following differential inequality

div (V“) +u’ <0, inRY, (3.5)

V1+[Vul|?
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where N > 2, ¢ > 1. This problem was considered by Mitidieri and Pokhozhaev in [14].
They obtained that if

g

- 3.6
SN_—2 (3.6)

then has no positive solutions. Note that the operator belongs to the class A(2), and

v(B, \ B1) = u(B, \ B1) ~ Cr¥, using our result, we know if
20

o—1’

then (3.5 has no positive solution. It is easy to check that (3.6 and (3.7]) are equivalent.

N <

(3.7)
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