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Abstract

We consider the ensemble of n x n random matrices W = AU*BU, where A
and B are non-random, unitary, having the limiting Normalized Counting Measure
of eigenvalues (NCM), and U is unitary, uniformly distributed over U(n). We find
the leading term of the covariance of traces of resolvent of W and establish the
Central Limit Theorem for sufficiently smooth linear eigenvalue statistics of W as
n — 0o.
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1 Introduction and main results

Let us consider unitary multiplicative ensemble
W = AU*BU, (1.1)

where A and B non-random n x n unitary matrices, U € U(n) random, uniformly
distributed on U(n). If {\}7, and {\P}7, are eigenvalues of A and B and N,, 4 and
N,,.p are their Normalized Counting Measures (NCM), defined as

Noa @) =#{N' e, i=1,..,n}n"Y Nop(Q) =#{ e, i=1,..n}n! (12)

for any interval Q2 C T = {z€ C: |z] = 1}. We assume that the NCMs N,, 4 and N, p
of the factors A and B converge weakly to probability measures Ny and Np:

lim N, 4 =Ny, lim N, 5= Np. (1.3)
n—o0

n—00
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Our goal in this paper is the study of the fluctuations of eigenvalue distribution
of W of (1.1). At the first step we need the expression of NCM N, of of eigenvalues
(N} of W

N () =#{\N e, i=1,...,n}n! (1.4)

via NCMs N4 and Np in the limit n — oo. It is given via asymptotic analysis of the
Stieltjes transform

i) = [ B i), G = 7 - 2D A1

of the measure N,,. Under assumption (1.3) it was proved in [8] that NCM N,, of the
product W converges weakly with probability 1 to N and its Stieltjes transform

o= [ 32

is the unique solution of the system

B 2A4(2)
Ap(2) = fa 1 ZZJE(’?) ; .
_ 2Ap(z .
Ax(z) = e\ 12100 1))
fR)A+2f(2)) = Aa(z)AB(2),

where

e = [N -

f(2), Aa(z), Ap(z) are analytic for |z| < 1 functions verifying the conditions

Aumznﬁ%Ammzmﬁ,w”z/xmw»JzAﬂ. (1.6)
T

It must be noted that such type results for the multiplicative ensemble have been
obtained by many people. Originally first was made by Voiculescu [10, 11] in terms of
free probability theory under additional restriction

mg)mg) £ 0.

Later this result (called in free probability as free multiplicative convolution of measures
N4 and Np) was improved in [1] and [6].
The main result of this paper is the following:

Theorem 1.1 Assume (1.3) then we have for

nlz) = n TG = [ FD)
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and n-independent |z 2| < 0

Cov{gn(21), gn(z2)} = n"?S(21, 22) + ¥n(21, 22), (L.7)
where
| o f(21) = flz2)
2 2122
S(z1,22) = 0 log 2 R (1.8)
=2 82182’2 _ leQIA(Zl,ZQ)IB(Zl,ZQ) ’ )
(14 21f(21))(1 + 22f(22))
where
B Ni(dX) B
Ii(z1,22) = /T D20 —a(=) l=A, B,
) = oA ) = R (1.9)

Un (21, 22) admits the bound |1, (21, z2)| < C/n3, and C is independent of n and finite
if ’2172’ < 1.

While such type results are typical for additive deformed hermitian analogs of (1.1)
(See e.g. [4], [2], [6], [9] and [5] and links therein) the asymptotic result (1.8) seems to be

new. Curiously, its anther form (1.14), applicable in special case mg)mg) = 0, coincides
(but for different functions) to the one obtained for additive deformed ensembles in [4],

[2].

Also the following proposition about the “first integral” is valid:

Proposition 1.2 Suppose that ml(l) #£0,1= A, B define new variables

W(z) = 1?;% and 4(2), 2p(2) (1.10)

and transform the system (1.5) to the form

Y(z) = va(za(2)),
Y(z) = ¥B(ZB(2)), (1.11)
20(z) = Za(z)zZp(2),

where

M( ) - %7 ! A,B
then the following identity holds for |z1 2| <1
1— 2 f(z1) = f(22)
P s i) -G G —sa) g,
z1221a(21, 22)1B(21, 22) (¥(21) — ¥(22)) (21 — 22) '

(1+21f(21))(1 + 22f(22))



and

(5) — a |
2 = Y
Zy(z) = 0 (Gal2)’ l=A,B.

Equality (1.12) will be proved in Proposition 4.2 (i). Expressions (1.13) can be
obtained by direct calculations.

Corollary 1.3 It follows from (1.12) and (1.8) that ifml(l) # 0,1 = A, B then we have
in (1.7):

9? log ZA(z1) = 2a(22)) (Zp(21) — ZB(22))
02102 ((21) — ¥(22))(21 — 22) '

S(ZI,ZQ) = (1.14)

2 Proof of the covariance formula

Our proofs are based on the elementary matrix identities, in particular, on the resolvent
identities:

(My — 2I)™' — (Mo — 2I)™Y = —(My — 2I) Y (M) — My) (Mo — 2I)7 !
= —(My— 2I)"Y(My — M) (M — 21)~1, (2.1)
(M1 — Zlf)il — (Ml — 221)71 = (21 — ZQ)(Ml — 21]>71(M1 — 221)71, (22)

M17M2 € U(n)a ‘Z‘ #1

and on the formula for the derivative of the resolvent Gi = (M; — 2I)~! acting on
X € M, M,, — the linear space of n x n matrices:

G| X = -G, XG\.

We denote E{...} the expectation with respect to the normalized to unity Haar measure
of U(n). We also use the following two facts on this expectation proved in [3] and [4]
correspondently (see also [5]). The first one is the differentiation formula, given by

Proposition 2.1 Let & : M,, — C be a continuously differentiable function. Then the
following relation holds for any element X € M,,:

E{®'(U*MU) - [X,U*MU|} =

where
[My, Ms] = M1 Ma — M1 M,

is the commutator of My o € M,,. Analogously, we have

E{® (UMU*) - [X,UMU*]} =0



The second important technical mean is a ”unitary” analog of the Poincare-Nash
inequality.

Proposition 2.2 Let & : U(n) — C be a continuously differentiable function. Then
1O .
Var{®(U,)} := E{|®(U,)"} — [B{2(Un)}* < ~ > E{|®'(Un) - EVYU, P,
gk=1

where {E(j’k) ?,k:l is canonical basis in the space M,, of all n x n matrices: EU*) =
{Ezggz ) Z,q:l? Ez% ) = 5jp5k‘q-

Besides, in [8] the proof of uniqueness of the solution of (1.5) implicitly was based
on the following proposition which also will be used bellow.

Lemma 2.3 Rewrite the system (1.5) in the form
Fj(f(Z),AA(Z),AB(Z)) = O> .7 = 17273>

where

ZW2
F — ws—
1 (w1, wa, w3) w3 — fa <1 +Zw1> ;

ZWs
F — wy—
2(wi, wa, w3) wy — fB <1 +zw1> ,

F3(wi,we,w3) = (14 zwi)w; — waws.

33
J(wl,wg,wg) = det {a}g}
Owr, J j g1

of the map F : C> — C3 has for |z| # 1 the following expression:

Then the Jacobian

S Bal 802 = (1 22p(e)) (FLEEDBEED )y
~za@ ) (A )
~za() () (FAPARAED L 20)),
and for |2 < 1/16 we have
L < (), Aa(2). Ap()] < 1. (24)



If we suppose in addition that ml(l) # 0,1 = A, B then the Jacobian J has the following
asymptotics at infinity

I a8 = 5 (- () o)) 200 @5)

Proof. Indeed, we obtain (2.3) by direct calculation. Then, taking into account the
following simple bounds

1 1

< - < — =
|f(2)’ = ’1—‘Z||’ |Al('z)|— |1—|Z||7 l AaBa |Z‘7é]-a
1
fi)] < ma l=A,B, [z #1, (2.6)
1 | 2|
> <
TafG) = 1oep S Tnp

i 122\ ? 1
4 < =AB —
‘fl(zl(z))’ —= <1 3|Z’> ) l y L0y |Z’ < 37

we obtain (2.4) for |z| < 1/16 and, in particular, J(f(0),A4(0),Ap(0)) = —1.
Moreover, introducing new variable

p(z) = zf(z)
and taking into account the integral representation
1+ 2f1(2) :/ANMA) = m(z), | = A, B, (2.7)
T )\ —Z
we can rewrite (1.5) as
p(z) — ma(2a(2)) = -1
p(z) — mB(2B(2)) = -1, (2.8)
p(2)(L+p(2)) — 284(2)Ap(2) = 0,
This implies the following linear system for the derivatives p'(z), A’y p(2):
Za(2) 7, (Zalz ! (5a(z zZa(z ~
(1- 2O ) - GO = 2w,
zp(2)7's(ZB(2 2t (3 (2 Zp(# _ 2.9
_ B(l)—i_BZ)((ZB)( )) /(z) . f-i,(-pj(gz() ))AIB(Z) _ Bz )W,B(ZB(Z)), ( )
(1+2p(2)) P (2) — 2Ap(2) Al (2) — 284(2)AB(2) = Aa(2)AB(2).



Using direct computations we obtain that the determinant J(z) of (2.9) is equal

3@ = (1 2p(e) aCalDTR ()

Besides, in view of (2.7) we have the asymptotic

1
p(z) = —l+o(l), 14+p(z) = - (_mg>mg> n 0(1)) , 2 — 00, (2.10)
1 1
ANi(z) = p <—ml(1) + 0(1)) , m(2) = = (ml(l) + 0(1)) , l=A,B, z— o0,

Mp A

Sap(z) = = ((11) 4 0(1)) ml(E() = % (m" +0(1), 1= A.B, == cc.

On other hand, this imply that the determinant J (z) has the asymptotics:

J(z) = — Ej)mg) +o(1), z—
and hence the determinant

J(F(2), Aa(2), Ap(z)) = 1221C)

i) 0

has the asymptotics (2.5). ®
Proof of Theorem 1.1. Taking in Proposition 2.1 ® = (nilTrG(zl))o Gac(22), we

obtain
E{(9(21))° (G(22)A[X,U"BU] G(22)). }
+E{(n"'"Tr G(21)A[X,U*BU] G(21)) Gac(22)} = 0.

Then taking X = E(®Y using the resolvent identity (2.1) for the pair (W,0) and
n
applying to the result the operation n=! 3", we obtain the matrix equality

a=1

E{9°(21)(1 + 229n(22))G(22)} = E{g°(21)0n,a(22)U"BUG(22)} (2.11)
+ n?E{[U*BU,G?*(z1)A] G(22)},
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where

on.A(2) = n I TrAG(2).

Now we rewrite G by using the resolvent identity (2.1) for the pair (W,0) as

G(z) = 2 Y (AU*BUG(z) — =I).
This yields after regrouping terms:

22
= n ?E{[U"BU,G*(21)A] G(z2)}
+ E{g%(21)05,4(22)U" BUG(22)}
— 2E{¢°(z1)9,(22)G(22)},

(A— 2, a(22)]) E{g°(21)U"BUG(22) }

where

fn(z) = E{gn(z)}, An,A(Z) = E{(Sn,A(Z)}, Zn,A(Z) - ZAn,A(Z)

Introducing centralized values
G° =G - E{G}, (U'BUG)° =U*BUG — E{U*BUG}
and regrouping terms in (2.14) we obtain

1+ Zan(ZQ)
2
= n?E{[U*BU,G*(21)A] G(22)}
+ E{¢°(21)d, 4(22) }E{U"BUG(22)}
— 2E{¢°(21)g,(22) }E{G(22) }
+E{g°(21)0;, a(22) (U"BUG(22))°}
—22E{g°(21)g,(22)G°(22) },

Besides, we have the bounds

(A =2, a(22)]) E{g°(21)U"BUG(22) }

1 1
IG()|| < ma lgn(2)] < TP |0n,4(2)] < ma
- || 1 . 1 1
< = < = -,
Ba@)l < o < g lEaGl < 5, 12l < g

Thus, the matrix A — 2, a(22)I in (2.14) has the inverse
Ga(z) = (A= Zpa()D) " = Ga(Z,a(2))

8

14 2fa(2)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)



uniformly in n bounded ||G4(2)|| < 2 for |z| < 1/4. .Thus, multiplying (2.16) by
22
1+ Zan(zQ)

from the left and applying then the operation n~'Tr-, we obtain the relation

E{9°(21)0n,B(22)} (2.18)
22 ~
mn_lTrGA(ZQ)E{G(ZQ)}E{go(zl)gn(zZ)}
22

a 1+ Zan(ZQ)

- % #ﬁ%n*%@(zm {[U*BU,G?(21)A] G(23)} + Rap(z1, 22)

Ga(z)

nilTI'éA(ZQ)E{U*BUG(ZQ)}E{QO(21)5n7A(22)}

where
onB(2) = n'TrU*BUG(z),

#}”(22) <_ZQE {g’i(21>93(22)”71Tf(~;A(2’2)G°(22)}

+B { g5, (2085, 5(22)n " TG a(z2) (U BUG(2))° }) .
It was proved in [8] that
E{U*BUG(z)} = Ga(2) (2.19)

i (BURAGIGa U BUGE)

— 2E{g5(:)Ga(:)G(2)})

Rap(z1,22) =

Thus, applying (2.13) we have
E{G(z)} = 223040 (2.20)
i (BAGIGARIGE)

— B{g5(:)Ga(:)AG(2)})

and hence

22

T 1+ 2fu(z)
2Zn, A(2)

_ -1 ~2
= 1+an(z)n TI‘GA(Z) +RQA,

z

T 1+ 2fa(z)
A A2
= 1+an(z)n TrG%(z) + Rgg,

n ' TrGA(2)E{G(2)}

as(z)

n ' TrGA(2)E{U*BUG(z2)}

9



where

RﬁA

23 ~
= (sz(E{(s;;A(z)n—lTrGi(z)G(z)}

~ B{g;(:)n "G4 (2)AG(2)} )

22

- (1+Zf(2))2(E{5$‘vA(z)”1Tré,24(z)U*BUG(z)}

~ 2E{g ()T TG (:)G(2)} )

Thus, sustituting these relations in (2.18) we obtain

&a(22)Covign(21), gn(22)} — Ba(22)Cov{gn(21), 0 a(22)}

vaB(71,22) =

Rap(z1,29) =

Besides, we have

Var{g,(z)} < % zn: E {)Tr GAU* (Eu,j)B - TE(J',t)) UG’z}

and analogously

1
+Cov{gn(z1),0nB(22)} = E’YAB(ZI; 2) + Rap(z1, 22),

Pnal2) iy ) = 2nal) g o
mn TrGA(Z) - 1+an(z)fn,A(Zn,A(Z)),
mn—lTrG,%l(Z) = H‘Zifn(z)f;l’A(gmA(z))’

0
0z1 1+ 22 fn(22)

—n" TrG 4 (22)E {AU*BUG<ZI)G(Z2)}> ’

(n_lTrCNJA(zQ)E{U*BUG(Z1)AG(Z2)}

(2.21)

(2.22)

Rap(21,22) — RaaCov{gn(z1), gn(22)} + RgaCov{gn(21),0n,a(22)}.

by using Proposition 2.2:

=1

1 n
3 E{|(BUG2AU*)jt - (UGQAU*B)tj\Q}
jt=1

4
1

IN

4

Var {6, 4(2)} < eI

pETeTE 2| # 1.

Moreover, denoting by G the resolvent

G = (UAU'*B — zI)"! = UGU",

10

(2.23)

(2.24)

(2.25)



we can rewrite

on.5(2) = n ' TYU*BUG(z) = n ' TrBG(2)

and hence obtain

Var {6, 5(2)} < W21 2| 2| # 1.

Thus, using the above bounds and Schwarz inequality for the expectation E{...} we
have uniformly in A and B

p[Gate)]
T 14z f(z2)] |1z <

C 1
+ 4/ Var {5n’A(22)}) < p |z9| < 1

|RaA‘

and analogously
C 2] < 1
y |R2 —-.

|Rgal < 1

n

Besides, we obviously have for |21 9| # 1

Covigm(a1) on(2)} < VVarlg (oI Var(ga(=)} < .

Cov{gn(21),0n.4(22)} < \/Var{gn(Zl)}VaI'{(S,mA(ZQ)}S %

and according to Proposition 4.1 we have uniformly in A and B for |z 2| < 1/16

C
|RaB (21, 22)| < e

Thus, we conclude that uniformly in A and B for |21 2] < 1/16 we have
- C
|RaB(21,22)| < 5

Now, taking in Proposition 2.1 ¢ = (n‘lTré(zl)) éac(ZQ) and repeating the proce-
dure above, we obtain the analog of (2.21) with interchanged A and B

ap(22)Cov{gn(z1), gn(22)} — B(22)Cov{gn(z1), 0np(22)} (2.26)

1 .
+Cov{gn(21),0n,4(22)} = EVBA(ZI; z2) + Rpa(z1,22),

11



where

) _ ZZB(2) L, . A B z ;o
ap(z) = mfn,B(zn,B(z))a Bp(z) = mfn,B(Zn,B(Z))v
ez, 22) (fhwj’% (n_lTYE {G(zl)U*AU@(zQ)B} Gr(z)
—n 1TrE {G(Zl)G(ZQ)UAU*B} 63(22)) ,
fn®) = T Gae) = (B 2s9D) ! = GaGnnl),

A C
|Rpa(z1,22)] < —, |z21,2| < 1/16.
3

On other hand, applying to the (2.11) the operation n~'Tr- and regrouping terms,
we obtain

Go(22) Cov{gn(21), gn(22)} — BY (22)Cov{gn(21), O 5 (20)} (2.27)
— B (22)C0v{gn (1), Bnal2)} = (21, 2) + Ro(en, 22),

ao(z) = 142z2fu(2), BV(2) = B{6,1(2)},1 = A, B,

Yo(z1,22) = 82171_1”[‘1" (E{U*BUG(z1)AG(22)} — E{G(21)AU*BUG(22)}) ,

Ro(z1,22) = E{g)(21)05 a(22) (n " TrU*BUG(22))°} — 22B{g5(21) (g5 (22))*}-

According to Proposition 4.1 we have uniformly in A and B for |21 2| < 1/16

. C
|Ro(21,22)] < 3

Thus, the relations (2.21), (2.26) and (2.27) for the triple of the covariances

Co = Cov{gn(#1),gn(22)}, Ca := Cov{gn(z1)},0n a(22), Cp := Cov{gn(21),0n B(22)}

lead to the following linear system

éa(z2)Co — BA(Zz)QA +Cp = 7aB(z1,22)/n* + O(n™?),
ap(z2)Co + Cy — 53(22)03 = 7Bal(z1, 22)/n* + O(n™3), (2.28)
Gio(22)Co — 5](3?)(22)014 — 52))03 = o(z1,22)/n* + O(n73).

The determinant of this system for |21 2| < 1/16 is equal

D(z) = ao(z2)(Ba(22)Bp(22) — 1) — apr(22)(Ba(22)BY (z2) + B (22))
—aa(22) (Bp(22) 8 () + BY (22)).

12



Go(z) = 14+2:F(2) +0(1), &lz) = 24 (2) _EEE f5(2) +o(1), L= A, B, n — o0,

1+ 2f(2)
BV() = Aa(z)+o(1), BP(z) = Ap(2) +o(1), n — oo,
BiE) = T HEE) o), 1= 4B, n o oo,

Thus, it coincides asymptotically with the Jacobian J (2.3)
D(z2) = J(f(22), Aa(22),Ap(22)) +o(1), n — oco.

Hence, according to Lemma 2.3 for sufficiently large n the determinant D(zy) will be
non-zero uniformly in A and B for |z12| < 1/16. Thus, for sufficiently large n the
system (2.28) is uniquely soluble and its solution is

1
J(f(22), Aa(z2), Ap(22))
Yo(z1,22) ((25F4(24(22)) f5(2B(22))
- ( n? < (1+ sz(§2))2 N 1)

24812 ) 2 22)) + Aa(22)

- TG ) Fa(aae0) + D) ) + ol

n2

(2.29)

Cov{gn(z1),9n(22)}

Now, to apply Proposition 4.2 (ii) and (iii) and calculate the asymptotics of (21, 22),
vaB(z1,22) and vpa(z1, 22) we suppose for a while that m{ )m%) # 0. Passing to the
variables (1.10) in the coefficients of (2.29) and regrouping terms according to (1.11),
we have

%5 fa(Ga(22))fp(P(22)) | _ 20h(2a(22))Vp(28(22))
(14 22f(22))? P(22) (1 = (22))?
_ wYy(Ba(n)  2p(Es(22))
(1= 9(22))Zp(22) (1 —¢(22))Za(22)’
Yp(ZB(2))
(1 —1p(22))*’
Yia(2a(22))
(1 —1p(2))*

Zp(22) f5(ZB(22)) + Aa(22)

Za(22)f4(2a(22)) + Ap(22)

13



Applying the same procedure to the expressions (4.2), (4.3) and (4.4), we have

o = 2L (58
LD vt vt~ S~ it |
) = an S (S22 -y - vla)
- (5 - ane) ) +ow
wmalra) = gan et (SR v - v
S (- sae)) o
Substituting this expressions in (2.29) and regrouping terms, we obtain

1 0 1 1
n2 921 J(f(22), Aa(z2), Ap(z2)) 6289
X (P4 (2a(22))95(2B(22)) Ko
—5(28(22)) Ka — P4 (24

Cov{gn(21),9n(22)} =

(22))Kp) +o(n™?),

where
1 - - - -
Ko = D)0 =) (—21(2B(22)0(24/2) + Z4(22)(2B/2))
+219(22) + 229(21) — 2a(21)ZB(22) — Za(22)ZB(21))
220t —1(22)02
o (z2) (1 — (22))?
and
0Ap 1 —(z1)  Ap(2)) 24 1
fa =z < 52a 1-0(z) | Zalz) ) R e BNy
X (219(22) + 229(21) — 24(21)2B(22) — Za(22)ZB(21))
_ 22¢(21)—ZA(ZQ)ZB(Zl)ZA(Zl) 1 —9(21) 2024(21 )—ZliA(Zz)AB(Zz)
(1 —4(22)) 2a(22)02a — P(22) 0Za
z2Za(21) — 2124(22) 1 —4(z1)
= e (e 1—w<z2>¢(22)>
_ 0 (22024 — Za(22)02)
(1—1(22))* 2a(22)0%4
e — 0(220Zp — Zp(22)02)
B = .
(1—1(22))* 2p(22)0%B

14



Using these relations, (1.13) and the following equality

J(f(zz), AA(Z2)» AB(Z2))
2y (2a(22)) 05 (2B(22) — Za(22)V)y (2a(22)) — ZB(22)Y(ZB(22)
P(22)(1 = (22))? ’

we conclude that

Cov{gn(z1),gn(22)} = n2 321 024 0zZp 0 0z

This leads to (1.14) and hence to (1.8). Now we note that asymptotics (1.8) can be
used not only in the case m( )m(l) 75 0, but for any A and B and |21 2| < 1/16, since it

L2 (Gl ) vl 1Yy

has no singularity. The remainders Rg, R 4B and RB A are also of the order o(n~ ) for
any A and B and |z12| < 1/16. Thus, we can omit the restriction mfj)mg) #0. m

Remark 2.4 Due to the non-zero asymptotics (2.5) (Lemma 2.3) in the case qu)mgg) #
0 the explicit expressions for asymptotics S(z1, z2) (1.14) and (1.8) are valid not only
in the interior of the unit disk |z| < 1, but in the exterior |z| > 1 too, at least for
sufficiently large z. Indeed, as it was shown in Lemma 2.3 and due to the relation

1 A2
T

for sufficiently large but finite z (e.g. for |z] > 1+ |m A mB | 1) we Jacobian J will
be non-zero. Hence, the linear system (2.28) for the covariances is uniquely soluble
for sufficiently large n. The correspondent bounds for variances and higher centralized
moments in the remainders are valid outside unit circle. Thus, the explicit formulas for
the asymptotics of coefficients and of terms in r.h.s. of (2.28) are valid too.

3 Central Limit Theorem for linear statistics

In this section we prove the Central Limit Theorem for linear eigenvalue statistics

=1

Nolg) = Tro(Hn) =3 o) = n / ()N (dN)
T

of some sufficiently smooth function ¢ : T — R. We apply the approach used in [5] and
[7] to study the additive analogs of the ensemble (1.1). It based on the two propositions:
the a priory bound on the variance of linear statistic and on the following proposition
proved in [5]:
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Proposition 3.1 If o : R — R, ¢ € L-vector space with the norm | - || and we have:
e the variance Vy,[p] = Var{N,[¢]} admits uniform in n bound Vy[p] < C||¢||* for
all p € L;
o there erists a dense linear manifold L1 C L such that Central Limit Theorem is
valid for
Ny ol = Nalp] — E{N,[¢]}

with ¢ € Lyi.e., if Zy[zp] = E{eix/\/ﬁ[“’]} then there exists a continuous quadratic
functional Viy, : L1 — Ry such that uniformly in x on any compact

li_)m Zn|zp) = e VA2 o e £y

then V admits a continuous extension to L and Central Limit Theorem is valid for all
N2 o] with ¢ € L.

We will consider as the space £ the Hilbert space Hs(T), s > 0 of functions ¢ : T —
C with the norm:

+o00 7r
1 . ,
2 _ 25|14 12 4 0\ ,—ik0
ol = 3 (2 Houls = e [ ele)e s
——00 —r

For hermitian ensemble in [7] the a priory bound for the variance Var{\,[¢]}
needed in Proposition 3.1 have been obtained via some inequality. Here we consider its
unitary analog:

Proposition 3.2 For any ¢ € Hs(T), s > 0 and any random unitary W we have the
bound

“+o00 T
Var{N,[¢]} < Cullo|2 / dtet2s1 / Var{TrReQ(e—'e)}ds,  (3.1)
0 —T

where Q(z) = (W + 2)(W — 2I)71, |z| < 1.

Proof. We just follow the proof of the analogous proposition for hermitian case in [7].
Consider the operator Ds : Hy(T) — L?(T) defined as follows for any 1 € H(T):

(D) = (1+ 2[k]) "4y
For fixed n Var{N,[¢]} is a bounded quadratic form in the Hilbert space Hs(T) with

the inner product (u,v)s = (Dsu, Dsv), where (-,-) denotes inner product in L?(T).
Then there exist positive self adjoint operator V;; which defines this quadratic form

Var{Nn[QO]} = (V907 90) = Tr(HQDVHSO)?
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where II, is the modified projection operator: Il u = ¢(u, ¢)/||¢||L2. Besides, we have
Tr(M,V1L,) = Tr(IL,DsD; ' VD ' D I1,) < || D IL,|[*Tr(D; VDY),
where || D IL,|| < || Ds¢p||z2 = ||¢||s- On the other hand, for any u,v € L*(T) we have

+oo
T(25)(D;%u,v) = T(25) Y (14 2[k]) > i

k=—o00

o0 +oco olk

= / dte 1?1 Z (e_t) 1K U g
0 k=—00
+oo

= / dte %71 (P x u, Pt % v)

0
+

0o ™ ™o
= / dte 1?51 / do / / P.—:(0 — \) P (0 — p)u(N)v(p)dA\dp,
0 -r  —m—m
where I' denotes I'-function, -*. means the convolution of functions and P,() is the
Poisson kernel with the parameter 0 < r < 1:

1—r2 14 ret?

T 1—2rcos@+12 1 rei®

P.(0)

This implies the explicit form of the integral kernel of I'(2s)(D; u, v)

+o00 ™
['(28)D;7%(\ ) = / dte~t?s1 / dOP,—+(0 — \)P.—+ (0 — )
0 -
and
00 ™
'(2s)Tr(D7VDY = /dte_ttQS_l/dH (VP,—i(6 — ), P.—(0 —.))
0 —7
400 ™
= / dte~tt?s~1 / doVar{N,[P.-:(0 — )]}
0 —7
400 ™
= /dte_ttzs_l/Var{TrReQ(e_teie)}dO,
0 —7

which completes the proof. m

The main result of this section is follows:

17



Theorem 3.3 If S and T are non-random, satisfying conditions (1.3) and mg)mg) #*

0, and the statistic function p : T — R, ¢ € Hoy(T), € > 0 then

N3 lp] = Nalyl — E{N,[¢]}

converges in distribution to the Gaussian random variable with zero mean and the
variance

1 T 4 4 . .
Vip] = lim — //cp(ewl)cp(ez%) (Ryo-T) (r1€, roe)do,dbs,
r1,r2T1 477'2 ’
where
T(z1,22) : = 21225(21,22),
1 1 1 1
(Ri2-T)(21,22) : ZT(21722)—T<217) —T<,Zz> +T(,>
Z9 Z1 Z1 %9

and S(z1,z2) is defined in (1.14) and (1.8).

Proof. According to Propositions 3.2 and the bound (2.23) we have for any ¢ €
Hate(T)

“+00 7r
Var{N,[¢]} < C8]|g0]|§/dtett2s1/Var{TrReQ(etei9)}d0
0 -
“+00 s
< CSHQOHE / dtett25l/nQVar{Regn(etew)}dG < C~'|]g0|]§
0 -

Thus, according to Proposition 3.1 it suffices to prove the theorem for some dense set in
Hote(T) (say, trigonometric polynomials) and then extend it on whole Ho,o(T). The
procedure is the same as used in [9] for additive hermitian analog of (1.1) with the
difference in the representation of analytic in C\{0} statistic function ¢ via contour
integral by the Cauchy formula

Nelpl = Y Te(p(W) —E{p(W)})
=1

n

= 5= | #(2) (=9n(2) + E{gn(2)}) dz
T

= T omi 0(2)gy(2)dz,

r
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We start with the contour I' = I', U FE UTy UT, (see Figure 1.(a)) encircling
the spectrum of the ensemble (1.1) for any realization. Of course this contour have
realization-dependent part (we chose the angle 3 in such way to have contour I" outside
the eigenvalues for each realization), but we can cancel the integrals over Fzg and I'”
since they are the same contour integrals in opposite directions. Thus we obtain the

(a) (b)
Figure 1: Contours (a) and (b)

integral over the realization-independent contour ', = T, UT, /r (see Figure 1.(b))

Nelpl = == [ p(2)g°(2)dz

211
e

= % [ <go (rew) reiego (rew) — <6;6> efgo (e:ﬂ)) de.

-
Define the characteristic function
Zn(x) = E{en(z)}, x € R,

where

enlz) =1+ / ¢\ (y)dy, Zn(z) =1+ / Z1(y)dy, (3.2)



is suffices to prove that there exist subsequences {Zy;(z)} and {Z], (2)} that converge
uniformly on any finite interval and

. _ . / _

Besides, due to the Cauchy theorem

L) = —gren(o) [ ol (33)
£,
= - [ en@lsiada,
Iy
Zi@) = 5 [ elE e @galz) da,
Iy

where we choose the contour f‘n in the domain
D={zeC:|z| <|m{PmW|/8<1/8yU{zeC: |z| > 1+ mPmE)| 1.

To find E {ne; (x)gn(z1)}, we apply the same procedure as in the previous section and
obtain for the triple

(Co := E {ne}(2)gn(21)} , Ca = E {ne;,(2)bn,a(21)} , Cp = E {ne;, (2),,5(21)})

the uniquely soluble system

dA(Zl)C:'O—ﬁ:A(Zl)?A+C:’B = Cag,
ap(z1)Co+ Ca — Bp(21)Cep = Cga, (3.4)
Go(21)Co — 5](30)(21)0/1 — 55{))03 = (.
where
xZp(x) -
Cap = o ©(22)vaB(22, 21)dz2 + nRaB(22, 21) — TaB (21, 22),
£y
2z [ $QO(ZQ)COV{€7L(£L'),nilT‘I'éA(Zl)[U*BU,G2(2’2)]AG(21)}d22
T,
Tap(21,22) = i 1+ 21 fn(21) ’
xZy () .
Co = —— — ©(22)70(22, 21)d2z2 + nRo(22, 21) — 10(21, 22),
£,

T0(21,22) = /xgp(ZQ)Cov{en(x),n_lTr[U*BU,G2(22)]AG(21)}d22

Ty
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contour fm C D and Cpy is defined analogously to the C'4p with interchanged A and
B. Using Proposition 4.1 and Schwarz inequality, we obtain uniformly in x on any
finite interval and in 212 € K, K-compact, K C D

nR;(z2,21) = O(n™Y), 1(z1,2) = O(n ), 1 =0, AB, BA.
Then, solving (3.4), we obtain uniformly in x on any finite interval

xZp () 5

E {ne,(z)gn(21)} = %/dzzg((ﬁ (’70(22,21)(5,4(21)33(%)—1)

fr,

22,21) (B (21) B (21) + B (21))
©

—pa(z2,20) (Ba(z1) B (1) + B (1)) + O(n™Y)
= xZ;?T(x) /@(ZQ)S(zg,zl)dZQ +o(1), n — oo.
fr,

—YAB

(
(

Substituting this in (3.3), we obtain uniformly in  on any finite interval in view of

finiteness of the contours I'y, and Iy,

96217533) / / p(21)p(22)5(21, z2)dz1dza + 0(1), n — o0,

£y, Fry

7y (1) = -

which completes the proof, due to the analyticity of ¢(21)¢(22)Sn(21,22) in 212 for
z12| #1. =

4 Appendix

Proposition 4.1 For the ensemble (1.1) we have
(i) for |z12] # 1

Ro(21, 22) = B{gy(21)05, a(22)05, p(22)} — 22B{g5(21)(g5,(22))*} = O(n™?),
(i1) for |z12| <1

Ran(i,2) = 1 s (—2B (g (zn TiGa() 67 (22) }
+E{g5(21)07 (22)n " TG a(z2) (U"BUG(20))° } ) = O(n™),
(iii)

Var {n—lTréA(zl)[U*BU, GQ(ZQ)]AG(zl)} < O(n™?)
and if we suppose mg)mg) # 0 then this relation is valid also for |z| > 1 and z
sufficiently large.
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Proof. (i) Note, that for

[E{g5 (1) (g7(22))}] < Var'/*{g,(z1)} Var'*{(g; (22))*} S%Varm{(g%(22))2}-

Then, using Proposition 2.2 we obtain

4 < . .

— Y E{ ¢ (2)Tr GAU* (EW) B — TEUD ) UG)?

53 ( Jvor)
16 64

< — 2 v <=
S e Ve ST

Var{(g;(2))*}

IN

and analogous bound for E{g; (21)d;, 4(22)d, p(22)} and hence we obtain (i).
(ii) and (iii) These assertions can be proved analogously, with the appearance of

the new factor
| 22|

|1+ 22 fn(22)]

in the numerator. But this factor is bounded uniformly in A and B for small z and

1Ga(22)I”
according to (2.30) it will be also bounded in the case mfj)mg) = 0 for sufficiently
large z (e.g. for |z| > 1+ |m(Al)m531)|_1) due to the relation (2.10). m

Proposition 4.2 For the ensemble (1.1) we have for mg)mg) #0 and
2] < [my)miy)|/8 < 1/8

(i)
1- 212’2% 824075
ETI N O = 5(Zf)52(1 + 21f(21))(1 + 22f (22)); (4.1)
(L4 21f(21))(1 + 22f(22))
where
0z = zi(z1) — Z(22), | =A, B, §(zf) = z1f(21) — 22f(22);
(it)
Yo(z1,22) = aazl (n_lTrE{U*BUG(zl)AG(zg)} - 6(;5”)) (4.2)
0 1 [6Z40Zp
— o (FEE a1 s )~ 1) + o),
where

§(2fn) = 21fn(21) — 22fn(22);
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(iii)
8 Z9

yap(z1,2) = azm<n—1Tr€;A(zz)E{U*BUG(zl)AG(zz)}

TG (B (G
0 2129 d(2a/2)

= B 1T 2afu(52) 020(2) (43)

< ((1 Faf(e) 28 1y zlf<zl>>fg<zA<zz>>) o),

0Z4
. 2129 d(zZB/%)
’)/BA(Zla Z2) - azl 1 + Z2fn(2j2) (52’(5(Zf)

(@ af ) 522 - (s f ) (et ) + ol0),
B

(4.4)

where
6 (zE{G}) = zE{G(x1)} — »E{G(22)},

6ﬂ = 727(21) —M, 6Al:Al(21)_Al(Z2)) l:A’B
z Z1 22

Proof. (i) Taking in Proposition 2.1 & = (G(21)AG(22))ac We obtain
E {(G(z1)A[X,U*BU| G(21)AG(#2))ac}
T+ B{(G(:1)AG(22)A[X,U" BU) G(22))ac} = 0.

n
Then take X = E@ and apply to the result the operation n~? >~ . This yields the
a=1
matrix equality

E {6, 4(21)U* BUG(21)AG(22)} — B {(1 + 219(21))G(21) AG(22)}
+ E { <;TrG(zl)AG(22)A> U*BUG(ZQ)}

_ B { <iTrG(zl)AG(22)AU*BU> G(ZQ)} 0. (4.5)

Regrouping terms using the resolvent identity and the centralized values we obtain
1tz falz)
<1
+ E {TllTrG(zl)AG(ZQ)A} E{U*BUG(2)}
1+ 21fn(21)

= AR (G()) + 5(Z$A)

(A—2, a(z1)]) E{U*BUG(21)AG(22)}

E{G(z9)} +O(n™1).
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Then taking the inverse G4 (z) and regrouping terms, we have
E{U*BUG(z1)AG(22)}

= E{G(z)}+ #}%(21) <E {:LTr G(Zl)AG(ZQ)A}

_ 0Bna ZmA(Zg)) Ga(z1)Ga(z2) + O(n™h). (4.6)

0z

After taking the operation %Tr over (4.6), we obtain the following relation
1
E{Tr U*BUG(Zl)AG(ZQ)} (4.7)
n

Z1 1~ ~ 1
mgTr Ga(z1)Ga(z2)E {nTr G(ZI)AG(ZQ)A}

— Zlén,A(ZQ) (SAn,A 1 ~ ~ B
= W) Ty e FGatGaG) + 0T,

On other hand, let us consider the modified resolvent G (2.25). Due to the trace
property we have the following identities

%Tr BG(:)B ' C(z) — le (;Tr U* BUG(21) AG(22) — gn(22)>
E {iTr UAU*G(zl)Blé(zg)} = le (E {:ZTI'G(Zl)AG(ZQ)A}

_iﬁB—léB(ZQO +omY).

Then using the identities above and Proposition 2.1 with ® = (G(21)B~'G(22))ae and
the procedure similar to used above we finally obtain

22 1 ~ ~ 1 .
mETr Gp(21)Gp(22)E {nﬂ U BUG(zl)AG(zQ)} (4.8)

+ E {:LTrG(zl)AG(zg)A}

_ 1 - 0N A\ 1, ~ ~ .
= Tran (105t ) (T Ga ) + 007

Thus, from relations (4.7) and (4.8) we obtain for the pair

(mBA —E {:LTr U*BUG(zl)AG(ZQ)} man = E {:LTrG(zl)AG(zQ)A})
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the following linear system

z211n a(21, 22)
1+ Zlfn(zl)
 z0nB(21, 22)

1+ 22 fn(22)

mpa — maa = bBA-i—O(n_l) (4.9)

mpa+maa = baa+O0n7"),

where

Is(en ) / Na(dN)
n,l{%1, & = = - s
e r (A= Zn0(20) (X = Zni(22))
212Zn,A(22) 00 4
— n _ ) ) In , ,
bBA f (ZQ) 1+Zlfn(21) 52 ,A(Zl ZQ)
I B(#1,22) . YAV
5 1 — Z 5 )
1 +Z2fn(22) ( “ ’B(Zl)ZQ 0z

I=A, B,

baa

Due to the bounds (2.17) and
1
I (21, 22)| < — ~ ,l=AB
a2l < 0 D = FGa)

the determinant D,, of (4.9)

21200, 4(21, 22)In, B(21, 22)

(1 +21fn(21)) (1 + 22fn(22))

for |z ,2| < 1/4 satisfies the inequalities

Dp=1-

7/16 < |Dp| < 25/16.

Thus the system (4.9) is uniquely soluble and its solution for |21 2| < 1/4 is equal

1 210n,A(21, 22) _1
D, <bBA + bAAMM> +0(n™") (4.10)
1 <f (22) z1dn,a(21, 22) ( In,B(21, 22)
T D\ T T4 21 fa(z1) \1+ 22falz0)

5z (An7A(ZQ) + 2n,B(Zl)In,B(Zl7 ZQ)))) + O(nil).

mpaA =

. Zg(SAmA
(1+ 22fn(22))

Besides, from the resolvent identity, (2.19) and its analogs we have

1+an(z) — /)\]V"A(d)\)_i_o(n—l),

A= ZnB(2)
N, d)\ _
Bna) = [ B o,
an
5An7,4 = In7B(21,22)(5Zn7B+O(TL_1). (4.11)
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Using these relations we can rewrite

5 (B a(2) + B (1) D (21, 2))
= b [ 5o zn,Bgrﬁ}?(Adi)zn,B(zQ))
SRl Rewr e e
= Dt [ PR [ ARl 4 o
= Tas(er22) (1) — 2f(2) + O,

+0(n™)

Substituting this in (4.10) and regrouping the terms, we obtain

<1 212 5fn> In A(Zl,ZQ)In’B(Zl,ZQ)

6z ) (1 +21fu(21)) (1 + 22fn(22))
212900 A(21, 22)In,B(21, 22)
(1+21fn(21)) (1 + 22fn(22))

On other hand, multiplying (4.5) by A from the left and taking n~!Tr-, we obtain

+0(n Y (4.12)

mpa = fn(22) + 21

1—
5(=f,)E {iTrG(zl)AG(zg)A} _ ‘WS(ZZAW + R,
and due to (2.23) and (2.24) we have
1
Rya = {(nTrG 21)AG( 22)A> (229, (22) — zlgg(zl))}
+E {5 TllTrAU*BUG(zl)AG(zg)}

1
—-E nA 22 nTrAU*BUG(Zl)AG(ZQ)}
= O(n™), [z #1.

Now, suppose that mg)mg) # 0 then for |z 2| < |mg)mg)|/8 < 1/8 we have

2fulz) = Z/T<;+A(;_Z)> Ny (d))

_ M Nu(dA) 8
o R ) RS G- ER TR E)
3(:5) = 3z (il + / o ),
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where for sufficiently large n

1) 21-1-22 — 2122 < [y, (1)
‘mnAmnB—i_/ )\ _Zl _22) n(d)‘)' = ‘mA mp )/2

Thus, we can divide by §(zf,) and

A, 40(2A0,4)

—1
b0z o)

E {:LTrG(zl)AG(ZQ)A} _

Substituting this in (4.6) we have

<1

E{U*BUG(21)AG(22)} = E{G(22)} +

1+ 21 fn(z1)
5An,A 5(ZA7L,A) B " -
0z < 5(zfn) _Zw\(z?)) Ga(21)Ga(z2) +O(n™ ")

5An A5ZnA
26(2fn)

Then, taking n~1Tr- over (4.14) we obtain

= E {G(ZQ)} + 21— GA(Zl)GA(ZQ) + O( ) (4.14)

A, 400, B
020(zfn)

Now, comparing this relation with (4.12) we obtain

(1 e 25fn> I a(z1,22)In,B(21, 22)
0ApA0AL B 0z ) (1+ z1fu(21)) (1 + 22 fn(22))
§20(2fn) _ zmzedna(z1, 22)In,B(21, 22)

(L4 21fn(21)) (1 + 22fn(22))

This relation, (4.11), (4.13) and their analogs lead to (4.1).
(ii) Using (4.12) and (4.1), we obtain for |z 2| < ]mg)mg)|/8 <1/8 and n — oo

mBAan(Zz)—i-Zl —I—O(Tl_l).

+0(n™h).

8 z
Yo(z1,22) = ( fn)
1-— 2129 ——— 5 1
- 2 —1]1+0(n"
32’1 2 212901, A(21, 22)In,B(21, 22) (™)

(T4 21 fn(21)) (1 + 22 fn(22))

1) 5
e (aff? 8 (1 )1+ 2 Ga)) 1) + o)
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(iii) It is sufficient to prove (4.3). Using (4.14), )(2.20) and the resolvent identity,

we obtain

0 Z9

vap(z1,22) = 2 (n_lTréA(ZQ)E {(U*BUG(21)AG(22)}

0211+ 22 fn(22)

_én_lTréA(zQ)(S (zE {G}))

_ 0 am OBna g L -1
= i szn(zz)n TrG 4(22) (525(zfn)5GA 526E {G}> +O0(n™)
. 2129 1 (5AB <5AA 5A(21)>

021 14 20f(22) 0z \ 624 \6(2f) =

~taatea) (o - 220 ) o)

where

8GA = Ga(z1) — Ga(22), SE{G} = E{G(21)} — E{G(22)}.

Then, canceling terms we arrive to (4.3). =

Acknowledgement The author thanks to Professor F. Goétze for kind invitation at
SFB-701 ”Spectral Structures and Topological Methods in Mathematics”, Bielefeld
University, that gave possibility to complete this paper.

References

1]

2]

G. Chistyakov, F. Gotze, The arithmetic of distributions in free probability theory,
mathOA /0508245

J. Mingo, P. Sniady and R. Speicher, Second Order Freeness and Fluctuations of
Random Matrices: II. Unitary random matrices, Adv in Math. 209 (2007) 212-240.

L. Pastur, V. Vasilchuk, On the Law of Addition of Random Matrices, Comm.
Math. Phys., 47 (2000) 1-30.

L. Pastur, V. Vasilchuk, On the Law of Addition of Random Matrices: Covariance
and the Central Limit Theorem for Traces of Resolvent, CRM Proc. Lect. Notes,
42 (2007) 399-416.

L. Pastur, M. Shcherbina, Eigenvalue Distribution of Random Matrices, Math.
Surv. Monogr. 171, RI:(AMS) (2011), 632p.

N. Raj Rao and R. Speicher, Multiplication of free random variables and the S-
transform: the case of vanishing mean. Electron. Comm. Probab. 12 (2007), 248258

28



[7] M. Shcherbina, Central limit theorem for linear eigenvalue statistics of the Wigner
and sample covariance random matrices, J. of Math. Phys. Anal. Geom, 7, No 2,
(2011) 176-192

[8] V. Vasilchuk , On the Law of Multiplication of Random Matrices, Math. Phys.
Anal. Geom. 4 (2001) 1-36

[9] Vasilchuk V., On the Law of Addition of Random Matrices: Covariance of Traces
of Resolvent for Random Summands, Mat. Fiz. Anal. Geom., 6 (2010) 96-127

[10] D. Voiculescu, K. Dykema, and A. Nica, Free random variables, vol. 1 of CRM
Monograph Series, American Mathematical Society, Providence, RI, (1992)

[11] D. Voiculescu (Ed.), Free Probability Theory, Fields Institute Communications 12,
AMS, Providence, RI, 1997.

29



