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Let X be a locally compact space with countable base. Let C(X) denote the set of
all continuous real functions on X and let B(X) be the set of all Borel measurable
numerical functions on X. The set of all (positive) Radon measures on X will be
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Preliminaries and main results

denoted by M(X).

Moreover, let W be a convex cone of positive lower semicontinuous numerical
functions on X such that 1 € W and (X, W) is a balayage space (see [2], [6] or [11,

Appendix]). In particular, the following holds:



(C) W separates the points in X,
w =sup{v e WNC(X): v <w}, for every w € W,

and there are strictly positive u,v € W NC(X) such that u/v — 0 at infinity.

Then there exists a Hunt process X on X such that W is the set Ep of excessive
functions for the transition semigroup P = (P,);so of X (see [2, IV.7.6] or [11,
Appendix]), that is,

W ={v e BYX): sup,.q Bv =v}.

We note that, conversely, given any sub-Markov semigroup P = (P;);~9 on X
such that (C) is satisfied by its convex cone Ep of excessive functions, (X, Ep) is
a balayage space, and P is the transition semigroup of a Hunt process ( see [6,
Corollary 2.3.8] or [11, Corollary A.5]).

For every subset A of X, we have reduced functions R/

. u € W, and reduced
measures ¢4, r € X, defined by

R} :=inf{lve W:v>uon A} and /ud&?f:Rf(x).

Clearly, R4 <won X and R? =u on A. If A is open, then
(1.1) RYew.

For a general subset A, the greatest lower semicontinuous minorant R{ of R{ is
contained in W, and R{! = R{! on A (see [2, p. 243]).

If A is Borel measurable, then, for every = € X,
(1.2) R (z) = P*[T4 < o0),

where Ty(w) := inf{t > 0: Xy(w) € A} (see [2, VI.3.14]) and, for every Borel
measurable set B in X,

e (B) = P*[Xp, € B;Ty < ]

T

(see also Remark 4.3).

A set A C X is called unavoidable, if R = 1 or — equivalently -~ R = 1.
Otherwise, it is called avoidable, that is, A is avoidable, if there exists x € X such
that Ri(z) < 1.

The following zero-one law will play an important role (for its proof and the
proof of the subsequent corollary see [11, Proposition 2.3]).

PROPOSITION 1.1. If the function 1 is harmonic, then, for every A C X,
(1.3) RY=1 or infuex RiNz)=0.

COROLLARY 1.2. Suppose that the function 1 is harmonic, A is an unavoidable
setin X, and BC X, v >0, RP >~ on A. Then B is unavoidable.
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By definition, a potential on X is a function p € W such that, for every relatively
compact open set U in X, the function R]i( \Wis continuous and real on U and

inf{R;(\U: U relatively compact open in X} = 0.

By [6, Proposition 4.2.10], a function p € W N C(X) is a potential if and only if
there exists a strictly positive ¢ € W N C(X) such that p/q vanishes at infinity. Let
P(X) denote the set of all continuous real potentials on X.

The following result slightly generalizes [11, Lemma 2.2]), since, for every com-
pact F in X, the function RI" is P(X)-bounded (we shall also apply it to sets which
might perhaps be not compact).

PROPOSITION 1.3. Suppose that the function 1 is harmonic, let A be an un-
avoidable set in X and B, C X, n € N, such that each function RP" is P(X)-
bounded. Then the following hold.

(a) For every n € N, the set A\ (ByU By U---U B,,) is unavoidable.

(b) If A C U,en B, then 3, cn BE™ = 0.

Proof. (a) Let p € P(X) and u € W such that R < pand u > 1on A\ B;. Then
u+peWandu+p>1lonA Sou-+p> Ry =1, thatis, u —1 > —p. Since
the function 1 is harmonic, the function u — 1 is hyperharmonic and hence, by the
minimum principle, u — 1 > 0 (see [2, I11.6.6]). So u > 1 proving that Rf\Bl =1
The proof of (a) is completed by induction.

(b) Let n € N. Then A\ (ByUB,U---UB,) C U,,onBn =t B. So B is
unavoidable, by (a), and therefore 1 = RF <> _  RP». O

n>m

For every open set U in X, let " (U) denote the set of all functions in BT (X)
which are harmonic on U (in the sense of [2]), that is, such that h|y € C(U) and

(1.4) V() = / hdeY" = h(z),

for every open V such that 2 € V and V is a compact in U. It is known that, for
every set A in X,

(1.5) RYc HT(X \ A), ifueW, u<weWnc(X)
(see [2, VI.2.6]).

ASSUMPTION 1.4. We have a Borel measurable function G: X x X — (0, 0]
with the following properties:

(i) For everyy € X, G(-,y) is a potential which is harmonic on X \ {y}.

(ii) For every potential p on X, there exists a measure p on X such that

(1.6) p=Gu :—/G(',y) dp(y)-



REMARK 1.5. Having (i), each of the following properties implies (ii).

e (G is lower semicontinuous on X x X, continuous outside the diagonal, the
potential kernel V| := fooo P, dt of X is proper, and there is a measure u on X
such that Vo f := [ G(-,y) du(y) (see [13] and [2, IIL.6.6]).

e ( is locally bounded off the diagonal, each function G(z,-) is lower semicon-
tinuous on X and continuous on X \ {z}, and there exists a measure v on X

such that Gv € C(X) and v(U) > 0, for every finely open U # () (the latter
holds, for example, if Vy(z, ) < v, x € X). See [10, Theorem 4.1].

The measure in (1.6) is uniquely determined and, given any measure x on X such
that p := G is a potential, the complement of the support of u is the largest open
set, where p is harmonic (see, for example, [10, Proposition 5.2 and Lemma 2.1]).

Suppose that A is a subset of X such that ]A%f‘ is a potential. Then there is
a unique measure uy on X, the equilibrium measure for A, such that

ﬁf? = G,UA.
If A is open, then R = R{ € HT(X \ A), and hence p4 is supported by A. We

observe that, for a general balayage space, this may already fail if A is compact (see

2, V.9.1]).

We define inner capacities for open sets U in X by
(1.7) cap. U = sup{||pl|: p € M(X), w(X \U) =0, Gu<1}
and outer capacities for arbitrary sets A in X by

(1.8) cap® A 1= inf{cap* U: U open neighborhood of A}.

The capacity of open sets U is essentially determined by the total mass of equi-
librium measures for open sets which are relatively compact in U:

LEMMA 1.6. For every open set U in X,
capU > sup{|lpv|: V open and V' compact in U} > ¢ cap U.
Proof. The first inequality is trivial. To prove the second inequality, let u € M(X)

such that u(X \U) =0 and Gu < 1, and let K be a compact in U. We may choose
an open neighborhood V' of K such that V' is compact in U. Then

Vgull = /K Gy dp < / / Gz, y) duy (y) dulx)
< / / Gy, =) du(z) dpv (y) = & / Guly) duv (y) < vl



Of course, the function U + cap, U, U open in X, is increasing. Hence the
function A — cap* A, A C X, is also increasing and cap* A = cap, A, if A is open.
If cap, A = cap* A, we may simply write cap A and speak of the capacity of A.

For a better understanding of our next assumption, we first observe the following

equivalences.

PROPOSITION 1.7. Let G := G outside the diagonal and G := oo on the diag-
onal of X x X.1' Then the following properties are equivalent:

(i) G has the triangle property
min{G(z, z),G(y, 2)} < CG(z,y), z,y,z € X.

(ii) There ezists a metric p for X and vy > 0 such that G~ p.

(iii) There exists a metric p for X and decreasing continuous g: [0,00) — (0, o]
with

G=ygop,
the function g has the doubling property, that is, for some cp > 1,

g(?“) < CDg<2r)7 r> 07
and there exist My > 1 and ny € (0,1) such that

g(Mor) < nog(r), r > 0.

Proof. (i) = (ii): Since G' = oo on the diagonal, the triangle property implies that
G(y,r) < CG(x,y) and p(z,y) == G(z,y) "+ G(y,z)"", z,y € X, defines a quasi-
metric on X which is equivalent to G~'. By [12, Proposition 14.5] (see also [8, pp.
1209-1212] and [5]), there exists a metric p for X and v > 0 such that p =~ p?, and
hence G ~ p~ 7.

(ii) = (iil): Trivial defining g(r) := 7.
(iii) = (i): Let ¢ > 0 such that ¢ 'gop < G < cgop and z,y,2 € X. Since

p(x,y) < p(x,2) + p(z,y), we know that p(z,2) > p(x,y)/2 or p(z,y) > p(z,y)/2.
Therefore

min{G(z, 2),G(z,y)} < emin{g(p(z,2)),g(p(z,9))} )
< cglp(r,y)/2) < ccpglp(a,y)) < epGla, 2).

]

REMARK 1.8. Let us note that the proof of the implication ”(iii) = (i)” only
uses the property G = g o p and the doubling property of g. Moreover, having these
two properties, the continuity of g has the character of "without loss of generality”.
Indeed, given a decreasing function g, which (perhaps) is not continuous, we may
replace it by the function obtained by linear interpolation between the values of ¢
at 2™, m € 7.

I This definition allows us to cover as well random walks on discrete sets, where G will be finite
on the diagonal.



From now on we assume the following.

ASSUMPTION 1.9. We have a metric p for X, a continuous decreasing function
g: [0,00) = (0,00] and c,cp, My € [1,00), no € (0,1) and Ry, Ry € [0,00) such that

(1.9) cltgop<G<cgop,
(1.10) g(r) <epg(2r), for every r > Ry,
(1.11) g(Mor) < mog(r), for every r > R;.

Of course, (1.11) implies that, for any n > 0, there exists M > 1 such that
g(Mr) < ng(r), for every r > Ry (it suffices to choose m € N such that nj* < ¢ and
to take M = M[").

REMARK 1.10. Let us note that Assumption 1.9 is satisfied by rather general
isotropic Lévy processes (often with Ry = Ry = 0; see [4] and [7] for detail).

For x € X and 0 < r < t, we define balls B(x,r) and shells S(z,r,t) by
B(x,r):={y € X:p(z,y) <r}, Sx,rt)={yeX:r<pry) <t}

Let us immediately note some elementary properties of R?(I’r) and cap B(z,r).

PROPOSITION 1.11. Let z € X, r > 0 and B := B(x,7). Then RP is a
potential which is P(X)-bounded,

g GLa) o 59(p( 1)) 1
(1.12) Ry <c o) <c OB cap B < cg(r)™",
(1.13) RE>ctcapB-g(p(-,2) +7).

Proof. We know that R® € W (see (1.1)). Moreover, G(-,z) is a potential and
G(-,z) > ¢ 'g(r) on B. Hence R? < min{1,cG(-,z)/g(r)} € P(X). In particular,
RP is a potential.

Moreover, let 1 € M(X) such that u(X \ B) =0 and [ G(-,2) du(z) = Gu < 1.
Since ¢ 'g(r) < G(z,-) on B, we see that ¢ tg(r)|lul < 1.

Further, by the minimum principle (see [2, I11.6.6]), R? > Gu. Let y € X.
For all z € B, p(z,y) < p(y,z) + r, and hence G(y,z2) > ¢ 'g(p(y,z) +r)). Thus

RE(y) > Gu(y) > ¢ talp(y,z) + )|l O

COROLLARY 1.12. Let B(z,1,), 2z € Z C X, r, > 0, be balls in X such that
their union A is unavoidable. Then, for every xo € X,

> (e, 2))/g(r.) = oo.

Proof. Propositions 1.3 and 1.11. m



Our main results are the following (for a discussion of (1.15) see Proposition 5.1
and Remarks 5.3).

THEOREM 1.13 (Wiener’s test). Suppose that the function 1 is harmonic, let
ACX,xzge X, R>0, and v > 1.

1. If A is unavoidable, then

(1.14) ZneN g(y"R) cap® (A N S(xo,7"R, 7"t R)) = 0.

2 Suppose that bounded harmonic functions are constant (Liouville property) or
that there exist co > 1 and Ry > 0 such that, for all x € X and r > Rs,

(1.15) cap B(z,r) > cytg(r)~".

Then A is unavoidable if and only if (1.14) holds.
For the next two corollaries let assume that the function 1 is harmonic, that balls
are relatively compact, and that we have A € M(X) with supp(\) = X and such

that, for some ¢y > 1, the normalized restrictions Ap(;,) = (A(B(z,7))) " 1p@nA
of Xon B(z,r), x € X, r > Ry, satisfy

(1.16) GAp(er) < cog(r)
(so that (1.15) holds with Ry = Ry).

COROLLARY 1.14. Let A be a union of pairwise disjoint balls B(z,r.,), z € Z,
where Z C X is locally finite and r, > 4Ry, and let xo € X \ Z such that

o ABEM) )
b2 X (Blag, dp(a0, 2))  9lplen )

Then A is unavoidable if and only if Y., g(p(xo, 2))/g(r.) = .

DEFINITION 1.15. We shall say that pairwise disjoint balls B(z,1,), z € Z,
r, > 4Ry, are regularly located if the following hold:

o There exists € > 0 such that p(z,2') > ¢, forall z,2' € Z, z # 2'.
e There exists R > 0 such that every ball of radius R contains a point of Z.

e There exist a decreasing function ¢: (0,00) — (0,00) such that

(1.17) T, = ¢(p(zo, 2)), z€Z.
Under mild additional assumptions on A (see Section 7), which are satisfied if
X =R pis the Euclidean metric and \ is Lebesgue measure, the following holds.

COROLLARY 1.16. Let A be a union of balls B(z,r,), z € Z, in X which are
regularly located. Then A is unavoidable if and only if 3., g(p(w0, 2))/g(r.) = .



2 The first part of Wiener’s test

The first part of Wiener’s test is an easy consequence of Proposition 1.3(b). We
only have to use the definition of cap* and note the simple fact that, for every open
set V which is contained in an open ball, the reduced function R} is a potential, by
Proposition 1.11.

PROPOSITION 2.1. Suppose that the function 1 is harmonic. Let A C X be an
unavoidable set, xo € X, R >0, and v > 1. Then

ZneN g(7""R) cap* (AN S(x9,v"R,y"t'R)) = .
Proof. For n € N, there are open neighborhoods U, of A, := ANS(xg,7" R,y R)
in S(zg,y"R/2,7" ' R) such that
(2.1) capU, < cap” A, +27".
Since A\ B(zo,vR) C U, ,en Un, we know, by Proposition 1.3, that

(2.2) ZHEN RV = .

By [2, VI.1.7], there exist open sets V,, such that V,, is compact in U,, and
RY"(29) < Ry"(wo) +27",  neN.

Then, by (2.2),
Vi —
E N R{™(z9) = oc.

Let ng € N such that v R/2 > EU‘ For n > ngy, let v, := uy,, that is, Gy, = RY".
Since v, is supported by the set V,,, which does not intersect B(zq,y"R/2), and

G(o,-) < cg(p(x0,-)) < cg(p(v"R/2)) < ccpg(y"R)  on X \ B(xo,v"R/2),

we see that RY"(xo) = fG(xO,y)dun(y) < cepg(V"R)||vnll < ccpy(v™R) cap U,.
Therefore

= Z@no Ry (o) < anno cepg(y" R) cap U,.

Since g(y"R) < g(R) < oo, for every n € N, we finally conclude from (2.1) that
Y nen 9(V"R) cap* A, = oo, O

3 Wiener’s test having the Liouville property

In this section, let us assume that the function 1 is harmonic and that (X, ) has
the Liouwille property, that is, every bounded harmonic function is constant. In
this case, a set A in X is avoidable if and only if it is minimally thin at infinity
(see [11, Proposition 2.3]). Therefore it suffices to modify the proofs for [2, V.4.15
and V.4.17] (characterizing, in the setting of Riesz potentials, thinness of a set A
at a point). In the context of Lévy processes, this has already been noted (see, for
example, [14, Proposition 7.3 and Corollary 7.4]). In our situation, the zero-one law
will yield a straight forward modification.
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PROPOSITION 3.1. Let A be a subset of X, 9 € X, s, € (0,00) and § € (0,1)
such that s, < 0spi1, for every n € N. Then the following hold for the sets A, =
AN S(xo, Spy Snt1):

(i) If A is unavoidable, then S,  Ri™ = o0 on X.
(ii) If A is avoidable, then ), R < 00 on X.

Proof. (i) Proposition 1.3(b).

(ii) By Proposition 1.1, there exists a point x; € X such that R{(z;) < (2c%cp) L.
By [2, VI.1.2], there exists an open neighborhood V' of A such that

(3.1) a:=2ccpRy (z1) < 1.

We define
Voi={z eV:is, <plz,r1) < Snts}, n e N,

and claim that
Vi
(3.2) Zn@N R{™(xg) < o0.
To that end let & € N such that 1 — 673 > 1/2. We fix 1 <7 < k and define
Un = Vignk,  n€N.
To prove (3.2), it clearly suffices to show that Y, _ R (z0) < 0o. Let

U= (Un  w=po, = lo,

for n € N (note that U C V and hence, by (3.1) and [11, Proposition 2.3], RY is
a potential). Then 4 is supported by U = |J,,cn Un and Gu = >\ Glin.

For the moment, let us fix n € N, consider m € N, m #n, x € U,, and y € U,y,.
If m < n, then p(xy,y) < *3p(z1,2). If m > n, then p(xy,z) < 5 3p(x1,y).
In both cases,

p(z,y) = (1= 8)p(ar,y) = plz1,y)/2.
Defining p), := p — p, we hence obtain that, for every = € U,

G, (r) < C/Q(p(x,y))du;(y) < ch/g(p(rcl,y))du;(y) < epGy, (1) < a.

Since Gu, + Gul, = Gu = RY and RY = 1 on U, we therefore conclude that
1—a < Gu, on U,, and hence

(1 —a)RY™ < G,

Moreover, there exists ng € N, such that, for every n > ng, p(zo,-) > p(z1,-)/2
on U,, and therefore Gu,(z) < c2cpGun(xy). Thus

1
U’yL <
Zn>no Ri"(w) < T4 Zn>n0 G pin (o)
2

ccp 2cp

. Zmno Gy (z) < T Gu(xy) < oo.

This proves (3.2). The proof is finished observing that A, C V,,_, for every n € N,
which is sufficiently large. O




COROLLARY 3.2. Let AC X, R>0 and vy > 1. Then A is unavoidable if and
only if

(3.3) > 9 R)cap (AN S(x0,7" R,y R)) = oo.

Proof. 1If A is unavoidable, then (3.3) holds, by Proposition 2.1.

So let us assume that A is avoidable. By [2, VI.1.5], there exists an open neigh-
borhood U of A which is avoidable. For every n € N,

Uy ={xcU:y" 'R < pz,10) <7y""'R}

is an open neighborhood of ANS(x, 7" R,y R). By Proposition 3.1 (applied to 72
in place of v and both R and v~ 'R),

ZneN R (24) < oo.
By Lemma 1.6, there exist open sets V,, in U,, such that V,, is compact in U,, and
cap U, < ||y, || + 27", n e N.
Let k € N such that v < 2F, and let n € N such that 4"R > Ry. Then g(y"R) <
Ag(Y"R) < & g(p(zo,+)) on V,, and hence

o Pl < . [ 9lotan.) di () < Gy, ().
Since Guy, = R;™ < RY" and g(y"R) < g(R), n € N, we conclude that

ZneN g(v"R) cap U,, < 0.
Thus Y, .x 9(V"R) cap*(A N S(z¢, 7" R,7"'R)) < . O

4 Hitting of sets before leaving large balls

Let us first recall a simple statement on the probability for hitting a set A before
leaving an open neighborhood U (see, for example, [7]). For the convenience of the
reader we include the short proof. As usual, we define, for every open set U in X,

v = Tye.

LEMMA 4.1. Let A be a Borel measurable set in an open set U C X and n > 0.
If R < on U®, then

P*[Ty < 5] > R z) —n, for every x € U.
Proof. Let 7 := Ty.. Obviously,

[Th < o]\ [Ta<7]=[1<Tsy < o0 C[r<oo]NOH[T4 < ).

Let x € U. By the strong Markov property,

Po([7 < 00 N1 [Ty < o0]) = / PXe[T, < o0]dP* < 7,

[T<o0]

since X, € U¢ on [1 < oo|. Therefore P*[Ty < oo] — P*[Tx < 7] < 7. O
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We now easily obtain the following lower estimate for the probability of hitting
a subset of a ball before leaving a much larger ball (cf. [7]).

PROPOSITION 4.2. Let~y > 1. There existsm € N andn € (0,1) such that, for
all zg € X, r > Ry V Ry, x € B(xg,7r), and Borel measurable sets A in B(xg,yr),

(4.1) PT[Ty < TB(we,ymr)) = myg(r) cap™(A).

Proof. We choose k € {0,1,2,...} such that 1 <~ < 2% and define
m = (2

By (1.11), there exists m € N such that

g((A™ —y)r) < emg(r), for all r > R;.

Now let zp € X, r > RyV Ry, © € B(xg,7yr), and A C B(xg,7yr) Borel mea-
surable. To prove (4.1) we may assume without loss of generality that Alis _open.
Let V be an open set such that V' is compact in A. Since p(z,:) < 2yr on V, we
have

RY (z) = /G(fw) dpy (z) > ¢ g(2yr)llpv || > 2mg(r)lpv -

If y € X \ B(xg,y™r), then p(y,-) > (™ — v)r on V, and therefore

RY (y) = /G(y,Z) dpy (2) < cg((Y™ =)l < mg(r) v -

So, using Lemma 4.1,

P*[Ta < Tp@onmn) 2 PP [Ty < Togeqmn] = mg(r)e||uvll.
An application of Lemma 1.6 completes the proof. n

REMARK 4.3. Our probabilistic statements and proofs can be replaced by purely
analytic ones using that, for all Borel measurable sets A, B in an open set U,

(4.2) P*[ X, € BTy < 7v) = e, (B)
(see [2, VI.2.9]) and, for all Borel measurable sets B in X and B C A C X,

(4.3) el =g+ (e2]p)”.

(If x € B, then (4.3) holds trivially. If ¢ B and p € P(X), then, by [2, VI.9.1],

RE(r) = RP(x) = / RPdh = / pdet / RP A
B

c
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5 Wiener’s test having a lower bound
for the capacity of large balls

To deal with the case, where we do not have the Liouville property or do not know,
if it holds, we note first that there is a close relation between estimates which are
reverse to the ones in (1.12).

PROPOSITION 5.1. Let x € X, r > Ry, B := B(x,r), and C > 1. Then the
following hold.

(a) Ifcap B > C7tg(r)7!, then RE > (cpC)*G(-,x)/g(r) on X \ B.

(b) If RP > C'G(-,x)/g(r) on X \ B and if there exists a point z such that
2r < p(z,x) < 4r, then cap B > (Cc*c3)tg(r)~t.

Proof. (a) Immediate consequence of (1.13): it suffices to note that, for every y € B,
p(y,) + 7 < 2p(y. 2) and hence g(p(y. ) + 1) > ¢p'g(ply.)) = (ccp) ' Gly.x).
(b) Since G(z,z) > ¢ 'g(p(z, 1)) > ctg(4r) > (cck)Lg(r), we obtain that

RE(2) > (Cech) ™! = a.

For every y € B, p(z y) > r and hence G(z,y) < cg(p(z,y)) < cg(r). Given ¢ > 0,
there exists 0 < 7" < r such that V' := B(z,r’) satisfies Rv(z) > a — ¢, and hence

a—c<RY(z)= / Gz, y) dpv(y) < cg(r) v < cgr) cap B.

Thus cap B > ¢ tag(r)L.

O

In Proposition 5.1(b), we may, of course, replace the upper bound p(z,x) < 4
by any bound p(z,z) < 28y, k € N, at the expense of obtaining cap(B) >
(kg

In this section, we assume from now on that, in addition to the Assumptions (1.4)
and (1.9), the following holds.

ASSUMPTION 5.2. The function 1 is harmonic and there exist cog > 1 and
Ry > 0 such that, for all x € X and r > Ry,

(5.1) cap B(z,r) > cytg(r)~".

Then, by Proposition 1.11, for all x € X and r > R,

B(z,r) ce -1 g(p(,l’) + T)

EXAMPLES 5.3. 1. Assume that (X,W) is a harmonic space, that is, X is
a diffusion. Moreover, suppose that X is non-compact, but balls are relatively
compact. Then Assumption 5.2 is satisfied with Ry = Ry.
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Indeed, let z € X, r > 0, and B := B(x,r). Then p := G(-,z) A(cg(r)) € P(X),
p=G(-,z) on X \ B, and hence p is harmonic on X \ B. By the minimum principle
(see [2, 111.6.6]), RP > (cg(r))~'p. Finally, let 2r < s < 4r and y € X \ B(z,s).
Since we have the minimum principle for B(z, s) and G(-,y) € HT (X \{y}) is strictly
positive, we see that () # dB(z,s) C B(x,4r) \ B(z,2r). So the claim follows by
Proposition 5.1(b).

2. Suppose that X = R? and p(z,y) = |v — y|. Let z € R? and r > 0. Then
(5.1) holds provided

d/ s g(s) ds < corig(r),
0

since then the normalized Lebesgue measure Ap(,,) on B (x,r) satisfies GAB(zyr) <
GABy (1) < cog(r) (see [7]).

So rather general isotropic unimodular Lévy processes satisfy Assumption 5.2
(for further details see [7]).

We shall need a lower estimate for the outer capacity of shells:

LEMMA 5.4. Given vy > 1, there exists no € (0,1), such that, for all o € X and
r > R:=max{l, (y—1)"'} - max{ Ry, Ra},

g(r)cap® S(zo,7,7°r) > ny  provided S(zo,yr,7r) # 0.

Proof. We choose k € {0,1,2,...} with 27% <~ — 1 (if ¥ > 2 we may take k = 0).
Let zg € X, r > R, and z € S(xg,yr,v*r). Then V := B(z, (y—1)r) C S(zo,r,¥*r)
and hence cap* S(zq,7,v°r) > capV > ¢ g((y — 1)r) ™' > (cock) Lg(r)~ . O

Now we are ready to prove the following which, together with Proposition 2.1,
completes the proof of Theorem 1.13 (see also [7]) for the main idea).

THEOREM 5.5. Let A C X be avoidable, xo € X, R >0, and v > 1. Then
n * n n+1
(5.3) ZneNg(’y R) cap* (AN S(zg,7""R,7"" R)) < 00.

Proof. We may assume that A is open. Indeed, given z € X such that R (z) < 1,
there exists an open neighborhood U of A such that RY (z) < 1 (see [2, VI.1.5]).

Let us fix m € N and 11,1, € (0, 1) according to Proposition 4.2 and Lemma 5.4,
and let

0 := 1.
By Proposition 1.1, there exists x; € X such that

P Ty < o00] < 6/2.
Replacing R by some 7™ R we may assume without loss of generality that

(5.4) R > 2p(x0,21) + Ry +max{1, (v — 1) "' }(Ry + Ry).
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Forn=0,1,2,..., let
an = cap* (AN S(zo, 7" R, 7" R)).

To show that »_ -, g (v"™ R)a, < oo it suffices to show that

(5.5) Zn>0 g(Y"" M R < 00,

since, having (5.5), we may replace R by 7/R, 1 < j < m, and thus obtain (5.3).
Let n € N,

. mn R . 3 o /L
ri=9""R,  a:=mn, S:=S5(x0,7,7°r), T:=Tpos, T =TBO~mr)

For the moment, let us assume that S(xg,yr,v*r) # 0. Then g(r) cap*(S) > n2, by
Lemma 5.4. Therefore, by Proposition 4.2,

P™Ts < 7'] > mg(r) cap*(S) > 0,

(5.6) PP Ts < TaNT| > P [Ts < 7] — P" T4 < 0] > 4/2.

By Proposition 4.2, for every x € B(zq,yr),

(5.7) P*[Ty < 7'] > P*[Tans < 7] = mg(r) cap (AN S) > nig(r)a.

Clearly, Ts + T4 0 0r, = T4 and Ts + 7' 0 0y, = 7" on [Ts < T4 A 7']. Hence
[Ts < Ty <7 =[Ts <Ta AT, Ta <7 =[Ts <TaNT|NO (T4 < 7).

Since X7, € B(z,7v7) on [Ts < oo], the strong Markov property, (5.7) and (5.6)
imply that

J
P Ts < Ty < 7' = / PX1s[Ty < 7']dP™ > %Q(T)a.

[Ts<TaNT']
Of course, 7 < Ts. Hence the sets [Ts < T4 < 7'], obtained for different n, are
pairwise disjoint subsets of [Ty < oo]. Of course, a = 0, if S(zg,yr,7v?r) = 0.
Therefore

2 1
R Ay, < —— P T < 00] < —
3 g 00" Rt < - PTL < 0] <
finishing the proof. [

We note that the preceding proof could also be given in a purely analytic way
using iterated reducing of measures (see Remark 4.3).
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6 Application to collections of balls having the
separation property

The next simple result on comparison of potentials (cf. [7]) will be sufficient for us
(see the proof of [11, Theorem 5.3] for a much more delicate version; cf. also the
proof of [1, Theorem 3]).

LEMMA 6.1. Let Z C R? be finite and r, > Ry, 2 € Z, such that, for z # 2,
B(z,r.) N B(2',3r,) = 0. Let w € WNC(X) and, for every z € Z, let pi,,v, be
measures on B(z,r;) such that Gu. < w, and ||| < ||va||. Then p =3 ;1.
and v =3 _, v, satisfy

(6.1) Gu < w+ c*epGu.

Proof. Let 2,2/ € Z, 2/ # z, and x € B(z,r,). For all y,y/ € B(Z',r.), p(y,y) <

2r < p(2,y), hence Ro < 1o < p(x,y) < 2p(x,y'), g(p(x,y') < cpg(p(z,y)), and
G(z,y') < epG(z,y). By integration, Gu./(z) < c*cpGr,(z). Therefore

Gle) = Cpo(e) + ey ss Opio () < wlz) + epG().

Thus Gu < w+c*cpGr on the union A of the balls B(z,r,), z € Z. By the minimum
principle (see [2, I11.6.6]), the proof is finished. O

LEMMA 6.2. Let xg € X, R > 2Ry and B := B(xo, R). Suppose that there exist
C > 1 and a probability measure X on B such that GA < Cg(r). Let Z be a finite
subset of B(xg, R/2) and Ry <1, < R/2, z € Z, such that the balls B(z,3r,) are
pairwise disjoint and, for some € € (0,1),

(6.2) g(r)AN(B(z,p(z,2')/4)) > eg(R), whenever z # 2.
Then the union A of the balls B(z,r,), z € Z, satisfies

cap A > e(2c%cpC) Z , Cap B(z,r,).

ze

Proof. 1t clearly suffices to consider the case, where Z contains more than one point.
Then, for z € Z,

(6.3) 7. .= max{r,,dist(z, Z \ {z})/4} < R/2,

hence B(z,7,) C B and A\(B(z,7,)) > 0, by (6.2). Further, B(z,7,)NB(%,37.) =0,

/
whenever z # 2/,

For z € Z, let p, € M(X) with u.(X \ B(z,7.)) =0 and Gu, < 1, and let
a, = ||| /N B(z,7,)), v, = o lpeiA
Then ||v,|| = ||u-|| and, by Proposition 1.11, (6.3), and (6.2),

a, <cg(r.) " /NB(z,72)) < cleg(R)) ™
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Since the balls B(z,7,), z € Z, are pairwise disjoint subsets of B, the measure
V=) .., V. satisfies

Gv < c(eg(R))'GX < cCe™ 1.

By Lemma 6.1, p:= > _, p. satisfies Gu < 1+ ¢*cpGr. Thus Gp < 2¢cpCe™.
Since (X \ A) = 0, we see that cap A > £(2¢3cpC) >, ||p.|| completing the
proof. O]

In addition to the assumptions 1.4 and 1.9, we assume from now on the following.

ASSUMPTION 6.3. The constant function 1 is harmonic and balls are relatively
compact. Moreover, we have a measure A € M(X) with supp(\) = X and constants
co > 1 and Ry > 0 such that, for all x € X and r > R,

(6.4) GApary < cog(r)

(where, as before, Ag := A(B)~*1p\ for every ball B).

We note that then Assumption 5.2 is satisfied.

Let us say that a family of pairwise disjoint balls B(z,7,), z € Z C X, r, > 4R,
has the separation property with respect to A, if Z is locally finite and, for some
T € X,

(6.5) inf gy 2BEPED) | ol)

A(B(xo,4p(0,2)))  g(p(x0, 2))

REMARK 6.4. If, for example, X is Lebesgue measure on X = R? zy = 0,
p(z,y) = |xr —y|, and g(r) = r*=<, then (6.5) means that

‘ P Z/ d
lnfz,z’EZ,z;:éz’ : ’

— >0
z|ord-—a ’

which, in the classical case a = 2, is the separation property in [3, Theorem 6].

THEOREM 6.5. Let A be an avoidable union of pairwise disjoint balls B(z,r,),
z € Z C X, having the separation property with respect to A\. Then

ZZGZ g(p(xo, 2)) cap B(z,1,) < 00.
Proof. We may assume without loss of generality that
(6.6) r. < p(xo,2)/2, for every z € Z.

Indeed, replacing r, by r, := min{r,, p(zo, 2)/2} our assumptions are preserved as
well. Suppose we have shown that ) _, g(p(z0, 2))/g(r",) < co. Since g(r)/g(r/2) >
cp', v > 2Ry, the set Z' of all points z € Z such that 7/ = p(wo,2)/2 is finite, and
hence .., g(p(w0,2))/g(r.) < 00. So we may assume without loss of generality
that 7/ = r,, for all z € Z, that is, (6.6) holds.

Moreover, we may suppose that p(xg, z) > 4Ry, for every z € Z (we simply omit
finitely many points from Z). Further, we may assume that the balls B(z,4r,) are
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pairwise disjoint. Indeed, since g(r) < g(r/4) < c*g(r), r > 4Ry, a replacement of 7,
by r./4 does neither affect (6.5) nor the convergence of 3. _, g(p(w0, 2))/g(r.), and
the new, smaller union is, of course, avoidable.

By (6.5), there exists € € (0,1) such that, for 2,2’ € Z, z # 2/,
(6.7) 9(r)N(B(z, p(z,2)/4)) > eg(p(x0, 2))A(B (0, 4p(70, 2)))-
Let R > 4Ry. For n € N, let

Zy=2ZN8(20,2-8"R,4-8"R) and A,:=|]  Blzr.).

ZGZn

Then A, C AN S(zo,8"R, 8" R). Moreover, for every z € Z,,, p(xg,z) > 8"R, and
hence g(p(xo, 2)) < g(8"R). Therefore, by Lemma 6.2 and Theorem 1.13,

ZnE]N Zzezn 9(p(x0, 2)) cap B(z,72)
< 203CDCO€*1 ZneN g(SnR) cap*(A N S(fo, SnR, 8n+1R)) < 00.

Applying this estimate as well to 2R and 4R in place of R we obtain that

ZzGZ g(p(xo, 2)) cap B(z,1,) < 00.
]

COROLLARY 6.6. Suppose that (6.4) holds for all R > Ry. Let A be a union
of pairwise disjoint balls B(z,r,), z € Z C X, having the separation property with
respect to A. Then the following statements are equivalent.

(1) The set A is unavoidable.
(2) ¥.er ololz0, 2)) cap B(z,7.) = .
(3) 2.z 9(p(x0,2))/g(r2) = 00

Proof. Since (6.4) implies that cap B(z,r,) > g(r,)™! for every z € Z, the equiva-
lences follow immediately from Corollary 1.12 and Theorem 6.5. O

7 Application to regularly located balls

In this section we suppose as before that the Assumptions 1.4, 1.9, and 6.3 are
satisfied. Moreover, let us assume that we have a distinguished point xy, € X,
and that there exists Ry > 0 such that the measure A has the following additional
properties:

(i) For all z,y € X and r > Ry,

AN B(y,7)) < coA(B(z,71)).
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(ii) There exist Cp € (1,00), &k € (0, 1) such that, for all » > R,,
AN B(zo,2r)) < CpA(B(xg,r)) and AN B(xo,r)) < CpA(S(xo, kr,7)).

We first prove the following proposition.

PROPOSITION 7.1. Let ¢: (0,00) — (0,00) be decreasing, C > 1, and let
B(z,r.), z € Z, r, > Ry, be balls in X such that the following hold.

o There exists R > 0 such that every ball of radius R contains a point of Z.

o There exists C' > 1 such that, for every z € Z,

(7.1) o(p(x0,2)) < 1. < Ch(p(0, 2)).

e limsup,_,o, A(B(zo,7))g(r)/g(¢(r)) > 0.
Then the union A of all B(z,r,), z € Z, is unavoidable.

Proof. We may assume without loss of generality that R > max{1, ¢(1), Ry, Ro}.
We define

a = (ccZCHN(B(xo, R))™ and  b:= cca\(B(xo, R)) ™.

Let 0 < 8 < limsup,_, . A(B(zo,7))g(r)/g(o(r)).
We now fix x € X and choose r > £~ (4R + 2p(xg, z)) such that r > ¢(r) and

(7.2) v = A(B(zo,7))g(r)/g(d(r)) > B

Let
S = S(xo, kr/2,1r/2), B := B(zg,r) and ry:= ¢(r)

so that
v =A(B)g(r)/g(ro)-

There are finitely many points yy, ..., ym € S such that B(y1,3R), ..., B(ym,3R)
are pairwise disjoint and S is covered by B(y1,9R), ..., B(ym,9R). We may choose
z; € ZN B(y;, R), 1 <j <m. Then p(z;,2;) > p(yi,y;) — 2R > 4R, and hence

(7.3) B(z;, R) N B(z;,3R) =0,
for all i,5 € {1,...,m} with ¢ # j. Moreover,

(74)  AB)<CAS) <Y

A(B(y;, 9R)) < mCheoA(B(xo, R)).

Let 1 < 5 < m. Clearly,

r>r—R>r/2+R> p(xg,25) > kr/2—R>R>1.

18



Therefore B(z;, R) C B and ro = ¢(rr) < ¢(p(wo, 2;)) < rs,, hence B(z;,rg) C A.
Moreover, 79 < ¢(1) < R and 1 + p(z,2;) < R+ p(xo,z) +7/2+ R < r. So
g(p($7Z]) + TO) > g(T) and, by (52)7

(7.5)  RYFN(@) > (ceo) tglp(x, 25) +10)/9(r0) = (cco) 2g(r)/g(ro)-

Let p; be the equilibrium measure for B(z;,79), 1 < j < m. We define

R m B(Zj7T0) _ m .
p = ijl R, = ijl Gpu;.

Then, by (7.5) and (7.4),
(7.6) p(x) > m(eco) " g(r)/9(ro) > ay.

Finally, let v := }7"" | v;, where

1& 156 B
A(B(zo, R)) P

Since B(z, R), ..., B(zj, R) are pairwise disjoint subsets of B and GAp < ¢og(r),

A(B) )
B0, R) = “ONBlay, B))

By Proposition 1.11, ||| < cg(ro)™, 1 < j < m. Thus, by (7.3) and Lemma 6.1,

v = CQ(TO)_I/\B(ZJ-,R) < ccog(ro)”

Gv < ceog(ro)™ 9(r)/g(ro) = by.

p<l1+ AepGr <1+ CQCDb")/.

Since y is supported by the compact B(z1,70) U --- U B(2y,,70) in A, this implies
that
R > (1 + epby)'p,

by the minimum principle (see [2, I11.6.6]). In particular,

ay a a
r(@) = 1+ c2cpby v 1+ c2epb = B+ cEepb’
by (7.6) and (7.2). Thus A is unavoidable, by Proposition 1.1. O

Proof of Corollary 1.16. Let us assume that (6.4) holds for all r > Ry and that A is
the union of balls B(z,7,), z € Z, which are regularly located (see Definition 1.15).

If A is unavoidable, then ) ., g(p(o, 2))/g(r.) = oo, by Corollary 1.12.

To prove the converse, suppose that ) ., g(p(xo,2))/g(r.) = co. By Proposi-
tion 7.1, it suffices to consider the case

(7.7) lim sup, ., A(B(zo,7))g(r)/9(6(r)) = 0.
Then inf ez g(r.)(N(B(xo, p(xo, 2)))g(p(z0, 2))) "' > 0 and
ANB(z,p(z,2")/4)) > infex A(B(x,e/4)) > 0,

whenever, z,2/ € Z, z # Z/. So the balls B(z,r,), z € Z, have the separation
property, and A is unavoidable, by Corollary 6.6. O

19



References

[1]

[5]

[6]

[7]

8]

[9]

[10]

[11]

[12]
[13]

[14]

H. Aikawa and A.A. Borichev. Quasiadditivity and measure property of capac-
ity and the tangential boundary behavior of harmonic functions. Trans. Amer.
Math. Soc., 348:1013-1030, 1996.

J. Bliedtner and W. Hansen. Potential Theory — An Analytic and Probabilistic
Approach to Balayage. Universitext. Springer, Berlin, 1986.

S.J. Gardiner and M. Ghergu. Champagne subregions of the unit ball with
unavoidable bubbles. Ann. Acad. Sci. Fenn. Math., 35(1):321-329, 2010.

T. Grzywny. On Harnack inequality and Holder regularity for isotropic uni-
modal Lévy processes. Potential Anal. 41: 1-29, 2014.

W. Hansen. Uniform boundary Harnack principle and generalized triangle prop-
erty. J. Funct. Anal., 226: 452-484, 2005.

W. Hansen. Three views on potential theory. A course at Charles University
(Prague), Spring 2008. http://www.karlin.mff.cuni.cz/ hansen/lecture/ course-
07012009.pdf.

W. Hansen Unavoidable collections of balls for processes with isotropic uni-
modal Green function. In Festschrift Masatoshi Fukushima (eds. Z.-Q. Chen,
N. Jacob, M. Takeda, T. Uemura), World Scientific Press, 2015.

W. Hansen and I. Netuka. Convexity properties of harmonic measures. Adv.
Math., 218(4):1181-1223, 2008.

W. Hansen and I. Netuka. Champagne subdomains with unavoidable bubbles.
Adv. Math. 244:106-116, 2013.

W. Hansen and I. Netuka. Representation of potentials. Rev. Roumaine Math.
Pures Appl., 59: 93-104, 2014.

W. Hansen and I. Netuka. Unavoidable sets and harmonic measures living on
small sets. Preprint 1374, CRC 701, University of Bielefeld. To appear in Proc.
London Math. Soc.

J. Heinonen. Lectures on analysis on metric spaces. Springer, New York, 2001.

H. Maagli. Représentation intégrale des potentiels. In Séminaire de Théorie du
Potentiel, Paris, No. 8, volume 1235 of Lecture Notes in Math., pages 114-119.
Springer, Berlin, 1987.

A. Mimica and Z. Vondracek. Unavoidable collections of balls for isotropic Lévy
processes. Stochastic Process. Appl., 124(3):1303-1334, 2014.

Wolfhard Hansen, Fakultat fiir Mathematik, Universitat Bielefeld, 33501 Bielefeld, Ger-
many, e-mail: hansen@math.uni-bielefeld.de

20



