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ABSTRACT. We compute explicitly Dirichlet generating functions enumerating finite-dimensio-
nal irreducible complex representations of various p-adic analytic and adelic profinite groups
of type Az. This has consequences for the representation zeta functions of arithmetic groups
I’ C H(k), where k is a number field and H a k-form of SL3: assuming that I possesses the strong
Congruence Subgroup Property, we obtain precise, uniform estimates for the representation
growth of I'. Our results are based on explicit, uniform formulae for the representation zeta
functions of the p-adic analytic groups SL3(0) and SU3(0), where o is a compact discrete valuation
ring of characteristic 0. These formulae build on our classification of similarity classes of integral
p-adic 3 x 3 matrices in gl;(0) and gu;(0), where o is a compact discrete valuation ring of
arbitrary characteristic. Organising the similarity classes by invariants which we call their
shadows allows us to combine the Kirillov orbit method with Clifford theory to obtain explicit
formulae for representation zeta functions. In a different direction we introduce and compute
certain similarity class zeta functions.

Our methods also yield formulae for representation zeta functions of various finite subquo-
tients of groups of the form SLs(0), SUs(0), GL3(0), and GU3(0), arising from the respective
congruence filtrations; these formulae are valid in case that the characteristic of o is either 0
or sufficiently large. Analysis of some of these formulae leads us to observe p-adic analogues of
‘Ennola duality’.
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1. INTRODUCTION AND DISCUSSION OF MAIN RESULTS

Let G be a group. For n € N, let r,(G) denote the number of n-dimensional irreducible
complex representations of G up to equivalence. If G is a topological or an algebraic group,
the representations are assumed to be continuous or algebraic, respectively. Following [8], we
say that G is (representation) rigid if r,(G) is finite for all n. In this case one takes interest in
the arithmetic function n — r,(G). Examples of such rigid groups include most ‘semisimple’
arithmetic and compact p-adic analytic groups. The representation zeta function of a rigid group
G is the Dirichlet generating function

(1.1) (a(s) =D m(@n* (s€C).
n=1

The group G is said to have polynomial representation growth if the growth of N — Ry (G) =
Zﬁ;l rn(G) is bounded by some polynomial in N. In this case the Dirichlet series (;(s) con-
verges absolutely in a complex half-plane of the form {s € C | Re(s) > a} for some o € R. The
infimum of such numbers « is called the abscissa of convergence of (;(s) and denoted by «a(G).

If G admits only finitely many irreducible complex representations, then a(G) = —oo and (g (s)
is holomorphic on the entire complex plane. Otherwise the abscissa of convergence a(G) satisfies
log (RN (G))

a(G) = limsup

(G) =R o N

and thus gives the degree of polynomial growth. For a range of results on representation growth

and zeta functions of arithmetic and profinite groups see, for instance, [41, 2, 30, 38, 51, 1]. The

current paper forms part of a series of papers on representation growth; see [3, 4, 5, 6]. For
surveys, see [36, 57].

1.1. Analytic properties of zeta functions of adélic and arithmetic groups. The arith-
metic groups considered in this paper are of type Ao and defined in characteristic 0. Let
k be a number field with ring of integers 0. Let H be a connected, simply-connected ab-
solutely almost simple algebraic group defined over k, with a fixed embedding into GL,; for
some d € N. For a place v of k, we write k, for the completion of k at v and, if v is non-
archimedean, O, for the completion of O at v. Let .S be a finite set of places of k, including all
the archimedean ones, and let Og = {x € k | Vo &€ S : © € O,} denote the ring of S-integers
in k. The arithmetic group H(Og) = H(k) NGL4(Og) embeds diagonally into the S-adeéle group
H(Aks) = {(90) € [l,gsH(ky) | g0 € H(O,) for almost all v}. By the Strong Approxima-
tion/\T heorem, the congruence completion of H(Og) coincides with the open compact subgroup
H(Os) ~ [[,z6 H(Oy) of H(Ag,s).

It was shown in [41] that the congruence completion H(é;v) has polynomial representation
growth. In [5, Theorem C] we quantified this result for groups H of type As: in this case,
a(H(@E)) = 1, in other words the representation growth of H(@;) is linear. Our first main
result establishes finer asymptotic properties of <H(6E )(s) for groups H of type As.

Theorem A. Let H((‘S;) be an adélic profinite group as above, where the algebraic group H is
connected, simply-connected absolutely almost simple of type As.

1) The zeta function (., = (s) can be meromorphically continued to the complex half-plane
H(0s)
{s € C | Re(s) > 5/6}. The only pole of CH(@)(S) in this domain is a double pole
at s =1.
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(2) There exists an invariant C(H(é,\g)) € Ry such that

~ _ Rn(H(0g))
N=oco NlogN

Remark 1.1. In fact, the proof of Theorem A works for a somewhat larger class of profinite
groups, including groups of the form H = vas H,, where H, is commensurable to a compact
open subgroup of an absolutely almost simple k,-algebraic group H,(k,) of type Ag for each
place v and such that H, is equal to either SL3(0O,) or SU3(0O,) for almost all v; see Section 7
for details. A precise definition of the standard unitary group SUs(o) over a discrete valuation
ring o is given in Section 3.

The arithmetic group H(Og) has the weak Congruence Subgroup Property (wCSP) if the

o —

congruence kernel ker(H(Og) — H(@)) of the natural projection from the profinite completion
onto the congruence completion is finite. We say that H(Og) has the strong Congruence Subgroup
Property (sCSP) if this congruence kernel is trivial. For instance, the solution of the congruence
subgroup problem for the Chevalley group schemes SL,,, n > 3, by Bass, Milnor, and Serre [9]
implies that the group SL,(0) always has the wCSP and that it fails to have the sCSP if and
only if k is totally imaginary. Theorem A leads to the following corollary.

Corollary B. Let H(Og) be an arithmetic group as above, where the algebraic group H is
connected, simply-connected absolutely almost simple of type Aa, and suppose that H(Og) has
the wCSP. Then H(Og) contains a finite index subgroup I' such that the following is true.

(1) The zeta function (r(s) can be meromorphically continued to the complex half-plane
{s € C|Re(s) > 5/6}. The only pole of (r(s) in this domain is a double pole at s = 1.
(2) There ezists c(I') € R such that

_ Ry(T)
D) = i N loe N
Moreover, if H(Og) has the sCSP then one may take I' = H(Og).

Remark 1.2. Within the special class of groups that it covers, Corollary B goes beyond a conjec-
ture of Larsen and Lubotzky on the degrees of polynomial representation growth of arithmetic
lattices in higher rank semisimple groups; see [38, Conjecture 1.5]. In the same way, it refines the
variant of this conjecture that was proved in [6, Theorem 1.2]. Indeed, Corollary B asserts that,
for the relevant arithmetic groups I', not only the degree of representation growth but also the
order of the pole of the meromorphically continued function at s = «(I"), and thus the exponent
of the log-N-term in (2), are invariants of the type Ag. Likewise meromorphic continuation
can be achieved uniformly in a strip of width at least 1/6. The value of the constant ¢(I"), in
contrast, depends subtly on the specific group I'; see Section 7 for details.

Furthermore, it is not difficult to extend Theorem A and Corollary B to cover adelic profinite
groups arising from semisimple algebraic groups that are not absolutely almost simple, by using
the multiplicativity of the representation zeta function, i.e. (g, x 1, (s) = Ca, (), (), for groups
whose categories of finite-dimensional complex representations are semisimple.

For simplicity, consider an arithmetic group of the form H(Og) with the sCSP. A key role in
the study of the representation zeta function (g4 (s) plays the fact that it admits an Euler
product decomposition. Indeed, the triviality of the congruence kernel implies that

(1.2) Cr(0g)(8) = <H((C)(S)‘k@| H Cr(0,)(8);

vES
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see (38, Proposition 1.3]. Here, each archimedean local factor (gy(c)(s), known as the Witten
zeta function of the algebraic group H(C), enumerates the irreducible rational representations
of H(C); see [59]. The non-archimedean local factors (g o,)(s) are the zeta functions of the rigid
compact p-adic analytic groups H(0O,). For places v not dividing the prime 2, the representation
zeta functions of these groups are given by rational functions; see [30]. If H is absolutely almost
simple of type Ag, then for all but finitely many places v, the groups H(O,) are isomorphic to
SL3(0,) or SU3(0y); cf. [5, Appendix A]. Our second main result, Theorem C below, describes
the rational functions (si,(0,)(s) and (sy,(o,)(s) explicitly, apart from finitely many exceptions;
see Corollary D for a concrete, self-contained formula. Our proof of Theorem A is based on an
analysis of this formula.

1.2. Character shadows. The explicit formulae in Theorem C below, giving the representation
zeta functions of various p-adic analytic groups of type As and finite subquotients thereof, are
organised in terms of representation-theoretic invariants, which we call shadows, a concept that
we now explain.

Let G be a group with a normal subgroup N. Suppose that the category of finite-dimensional
complex representations of G, respectively N, is semisimple and that equivalence classes of
irreducible finite-dimensional complex representations are parametrised by the corresponding
characters. Writing Irr(G) for the set of irreducible complex characters of G and CS(G/N) for
the set of conjugacy classes of subgroups of G/N, consider the map

shg y: Irr(G) — CS(G/N), x + {Ig(¢)/N | ¢ an irred. constituent of Res%(x)},

where I (¢) denotes the inertia subgroup of ¢ in G. We call shg n(x) the (character) shadow
of x € Irr(G) with respect to N. If G is rigid then the map shg y gives rise to a decomposition
of the representation zeta function:

(1.3) Gls)= Y s, whereBs)= Y w1
o€im(shg, n) X€Elrr(G)
she, N (X)=0

Albeit arguably too general to be of interest for rigid groups at large, this decomposition allows
us to give explicit, uniform formulae for the zeta functions of selected classes of groups.

Specifically we consider p-adic analytic groups of the form G = G(o0), respectively G = H(o),
where 0 is a compact discrete valuation ring of characteristic 0 with (finite) residue field k and
G is one of the o-group schemes GL3 or GUs, and H is one of SL3 or SU3. We set N = G!(o),
respectively N = H!(0), the 1st principal congruence subgroup, so that G /N is isomorphic to
G(k) or H(k). Here, the standard unitary o-group schemes GU3, SU3 are defined with respect to
the standard involution based on the non-trivial Galois automorphism of an unramified quadratic
extension of o0; see (3.2) for details. We define

(1.4)

+1 if G = GL3 and H = SL3,
E=EG—=EH —
—1 if G=GU3 and H = SUs.

In this setup we describe in an explicit and uniform manner

o the images of the maps shg v, i.e. the conjugacy classes of subgroups of the finite groups
G(k) and H(k) arising as shadows and
o their fibres, i.e. the sets of characters that have a given shadow;

this description is the key to our proof of Theorem C below. More precisely, let

(15) T:TAQ :{97L737717T27737M7N7j<075<00}
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be a set of ten distinct labels, from now referred to as shadow types, and set T = T and
TCD =T\ {Ko, Koo} It turns out that there exist k-forms

(1.6) =13, 8eT®,

of algebraic subgroups of GL3 such that the following hold: if p := char(k) > 3e + 3, where
e = e(0,7Z,) denotes the absolute ramification index of o, then

o the image of shg(y) gi(o) is represented by the groups If(k), 8 e T,
o the image of shyo) H1(o) is represented by the groups H(k) N 13(k), 8 € T,

In fact, for € = 1 the groups |§ can be defined uniformly over Z, while for ¢ = —1 the groups |§
can be defined uniformly over k using the Galois automorphism of the quadratic extension ko
of k. For simplicity, we call the groups Ig(k), rather than their rebpective conjugacy classes, the
(character) shadows of G(o0). The character shadows I3(k), 8§ € T \ {XKo, K0}, turn out to be
centralisers of elements of G(k). Table 1.1 lists the isomorphism types of the groups I¥(K), where
K denotes an algebraic closure of k. In the table, Heis stands for the Heisenberg group of upper
uni-triangular 3 x 3 matrices and G, denotes the additive group. Further details of the character
shadows I$(k) and their intersections with H(k), including their isomorphism types and orders,
are compiled in Tables 6.1 and 6.2, where the notation I3(k) = o(k) and H(k) N 13(k) = ¢’'(k)
is used; compare Section 1.3. The representation zeta functions of the finite groups o(k) and
o’ (k) are recorded in Proposition 6.9.

TABLE 1.1. Algebraic groups giving rise to shadows in G(k) of type 8

Type Isomorphism type of 13(K) for an algebraic closure K of k

g GL3(K)
c GL1 (K

~—

X GLQ(K)

J Heis(K) % (GL1(K) x GL1(K))
T1, T2, T3 || GL1(K) x GL1(K) x GL;(K)
M || GL1(K) x GLy(K) x Gy(K)
N GL1(K) % Ga(K) x Go(K)
Ko, Koo || GL1(K) X Ga(K) x Ga(K)

The same analysis applies, mutatis mutandis, to the character shadows of groups of the form
G(o¢) and H(oy), £ € N, where oy := o/p’ with p denoting the valuation ideal of 0. Whilst groups
of the form G(o) are clearly not rigid, the representation zeta functions of their finite quotients
G(oy) are of considerable interest. In this situation we may even assume that o has positive
characteristic, provided that p = char(k) is large compared to ¢.

In Proposition 6.1 we introduce, for 8 € T and ¢ € Ny, certain Dirichlet polynomials
E‘iq’g(s) = ESA%E’M(S) € Z[%][q,q_s]. Their formal limits Heq(s) as ¢ — oo are given in Corol-
lary 6.2. Deferring precise definitions and motivations of these functions for the moment, we
now state our second main result.

Theorem C. Let 0 be a compact discrete valuation ring of residue characteristic p = char(k).
Let G, H be either GL3,SLs or GUs,SUs as above and ¢ € N. Assume that p > min{3¢, 3e + 3} if



6 NIR AVNI, BENJAMIN KLOPSCH, URI ONN, AND CHRISTOPHER VOLL

char(o) = 0, and p > 3¢ if char(o) = p. Then the following hold:

(L.7) Coon(s) =d""" D [G T Qs (8) B2 e (),
8€T()
(1.8) CHion (5) = D [H) : (HK) NI Guagris o (5) E240-1(5):
8eT(e)
Moreover, if char(o) =0 and p > 3e + 3, then
(1.9) oy () = Y [HK) : (Hk) NIZ(K))] ™ Chaonis e (8) Z24(9)-
8eT(e)

For char(o) = 0, we record a self-contained formula for the zeta functions () (s) that can be
read off from the structural formulation in (1.9). For this purpose we define

(1.10) t(H,k) = (g, q) = ged(q — &, 3), where ¢ = |k|.
Corollary D. Let o, g, H, and € be as above. Suppose that char(o) =0 and p > 3e + 3. Then
CH(o)(S) = CH(k)(S) + ¢s,q(3),

where Cy)(s) is the zeta function of the finite group of Lie type SL3(k) for € = 1, respectively
SUs(k) for e = —1, given by the uniform formula

Cao(s) =14 (* +eq)* + (q—1—e)(¢* +eq+1)"°

3 —qg-1+a) -+ ¥+ (@-1-) (P’ +e*+9)°
(1.11) +3(@+eq—2) ((g+e)(a—9)?) "+ 510 (g +e)(g—e)*/ule )
+ig—e)g—3-e) ((+eq+1(qg+e) "
+ 30,0 (P +eq+1)(g+2)/uleq) ",
and
Ve ols) = %(q —D(g—¢)(2+ 2qs;r_(c;1—228)(q +1) " +4q(g—1)"°) (@ +eq+1)°
L a=e)+(a+e)le, q)? ((ql—fs;l/b(;, 9) "+ (qg—1)(g—e)q*) (¢ — ) a+e)
_ — ¢ 2 _ 2—2s _ ,1-2s .
+ %(q 1)((](1 ) 1(q2s)(214;2q(12_35) ! ) (q3(q2 +eq+1)(g+ 6))
(¢ —1D(¢* —)g(1 — g *) s
+ % (1—ql25)(1 — g2 %) (q3(q3 - 5))
2 2
1@ D@D gy

1— q2—35

(¢ —1)(g—2)a(l+¢"%)
(1 _ q1—2s)(1 _ q2—3s)
e, 9)q)*(1 =g~ _

(i <_ q1>—25)<(1 _ q2—31) (a(¢® —e)(¢* = 1)/ule, q)) ’

(e(e,9)g"—*)? s

(1—qi=25)(1 — g2 %) ((q3 - 1)(92 —1D)q/u(e, Q))

Here the order of summation follows the ordering of the shadow types £, 3, T1, To, T3, M, N,

and Ko, Ko in Table 1.1.

+

(P —e)g+e)°

+

+(e+1)
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Remark 1.3. Assume that char(o) = 0. For general reasons, the zeta functions (y(,)(s) vanish at
s = =2 for p > 2; cf. [24, Corollary 2]. Assume further that p is as in Corollary D. Computations
with the explicit formulae in Corollary D suggest that then (s , o) (s) has no further integral zeros.
In contrast, (sy,(o)(s) also vanishes at s = 0. In addition, it vanishes at s = —1 if and only
if o(—1,q) =ged(g+1,3) = 1.

We further remark that the special values of the zeta functions of the finite groups (gu,(o,)(s)
— as far as they are given by (1.7) — at s = —1, i.e. the sum of the character degrees of these
finite groups, yield the number of invertible symmetric matrices in GU3(oy), viz.

Cous(op) (—1) = (1 + ¢ 1) (1 + ¢ *)g%.

The corresponding assertion for groups of the form GL3(0y) seems to hold only for ¢ = 1, i.e.
for GL3(k). In this case, the phenomenon is a special case of [56, Corollary 5.2], concerning the
sums of character degrees of unitary groups of the form GU4(k). This result, in turn, is a unitary
analogue of results of Gow and Klyachko for groups of the form GL4(k); see [56, Section 5.2.2].

Formulae for the representation zeta functions of principal congruence subgroups of the groups
considered in Theorem C are provided in Theorem J below.

A key tool in the analysis of zeta functions of groups is the Kirillov orbit method, describing
the irreducible characters of suitable pro-p subgroups of p-adic analytic groups such as G(o)
in terms of co-adjoint orbits in the duals of the corresponding Z,-Lie lattices; see Section 5 for
details. This approach leads naturally to the study of similarity classes of p-adic matrices, where
invariants called similarity class shadows — very much analogous to the character shadows of the
matrix groups considered in the present section — play an important role, as we explain next.

1.3. Similarity classes and their shadows. Let 0 be a compact discrete valuation ring with
valuation ideal p and residue field k of cardinality q. We impose no restriction on the char-
acteristic of 0. Recall that o, = o/p® for £ € N. The problem of classifying and enumerating
similarity classes in Mat,(0y), or equivalently orbits of the adjoint action of GL, (o) on gl,,(0y),
has attracted much attention over the years. In the field case, i.e. for £ = 1, a classification
is achieved, for instance, by the Frobenius normal form. For the case £ = 2 see, for example,
[31, 49]. In Theorem 2.11 we give a complete and irredundant list of representatives of the
similarity classes in gl;(o/), for any ¢ € N, building on and refining results from [7]. We also
study the analogous problem of classifying and enumerating similarity classes of anti-hermitian
integral p-adic matrices, i.e. orbits of the adjoint action of the unitary group GU, (o) on the
unitary Lie lattices gu,,(0y). Here the residue characteristic of o is assumed to be odd, and the
relevant objects are defined by means of the non-trivial Galois automorphism of an unramified
quadratic extension of o; see (3.2) for details. In Theorem 3.14 we provide an explicit list of
matrices parametrising GU3(o0)-similarity classes in gus(oy), for any ¢ € N.

1.3.1. Similarity class shadows. A fundamental idea of the current paper is to organise similar-
ity classes by invariants called shadows, which we now explain. Given ¢ € N and A € gl,,(0y),
the group centraliser shadow shgL(A) of A is the image Cgp,(0)(A4) < GLn(k) of the centraliser
C6L,(0)(A) under reduction modulo p. Evidently, similar matrices have conjugate group cen-
traliser shadows. Roughly speaking, the shadow shg (C) of a similarity class € C gl,,(0y) is the
conjugacy class of shg (4) in GL,,(k), for any A € €. (More precisely, we also keep track of Lie
objects associated to the shadows; see Definition 2.2 and the discussion following it.) We write
SheL, (o) for the set of shadows arising. Similar to the definitions for gl,,(0), we define shadows
of similarity classes of anti-hermitian integral p-adic matrices. Broadly speaking, these may be
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thought of as conjugacy classes of subgroups in GU,,(k); see Definition 3.7. We write Shau, (o)
for the set of shadows in the unitary setting.

In order to discuss the general linear and unitary scenarios for type A,_1 in parallel, let G be
one of the o-group schemes GL,,, GU,, and, accordingly, let g be one of the o-Lie lattice schemes
gl,,gu,. As above, GU,, and gu,, are defined over o using the non-trivial Galois automorphism
of an unramified quadratic extension of 0. We continue to use the parameter ¢ = ¢¢ € {1, —1}
defined in (1.4). The following questions naturally present themselves:

(1) Describe the set Ghg, of shadows. How does it vary with the ring o?

(2) Let £ € N and let C be a similarity class in g(oy). Which shadows arise among the
similarity classes Cin g(og41) lifting €, and with what multiplicities? What can be said
about the cardinalities |C| and |é|7

For n = 3, i.e. groups and Lie lattices of type Ao, we answer these questions completely. Let us
restrict to this setting. Theorems 2.8 and 3.12, two of the paper’s main technical results, yield:

(1) The elements of Ghg,) are represented by the groups 13(k), 8 € T®); cf. (1.6).

(2) Let 0,7 € Ghg(,). Given a similarity class C in g(og) of shadow o, the number of
similarity classes € in g(og41) of shadow 7 lifting € is given by a rational polynomial
in ¢, depending only on the types of o and 7, but not on ¢ or e. The quotients |C|/|€| are
given by integral polynomials in ¢, depending only on the types of ¢ and 7 and mildly
on £, but not on /.

Theorem 2.8 and 3.12 deliver these groups and polynomials explicitly; cf. Tables 2.1 and 3.1 for
the shadows’ isomorphism types and Table 2.2 for the polynomial data.

Our results on shadows unveil a remarkable recursive structure on the collection Q% :=
[Tren, Ad(G(0))\g(0r) of similarity classes over all £ € Ny. Indeed, informally speaking we may
view (Ad(G(0))\g(0r))ren, as a memory-less stochastic process with finite state space Ghg,),
indexed by ¢ € Np: in order to enumerate, for instance, similarity classes in g(o0y41) it suffices to
enumerate similarity classes in g(oy), sorted by their shadows, and process the ‘transition data’
provided by Table 2.2. Formally, we define on Q% the structure of an infinite rooted similarity
class tree; see Definitions 2.1 and 3.6. Remarkably, the tree’s structure is completely determined
by local branching rules, given by the data provided by Theorems 2.8 and 3.12. This data may
also be organised in a finite shadow graph I'®) with vertex set T(); cf. Figure 4.1.

1.3.2. Enumerating similarity classes. Our first application of the concept of similarity class
shadows is to the enumeration of similarity classes of integral p-adic 3 x 3 matrices. As above, let
G be one of the o-group schemes GL3, GU3 and accordingly g one of the Lie lattice schemes gls, gus;
let e = e € {1,—1} as in (1.4). We write &b for the shadow set Ghg(,). In Proposition 4.7 we
give explicit formulae for the partial similarity class zeta functions

W)= > [€]* foroe&handle N,
CEAd(G(0))\&(op)
sh(C)=c
enumerating similarity classes in g(oy) of shadow o; cf. Definition 4.1.
These formulae and variants thereof appear throughout the paper. Indeed, for our applications
to representation zeta functions it is useful to consider the related Dirichlet polynomials

€7 (s) = [G(K) : B(k)]'T/2 ¢t 17 (s/2) for o € Sh of type 8 and ¢ € Ny;

cf. Definition 5.14. In Proposition 6.1 we establish that the Dirichlet polynomials &7 (s) are, in

S /() featuring in Theorem C; the proposition provides explicit

fact, equal to the functions =

formulae for these functions.
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Our first application, however, of the similarity class zeta functions
)= > (s)
ceSh

is based on the observation that for, all £ € Ny,
50(8(0)) = 7¢(0) = [Ad(G(0))\g(0y)]
is just the total number of similarity classes in g(oy).

Theorem E. Let o, G, g, and € = g be as above; if e = —1 suppose that o has odd residue
characteristic. Then

> B 14eq?> 2
1.12 sc s s — .
) Glo(0) 1= 2, wlet 0= a0~ @)1~ )

For £ = 1, this confirms the relevant part of [7, Theorem 5.2]; for ¢ = —1 the formula is new.
In any case, the local results may be put in an adelic context as follows. Let k be a number field
with ring of integers O. Let G be one of the k-algebraic groups GL3 or GUs(K, f), where the
unitary group GUs(K, f) is defined with respect to the standard hermitian form f associated
to the non-trivial Galois automorphism of a quadratic extension K of k. Accordingly, let g be
one of the Lie algebra schemes gl; or gus(K, f). Put e¢ = 1 if G = GlL3, and eg = —1 if
G = GU3(K, f). For the ring of S-integers Og, where S is a finite set of places of k including
all the archimedean ones, Vi° C S, we consider the Dirichlet series

(1.13) Clog (5 an (05))n™ = > |Ad(G (O)\a(0s/D)| [0g : I]*

1<0g

where — in absence of the strong approximation property for G — we count adjoint orbits of the
congruence completion G(Og) = I‘&HMOS G(0g/I) rather than G(Og). As Og is a Dedekind
domain, this Dirichlet series admits the Euler product

(1.14) s0s)(8) = I Glony (-
vgS

Writing (x(s) = vazo(l — N(py)~%)~! for the Dedekind zeta function of the number field k,

and (,s(s) = [[gs(1 — N(p,)~%)~! for the same product with the factors indexed by non-
archimedean places in S omitted, we obtain the following corollary.

Corollary F. Let Og C k and G, g, eg be as above; if eg = —1 suppose that S includes all
dyadic places of k as well as those places which ramify in the quadratic extension K of k defining
G = GUs(K, f). Then

{ Crs(25 —2) Grs(ds —4) T, Grs(s —4) ifeg =1,
Crs(2s —2) 1k 5(25 — 2) Cro(ds —4)7! 1‘[?21 Cos(s—i) ifeqc =-—1.

In particular, there exists an invariant §(eg, Og) € Rso such that

N
1 n= Sn O
d(ea,05) = ]\;gnoo D n=1 Niﬂ( S))

For instance, if eg = 1 and S = Vi° comprises just the archimedean places of k, then

Ck(6)Ck(3)Ck(2)
4ce(12)

C;?Os)(s) -

5(1,0) =
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We briefly return to the local setting. Evaluating v¢(s) in s = 0 as above means, of course,
to disregard most of the information encoded in the similarity class zeta functions. In our
second application, we retain this information and define suitable limits (as ¢ — oo) and Euler
products, which we now explain. In Proposition 4.2 we verify that the normalised polynomials
q%’yg(s) converge coefficientwise. Apart from the exceptional case that p = char(k) divides n,
the presence of scalar matrices implies that the coefficients of the Dirichlet polynomials 7 (s)
are actually integers divisible by ¢¢, whence the normalised polynomials q_ffyg(s) have integral
coefficients. The limit functions limy_, qufyz7 (s) are recorded in Corollary 4.8. They, too, may
be put in an adelic context, as follows.

Let k be a number field with ring of integers 0. As above, let G be one of the k-algebraic
groups GLs or GUs3(K, f) and, accordingly, let g be one of the Lie algebra schemes gls or
guz(K, f). Let S be a finite set of places of k including all the archimedean ones, V3° C S.
For any non-zero ideal I <Og, consider the normalised Dirichlet generating polynomial

Zy(os/n(s) = [0s/1]7" > e
CeAd(G(05))\a(Os /1)

enumerating similarity classes in g(Og/I) by their cardinality. We consider the Dirichlet series

(1.15) Zy(0s)(8) = Y simy(g(0g))n " = Him Zyos/n(s)-
n=1

Informally speaking, sim,,(g(Og)) is the number of similarity classes of cardinality n in g(Og/I)
modulo scalars, for ideals I such that the index [Og : I] is divisible by a ‘relatively large’ power
of n. By construction, the Dirichlet generating function Zj)(s) satisfies an Euler product
decomposition of the form

_ : —L
(1.16) Zy(0g)(s) = Helggoq Ye(s)-
vgS
Theorem G. Let Og C k and G, g, eg be as above; if eg = —1 suppose that S includes all
dyadic places of k as well as those places which ramify in the quadratic extension K of k defining

G = GU3(K, f). Then the following hold:

(1) The abscissa of convergence of Zy)(s) is equal to 1/2.

(2) The zeta function Zyog)(s) has meromorphic continuation to the complex half-plane
{s € C | Re(s) > 2/5}. The only pole of Zyog)(s) in this domain is a double pole at
s=1/2.

(3) There exists an invariant §' (eg, Og) € Rsq such that

N .
' T > n—15imy,(g(05))
M(eq,0s) = lim =N

To put Theorem G into perspective, we remark that Zg(os)(s/Q) can be regarded as an
‘approximation’ of the non-achimedean part vas Cr(0,)(8) of the representation zeta func-
tion (po4)(s) in (1.2); cf. (1.9). The zeta functions Zyo,)(s) may well turn out to be more
tractable than representation zeta functions and thus serve as a tool for studying the latter.

1.4. Character degrees: ‘Ennola duality’ and estimates. Our results — or sometimes
rather their proofs — have a number of consequences regarding the finer asymptotic and arith-
metic properties of character degrees of the groups under consideration.

Given a group G, we denote the collection of its irreducible character degrees by

cd(G) = {x(1) | x € Ir(G)},
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and, for any prime p, we write cd(G)y = {x(1)y | x € Irr(G)} for the prime-to-p parts of the
irreducible character degrees of G. Let n € N. In the 1960s Ennola observed an intriguing
duality between the character tables of the finite groups GL,(F,) and GU,(F,). In particular,
he noted that there exist a finite index set I = I(n) and polynomials g; € Z[t], i € I, such that

cd(GLn(Fyg)) = {gi(a) [i €I} and  cd(GUn(Fy)) = {(~1)*%g;(—q) | i € I};

cf. [25, 20] and [42, Chapter IV, Section 6]. This phenomenon, known as ‘Ennola duality’,
was explained only later, culminating in work by Kawanaka; cf. [34] and also [56]. While we
cannot offer an analogous theory for the character degrees of compact p-adic Lie groups GL,,(0)
and GU,(0), our approach allows us to generalise Ennola’s observation as follows.

Let 0 be a compact discrete valuation ring of residue characteristic p and residue cardinality gq.
If char(o) = 0, let e = e(0,Z,,) denote the absolute ramification index of o.

Theorem H. Let o be as above. Let G be one of the o-group schemes GL3, GUs, and let ¢ =
eg € {1,—1} asin (1.4). Let £ € N. Suppose that p > min{3¢,3e+ 3} if char(o) =0, and p > 3¢
if char(o) = p. Then the prime-to-p parts of the character degrees of G(oy) are as follows.

cd(G(op))y = {{1 qtedteq+1(g+e)(®+eqg+1),¢° —e (g—e)*(g+e)} forl=1,

cd(G(01))y U{(¢® —€)(¢® = 1), (¢* —€)(q + &)} for £> 2.
Furthermore, for all g € Z[t] and ¢ € N,
(1.17) g(q) € cd(GL(0g)) if and only if (—1)4®9g(—q) € cd(GU(oy)).

It is of great interest to determine the precise scope of this phenomenon, in the first place
for the groups GL,, and GU,, for n > 3; see Section 1.6.5. We remark that whilst the theorem
addresses the character degrees’ prime-to-p parts, the explicit formulae underpinning its proof
would also allow for a uniform, albeit somewhat technical description of the powers of ¢ entering
into the character degrees.

Our next main result concerns the character degrees of groups of the form SL3(0) and SU3(0).
Let H denote one of the o-group schemes SLs, SUs. By convention, the level of an irreducible
character x € Irr(H(o)) is equal to £ —1, where ¢ € N is minimal such that x is trivial on the ¢-th
principal congruence subgroup Hf(0). The following theorem relates the degree of an irreducible
character in Irr(H(0)) to its level.

Theorem I. There exist absolute constants C1,Co € Rsg such that the following holds. Let o
be as above. Let H be one of the o-group schemes SLs,SUs, and let e = ey € {1,—1} as in (1.4).
Let ¢ € N. Suppose that p > min{3¢,3e+ 3} if char(o) = 0, and p > 3¢ if char(o) = p. For every
non-trivial x € Irr(H(o)) of level £ — 1 the degree of x is bounded by the inequalities:

Clq% <x(1) < ng?’z

In fact, our proof of Theorem I yields slightly more precise estimates. The constants C}
and Cy, for instance, may be taken arbitrarily close to 1 at the cost of excluding finitely many
values of ¢q. Note that the groups GL3(0) and GUj3(0) have 1-dimensional representations of
arbitrary level, namely those factoring through the determinant map. Therefore there is no
non-trivial lower bound for the irreducible character degrees of these groups in relation to the
level. However, similar considerations as in the proof of Theorem I apply to these groups so that
the upper bound holds for them as well. Bounds as in Theorem I are of interest, for instance,
in the study of the ‘Gelfand-Kirillov dimensions’ of admissible smooth complex representations
of the locally compact group H(f), where f denotes the fraction field of o; cf. [14, Remark 1.19].
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1.5. Principal congruence subgroups. Finally we record applications to principal congru-
ence subgroups and subquotients defined in terms of the congruence filtration. As above, let o
denote a compact discrete valuation ring of residue characteristic p and residue cardinality q.
If char(o) = 0, let e = e(0,Z,) denote the absolute ramification index of 0. Let G be one of
the o-group schemes GL3, GU3 and, accordingly, let H be one of the o-group schemes SL3, SUs5,
the choice being reflected in the value of the parameter ¢ = g = ey € {1, —1}; see (1.4). For
m € N, let G"™(0) and H™(0) denote the mth principal congruence subgroups of G(o0) and H(o).
We put

u(t) = et +t2 —t —e —t € Z[t, t7Y].

Our last main result generalises and yields an different approach to [5, Theorem E| which, for
char(o) = 0 and p > 3, implies that for all m € N with m > e/(p — 2),

__ 8m €
(1.18) CHm (o) (s) = ¢ (1— gl 25)(1 — g2 %) :

Recall the notation introduced in Section 1.2, in particular the Dirichlet polynomials Ef a +(8)

I &l

and their limits Efyq(s), first mentioned just before Theorem C.

Theorem J. Let 0 and G, H, ¢ = eg = ey be as above. Let £,m € N with £ > m. Suppose that
p > 3; suppose further that m > min{¢/p,e/(p —2)} if char(o) =0, and m > ¢/p if char(o) = p.
Then

8(4—m) )
q if £ < 2m,
(1.19) CHm (o) /HE (o) (8) = { = '

(0)/H(0) q8(m—1) ZSGT(5> :;gq’g,Qerl (S) ng > 2m7
(1.20) Cem(0)/6¢(0) () = 4" G o)1t (o) (5):

Moreover, if char(o) =0 and m > e/(p — 2) then

(1.21) Chmey(s) = ™D D 28 (s),

8eT(®)

Remark 1.4. The zeta functions (ym(s)(s) vanish at s = —2 for p > 2; cf. [24, Corollary 2].
Inspection of the right hand side of (1.18) shows that it vanishes, in addition, at s = —1ife =1
and at s = 0 if ¢ = —1, but not vice versa.

1.6. Outlook and conjectures. The results discussed above raise many interesting questions.
We highlight and discuss some of these.

1.6.1. Analytic properties of zeta functions of arithmetic groups. It is of interest to investigate
whether the assertions in Corollary B for I' hold more generally also for arithmetic groups of
type Ag satisfying just the wCSP. Let H(Og) be such a group and I' < H(Og) as in the corollary.
That the abscissae of convergence of (r(s) and (gp(0)(s) coincide is well known (see, for instance,
[38, Corollary 4.5]), but we do not know whether they also share the finer analytic properties
described in Corollary B, such as meromorphic continuation, pole order et cetera. Note that
subgroups of arithmetic groups satisfying the sCSP also satisfy this property.

As we mentioned in Remark 1.2, Corollary B transcends — for the groups it covers — general
results for arithmetic groups under base extension. It is interesting to decide whether such
uniformity also governs the analytic behaviour of representation zeta functions of arithmetic
groups of other types.
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1.6.2. Similarity classes of matrices. Our results exhibit similarity class shadows and associated
combinatorial structures as an effective tool to analyse and enumerate similarity classes of inte-
gral p-adic 3 x 3 matrices, uniformly in the linear and unitary setting. Of particular relevance
is the shadows’ capacity to uniformly describe the lifting behaviour of similarity classes in Lie
lattices such as gls(0g). It is of great interest to investigate whether shadows of similarity classes
in more general Lie lattices, say of type A,,_1 or the other classical types, also share this feature.
The (simpler) case of type A; is treated in Appendix A.

Another remarkable fact in type As is that the shadows are represented by a finite number
of algebraic subgroups of GL3; in particular, their number is uniformly bounded independently
of the residue cardinality q. We do not know whether this is a general phenomenon, even in
type A,_1; for type A1 see Appendix A. It is worth exploring potential connections between
shadows in ‘semisimple’ Lie lattices and decomposition classes; cf. [12, 13].

The adelic results Corollary F and Theorem G are phrased in such a way that the relevant
Euler products (1.14) and (1.16) extend over places for which our results give precise formulae
for the involved Euler factors. It seems reasonable to expect that global features such as the
adelic zeta functions’ abscissae of convergence, meromorphic continuation, pole order et cetera
remain unchanged in the general case, in which the Euler products are enlarged by finitely many
‘exceptional’ factors. In particular, it would be of interest to set up a universal p-adic integration
formalism that covers these factors, too; cf. [5, Theorem B] and [10].

1.6.3. Positive characteristic. All our local results assume that the discrete valuation ring o has
characteristic 0 or — in the case of finite groups over rings of the form o, — residue characteristic
large in comparison to ¢. This restriction is owed to the limitations of the linearisation techniques
we use, which allow us to employ the Kirillov orbit method. It is natural to ask for results in
the remaining cases, i.e. in ‘small’ positive characteristic. There are some indications that the
formulae we obtain could — to a large extent — be characteristic-independent, just depending on
the residue field.

This is, for instance, the case for the zeta functions of groups of the form SLy(0), where o is
an arbitrary compact discrete valuation ring of odd residue characteristic. In [30, Section 7],
Jaikin-Zapirain computed a uniform formula for the zeta functions of such groups, which only
depends on the residue field of o; see [4, Section 3.4] for a discussion of the case of even residue
characteristic. In light of this, it would be interesting to compute, for instance, the zeta functions
of groups of the form SLz(k[z]) and SUs(k[x]), where k is a finite field with char(k) # 3, as
well as their principal congruence subquotients. We expect that the resulting formulae coincide
with those given in Theorem C.

The results in [10, Theorem C] on ‘conjugacy class zeta functions’ — enumerating the total
numbers of irreducible characters of principal congruence quotients, such as H(oy), as opposed
to enumerating them by their degrees — also point towards a very general ‘characteristic inde-
pendence’ of representation zeta functions associated to suitable group schemes.

1.6.4. Uniformity. All the explicit formulae of zeta functions for p-adic analytic groups provided
in this paper — notably in Theorems C and J — display a high degree of uniformity in the
residue field of the underlying compact discrete valuation ring: the character degrees and their
multiplicities for the groups in question are given by (quasi-)polynomials in ¢, the residue field’s
cardinality, whose coefficients only depend on the residue class of ¢ modulo some small, well-
understood modulus and, possibly, the splitting behavior of the place determined by the local
ring in some quadratic extension. We speculate that these features are not specific to type As.
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Let k be a number field with ring of integers O, and H a connected, simply-connected semisim-
ple algebraic group defined over k, with a fixed embedding into GL, for some d € N. It is natural
to ask under which conditions on H the following uniformity property holds.

Property. There exist N € N, finite index sets I and J, polynomials fr;, g-; € Q[t] for (1,i) €
{1,..., N} xI, non-negative integers A;, B; for j € J, and a finite set S of places of k, containing
all archimedean ones, all depending on H, such that the following holds.

If v is a place of k not in S and the residue cardinality q, satisfies q, =N T, then

Zie[ fT,i(qU) gT,i(Qv)_S
A;—Bjs :
HjeJ<1 —q’ )
Theorem C establishes that H = SL3 has this property. Finite groups of Lie type — giving rise
to representations of ‘level 0’ of H(O, ) — satisfy an analogous property; see [40, Theorem 1.7].
In the following we formulate a more specific conjecture on the shape of almost all local

factors of an arithmetic group of type A,,_1, generalizing Theorem C. Suppose that the group
H is absolutely almost simple of type A,,_;. Then H is either an inner form, i.e. of type 'A,_1,

(1.22) CH(0.)(8) =

arising from a matrix algebra over a central division algebra over k, or an outer form, i.e.
of type %A,_1, arising from a matrix algebra over a central division algebra over a quadratic
extension K of k, equipped with an involution and with reference to a suitable hermitian form;
see [48, Propositions 2.17 and 2.18]. For almost all non-archimedean places v of k, the completed
group H(O,) is of the form SL,(0,) or SU,(0,); compare [5, Appendix A]. The latter case
distinction — which occurs infinitely many often if and only if H is an outer form — is, for all
but finitely many places v of k, described by the Artin symbol e(v) = (Kle> € {1, -1}, which
dictates whether or not v is decomposed in K | k. For each non-archimedean place v of k, we set
(M) = 1 and we write ¢(v) := ged(gy —e(v), n). For e(v) = 1 the latter gives the number of nth

v
roots of unity in the residue field k,, of O,; for e(v) = —1 it gives the number of norm-1 elements

in the residue field extension K, |k,, associated to the induced quadratic extension K, | ky,
whose order divides n. We write Div(n) = {m € N | m|n} for the set of divisors of n.

Conjecture 1.5. Let n € N>y. There exist finite index sets I and J, polynomials f,ci, g i €
Qlt] for (v,e,i) € Div(n) x {1, =1} x I and non-negative integers Aj, B for j € J, such that the
following holds.

Let k be a number field with ring of integers O, and H a connected, simply-connected absolutely
almost simple k-algebraic group of type Ap—1. If H is an outer form, let K denote the quadratic
extension of k appearing in the definition of H; if H is an inner form, put K = k. Then there
exists a finite set of places S of k, containing all archimedean ones and depending on H, such
that for every place v of k not in S,

Y icr Juw)e),i (@) Guw),e(),i(qw)™°
A'_B'S )
[Tie,0—a” )

where q, denotes the residue cardinality of O,.

(1.23) CH(0,)(5) =

1.6.5. Ennola duality. Let n € N, and let 0 be a compact discrete valuation ring with residue
cardinality ¢. Examples suggest that a dependence of the representation zeta function on the
residue class of ¢ modulo N as in (1.22) does not occur for general linear groups. Although the
groups GL,,(0) do not have convergent zeta functions one may consider the zeta functions of the
finite principal congruence quotients GL,(0¢), £ € N. In all known cases these zeta functions
are uniform in ¢, i.e. both the occurring character degrees and their multiplicities are given by
polynomials in ¢ with constant coefficients. In the case (n € N, ¢ = 1) this follows from [25], the
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case (n € N, = 2) appears in [53], and the case (n = 2,¢ € N) in [47]. Theorem C confirms
that this is the case also for (n = 3,¢ € N), at least for sufficiently large p; we expect that these
restrictions on the primes covered are limitations of the methods we use rather than genuine
exceptions. We phrase the following general conjecture.

Conjecture 1.6. Let n € N. There exist

(@]

a finite index set I,

polynomials fi(e) € Z[4][t] and gl(e) € Z[t] fori eI ande € {—1,1},
ascending chains of finite sets B;1 C B;o C ... C N fori eI,

o non-negative integers AS.), Bij for (i,5) € I x By and e € {—1,1}

such that the following hold.

(¢]

o

(1) Let o be a compact discrete valuation ring with residue cardinality q, let G be one of the
o-group schemes GL,,GU,, and ¢ = eg € {—1,1} accordingly. For every { € N, the
character degrees of the finite group G(oy) are given by

cd(G(og)) = {9 (q) ¢4 |i € I,j € By},

and its representation zeta function is given by

{G(ae)(s) _ Z Z fz(s)(Q) qAE;T) (gl(a)(q) qBij)_s.

1€l jEB; o
(2) Ennola duality holds for character degrees: for all i € I,
gV (t) = (—1)esta gD (),
1.7. Notation and organisation. Throughout, 0 denotes a compact discrete valuation ring,
with valuation ideal p and residue field k. We write ¢ = |k| and p = char(k). Often, but not
always, we assume char(o) = 0. In this case we write e = e(0,Z,,) for the absolute ramification
index of 0. Superscripts usually denote cartesian powers. In other contexts they form part
of our notation for principal congruence subgroups, powers of maximal ideals, and subgroups
generated by powers. Table 1.2 summarises some further frequently used notation.

The paper’s broad organisation is as follows. Part 1 relates to questions about the classification
and enumeration of similarity classes of integral p-adic n x n matrices, with a focus on n = 3.
The main results are Theorems 2.8 and 3.12, classifying shadows of similarity classes in gls(0y)
and gus(0y), respectively. In Section 4 these two results are applied to compute similarity class
zeta functions in type As.

In Part 2 we apply our results on similarity classes of 3 x 3 matrices to representation zeta
functions of groups of type Ag. To this end, methodology from p-adic Lie theory, the Kirillov orbit
method, and Clifford theory are prepared in Section 5. Section 6 contains explicit computations
of (local) representation zeta functions of various groups of type Ay. Results on global zeta
functions, obtained as Euler products of local ones, are proved in Section 7.

Complementing the paper’s main ideas, we collect, in Appendix A, a number of results in
type A1 that are analogous to and easier to derive than those obtained in type As.

Table 1.3 collects the locations of the proofs of the main results stated in the introduction.

1.8. Acknowledgments. We thank the Batsheva de Rothschild Fund, the DFG, the EPSRC,
the Mathematisches Forschungsinstitut Oberwolfach, the NSF, the ISF, and the Nuffield Foun-
dation. We are grateful to Matthew Levy and Alexander Stasinski for pointing out inaccuracies
in a previous version of the paper.
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TABLE 1.2. Some frequently used notation.

Notation Description

G group scheme GL,, or GU,,, depending on ¢ € {1, -1}

H group scheme SL,, or SU,,, depending on ¢ € {1, —1}
Gy, Hy o¢-rational points G(oy), H(oy)

G™, H™ principal congruence subgroups G™ (o), H™ (o)

Gy, H principal congruence subquotients G™(0)/G(0), H™(0)/H(0)
g Lie lattice scheme gl,, or gu,,, depending on ¢ € {1, —1}
g =g(or) o-rational points gl,, (o), gu,, (o)

g" =g"(o) principal congruence sublattices p™gl,, (o), p"gu,,(0)
g principal congruence subquotient g™ /g’

Gh set of shadows Shgy,(,) or Shgy,(a)

T set of shadow types for ¢ € {1, -1}

o(k) = 13(k) k-rational points of shadow o of type 8 for ¢ € {1, -1}
shgL(A), shgu(A) | group centraliser shadows

shg(A), shg,(A) | Lie centraliser shadows

re shadow graph for € € {1, -1}

Q%l", Q&tn similarity class trees

TABLE 1.3. Location of proofs.

Result Proved in Section
Theorem A, Corollary B 7.1
Theorem C 6.2
Corollary D 6.3
Theorem E, Corollary F 4.2
Theorem G 7.2
Theorem H, Theorem I 6.4
Theorem J 6.1

Part 1. Similarity classes of p-adic matrices
2. SIMILARITY CLASSES OF INTEGRAL p-ADIC MATRICES

Let o be a compact discrete valuation ring, with valuation ideal p and finite residue field k.
Put p = char(k) and ¢ = |[k|. Let m be a fixed uniformiser of o so that p = 7o, and let
v: 0 — ZU{oco} denote the valuation map on o. In this section there is no restriction on either
char(o) or char(k). In the simplest cases, o is the ring Witt(k) of Witt vectors over k, i.e. the
unique unramified extension of the p-adic integers Z, with residue field k, or the ring k[z] of
formal power series over k.

For ¢ € Ny let o, denote the finite quotient ring o/p’. Let n € N, and let gl,,(0;) denote the
collection of n x n matrices over oy, with the standard structure as an oy-Lie ring.
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Definition 2.1. Let Qf!’g = Ad(GL,(0))\gl,,(07) denote the set of similarity classes in gl (o),
that is, orbits in gl,,(0¢) under the adjoint action of GL,(0). We endow

o0
gl _ gl,
Q"= H Qo

with the structure of a directed graph, induced by reduction modulo powers of p, as follows.
Vertices € € Qg" and C € Qg 1 are connected by a directed edge (C, C’) if the reduction of C

modulo p’ is equal to €, and we say that € lies above €. In this way QE ™ becomes an infinite
rooted tree, its root being the single element {0} of ijg. We refer to Q%I" as the similarity class
tree in degree n over o.

The aim in this section is to provide a framework for analysing the structure of Q%I" and to
apply this method in the concrete case n = 3. In Section 2.1 we study centralisers and introduce
the concept of similarity class shadows for arbitrary degree n. In Section 2.2 we specialise to
n = 3 and state Theorem 2.8, concerning shadows and branching rules, which plays a crucial
role in the computation of similarity class and representation zeta functions in the following
sections. The purpose of Section 2.3 is to produce a complete set of representatives for the
similarity classes of 3 x 3 matrices over a discrete valuation ring; we emphasise that the ring
in question may be of positive characteristic. The proofs are technically involved and may be
skipped at first reading. Section 2.4 contains a proof of our main result, Theorem 2.8.

2.1. Centralisers and shadows. Let ¢ € Np and let A € gl,,(07). The centraliser Cgy,, ()(A) of
A in the group GLy (o) is the stabiliser of A under the adjoint action of GL,(0). The centraliser
Cgi, (0)(A) of A in the o-Lie lattice gl,,(0) is the stabiliser of A under the adjoint action of gl,, (o).

Definition 2.2. Let £ € Ng. The group centraliser shadow shgL(A) of an element A € gl,,(0y)
is the image Cg, (0)(A) < GLy(k) of CgL,(0)(A) under reduction modulo p. The Lie centraliser
shadow shg(A) of an element A € gl,, (o) is the image Cg (5)(A) < gl, (k) of Cg (0)(A) under
reduction modulo p.

For each similarity class € in gl,,(0y) we define the (similarity class) shadow

shoL(€) = {(shav (4),shg(4)) | 4 € €},
of €, and we denote the collection of all shadows by
(2.1) SheL, o) = {sheL(€) | C € Qg » for some ¢ € Ny}.
For o € Ghgy,, (o) we set
loll = [shou(A)]  and  dim() = dimi(shgi(A)),

where A € C € sz, for some ¢ € Ny, with 0 = shg (€); furthermore, it is convenient to select

one group centraliser shadow shg (A), where A € C € Qflg, for some ¢ € Ny, with o0 = shg (C),
and to denote it by o(k). We only use properties of o(k) that are independent of the arbitrary
choice involved in its definition.

The definition of a shadow reflects the idea that a shadow is a group object together with
an associated Lie structure, independently of the choices for the parameters ¢, € and A. In-
deed one may think of a shadow o as a conjugacy class of subgroups of GL,(k), represented
by o(k), together with corresponding Lie subalgebras of gl,, (k). Formally, there is some built-in
redundancy. Of course, every shadow o is completely determined by any of its ‘representa-
tives’ (shgL(A),shg(A)). Furthermore, the second coordinate shgi(A) suffices to pin down o, as
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shgL (A) simply consists of the units of the ring shg(A). Similarly, the first coordinate shg (A4)
determines shg(A), at least for ¢ > 2, by the next lemma.

Lemma 2.3. Suppose that q > 2. Let £ € Ny and A € gl,,(0¢). Then the Lie centraliser shadow
shgi(A) is equal to the additive span of the group centraliser shadow shg (A).

Proof. We only need to prove that shg(A) is contained in the additive span of shg (A), because
the other inclusion is clear. Let X € shg(A) be the image of X € Cg, (0)(A). Tlustrating the
idea for the general case treated below, we observe that under the extra assumption ¢ > n we
may choose a € o0 so that X — aId,, has no zero eigenvalues and therefore X = X — a1d,, +ald,
lies in the additive span of shg (A).

In general we may assume, by the Primary Decomposition Theorem, that
X =diag(Ys,...,Y,) = X1 +... + X,

where the Y; are block matrices and X; = diag(0,...,0,Y;,0,...,0), for 1 <i < r. The blocks
correspond to the generalised eigenspaces of X or, equivalently, the factors in the factorization
=) = fx(t) =11, fx;(¢)% of the characteristic polynomial into a product of pairwise co-
prime powers of irreducible polynomials. Applying Hensel’s Lemma (cf. [43, Theorem 8.3]) to
this factorization, we may lift the decomposition to gl,,(0), and hence assume that

X =diag(Yy,...,.Y.) = X1 +...+ X,,
where the block matrices Y; € gl,,(0) are lifts of the block matrices Y;, and each matrix X; =
diag(0,...,0,Y;,0,...,0) is a lift of X;, such that

o each X; is a polynomial expression in X, and hence X; € shg(A),
o the minimal polynomial of X; over k is a power of an irreducible polynomial.

For each i € {1,...,7} the matrix Y; has at most one eigenvalue in k. Since ¢ > 2, we may
choose @; € k ~ {0} so that X; = X; — a;Id,, + a;1Id,, € shg (A) + shg (A). This shows that X
can be expressed as the sum of at most 2n elements from shg (A). [l

The next proposition shows that group centralisers can naturally be identified as groups of
k-rational points of certain algebraic groups. For char(o) = 0, the Greenberg transform of
level ¢ associates to an og-scheme X of finite type a k-scheme X of finite type in such a way that
X(Oy¢) ~ X(K) for unramified finite extensions O of o with residue field K; the construction
makes use of Witt vectors; see [26]. For char(o) > 0, the residue field k can be regarded as a
subfield of 0, and Weil restriction associates, in a similar but simpler way, to any og-scheme X
a k-scheme X by ‘restriction of scalars’.

Proposition 2.4. Let f)Cile be the Greenberg transform of level £ (for char(o) = 0) or the Weil
restriction (for char(o) > 0) of the oy-scheme gl,, to k-schemes so that gl,,(0s) ~ DCELIJ(k). For
A € gl,(og) there is a linear subvariety V. C f)CilE such that
I
Ca, (o) (4) = V(k) C X7 (k).
Furthermore, V contains a Zariski-open connected algebraic group C such that

CoL, (00 (A) = C(k).

Proof. Upon choosing an og-basis for the o;-module gl,,(0,) we may identify gl,(o¢) with oY,
where N = n?, and there exists a matrix B € gly (o) representing the o,-linear map ad(A).
Then we may identify Cq (o,)(A) with the set

C(A) = {x o}’ | Bx =, 0}.
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After performing an o0y-linear change of bases, if necessary, we may assume that B is in standard
elementary divisor form, that is

B = diag(7®,...,7®N)
for suitable integers 0 < e; < ey < ... < ey </{. Then
C(A) = {(x1,...,xn)T € olN | Vi:v(x) >0 — e}

Clearly, this corresponds to the set of k-rational points of a linear subvariety V C DC%I s The

elements of C'(A) in bijection to elements of Cgy,(o,)(A) are determined by imposing the open

o¢)
condition that x corresponds to an invertible element in gl,(0s). This defines a Zariski-open

algebraic group C in V. Being a linear variety, V is irreducible and hence C is connected. [

Proposition 2.5. Let 0,7 € Ghgy, (). Let £ € No and suppose that Ce QEE;H s a class with
sheL(C) = 7 which lies above a class C € Qflz with shgL(C) = 0. Then

‘e‘ _ dimgln—dim(U)M

€] Il
In particular, the ratio |€|/|€| depends only on the shadows o, and not on £, € or C.

Proof. Let A € €, A € € such that A = A modulo p’. If £ = 0, then € = {0} and ||o| = |GL, (k)|
so that
cl _ s 1 _ lloll

1 = 1€ = [GLy (k) : Car, ) (A)] = 77—

Now suppose that ¢ > 1, and put Ay = Aand Ay = A. Fori € {0,0 + 1} set C; =
CeL,(01)(Ai). Then |GLy(041)|/|GLn (o) = [GLE (0) : GLLT!(0)] = ¢¥™&' implies that

(22) €] _ [GLn(oe1) s Cesa] _ gime, 1Cel
€] [GLy(00) = C] |Coy1]

Writing Ag_; for A modulo p‘~! and setting Z;_; = Cgl, (0;_1)(Ai-1) for i € {£,£+1}, we observe
that the reduction map modulo p yields exact sequences

0—=Z,_1nN g|711(0i_1) — Zi 1 — Shg|(Ai_1) — 0,

1 — C;NGLL(0;) = C; — shgL(4;) — 1,
and that, furthermore, the maps

glo(0) = glp(0), X > 71X,

(2.3) :
gl (0) = GL (o), X = Id, +7X

induce bijections (of sets)

Zic1 > 2Z;iN g|711(0i) and Zi_1~C;N GLTIL(OZ)
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Thus we conclude from (2.2) that

1€ _ dimg, 1CeNGLy(eo)]  IsheL(Ad)|
€] [Cr1 N GLY (0711)] Ishot (Ag+1)]
Zea] llo|
Ze| I~]
_ _dimgl, 1 Zs N gy, (00)| lioll

|Ze M gl (00) [shg (Ao [I7]

— dimgl,,

_ ,dimgl, —dim(o) M N

Il
Proposition 2.5 highlights the relevance of the shadows to the computation of the sizes of
similarity classes, and motivates the following definition.

Definition 2.6. For 0,7 € Ghg,, (o) let

(2.4) b (q) = qdimgln—dim(a)“a”'
77— ,7_

)

Remark 2.7. The quantities bgl,T(q) which are relevant for us are the ones where o = shg (C)
and 7 = shg (C) with € € Qflgﬂ lying above € € Qf!z. In the case n = 3 these turn out to
be integral polynomials in ¢, independent of o0; see Table 2.2. It is an interesting open question
whether this is true more generally.

For a uniform treatment of integral p-adic matrices and anti-hermitian integral p-adic matri-
ces, leading to a uniform description of the representation zeta functions of general/special linear
groups and general /special unitary groups, it is convenient to write b((,ll and to use bg}l) to denote
similar polynomials occurring in Section 3, where we treat similarity classes of anti-hermitian

matrices. Table 2.2 already incorporates the complementary information from Section 3.

2.2. Shadows and branching rules for gls(o¢). In Table 2.1 we list ten shadows in Shgy, (),
classified by (shadow) types; compare (1.5). For ¢ > 2, all but the last two of these types
already arise from ¢ = 1: they are conjugacy classes of centralisers of elements A € gls(k) and
are therefore classified by the shape of the minimal polynomials of such A over k. The last two
shadows, of types Ky and K., come from ¢ = 2 and higher: they %re (;che conjugacy classes of

. . . 00017 .
the reductions modulo p of the centralisers of the matrices Ag = [8 7?: (1)} and Ao = [0 8 (1)} in
™

gls(02), as explained below. The types Ky and K, can be thought of as ‘shears’ of the type N;
see the proof of Theorem 2.8. The third column of Table 2.1 describes the isomorphism types
of the group centraliser shadows as algebraic groups; compare Table 1.1. In the table, we write
ks and kg for the quadratic and cubic extensions of the finite field k. Furthermore, Heis stands
for the Heisenberg group of upper uni-triangular 3 x 3 matrices.

Let us take a closer look at the types Ky and K., that do not arise for £ = 1. The group
centraliser shadows of the matrices Ag, As € glz(02) are equal to

0s
Hoz{[éésé} \31,33€kandt€kx} andHOOZ{[s;zgs(t)s} |52,s3ekandt€kx};
i

see Proposition 2.16, where the notation Ay = FE(1,0,0,0,0) and Ay = Es(c0,7,0,0,0) is
employed. Comparing orders of groups, we see that the corresponding shadows og and o
cannot be of type G, £, J, T1, T2, T3 or M. To rule out type N, we observe that (h —t1d3)? = 0
for any h € HypU Hy, with diagonal entries ¢. Thus neither Hy nor H,, contains a matrix whose
minimal polynomial is of degree 3 over k. Consequently, oy and o4 cannot be of type N.
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Finally, we verify that the subgroups Hy and H, are not conjugate in GL3(k) so that oy # 0oc.
Assume, for a contradiction, that g = (g;;) € GL3(k) satisfies gHy = Hoog. As scalar matrices
are invariant under conjugation, it suffices to compare matrices

o] and [a05]

an :

I100¢ Go6lY

for s1, s3, 2, 83 € k. Inspecting the (1,3)- and (3, 3)-entries, we deduce that for all s, s3 € k,
g11s1+¢g12s3 =0 and  g31s1 + g3283 = 0.

This implies that gi1 = g12 = g31 = g32 = 0 and hence g cannot be invertible. This completes
the discussion of Table 2.1.

TABLE 2.1. Shadows o in GL3(k)

Type || Minimal polynomial in k[¢] Isomorphism type of o(k) dim(o)
5 [ t-a a ek | GLy(k) 9
L (t—ag)(t — a9) a1, ag € k distinet | GL; (k) x GLo(k) 5
J | ¢t—a)? a € k | Heis(k) x (GL;(k) x GLy(k)) 5
T | T, (t— ) a1, a0, a3 € k distinct | GLy(k) x GLi (k) x GL (k) 3
Ty || t—a)f(t) «a€k, firred. quadratic | GL;(k) x GL;(ka) 3
Ts || f(t) f irred. cubic | GL;(ks) 3
M || (t—a1)(t—a2)?  a1,a € k distinet | GLy (k) x GLy (k[t]/(t?)) 3
N || (t—a) a € k | GLy(k[t]/(#?)) 3
Ko not applicable GL;(k) x Ga(k) x Ga(k) 3

Ko not applicable GL; (k) x Ga(k) x G,(k) 3

Theorem 2.8 (Classification of shadows and branching rules).

(1) The set of shadows Shgr, (o) consists of ten elements, classified by the types
9) Lv Ha (‘Tlv 727 737 M) Na :Kto, KOO

described in Table 2.1.
(2) For all 0,7 € Ghg,(,) there exists a polynomial a, r € Z[][t] such that the following

holds: for every £ € N and every C € ijz with shg (C) = o the number of classes
Ce Qf!jﬂ with she (C) = T lying above € is equal to ay+(q).

Remark 2.9. Of course, many of the polynomials a, , are simply zero. The non-zero a,  give
the local branching behaviour of the directed graph Qfln, which we introduced in Definition 2.1,
and thus determine Qfl" completely. Moreover, together with the corresponding polynomials
b((,{.)r, defined in (2.4), the a,, determine recursively the numbers and sizes of similarity classes
in gls(oy) for all £ € N; cf. Section 4.2. We refer to these two sets of polynomials as branching
rules and record them in Table 2.2.

While the polynomials a,r are determined in the course of the proof of Theorem 2.8, the

polynomials b((fll can already be easily computed with the aid of Table 2.1.
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TABLE 2.2. Branching rules for Qgh (e =1) and for Q8" (e = —1)

# | Type of o | Type of 7 || ag.+(q) b51(q)

1 S S q 1

2 S L (g—1)g (¢* +eq+1)¢?

3 S a q (¢* —e)(a+e)

4 S Ty §la—1)(@-2)q | (P +eq+1)(g+e)¢
5 9 T 3(@—1g? (¢* —e)¢®

6 9 T 3> —1)q (¢ +¢)(g—e)q
7 S M (¢—1)g (¢* —e)(g+e)g
8 S N q (¢* —e)(¢®> —1)q
9 £ £ q? q*

10 L Ty 3(q—1)¢? (q+e)q°

11 L T 3(@—1g? (¢ —e)g

12 by M q> (> —1)g*

13 J J ¢ q*

14 J M (¢ —1)¢? q°

15 J N (¢—1)q (¢ —¢)g°

16* J Ko q (¢ —1)¢°

17* J Koo q (¢—1)¢°

18* other same as o || ¢° q°

* Rows involving types Ko and K, only apply if ¢ = 1.

Remark 2.10. One reads off rows (2) and (3) in Table 2.2 that exactly

of the ¢° elements of gl;(F,) have adjoint orbits of dimension 4. The other elements are either
scalar or have 6-dimensional adjoint orbits. This reflects the fact that (¢ — 1)|P%(F,)|* of the
q® — 1 non-zero elements of sl3(FF,) elements are irregular in the sense of [5, Section 6.1]. Similar
considerations hold for gus(F,). Sorting matrices in gl3(F,), respectively gus(F), by their shad-
ows therefore yields a partition refining the stratification by centraliser dimension or (in type
Az equivalently) by sheets; cf. Remark 6.5.

The proof of Theorem 2.8 is given in Section 2.4.

2.3. Similarity classes of 3 x 3 matrices. Let £ € N be fixed. In preparation for the proof
of Theorem 2.8 we introduce some notation and refine several results from [7].

(¢—Vq (@ +a+1)@ +q- (@ —1)(g+1) = qlqg — 1)[P*(F,)[?

For elements
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a,b,c,d in o, or its finite quotient oy, and m € N U {oo}, let

a 0 O d =m 0
D(a, b, C) =(0 b O and F = E(m,a, b, c, d) =1lo d 1
0 0 c a b c+d

A matrix C' € gl,(07) is called cyclic if o is cyclic as an 0y[C]-module, i.e. if there exists
v € o' such that the o,-span of {C% | 0 < i < n} is equal to 0/'. Equivalently, a matrix is cyclic
if it is similar to the companion matrix of its characteristic polynomial.

For every v € Ny, fix a set of representatives for 0, = 0/p” in o,

C(Uy) = §1/(01/) Co,

including 7" as a representative for 0, so that 0 < v(s(a)) < v for all a € 0,. The particular
choice ¢(0) = ¥, rather than the less pretentious convention ¢(0) = 0, plays a role in the subcase
(Il ) in Theorem 2.11 below; otherwise it has no significance. The valuation map naturally
extends to 0, via v(a) := v(s(a)).

In the formulation of Theorem 2.11 and some of the proofs below, we slightly abuse notation
in two ways. Firstly, we write ¢(0,) C 0, for v < p to denote the reduction of ¢(0,) modulo p*.
Secondly, we write 7”0y, C oy for the reduction of 7”¢(0y_,) modulo 7f. These conventions
are also applied in the obvious way to expressions involving matrices.

The next theorem gives a complete description of the similarity classes in gls(0y). In addition

it describes the resulting shadows.

Theorem 2.11. Let C C gls(os) be a similarity class. Then C contains exactly one of the
following matrices.

(i) d1ds, where d € oy; the shadow shg(C) has type G.
(ii) dIds+7'D(a,0,0), where 0 < i < ¢, d € o, and a € o) ,; the shadow shg (€) has
type L.
(i)

)

dIds +7'D(a,0,0) + 7/
C
where 0 < i < j <, dec(o;), a€o,, and C € gly(o,—;) a companion matriz; the
shadow shgL(C) has type T1, To or M, depending on C.
(iv) d1d3+7'C, where 0 < i < ¢, d € s(0;) and C € gly(0y—;) a companion matriz; the
shadow shg (€C) has type Ty, To, T3, M or N, depending on C'.
(v) d'1d3 +7'E, where 0 < i < £, d' € ¢(0;) and E € gl3(0p_;) is one of the following
matrices:
(I) E(¢—1,0,0,c,d), where ¢,d € 0g—; with v(c) >0,
(II) E(p,a,b,c,d), where 1 < p <l —1i, a,be op_; with p=v(b) <v(a), c€ op_; with
v(c) >0 and d € (o,),
(IT1;) E(p,a,b,c,d), where 1 < pu < €—1i, a,b€ 0p_; with p=v(a) <v(b), c€ 0p_; with
v(c) >0 and d € ¢(o,),
(I1ly) E(p,a,b,c,d), wherel < p < l—i, a,b € op—; with u < v(a) and p < v(b), ¢ € 04—,
with v(c) > 0 and d € ¢(0,),
(Ilse) E(m,a,b,c,d), where 1 <p<l—i, p<m<Ll—1i, a€c(0i—jmyp) and b€ op_;
with p = v(a) < v(b), ¢ € op—; withv(c) >0 and d € ¢(0,);
the shadow shg| (C) in these subcases has type §, M, N, Ky and K, respectively.

Similarity classes in gls(0y) were already studied in [7], where the following is proved.
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Theorem 2.12 ([7, §3 §4]). Every matriz A € gls(0y) is Ad(GL3(0))-conjugate to the reduction
modulo p* of at least one matriz of one of five types described below. Matrices of different types
are not Ad(GLz(0))-conjugate.

The types (i)—(v) consist of matrices of the following form, where a,b,c,d € o:

(i) dlds,
(ii) d1ds+7'D(a,b,b), where 0 <i < { and a %, b,
(i)
d1ds +7'D(a,b,b) + 7

0 0
0 <)’
where 0 < i < j <{, a#,band C € gly(o—;) is cyclic,
(iv) d1ds+7ic(C), where 0 < i < ¢ and C € gls(0p_;) is cyclic,
(v) d1d3 +7'E(m,a,b,c,0), where 0 < i < £ and m,v(a),v(b),v(c) > 0.

In each of the families (i)—(iv) it is easy to specify a set of pairwise non-conjugate repre-
sentatives, using Lemma 2.13 below. In contrast, it is less clear how to manufacture a set of
pairwise non-conjugate representatives of the family (v), and the problem remained unsolved
in [7]. Theorem 2.20 below removes this stumbling block and leads to a proof of Theorem 2.11.

Lemma 2.13. Let (ni,...,n,) be a composition of n € N. Let
A =diag(Ay,...,A,), A =diag(4],...,A.) €gl,(or)

be block diagonal matrices with blocks A;, Aj € gl,, (0g) such that A; =, Aj =, a;1d,,, where
ai,...,ar € 0p with a; #y a; if i # j. Let X € gl, (0p).

Then XA = A'X if and only if X = diag(X1,...,X,) is block diagonal with blocks X; €
gly, (00) satisfying X;A; = A{X; for 1 < i < r. In particular, X € Cy (,,)(A) if and only if
X = diag(Xy,...,X,) with X; € Cg|ni(ﬂz)(Ai) for1 <i<r.

Proof. The if part is clear. For the only if part, write X as a block matrix (Xj;;);; with
Xi; € glni’nj(w) for 1 < 4,7 < r. Reducing the equation XA = A’X modulo p, and looking at
the (7, 7)-th block for i # j, we get (a; — a;)X;; =p 0. It follows that X;; =, 0. Repeating the
same argument with a sequence of reductions modulo p™ for 2 < m < /£ gives X;; = 0. The
equality XA = A’X now implies X;;A; = A, X;;. O

Proof of Theorem 2.11 (modulo Proposition 2.16 and Theorem 2.20). Applying Theorem 2.12,
we single out unique representatives for similarity classes in each of the cases (i)—(v). To deter-
mine the shadow types it suffices to pin down the Lie centraliser shadows of these representatives.
(i) The assertion for scalar matrices is immediate.

(ii) Any matrix of the form dIds+n'D(a,b,b) with 0 < i < ¢ and a #, b can be written as
d'Id3 +7'D(d’,0,0), where d’ € oy and a € o, ;. Moreover, two matrices of the latter form
are conjugate if and only if they have the same eigenvalues, or equivalently, have the same
parameters. By Lemma 2.13, the centraliser of such a matrix is block diagonal with blocks of
sizes 1 x 1 and 2 x 2, modulo p‘~*. Hence the corresponding shadow is of type £; cf. Table 2.1.

0
C )

where 0 <i < j < ¥, a#,band C € gly(o,_;) is cyclic, can be written as

(iii) Clearly, any matrix of the form

(2.5) d1dz +7'D(a,b,b) 4

0

(2.6) A =d'1dz+7'D(d,0,0) + 7/ o
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with d' € <(0;), o € o, and C" € gly(oy—;) cyclic. After a further conjugation by an
appropriate block diagonal matrix, with blocks 1 x 1 and 2 x 2, we may assume that C’ is a
companion matrix. It follows that matrices of the form (2.6), with C’ a companion matrix,
represent as many classes as matrices of the form (2.5). At the same time they are pairwise
non-conjugate by Lemma 2.13. The same lemma implies that the centraliser of any matrix of
the form (2.6) is block diagonal, modulo p*~*. Combined with the cyclicity of the 2 x 2-block
C’, we deduce that the Lie centraliser shadow shg(A) is of the form gl; (k) x k[C"], because the
algebra k[C’] generated by the reduction C” modulo p is equal to the reduction modulo p of the
centraliser of C’ in gl,(0). Consequently, the shadow shg| (€) has type T71, T2 or M according to
C’ being split semisimple, non-split semisimple or a scalar translate of a nilpotent matrix.

(iv) Any matrix of the form d1ds +7'C € gls(0/), with 0 < i < £ and C € gls(0,—;) cyclic, can
be written as d’ Id3 +7'C’ with d’ € ¢(0;) and C’ € gls(0,_;) again cyclic. Such a matrix has a
unique conjugate A of the same form where the cyclic matrix is a companion matrix, proving
the first part of the assertion. The image of the centraliser of A in gl3(0,—;) is the same as the
centraliser of C. Hence the shadow shg| (C') has type equal to one of T1, T2, T3, N, M, depending
on C; for instance, see [5, Lemma 7.5].

(v) The assertion follows from Proposition 2.16 and Theorem 2.20 below. O

It remains to establish Proposition 2.16 and Theorem 2.20 below: our goal is to produce a
complete and irredundant list of representatives for the similarity classes in case (v) of The-
orem 2.12 and to compute their shadows. Interestingly, shadows will play a crucial role in
producing the list of representatives in the first place.

For m € NU{oo} and a,b,c,d € o, we write E;(m, a,b, ¢, d) for the reduction of E(m,a,b,c,d)
modulo p¢. Furthermore, it will be convenient to keep track of the parameter ¢ by writing Ej,
or more generally Ay, for elements of gls(0y). It follows from [7, Proposition 3.5] that

& :={Ey(m,a,b,c,d) | m € N and a,b,c,d € o with v(a),v(b),v(c) > 0} C gl3(os)

is an exhaustive, but redundant set of representatives for the similarity classes of all matrices in
gls(0g) such that the minimal polynomial of their reduction modulo p takes the form (X — a)?,
a € k. The parameter

pe(m, a.b) = min{m, v(a), v(5), 6} € {L.....0}
allows us to partition the set &y into disjoint subsets
&b = {Ey(m,a,b,c,d) € & | pe(m,a,b) = £},
& = {Eu(m,a,b,c,d) € & | pe(m,a,b) < £ and pe(m,a,b) = v(b) < min{m,v(a)}},
e = {Ey(m,a,b,c,d) € & | ug(m,a,b) < £ and py(m,a,b) = min{m,v(a)} < v(b)}.
The third set can be divided further into three disjoint subsets
8?1’1 = (Ey(m,a,b,c,d) € 8?1 | pe(m,a,b) =m =v(a)},
MO — (Ey(m, a,b,c,d) € EW | pg(m, a,b) = m < v(a)},
&> = {Eu(m,a,b,¢,d) € [ | py(m, a,b) = v(a) <m}.

The division of &, into subsets according to the parameter ug(m,a,b) is motivated by the fol-
lowing observation.

Lemma 2.14. Let E; = Ey(m,a,b,c,d) € E. Then pu := pe(m,a,b) and the reduction of d

modulo p* are invariants of the similarity class of Ey, i.e. if Eg(m,a,b,c,d) is similar to
Eo(m/,d' )V, d) then pe(m,a,b) = pe(m/,a’, V') and d =pu d'.
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Proof. The first claim follows from the fact that

pe(m, a,b) = max { min{m, v(a), v(b), v(d),v(d(c+d)—b),¢} | de o}
= max { min ({v(det(M)) | M a 2 x 2-submatrix of E(m,a,b,c, d)}u {e}) | de 0}.
As for the second claim, the reduction of Ey, modulo p# has eigenvalues congruent to d, d and

¢+ d modulo p#. Hence d modulo p* is the unique eigenvalue of multiplicity at least 2 of this
matrix and consequently an invariant of the similarity class of Fj. U

In Section 2.3.1 we determine the centralisers and shadows of matrices in each of the sets 8%,
8?, 8?1’1, 8?1’0 and 8?1’00. Corollary 2.17 shows that the five sets cover disjoint sets of similarity
classes in gls(0g). In Section 2.3.2 we extend Lemma 2.14 and determine, in Theorem 2.20, for
each of the five sets, explicit representatives for the similarity classes covered by that set.

2.3.1. Centralisers and shadows.

Proposition 2.15. Let Ey = E¢(m,a,b,c,d) € &. Then the centraliser Cg_(o)(E¢) consists of
all matrices in gl3(0) which are congruent modulo v’ to a matriz of the form

t1. 7wM"s3 — sy $1
Fonape(ti to, s1,82,53) = | s9 to 53 ;
ass 7"so + bsg to+ cs3
where t1,t9, S1, S2, S3 € 0 satisfy the congruences
asy =y w89,
(2.7) bs1 =pe ™" (2 — t1),
bsa = a(ty — t1).
The centraliser Cg,(0)(Ey) consists of the same matrices subject to the additional condition

that tq,ts € 0%.

Proof. This is a straightforward computation; see [7, §4.1]. The additional condition for invert-
ible matrices is obtained by considering Fy, q.p.c(t1,t2, 51, 52, s3) modulo p. O

For the following proposition recall the shadow types listed in Table 2.1.

Proposition 2.16. Let C be the similarity class of a matriz Ey = E¢(m,a,b,c,d) € &. Then
the shadow shg(C) is classified as follows.

(1) If By € €, then shqi(C) has type J.

(2) If Ey € €L, then shqL(C) has type M.

(3) If Ey € 8?1’1, then shg(C) has type N.

(4) If By € 8?1’0, then shgL(C) has type Ko.

(5) If By € €)', then sheL(C) has type Koo.

Proof. We put = pg(m,a,b), and throughout we use Proposition 2.15.

(1) Suppose that Ey € €. Then the congruences (2.7) hold trivially and Cgl,(0)(Ee) consists
of all the matrices which are congruent modulo p¢ to matrices of the form

t1 —CS1 S1

Fa00.c(ti,t2,51,52,83) = |s2  to 83
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Since v(c) > 0, we deduce that the collection of the reductions modulo p of these matrices, i.e.

0} € gly(k).

. . . . . 00
the Lie centraliser shadow shg(£y), is equal to the centraliser of the matrix [8 01

Hence shg (€) has type J.

(2) Suppose that F, € €. By [7, Lemma 4.3], we may assume that p = m = v(b) < v(a).
Setting o = a/7* and B = b/7*, we have v(«) > 0 and v(f) = 0. Moreover, the congruences (2.7)
are equivalent to the conditions as; =pen S2 and [8s1 =pen t2 — 1. From this we deduce that
the Lie centraliser shadow of Ejy is

tv 0 (ta—t1)/B
shg(Ee) = § | alta—t1)/B t2 3 | t1,t2, 83 €k p.
0 0 to
. ) 1 0-1/8 ) 000
Left-conjugation by |a/31 o | maps shg(£;) onto the centraliser of [8 ! ﬂ € gls(k). Hence
00 1
shg(€) has type M.

(3),(4),(5) Suppose E; € €M so that p = min{m,v(a)} < v(b). Setting a = a/7H, B = b/7H"
and p = 7™ /7 we have min{v(«a),v(p)} = 0 and v(3) > 0.

The congruences (2.7) are equivalent to the conditions as =pe-n pS2, BS1 =pen p(ta — 1)
and (sg =pe-u a(ty — t1). From this we deduce that

t 0 s
shgi(Eyp) = {[52 ¢ 53} | t,81,52,s3 € k such that as; = /192}.
00t

Consideration of (@ : p) € P!(k) leads naturally to the distinction into subcases E, € 8?1’1,

E, e EIH’O and Ey € EHI’OO

First suppose that E, € EHH. Then (@ : p) ¢ {(0 : 1),(1 : 0)} and left-conjugation by
0 a/p0

|:a/p ép 0] maps shg(FEy) onto the centraliser of [% é g} € gls(k). Hence shg (€) has type N.
0 01

Now suppose that E, € EHIO U EIHOO Then (a: p) € {(0:1),(1:0)}, where (0 : 1) matches
the subscript 0 and (1 : 0) matches 00, and shg(Ey) is equal to

t 0 s t 00
{|:0tsgi| ’t,51,83€k} or {[82t83]|t,82,83€k}
00 t 00t

accordingly. The corresponding shadows are of types Ko and K; see Section 2.2. ]

Corollary 2.17. Fach similarity class of a matriz in €y intersects precisely one of the five sets
el eIl ellll ollL0 . cllloo
2 AN > Cp an ¢ .

2.3.2. Representatives. We extend Lemma 2.14 as follows.

Proposition 2.18. Let E; = Ey(m,a,b,c,d) € & and pn = pg(m,a,b). Then p and the reduction
of d modulo 7 are invariants of the similarity class of Ey. Moreover, Ey is similar to a matrix
E) = E/m',d,V,d,d) with d' € ¢(0,), and m' = p if B, € EL U ELL.
Proof. The first part was proved in Lemma 2.14. It remains to show that Ej is similar to a
matrix E, = E¢(m/,d',b',d,d") with d’ € ¢(0,). By Corollary 2.17, we may treat the cases
E, e 8%, E, e E}ZI and B, € 8?1 one by one.

(1) Suppose that Ey € 8%. Then p = ¢ and clearly we may assume that d € ¢(o,,).

(2) Suppose that E, € €L By [7, Lemma 4.3], we may assume that y = m = v(b). Consider
the one-parameter subgroup

1 0 0
X:0—Gl3(0), z—X(x)=| = 1 0
m

amx? 2y 1
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A straightforward computation shows that for any = € 0 we have
X(z)E(m,a,b,c,d) = E(m’,d b, d,d)X(z),
where
(1) o =a—bx+ 7223 + cn™a?, 4) d=d—amz,
(2) ¥ =b-3x?mz? - 2x™cx, (5) m' =m.
(3) ¢ =c+ 3"z,
Since 1 = m, we can choose z such that d’ € ¢(0,) as claimed.

(3) Suppose that E, € &' so that p = min{m, v(a)}. If 4 = m, then we can argue as in (2).
Now suppose that 1 = v(a) < m. Consider the one-parameter subgroup

eo(y)™" eoly)May® —cy) eo(y) 'y
Y:0— GL3(0), y—Y(y) = 0 1 0 ;
0 —ay
where eg(y) = e(y) /7 ¢W) with e(y) = 7™ + by + acy® — a*y®. A straightforward computation

shows that for any y € 0 we have

Y (y)E(m,a,b,c,d) = E(m/,d',b,c,d)Y (y),

where
(1) o = aeo(y), (4) d =d+ ay,
(2) ¥ = b+ 2acy — 3a’y?, (5) m' =wv(e(y)).
(3) ¢ =c—3ay,
Since 1 = v(a), we can choose y such that d’ € ¢(0,,) as claimed. O

Proposition 2.18 has the following immediate consequence.

Corollary 2.19. Let 1 < u < ¢, and suppose that R is a complete and irredundant set of
representatives for similarity classes intersected with {E¢(m,a,b,c,0) € & | pe(m,a,b) = p}.
Then

{d'1ds+R | d €<(o,) and R € R}
1s a complete and irredundant set of representatives for similarity classes intersected with the
set {E¢(m,a,b,c,d) € E | pe(m,a,b) = p}.

Theorem 2.20. A complete and irredundant set of representatives for the similarity classes
intersected with the set &y is obtained as follows.
(1) Every Ey € &} is similar to a unique matriz of the form Ej = FE,(¢,0,0,c,d’), where
d €¢(oy) with v(c) >0 and d' € ¢(oy).
(2) Every E; € 8? is similar to a unique matriz of the form E, = Ey(n,a',b', ¢, d"), where
1<p<dt, b eqg(og) with p=wv() <wv(d), ¢ eog) withv(d) >0 and d € <(o,).
(3) Every Ey € SIH Y is similar to a unique matriz of the form E), = Ey(pn,d',b',c,d), where
1<p<t a ,b’ € ¢(og) with p=v(a’) <v(), ¢ €<(og) withv(c') >0 and d' € <(o,).
(1,

(4) Every Ey € EEH’ is similar to a unique matrix of the form Eg Ei(p,a b, d"), where
1< pu<t, dVec(og) withu <v(d) and p < v'), ¢ € s(op) with v(d) > 0 and
d e€<(o,).

(5) Every Ey € 8?1’00 is similar to a unique matriz of the form E, = E¢(m,d' |V, cd,d'),
where 1 < p <, p<m<L, d €c(op_myy) and b € ¢(og) with p = v(a’) < v(b'),
d e g(og) with v(c') >0 and d' € <(o,).
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Proof. By Corollary 2.19 it suffices to consider matrices Fy(m,a,b,c,d) € & with d = 0. Fix
E; = E¢(m,a,b,c,0) € & and set u = pg(m,a,b). Without loss of generality we may assume
that m,v(a),v(b),v(c) < £. We need to understand for which m’,a’, ¥, ¢ the given matrix Fy
is similar to Ej, = E,(m/,d’,¥/,,0). Lemma 2.14 shows that x is an invariant of the similarity
class of Ey and, by Corollary 2.17, we can investigate each of the five subsets &L, Il 8?1’17 8?1’0
and E?LOO separately. The characteristic polynomial of Ej is t3 — ct? — bt — an™ € o,[t]. Hence,
modulo p’, the parameters b, ¢ and an™ are invariants of the similarity class of Ej.

(1) Suppose that Ey € L. Since u = min{m,v(a),v(b), ¢} and ¢ modulo p* are invariants of
the similarity class of Fy, the claim follows.

(2) Suppose that E, € €l. By [7, Lemma 4.3], we may assume that u = m = v(b) < v(a)
and we may restrict our attention to possible conjugates E;, = E(u,d’,b,¢,0), where a’ € o with
v(a') > pand v(a’ —a) > £ —m. Part of the analysis for cases (3),(4) below, which only requires
p=m < v(a), shows that — in the present situation — for £} to be similar to Ej it is necessary
that a’ =,/ a and the claim follows.

(3),(4),(5) Suppose that E, € €. We already observed that we can investigate the subsets
8?1’1, 8?1’0 and 8?1’00 separately. Inspection shows that the elementary divisors of Ey are 1, 7™
and (%), Hence not only s, but even m and v(a) are invariants of the similarity class of Fj.

Thus we may restrict our attention to possible conjugates E;, = Ey(m,d’, b, c,0), where a’ € o
with v(a’) = v(a) and v(a’—a) > £—m. Writing o’ = a+yr* with y € 0* and k > max{0,/—m},
we study the equation

(2.8) Ey X = XEé, for X = (l’w) S GLg(U).

During the rest of the proof we abbreviate =, to =; in all other congruences we continue to
write the modulus explicitly. Comparing individual matrix entries, as in [7, Section 4], we obtain
the following collection of necessary and sufficient conditions for (2.8) to hold:

z31 = (a + ym")wos, ) az11 + bxar + crsy — (a+ yrF)zsz =0,
) ﬂ'mxn = 7me22 — bl‘lg,
)

)

) T33 = 22 + CT23,
) mMxe = (a + yﬂ'k)x13,
)

(3,1
(1,2

T30 = " xo1 + bxog, (1,1
(3,2
(

,2)  axi2 + bros + cr3y — mMa3y — bagz =0,

(2,1
(2,3
(2,2
(3,3) x32 = axz + bras,
(1,3

) T12 = 7Tm1'23 — Cx13, X invertible) T11,T22 S OX.

We claim that these conditions are equivalent to the modified conditions 2.9 below. Indeed,
using (2,2), we can replace (3,3) by (3,3)". Using (3,3), we can replace (1,1) by (1,1)’. Using
(2,1) and (2, 3), we can replace (3,1) by (3,1)". Using (2,1), (2,2), (2,3), (1,3) and (3,3)’, we
see that (3,2) can replaced by 7™yn"z23 = 0 which holds automatically due to k > ¢ — m.

(2,1) w31 = (a + yr¥)aos, (3,1)" a1y = (a + yr*)aey — broy,

(2,3) x33 = w22 + cT23, (1,2) ™11 = 7Mweg — bays,
(2.9) (2,2) @32 = 7wy +bxog,  (1,1) yrFai3 =0,

(3,3) 7™Mw9 = ams,

(1,3) w12 = x93 — c13, (X invertible) 11, x99 € 0.

First suppose that Ey, € 8?1’1 U 8?1’0, corresponding to cases (3),(4). Then p = m <

min{v(a),v(b)} and (3,3)" is equivalent to -

(3,3)" w1 =ptn am "x3.
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Multiplying (1,2) by ar~™ and using (3, 3)”, we obtain
aril = aTo — aw 'bx13 = axos — bTay.
Comparing with (3,1)’, we obtain the necessary condition y7* = 0, hence k > £. This means
that Ey is similar to E, = E¢(m,d’,b,c,0) if and only if o’ = a.
Finally suppose that E, € 8?1’00, corresponding to case (5). Then p = v(a) < min{m,v(b)}
and (3,3)’ is equivalent to
(3, 3)”/ 13 Epf—u Wmailwgl.
Multiplying (3,1)" by #™a~! and using (3, 3)", we obtain
7M1y = 7w + 70 lynFres — 70wy = T xeg — bris 4+ 1a lyrFaas.
Comparing with (1,2), we obtain the necessary condition 7a~'y7* = 0, hence
k>0—m+ pu.

Conversely, if this inequality holds, then (3,1)" implies (1,2) and (3, 3)"” implies (1,1)". The re-
maining conditions can easily be satisfied. This means that Ey is similar to Ej, = E¢(m,d’,b,¢,0)
if and only if v(a’) = v(a) = p and @’ =pr-m+s a. O

2.4. Proof of Theorem 2.8. Part (1) of Theorem 2.8 follows from collecting the shadow
types in Theorem 2.11. To prove part (2), we consider a matrix A, € glz(os) of the form
given in Theorem 2.11. Let € denote the similarity class of Ay. Starting from the shadow o
of €, we determine the shadows 7 associated to similarity classes € of lifts of Ay to matrices
EEH € gls(0g41). We also keep track of the multiplicities of such lifts. The claim then follows
from the observation that in all cases the multiplicities depend only on the shadows involved
and are as listed in Table 2.2.

(G) Suppose that o has type §. Then Ay = d1ds with d € oy. Let ggﬂ = ¢(d)Id3 +7'X €
gl3(0g41) be a lift of Ay with X € gly(k). Then shg (Ay11) = shgy (X) implies that the type
of T = shGL(é) is not Ky or K. Indeed, it is one of G, £, T1, To, T3, M, N, 7, according
to the shape of the minimal polynomial of X. For 7 not of type £ the number a,,(q) of
distinct lifts with shadow 7 is the number of distinct minimal polynomials of the corresponding
shape. For 7 of type £ the number a, (¢) is the number of distinct minimal polynomials of the
prescribed shape, paired with a compatible characteristic polynomial. The numbers a, ,(q) are
easily computed from Table 2.1 and can be found in Table 2.2.

(L) Suppose that o has type £. By Theorem 2.11 we may assume that A, is of the form
Ay = dId3z +7'D(a,0,0) with 0 <i < ¢, d € 0y and a € 0, ;. Any lift of Ay is conjugate to a
matrix of the form described in parts (ii) or (iii) of Theorem 2.11, that is, conjugate to a matrix
of the form

Agy1 = <(d)1d3 +7°D(s(a),0,0) + =

f 0 :
with f € k, F € gly(k),
0 F / gla(k)

where F' scalar corresponds to case (ii) and F' a companion matrix corresponds to case (iii). We
classify the similarity classes depending on the form that F takes. The shadow 7 = shGL(é) has
one of four types:
o 7 has type £ if and only if F' is scalar. There are a,,(q) = q? choices for (f, F).
o 7 has type T7 if and only if the characteristic polynomial of F' is separable and reducible
over k. There are a,-(q) = 3(q — 1)¢* choices for (f, F).
o 7 has type T if and only if the characteristic polynomial of F' is irreducible over k. There

are a,.-(q) = 3(q — 1)¢* choices for (f, F).
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o 7 has type M if and only if the minimal polynomial of F is of the form (z — a)? for some
a € k. There are a,-(q) = ¢* choices for (f, F).

(d) Suppose that ¢ has type J. In this case we may assume, by Theorem 2.11, that

0 0 0
Ay =dlds+7* [0 0 1|, wheredeos,, 0<i</andce oy_; with v(c) > 0.
0 0 ¢

Theorem 2.11 yields a complete list of representatives for the similarity classes € of matrices in
gls(0¢11) lying above Ay. The shadow 7 = shg| (€) has one of five types:
o 7 is of type § if and only if the lift of Ay is conjugate to

- o

~

0
Appr = d' Ids+7" |0
0

o O O

C

where ¢ € 0y_;+1, d' € 0y41 are arbitrary lifts of ¢, d. Consequently there are a,,(q) = q>
choices.
o 7 is of type M if and only if the lift of Ay is conjugate to

App =s(d)Idz+7' | 0 o 1/,
a//,n_ffi b’ﬂgii C/

where a’ € k, b’ € kX, and ¢/ € 0y_;11 is an arbitrary lift of c. There are a,,(q) = (¢ —1)¢?
choices.

o 7 is of type N if and only if the lift of Ay is conjugate to

0 xt 0
Appr =(d)Idg+7° | 0 0o 1/,
a/ﬂﬁfz' 0 CI

where a’ € k* and ¢ € 0y_; 41 is an arbitrary lift of c¢. There are a,,(q) = (¢ — 1)g choices.
o 7 is of type Koy or K if and only if the lift Ay of Ay is conjugate to a matrix of the form

0 7t 0 0 0 0
Ap1(0)=¢(d)Ids+7" {0 0 1| or Ap(0)=¢(d)Ids+x| 0 0 1],
0O 0 ¢ =i 0 ¢

where ¢ € 0y_;41 is a lift of ¢; recall that 7~ = ¢(0) for 0 € oy_;. Matrices of the forms
Ag1(0) and Ay (00) are never conjugate and we have ao,(q) = q; see Section 2.2.

(T1, Ta, T3, M, N, Ko, Koo) Suppose that o has type equal to one of Ty, T, T3, M, N, Ko, Keo.
From Table 2.1 we observe that all these cases are minimal in the sense that shg(Ay) cannot
properly contain the Lie centraliser shadow of any other type. This implies that the shadow
associated to any lift EZH of the matrix A, satisfies ShGL(é) = shgL(C). Therefore, in all the
cases under consideration Proposition 2.5 and Definition 2.6 yield

o0 (q) = ¢85 /01 (q) = ¢ = ¢
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3. SIMILARITY CLASSES OF ANTI-HERMITIAN INTEGRAL p-ADIC MATRICES

Let 0 be a compact discrete valuation ring, with valuation ideal p and finite residue field k
such that p := char(k) # 2. Otherwise we impose no restriction on the characteristic of o or k.
Put ¢ = |k| and fix a uniformiser 7 of 0; we observe that ¢ > 2.

Let O be an unramified quadratic extension of o, with valuation ideal 3 and residue field ko,
a quadratic extension of k. Then O = o[d], where § = ,/p for an element p € o whose reduction
modulo p is a non-square in k, and P = 7. For £ € Ny, we write dy, or even 9, for the image of §
modulo p’. Let O denote the integral closure of O in some fixed algebraic closure of its fraction
field, and choose an o-automorphism o of © restricting to the non-trivial Galois automorphism
of the quadratic extension O |o. In particular, (a 4+ b9)° = a — b for all a,b € o.

Let n € N. We extend o to obtain the standard (9, 0)-involution ‘conjugate transpose’ on the
O-algebra Mat, (D), i.e.

(3.1) A= ()" = (ap)i;  for A= (ai;) € gl, (D).

A matrix A € gl,,(9) is hermitian if A° = A and anti-hermitian if A° = —A. The standard
unitary group over o and the corresponding standard unitary o-Lie lattice are

(3.2) GU,(0) ={A € GL, (D) | A°’A=1d,,} and gu,(0)={Acgl,(O)|A°+ A=0}
The associated special unitary group and special unitary Lie lattice are
SU,(0) = GU,(0) NSL,(O) and su,(o) = gu, (o) Nsl,(O).

For ¢ € N, we write o, = o/p’, O, = O/ and correspondingly GU,,(0y), gu,,(0¢) et cetera.
A matrix A € gl,(Oy) is called hermitian, respectively anti-hermitian, if it is the image of a
hermitian, respectively anti-hermitian matrix, modulo 9B¢.

Eigenvalues of matrices A € gl,,(O) are taken in the fixed extension © so that o can be applied
to them. Throughout we shall also use o to denote the induced action on finite quotients gl,,(Oy)
obtained by reduction modulo 3¢

3.1. Preliminaries. We collect some auxiliary results regarding hermitian and anti-hermitian
matrices over discrete valuation rings, starting with an analogue of Proposition 2.4.

Proposition 3.1. Let DCS% be the Greenberg transform of level £ or the Weil restriction of
the og-scheme GU,, to k-schemes, depending on whether char(o) = 0 or char(o) > 0, so that
xg}é(k) ~ GU,(op). Let A € gu,(oy) C gl,,(Or). Then there exists a k-defined connected

algebraic subgroup C of xg}; such that
C(k) = Cgu, (o) (A)-

Proof. Let DCTGZ'z and CCL denote the connected ks-algebraic groups, supplied by the Greenberg
functor (respectively Weil restriction) from ©-schemes to ko-schemes, such that DCS";Z(kQ) o~
GL,(9¢) and CCH(ks) ~ Cg,, (0,)(A); compare Proposition 2.4.

The existence of a k-algebraic group C such that C(k) ~ Cgy, (o,)(A) is guaranteed by the
general properties of the Greenberg transform (respectively Weil restriction) from o-schemes to
k-schemes. To see that C is connected, it suffices to observe that C ~ C® over ks. O

An important consequence of Proposition 3.1 is the following.

Proposition 3.2. Let A,B € gu,(0) be similar, i.e. Ad(GLy(D))-conjugate. Then A, B are
already Ad(GU,(0))-conjugate.
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Proof. Tt suffices to prove the claim modulo B¢, i.e. that the images A, B, € gu,,(o¢) of A, B
are Ad(GU,,(0))-conjugate, for £ € N. Let G = DCG% and C be as in Proposition 3.1 so that
G(k) ~ GUy,(op) and C(k) =~ Cgy,,(o,)(A). Furthermore, let xg“ be the Greenberg transform
of level ¢ (for char(o) = 0) or the Weil restriction (for Char(o) > 0) of the oy-scheme gu,,
k-schemes so that X% (k) ~ gu,,(0y). Write A,B € X&' (k) for the elements correspondlng to
Ay, By € gu,,(0r), and let 0" denote the maximal unramified extension of o.

Let K denote an algebraic closure of k. By definition, G(K) ~ GL,(0o}™) acts transi-
tively via the adjoint action on the orbit Ad(G(K))A in X%,(K) =~ gl,(o}™). Furthermore,
B € Ad(G(K))AN Xi?g(k). As the stabiliser C of A is connected, the Lang-Steinberg theo-
rem implies that Ad(G(k)) ~ Ad(GU,(os)) acts transitively on Ad(G(K))A N X8 (k); see [21,
Proposition 4.3.2]. Whence there is g € GU,,(0,) such that Ad(g)Ay, = By. 7 O

Lemma 3.3. Let I' € GL,(O). Then I' is hermitian if and only if there ezists g € GL, (D) such
that I' = ¢°g.

Proof. f T' = ¢°g for g € GL,(9O) then clearly I'° = T". For the converse direction, suppose
that I' is hermitian. It suffices to construct recursively a sequence g, € GL, (D), ¢ € N, such
that I' =g g/ gs for every £ € N. The existence of g1 is guaranteed by the theory of hermitian
matrices over finite fields; e.g. see [16, p. 16]. Now suppose that g, has been constructed for some
¢ e€N. ThenI' —g/g0 = mtA, where A € gl (9) is hermitian. Thus g1 = gr + %We(g;)_lA
satisfies

9Ei 19041 = (gg + 1rtAg, ) (ge+ %Wf(gé’)*lA)
=+ ggogg +7 ‘A=T. [l

Proposition 3.4. Let A € gl,(Oy). Then A is Ad(GL,(9O))-conjugate to an anti-hermitian
matriz if and only if there exists I' € GL,,(Dy) such that I'° =T and A°T +T'A = 0.

Proof. First suppose that g € GL,(9y) is such that B = Ad(g)A = gAg~' is anti-hermitian.
Then I' = ¢g°¢g is hermitian and
AT +TA=A"g+9°gA =g°B°g+g°Bg = g°(B° + B)g = 0.
For the reverse implication, suppose that I' € GL,, (D) satisfies I'° = T" and A°T' + T'A = 0.
Then by Lemma 3.3 there exists g € GL,,(9) such that I' = ¢°g, and hence B = gAg~! satisfies

B°+B=(9°)""A%° + gAg " = (¢°) (AT +TA)g~" =0.
Thus B is anti-hermitian. O

Lemma 3.5. Let A € gl,(9y) with characteristic polynomial fa = t" + Y ;" Vet € Olt]. If
A is Ad(GL,(9D))-conjugate to an anti-hermitian matriz, then cf = (=1)""'¢; for 0 < i < n.
Conversely, if A is cyclic then the latter condition on the coefficients of fa implies that A is
Ad(GL,(9D))-conjugate to an anti-hermitian matriz.

Proof. If A is Ad(GL,,(D))-conjugate to an anti-hermitian matrix B then, denoting the charac-
teristic polynomial of B by fp, we deduce from f4 = fp and B° + B = 0 that

n—1
"+ Z o = = fpo = f-p=(—1)"fp(—t) =t"+ Y _(—1)"c;t".
i=0
Now suppose that A is cyclic and that ¢ = (—=1)""%¢; for 0 < i < n. Without loss of
generality A = (a;;) is a companion matrix for fa, i.e. a;; =1ifi =741, aj; = —¢;—1 if j = n,

and a;; = 0 in all other cases. Define I' = (v;5) € gl,,(O¢) as follows: ~;; is the coefficient of



34 NIR AVNI, BENJAMIN KLOPSCH, URI ONN, AND CHRISTOPHER VOLL

t"~! in the expression of (—%)'~'#/=! as an O-linear combination of 1,Z,...," ! modulo fa.
A short computation shows that I' € GL,(9,) with T'° = T" and A°T + T'A = 0; thus A is
GL,,(D)-conjugate to an anti-hermitian matrix by Proposition 3.4.

Indeed, the free Op-module Oy[t]/ faO,[t] with (Oy, 0¢)-involution o admits the non-degenerate
o-hermitian form (,-), where (g, h) is the coefficient of =1 in the expression of g°(—#)h(?) as

an Oy-linear combination of the basis 1,%,...,£"!. The matrix I' is the structure matrix of this
hermitian form and A is the coordinate matrix of the endomorphism given by multiplication
by t, with respect to the basis 1,%,...,t"" 1. O

3.2. Similarity class tree, centralisers, and unitary shadows. The following concepts are
analogous to the ones introduced in Definitions 2.1 and 2.2.

Definition 3.6. For ¢ € Ny let Qf?f = Ad(GU,(0))\gu,(0/) denote the set of Ad(GU,(0))-
orbits in gu, (0y); by Proposition 3.2, this is the same as the collection of GL, (O)-similarity
classes in gu,,(0y) C gl,,(9), obtained by intersection. We endow
[e.e]
Q' =TT %
=0
with the structure of a directed graph, induced by reduction modulo powers of J: vertices

€€ 0¥ and Ce quﬂi-l are connected by a directed edge (G,é) if the reduction of € modulo

P! is equal to €. In this way Q5'" becomes an infinite rooted subtree of Qg". We refer to Q5"
as the anti-hermitian similarity class tree in degree n over o.

Let £ € Ng and let A € gu,,(0¢). The centraliser Cgy,, (o)(A) of A in the group GU, (o) is the
stabiliser of A under the adjoint action of GUy,(0). The centraliser Cg, (,)(A) of A in the o-Lie
lattice gu,,(0) is the stabiliser of A under the adjoint action of gu, (o).

Definition 3.7. Let ¢ € Ng. The group centraliser shadow shgy(A) of an element A € gu,,(0y)
is the image Cguy,, (0)(A) < GUn(k) of Cgy,, (0)(A) under reduction modulo *B. The Lie centraliser
shadow shg,(A) of an element A € gu,,(07) is the image Cg, (5)(A) < gu,, (k) of Cgy (5)(A) under
reduction modulo ‘B.

For each similarity class € in gu,,(0¢) we define the unitary (similarity class) shadow

shau(€) = {(sheu(A),shgu(A)) | A € €},
of € and we denote the collection of all unitary shadows by
(3.3) Sheu,. (o) = {sheu(€) [ C € Qf’ue" for some ¢ € Ny}.
For o € Ghgy,, (o) we set
lo|l = |sheu(A)] and dim(o) = dimg(shgu(A4)),

where A € C € qug" for some ¢ € Ny with 0 = shgy(C); furthermore, it is convenient to select

one group centraliser shadow shgy(A), where A € € € Qflg with o = shgy(€), and to denote it
by o(k). We only use properties of o(k) that are independent of the arbitrary choice involved
in its definition.

Comments similar to those in connection with Definition 2.2 apply. In order to see that a
unitary shadow o is, in fact, completely determined by the GU, (k)-conjugacy class of o(k), or
alternatively the associated Lie algebra, we recall the Cayley maps.
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Definition 3.8. For any subset Y C gl,,(O), we denote by Ygen C Y the set of elements that do
not have an eigenvalue congruent to —1 modulo 3. The Cayley maps
cay: GUp(0)gen — U, (0)gen and Cay: gu,(0)gen — GU,(0)gen
are both defined by the mapping rule
(3.4) y = (I, —y) (1, +) " = (1d, +) " (1d,, ).

The Cayley maps are easily seen to be mutual inverses of each other; see [58, I1.10 and VI.2].
Furthermore, they commute with the adjoint action and preserve congruence levels. Thus they
induce Cayley maps between the finite quotients GU,,(0¢)gen and gu,, (07)gen for each £ € N.

The next lemma can be regarded as a ‘unitary’ version of Lemma 2.3; recall that throughout
0 does not have residue characteristic 2 so that, in particular, ¢ > 2.

Lemma 3.9. Let £ € Ny and A € gu,,(07). Then the group centraliser shadow shgy(A) and the
Lie centraliser shadow shg,(A) determine one another in the following way:

(3.5) shgu(4) = (cay (shou(A)gen) U {aTdy | @ € guy (0)})-cpans

(3.6) shgu(A) = (Cay(shgu(A)gen) U{ald, | a € GUi(0)}).

Proof. A direct computation yields cay(shgy(A)gen) C shgu(A) and Cay(shgy(A)gen) C shgu(A).
Thus the left-hand side contains the right-hand side in (3.5) and (3.6), and it suffices to prove

the reverse inclusions. First consider (3.5). Let X € shg,(A) be the image of X € Cyy (5)(4).
We argue below that, as in the proof of Lemma 2.3, it suffices to consider the situation

(3.7) X = diag(Y1,Y2) = X1 + Xo,
where
o Xi = diag(Y1,0), X2 = diag(0, Y2) € Cqy_(5)(A) are anti-hermitian,
o the eigenvalues of X; € shg,(A) are in {0,1, —1} and X, does not have eigenvalue —1.
As ¢ € guy(0) ~ {0}, we obtain
X = cay(Cay(X; — §1d,,)) + 6 Id,, + cay(Cay(X2)).

To justify (3.7), observe that X acts, by left multiplication, as an anti-hermitian operator
on V = O", equipped with the standard hermitian form (v, ve) = v{ve. By Hensel’s Lemma,
the characteristic polynomial fx € ©O[t] factorises as a product fx = fi1f2 of coprime monic
polynomials so that f; = ged(fx, (2 — 1)"). The roots A1, ..., \, of fx are, up to permutation,
equal to —A7, ..., —A7. Consequently, the roots of f; come in pairs p, —p° so that fi(X)° +
f1(X) =0, and f;(X) is skew-adjoint as an operator on V. Hence V decomposes as a direct
orthogonal sum of the X-invariant spaces U = ker f1(X) and W = Im f1(X). The standard
form (-,-) restricts to non-degenerate, hence standard forms on U and W; see Lemma 3.3.
Concatenating suitable bases for U and W, we may assume that X = X; + X5, where X; =
diag(Y7,0), Xy = diag(0, Y2) and the anti-hermitian matrices Y7, Y2 describe the restrictions of X
to U, W. Since X1, X5 can be expressed as polynomials in X we deduce that X1, X2 € Gy, (o) (A).

Next consider the pending inclusion in (3.6). Let B € shgy(A) be the image of B €
Cgu,(0)(A). We argue below that it suffices to consider the situation

(3.8) B = diag(C1,C3) = B1 By,
where

o By = diag(C1,1dp—m), B2 = diag(Idy,, C2) € Cgy, (0)(A) are unitary,
o the eigenvalues of By € shgy(A) are in {1, —1} and By does not have eigenvalue —1.
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Choosing a € GUq(0) such that a #Zyp £1, we obtain
B = Cay(cay(B; - a®°1d,,)) (ald,) Cay(cay(B2)).

It remains to justify (3.8). Observe that B acts, by left multiplication, as a unitary operator
on V = O", equipped with the standard hermitian form (v, v2) = v{vs. By Hensel’s Lemma,
the characteristic polynomial fp € O[t] factorises as a product fp = fif2 of coprime monic
polynomials so that f; = ged(fp, (t + 1)"). Suppose that fp = [, (t —\) and f1 = [[I2, (¢t —
Ai). Then A?,..., A\ are, up to permutation, equal to )\1_1, .o\, 1 and thus AP,. .., \S are,

up to permutation, equal to )\1_1, oy At Putting D = 12, A2 Id,, € GU,,(0), we deduce that
aBye=1[_ (B°=A1da) = (=B°)"D)[]._ (B~ X) = (—=B°)"D)/1(B).

Hence V' decomposes as a direct orthogonal sum of the B-invariant spaces U = ker fi(B) =
ker f1(B)° and W = Im f1(B). The standard form (-,-) restricts to non-degenerate, hence
standard forms on U and W; see Lemma 3.3. Concatenating suitable bases for U and W,
we may assume that B = Bj;Bs, where B; = diag(Cy,Id,—y,), B2 = diag(Id,,, C2) and the
unitary matrices C7,Co describe the restrictions of B to U, W. Since Bi, Bs can be expressed
as polynomials in B we deduce that By, By € Cgy,,(0)(4)- O

The following result is analogous to Proposition 2.5.

guy,

ol is a class with

Proposition 3.10. Let 0,7 € Ghgy, o). Let £ € No and suppose that €eQ

shgu(€) = T which lies above a class C € Qiuf with shgy(C) = o. Then
g _ dimgun—dim(a)M.
€ Il
In particular, the ratio |é|/|€| depends only on the shadows o, and not on £, C or C.

Proof. The proof proceeds along the same lines as the proof of Proposition 2.5. The second map
in (2.3) is replaced by

gu,(0) = GUL(0), X = Cay(rX) = (Id, —7X)/(Id, +7X).
The other necessary translations are straightforward. O

In analogy with Definition 2.6, we introduce the following functions.

Definition 3.11. For 0,7 € Shgy, (o) let

(39) b(—l)(q) _ dimgun—dim(g)L

)

This variation of the earlier defined functions bgl,T(q) was already hinted at in Remark 2.7.

Table 2.2 gives the explicit values of bg}l)

aid of Table 3.1.

in the case n = 3, which can be computed with the

3.3. Unitary shadows and branching rules for gus(o,). We list eight shadows in Shgy, (),
classified by types; compare (1.5). Recalling that ¢ > 2, one sees that these are all unitary
shadows arising from ¢ = 1, i.e. arising from the centralisers of elements A € gus(k). These
shadows o and the isomorphism types of o(k) are easily extracted from [5, Appendix C].

The following theorem is the counterpart of Theorem 2.8 for anti-hermitian matrices.
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TABLE 3.1. Shadows in GUs(k)

Type || Minimal polynomial in ko|[t] Isomorphism type of o(k) dim(o)
9 t—« a € guy(k) | GUs(k) 9
L (t —a1)(t —ag) a1, o € gu; (k) distinet | GU;(k) x GUa(k) 5
J (t—a)? a € gu; (k) | Heis(k) x (GU; (k) x GU;(k)) 5
T || T, (t— i) a1, 09,03 € gup (k) distinet | GU; (k) x GU; (k) x GU (k) 3
Ty || TI,(t — i) a1 € guy(k), ap = —a§ distinct | GUy (k) x k) 3
Ts || f(t) f a suitable irreducible cubic* | GU;(ks) 3
M || (= 1)t — ag)? aq, o € guy (k) distinet | GU;(k) x GUp (k) x Ga(k) 3
N || (t-a)? a € guy (k) | GUi(k) X Ga(k) x Ga(k) 3

* We require: f = t3 + Z?:o cit’ € ka[t] satisfies ¢ = (—1)"*l¢; for 0 < i < 3; cf. Lemma 3.5.
The number of such polynomials is equal to 3\gu1( 3) N guy (k)| = 3(¢* — 1)q.

Theorem 3.12 (Classification of unitary shadows and branching rules).

(1) The set of shadows Shgu, (o) consists of eight elements, classified by the types
97 ’C‘) 3; "Tl) 727 (']‘37 Ma N

described in Table 3.1.
(2) For all 0,7 € Ghgy,(o) there exists a polynomial ag, € Z[g)[t] such that the following

holds: for every £ € N and every € € foz with shgy(C) = o the number of classes
Ce QESE—H with Shgu(é) = 7 lying above C is equal to as,(q).

Remark 3.13. We emphasise that the types Ky and K, do not occur in the unitary setting and
we refer to Table 2.2 for the explicit values of the polynomials a,, which turn out to be the
same as in the general linear case.

Similar to the procedure in Section 2, we first produce a complete parametrisation for the
Ad(GU3(oy))-orbits in gug(oy). The proof of Theorem 3.12 is given in Section 3.5.

3.4. Similarity classes of anti-hermitian 3 x 3 matrices. For / € N, let R3(9/) C gl3(Oy)
denote the set of representatives for similarity classes in gl;(9y) provided by Theorem 2.11.
We use Proposition 3.4 to check for each A € R3(Dy) whether A is GL3(Dy)-conjugate to an
anti-hermitian matrix. In this way we obtain a parametrisation R5(9,) C R3(O/) of the set of
similarity classes of anti-hermitian 3 x 3 matrices. This is enough for our purposes, but note
that only in some cases representatives A € R5(9,) are themselves anti-hermitian.

For every v € Ny construct a ‘strongly o-compatible’ set of representatives

¢(Oy) CO for O, = O /B

in the following way. First choose a set of representatives ¢y(0,) C o for 0, = o/p” such that
so(—a) = —g(a) for a € o0,. Then extend ¢y, by setting ¢(a; + a2d,) = sp(a1) + sp(az)d for
aj,as € 0,. In particular, this ensures that ¢(a®) = ¢(a)® for all a € O, and ¢(gu;(0,)) C gu; (o).

In contrast to the convention favoured in Section 2.3, this means that ¢(0) = 0; as we will
see, the types Ky and K., do not occur in the unitary setting so that we do not run into any
conflicts. Similar to the custom in Section 2.3, we employ the notation in a flexible way; e.g. we
write ¢(9,) C O, for v < u to denote the reduction of ¢(9,) modulo B, and we sometimes
write /9Oy, rather than 7¢(Dy_, ). These conventions are also applied to matrices.
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The next theorem gives a complete description of the similarity classes in gus(0y) and their
unitary shadows; it is the counterpart of Theorem 2.11 for anti-hermitian matrices.

Theorem 3.14. The set
RE(Dp) = {A € R3(Dy) | A is GL3(Dy)-conjugate to an anti-hermitian matriz},

parametrising QEU;, consists of the following matrices:

(i) d1ds, where d € guy(oy); the associated unitary shadow has type G.
(i) dId3+7*D(a,0,0), where 0 < i < £, d € guy(o;) and a € O, with a® +a = 0; the
associated unitary shadow has type L.
(iii)
dIds +7'D(a,0,0) + 7/

)

where 0 < i < j < ¢, de(gui(oj)), a€ O, witha®+a=0, and C € gly(Dp—;) a
companion matriz with characteristic polynomial t* + byt + by such that by = —by and
by = bo; the associated unitary shadows have types J1, T2 or M, depending on C.
(iv) d1d3+7'C, where 0 < i < ¥, d € s(guy(0;)) and C € gl3(Dy_;) a companion matriz with
characteristic polynomial t3 + cot® + c1t + co such that c§, + (—1)kc, =0 for k € {0,1,2};
the associated unitary shadows have types T1, T2, T3, M or N, depending on C.
(v) d'1d3+7'E, where 0 < i < £, d' € <(gu;(D¢—;)) and E € gls(Dy_;) is one of the
following matrices:
(I) E(¢—1,0,0,c,d), where ¢,d € gu;(0y—;) with v(c) > 0,
(II) E(u,a,b,c,d), where 1 < pu < € —1i, a,b € Op_; with p = v(b) < v(a) and
a®+a=0—-b=0, cegu(o;) withv(c) >0 and d € s(gu,(0,)),
(I1I) E(p,a,b,c,d), where 1 < p < € —1i, a,b € Oy with p = v(a) < v(b) and
a®+a=10—-0b, cegui(op;) withv(c) >0 and d € s(guy(0y));
the associated unitary shadows in these subcases have types J, M and N.

Proof. The proof is based on Theorem 2.11: we go through the cases described there and keep
track of which similarity classes in gl;(Oy) intersect gus(oy) non-trivially. The latter is achieved
by using the criterion provided by Proposition 3.4. On the way we pin down in each case the
Lie centraliser shadow of A € R5(9Oy), with respect to a suitable hermitian form, to determine
the unitary shadow associated to A; see Lemma 3.9.

Let A € R3(Dy) be one of the matrices representing a similarity class in gl3(Oy).

(i) The similarity class {A} of A = dIds € gl;(Oy) intersects gus(oy) if and only d° +d = 0, that
is d € gu;(0y). In this case the associated unitary shadow has type G.

(ii) Let A = dIds+7'D(a,0,0) € gl3(Dy), with 0 < i < ¢, d € Oy and a € (O, ;). Then
A € RL(9Dy) if and only if its eigenvalues A\; = d+m'a and Ay = A3 = d are anti-hermitian, that
is, d +d° = 7'(a+ a°) = 0. Indeed, if A € R;(Dy) then its eigenvalues satisfy: Ay, A5, A$ are
equal to —A1, —A2, —A3, up to a permutation. As A; # A2 = A3, we deduce that A\ = —\;, for
k€ {1,2,3}. For A € R,(Oy) the associated unitary shadow has type L.

(iii) Let

A =dId3+7'D(a,0,0) + n’ € gls(Oy),

where 0 < i < j < {4, d € ¢(9;), a € 9, and C € gly(Or—;) a companion matrix.
Applying (ii) to A modulo 7, we see that d € ¢(gu;(0;)) whenever A € R5(9Dy). Let us assume
that this condition is satisfied.
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Proposition 3.4 shows that A € R5(Oy) if and only if there exist I' € GL3(O,) such that
I'° =T and A°T +T'A = 0. Applying Lemma 2.13, for A’ = —A° and X =T, one may further
demand that I' is block diagonal for blocks of sizes 1 x 1 and 2 x 2. Consequently a®+a = 01is a
necessary condition and, as C' is a companion matrix, the full assertion follows from Lemma 3.5.

Suppose that A € R5(Oy). Using Lemma 2.13, the associated Lie centraliser shadow is
built from the Lie centraliser shadow of a, i.e. gu;(k), and the Lie centraliser shadow of the
reduction of C' modulo B; cf. [5, Proof of Corollary 7.7]. Table 3.1 shows that the resulting
unitary shadow has type T1, T2 or M, depending on C.

(iv) Let A = dId3+7'C € gl3(Dy), where 0 < i < £, d € ¢(9;) and C € gly(Dy_;) is a
companion matrix with characteristic polynomial 3 + cat? 4 c1t +co. Applying (i) to A modulo
B, we see that a d € ¢(gu;(0;)) is a necessary condition for A € R;(Dy). Let us assume that
this condition is satisfied. Then A € R4(Oy) if and only if C is similar to an anti-hermitian
matrix. Furthermore, C' is similar to an anti-hermitian matrix if and only if ¢ + (—1)kc; = 0
for k € {0,1,2}, by Lemma 3.5.

Suppose that A € R5(O,) so that C' is similar to an anti-hermitian matrix. The associated
Lie centraliser shadow is equal to the centraliser of the reduction of C' modulo ; cf. [5, Proof
of Corollary 7.7]. Inspection of Table 3.1 shows that the unitary shadows occurring are of type
T1, T2, T3, M, N, corresponding to different kinds of minimal polynomials of degree 3.

(v) Consider
A=dId3+7'E € gl3(9),
where 0 <i < ¥, d € 9y and

0O «™ 0
E=E(m,abec0) =0 0 1] €gh® )
a b ¢

with 1 <m < /¢—iand a,b,c € Oy_; such that v(a),v(b),v(c) > 0. Writing u = pp—;(m,a,b) =
min{m, v(a),v(b),{—i}, we may assume further that d € ¢(9;,); see Theorem 2.11. According
to Proposition 3.4, one has A € R5(9Oy) if and only if there exists

x Yy =z
F'=|y° u wl| €GLs(Oy), with x,u,r € 0y, hence I' =T,
2° w® r

such that A°T' 4+ T'A = 0. Comparing matrix entries, we obtain the following equivalent system
of equations over Oy:
i

x4+ 7 (a’2° + az),

d°
d°

= (d°

= ( y 4 7t (a®w® + ™z + bz),

= (

= (d° 4+ d)z + 7' (a°r + y + c2),
0—(

(
(
u+ 7 (7™y + 7™y° + w4 bw),
(3.10) (

(L,1) +d)
(1,2) +d)
(2,2) +d)
(1,3) d)
(2,3) d°+ d)w+ 7 (72 + b°r + u + cw),

(3,3) = (d° + d)r + 7' (w 4+ w® + er + 7).

Assume that such a matrix I' exists. Since I' is invertible, at least one of x,y,w is invertible.
Reducing equations (1,1), (1,2), (2,2) modulo PB*™#, we deduce that d° + d = 0. This leads to
the following observation. By reducing equations (1,3), (2,3) and (3,3) modulo B! we deduce
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that y, u, and w + w® are 0 modulo B. Consequently, x is invertible, and w, w® are invertible;
otherwise the second column of I" would be congruent to 0 modulo .

Since d° + d = 0, we deduce that A € R5(Oy) if and only if E is similar to an anti-hermitian
matrix. As the characteristic polynomial of E is equal to t3—ct?+bt+7™a € 9y_;[t], Lemma 3.5
supplies necessary conditions for E being similar to an anti-hermitian matrix:

(3.11) " (a®4+a)=b—-b=c"+c=0.

With these at hand, (3.10) reduces to the following system of equations over Oy_;:

(1,1) 0=a"2°+az, (1,3) 0=ar+y—+ecz,
(3.12) (1,2) 0=aw®+7"x + bz, (2,3) 0=7"z+br+u+ cw,
(2,2) 0=7"(y+y°), (3,3) 0=w+ w°.

Recall also that x,u,r € oy are o-invariant. From now on, all computations will be carried out
over Oy_;. We strengthen the first of the necessary conditions (3.11) to:

(3.13) a®+a=0 if v(b) > m.
Indeed, from the equalities (2,3) and (3,3) in (3.12) we deduce that 7"2° = 7™z, hence
(b2)° = bz if v(b) > m. But then equalities (1,2) and (3,3) in (3.12), together with w € O},
imply a®w® = aw and hence a® = —a. Below we will show that one can always arrange v(b) > m
so that the conclusion holds, in effect, unconditionally.

It is time to pin down not only necessary but, also sufficient conditions for £ to be similar
to an anti-hermitian matrix. From Proposition 2.15 we adapt the notation

t1 7w"s3 —csy s1
Frape(ti tz,s1,52,83) = | s9 t 53 € glg(Dr—i)
ass m"So 4+ bsy ta + cs3
for t1,t9, 51, 52,83 € Oy_;. Recall further that O = 0[4]. Similar to the situation described in
Theorem 2.11, we distinguish three subcases (I), (II), (III).

(vi) Suppose that u = ¢ — i, that is 7™ = a = b = 0. Subject to the necessary condition
c® + ¢ = 0 that we identified above, the matrix

1 0 0
To= [0 —cd &| € GL3(Dr)
0 -6 0

is hermitian and satisfies E°I' + I'E = 0. Proposition 3.4 shows that E is similar to an
anti-hermitian matrix.
To determine the unitary shadow we compute the Lie centraliser of F in

gus(or—i;T0) :={Y €gl, (D) | Y°Ty+ToY =0},

the unitary o-Lie lattice with respect to I'g, and subsequently reduce modulo 8. By
Proposition 2.15, the centraliser Cg, (o, ,)(F) consists of all matrices of the form

tl —CS1 S1

Y = Fo0c(tit2,51,52,83) = |52 to 53
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The intersection u = gus(og—i; o) N Cg, (0, ,)(F) is easily determined:
u= {Foo,()’o,c(tl,tg, S1, S2, 83) | tcl) +t = t; + o = Sg + 83 =81+ (58; = 0}.

The reduction 1t modulo 3 has dimension 5 and thus coincides with the centraliser in
gus(k; Tg) of the reduction E modulo 9B; see Table 3.1. Moreover, one easily computes the
isomorphism type of u and deduces that the associated unitary shadow has type J; cf. [5,
Appendix C].

Suppose that 1 < u < ¢ —i and p = m = v(b) < v(a). Recalling the necessary condi-
tions (3.11) and (3.13), we choose a € O_; and 3,7 € O, , with a° + a = ° - f =
~v° 4+ v = 0 such that a = 7#a, b = 7#3 and ¢ = ﬂ“(c)’y. Furthermore, we choose e € 0y_;
such that

ze=Pf—(1+7")oa o), where f =e+ dc € 0p_;.

In particular, this implies 7™z, = bf — (1 + 7)da, and the matrix

Te cf —f
To=|—cf (A+7"e—f (1+7)5| € GL3(D¢—;)
B

is hermitian and satisfies E°I'g + I'oE = 0. Thus Proposition 3.4 shows that E is similar
to an anti-hermitian matrix.

Next we determine the unitary shadow, using the same strategy as in case (vi). By
Proposition 2.15, the centraliser of E in gls(Oy_;) is given by

(3.14) Cg|3(£,£_i)(E) =

(vim)

{Fmapc(ti,ta,s1,52,83) | ast = 1"s9,bsy = 1" (t2 — t1),bsa = a(ta — t1).}

We are interested in those Y € Cg, (0, ,)(F) that satisfy the oy_;-linear equation Y°T'g +
IyY = 0. A straightforward computation shows that parameters (1, to, 1, 2, $3) leading
to such Y must satisfy the following congruences modulo 3,

t({ + =p t; + o =p 0, S$1 =g ﬁ_l(tg — tl), 52 = aﬁ_l(tg — tl).

We deduce that the Lie centraliser shadow of E in gus(k;Tg) is at most 3-dimensional.
Conversely, F itself, the scalar matrix § Ids, and the matrix

0 —cd ¢
Yy = Fm7a7b7c(0,ﬁ5, 0,6,0) = | ad 66 0
0 ad f96

centralise E and satisfy the condition Y°I'g 4+ I'gY = 0; to verify the assertion for Yy,
observe that m#cd~1Yy = E3 — (b+ ¢?)E — m*alds. Hence the Lie centraliser shadow of E
in gus(k;To) has dimension 3, and by inspection of Table 3.1 we deduce that the unitary
shadow associated to E has type M.

Suppose that 1 < p < £ —i and g = min{m,v(a)} < v(b) < £. Recall the necessary
conditions (3.11) and (3.13). In Theorem 2.11 there is a subdivision into three cases

(ITL;) pu=m = v(a), (Illy) p=m < v(a), (Ill) p=wv(a) < m.

We claim that matrices corresponding to (IIlp) and (IIl,) are not similar to anti-hermitian
matrices. Indeed, equality (1,2) in (3.12) yields a®w® =gu+1 —7™2z. Since both w® and
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x are already required to be invertible, a necessary condition for the solubility of this
congruence is = m = v(a®) = v(a).

We now focus on (III;); the procedure is similar to case (vir). We choose o,y € O, and
e D ; with a® +a = 3°— 8 =~°+~ =0 such that a = 7#a, b = 73 and ¢ = 79,
Furthermore, we put ¢ = a~! so that £° + ¢ = 0. Subject to the necessary conditions
collected above, the matrix

1 —c 1
Lo=|c €1+pB)c—at —£(1+p6)| € GLs(Dr—)
1 §(1+8) 0

is hermitian and satisfies E°T'g + I'gE = 0. Thus Proposition 3.4 shows that E is similar
to an anti-hermitian matrix.

To determine the unitary shadow, we look for solutions Y € Cg_(p,_,)(E), see (3.14), to
the equation Y°I'g 4+ I'gY = 0. A straightforward computation shows that parameters
(t1,t2,s1, s2, s3) leading to such Y must satisfy the following congruences modulo 33,

t1+t] =pta—t =30, 51+ 5] =p 53 — 53 = 0, 51 =gp £so.

As in the case (vyy) one shows that the Lie centraliser shadow of E in gus(k;Ty) is
3-dimensional. By inspection of Table 3.1 we deduce that the unitary shadow associated
to B has type N. 0O

3.5. Proof of Theorem 3.12. Part (1) of Theorem 3.12 follows from collecting the types in
Theorem 3.14. To prove part (2), we proceed along the same lines as in the proof of part (2)
of Theorem 2.8. Interestingly, we get the same polynomials a,, as in Theorem 2.8, with the
exception of types Ko and Ko, which do not occur in the present setting.

Let Ay € gl3(Oy) be of one of the matrices specified in Theorem 3.14 and C the intersection of
its similarity class with gus(o/). Starting from the shadow o of €, we determine the shadows 7
associated to é, the intersections with gus(os) of the similarity classes of lifts of A, to matrices
ZZ+1 € gl3(Dps1). We also keep track of the multiplicities of such lifts: these depend only on
the shadows involved and the non-zero values a, r(q) are as listed in Table 2.2.

(G) Suppose that o has type G. Then A, = dIds with d € gu;(0). Consider ZZ+1 =
dIds +7tX € gly(Dpy1), with X € gly(ko). Without loss of generality we may assume that
X € guy(ky). Then shgy(Arp) = sheu(X) and shgu(g@rl) = shgy(X); furthermore, these
shadows can be classified according to the shape of the minimal polynomial of X as listed in
Table 3.1. The number a, ,(q) of distinct lifts with shadow 7 is the number of distinct minimal
polynomials of the shape given in Table 3.1, paired with a compatible characteristic polynomial
for type £. Explicit formulae for the a, ,(q) are given in Table 2.2.

(L) Suppose that o has type £. By Theorem 3.14 we may assume that A, = dId3 +7*D(a, 0,0),
where 0 <@ < ¢, d e gu(o,) and a € O} ; with a® + a = 0. Any lift of A, that is conjugate to
an anti-hermitian matrix is conjugate to a matrix of the form

Avg_;,_l = Clldg +7TiD(a,0,0) + 7Té

0
'(]; F] with f € gu;(k), F € gly(ks),

where F' scalar corresponds to case (ii) and F' a companion matrix corresponds to case (iii). By
the analysis of cases (ii) and (iii) in the proof of Theorem 3.14, we classify the similarity classes

depending on the minimal polynomial of F'. The shadow 7 = shgy(C€) has one of four types:
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2

e}

7 has type £ if and only if F' is an anti-hermitian scalar matrix. There are as-(q) = ¢
choices for (f, F).

7 has type T7 if and only if F' has a reducible separable minimal polynomial over ko with
anti-hermitian roots c1,co. There are aq;(q) = (g — 1)¢* choices for (f, F).

(e]

o

7 has type Ts if and only if F' has a reducible separable minimal polynomial over ko with
roots satisfying ¢ + ¢§ = 0. There are ao;(q) = (g — 1)g* choices for (f, F).

7 has type M if and only if F' has minimal polynomial (x —a)? for some a € gu; (k). There
are a,,(q) = ¢* choices for (f, F).

o}

(J) Suppose that o has type J. In this case we may assume, by Theorem 3.14, that

00 0
Ay =dIds+7' [0 0 1],
0 0 c

where 0 < i < ¢, d € guy(9y) and ¢ € guy(0y—;) with v(c) > 0. Theorem 3.14 yields a complete
parametrisation for the intersections Cof gus(0g+1) with similarity classes of matrices lying above
Ay in gl3(Oy41). The shadow 7 = ShGL(é) has one of three types:

o 7 is of type J if and only if the lift of Ay is conjugate to

00 0
Apy=d'Tdz+7' [0 0 1],
0 0 ¢

where ¢ and d’ are arbitrary anti-hermitian lifts of ¢ and d, respectively. Consequently
there are a, - (q) = ¢? choices.
o 7 is of type M if and only if the lift of A, is conjugate to

0 o=t 0
App1 =<(d)Ids+7' | 0 0 1/,
a/ﬂ.ffi blﬂ_ffi c/

where a’ € gu;(k), b’ € k* and ¢ € gu;(0y—;+1) is a lift of c. Therefore, there are a, - (q) =
(g — 1)g? choices.
o 7 is of type N if and only if the lift of Ay is conjugate to

0 xt0
Appr =<(d)Idg+7° | 0 0o 1/,
a/ﬂéfi 0 CI

where o’ € gu; (k) and ¢ € gu;(0/—;+1) is a lift of c¢. There are a,-(¢) = (¢ — 1)g choices.
(T1, Ta, T3, M, N) Suppose that o has type equal to one of T1, To, T3, M, N. From Table 3.1 we
observe that all these cases are minimal in the sense that shg,(A;) cannot properly contain the
Lie centraliser shadow of any other type. This implies that the shadow associated to any lift AV[+1
of the matrix A, satisfies shGU(é) = shgy(€). Therefore, in all the cases under consideration
Proposition 3.10 and Definition 3.11 yield

o0 () = ¢ /0 D (g) = ™) = ¢
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4. SIMILARITY CLASS ZETA FUNCTIONS

Let 0 be a compact discrete valuation ring with valuation ideal p and finite residue field k
of cardinality ¢. In the context of anti-hermitian matrices we assume that char(k) # 2. There
is no other restriction on the characteristic of o or k. In this section we define similarity class
zeta functions of the finite spaces gl,,(0;) and gu,,(0¢) for £ € Ny, and suitable limit objects as
{ — oo. We employ the results from Sections 2 and 3 to compute, in Section 4.2, all of these
functions for n = 3. From these we deduce Theorem E and Corollary F.

4.1. Similarity class zeta functions and shadow graphs. Let n € N. The two cases
g =gl,, and G = GL,, g =gu, and G = GU,

of pairs of o-schemes are very similar and we treat them in parallel. Fix £ € Ny. We write Q, for
the finite set of similarity classes Q% , = Ad(G(0))\g(o¢), introduced in Definitions 2.1 and 3.6,
and let &h stand for the shadow set Ghg(,); cf. (2.1) and (3.3).

Definition 4.1. The similarity class zeta function of g(oy) is the Dirichlet polynomial

Ye(s) 1= Z |C|°.

CeQy

For 0 € &b, we set

(4.1) VAOE W (e
CeQy
sh(C)=c

yielding the natural decomposition v,(s) = >, cep 77 (5)-

Proposition 4.2. Let 0 € 6h and write vJ(s) = > _,¢7 m~*. For each m € N, the

-t

sequence (q~°¢J . )een, s eventually constant. In particular, the normalised Dirichlet polynomials

q_gyg(s) converge coefficientwise to a Dirichlet series
ST —0
77 (s) := lim ¢ "7 (s)
{—00
with non-negative rational coefficients. If char(k) does not divide n, then the numbers ch are
all divisible by q°, whence ~?(s) has integral coefficients.

Proof. In principle, the coefficients f m can be computed by induction on /; this requires con-
sideration of other shadows 7 and class sizes m’ < m. (In the special case n = 3 we can carry
out the procedure effectively; see Lemma 4.6 and Proposition 4.7 below.) To prove that qfeczm
becomes constant as ¢ — oo, we observe that the ¢° scalar matrices are the only matrices in
g(oy) whose lifts to matrices in g(os41) do not all give rise to larger similarity classes. Indeed,
Propositions 2.5 and 3.10 imply that if € C g(0g4+1) is a class with shg (é) = 7 which lies above a
class € C g(0y) with shg(€) = 7, then the quotient |é|/|€| is greater than 1 unless 7 is of type G,
i.e. a scalar matrix. The branching process by which one arrives from a scalar matrix in g(oy)
to similarity classes of the given size m and shadow o in g(oy) for ¢ > /¢ is independent of /.
Due to the normalisation, the numbers q*ecz ., thus stabilise as £ — oo.

Finally we argue for the integrality. Let m € N. For every similarity class C € Q; of size m
and shadow o, the scalar shifts dId, +C, where dId, € g(oy), form ¢ similarity classes in Qp,
each of size m and shadow o. They are all distinct since the traces of any two such shifts by
d1d,, and d'1d,, say, differ by n(d — d') and n is invertible in 0,. Thus each coefficient el 18

divisible by ¢*. O
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Remark 4.3. Corollary 4.8 below shows that the assumption char(k) { n may be necessary and
that the limit functions 77 (s), o € &b, are rational functions for n = 3. Proposition A.2 implies
the analogous fact for n = 2. It is an interesting question whether rationality also holds for
n > 4. It is perceivable that the methods developed in the paper [27], which proves rationality
of zeta functions enumerating classes of certain definable equivalence relations, are applicable in
this context.

From now on let n = 3 so that g, G are either gl;, GL3 or gus, GUs. It is convenient to use
the parameter ¢ = ¢ = e¢ € {1, —1} to distinguish between the non-unitary and the unitary
setting; see (1.4). Recall also the definition of shadow types T(®); see (1.5). For 3 x 3 matrices,
it turned out that the similarity class trees Q§|3 and Q5" have a structure that can be described
uniformly for different choices of 0. This motivates the following definition.

Definition 4.4. The shadow graph associated to the scheme pair (g, G) is the finite directed
graph I' = I'®) with the following vertex and edge sets

E() ={(8,7) ¢ T() x T() | 3o, 7 € &b of types 8,T : asr # 0}.

In the following it is convenient to refer to V/(I') := &b and E(T) := {(0,7) € Ghx&h | a,., # 0},
suppressing the implicit dependency on o.

Remark 4.5. Recall that the polynomials a,; € Z[§][t] are defined in Theorems 2.8 and 3.12,
and tabulated in Table 2.2. The results in Sect10ns 2 and 3 imply that IT" is naturally 1somorphlc
to the directed graph I' with vertex set V(I') = V(T') and edge set E(I') = E(T'). The graph I
in turn is nothing but the quotient graph of the rooted tree Q := Qf (cf. Definitions 2.1 and 3.6)
induced by the map V(Q) — &b, €+ sh(C).

By Theorems 2.8 and 3.12, the shadow graph I' and the data a¢(q), & € E(T), determine the

tree Q completely, whereas the graph I' and the data béa) (), € € E (T"), determine the sizes of the
similarity classes, which correspond to the vertices of Q. Indeed, if € € Qy, then Propositions 2.5
and 3.10 show that

-1
— (©)
€l = H bSh(Gi),sh(Gi+1)(q)7
i=0

where @; is the reduction of € modulo p’. Figure 4.1 displays the shadow graph I' associated to
the scheme pair (g, G). The edge labels in Figure 4.1 match with the row numbers in Table 2.2.

In particular, the graph I' together with the data ags(q) and béa) (q), € € E(T), provides
recursive formulae for the similarity class zeta functions of g(oy), ¢ € Ny.

Lemma 4.6. For { € Ny and 7 € 6h we have

Viy1(s) = Z ao,r(q) b

(o,7)EEB(T()

NO
J—
—
=
~—

[
V)
S
—
V)
~—

Proof. For ¢ = 1, the claim follows from Proposition 2.5 and Theorem 2.8; for ¢ = —1, from
Proposition 3.10 and Theorem 3.12:

Y= D1 = Y DT aes(a) B @1E) T = Y ao(@bEh(q)E (s). O

e CeQ (oy7)€ (o,7)E
e h(€)=0 BT ) Br®)
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FIGURE 4.1. The shadow graph I'®) for gl;, GL3 (¢ = 1) and gus, GUz (¢ = —1)*

" ™ ™
g

AN

18 Ko <16 g To
i (13)\14 )
Koo M
R
18" <18)\
* For ¢ = —1 the vertices Ky and K, with the incident edges are to be omitted.

4.2. Explicit formulae for similarity class zeta functions for type As. In order to state
explicit formulae for the Dirichlet generating function +f(s) we define, for r € N, the auxiliary
polynomials

(4.2) filar,...;a) = > af'-al €Zay, ..., q,).
(J1,--3r)ENG
Py Jist—r
We shall only make use of fel and fg. Note that, as rational functions in Q(ay,...,a,),
1—af aral —atas +at —ab+as —a
1 1 2 109 102 1 2 2 1
pr— d pu—
ff (al) 1_a1 an fﬁ (a17a2) (CLQ—CLl)(].—(ll)(l—CLQ)
We set
(43)  Agels) = FHaY), Busls) = FHP®), Cuals) = 2@ 4,657)

Proposition 4.7. For o € 6 of type 8 € T©) and ¢ € Ny,

8 (s) = 4T 44(5),
where the function TS gu(8) = Fiz,s,ql(s) is defined as

1 if8§=§
(g—1) ((¢® +eq+1)g%) " Agu(s) if8 =1L
((a—¢e)3(a+e) " Agu(s) ifS =g
§la—1) ((a+e)(a® +eq+1)¢*) " [(a—2)Byu(s) +3(¢ = 1)g" " Cyu(s)] if 8 =T,
5= ((®—2)®) [quz( ) (¢ —1)g"' " Cyu(s)] if 8 =Ta,
3@ =1 ((g+e)g—9)q ) 4.6(5) if S =T,
(¢—1)((g—2eP(g+e)®) " [By ()+2¢4%%A)} if§=M
((® = )(® —e)a) " [Bae(s) + (1 — ¢ 1)g' 7 Cyu(s)] if 8 =N,
(¢ = 1)(¢* —€)g®) " Cquls) if 8 € {Ko, Koo }-
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Proof. The proof is a straightforward induction on ¢, using: Lemma 4.6, the explicit formulae
for the polynomials a, (¢) and b((f)f (¢) from Table 2.2, and the definitions (4.3).

The case ¢ = 0 is clear as ngjo(s) = 0 unless 8 = §. For the induction step we assume that
the proposition is proved for £ € Ny. We give exemplary proofs for the types G, £, and 1, which
are representative of the shadow graph’s local complexities; cf. Figure 4.1. The computations
for the other types are similar.

Let o, 7,v € & be shadows of types G, £, T1, respectively. For o we have
Vi1 (8) = a0.0(0) 5L (@) 17 (s) = v (5) = ¢
as claimed. For 7 we have

YVer1(8) = a0 (0) b51(0) 7 97 (8) + arr(a) BEH (@) ™77 (5)

~

-1

=q¢"Mg—1) (> +eq+1)¢*) "+ "¢ g - 1) ((¢* +eq+1)g?) 7Y ¢4V
§=0
¢
s Ry
=¢"q—1) ((®+eqg+ 1)) "> g1V
j=0
as claimed. We now argue for the shadow v. Set
-1
s PRy
uge(s) = £¢°(q— (g —2) ((* +eq+1)(g+e)g*) "> _ @77,
§=0
vge(s) = 3 (g =1 (@ +eq+ 1) (g +e)q") g1+ (=602
(41,42)ENg
Jitj2<l-2
so that
V¢ (8) = tg,e(s) + vge(s)
Then

J=0

= Ugr+1(8) + vge+1(8). O

Corollary 4.8. For o € & of type 8 € T,

77(s) = Jim q~"97 (s) = T2 ,(s),
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where the function ng( ):=T%__ (s) is given by

As,e,q
1 if8=§

(¢—1) ((*+eqg+1)¢?) " (1 —q¢' 77! if$=2»

((q=e)(qg+e) " (1—g' )" if$ =1,

Ha=1) ((a+9)(@® +2q+ 1)¢*) " E2 2oy if 8=,
Ha-1) (¢ —o)d®) " ( qHS)((1_(11,43)(1_(12,68))4 if8="Ts,
P -1 ((g+e)g—e)¢) " (1— ¢ %)} if 8§ = T3,
(1) ((g— )P+ s) 2) ’ 1+q1 45) (1= )1 —¢> %) ifs=M
(@ =1)(—2)g) " (1 —g*) (1 —g¢'~ 48)(1 %)~ if$ =N,
(=)@ = &))" (1= g =*)(1 - ¢>76%)) 7" if § € {Ko, Koo}

We conclude this section with the proofs of two main results stated in the introduction.

Proof of Theorem E. The claimed formula is a direct consequence of Proposition 4.7, upon not-
ing that s(g(0)) = 7,(0) = >, cep 77 (0) for £ € No. Using
1 1 1
Age(s) > ——, Buu(s) » ——, Cuu(s) » —————= as { — 00, s = 0
‘L() 17q Q() 17(]2 (I() (1*q)(1*q2)
the computation becomes routine. O

Proof of Corollary F. The corollary is formulated in such a way that, given a place v ¢ S of the
number field k, the Euler factor ¢, ( ) of (o )( s) in (1.14) is equal to Caua (0 ( )ifeqg =-1
and v is not decomposed in the quadratlc extension of K | k defining G = GU3(K f); in all other
cases g(Ov)( s) = ol F(04) (5 s). The claimed formula thus follow from (1.12) via the Euler product
decomposition of the Dedekind zeta function (x(s), the fact that the abscissa of convergence of
Ck(s) is 1, and the Tauberian Theorem 7.2 stated in Section 7. O

Part 2. Representation zeta functions of groups of type A,
5. THE KIRILLOV ORBIT METHOD AND CLIFFORD THEORY

Let o be a compact discrete valuation ring of residue characteristic p. For the main part,
we focus in this section on the case char(o) = 0; we also exhibit analogues of some results in
positive characteristic. Fix n € N>o and let G be one of the four o-group schemes GL,,, GU,,
SL,,, SU,,, assuming p > 2 in the unitary cases. Write G' = G(0) and N = G'(o), the 1st principal
congruence subgroup. We develop techniques to study the irreducible complex characters of G,
in relation to the irreducible complex characters of N. Given a character x € Irr(N), we write
Sy = Ig(x) for the inertia group of x and we denote by R, the maximal normal pro-p subgroup
of §y. Observe that N <R, <5, <G.

Under suitable assumptions, relating p to n and e = e(0,Z)), the pro-p groups N and R,
are guaranteed to belong to the class of saturable and potent groups; see Sections 5.1 and 5.2.
This makes them amenable to the Kirillov orbit method, a machinery to describe the irreducible
complex characters in terms of co-adjoint orbits; cf. Section 5.3. In Section 5.4 we provide the
setup to apply the Kirillov orbit method to the principal congruence subgroups G™ (o). The
transition from similarity class zeta functions (see Section 4) to representation zeta functions of
groups of the form G™ (o) and their finite quotients G™(0)/G%(0) is set out in Section 5.5. In
Section 5.6 we discuss circumstances under which the character x extends from N to the pro-p
group R,; in Section 5.7 we provide cohomological criteria for the character to extend further,
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from R, to Sy. By Clifford theory, any extension of x to its inertia group .S, induces irreducibly
to G, completing the transition from Irr(N) to Irr(G).

To a certain degree the procedure works also over compact discrete valuation rings of positive
characteristic; we will indicate the necessary modifications on the way. The corresponding
starred remarks can be skipped if one wants to focus on the main situation.

5.1. Saturable Z,-Lie lattices and pro-p groups. We recall some results from p-adic Lie
theory. The notions we require originate from Lazard’s pioneering work [39] and were put into
a group theoretic setting by Lubotzky and Mann; see [18]. They were developed further and
refined in [35, 22].

Let t be a Z,-Lie lattice. A Lie sublattice n of v is said to be PF-embedded in v if there exists
a potent filtration starting at n, i.e. a descending series of Lie sublattices n =n; D ng O ... with
ﬂi n; = 0 such that (1) [t, l‘li] C n;41 and (ii) [t (p_l),l‘li] C pni4q for all © > 1. Here and in the
following we use right-normed Lie brackets so that [X ), Y] = [X,[--- [X,[X, Y]] ---]], with X
occurring n times. Observe that every PF-embedded Lie sublattice is a Lie ideal in t. By [22,
Theorem 4.1], the Lie lattice v is saturable in the sense of Lazard if and only if it is PF-embedded
in itself. Given a saturable Lie lattice v one introduces, by means of the Hausdorff series

Ppa(X,Y) = X + YV + I[X, V] + & (X, [X, Y]] + [V, [V, X]]) +... € Q(X,Y))

a group multiplication on the set v. This yields a saturable pro-p group R = exp(t), again in the
sense of Lazard. Moreover, the map t — exp(t) yields an isomorphism between the category of
saturable Z,-Lie lattices and saturable pro-p groups. (Sometimes the term ‘saturable’ is applied
to groups that are not necessarily finitely generated. In this paper, we agree that saturable pro-p
groups are by definition finitely generated.) We denote the inverse isomorphism by log, writing
t = log(R). We write eX = exp(X) for X € v and log(z) for = € R to denote the corresponding
elements in the associated structure. Conjugation in R is linked to the adjoint action of R on ¢
via

Ad(z)Y =log(ze¥z71) forx e Rand Y €.

Lemma 5.1. Let v be a saturable Zy-Lie lattice. Let n be a PF-embedded Lie ideal of v, with
potent filtrationn =ny Dng O .... Let X € v, i € N and Y € n;. Then there exists Z € n;4q
such that

Ad(e®)Y =Y 4 ad(X)Y + ad(X)Z.
Proof. The proof is similar to that of [23, Lemma 2.3(4)]. We have

Ad(eM)Y =Y +ad(X)Y + i M

=

Hence it suffices to check that Z = 3777, ad(X)?~1Y/j!is an element of n; 1. Let j > 2. Writing
j—1=(p—1)k+1with k>0and 0 <[ <p-—2, we conclude that

ad(X )71V = ad(X)P" V¥ (ad(X)'Y) € [t (p1yrr hitt] C PPk,

On the other hand, the p-valuation of j! is at most |(j —1)/(p —1)| = k. Thus ad(X)’~1y/j! €
Ny grg. Since k41 > 1 tends to infinity with j, the claim follows. O

Lemma 5.2. Let v be a saturable Z,-Lie lattice with a PF-embedded Lie ideal n. Writing
N = exp(n), we have log(eXN) = X +n for every X € ¢.
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Proof. Let n = n; D ng O ... be a potent filtration starting at n, and fix X € t. We observe
that log(eX N) = {®pq(X,Y) | Y € n} C X +n. To obtain the reverse inclusion, it suffices to
show that X +n C {®pq(X,Y) | Y € n} +n,; for all i € N. We argue by induction. Clearly,
the claim is true for ¢ = 1, as ®yq(X,0) = X. For the induction step, let ¢ > 2 and consider an
arbitrary element Z € {®pq(X,Y) | Y € n} +n;_q, that is Z = &pq(X,Y) + U with Y € n and
Uéen;_1. Then Z = CI)Hd((I)Hd(X,Y), U) +U = (I)Hd(X, Y’) + U’ for suitable U’ € [t, ni_l] cn
and Y = &g (Y, Z) € n. O

Corollary 5.3. Lett be a saturable Z,-Lie lattice with a PF-embedded Lie ideal n and a saturable
Lie sublattice . Write R = exp(t), N = exp(n), and H = exp(h) for the corresponding saturable
pro-p groups. Then t =n+ b if and only if R=NH.

A pro-p group R is called potent if v,_1(R) C RP. This notion is closely linked to saturability:
if R is finitely generated, torsion-free and potent then R is saturable; see [22, Corollary 5.4].
Conversely, a saturable pro-p group need not be potent.

5.2. Application to pro-p subgroups of matrix groups. Let o be a compact discrete valua-
tion ring of residue characteristic p. Fix a uniformiser 7 so that the valuation ideal of o takes the
form p = 7o, and let O be an unramified quadratic extension of 0 with valuation ideal 3 = 79.
For p > 2 we write O = 0[d], where § = ,/p for an element p € o whose reduction modulo p is a
non-square in the residue field o/p.

Let n € N>g. In this section we consider the Sylow pro-p subgroups of GL,(0) and SL, (o),
respectively GU, (o) and SU, (o), as well as the corresponding o-Lie lattices. As before, we
assume throughout that p > 2 in the unitary setting. In particular, we are interested in the
lower central series of these groups and Lie lattices.

In order to arrive at a uniform description, it is convenient to work with versions of the
unitary groups and the unitary Lie lattices that are different from those used in Section 3.
Let W = (w;j) € GL,(9) denote the matrix corresponding to the longest element in the Weyl
group of permutation matrices, i.e. let w;; = d; n41—; using the Kronecker delta. We equip the
O-algebra Mat,, (O) with the (O, 0)-involution

A*=WA W~ for A € Mat, (D),
where o denotes the standard (O, o)-involution ‘conjugate transpose’ as in (3.1). Then
GUr(0) ={A € GL,(O) | A*A=1d,} and guy(o)={Aecgl,(O)|A*+A=0}
are isomorphic to GU,(0) and gu,,(0); cf. Lemma 3.3. Similarly, we are interested in
SU(0) = GUy (o) NSL,(O) and  suj (o) = guy (o) Nsl,(O),

which are isomorphic to SU,(0) and su, (o).

Observe that A = (a;;) € gl,(O) belongs to guj(o) if and only if its entries satisfy the
conditions a;; + a,, Hlojmtl—i = 0 for 1 <i,5 <n. From this, one constructs natural o-bases for
the Lie lattices gl,,(0) and gu,,(0). Denoting by E;; the elementary n x n matrix with entry 1 in
the (7, j)-position and entries 0 elsewhere, we define

1) _
EY = By,
(5.1) Eij — Ent1—jn+1—i ifi+j<n+l1,
ECY =S5 ifit+j=n+1,

ij
0Bij +0Eni1—jni1—i ifi+j>n+1.



SIMILARITY CLASSES AND REPRESENTATION ZETA FUNCTIONS OF GROUPS OF TYPE A, 51

Using the parameter € € {1, —1} to distinguish between the general linear and unitary settings,
and defining

GL, | fore—1,
G:G(S):{ and g:g(s):{gn or €

(5.2) GU; guy  fore=—1,
5.2
H=H® = Sk and h=h0 = sl for e =1,
SuUp suy, for e = —1,

(e)

we see that the matrices EZ]E , 1 <1i,j <n, form a basis for the o-Lie lattice scheme g.
For m € Z, the o-submodule schemes

bm = b®) = h() N span(Ei(fj) | j—i>m)
= {(24;) €h® | 2 =0 for j —i < m}

form a filtration
{0}=...=b, Cb,1C...Cbi_p=...=h.

Moreover, identifying O ®, gl,(0) with gl,(O) via the basis E;;, 1 < 4,5 < n, one checks
easily that, for each m € Z, the D-submodule schemes O ®, b%) and O ®, bg{ D are equal as
subschemes of the ©O-Lie lattice scheme sl,, = O ®, sl,, = O ®, su};. Consequently, the resulting
o-submodule filtrations of h®) (o) and h(=Y (o) produce, under extension of scalars, the same
O-submodule filtration bl (O) = bf{l)(D), m € Z, of sl, (D) = h(M (D) = h(=D(9). This means
that properties that are ‘stable’ under extension of scalars can be derived uniformly for both
cases, ¢ =1 and ¢ = —1.

Next we record an auxiliary lemma describing certain types of commutators of terms of the
filtration described above, based on explicit matrix identities.

Lemma 5.4. With the above notation, the following hold:

(1) by - by C by, in particular [by,, by] C by for all mym’ € Z;
(2) if p>2 orn >3 then [bi, by = b1 form € Z with m > 1 —n;
(3) if p>2 ormn >3 then [bg, h] = h.

Proof. (1) Let X = (z45) € by, and Y = (y45) € by, for m,m’ € Z. Suppose that the (i, k)-entry
of XY is non-zero, i.e. Z;Zl zijyjk 7 0. Then z;; # 0 and y;, # 0 for some index j, and
consequently k —i = (j —i) + (k—j) >m+m'.

(2) Let m € Z with m > 1 —n. By (1), it remains to show that by,,11 C [b1, by,]. This can be
checked modulo 7, and since extension of scalars preserves the dimension of vector spaces, it is
enough to show that by, 41 (O) C [b1(O), by, (O)]. Thus we may assume without loss of generality
that € = 1; see the remark preceding the lemma.

The o-lattice by,11 is spanned by elements of the form

(i) Eij, where 1 <i4,j <nwithi# jand j—i>m+1,
(11) E;; — Ei+1,i+17 where 1 <1i < n, if m < —1.

First consider E;; of type (i). If j —i > 2 or j —i < 0, we use the identities

Ez’j =

|Eiiv1,Eiq1;] fi<i+l<jorj<i<i+1l<n,
[Eij—1,FEj_y] f1<j—-1<j<i
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to deduce that E;; € [by, by,]; the case (i,5) = (n,1) does not arise, as j —i >m+1>2—n. It
remains to consider the case j —i =1, i.e. j =i+ 1. Then m < 0 and we use the identities

o {%[Eii_Ejijij] if p>2,
Y [Eii — Exk, Eij] itk & {i,j}
for j =i+ 1 to deduce that E; ;11 € [b1,by,).

Finally, for m < —1 and 1 <i < n we see that Ey; — Eij1141 = [Eiit1, Eiv1,i] € [b1,bm].

(3) Similar to part (2) we may assume without loss of generality that ¢ = 1 and, clearly, it
suffices to show that h C [bg,h]. For 1 <, j < n with i # j we use the identities (5.3) to see
that Eij € [b(), h] For 1 < i < n we have Ez'z' — L1441 = [Em'+1, Ei+1,i] € [b(], h] |

(5.3)

We are interested in the o-Lie lattice scheme
(5.4) s=s) =7h+ bf),
which is defined so that, under suitable assumptions detailed below, s(0) is a saturable Lie lattice
yielding a Sylow pro-p subgroup exp(s(0)) of H(o).
Lemma 5.5. Suppose that p > 2 or n > 3. The terms of the lower central series of the Lie
lattice scheme s are:
")/Z‘_:,_jn(s) = TI'j’}/i(S) = 7Tj+2h + 7Tj+1bi_n + 7iji7
where 1 <i<n and j > 0.
Proof. Note that h = by_,,. For (i,j) = (1,1), the formula on the right-hand side equals
o1 2h 4+ 7, + wlby = m(wh 4+ by) = 7s.
Hence it suffices to prove the formula up to the (n+1)th term of the lower central series. Clearly,
71(s) = 72h + 7by_,, + by = s holds true. Now suppose that 1 < i < n. By induction and using
Lemma 5.4 (1), we have
Yit1(s) = [5,7i(s)] = [wh + by, w?h + 7b;, + by
= 73[h, h] + w%[h, by + b;_p,] + 7([h, b;] + [b1, bi_n]) + [b1, b;]
C 7?h + 7biy1_pn + bigs.
Moreover, for i = n, we note that the last term indeed equals w2h + wby = 7s, as b,41 = {0}.
The required reverse inclusions
lh,by +b;—n] Dh,  [h,b] + [b1,bi—pn] D big1-pn, [b1,bs] D bit1.
are obtained from Lemma 5.4 (2) and (3), upon noting that by C b;+b;_, andi—n,i > 1—n. O

Proposition 5.6. Let o be a compact discrete valuation ring with char(o) = 0 and residue
characteristic p. Let n € N>o and put e = e(0,7Z,). Suppose that p > en +n. Let G be GL,, or
GU,,, and accordingly let H be SL,, or SU,,. Put G = G(0o) and N = G!(0), or G = H(0) and
N = H(0). Let R be any pro-p subgroup of G containing N.

Then N and R are potent and saturable, n = log(N) is PF-embedded in v = log(R), and n is
naturally isomorphic to g(o) or h'(o), respectively.

Proof. In the unitary setting, it is convenient to work with G = GU}, and H = SU}. Hence let
G,g and H,h be as in (5.2), parametrised implicitly by € € {1, —1}. Without loss of generality
we may assume that R is contained in a Sylow pro-p subgroup of our choice. Observe that

S ={A € GL,(D) | Ais upper uni-triangular modulo 7}
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is a Sylow pro-p subgroup of GL,(9) and that S = SNGisa Sylow pro-p subgroup of G.
The inequality p > en + 1 guarantees that S is saturable; moreover, S embeds naturally into
the associative algebra Mat, (O’), where O’ is a finite extension of O, such that the Lie lattice
§ = log(S) can be identified with a Lie sublattice of gl,,(£’) and the exp-log correspondence is
achieved by applying the p-adic exponential and logarithm series to matrices over 9'; see [39, III
(3.2.7)]. In [35, Proposition 2.5], the argument is extended to show that Sylow pro-p subgroups
of automorphism groups of p-adic vector spaces equipped with a bilinear form are saturable.
The proof given there covers, mutatis mutandis, also hermitian forms, and we conclude that, as
p > en+1, in all cases considered here, the group S is saturable. Furthermore the corresponding

Lie lattice log(S) can be identified with the matrix Lie lattice
s ={X € g| X is strictly upper triangular modulo 7},

where g = g(0) or g = h(0). Moreover applying the p-adic exponential and logarithm maps,
defined by the series Exp(Z) = Y72, Z7/j! and Log(1 + Z) = »272,(=1)*'Z7/j, one can
translate between S and s in place of the Hausdorff series construction.

It is convenient to deal first with the case G = H(0) and g = h(0). We observe that s = s(0),
where s is as in (5.4). We claim that the Lie sublattice n := h!(0) is PF-embedded in s. More
precisely, we claim that

n; :=y(s)Nn, €N,
forms a potent filtration of n in s. Indeed, from Lemma 5.5 we obtain 7, (s) C n and Ypqen(s) C
PYn(8). In particular, n; = 7;(s) for ¢ > n, and it suffices to observe that p > en + n implies

[5 (p71)7n] - [5 (en)> [5 (nfl)an]] - [5 (en)afyn(s)] = 7n+en(5) = p/)/n(s) C pn.
Furthermore, Exp(n) C N and, comparing Haar measures, we deduce that Exp(n) = N so
that n is naturally identified with the Lie lattice log(/V) corresponding to the saturable group N.
By [22, Theorem B], the terms of the lower central series of S and s correspond to one another
via the exp-log correspondence. From this we observe that

Ynten(S) = EXp(Yn+ne(5)) = Exp(pyn(s)) C Exp(pn) = NP.
Since p > en + n, we deduce that for the given subgroup R of S,
Yp-1(R) C Yntne(S) C NP C R

Thus R is finitely generated, torsion-free, and potent, hence saturable.

(0) +3
where 3 denotes the centre of g, and hence s = s(0) + 73. This implies that ~;(s) = 7;(s(0)) for
i > 2. Using this observation, it is easy to extend the arguments provided for H(o) and h(o) to
conclude the proof. O

It remains to treat the case G = G(o) and g = g(0). From p > n we see that g = h

Remark 5.7. For the purpose of extending characters from N to G, Proposition 5.6 is only
applied to pro-p subgroups R = R, that arise as maximal normal pro-p subgroups of inertia
subgroups S, = Ig(x), where x € Irr(N). A priori this specific situation requires control over
much fewer groups R and it is possible that with extra work the restrictions on p can be eased.

Remark* 5.8. Let n,f € N with n > 2. Suppose now that o has arbitrary characteristic and
residue characteristic p > nf. As in the proposition, let G = G(0) and N = G!(0), or G = H(o)
and N = H!(0). In addition, we write M = G*(0) or M = H*(0). Let R be any pro-p subgroup of
G containing N. Then R/M has nilpotency class at most p— 1, as p > n¥; cf. [35, Appendix A].

Consequently, we may argue similarly as in [23, Section 6.4]. There is a surjective homomor-
phism 7 from the free nilpotent pro-p group R of class p — 1 on a certain number of generators
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onto R/M. We observe that both R and the pre-images N := n~*(N) and M = n~Y(M) are
potent and saturable. Moreover, log(N) is PF-embedded in log(R). Finally, the finite Lie ring
log(N)/log(M) is naturally isomorphic to g!(0)/g’(0) or h'(0)/h*(0).

5.3. The Kirillov orbit method. The Kirillov orbit method, as described below, applies to
potent saturable pro-p groups and yields a description of their irreducible complex characters in
terms of co-adjoint orbits; for details see [23].

Recall that the Pontryagin dual a¥ of a locally compact, abelian group a consists of all
continuous homomorphisms from a to the circle group {z € C | |z| = 1}. Let G be a saturable
pro-p subgroup and g = log(G) the corresponding Z,-Lie lattice. The adjoint action of G on g
induces an action of G on the Pontryagin dual g of (the additive group) g. We call this action
the co-adjoint action and denote it by Ad*. In concrete terms, this action is given by

(Ad*(g)w)(X) = w(Ad(g~HX) = wllog(g e g)) forge G, weg, and X € g.

Theorem 5.9. Let G be a potent saturable pro-p group and let g = log(G). Then there is a
one-to-one correspondence Ad*(G)\g" — Irr(G), Q — xq between Ad*(G)-orbits in gV and
wrreducible characters of G. Furthermore, the following hold.

(1) For every Ad*(G)-orbit Q2 the character xq is given by

xa(g) ]Q|1/2 Z 2(9)) for g € G.
wef
In particular, the degree of the character xq is equal to \Q|1/2.
(2) Suppose that H is a potent open subgroup of G and let h = log(H). Let Q = Ad*(H)w
and © = Ad*(G)Y be co-adjoint orbits of w € Y and ¥ € g¥. Then xq is a constituent

of Res%(xe) if and only if there exists g € G such that w = (Ad*(g)?)|y.

Proof. The proof of the first half of the theorem is given in [23]. We now justify part (2).
Observe that H is saturable by [22, Corollary 5.4]. The multiplicity of xq in Res%(xy) is given
by the inner product of the two characters. Since the map exp: h — H is a measure-preserving
bijection, we deduce from part (1) that

(xa ResS (xo)) = /H xa(h) - Res§ (xe) (h) dyu(h)

!Q\l/Q|@yl/2 > 2/ ) - ]5(X) du(X).

w'eN¥ed

All the terms ' and ¥'|y in the above sum represent 1-dimensional characters of ). Hence by
the orthogonality of characters we deduce that

_ 1 ifw =9,
[0 T =40 17
b 0 if w' # .

The claim follows immediately from this. O

Corollary 5.10. Let G be a potent saturable pro-p group and let N be a potent open normal
subgroup of G. Let g = log(G) and n = log(N). Then the Kirillov orbit map induces a one-to-one
correspondence Ad*(G/N)\(g/n)" — Irr(G/N), Q +— xq.

Proof. By Theorem 5.9 the irreducible characters of G are of the form xq, where €2 runs through
the Ad*(G)-orbits in g¥. Irreducible characters of G/N correspond to characters yq with
xa(g) = xa(1) = |Q|'/2 for g € N. For w € Q this condition is equivalent to w(log(g)) = 1 for
g€ N, ie w(X)=1forall X €n. O
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Remark* 5.11. Continuing in the setup and with the notation of Remark 5.8, we observe that
the characters of the finite p-groups R/M and N/M can be described in terms of the Kirillov
orbit method applied to the potent saturable pro-p groups R N and M using Corollary 5.10.
This relies on the fact that the natural isomorphism between the finite group and Lie lattice
sections is equivariant under the adjoint actions. Theorem 5.9 can be applied mutatis mutandis.

5.4. Principal congruence subgroups. Let 0 be a compact discrete valuation ring of char-
acteristic 0, with residue field k of cardinality ¢, and put p = char(k) and e = e(0,Z,). Let
7 be a uniformiser of o0 and let O D o0 be an unramified quadratic extension and fix n € N.
Let G be one of the o-group schemes GL,,, GU,,, assuming p > 2 in the unitary case, and let g
denote the corresponding o-Lie lattice scheme gl,,, gu,,. Write &b for the shadow set Shg(o); see
Definitions 2.2 and 3.7.

Let {,m € N with £ > m. Let G = G(0) and let G™ = G™(0) denote its mth principal
congruence subgroup. We write G for the quotient G™/G*. Put g = g(0), and let g™ = g™ (o)
denote the mth principal congruence Lie sublattice. Write g, = g/g¢ and g/ =g"/ g’

To ensure that the group G™ is potent and saturable, we assume that

p>2 and m>e/(p—2);

cf. [5, Proposition 2.3]. Saturability gives a Lie correspondence between G and g ~ log(G™).
Let § denote the fraction field of . We fix a non-trivial character of the additive group of §

?I@p

(5.5) 0: F — Qp — Qp/Zy — o C CX.

One obtains an isomorphism

=%, 0 where @,: § — C*, v (y) = o(n " zy).
Here v is the valuation of a generator of the different Dg|g,, which is introduced in order to
maintain the self-duality upon descent to finite quotients. For A € gl,(O/) we consider the
character
wa gly (D) = €%, wa(X) = p(n" tr(AX))

and its restriction to g, which we also denote by w4 for simplicity.

Lemma 5.12. The map g¢ — g, A — wy is an isomorphism of finite abelian groups that is
G-equivariant with respect to the adjoint action Ad on go and the co-adjoint action Ad* on g, .

Proof. The essential observation is that the trace induces a non-degenerate O/-bilinear form
B g|n(Dg) X g|n(5:)g) — O, (4, B) — tI‘(AB).

Indeed, for every A € gl,,(9D¢), the Oy-linear map B — tr(AB) is the zero map if and only
if A = 0 as one sees, for instance, by evaluating it on elementary matrices. Restriction of the
form f3 to gl,,(0¢) x gl,,(0¢) establishes the isomorphism gl,, (07) =~ gl,,(0¢)".

Similarly, restriction of 8 to gu,(0s) X gu,(0s) establishes the desired isomorphism in the
unitary case. For this one notes that the image of the restriction lies in oy as tr(AB)° = tr(AB)
for A, B € gu,,(0¢). Furthermore, evaluation of the Oy-linear map B — tr(AB) on matrices of
the form EZ.(]._I) as described in (5.1) — which form a generating set of gu,,(0/) as an 0y-module —
shows that this map is the zero map if and only if A = 0.

In both cases, the G-equivariance is immediate. O

We also use the isomorphism

(5.6) grm — (@7, A=W, where w’': g7' = C*, wH(X) =wa(r ™X).
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As G™ is potent, the Kirillov orbit method sets up a correspondence between Irr(G™) and
A (G™)\(g™)V. As (g™)¥ = limy_,o0(g}")", the isomorphisms (5.6) lead us to consider the
finite orbit spaces Ad(G™)\g¢—r, for £ > m. The analysis of these spaces in the next section
utilises the similarity class zeta functions from Section 4.

Remark* 5.13. The setup above can be adapted to study the characters of the groups G} in
the case that char(o) is arbitrary, provided p > ¢/m. The latter condition ensures that the
nilpotency class of the finite p-group G7" is at most p — 1. Write N = G"™ and M = G*. Similar
to Remark 5.8, there is a homomorphism 7 from a free nilpotent pro-p group N of class p—1
on a certain number of generators onto N/M. Both N and M := n~1(M) are potent and
saturable. The finite Lie ring log(N)/log(M) is naturally isomorphic to gy'. If o has positive
characteristic p, the non-trivial character

Ty | Fp () Reso
_

0 F F,(t) —% F, — p, C CX,

replaces the character described in (5.5), with v = 0 as the different in this case is trivial. Here
the residue map Resg picks out the coefficient of ¢ 1.

5.5. From similarity class zeta functions to representation zeta functions. We continue
to use the notation set up in Section 5.4. In addition, we write H for the o-group scheme SL,,
or SU,,, according to whether G is GL,, or GU,,. Put H = H(o) and, for m € N, let H™ = H™ (o)
denote its mth principal congruence subgroup. For ¢ € N with ¢ > m write H;® = H™/H ¢t In
Section 4.1 we introduced the similarity class zeta functions v7(s), o € &b, and discussed the
limit of their normalizations q’e*yg(s) as £ — oo; cf. Proposition 4.2. The following variants of

these functions play a central role in our derivation of formulae for representation zeta functions.
Definition 5.14. Let 0 € Gh. For £ € Ny we set

& (s) = [6(k) : o ()] 297 (s/2),
and we define £7(s) = limy_,o, £7(s) = [G(k) : o(k)]'**/277(5/2); see Proposition 4.2.

In Proposition 5.16 below we provide formulae for the zeta functions of groups of the form
G, H;", and H™ in terms of the functions {7 and £7. For this we require the following lemma.

Lemma 5.15. Let {,m € N with £ > m. Then

(l—m) dim G .
> Q=% = {q(m—l)dimG /2 Z.fg =2
QeAd™ (G™)\(a7") q D QeAd* (GM\( W€ if £ > 2m.

Proof. If £ < 2m, the co-adjoint action of G™ on (g}*)" is trivial and the sum over the singletons
equals |g'| = (¢~ dimG
isomorphism (5.6) between gy_p, and (gj")¥, and similarly between gy_gm11 and (g7_o,,,5)", it
suffices to work with Ad(G™)-orbits in g;_,, on the left hand side and Ad(G*)-orbits in gs_gm41
on the right hand side.

Suppose that A € g, and for k € Nlet A;. € gx be the image of A under the natural projection.
Consider the orbit A = Ad(G™)Ay_p, € Ad(G™)\gr—m. If G = GL,, then

(5.7) G" —g", Id3+n"X — 1"X

1
97—2m+2

, as claimed. Now suppose that ¢ > 2m. Using the G-equivariant

is a measure-preserving bijection, mapping the stabiliser Stabgm (Ag) onto the Lie centraliser
Cgm (Ag) for every k € N. Furthermore, as ¢ > 2m, the map

g™ —gt, "X =X
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is an isomorphism of abelian groups, mapping Cygm (A¢—y,) onto Cy1(Ag_2p41). If G = GU,,, we
reach the same conclusions by using the Cayley map cay (cf. Definition 3.8) in place of (5.7);
compare with the proof of Proposition 3.10. Thus in each case we deduce that

Al = |G™ : Stabgm (Ag—m)| = 8™ : Cgm(Ap—m)| = lg" : Cr (Ap—2ms1)l;

and, using (5.7), we get
Z |‘A’78/2 = Z |91 : Cg1 (A£—2m+1)‘7178/2

A€Ad(G™)\ge—m Ap—m€dt—m
=qgmhdme Y |G Stabg (Ap—an) [T
Ap—2m+1€90—2m+1
_ q(mfl)dimG Z |‘A’73/2' 0

AEAd(Gl)\ge,2m+1

Proposition 5.16. Let {,m € N with £ > m, and suppose that p{2n and m >e/(p—2). Then

Cop(s) [ qlt=m)dimH if 0 < 2m,
(5.8) Cap(8) = ~ o = (m—1) dimH o :

4 q > veeh §iomy1(s) if€>2m.
Moreover,
(5.9) Crrm (s) = g(m—D dimH Z £ (s).

ceSh

Proof. Observe that H;" is the kernel of the determinant map on G7*. Since p { n, every element
in the p-group det(G}") admits an nth root. Thus the central subgroup S(G7}") of scalar matrices
maps onto det(G7"), and G} decomposes as a direct product G* = H;" x S(G}*). This yields
the first equality in (5.8).

The assumption m > e/(p—2) guarantees that the pro-p group G™ is potent and saturable (see
[5, Proposition 2.3]) so that the orbit method can be used to parametrise irreducible characters
of the finite quotient G7*; see Corollary 5.10. For ¢ < 2m the second equality in (5.8) follows
directly from the observation that G is abelian and dim G = dimH + 1. For ¢ > 2m, we apply
the orbit method, Lemma 5.15, the correspondence (5.6), and the fact

(5.10) [ : Staba(A)] = [G(k) : 0(k)][G! : Stabgi (A)] for A € gr_oms1 with shg(A) = o

to obtain
Cap(s) = > ||~/
QeAd™(G™)\(g7")"
_ q(m—l)dimG Z ‘Q|_S/2

QeAd” (Gl )\(g%_2m+2)\/

_ q(m—l)dimG Z Z "A|—s/2

oEGH AcAd(GM\gr—2m 1
VA€EA: shg(A)=0c

_ q(mfl)dimG Z Z “A|fs/2 [G(k) . U(k)]1+s/2

oe6h AcAd(G)\gr—2m+1
VA€A: shg(A)=0

- —1)dimH
=g g Im N i (5)
ceGh
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As for equation (5.9), every continuous character of H™ factors through H}" for sufficiently
large ¢. Therefore
T _ (m=1)dimH
Crm(s) = lim Gy (s) = g gejh £7(s). O
g

Remark 5.17. In fact, the second formula on the right-hand side of (5.8) also holds for £ = 2m,
because ZUEGP} £7(s) = qtimH,

We record, as a byproduct of the proof of Proposition 5.16, an explicit formula for the degrees
of irreducible characters of the principal congruence subgroup quotients G7".

Corollary 5.18. Let {,m € N with { > 2m. Suppose that A € gp_,, corresponds, via the
isomorphism (5.6), to a character Wy € (g")". Set A = Ad(G)A € Ad(G)\ge—m and, for
1<i</l—2m+1, denote by A; the reduction of A modulo 7. Then the degree of the character
XAd* (Gmywy € Irr(G}") associated to the co-adjoint orbit of W'} is equal to
1 _ . _4-2m g .

Xad+ (G (1) = g2 (2m) dim G35 dim(sha(4:),
Proof. For ¢ = 2m the degree is indeed 1. Suppose that ¢ > 2m and set 0 = shg(Ar—2m+1)-
Then

Xad(Gmywn (1) = [G(k) : o(k)] [ Ar—am 1]
£—2m

_ [G(k) . O_(k)]—l H qdimG—dim(shG(ﬂi)) HShG(‘AZ)H

P [she (Ait1)]|
{—2m
_ H qdim G—dim(shg(A;))
=1
= g(t=2m) dim G—Y2;Z7™ dim(she (Ai)) O

Remark™ 5.19. As in the previous sections we comment on how to modify the results for G* and
HJ" in case of arbitrary characteristic, provided that p > ¢/m. Definition 5.14 does not change.
Lemma 5.15 and the first equality in (5.8) hold as stated, also in positive characteristic. To
obtain the second equality in (5.8) and Corollary 5.18, we use the Kirillov orbit method for the
finite p-groups G* and H;" as indicated in Remark 5.13. This relies on the condition p > ¢/m.

5.6. Extensions of characters via the orbit method. Let G be a topological group, and
let N be a normal open subgroup of G. The group G acts on N by conjugation, and hence acts
on the set Irr(V) of irreducible complex characters of N:

Ix(h) = x(g~ 'hg) forge G, x € Irr(N) and h € N.

The inertia group Ig(x) of x € Irr(N) in G is the stabiliser of x in G.

Suppose further that N is a potent saturable pro-p group, and write and n = log(N). Fix
w € n¥ with co-adjoint orbit Q = Ad*(N)w, and recall that xq € Irr(N) denotes the character
corresponding to €2 via the orbit method.

Lemma 5.20. With the notation as above, the following hold:

(a) Ie(xn) = Stabg(2) = N Stabg(w),

(b) Ad*(Ig(xa))w = Q.
Proof. From Theorem 5.9 we see that Ig(xq) = Stabg(Q2). Clearly, one has Stabg(2) D
N Stabg(w). For the reverse inclusion, assume that g € Stabg(£2). Then there exists h € N

such that Ad*(g)w = Ad*(h)w so that h=lg € Stabg(w). Thus g € N Stabg(w). This proves
part (a), and (b) is a direct consequence of (a). O
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In addition to the notation fixed already, suppose that N < R < (G, where R is a potent
saturable pro-p group, and set t = log(R).

Lemma 5.21. With the notation as above, the character xq extends from N to R if and only
if there exists ¥ € vV, with co-adjoint orbit © = Ad*(R)Y, such that V|, = w and |6] = |Q|; in
this case xo € Irr(R) is an extension of xq-

Proof. Let © C t¥ be an Ad*(R)-orbit. Then g extends yq if and only if xq is a constituent of
Res¥ (vo) and xe(1) = xa(1). By Theorem 5.9, these conditions are equivalent to: there exists
¥ € © such that Y|, = w and |©] = |Q]. O

Corollary 5.22. With the notation as above, suppose that R C Ig(xq). Then the character xq
extends to R if and only if w extends to 9 € vV such that |Ad*(R)w| = |O|, where © = Ad*(R)9.
In this case xo € Irr(R) is an extension of xq.

Proof. The claim follows directly from the previous two lemmata. O

Next we develop a criterion for applying Corollary 5.22. Let t be a Z,-Lie lattice, let n be a
Lie ideal of v and let w € nV. The radical of w in t is

rade(w) :={X €t | VY en: w([X,Y]) =1};
see [23], but note the difference in notation. We observe that rad.(w) is equal to
staby(w) = {X € v | ad*(X)w = 1},
the stabiliser of w under the co-adjoint action given by
(ad*(X)w)(Y) = w(—ad(X)Y) for X €v,wen’, and Y €n.
Lemma 5.23. Let v be a saturable Z,-Lie lattice, and let R = exp(r). Let n be an open Lie
ideal that is PF-embedded in v. Let w € nY. Then stab.(w) is saturable and
exp(stab,(w)) = Stabg(w).
Proof. Suppose that X € t such that eX € Stabg(w), i.e. such that
wAd(eN)Y) =w(Y) forallY en.

Let n =n; D ny O ... be apotent filtration for n. We claim that w(ad(X)Y') € w(ad(X)n;) for all
J € N. Since w(ad(X)n;) =1 for sufficiently large j, this will imply that X € stab.(w). Clearly,
one has w(ad(X)Y) € w(ad(X)n;). Now let j > 2 and suppose inductively that w(ad(X)Y) =

w(ad(X)Yj_1) for some Y;_1 € nj_q. Then by Lemma 5.1 we have

Ad(e™)Yj1 = Vi1 +ad(X)Yj1 — ad(X)Yj,
where Y; € n;. This yields
w(ad(X)Y) = w(ad(X)j_1) = w(Ad(e¥)Yj 1 — ¥j1)w(ad(X)Y}) = w(ad(X)Y;).

Conversely, suppose that X € stab.(w), i.e. that w(ad(X)Y) = 1 for all Y € n. Then by

Lemma 5.1 we have
w(Ad(e®)Y) = w(Y)w(@d(X)(Y + Z)) = w(Y)

for some Z € n. Hence eX € Stabg(w).
It follows that stab.(w) is saturable and exp(stab.(w)) = Stabr(w). O

Proposition 5.24. Let t be a potent saturable Z,-Lie lattice with a potent open Lie ideal n that
is PF-embedded int. Put R = exp(t), N = exp(n). LetvY € vV, © = Ad*(R)Y and w = V|, € n",
Q = Ad*(N)w. Suppose that v = n + stab(). Then
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(1) staby(1) = staby(w);
(2) Stabgr(¥) = Stabg(w);
(3) xq € Irr(N) extends to xeo € Irr(R).

Proof. (1) Clearly, stab.(9) C stab;(w). For the reverse inclusion, let X € stab(w). Ast =
n + stab,(¢) it suffices to show that J(—ad(X)Y) = 1 for Y € nUstab.(¥). If Y € n then
Y(—ad(X)Y) =w(—ad(X)Y) =1. If Y € stab.(?) then J(—ad(X)Y) =d(ad(Y)X) = 1.

(2) The claim follows immediately from (1) and Lemma 5.23.

(3) From t = n + stab,(¢), Lemma 5.23 and Corollary 5.3 we deduce that R = N Stabpr(9).
From (2) we deduce that Ir(xq) = R, and (2) with Corollary 5.22 shows that ye extends xo. O

5.7. Cohomological criteria for extendability. Let G be a group, N a finite-index normal
subgroup of G and x € Irr(NNV). Define Irr(G | x) to be the set of irreducible characters i of G
such that x is an irreducible constituent of Res%(q/)). The relative representation zeta function
of G with respect to x is defined as

(5.11) G = S @A)

Yelrr(G | x)
In the notation introduced in [5, Section 7.2.1], we have (g | (s) = [G : Ia(x)]"*Ccx(s). Clifford
theory yields the following proposition; see [29, Corollary 6.17].

Proposition 5.25. Let G be a profinite group, N an open normal subgroup of G, and x € Irr(N).
Suppose that x extends to a character of Ig(x). Then

Capx(8) =[G Ia(X)]* Go /N (5)-

Corollary 5.26. Using the same notation as in the proposition and supposing that every x €
Irr(N) extends to a character of Ig(x), we have

(5.12) ()= D 1G: 16001 Gapon(s) x(1)7°
X€EIrr(N)

Whether a character extends can be studied in the framework of the second cohomology
group of the inertia quotient. Let S be a group with a finite-index normal subgroup R < S,
and let x € Irr(R). Clearly, a necessary condition for the extendability of x to S is that S
fixes the character yx, i.e. that Ig(x) = S. Assuming this, one constructs an element in the
second cohomology group H?(S/R,C*), also known as the Schur multiplier, as follows; see [29,
Chapter 11].

Let M be a left R-module affording the character x. Choose a left transversal T for R
inside S such that 1 € T. For every t € T, the R-modules M and tM are isomorphic, because
t € Ig(x). For each t € T, we choose an isomorphism P;: M — tM, selecting the identity
P =1d for t = 1. Every element of S can be written uniquely as th, where t € T and h € R.
We define Py,: M — tM by Py,(m) = Py(h-m). It can be easily checked that for every pair
g1, 92 € S, the operator

Pt 0Py 0Py, M — M
is a non-zero endomorphism of the R-module M; because M is irreducible, this morphism is
multiplication by a scalar a(g1, g2) € C*, say. Note that the value of «(g1, g2) depends only on
the cosets g1 R and goR. The function « is a 2-cocycle and, although it generally depends on
the particular choices for T" and P;, the cohomology class 8 € HQ(S /R,C*) that it represents
does not. By [29, Theorem 11.7], the character x extends to S if and only if § is trivial.

In our setting S is a profinite group and R an open normal pro-p subgroup of S. In this case
all finite-dimensional representations of R factor through finite p-groups.
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Proposition 5.27. Let S be a profinite group, R< S be an open normal pro-p subgroup of S
and x € Trr(R) such that Is(x) = S. If B € H?(S/R,C*) is the cohomology class attached to
(S, R,X), then 3 is a p-element in H?(S/R,C*).

Proof. We continue to use the notation set up above. Let p denote a representation associated
with the R-module M. Fix volume forms on the R-modules tM, t € T. Let t1,t5 € T and
suppose that h € R is such that ¢1t9h € T'. Taking determinants, we get

a(t17t2)dim(M) = det(Pt1t2h)71 det(Ptl) det(Ptz) det(p(h))

We may assume that the isomorphisms P;, ¢t € T, have determinant 1. Since p is an irreducible
representation of the pro-p group R, its dimension dim(M/) is a power of p, and det p(h) is a
p"th root of unity for some n € N. Therefore a(t;,t2) is a p™-root of unity for some m € N. It
follows that the order of 3 is a power of p. O

5.8. Extension of characters from N to their stabiliser in G. From now on consider
again G = G(o0), where G denotes one of the o-group schemes GL,, GU,,SL,,SU,,, with 1st
principal congruence subgroup N = G! = G!(0) and char(o) = 0, as discussed at the beginning
of Section 5. Let x € Irr(N) with stabiliser S, = Ig(x), and let R, denote a maximal normal
pro-p subgroup of S,. Assume that p > en + n, and let n = log(N), v = log(R) denote the
Zy-Lie lattice associated to N, R; see Proposition 5.6. Writing g for the o-Lie lattice scheme
gl,., gu,,, sl,, or suy,, according to our choice of G, we have n = g!(0); furthermore we put g = g(o).
For £,m € N with m < £, we write g, = g/g’ and g}* = g™/g*. We also put n, = g%H. Similarly
to the situation in Section 5.4, the character ¢ in (5.5) induces an isomorphism

(5.13) g — g/, A—wa, where wa:gr— C* wa(X)=0¢ (w‘z tr(AX)) ,

of finite abelian groups which is G-equivariant with respect to the adjoint action Ad on g, and

the co-adjoint action Ad* on g). For the general linear and unitary cases this is Lemma 5.12.

The special linear /unitary cases follow along the same lines noting that p does not divide n.
In addition there is, similar to (5.6), an isomorphism

ar — ()Y, A wl, where wl: ()Y = C*, wi(X) =wa(r 1X).

Definition 5.28. Let G and g be as above. Let A € gy and Ac gr+1. We say that Ais a
shadow-preserving lift of Aif A=_, A and Cg(A) = Cg(A).
Theorem 5.29. Let G, N and g be as above. Suppose that p > en +n. Let x € Irr(N),

corresponding to the co-adjoint orbit Ad*(N)wl for A € g, and put Sy = Ia(x) with mazimal
normal pro-p subgroup R, . If

o there exists a shadow-preserving lift Ae gor1 of A and
© HQ(SX/RxaCX) =1,
then x extends to Sy.
Proof. As Ais a shadow-preserving lift of A, we have that
Sy /N = Stabg(A)N/N = Stabg(A)N/N.
As N < R, < Sy, this implies that

R, = StabRX (A)N = StabRX (A) N,

and thus
R, = Stabg, (w}y) N = Stabg, (w3) N.
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Setting ¥ = wjl|:, we apply Lemma 5.3 to deduce that t = n + stab.(J). We conclude from
Proposition 5.24 that the character xgo € Irr(R) associated to © = Ad*(R)Y extends x.

To show that xe extends to Sy, we first show that Is, (xe) = Ls, (x). The inclusion Is, (xe) C
Is, (x) is clear and the reverse inclusion follows from

Is, (x) = Stabs, (w})N = Stabg, (A)N = Stabg, (A)N C Stabs (J)N C Is, (ve)-

Since H?(S,/R,,C*) = 1, the character o extends to an irreducible character of S,; cf.
Section 5.7. O

Remark* 5.30. We indicate with what changes the results, in particular Theorem 5.29, remain
true in case of arbitrary characteristic, provided that p is sufficiently large. Definition 5.28
remains the same in positive characteristic. Using all the previous remarks in Section 5, one
sees that the conclusion of Theorem 5.29, for x € Irr(N), holds true if the level £—1 of x satisfies
p > nl. Here, the level £ — 1 of y is the minimal value of ¢ — 1 for £ € N such that x is trivial
on the ¢-th principal congruence subgroup; cf. Definition 6.10.

6. ZETA FUNCTIONS OF GROUPS OF TYPE Ag

In this section we apply some of the machinery developed in previous sections in the special
case of groups of type Ag. In particular, we prove Theorem J in Section 6.1, Theorem C in
Section 6.2, Corollary D in Section 6.3, and Theorems H and I in Section 6.4.

We use the notation introduced in Section 5, focusing now on the special case n = 3. In
summary, o denotes a compact discrete valuation ring with valuation ideal p and finite residue
field k, where p := char(k) and ¢ := |k|. The letter G, accordingly H, stands for one of the
o-group schemes GLj3, GUs, accordingly SLs, SUs, assuming p > 2 in the unitary cases. Write
G = G(o), H = H(o0), and G™, H™, G}, H;" for the principal congruence subgroups and finite
subquotients. The corresponding o-Lie lattice schemes, respectively Lie lattices, are denoted by
g.h, g = g(0),h = h(o), g/*, b} et cetera. The parameter ¢ = eg = ey € {1, -1} facilitates
the parallel treatment of the (general) linear and (general) unitary setting; compare (1.4). For
¢ € Np, we use the abbreviated notation Qy := QE,@ (cf. Definitions (2.1) and (3.6)) and &h :=
GbG(o) (Cf. (2.1) and (3.3)).

6.1. Principal congruence subgroups. Proposition 5.16 provides general formulae for the
representation zeta functions of (i) the finite groups G7*, H;" in terms of the functions £J and
(ii) the infinite groups H™ in terms of the limit functions £7 = limy_, &7; cf. Definition 5.14.
The definition of the functions £/ has two ingredients: firstly the indices [G(k) : o(k)] and
secondly the partial similarity class zeta function 7 (s); cf. Definition 4.1. The former are
tabulated in Table 6.1 while explicit formulae for the latter are provided in Proposition 4.7.
We record expressions for the functions &7, using the auxiliary functions A, (s), Bg(s), Cq ()
introduced in (4.3).

Proposition 6.1. For o € G of type § € T©) and ¢ € N,
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where the function Efqé(s) = Eiz c.q.0(8) is defined as

1 if§=§

(¢—1)(¢* +eq+1)g*Age(s/2) if 8§ =L,

(¢* —e)(q+¢e)Ague(s/2) if 8 =43,

§(@—1)(®+eq+ 1) g+ [(¢—2)Bge(s/2) +3(q — 1)g 7 Cou(s/2)] if 8 =T,

5(0 = 1)(¢® —2)¢® [aBqe(s/2) + (¢ — 1)g" >Cy(s/2)] if § =To,

5@ = 1)(q+)(q—€)*¢*Bg(s/2) if § =T,

(¢ —1)(¢* —e)(q+€)q* [Bge(s/2) + 2¢'72°Cy(s/2)] if 8 =M,

(¢* —e)(¢® = 1) [gBge(s/2) + (¢ = 1)g" *°Cyu(s5/2)] if§=N

(¢* = e)(¢® = 1)¢" *°Cyu(s/2) if § € {XKo, Koo}

Corollary 6.2. For o € G of type 8 € T®),
¢7(s) =22 ,(s),
where the function qu(s) = E/S_"\M,q(s) is given by

1 if$=9
(= 1)(¢®+eq+1)g* (1 —¢'2)7! if8=2L
(¢® —e)g+e) 1—g"2)7! ifS=4g
Hg—1D)(@®+eq+1)(g+e)¢® (a—2+2¢% —¢"2) (1 —¢"2) (1 — > 3)) " if§ =11,
a1 —2) (1 =g 2)g" ((1—q"2)(1—¢>3)) " if 8 =T,
3@ =D(g+e)(g—e)?¢ (1 —¢* 33) ! if § = T3,
(@ —e)(g—1)(g+e)g® (1 +¢"2) (1 — " 2) (1 —¢* %))~ if§=M
(¢ —2)(@® —q) (1= q7%) (1 — g %) (1 = ¢*%)) if8=N
(¢ = (> - g~ ((1 q1—28><1 — %)) if 8 € {Xo, Koo}

Proof. We may regard £7(s) as a limit of £7(s) as £ — oo. Taking the formal limit

=S — lim =%
B (8) = Ehm SWIE)
amounts to employing the substitutions

1 1 1
Age(s/2) — [T Bgu(s/2) — T g2 Coe(s/2) — (1— gl 25)(1 — g2 %)

to the formulae provided by the proposition. O

Proof of Theorem J. The explicit formulae for the representation zeta functions of the finite
groups G7*, H;" as well as the infinite groups H™ follow directly from Proposition 5.16, Re-
mark 5.19, Proposition 6.1, and Corollary 6.2. O

We now give an alternative proof of Corollary 6.2. It is based on Lemma 4.6 and finite
recursion equations, bypassing the computation of the functions £7. Recall the Definition 4.4 of
the shadow graph I' = '),

Proposition 6.3. Let 7 € &b of type 8 € TC). Then £7(s) =1 if $ = G. Otherwise,
Z g ! [o(k) : 7(K)] aor(q) q—%(dimG—dim(J))S €7 (s)

(o,7)€E(T) 1— g Lar.(q) b (q) /2
OFET

§(s) =
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Proof. Note that the only edge in the shadow graph I' = I'(®) with target G is (S, 9). Applying
Lemma 4.6 to the special case 7 of type G and consulting Table 2.2, we use induction to find
that 77 (s) = ¢%, and hence £7(s) = 1 for 7 of type §.

Now let 7 be a shadow of type different from §. Lemma 4.6 shows that for £ € Ny we have

7. 2 T(s/2 T(s/2
’Yf—l—lZSi/ ) _ —1 aT,T(Q) bT?_(q)fs/Z Ve (S/ ) + Z qfl aa,T(Q) bofz_(q)fs/Z Ve (S/ )
1 4 (UyT)iE(F) 4

Multiplying both sides by [G(k) : 7(k)]'*/? and taking the limit as £ — oo, we obtain

—s/2 [G(k) : T(k)]1+8/2 é-a(
[G(k) : o (k)] +e/2

() =q " ar (@) () + D ¢ aos(q)bl(g)
(om)em

s).

Substituting in the defining value for b((f)T(q) from (2.4) resp. (3.9), using [o(k) : 7(k)] = ||o||/|I7|l,
and solving for £7(s) yields the desired formula. (I

6.2. Expressions for zeta functions of groups of type As. For groups of type Ay we are in
a position to apply the sufficient criteria developed in Section 5 for the extension of characters
from the principal congruence subgroup G, respectively H', to G, respectively H. Indeed, the
next two lemmata establish the existence of shadow-preserving lifts and the vanishing of the
relevant cohomology groups.

Lemma 6.4. Let ¢ € Nyg. Fvery A € gy has a shadow-preserving lift Ae go+1. Furthermore, if
p # 3 then every A € by has a shadow-preserving lift A € byiq.

Proof. The assertion for g, is equivalent to the claim that in the shadow graph T' = I'®), see
Figure 4.1, there is a loop on every vertex or, equivalently, that a, ,(q) # 0 for all o € &h. That
this is the case follows from Theorems 2.8 and 3.12; cf. Table 2.2.

Assume now that p # 3 and consider A € by < gy. Let Be gr+1 be a shadow-preserving lift
of A within gy 1, i.c. suppose that A =_ B and G'Cg(A) = G'Cq(B). Put A= B — @ Ids.
Then A € hyyy and G'Cq(A) = GLCg(A).

We claim that H'Cp(A) = H'Cy(A). The inclusion O is obvious. For the reverse inclusion,
let h € Cg(A). There is g € G! and y € Cg(A) such that h = gy. From deth = 1 and
detg =r 1 we deduce dety =, 1. As p # 3, the pro-p group GLi(0) for e = 1, or GUi(o)
for ¢ = —1, contains a cube root of dety. Hence there is a scalar matrix s € G' such that
sy e Cy(A) and gs € G* N H = H'. Tt follows that h = (gs)(s~1y) € H'Cy(A). O

Remark 6.5. The proof of the existence of shadow-preserving lifts of matrices in type Ag in
Lemma 6.4 resorts to the shadow graph I'. We sketch here a geometric point of view on the
existence of shadow-preserving lifts, which also pertains to other ‘semisimple’ Lie rings, say of
type A,_1, n > 4, or other classical types, where we currently do not know of an equally uniform
description of the lifting behaviour of similarity classes.

In [5, Section 3.2] we presented zeta functions of groups such as SL]'(0) in terms of p-adic
integrals. The latter are, in general, defined in terms of polynomial ideals defining the rank
varieties of certain matrices of linear forms. In [5, Section 5] we described a link between
these rank varieties and stratifications of the (complexification of the) associated semisimple Lie
algebras by quasi-affine varieties comprising elements of constant centraliser dimension, V;\ V;11
in the parlance of [5].



SIMILARITY CLASSES AND REPRESENTATION ZETA FUNCTIONS OF GROUPS OF TYPE A, 65

It can be shown that shadow-preserving lifts exist if and only if, for all £ € N and any such
variety, every point modulo p’ has a lift to a point modulo p*!. The latter holds — essentially
by Hensel’s Lemma — if the relevant varieties are all smooth. In general, they are disjoint unions
of finitely many subvarieties called sheets; see [11]. The complex Lie algebra sl3(C), for instance,
is the union of three sheets, consisting of elements of centraliser dimensions 8 (the null sheet),
6 (the subregular sheet), and 4 (the regular sheet), respectively. But even if the sheets are all
smooth, as they are in type A,_1, some of their unions might not be. In sly(C) and sl5(C),
the varieties of elements of constant centraliser dimension each consist of a single sheet; hence
they are smooth, and shadow-preserving lifts exist. Already in slg(C), however, the varieties of
elements of centraliser dimension 17 and 11 both are the union of two sheets, respectively, of
different dimensions. For a further discussion, also regarding the dimensions of sheets in other
semisimple Lie algebras, see [45].

Lemma 6.6. Suppose that p > 3 is prime and that q is a power of p. Then

(a) If T < GL3(F,) or T < GU3(F,) is contained in a torus, then |H?(T,C>)| is prime to p,
2(SL3(F,),C*) = 1 and H?(SLy(FF,),C*) =1,
=1 and H*(SUy(F,),C*) = 1,

Proof. The assertion (a) holds because every prime that divides the order of H?*(T,C*) must
also divide the order of T', which is not divisible by p. Assertions (b) and (c) are well known;
cf. [32, 55] as well as [33, p. 246] and [15, Table 5].

Next we consider (d). From the Lyndon-Hochschild—Serre spectral sequence
H(G/N,H(N, M)) = H***(G, M),

applied to a + b = 2, G = GLy(F;), N = SLy(F,) and M = C*, we deduce that the order of
H?(GLy(F,),C*) divides

[HO(Fy, H2(SLa(Fy), C))| - [H! (I H (SLa(Fy), ©))| - [H?(Fy, HO(SLa(F,), C*))l.

From (b) we see that H*(SLy(F,), C*) is trivial and hence the first factor is 1. Since SLy(F,) is
perfect for ¢ > 3, also H(SLy(F ¢), C*) is trivial and the second factor is 1. Finally, the third
factor equals ]H2(F;,(CX)| = 1, because F is cyclic.

Noting that SUs(F,) =~ SL2(FF,) (e.g., see [28, I1.8.8]), a similar argument yields (e). O

We have collected all the necessary information to deal with characters of G. For H we prove
an additional lemma, enabling us to employ the theory of shadows also in this context.

Lemma 6.7. With the notation as above, suppose that the Kirillov orbit method is applicable
to H' and that p # 3. Let x € Irr(H') and w € b a representative of the corresponding
co-adjoint orbit. Let Sy = Iy (x) be the inertia subgroup. Then

Sy/H' = Staby (w)H'/H' ~ (Stabg(w)G'/G') NH(k),
where Stabg(w)GY/G? is identified with its image in G/G' ~ G(k).

Proof. The equality follows from Lemma 5.20, and we argue for the isomorphism. It suffices
to show that every coset on the right-hand side is the image of a coset on the left-hand side
under the natural inclusion map. Let g € Stabg(w) such that the reduction of g modulo G*!
is unimodular. Since p # 3, there is a scalar matrix u € G' such that h := gu € Stabgy(w);
compare the proof of Lemma 6.4. It follows that hH' maps to gG'. O
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Proof of Theorem C. Consider one of the groups GL3(0), GU3(0),SL3(0),SU3(0), and its 1st prin-
cipal congruence subgroup N. Based upon p > 3e+ 3, we check the hypotheses in Theorem 5.29
regarding characters y € Irr(N). Lemma 6.4 guarantees the existence of shadow-preserving
lifts. Lemma 6.6, in conjunction with Tables 6.1 and 6.2 as well as Lemma 6.7, shows that the
relevant cohomology groups vanish. Thus Theorem 5.29 implies that every x € Irr(N) extends
to its inertia group Sy and Corollary 5.26 is applicable.

Regarding the infinite groups SL3(0),SU3(0), formula (1.9) follows now directly by collecting
the summands in (5.12) according to shadows.

Regarding the finite groups GL3(0s), GU3(0y), SL3(0r), SU3(0r), formulae (1.7) and (1.8) are ob-
tained by restricting the relevant sums to characters factoring over the ¢th principal congruence
subgroup. Once more, Lemma 6.7 is used to deal with the special linear/unitary groups. O

6.3. Zeta functions of the shadows. In order to derive from Theorem C explicit formulae
such as the one in Corollary D we need, in addition to the functions £ ;| = Ei a1 and £ = qu
given in Proposition 6.1 and Corollary 6.2, the respective shadows’ indices and zeta functions.
In fact, the former may be expressed in terms of the latter, because the order of any finite
group is equal to the value of its zeta function at s = —2. The isomorphism classes of the
groups whose zeta functions we need to compute are listed in Tables 6.1 and 6.2. As before, k,,
denotes a degree m extension of k. For m | n, we write Ny |k, : k,; — k;, for the norm map.
Furthermore, e = 1 for G = GL3,H = SL3 and ¢ = —1 for G = GUs, H = SU3; we write ¢ = [K|
and (e, q) = ged(q — €, 3).

TABLE 6.1. Shadows in GL3(k), for ¢ = 1, and GU3(k), for ¢ = —1

Type || o(k) C GL3(k) o(k) C GU3(k) Order |o(k)|
S GLs (k) GUs (k) (¢ —e)(¢® = 1)(¢* —e)¢®
L GLy (k) x GLa(k) GUq (k) x GU2(k) (> —1)(qg—¢e)%q
J Heis(k) x GL{(k)? Heis(k) x GU1 (k)? (q—¢e)?¢
Ty GLi(k)3 GU;(k)? (g —e)?
To GL;(k2) x GLy(k) GL;(k2) x GUy(k) (> —1)(q —¢)
T3 GL; (k3) GU; (ks) P —c
M GLi(k[z]/(z?)) x GL1(k) | GU;(k) x GUy(k) x G, (k) | (g —€)%q
N GLy(k[x]/23) GU1 (k) x Ga(k) x Go(k) | (¢ —2)¢?
Ko, Koo || GL(K) X Ga(k) X Ga(k) | — (41— o)

* Only applies if € = 1.

Definition 6.8. Let o € Ghg(,). Recalling that o(k) denotes a subgroup of G(k) representing
the shadow o, we put

o' (k) := o(k) NH(k).
Proposition 6.9. Let o € Gh be of type § € T©). Then

<U(k) (S) = (q B S)Zg’lvq(S%
Co'(k)(s) = Zf7b(€7q)’q(8)7
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TABLE 6.2. Shadows in SL3(k), for € = 1, and SUs(k), for ¢ = —1

Type || o/(k) =o(k)NSLs(k) | o/(k) = o(k) N SUs(k) Order |o’(k)|
9 SLs(k) SUs(k) (@® = 1)(¢* —e)¢®
L GLz(k) GUa(k) (> —1)(qg—e)q
J Heis(k) x GL; (k) Heis(k) x GU; (k) (q—¢e)¢®
T | GLi(k) x GLi (k) GU, (k) x GU1 (K) (q—¢)?
Ty GL; (ko) GL (k2) @ —1
T3 ker(Ni, k) ker(Nig 1) N ker (N [k,) ¢ +eqg+1
M| GLykfe)/(+%)) GUL (k)  Ga(K) (- )
N | s(00) % Ga(k) x Ga(k) | (s13(03) N ker(Nigy 1) X (Ga())? | 1l )
Ko, Koo™ || 3(k) X Ga(k) X Ga(k) | — U, q) ¢

* Only applies if e = 1.

8 _ 78
where Z“q ZAQNq

fori € {1,3} is given by
Z3, ) =1+ (" +eq) "+ (q—1-e)(¢" +eq+1)*

+5(@@ —a =1+ —) " +a ¥+ (- 1-e) (@’ +ed’ +9)7°

+5(0° +eq—2)((a+e)(a—e)) " + 3 ((a+e)(a—e)?/D)~°

+gla—e)a—3-e) (@ +eqg+1)(g+e) ™+ 3°((¢* +eqg +1)(g +¢) /)",
if § =G, and in the remaining cases 8 # G defined as

(a=e)(1+a +5(a=2)(¢+1) " +50(q— 1)) Ff8=L

(@—e)+(g+e)i*((a—e)/) " +(g—1(a—e)g f8=37,

(q—6)2 lf5:717
q2 -1 Zfs = TQ;
q2+5Q+15 Zf8:T3;
q(qg —¢) if 8 =M,
ig? if 8 € {N, Ko, Koo}

Proof. The isomorphism types of the groups in question appear in Tables 6.1 and 6.2. The
formula for () (s) is extracted from the character tables in [54], for ¢ = 1, and [20, §7],
for e = —1. The formulae for (y)(s) are obtained from the data provided in [52]. For groups
of type £ the formula follows, for example, from [17, § 15.9], for ¢ = 1, and [20, §6], for ¢ = —1.
It remains to discuss shadows of type J, the only other non- abelian cases.

Groups in the shadow o € She(o) of type g are isomorphic to J. = E.xD., where E. ~ Heis(k)
is given explicitly by

1 51 =z 1 s =z
B = 0 1 sof|s1,82,2€k and E_|:= 0 1 s°||s,2€ky,s°s=2+2°
0 1 0 0 1

This representation of the shadow J uses the centraliser of the elementary matrix e;3 that has its
non-zero entry in the (1, 3)-position, highlighting the appearance of the Heisenberg group. The
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convention in the rest of the present paper, using the centraliser of eg3, is consistent with [7];
the centraliser of ejs is used in [5]. The groups D, are given explicitly by

Dy = {diag(u,v,u) | u,v € k*} ~ GL; (k) x GL;(k),

D_y = {diag(u,v,u) | u,v € ker(Ny, )} = GU1(k) x GUy(k).

Furthermore, the intersection of J. with H(k) is equal to J. = E. x DL, where
GLi(k) ife=1,

D! :=D.NH(k) = {(u,v,u) € D, | v =u"2} ~
OH(K) = {(,0,) € D2 [0 = u7?) {GUl(k) e

Z. ::{[(1)(1)6} ]zek}
001

denote the centre of E.. The group E. ~ Heis(k) has ¢ — 1 irreducible characters of degree g
which correspond bijectively to the non-trivial characters of the centre, and ¢? linear characters
factoring through its abelianisation Q. := E./Z. ~ k x k.

The group D, acts trivially on Z. and hence stabilises all the g-dimensional irreducible char-
acters of E.. As q is prime to |D.| = (¢—¢)?, they all extend to irreducible characters of .J.. We

Let

get (¢—¢)?(g—1) distinct g-dimensional irreducible characters of J., and similarly (g —¢)(q—1)
such characters of J..

The remaining irreducible characters of J., respectively J., factor through its quotient by Z,
viz. Q. X D, respectively Q. x D.. We consider separately the cases ¢ =1 and ¢ = —1.

First suppose that e = 1. It is convenient to identify Q1 and its dual Q," with the additive
group kxk. With this identification, the action of diag(u, v,u) € Dy on @’ is given by (s1, s2) —
(u=tvsy, uv~lsy). We use Mackey’s method for semi-direct products; cf. [50, Section 8.2]. The

orbits of Dy, respectively D/, on Q" ~ k x k are classified as follows. For D; we obtain

Orbit Parameter Stabiliser in D;
[0, 0] — GL, (k) x GL;(k)
ok | 6L (k)
[k*, 0] — GL4 (k)
k* - [s1,82] | (s1,82) € k™ xyx k* | GLy(k)

yielding |GL; (k) x GL;(k)| = (¢ — 1)? linear characters of .J; lying above the trivial orbit [0, 0]
and g + 1 irreducible characters of degree ¢ — 1 lying above the remaining orbits. Similarly, for
D! we obtain

Orbit Parameter Stabiliser in D/
[0,0] — GL, (k)

[0, (k<)% - s2] | 52 € k*/(k)? i3 (k)
[(k*)3-s1,0] | s1€k*/(kX)3 ws (k)

(kx)3 - [s1,82] | (s51,82) € k* X (k)3 k* | us(k)

yielding |GL;(k)| = ¢ — 1 linear characters and (k| + 1)|k*/(k*)3||us(k)| = (g + 1)i(e, q)?
irreducible characters of degree |k*/us(k)| = (¢ —1)/t(e, q) of Ji.

Now suppose that ¢ = —1. In this case we identify Q_; and its dual @Y, with the additive
group ko. The action of diag(u,v,u) € D_1 is given by s + u~'vs. To use Mackey’s method
for semi-direct products we classify the orbits of D_y, respectively D’ |, on QY ~ ky. For D
we obtain
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Orbit ‘ Parameter ‘ Stabiliser in D_1
(0] — GUy (k) x GUy (k)
[s] s € k5 /GUy(k) | GUy(k)

yielding |GUq(k) x GUy(k)| = (¢ + 1)? linear characters and |ky /GU;(k)||GU1(k)| = (¢* — 1)
irreducible characters of degree |GU; (k)| = (¢ + 1) of J_;. Similarly for D] we obtain

Orbit ‘ Parameter ‘ Stabiliser in D’ ;
[0] — GU (k)
[8] s € k;/GUl(k)3 M3(k2) N GU1(k)

yielding |GU; (k)| = ¢ + 1 linear characters and |k /GU1(k)3||us(ks) N GU1 (k)| = (g — 1)i(e, q)*
irreducible characters of degree |GU1(k)/us(ke) NGUy(k)| = (¢+ 1)/u(e,q) of J' ;.

In summary, for o of type J we showed that

CGay(8)=(g—¢) ((g—e)+(g+e)g—e) "+ (¢ —1)(g—e)qg"),

(o) (8) = (g =) + (q +e)ele,0)* ((a =€) /e(e,9)) " + (¢ = 1)(g — €)q " O
Proof of Corollary D. The corollary is obtained from formula (1.9) in Theorem C and the explicit
formulae provided in Table 6.2, Proposition 6.9, and Corollary 6.2. U

6.4. Character degrees and Ennola duality. In this section we prove Theorems H and I.
Consider the finite groups Gy = G(o,) and Hy = H(oy), for £ € N. The conditions on p in the
two theorems ensure that the Kirillov orbit method is available to describe the characters of
the finite principal congruence subgroups G% and H, él and that these characters extend to their
respective stabilizers in Gy and Hy; see Theorem 5.29, Remark 5.30, and compare with the proof
of Theorem C. An irreducible character x of Gy, respectively Hy, therefore determines, and is
determined by, the following data:
o a shadow o of type 8 € T(),
o a Gy-orbit, respectively Hy-orbit, of an irreducible character ¢, of G}, respectively H Zl,
whose inertia subgroup in Gy, respectively Hy, gives rise to the shadow o,
o a choice of an extension ¢, to its inertia subgroup in Gy, respectively Hy, that we will
not mention further,
o an irreducible character 1, of o(k), respectively o’ (k).
Moreover, to any such ¢, one associates
o a unique path A(p,) € Path~1(G,8) of length £ — 1 in the shadow graph I'®), see
Figure 4.1, starting at § and ending at S.
By Corollary 5.18, the degree of ¢, is determined by the path A = A(p,):

(6.1) 0o(1) = H q%(dimG—dim(T))7
(ryv)EA
feeding into the degree formula (cf. (5.12))
(6.2)  x(1) = ¢o(1)¢s(1)[G(k) : o(k)],  respectively x(1) = o(1)¢6(1)[H(k) : o’ (K)].

Proof of Theorem H. We are required to give an Ennola-type description of the p/-part of the
character degrees of Gy. Let o € &b be of type 8. We use (6.2) to control the character degrees
of x € Irr(Gy) associated to o.

Formula (6.1) shows that the contribution ¢,(1) to x(1) is a g-power, depending only on
A= A(‘PJ)'
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The shadow graphs I'™D and I'"Y) are almost identical: there is a natural correspondence
between paths in I'V) not ending in Xy, KX~ and paths in 'Y, Moreover, paths in ') of the
same length ¢ — 1 and containing at the same position one of the edges (d,XKo), (J, Koo), (d,N)
lead to the same character degrees. Finally, shadows o of types Kg, Koo, N yield isomorphic
groups o(k). Thus, for our purposes, we may simply ignore Ko, Koo

By Proposition 6.9 the p’-parts of character degrees of o(k) are of the form g¢(q), for poly-
nomials g € Zl[t], involving € as a parameter in such a way that the Ennola transform g(t) —
(—1)4e89g(—t) translates between the cases G = GL3 and G = GUz. From Table 6.1 we see that
the same holds for the indices [G(k) : o(k)]. Thus (1.17) follows from (6.2) and the fact that
the Ennola transform is multiplicative.

The explicit descriptions of the sets cd(G(oy)),s are easily obtained, using e.g. Proposition 6.9.
We note that the two additional terms for £ > 1 are owed to shadows of types J, M, and N. [

Definition 6.10. The level of a character x of H = H(o) or H' = H!(0) is equal to £ — 1,
where ¢ € N is minimal such that y is trivial, i.e. equal to the constant function (1), on the
principal congruence subgroup H¢. The terminology extends in a natural way to characters
of Hy, respectively H El, by implicitly lifting them to H, respectively H'.

Proof of Theorem I. In the special case ¢ = 1, Proposition 6.9 provides the necessary information
about character degrees of the group H(k). We thus focus on the case ¢ > 2.

As explained above, a character x € Irr(H) of level /—1 > 1 can be connected with a shadow
o of type 8 € TC), a character ¢, € Irr(Hy) of level £ —1 and a path A = A(yp,) € Path’"1(g, 8)
of length £ — 1 in the shadow graph I'®). Observe that A does not begin with a loop (g, §); in
particular, 8§ # §. Furthermore, we have

1 > : . - 1 o 1 H k . / k ’
(D= minmin i (1) (1) M9 < o' (K)
o of type 8 (G,9)¢A(ps)EPath!~1(G,8)

and similarly

1) < (1) Y, (1) [H(k) : o/ (k)];
x(1) o] ,, mnax, ponax ¥ (1) ¥o (1) [H(k) : 0" (k)]
o of typeS (S,9)¢A (o, )€Path?=1(G,8)

cf. (6.2). To control the degree ¢,(1), given by (6.1), we argue as follow. From (5.8) and
Remark 5.17 we see that the Dirichlet polynomial

OE7_1(s) == &7_1(s) — &72(s)
enumerates the irreducible characters of H £1 of level £ — 1 and shadow 0. We set
Dye(s) = ¢ 22 f o (¢ %),
cf. (4.2). Proposition 6.1 shows that, for o € &b of type 8, the function 9] ,(s) equals

(¢ —1)(q* +eq+ 1) q1-29(E=2)+2 if § =L,

(* —e)(qg+e) 122 if8 =7,
Ha—1)(P+eq+1)(g+e) [(g—2)¢? 392 +3(q— 1)Dyy(s)] if § =T,

%(q 1)(¢® — e)g® [q(2—3s)(€—2)+1 + (g - 1)Dq,z(5)] i8S =T,

%(q2 _ 1)((] + 5)((] _ 5)2 q(2—3s)(€—2)+3 if § = Ts,

(= 1)(¢® —e)(a+e)q® [¢®3)ED 42D, 4(s)] if S =M,

(q2 1)(q3 —¢) [ (2-3s)(¢=2)+1 1 (¢ — 1)Dq7g(8)] if 8 =N,

(¢ = 1)(¢* — €) Dge(s) if 8 € {Ko, Koo}
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s

These functions being Dirichlet polynomials in ¢~%, we define

Py, = {m € N | the coefficient of ¢-™* in 9¢]_,(s) is non-zero}.

Clearly,
Py ={20—-4} if s € {£,7},
Py, ={3(—6} if 8 = T3,
Py ={20—4,20—3,...,30 - 7,30 -6} if 8 e {T1,Ta, M, N},
Py ={20—4,20-3,...,30 -7} if 8 € {Ko, Koo},
Setting
Colq) = [H(k) : o' (k)]

qdim G—dim(o)
we see, using (6.2), that

(63) CU(Q) . q2€—4+dim G—dim(o) < X(l) < CJ(Q) . q3Z—6+dim G—dim(o) max 1/10(1),
Yo €lrr(a’ (k))

Table 6.2 allows us to write C,(q) explicitly in terms of € and ¢; in particular, we see that
Cy(q) = 1+ o(¢g71). To obtain the bounds for x(1) given in the theorem, it thus suffices to
bound the remaining factors in (6.3). The minimum on the left-hand side is ¢, attained for
shadows o of type £ and J. Inspecting the explicit formulae for the shadow zeta functions
Co(k)(8) given in Proposition 6.9, one deduces easily that the maximum on the right-hand side
is ¢3¢ and occurs, for example, for o of type T; for € = 1 and T3 for ¢ = —1, both necessarily
with 1,(1) =1 as the respective groups o’ (k) are abelian. O

7. ADELIC ZETA FUNCTIONS FOR TYPE Ao AND THEIR ANALYTIC PROPERTIES

Theorem A and Corollary B are established in Section 7.1. Theorem G is proved in Section 7.2.

7.1. Zeta functions of adeélic and arithmetic groups. Let H(@) be an adelic profinite
group as in Theorem A. This means that H is a connected, simply-connected absolutely almost
simple algebraic group of type Ay defined over a number field k, with S-integers Og for a finite
set S C Vi of places including all the archimedean ones. Here Vj denotes the collection of all
places of k, and we write Vi for the set of archimedean places. The starting point for our study
of the analytic properties of the zeta function CH(@)(S) is the Euler product

(7-1) CH(@)(S): H CH(Ov)(S)y

VEVENS

arising from the isomorphism H(@) ~ [T,ev, s H(Ou).

The classification of absolutely almost simple algebraic groups over number fields implies
that H is either an inner form, i.e. of type 'As, arising from a matrix algebra over a central
division algebra over k, or an outer form, i.e. of type %A, arising from a matrix algebra over a
central division algebra over a quadratic extension K of k, equipped with an involution and with
reference to a suitable hermitian form; see [48, Propositions 2.17 and 2.18] and the summary
in [5, Appendix A]. The crucial point for us is that there is a finite set 7' C Vj, with .S C T" such
that, for all v in

Vo=V T,
the completion H(O,) featuring in (7.1), is of the form SL3(O,) or SU3(0O,) and, in the latter
case, v is not dyadic and does not divide the (relative) discriminant A K|k of K | k. Set

(7.2) Vs ={v € Vo | H(Oy) = SL3(0y)} and Vsy = {v € Vo | H(Oy) ~ SU3(0,)}-
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We know, e.g. from [5, Theorem B], that all of the finitely many ‘exceptional’ factors of (7.1),
indexed by the non-archimedean places in 7', converge to a holomorphic function on the half-
plane {s € C | Re(s) > 2 / 3} without any zeros. Hence the abscissa of convergence of

(7.3) = I ¢ao)(s) = [ Ssraon)(s) - T Csuscon)

vEVy vEVsL vEVsy

is equal to the abscissa of convergence of CH(@)(S), which is known to be 1; cf. [5, Theorem C].
Moreover, it suffices to prove the first statement of Theorem A for Z(s) instead of CH(@ )(3).

The set Vgy is finite if and only if H is an inner form. If H is an outer form, then Vsy has
positive analytic density; see [5, Lemma A.1]. In this case, the distinction whether H(O,) ~
SL3(0y) or H(O,) >~ SU3(0,) is, for all v € Vg, dictated by the decomposition behaviour of the
prime ideal p, of O associated to v in the ring of integers Ok of K. This behaviour, in turn, is
described by the Artin symbol of the quadratic extension K | k. Indeed, the value of the Artin
symbol at a place v € Vi \ V3° not dividing the discriminant Ag |y, is given by

<K ] /<;> {1 if p, is decomposed in O,
e(v) = =

v —1 if p, is inert in Og;

cf., for instance, [46, Chapter VI, § 7]. The Artin symbol thus defines the key parameter (1.4)
in a global setting. For v € Vj, \ Vi, with residue field k, of cardinality ¢,, we write «(v) :=
ged(gy — 1,3) € {1,3} for the number of roots of unity in k,, as in (1.10).

Equation (1.9) presents each factor (go,)(s) of (7.3) as a finite sum of rational functions,
indexed by shadow types and each depending on the parameters ¢,, €(v), and ¢(v). Furthermore,
(1 —q:72%)(1 — ¢273%) is a common denominator for these summands. Informally speaking, we
will show that clearing this common denominator strictly improves the abscissa of convergence
of the Euler product defining Z(s), from 1 to at least 5/6. More precisely, we claim that

n(s) = 2Z(s) [T 1= a/ 7)1 = a7

veVy

= I 0= a0 = ¢2*)Gst,000) - [T (1 —a0 )1 = ¢ su,0.,)(5)

vEVsL v€Vsy
converges and does not vanish on the half-plane {s € C | Re(s) > 5/6}. As the Dedekind zeta
function (x(s) = Hue\?k\\?;"(l —q, %)~ converges on {s € C | Re(s) > 1}, this yields a new proof
of the fact that the abscissa of convergence of CH(@ ) (s) is equal to 1. It also shows that CH(@E ) (s)

has meromorphic continuation to at least {s € C | Re(s) > 5/6} and that the continued function
has a unique singularity in this domain, namely a double pole at s = 1; cf. [46, Chapter VII,
Corollary 5.11]. This will establish the first part of Theorem A.

We now prove the claim about the convergence of 7(s), using the following well-known lemma.

Lemma 7.1. Let W C Vi, \'Vi°. Let I be a finite index set and f;,g; € Q[t], i € I, be polynomials
of degrees deg(f;) > 0 and deg(g;) > 1, respectively. Then the Euler product

(7'4) H <1 + Z fi(QU)gi<Q'u)_s>

veEW iel
converges on {s € C | Re(s) > max;ers %}.

Note that we make no assumption on the set W of places and no statement about the precise
value of the abscissa of convergence of the product (7.4). We refer to deg(’z’)tl as the degree
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ratio of the expression fi(¢y)gi(qy)~*, for ¢ € I. Fixing ¢ € {1, —1} and ¢ € {1, 3}, we set
W=W,, ={veVy|el)=¢,(v) =1}

Let v € W. The factor of n(s) indexed by v is a sum of terms of the form

(7.5) [H(K,) © 0 (ko)) ™ Correy () €7 (5) (1 — g1 72 (1 — g275),

where o ranges over the shadow set Shg o, for G = GL3 or G = GUj; according to &; cf. (1.9).
By construction of W, we may write these terms as sums of polynomial expressions in ¢, with
constant coefficients as in the factors of the Euler product (7.4). More precisely, there exist
a finite index set I and non-constant polynomials f;,g; € Q[t] such that the sum over the
expressions in (7.5) is of the form 14, ; fi(q)9i(¢,) ™. By Lemma 7.1, it remains to analyse
the degree ratios occurring for each shadow o of type 8, say, and to verify that they are all
bounded above by 5/6. In the sequel we occasionally write ¢ instead of g,.
If § =G, then (7.5) equals

Cor(ien)(8) (1 =y ) (1 — ¢ =),

where o’(k,) is the finite group of Lie type SL3(k,) if ¢ = 1 or SU3(k,) if ¢ = —1. Inspection of
the formulae for these zeta functions, given in (1.11), shows that

(7.6) Corae)(8) (1= 2)(1 = ¢*7) =1+ (q(g® +eq +1)7° = ¢ ™)
(507 (@ +ea+ D@ +) 7+ 30%° — 97 + (g +o)g =) " — > )
+ (terms of degree ratios at most 4/5) .

For s € R, the binomial series expansion implies that, for a suitable constant C; € R~ and
q sufficiently large,

‘q(qZ +eq+ 1)—5 _ q1—2s‘ < Clq_2s
so that the relevant term on the right-hand side of (7.6) may be replaced by a polynomial
expression of degree ratio 1/2 without worsening the abscissa of convergence of the Euler product
defining 7(s). A similar argument shows that, for s € R, there is a constant Cy € R~ such
that, for all sufficiently large ¢,
(7.7)

‘%qQ (@ +eqg+1D)(g+2) " +3 (@ —e)* + 3 ((g+e)g—e)?) — %] < Cag' ™,

so that the relevant term on the right-hand side of (7.6) may be replaced by a polynomial
expression of degree ratio 2/3 without worsening the abscissa of convergence of the Euler product.
If 8 = £ then (7.5) takes the form

s@=D(g—e) 2420+ (¢-2) @+ 1) +qlg— 1)) (¢®(¢® +eq+ 1)) " (1—¢>).

The degree ratios occurring are at most 4/5. The forms taken by the summand (7.5) in the
remaining cases 8 € {J, 71, T2, T3, M, N, Ko, Koo }, together with upper bounds for the occurring
degree ratios, are listed in Table 7.1. Overall, the degree ratios occurring in these cases are
bounded above by 5/6.

This establishes the claim about the convergence of 7(s), and hence the first part of Theo-
rem A. To prove the second part we recall the following Tauberian theorem.

Theorem 7.2 ([19, Theorem 4.20]). Let the Dirichlet series f(s) = Y o
negative real coefficients be convergent for Re(s) > a > 0. Assume that in a neighbourhood of «,

one has f(s) = g(s)(s — a)™P + h(s), where g(s), h(s) are holomorphic functions, g(a) # 0 and

apn” % with non-
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TABLE 7.1. Bounds for various degree ratios, where ¢ = ¢,

Type Summand (7.5) Deg. ratios
J ((®—e)g+e) " (1—¢*%)
((g—e) + (¢ + ) (( —e)/) T+ (q-1)(g—¢e)g*) | <5/8
T1 (AP +eq+1)(g+e)° 2(g—1)(g—2+2¢> 2 —¢""%) | <5/6
T |5 (P@ ) alg - 1><q2 - 1>< —q7%) < 5/6
Ty LPg+e)g—e)2) " (@ +eq+1)(¢? —1)(1 —¢'=2) <5/6
M (*(®—e)g+e) “qlg—e)g— 1)1+ ¢ %) <2/3
N 2 (q(g® —e)(@® = 1)) " (1 —q ) <1/2
Ko, Ko™ || * (a(g® — ) (¢ = 1)/1) " g2 <3/8

* Only applies if € = 1.

B > 0. Assume also that f(s) can be holomorphically continued to the line Re(s) = « except for
the pole at s = a. Then

g(a) . 25:1 Qn

= 1 — =
ar(B) ~ N5se No(log N)F—1

Here, I denotes the I'-function. The second claim of Theorem A follows from the first, with
a=1, 8 =2 and ¢(H(Og)) = g(a)/(al (B)) = g(1) for some holomorphic function g as in
Theorem 7.2.

Proof of Corollary B. The group H(Og) contains a subgroup I' of finite index such that [~
vas Iy, where T', is an open subgroup of H(O,) for all places v, with equality for all but
finitely many v; if H(Og) has the sCSP we may take I' = H(Og). It follows that (r(s) =
CH((C)(S)““Q‘ [Togs Cr, (s); cf. [38, Theorem 3.3]. The corollary is deduced from Theorem A; its
proof shows how to deal with the finitely many ‘exceptional’ non-archimedean factors for which
I'y # H(O,), and we only need to accommodate for the additional archimedean factors. In fact,
they can be dealt with in a similar way: by [38, Theorem 5.1], each factor (gy(c)(s) converges
and does not vanish on the complex half-plane {s € C | Re(s) > 2/3}. O

We add some remarks concerning the constant ¢(H(Og)) in Corollary B in case H(Og) has
the sCSP; similar comments apply to ¢(H(Og)) in Theorem A. The invariant ¢(H(Og)) is a
rational multiple of the product of the following factors:

o the |k : Q|-th power of the special value (s,(c)(1),
o the square of the residue lims_1(s—1)(x(s) at s = 1 of the Dedekind zeta function ((s),
o an Euler product [, ey (1 — g, )*Ca(o,)(1) for a cofinite subset V' C Vi \ S.

The residue limg_,1(s — 1)(x(s) is, of course, well known and given by the classical class number
formula; see [46, Chapter VII, Corollary 5.11].
For H(Og) = SL3(Z), for instance, we obtain

(7.8) c(SL3(Z)) = CsLy(c)(1) H (1 =p ") 2G4z, (1)) -
p prime
It is known that (s, (c)(s) is equal to the ‘Mordell-Tornheim double series’

Cmr2(s) = Z (mima(my 4+ ma)) ™%

(ml,m2)€N2
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see, for instance, [37, p. 359]. In [44, p. 369], Mordell shows that
CsLa(e) (1) = Qur,2(1) = 2¢(3),

where ((s) = (g(s) denotes the Riemann zeta function. Furthermore, for k£ = Q, the residue
lims_,1(s — 1){(s) = 1, and it remains to deal with the third factor listed above. Unfortunately,
we are unable to determine ¢(SL3(Z)) completely as we do not know (g ,(z,)(s) — or even just
the special value (s ,(z,)(1) — explicitly; see [4, Theorem 1.4] for a formula for the related zeta
function (sim(e)(s) for unramified extensions o of Z3. But we arrive at the following numerical
fact regarding the third factors listed above.

Proposition 7.3. Suppose that o is a compact discrete valuation ring of characteristic zero,
satisfying the conditions hypotheses of Corollary D, and that H(o) is either SL3(0), fore =1, or
SUs(o0), for e = —1, and put . = ged(q — €,3). Then

We.(q)
(¢ —e)(¢*> —1)g"’

(1= ¢ ") 2Chgy (1) =
where

Weu(a) = ¢'° = (2 +1)¢° + (P =& +2)¢" +4e¢” + ((e + 1)¢° — (2 + 3))¢°
— 23 =3)* + (P +e-3) + (e +1)¢* —e(2¢ - 1).
Proof. The claim follows by inspection of the explicit formulae given in Theorem C. O

7.2. Adelic similarity class zeta functions. We recall the setup of Theorem G. Let k be a
number field and G one of the k-algebraic groups GLs or GUs(K, f), where the unitary group
is defined with respect to the standard hermitian form f associated to the non-trivial Galois
automorphism of a quadratic extension K of k. We denote by g the corresponding Lie algebra
scheme gl; or gu(K, f), and we use ¢ = eg € {1, —1} to distinguish between the general linear
and unitary cases.

Let S C Vi be a finite set of places, including all the archimedean ones, and, if ¢ = —1,
suppose that S includes all dyadic places as well as those places that ramify in the quadratic
extension K | k. Put Vo = Vi~ S and consider the Euler product

Zy0s)(8) = | Zoony(5),  where Zy)(s) = Zlggoq_gw(s)
vEV)

for a compact discrete valuation ring o of residue cardinality ¢; compare Definition 4.1 and
Proposition 4.7. In analogy with (7.2), we set

VGL = {1} S Vo ‘ G(Ov) ~ GL3(OU)} and VGU = {’U S Vo | G(Ov) ~ GU3(OU)}
so that Vo = VgL U Veu and hence
Zyos)(5) = 11 Zayo)(®) 11 Zeus)(5)-
UEVGL ’UGVGU
Similar to the proof of Theorem A, it suffices to show that the function

Msim (8) 1= Zy(oy(s) [ (1 =)~ *) (@ = ¢27%)
veV

= ] @—a ™) = a7 Zgo,(s) - ] (1= a1 = a7 %)Cguy00)(5)

veVGL ve€Vey

(7.9)

converges and does not vanish on the half-plane {s € C | Re(s) > 2/5}. This will establish the
first two parts of Theorem G; the third part follows via the Tauberian Theorem 7.2.
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For each v € Vg, we have

(7.10) (1= g, )1 = ¢7 %) Zyo)(s) = D (1 =g} )1 — g7 )T, . (5),
8eT(e)

where the functions Ff(v)m (s) are given in Corollary 4.8. Fix v € Vy. We analyse the degree
ratios occurring in each summand of (7.10). As in Section 7.1 we write ¢ for g, when we do not
want to stress the dependence on the place.

If § = G, then the relevant summand in (7.10) is just

(7.11) (1—g, ) (1= q%) =1 ¢/ — g% + 471"
The term ¢ 1% has degree ratio 2/5. We will show that this is the maximal degree ratio
occurring. In particular, the terms —¢}~** and —¢2~% “cancel” with terms occurring in types

L and T, Ta, T3, respectively, in a way we shall explain.
Indeed, if § = £, then the relevant summand in (7.10) is

(a=1) ((¢® +eq+1)g%) " (1= ¢>®)
=q ((q2 +eq+ 1)q2)_S + (terms of degree ratios at most 3/10).

By arguments akin to those used in the proof of Theorem A, for s € R+, there exists a constant
(1 € Ry such that for sufficiently large q,

< Oy .

(q ((¢* +eqg+1)¢®) " —¢' "
This shows that the term —q'=*%, occurring for § = G, and the term ¢ ((q2 +eq+ 1)q2)_8,
occurring for § = £, may be replaced by a polynomial expression of degree ratio 1/4, without
worsening the abscissa of convergence of the Euler product (7.9).
If 8 € {T1,T2,T3}, then the summands in (7.10) indexed by the relevant shadows are

(T1) #a—1) ((g+e) (@ +eq+1)g®) " (g+2¢> " —2—¢'%)
(T2) 3(a—1)((¢* —e)¢®) " (a—q"™*)
(Ts) 3= 1) ((a+e)g—2)?¢) " (1 —q'™").

Modulo terms of degree ratios at most 3/10, these read

(T) 12 ((g+e) (@ +eq+1)g?)~°
(T2) 3¢° ((¢* —e)¢®) ™"
(T3) 3¢° ((a+e)la—e)’d’) .

Similar to the proof of Theorem A, we deduce that, for s € R+, there exists a constant Cy € Ry
such that for sufficiently large g,

56 (0 +2)(a* +2q+ 1)a") "+ 3a* (¢ = £)a”) " + ba? (g +e)a — 2)%¢") " = ¢* ™
< Caq' ™%,
This “cancels” the term —¢*>~% from (7.11). The forms taken by the relevant summand in (7.10)

in the remaining cases 8 € {J, M, N, Ko, K}, together with an upper bound for the occurring
degree ratios, is given in Table 7.2. This concludes the proof of Theorem G.
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TABLE 7.2. Bounds for various degree ratios, where ¢ = ¢,

Type || Summand in (7.10) Degree ratios
J ((g—e(g+e) " (1—¢* %) < 3/10
M|l (a—1)((g—¢)(g+e)d ) TA+g) | <13
N (=1 —2)q) " (1—g¢*) <1/6

Ko, Koo* || ((¢° = D(¢* —2)g°) ™" <1/10

* Only applies if € = 1.

Appendix and References
APPENDIX A. A MODEL VERSION: GROUPS OF TYPE A;

The main ideas of this paper may be applied to groups of type A1, such as groups of the form
GL2(0) or GUz(0), where o is a compact discrete valuation ring, and various subquotients of these
groups. We record here — mainly without (detailed) proofs — results on similarity classes and
associated zeta functions, as well as representation zeta functions of such groups. This leads, on
the one hand, to new, unified computations for the known zeta functions of groups of the form
SLy(0) and GLa(og); cf. [30, 47|, respectively. It also allows us to compute new zeta functions,
such as the ones of groups of the form GU2(0y). Throughout we assume that o is a compact
discrete valuation ring with residue field k of cardinality ¢ and residue characteristic p. Let G
be one of the o-group schemes GLy and GU, and

1 ifG=GL
(A.1) e=¢eg= A >
“1 i G = GU,,

analogous to (1.4). The o-group scheme GUs is defined with respect to the unramified quadratic
extension of o0; see the discussion at the beginning of Section 3 for details. We exclude p = 2
from our considerations in the unitary case. We write g € {gly, guy} for the o-Lie lattice scheme
associated to G and &b for the respective shadow set Shgy, ) or Shgu, (o)

A.1. Similarity classes and their shadows. As in type Ag, similarity classes in g(oy) are
controlled by shadows and branching rules. The — rather simple — classification of similarity
classes in Ad(GL2(0))\gly(0¢) is described in [7, Section 2.1]. The unitary case is analogous. It
turns out that — as in the As-case — similarity classes and their lifting behaviour are governed by
branching rules and shadow graphs. The following result is analogous to Theorems 2.8 and 3.12,
formulated uniformly for both values of the parameter €.

Theorem A.1 (Classification of shadows and branching rules).
(1) The shadow set &b consists of four elements, classified by the types
9,7 (‘Tl,a 72/7 N,
described in Table A.2.
(2) For all o,7 € &Y there exists a polynomial a,r € Z[1][t] such that the following holds:
for every £ € N and every C € Q% 0.0 with shgL(C) = o the number of classes Ce QCI 41
with she (C) = 7 lying above C is equal to a7 (q).

Set Ta, = {9, 71/, T2/, N'}. As in type Aq, it is remarkable that there are k-forms of algebraic
groups IA e for § € Ta,, whose k-rational points Iil (k) represent the shadow sets Shg(o)-
Similarly to the Ag-situation, given o € Shg,) we set o(k) = Iil .(k) and o’ (k) = (k) NSLa(k).
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It is noteworthy that the quantities be)T defined in Definitions 2.6 and 3.11 are in fact poly-

nomials in g. Together with the polynomials a, , they determine recursively the numbers and
sizes of similarity classes in g(oy) for all £ € N. These branching rules in type A; are collected
in Table A.1. In analogy with the Ag-situation (cf. Definition 4.4) one may associate a shadow
graph with each of the scheme pairs (g, G); cf. Figure A.1. In contrast to the Ag-situation, they
coincide for e =1 and ¢ = —1.

Proof of Theorem A.1 (sketch). Instead of giving a proof from scratch, we indicate how the
shadows and the polynomials a,, — and, in fact, bﬁf)T — can be extracted from the As-case.
Indeed, shadow type £ corresponds to the groups GL, x GL; and GUs x GU;. It follows that
the shadow graph for groups of type A; is the subgraph of the As-shadow graph in Figure 4.1
consisting of vertices £, T1, T2, and N together with edges 9, 10, 11, 12, and with a loop around
each vertex. The transition quantities are given by dividing the data a,(g) of Table 2.2 by ¢
to cancel the redundant GL; or GU; factor, and by dividing the data bffl(q) in that table by ¢*
to get the correct dimension. In the theorem’s statement we used the labels &, 77/, 75/, and N
for the respective Aj-analogues of £, T1, T9, and N. O

TaBLE A.1. Branching rules for Q%” (¢ =1) and for Q3" (e = —1)

# | Type of o | Type of 7 || as+(q) b;fl(q)
1 g g q 1
2 g 7Y/ 3a(g —1) | (a+e)g
3 g' Ty 2@ —1) | (g—¢)g
4 g N q @ -1

’ 5 ‘ other same as o H q> ‘ q> ‘

FIGURE A.1. The shadow graph T for (gly, GL2) and (gu,, GUs)

™y

{ T/ <2— G —3> Ty }

¢

N/
)

A.2. Similarity class zeta functions. As in the As-case, the classification of shadows and
the associated branching rules allows us to compute various similarity class and representation
zeta functions. Recall the definitions of the similarity class zeta functions 77 (s) in (4.1) and the
finite geometric progressions A, ¢(s) in (4.3).

Proposition A.2. For o € &b of type § € Ta, and ¢ € Ny,

L8
’Yg(s) =4q FAl,s,q,E(s)v



SIMILARITY CLASSES AND REPRESENTATION ZETA FUNCTIONS OF GROUPS OF TYPE A,

where the function Fil c.q0(8) is defined as

1 ifs=9,

Ha—1)(gla+e) " Agu(s/2) if $ =T,

a—1)(alg—e)) " Age(s/2) if8=7T),

(¢2 — 1) Agu(s/2) ifS=N.
Proof. Analogous to Proposition 4.7.

79

O

Recall further Definition 5.14 of the functions &7 (s) for 0 € &b and their limits £7 as £ — oo.

Proposition A.3. For o € &b of type § € Ta, and ¢ € Ny,
£7(5) = ER, c.q(s);

where the function Eih&q’e(s) is defined as

1 if8§=9,

30(q = 1)(g+e)Age(s/4) fS=T0,

20(a—1)(q =€) Ague(s/4) if8 =72,

(¢ —1)Agu(s/4) if § =N
Proof. Straightforward from the data collected in Tables A.2 and A.3.
Corollary A.4. For o € &b of type § € Tp,,

§7(5) = Zny0(5),

where the function Eihe’q(s) is defined as

1 if8§=9,
3a(a = D(g+e) (1 —¢' )" if§=1T/,
yala—1)(g—e)(1—¢"=)7" if 8 =77,
(@ = 1)(1 - ') IS =N,
TABLE A.2. Shadows in GLa(k) for ¢ = 1, and GUz(k), for e = —1
Type || o(k) C GLa(k) o(k) € GUa(k) Order |o(k)|

g | Gla(k) GU2(k) (g —€)(¢> — 1)

T," || GL1(k) x GL1(k) | GUy(k) x GU1(k) | (¢ — ¢€)*

Ty || GLy (ko) GL (ko) -1

N |l GLi(k) x Ga(k) | GU1(k) x Ga(k) | (g —¢€)

For ¢ € Ny, let
s¢(g(0)) == 7¢(0) = [Ad G(0)\g(0y)|

denote the number of similarity classes in g(oy). In analogy with Theorem E we obtain the

following from our formulae for the functions ~,(s).

Theorem A.5. Let o, G, g and ¢ = eg be as above; if € = —1 suppose that o has odd residue

characteristic. Then

1
(4.2) ZS@ T - - )




80 NIR AVNI, BENJAMIN KLOPSCH, URI ONN, AND CHRISTOPHER VOLL

TABLE A.3. Shadows in SLy(k) for ¢ = 1, and SUz(k), for e = —1

Type || o' (k) = o(k) N SLa(k) | o (k) = (k) N SUa(k) | Order |o(K)]
g || Ska(k) SUz(k) q(q®> — 1)
T || GLy1(k) GU;1 (k) qg—e¢
Ty || {a€ky|aa=1} {a €k} |a® =a} q+e
N | 222 x G (k) 2)27, x Gy (K) 2

Remark A.6. For e = 1 equation (A.2) was already computed in [7, Section 2]. It is remarkable
that the same formula covers the case ¢ = —1.

As in the As-case, these results may be put in an adelic respectively global context as follows.
Let & be a number field with ring of integers O. Let G be one of the k-algebraic groups
GLy or GUy(K, f), where the unitary group GUz(K, f) is defined with respect to the standard
hermitian form f associated to the non-trivial Galois automorphism of a quadratic extension
K of k. Accordingly, let g be one of the Lie algebra schemes gly or guy (K, f). Put eqg = 1 if
G = GLs, and eq = —1 if G is unitary. For the ring of S-integers Og, where S is a finite set of
places of k including all the archimedean ones, we consider the Dirichlet series C;‘(‘OS)(S) defined
in (1.13).

Corollary A.7. Let Og C k and G, g, eg be as above; if eg = —1 suppose that S includes

all dyadic places of k as well as those places which ramify in the quadratic extension K of k
defining G = GUy (K, f). Then

Cel0s)(8) = Cr,s(s — 1)Cr,s(s — 2).

In particular, there exists an invariant 61(0g) € Rsq such that

Y sa(8(09))
01(0s) = Him_ N3 '
We define Zyo4)(s) = >y simy(9(0s))n ™" := limrqog Zgog/1)(8) asin (1.15). The formulae
for the functions 7 (s) provided in Proposition A.2 yield the following result.

Theorem A.8. Let Og C k and G, g, eg be as above; if eg = —1 suppose that S includes
all dyadic places of k as well as those places which ramify in the quadratic extension K of k

defining G = GUy (K, f). Then

- 1-2s

l — Ev —S w(Gu — €0 —S 12)_ —s
ZB(OS)(S) — H (1 + Q(QU 1)(((11)((]1; + )) . __'_;lq) (q )) )+ (q 1) ) ’

vgS

where q, is the residue cardinality at v and e, = —1 if e = —1 and g(Oy,) ~ guy(0y), and e, = 1
otherwise. Consequently, the following hold.
(1) The abscissa of convergence of Zyo4)(s) is equal to 1.
(2) The function Zyg)(s) has meromorphic continuation to {s € C | Re(s) > 1/2}. The
only pole of Zyv)(s) in this domain is a single pole at s = 1.
(3) There exists an invariant 52(0g) € Rsg such that

N .
. n—1 Simy, (g(O
52(05) _ ]\}gnoo Z =1 ~ (g( S)) )
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A.3. Zeta functions of the shadows. Recall that, for a shadow o € &b, we set o/(k) :=
o(k) NSLy(k). See Table A.3 for details on the groups occurring.
Proposition A.9. Let o € &b be of type S € Tpa,. Then
Co‘(k)(s) = (q - €)Z§1,€,17q(8) and
CU’(k)(S) = Z§175,2,q(8)7
where, fori € {1,2},
Z3 - ia(8) =1+a +3(g=3)(q+ 1)+ (g1 (g— 1) " +i%/2 (g + 1)/i) *+i%/2((g—1) /i) ~*
In the remaining cases, the function Z§1,€,i,q(s) s defined as
q—¢ if§=7Y,
q+e Zf S = ‘.Tg/,
iq if § =N,
A.4. Zeta functions of groups of type A;. Let H denote the o-group scheme SLy or SUs,

according to e = ey € {—1,1} as above. Recall that the ramification index of a compact discrete
valuation ring o of characteristic 0 is denoted by e = e(0,Z,).

Theorem A.10. Let o be a compact discrete valuation ring of residue characteristic p = char(k).
Let G, H be either GLg, SLy or GUs, SUy as above and ¢ € N. Assume that p > min{2/¢, 2e + 2}
if char(o) =0, and p > 20 if Char(o) = p. Then the following hold:

(A.3) oo (s) =" Z 12, )]_I_SQ (k)( )ZR, eq.0-1(5),
SETAl
(A.4) Chion(s) = Y [H(k) : (H(k) NI, . (k))]‘l‘SCH(k)m@hs(k)( $)E R, e.,0-1(5)-
SETAl

Moreover, if char(o) =0 and p > 2e + 2, then

(A.5) Chy(s) = Y [H(k): (H(k)mIAls(k))]_l_SCH(k)ﬂlibg(k)( 8)Z A1 ()-
SETa,

Remark A.11. Equation (A.5) confirms — in the cases where it is applicable — Jaikin-Zapirain’s

formula for the representation zeta function (s, (,)(s). Recall the notational convention o(k) =

Iil (k) and that the relevant information about these groups is recorded in Table A.2.

Remark A.12. 1t is noteworthy that the special values of the zeta functions (g, e)(s) — at least as
far as they are given by (A.3) —at s = —1, i.e. the sums of character degrees of the groups G(oy),
coincide with the numbers of symmetric matrices in G(o¢), viz.

(oo (—1) = (1 —eg™ )™
This is in contrast to the situation in type As; cf. Remark 1.3.
Theorem A.13. Let o and G, H, ¢ = ¢g = ey be as above. Let {,m € N with £ > m. Suppose

that p > 2; suppose further that m > min{{/p,e/(p — 2)} if char(o) = 0, and m > {/p if
char(o) = p.

g=m) if £ < 2m,

. _ _ _g\f—2m+1
CH (o)/Hf(o)(S) q3(m—1) (1 + (q3 _ 1)1("7;_(])1_S> if £ > 2m.

Cam(0)/G(0) (8) = @ " Crim (o) /1 (0 (5)-
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Moreover, if char(o) = 0 then

m— = m 1- q_
(A.6) Chmo)(5) = @D N7 ER cgls) = ¢

2—s

SGTAl 1= q

Remark A.14. Equation (A.6) confirms [4, Theorem 1.2]. Despite appearance in (A.4), (A.5),
and (A.6), and in contrast to their analogues in type Az, the zeta functions (y(o,) (), CH(o) (), and
CHm(o)(s) are independent of . This reflects the fact that the isomorphism SLa(F,) ~ SUa(F)

(cf.

(1]
2]
3]

(4]

[22]
[23]

[28, I1.8.8]) generalises to SLa(0) ~ SUz(0).
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