TOTAL VARIATION DISTANCE AND THE
ERDOS-TURAN LAW FOR RANDOM PERMUTATIONS
WITH POLYNOMIALLY GROWING CYCLE WEIGHTS.

JULIA STORM AND DIRK ZEINDLER

ABSTRACT. We study the model of random permutations of n objects
with polynomially growing cycle weights, which was recently considered
by Ercolani and Ueltschi, among others. Using saddle-point analysis, we
prove that the total variation distance between the process which counts
the cycles of size 1,2, ...,b and a process (Z1, Za, ..., Zp) of independent
Poisson random variables converges to 0 if and only if b = o(¢) where
¢ denotes the length of a typical cycle in this model. By means of this
result, we prove a central limit theorem for the order of a permutation
and thus extend the Erd6s-Turdn Law to this measure. Furthermore,
we prove a Brownian motion limit theorem for the small cycles.
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2 J. STORM AND D. ZEINDLER
1. INTRODUCTION

Denote by &,, the permutation group on n objects. For a permutation
o € G, the order O,, = O, (o) is the smallest integer k such that the k-fold
application of o to itself gives the identity. Landau [20] proved in 1909 that
the maximum of the order of all o € &,, satisfies, for n — oo, the asymptotic

max (log(On)) ~ v/nlog(n). (1.1)

On the other hand, O,,(0) can be computed as the least common multiple
of the cycle length of 0. Thus, if ¢ is a permutation that consists of only
one cycle of length n, then log(O,,(c)) = log(n), and (n —1)! of all n! possi-
ble permutations share this property. Considering these two extremal types
of behavior, a famous result of Erd6s and Turén [14] seems even more re-
markable: they showed in 1965 that, choosing ¢ with respect to the uniform
measure, a Normal limit law

108(0,) ~ Y log*() s .
+1og?(n)

0,1) (1.2)

is satisfied as n — oo.

Several authors gave probabilistic proofs of this result, among them those
of Best [§] (1970), DeLaurentis and Pittel [12] (1985), whose proof is based
on a functional central limit theorem for the cycle counts, and Arratia and
Tavaré [6] (1992), who use the Feller coupling. This result was also extended
to the Ewens measure and to A-permutations, see for instance [6] and [2§].

In this paper we extend the Erdds-Turan Law to random permutations
chosen according to a generalized weighted measure with polynomially grow-
ing cycle weights, see Theorem[I.3] One of our motivations is to find weights
such that the order of a typical permutation with respect to this measure
comes close to the maximum as in Landau’s result.

To define the generalized weighted measure, denote by Cy, = Cy,(0) the
number of cycles of length m in the decomposition of the permutation o as
a product of disjoint cycles. The functions Cy, Co,...are random variables
on G,, and we will call them cycle counts.

Definition 1.1. Let © = (Gm)m21 be given with 6,, > 0 for every m > 1.
We then define for o € &,

n

1
h,n!

m=

PR [o] := oS (1.3)
1

with hy, = hp(©) a normalization constant and hy := 1. If n is clear from
the context, we will just write Pg instead of Pg .

Notice that special cases of this measure are the uniform measure (6,, = 1)
and the Ewens measure (6,, = 6).
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These families of probability measures with weights depending on the
length of the cycle recently appeared in particular in the work of Betz,
Ueltschi and Velenik [9] and Erconali and Ueltschi [13]. They studied a
model of the quantum gas in statistical mechanics and the parameters 6,,
may depend on the density, the temperature or the particle interaction and
thus their structure might be complicated.

Subsequently, several properties of permutations have been studied under
this measure by many authors and for different classes of parameters, see
for instance [17), 22| 23, 24], 25| 26]. In this paper, the large n statistics of
log(Oy,) are considered for polynomially growing parameters © = (6,,),,~4
with 0, = m?, v > 0. Only few results are known for these parameters.
Ercolani and Ueltschi [13] show that under this measure, a typical cycle has

1
length of order n1+v and that the total number of cycles has order Nt
They also prove that the component process converges in distribution to
mutually independent Poisson random variables Z,,:

cr,cn,..) -5 (21, 2,,..), asn— cc. (1.4)
For many purposes this convergence is not strong enough, since it only
involves the convergence of the vectors (C7,C3, ..., C}') for fized b. However,

many natural properties of the component process jointly depend on all
components, including the large ones, even though their contribution is less
relevant. Thus, estimates are needed where b and n grow simultaneously.
The quality of the approximation can conveniently be described in terms of
the total variation distance. For all 1 < b < n denote by dy(n) the total
variation distance

dy(n) := drv (L(CT, C3, ..., CF), L(Z1, Za, ..y Zb))- (1.5)

For the uniform measure, where the Z,, are independent Poisson random
variables with mean 1/m, it was proved in 1990 by Barbour [7] that dy(n) <
2b/n. This bound may be improved significantly. In 1992 Arratia and Tavaré
[6] showed that

dy(n) - 0 if and only if b= o(n). (1.6)

In particular, if b = o(n), then dy(n) — 0 superexponentially fast relative to
n/b. The extension of these results to the Ewens measure is straightforward
(here each Z,, has mean ¢/m), but superexponential decay of dy(n) is only
attained for ¥ = 1. For parameters ¥ # 1 we have dy(n) = O(b/n), see
Arratia et al. [4, Theorem 6]. For the uniform and the Ewens measure, the
Feller coupling is used to study dp(n). When considering random permuta-
tions with respect to the weighted measure Pg, the Feller coupling is not
available because of a lack of compatibility between the dimensions. An-
other approach is needed and it will turn out that for #,, = m” the saddle
point method is the right one to choose. We will prove in Section [3| that for
appropriately chosen Poisson random variables Z,, the following holds:
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Theorem 1.2. Let dy(n) be defined as in (1.5) and assume 6,,, = m?,~v > 0.
Then, as n — 00,

dp(n) = 0 if and only if b= o(nﬁ). (1.7)
Furthermore, if b = o(nﬁ), then dp(n) = O(b2+7n7% +b 5 + niﬁ)

For the Ewens measure several applications demonstrating the power of
are available. Estimates like these unify and simplify proofs of limit
theorems for a variety of functionals of the cycle counts, such as a Brownian
motion limit theorem for cycle counts and the Erdés-Turan Law for the order
of a permutation (see (L.2)), among others; see [5] for a detailed account.
The basic strategy is as follows. First, choose an appropriate b — oo and
show that the contribution of the cycles of size bigger than b is negligible.
Second, approximate the distribution of the cycles of size at most b by the
independent limiting process, the error being controlled by the bound on
the total variation distance.

Comparing (|1.6)) and (1.7) we notice that for polynomially growing pa-
rameters, the cycle counts exhibit a more dependent structure. An intuitive

explanation is the following. In the Ewens case, a typical cycle has length
of order n, and the numbers of cycles of length o(n) are asymptotically in-
dependent of each other. For polynomially growing parameters 6,, = m7, a

1
typical cycle has length of order n™+ (see [13, Theorem 5.1]), providing an
intuitive justification for the bound on b in (|1.7)).

1
The condition b = o(n™#7) in Theorem is much more restrictive than
the condition b = o(n) for the Ewens measure. Thus, the study of random
variables involving almost all cycle counts Cy, is more difficult for weights
0 = m7,v > 0. The reason is that in many cases the cycles with length
1
longer than n™> have a non-negligible contribution (see also Remark i

However, in Section [4.2] we will show that (1.7) is useful to prove an analogue
of the Erdds-Turédn Law ((1.2) for our setting. We will prove

Theorem 1.3. Assume 0, = m? with 0 <y < 1. Then, as n — oo,

F(n) ’

where N(0,1) denotes the standard Gaussian distribution and

_ KOy
F(n) = W ni+ log?(n),
(n) = m nTy log(n) + nﬁH(n) with

i

}ﬂmzdaw<V@)_baFO+7D)

L'(v) L+~
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here IV denotes the derivative of the gamma function and
K(7) = T(7)0(1+7) 7.

In particular, notice that for 0 < v < 1 there exists constants ¢,C > 0
such that

cn™7 log(n) < Eg [log(O,)] < C'nT log(n).

Thus, for our choice of parameters the mean of log(O,,) is in fact very close
to Landau’s result (|1.1). Unfortunately, our approach does not work for
~v > 1 and thus the behavior in this situation is currently unknown.

Furthermore, though the bound in is too small to investigate the
whole cycle count process via the independent Poisson process, we will
present in Section how may be used to study the small compo-
nents by proving a functional version of the Erdés-Turan Law. For x > 0

define z* := |z nT+ | and

2
B log(Og+) — ﬁ z7 log(n) nTH

By, (x) := : —
\/(1:7)2 log®(n) n™

where Oy« (o) := lem{m < z*; C,,, > 0}. We will prove the following

; (1.8)

Theorem 1.4. Assume 6, = m"” with 0 < v < 1, take Byp(z) as in (L.8)
and denote by W a standard Brownian motion. Then, as n — oo and for
x >0, By(x) converges weakly to W(x7) .

Apart from the behavior of the small cycle counts and the Erdés-Turan
Law, it might be interesting to study further properties of log(O,,). We refer
the reader to [27] for more results on the order of random permutations with
polynomially growing cycle weights, such as large deviation estimates and
local limit theorems, that are new even for the Ewens measure.

2. GENERALITIES

We present in this section some facts about the symmetric group &,
partitions and generating functions. In particular, two useful lemmas, which
identify averages over &,, with generating functions, are recalled. We give
only a short overview and refer to [I], [2] and [21I] for more details. At
the end of this section we present some basic facts about the saddle-point
method, which is the main tool we will apply to get our results.
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2.1. The symmetric group. All probability measures and functions con-
sidered in this paper are invariant under conjugation and it is well known
that the conjugation classes of &,, can be parametrized with partitions of
n. This can be seen as follows: Let o € &,, be an arbitrary permutation
and write ¢ = o1 --- 0y with g; disjoint cycles of length A;. Since disjoint
cycles commute, we can assume that Ay > Ay > -+ > Xp. We call the par-
tition A = (A1, Ag, -+, Ap) the cycle-type of o and ¢ = ¢()) its length. Then
two elements 0,7 € &,, are conjugate if and only if 0 and 7 have the same
cycle-type. Further details can be found for instance in [2I]. For o € &,
with cycle-type A we define C,;,, the number of cycles of size m, that is

Crm = #{i; \i =m}. (2.1)

Recall that u is a class function when it satisfies u(o) = u(r~1o7) for all
o,7 € &,. It will turn out that all expectations of interest have the form
L sca, u(o) for a certain class function u. Since u is constant on conju-
gacy classes, it is more natural to sum over all conjugacy classes. This is
the subject of the following lemma.

Lemma 2.1. Let u: &,, — C be a class function, Cy, be as in (2.1) and Cy
the conjugacy class corresponding to the partition A. We then have

3 (o) =Y (@)
" oe6, AFn

with zy = [[1_, mmCy,! and 3, the sum over all partitions of n.

2.2. Generating functions. Given a sequence (ay)nen of numbers, one
can encode important information about this sequence into a formal power
series called the generating series.

Definition 2.2. Let (an)nen be a sequence of complex numbers. We then
define the generating function of (an)nen as the formal power series

G(t) = G(an,t) = i ant™.
n=0

We define [t"] [G(t)] to be the coefficient of t" of G(t), that is
[t"[G(t)] := an.

The reason why generating functions are powerful is the possibility of
recognizing them without knowing the coefficients a,, explicitly. In this case
one can try to use tools from analysis to extract information about a,, for
large n, from the generating function.

The following lemma goes back to Pdélya and is sometimes called cycle
index theorem. It links generating functions and averages over &,,.
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Lemma 2.3. Let (an)men be a sequence of complex numbers. Then

Z Y Har-2t (ﬁ (amtm)Cm) — exp <§: j;ntm>

c€6, m=1 A ZA m=1 m=1
with the same zy as in Lemma|2.1. If one of the sums above is absolutely
convergent then so are the others.

Proof. The proof can be found in [2I] or can be directly verified using the
definitions of z) and the exponential function. The last statement follows
from the dominated convergence theorem. U

The previous lemma implies

Corollary 2.4. Define the generating function

o) Hm .
m=1
and let h,, be as in Definition|1.1l Then the following holds
Z hnt™ = exp(go(t)). (2.2)
n=0

Proof. This follows immediately from the definition of h,, in (|1.3) together
with Lemma 2.3 U

The generating function ([2.2)) yields expressions for the factorial moments
of the cycle counts.

Lemma 2.5. We have for all m,k € N,

Eo [(Cim)k] = <6::>kw,

where (¢); == c(c—1)---(c — k+ 1) denotes the Pochhammer symbol. Fur-
thermore, for my # ma,

o 9m1 Hmz hn—ml—mg
[Cony O] = Tz B,

Proof. Recall Lemma [2.3] and set a,,, = 0, then differentiate the sum k
times with respect to 6,, and obtain

00 k
S huEe [(C Z N HeC (%) exptgat)
n=0 = T oe6,

(2.3)

Taking [t"] [.] on the 1eft and right-hand side completes the proof of the first
assertion in Lemma [2.5] The proof of the second assertion is similar and we
thus omit it. (|
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Remark 2.6. It is now easy to see that under the mild condition h,’;—‘l =

the convergence ([1.4) holds with Eg[Z,,] = %’Irm; see for instance [13].

Typically, Lemma |2.5|is used in cases where one can express the quantity
of interest in terms of the factorial moments of C,,,. However, in our case it
proves simpler to take a different approach, which was in particular applied
by Hansen [16].

Assume for t > 0 that Gg(t) := exp(go(t)) < oo with ge(t) as in Corol-
lary 2.4l Then set

Qt = UnGNSn

and define for 0 € G,

NETEE S & s
P, [o] == o)l Tl'[lam :

Lemma shows that P’é defines a probability measure on €2;. Furthermore,
the Cy,, are independent and Poisson distributed with E4 [Cy,] = 2=¢™. This
follows easily with a calculation similar to the proof of Lemma [2.5] The
following conditioning relation holds:

Po - 16n] =P []. (2.4)
We also have
PG [6n] = t"hy exp(—go(t)),

which follows immediately from the definition of A, in (1.3). Then the law
of total probability yields

Lemma 2.7. Lett > 0 be given so that Gg(t) < 0. Suppose that ¥ : Q, — C
is a random variable with B [|¥|] < oo and that ¥ only depends on the cycle

counts, i.e. W =U(Cq,Cy,...). We then have with ¥,, := ¥

n

exp (g0 (1)) Bl (W] = 3 hy B [¥,] 1"+ w(0).

The previous equation is stated only for fixed ¢, but if both sides are
complex analytic functions in ¢, then the equation is also valid as formal
power series. If one chooses for instance ¥ = (Cy,)k, one gets Ef [U] =
(0 /m)Et™ and thus obtains (2.3).

In Section [3] we will compare the distribution of the cycle counts C,,
under Pg and under Pt@. To avoid confusion, we will write Z,, instead of
C,, if we consider the measure IP’t@. Then the Z,, are independent Poisson
random variables with mean %”tm. Notice that implies the so-called
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Conditioning Relation

L((C1, ..., Cn)) = (Zl,..., \Zka—n> (2.5)

This important relation is necessary for the proof of Theorem [I.2]

To demonstrate how to further use the randomization method, let us
compute the generating series of a functional of the cycle counts that we
will need in Section [4] Define on &,

log(Y, Z Cp log(m

We then have on €2; with the above convention

log(Y, Z Zm log(m

Since 21, Zo, ..., Zy are independent Poisson random variables with respec-
tive parameters eﬁtm, we obtain

B [er50)] = B [e¢Thoa Zot0m)] e (3 Prgmotontm _ 1)
m=1

and then Lemma [2.7] yields

ZhnE@[exp(slog(Yn))]t" = exp (Z Wflnis tm> . (2.6)

n=0 m=1

2.3. Saddle point analysis. The asymptotic behavior of random variables
on the symmetric group &,, strongly depends on the analytic properties of
go as defined in Corrolary 2.4l Thus, the appropriate method for studying
generating functions involving go depends on the parameters 6,,

For our choice 6, = m”, the function gg belongs to the class of so-called
log-admissible functions as defined in [24] Definition 2.1]. Thus, a suitable
method to investigate the behavior of functionals we are interested in is the
saddle-point method.

Consider the generating series

exp(g(t,s)) = Z Gp st"
n=0

If g(t, s) is log-admissible, then the asymptotics of the coefficients G, s can
be computed explicitly, see Lemma below.

Definition 2.8. Let g(t) = ano gnt™ be given with radius of convergence
p >0 and g, > 0 for all n. Then g(t) is called log-admissible if there exist
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functions a, 3,6 : [0,p) = RT and R : [0,p) x (—=7/2,7/2) — RT with the
following properties:

Approximation: For all |¢p| < §(r) the expansion

2
g(re'®) = g(r) +iga(r) — 5 B(r) + R(r, )

holds, where R(r, ) = o(¢?5(r)~3).

Divergence: a(r) — oo, f(r) = oo and §(r) — 0 as r — p.

Width of convergence: We have €5(r)3(r) — log B(r) — oo for all
€e>0asr—p.

Monotonicity: Re(g(re’?)) < Re(g(re*®™)) holds for all |¢| > &(r).

In Section [4] we will need to study functions g with an additional depen-
dence on a parameter s. In this case we will use

Lemma 2.9. Let I C R be an interval and suppose that g(t,s) is a smooth
function for s € I and |t| < p. Suppose further that g(t, s) is log-admissible
in t for all s € I with associated functions as, Bs. Let further rys be the
unique solution of as(r) = x. If the requirements of Definition are ful-
filled uniformly in s for s bounded, then, as n — oo, the following asymptotic
expansion holds:

1
Gy = ——
" Ver

uniformly in s for s bounded.

(rns}_nﬁs(THS)_l/Q exp(g(Tns; $)) (1 + 0(1))

The proof of Lemma[2.9]is analogue to the proof of Proposition 2.2 in [24];
one simply has to verify that all involved expression are uniform in s. This
is straightforward and we thus omit the details.

Remark 2.10. It is often difficult to find the exact solution of as(r) = =,
fortunately it is enough to find r,s with

as(rps) =n+o ( Bs(rns)) , (2.7)

since then the contribution of the error term is negligible in the limit.

Let us apply this method to study the asymptotic behavior of h,, as defined
in Definition Recall Corollary [2.4] which states that

hy, = [t"] exp(ge(t)).

We have to show that gg is log-admissible. This will be proved in a more
general way in Lemma [£.1] in Section Then Lemma [2.9] yields
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Corollary 2.11. Let go be as in Corollary[2-4 with 6, = m?, v > 0. Then

i (F(l + 7)) Sy «
n

Iy = (200(2 4 7)) 2
o (M0 et - (L ro). 29)

Proof. This is a special case of the proof of Theorem in Section 4.1 O

Remark 2.12. We will need for the proof of the rate of convergence in The-
orem a more precise asymptotic expansion for G, s than the one in
Lemma This can be obtained by taking into account more error terms
in the ¢p—expansion of g(¢,s) at t = r. Often one can indeed obtain a com-
plete asymptotic expansion. The details are explained for instance in [I5)],
Chapter VIII]. For us this means that if

R(r,¢) = ca(r)¢° + O (dn(r)o")
then the o(1) error-term in Theorem is

o (i + )

Applying this to h,, gives

24y
hy = (2772 + 7)) 2 (m: 7)) 200 o

exp <1—;’Y F(l-l-’}’)ﬁ nT +¢(1 —'Y)) (1"‘0(”_%))' (2.9)

2.4. Asymptotics. We recall the asymptotic behavior of several functions
that we will encounter frequently throughout the paper. The upper incom-
plete gamma function is defined as

I'(a,y) ::/ e da
y

and satisfies

I'(a,y) =T(a) — %ya +Xs(a,y) asy—0, (2.10)
with
o0 . yk71+a
Ea(a,y)—kz:;(l) CESI (2.11)
and

[(a,y) =e Yy 11+ O0(1/y)), asy— occ. (2.12)
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Furthermore, the Error function is defined as

2 xX
erf(z) := ﬁ/o e dt

and satisfies

erf(z) =1+ O(:L‘_le_”"z) as r — 00 (2.13)
and
erf(z) = -1+ O(:U_le_xZ) as r — —00. (2.14)
Recall that the polylogarithm Li, with parameter a is defined as
. o t*
Lig(t) : 2 -

Its radius of convergence is 1 and as t — 1 it satisfies the following asymp-
totic for a ¢ {1,2,...} (see [I5, Theorem VI.7]):

Lig(t) ~ D(1 — a)(~ log(0)* ' + 3

e logy. 215)

Jj=20
In particular, for a < 1, (2.15)) implies for ¢ — 1
Lig(t) = I'(1 — a)(—log(t))* ! 4 ¢(a) + O(t — 1). (2.16)

Finally, recall the Fuler-Maclaurin formula
b b
1

b
S 10) = [ @it [ @ Lo f@de+ FOE- ). a7

3. TOTAL VARIATION DISTANCE

This section is devoted to the proof of Theorem Recall the random-
ization method we considered at the end of Section 2.2} and the independent
Poisson random variables Z,, with mean %’Ltm we introduced there. Define

k
Ty = Z m L.

m=~¢+1
and recall also that the Conditioning Relation (2.5) holds. We rewrite it as
L(CT,CY,....C0) = L((Z1, Za, ..., Zn)|Ton = ). (3.1)

Recall that we denote by dy(n) the total variation distance
db(n) = dTV (,C(C?, C;L, ceey Cg,l), ,C(Zl, ZQ, ceey Zb)) . (32)
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We have to prove that
dy(n) — 0 ifand only if b= O(nﬁ).

Given the Conditioning Relation (3.1)), Lemma 1 in [5] gives a formula that
reduces the total variation distance of two vectors to the distance of two
one-dimensional random variables:

dy(n) = drv (L(Tos), L(Top|Ton = n)). (3-3)

Then dy(n) — 0 implies that conditioning on the event {7y, = n} does
not change the distribution of Ty, very much, which is indeed the case
when {7y, = n} is relatively likely. Recall that for uniform random per-
mutations holds; in this setting, one can compute that Pt@ [Ton, = n] is
approximately n~! for n large enough. For polynomially growing weights,
PY [Ton, = n] is approximately I for n large enough, which means
that the event {Tp, = n} is even more likely. Thus, at a first glance
it seems promising to compare the distributions of (C7,C%,...,C}') and
(Z1, Za, ..., Z).

When &, is equipped with the uniform or Ewens measure, not only the
Conditioning Relation (3.1]) holds, but additionally the approximating ran-
dom variables Z,, satisfy the so-called Logarithmic Condition

mE[Z,,] — Y, as m — 00. (3.4)

Many well known combinatorial objects which decompose into elementary
components (permutations decompose into cycles, graphs into connected
components, polynomials into irreducible factors) satisfy the Conditioning
Relation and the Logarithmic Condition (see [2, Chapter 2| for a comprehen-
sive overview of examples of logarithmic and non-logarithmic combinatorial
structures). For this class of objects, Arratia et al. [3] developed a unified
approach to study the total variation distance only using the Condi-
tioning Relation and the Logarithmic Condition. By the independence of
the random variables Z,,, Arratia and Tavaré [5] rewrite the right-hand side

of (3.3) as
dp(n) = Z (P [Toy = K] — Pl [Top = k|Ton =n] )"

k>0
_ ¢ _ _Pé[Tbn:n_k] -
— ép@ [Top = K] (1 B [Ton =7 ) . (3.5)

The key to the the analysis of the accuracy of the approximation is some
local limit approximation of the distribution of Ty, = Y " _, 1M Zy. In
[3] it is shown that the Logarithmic Condition ensures that n=1T}, — Xy
in distribution, where Xy is a random variable only depending on ¥ and
b = o(n). Via this limiting behavior they establish

EP[Ty, = k] ~ 9Pk —n < Tpp < k — 1],
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which provides the required local limit approximation. Then their main
result ([3, Theorem 3.1]) is that for all combinatorial structures satisfying
(3.1) and (3.4)), considered with respect to the Ewens measure, the following
holds:

dy(n) = dry (L(CT,CY,...,C}), L(Z1, Z3, ..., Zp)) — 0 for b= o(n).

In this paper we consider random permutations with respect to a weighted
measure with parameters 6,,, = m”. As mentioned before, the Feller coupling
is not available in this situation. Recall Remark and the estimate for h,
given in (2.8). This implies that the convergence in holds, where the
Z,, are independent Poisson random variables with mean

0
Et Zm _ mtm: 'yfltm
{ (2] = O = 1,
and
1
. n T 1y
t= eXp(—T]W) with T]ry = (m) a . (36)

Unfortunately, the Logarithmic Condition is clearly not satisfied, and
thus a different approach is needed to prove Theorem The starting
point is equation . We will show that Ty, properly rescaled, can be
approximated by a Gaussian random variable G, with appropriately chosen
mean and variance. This enables us to prove that the sum Y P% [T, = k]
converges to zero outside a small interval around the mean of Tp,. Within
this interval, we will show that the quotient P [T}, = n — k] /Py [Ton = n]
converges to 1. Let us first compute

pov = Eo [Top] s on =B [Tin] , 00 := Vi [Ty and o, := Vi [Ti]
_1
Lemma 3.1. Recall 32 as in (2.11)). For b = o(n+v) we have
(1) pop = ﬁbl—m - ﬁEQ(l +7,b1y) +O(b7),

m
(2) o5y = 750" = (Fimy) 7 D22+ 7, bny) + O(BTH),

o
(3) pon =n — ﬁbl+'y + ﬁEQ(l +7,bny) + O(n+7),

9 _ 14y 2 1 o4y n 32

Proof. Recall (2.10)), (2.12)) and (2.17). Then uo, = Ef [T) is given by

b

b
ob = Z 0 th = Z kvek
k=1

k=1
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and ([2.17) yields
b b b
Zkﬂtk :/ 2t dx —1—7/ (z — |x]|)z" " Hodx
=1 1 1

b
+ log(t) /1 (x — |z])2"t"dx + bt (b — |b)).

For the first integral, set ¢ = exp(—7,) with 7, as in (3.6). With a variable
substitution y = x7,, we obtain

/b P n o Yo~V
zle” 'Vd:L‘:/ yle Ydy
1 F(1+7) Ty

= (D +7.1,) = T(1 +7,bry))

I'(1+7)
1 n
= W SH(1+,b o(1),

where the last step follows from 1} and b = o(nﬁ). For the remaining
terms one can show that they are of order O(b), which yields assertion (1).
Similarly,

b b
ooy = Y kOpth = kMtF
k=1 k=1

and by (.17
b
ol = / e M dr + O(b')

1

() T R@ ) - T2 b)) + OB
D(1+7)
1 n fi’

— 7b2+"‘{ _ . +"/2 2 b b1+’"{

21~ (r(1+7)> 2(2+7,bm,) + O,

proving (2). The computations for Tj, are analogues. In particular, notice
that

pob + Hon = pon = 1+ O(1). (3.7)
The proof is complete. U

For two real random variables X and Y with distributions p and v, recall
that the Kolmogorov distance dg (X,Y) is defined by

dg(X,Y) :=dg(p,v) :=sup |P(X <z)—-PY < z)|
zeR

Now define for z =1 + %

T o
TG, = b—oxb, Lopr = % and  ogpe = b—O;. (3.8)
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1
Lemma 3.2. Assume b = o(n) and let Go, be a Gaussian random vari-
able with mean pop= and variance oge. Then

dg (T, Gop) = O(og,) = O(677°). (3.9)

Proof. We will show that Tj; is mod-Gaussian convergent with parameters
tope and ogpe (see [I8, Definition 1.1] for the definition of mod-Gaussian
convergence). Then the assertion of the lemma is a direct consequence of
[19, Remark 3].
The characteristic function of Tgy, is given by
)
) <oy (5 St 1)

k=1

b b .2 b b
= exp (is > Opth — 522 > kbyth — ZZS D EOtt +0(s* k:30ktk)>
k=1 k=1 k=1 k=1

and we need to find an appropriate scaling such that the third term converges
to a constant and the error term converges to zero. In Lemma [3.1] we have
given

b b
pop = _Oxt" and  of, =) kbt*.
k=1 k=1

Similarly, we compute

b b
D Kotk = / 2727 dx 4+ O (b))
k=1 1
34y
n Ty
=(=——- I'(3 —TI'(3 b
1 n ‘;’ﬁ
= P (— )" ,(3 b O(1
315 (r(1+7)) 2(3 +,bny) + O(1)

and
b
> Bt = o).
k=1

We therefore have to rescale by s% = s/b% such that 37773 converges to a
constant. Thus, choose z =1+ %, then for Tf := Ty, /b" we get
2

3
- , s is _a
ES (e Ton] = exp (zsuObz - Ea(z)bx - ?(Sobz + 0(346 g))

where popz = pop/b%, agbz = ng /b?* and

b
1 1
Sope = b 3TN 2k — = O(pn ).
w > 51 + 0 )
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This completes the proof. ([

With these preliminary results at hand, we are prepared to prove Theo-
rem

Proof of Theorem [1.3 Assume first b = o(nﬁ) and recall equation (3.5)).
Since the (..)"-term in (3.5) satisfies (..)" < 1, we want to find «, 8 such
that both sums

S PolTop =k and Y Pp[Ty =k
k=0 k=3

converge to zero. Recall the definition of T(),, pop= and ogpe in . As in
Lemma|[3.2] denote by Gg, a Gaussian random variable with mean pgp= and
standard deviation ogye. Let g be any function with ¢g(b) — oo as b — oo
and define

€y == oop g(b).
Then, as n — co, we have
PG [pob — €6 < Top < pop + €] — 1.
To see this, notice that for €} := €,/b",
PG (oo — €6 < Top < pob + €]

=P [pore — € < Tgy, < pope + €1

=Pg [pope — € < Gop < piope + €] + O(di (Tgy, Gb)).
Now Lemma yields dg (1§, Gy) = O(b_7/6). By basic properties of the

Gaussian distribution,
i

1 € €
PL s — e < Gop < « + €F :f<erf< b )—erf(— b ))
e) [M()b b 0b = Hob b] 5 N

1 g(b) 9(b)
= —| erf (—) —erf(— —)),
(et (03 V2
where erf(xz) denotes the error function, which satisfies the asymptotics
(2.13) and (2.14)). Thus, as n — oo, for all g with g(b) — oo,
PG [pos — e < Top < pop + €] =1+ O(gfl(b)efg%) + 577/6) (3.10)

and therefore both sums

Hob—€b o]
> PhlToy =k and > PolTo =k
k=0 k=pop+ep

are of order O(g_l(b)e_92(b) + b‘V/G). Next, in view of (3.5)), we have to
show that the sum
tob+9(b) oop

t o +
> PhlTe =k (1 _Pollin=n ]k]) (3.11)

PL [Ty, =
k=p06—9(b) o0b 9[ On =1
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converges to zero. Recall (3.7)) : pp, = n—pop, and denote Iy, := [—g(b) oop, g(b) opp)-
Then we can rewrite the previous sum as

PL [Ty, = I\t
_ZP%[TOb—MOb_j]<1— o Tin “bn+]]>

jel, Pt@ [Ton = n]
PL [T}, = 1\t
< sup (1_ G[tbn Hon +]]> (312)
jel, Po [Ton = 1]

and we have to show that this term converges to 0.

Let us first give an heuristic argument why this should be true. First, one
can show that

Pt@ [Tbn = Upn + ]] ]P)fé) [Tbn = Uppn + j]
Pt@ [Ton = n] ]P)t@ [Tbn = an]

Similarly to (3.8) and Lemma we can show that T := Tj,/n¥ with y =
3+
3(1+7)

deviation O'gn := opp/nY. Thus, vaguely, let us consider for a moment that
Ty, is approximately (a discrete version of a) Gaussian random variable Gy,
with mean pp, and variance agn. Then, for § = o(j), the question is for
which j the following holds:

— 1.

— 1 if and only if

is approximately Gaussian with mean ,uZn = ppn/nY and standard

]Pﬂé [an +] < Gbn S)ubn +]+6] NPt@ [;ubn SGbn S/Lbn"i'(s]

By the standard properties of the Gaussian distribution, this holds for any
j = o(opn). Thus, the crucial point why (3.12)) should converge to zero is
that

71 < g(b) oop = 0(obn)- (3.13)

We have oo, = o(op,) and since g(b) — oo may be chosen arbitrarily this
implies g(b) ogp = 0(opn):

g(b) o0b _ O(bﬂ%n_%g(b))
Obn

and now choose
(3.14)

to get

90 o0 _ (=) 0.
Obn

For the rigorous proof that (3.12) converges to 0, we compute P§ [Ty, = pon, + J
explicitly by means of saddle-point analysis. We have,

Ef [uftn] = ﬁ ES [ukz’“} = exp( z”: %tk(uk - 1)),
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where ¢ is as in (3.6). Now, for m < n,

P4 [Ty, = m] = e~ S0Om exp( Z k1 k)
k=b+1

— o= Sh(t)ym exp( Z -1 k)
k=b+1

where Sy(t) == > 1_p 14 E7~1t*. Notice that pu, +j < n for n large with the
above chosen g(n). In particular, for b = 0 and m = n, we get

Py [Ton = n] = e_SO(t)t”[un] exp (g@(u)) = e S0y,
where hy, is as in (2.8). For b # 0, to prove that gep(u) := Y pep,q K7 'uF is

log-admissible one proceeds along the same lines as in the proof of Lemmal[4.1]
The leading term of the saddle point solution
a(rm) = m+o(v/B(rm))
is given by 1y, = exp(—vy,) with
- ( m + fob )_ T+
" I'(1+47)
Lemma 2.9] together with Remark [2.12] yields

1
" exp vk ——————exp (g@7b(rm) + mvm)( +O0(n~ T ))
<kzb;rl ) 2m3(rm)
Thus we have
Py [Ton = n]
tm

eXp (g@ b(Tm) + m v + Z k7 tk> (1 +O0(n~ 1+'y))

h V21 B(rm) P

1
Recall t = exp(—n,) with n, = ( X6l +7 )7m. Let us first compute B(ry,).
Similarly as in the proof of Lemma we have

00 [e's) b
= Z ek = Z Ktk g Ktk
k=1 k=1

k=b+1
b
=Li_y_1(rm) — / e mdy + O(b')
1

= T2+ 7)o, 2 + 0 (B*).
Together with A, as in (2.8)) we get
IP)% [T[m = m]

PL[To, = n] He p(Tm,t) exp (Gop(rm,t)) (1 + O(n~ 7)),
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with
247

He,p(rm,t) = (v, + O(b”ﬂ)‘”z(ﬁ) -

and
b nn
G@,b(rmat) = g@,b(rm) +m (Um - 777) + Z kv*ltk - T’Y - <<1 - 7)'
k=1

Recall that we are interested in m := py, + j with j € I so that

1
n+j )—1+17 PL+y)T 2 o 342y
Vg = | =—— =n, — —— Y inTiy 0520 10 ).
" (F(1+'y) LA TPV U )
Thus,
- 24y 2+
n+j \ "z e SO n pIEERY
st = () 5 ot ) )
outrn0 = () ™ ol ))&+

—1+0(jn "+ n’ggimlﬁﬂ),

and the error term converges to zero since for g(b) as in (3.14) we have
l7] < g(b) ogp = o(n). It remains to compute Gg (7, t). First notice that

1
1 2 2
(v — 1) = —ubnwy‘nﬂ +0(2n 1),
and pup, = n — pgp. Furthermore,
o0 00 b
ge.b(rm) = Z Kk = Z KLk Z KLk
k=b+1 k=1 k=1

b
=Lity(rm) = Y _ K7 'rp,
k=1
where Li denotes the polylogarithm as in (2.15]) and

1

(1 1ty — 24 — 342

o T,’% — ok <1 —exp ((1‘:7)7]{7]” T + O(jzn Tre )))
Y

Then for k < b we have k:jnil*ﬁ = 0(1) and this yields

_1
th — k= e7Fm ( _a+y)t kjnf% + O(k:an?m))

147
Thus,
etk T(L+9)™F . _2tan PR T N
;k (t —Tm)z—ﬁjn 1+w;kt 4+ O\ j*n T kz_lkt

1
(1 1+ 24 _ 342
:—<4ﬁ)3MI%m+O@%IJmQ,
1+~
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and notice that the error term converges to zero. Altogether, we have proved
so far

b
~ _ n
Gebvm¢>=g@bwﬁ>+nwmﬁ—nw—%§jk7lﬁ—vf%t—a1—7>
k=1

b
. ~ _ n1
= Lll_,y(rm) + m(vm - 7]«,) + g k7 1(tk - rfﬁ) - 77 - C(l - 7)
k=1

F(1+9)™ 1 249

: . n o 241
= L1 (rim) — 1+~ " 1*”—%—«1—7)‘?0(]2” ).

Finally, we have
Lilf'y(rm) = F(V)v;;/ + C(l - 7) + O(Um)

r o 1 _ 24y
= %(nllv + Jn o 4 O(j°n fﬂ)) +¢(1—7)
I(1+~) 1+~
which yields
_24y 2(b) o2
Gop(rm,t) = O(j2n 1177) = O<g(ag(70b>’ (3.15)
bn

and this converges to zero because of (3.13]). Altogether, we have proved
1
that if b = o(nT#7) then

dy(n) = OB~ 155 4+ b71/6 4+ O(n~ 1)),

To complete the proof of Theorem we assume now b # o(nﬁ) and
show that in this case liminf,,_,o dp(n) > 0. Recall from ({3.5)) that

db(n) > Pt@ [T()b > n]

1
For bn ™ — oo the mean of Ty, is n 4+ O(1) and the variance is of

order nitv. Thus PY[Top > n] > 0 for all n. But if b = cnﬁ, then
EY [Tos) = Cn + O(1) where C' = C(c) can be very small when c is very
small. In particular, if C' < 1, then Pg[Ty, > n] — 0, thus a more elaborate
argument is needed.

A crucial point in the proof above is equation (3.13). Notice that for

71 . .
b = cn1+7 the usual computations give
24+

uop = Eg [Top] = O(n)  and g, := / Vg [Top] = O(n2077)

as well as

! EL [Th] = O d ol = /VL [Tyn] = O(nT00

Hon = Eg [Tyn] = O(n) and oy, := 1/ Vg [Tya] = O(n?T7).
Thus, unlike as in (3.13)), here o(, = o(o},,) does not hold, but we have
opp, = O(0},,). Therefore, Py [Ty, = puy,, — k|/Ph[Ton = n] will not converge
to 1 implying that dy(n) will not converge to 0. In a different setting, this
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1
was also proven in [I1]: suppose that dy(n) — 0 for b = cn™+v with ¢ some
non-negative constant. Then the random variables

1 1
en I+ en I+
E Cy, and E Zm
ch T 1 cn T 1
m:in + m:in +

would have same limit as n — oo. However, it was shown in [II, Theo-
rem 3.6, Theorem 4.6 and Remark 4.4] that for all ¢ > 0 these two random
variables satisfy two different central limit theorems. O

Remark 3.3. Notice that the term b~?/% in the order of dy(n) in Theo-
rem comes from the Kolmogorov distance dx (T, G). Instead of using
the Gaussian approximation, one could prove the first part of the theorem
also using saddle point analysis to compute IP’t@ [To, = m] explicitly. This
would give the same result but without the 5=7/6 term. However, we de-
cided to state the proof using the Gaussian approximation since it allows an
intuitive understanding of what is going on.

4. TuE ERDOS-TURAN LAw

Recall that the order O,(c) of a permutation ¢ € &,, is the smallest
integer k such that the k-fold application of o to itself gives the identity.
Assume that ¢ = o7 --- 0y with o; disjoint cycles of length \;, then O, (o)
can be computed as

On(0) =lem(Aq, Agy -+ Ap).

In Section [4.1] an approximating random variable Y;, is introduced which
shares many properties with O, but is much easier to handle. Then Sec-
tion [£.2]is devoted to the proof of Theorem [1.3] and Section [4.3] to the proof
of Theorem [L.4

4.1. Preliminaries. A common approach to investigate the asymptotic be-
havior of log(O,,) is to introduce the random variable

n
Y, = H m&m
m=1

where the Cy,, denote the cycle counts, and to show that log(O,,) and log(Y},)
are relatively close in a certain sense. To give explicit expressions for O,
and Y, involving the cycle counts C,,, introduce

n
an = Z Cm ]l{k|m} and D;;k = min{l,an}.

m=1
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Now let pi,p2,... be the prime numbers and g, ; be the multiplicity of a
prime number p; in the number m. Then

n

Yn mCm — H (pcim,lpgm,Q . pfr]lm,n)cm

Il
=

m=1 m=1
s C C C
1:91,i+C2:q2,i++Cn-qn,i n oD
=11~ = [[ o> ", (4.1)
=1 p<n
where [[,.,, denotes the product over all prime numbers that are less or

equal to n. The last equality can be understood as follows: let p be fixed
and define m = p%i . q where a and p are coprime (meaning that their
least common divisor is 1). Then C), occurs exactly once in the sum D,,; if
J < gm,; and does not occur in D,,,; if j > G i. Thus Cy, occurs gy, ; times
in the sum Z?Zl D,,,i. Furthermore, we have also used that D, = 0 for
k > n. Analogously, we have

On = [[ =" (4.2)

p<n

To simplify the logarithm of the expressions (4.1)) and (4.2)), we introduce
the von Mangoldt function A, which is defined as

An) log(p) if n = p* for some prime p and k > 1,
n)=
0 otherwise.

Then we obtain

log ¥, =Y A(k)Dyr  and  logOn = > A(k)Djy. (4.3)
k<n k<n
Now define
A :=1og(Yy,) —log(On) = > A(k)(Dpk — Djyy). (4.4)
k<n

Typically, in order to prove properties of log(O,,), one first establishes them
for log(Y,) and then one needs to show that A, is approximately small
enough to transfer the result to log(O,,), see Lemma below.

Recall (2.6). For 6, = m” one obtains the generating series

oo oo
1 .
Z hnEelexp(slog(Yy,))|t" = exp (Z th> =: exp(ge(t, s)).
n=0 m=1
(4.5)
As we consider s fixed for the moment, we may write gg(t) instead of geo(t, s).
The function ge(t) is known to be the polylogarithm Li,(¢) with parameter

a=1—s—1.
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For v > 0 and as t — 1 it satisfies the asymptotic (2.16)). We will show that
Jgo(t, s) is log-admissible (see Definition in order to apply Lemma
to compute Eglexp(slog(Yy))].

Lemma 4.1. go(t, s) is log-admissible for v >0, s > —a.

Proof. For k > 1 as t — 1 the following holds:

G () = P Lig_x(t) = T(1 + k — a)(—log(t))* * 4 F + 0(1).  (4.6)
The proof that ge(t,s) satisfies the properties given in Definition is
analogous to the proof of Proposition 3.7 in [24]; one simply has to verify
that all involved expressions are uniform in s for —y 4+ € < s < C for some
constant C'. This is straightforward and we thus omit the details. ([

Let us now compute the generating function of log(Y;,) by means of Lemma
Theorem 4.2. Let go be as in with v > 0. Then we have

Eelexp(slog(Yn))]
:( V2,5 n%(ﬁfﬁo exp (’?1,5 n' TR .0 n11+1w>
xexp (C(1—s5—7) = (1 =7))(1+0(1))
with
%S:(l%—V—FS)F(v—FS) . :(1+7)F(1+7+5)ﬁ7
(14~ +s)T(1+~)T

)

T(1+7+s) T

where the error bounds are uniform in s for bounded s, s > —v + €.

Proof. We first compute r,s. This should satisfy

as(rns) =n

but as stated in Remark it actually suffices that

as(rns) —n= 0( 65(“@5)) (47)
holds. We set fora=1—s—1

oo (= (r) )

as(rms) =n+0(1)  and  By(rns) = T'(3 — a)(

and obtain

n I+512
— o1
r2— a)) +0(),
so that (4.7) holds. Furthermore,

1

z >l_ﬁ+g(1—s—7)+o(1).

d6(rns; 8) = (1 — a) (m
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We now have

Gn,s = [t]" exp(go(t,s)) = hnEelexp(slog(Yy))].

Therefore,
hy =Gno = Jlg?(rno)nﬁo(rno)_w exp (9o(rn0,0)) (1 + o(1))
= (2nT(2 + ’y))_% (F(lrj 7))2“7%) X
exp <1:7 1+ V)ﬁ nt 4 ¢(1— 'y)) (1+0(1))
and

Ee[exp(slog(Yy))]

= (22)" (L) ™ xp () — s ra0:0) 1+ 000).

This gives the result. O

Remark 4.3. Given Theorem [I.2] a natural way to investigate further prop-
erties of log(0,,), for example to prove the central limit theorem, would be
to work with the functional log(P,) := > _,log(m)Z,, instead of with
log(Yy) = > _ log(m)Cy, and to show that the contribution of the large
components Cy1, ..., Cy, is negligible. However, in the current setting, the
large cycle counts actually do contribute to the behavior of log(O,,). To see
this, one may easily compute the moment generating function of log(P,) to

show that it satisfies the central limit theorem

log(P,) — é(n) d

a0 — N(0,1)
where F'(n) is as in Theorem [1.3| but
A(n) = 14(3 nT5 log(n) + nT H(n) (4.8)
with
f(n) = —K(7) log(I'(1 + 7))

14~

Thus, even rescaled by F(n), the discrepancy between G(n) and G(n) is
too large to prove the central limit theorem for log(O,,) via the independent

approximating process. More generally, it seems that the bound b = o(nﬁ)
is too small to exploit Theorem to study the whole cycle count process.
Nonetheless, in Section [4.3] we will explain how to use Theorem in order
to investigate properties of the small cycles.
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4.2. Proof of Theorem With Theorem [4.2) at hand, we will first show
the Erdés-Turdn Law for log(Y;,). The complicated part is to transfer the
result to log(O,,), see Lemma where we will need Theorem

The proof of Theorem [1.3] is a direct consequence of the following two
lemmas.

Lemma 4.4. Let go be as in with v > 0. Then we have, as n — oo,
log(Yn) — G(n)
F(n)
where N'(0,1) denotes the standard Gaussian distribution and F(n) and
G(n) are as in Theorem[1.3

45 N(0,1)

Remark 4.5. Landau’s result (1.1)) implies immediately that an analogous

result to Lemma [£.4] for log(O,,) can only be valid for 0 < v < 1. This means

that log(Y,,) is a good approximation for log(O,,) when 0 < v < 1 but for

~v > 1 the behavior of the two random variables is indeed different.

Proof of Lemma[].] We write the the expansion in Theorem [£.2] as
Ee[exp(slog(Yn))] = exp(f(n, s))

and expand the function f(n, s) around s = 0. Now set F'(n) as in Lemmal[4.4]
Since the error terms in Theorem are uniform in s we can apply it for

s/y/F(n). This gives, as n — oo,

exp <51°g;’(”zi>

where H(n) is defined as in Lemma and

Gn) = VI T2 (1) ™ o8 ()

By means of Lévy’s continuity theorem the result follows. ([l

Eeo

~ exp <322 + (J(n)H(n)s>,

To transfer the result from log(Y;,) to log(O,,) we need to show that they
are close in a certain sense. We will prove the following

Lemma 4.6. For 6,, = m” with 0 <~y < 1 the following holds as n — co:
Po (log(Yy,) — log(Oy) > log(n) loglog(n)) — 0.

Proof. First, recall (4.3) and notice that
log(On) = ¢(n) — R(n)

where
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Recall that v is the so-called Chebyshev function which satisfies the asymp-
totic ¥(n) = n(1+40(1)) (where the error term has a positive sign). We need
to identify the smallest b such that for g(n) = log(n) loglog(n)

P@<log(Yn) —(b) > 9(2”)) - 0. (4.9)
Lemma [4.4] implies that
P@(log(Yn) — h(n) > e) =0

for any € > 0 and functions h such that h(n)/nﬁ log(n) — oo. Therefore,

choose b = nTH log®(n), then 1’ is satisfied (actually, it holds for any
positive function g(n)). It remains to prove

Pe (R(n) - Y AR = @) 0. (4.10)

k=b+1 k=1
and thus it suffices to show

Pe (S(b) > g(—”) 0.

~—

2
To prove this we will approximate S(b) by the functional

b
S/(b) = Z A(k) H{ZkZO}
k=1

where the Z;, are independent Poisson random variables with parameter

EY1F as in . Then
Po(s0) > 270) = by (5'0) > 200) 1 O(ax(5(0). 5'0).
where di (X,Y') denotes again the Kolmogorov distance of the random vari-
ables X and Y. Clearly,
dic(S(b), S'(b)) < drv (S(b), S'(b)) < dy(n),
and Theorem shows that dy(n) — 0 if and only if b = o(nﬁ). For

0 < v <1 we have b = nTH log?(n) = o(n™7). Therefore, it suffices to
show

Ph(S'(0) = @) -0,
which is equivalent to

log IPL, (essl(b) >e 2 ) — —00, (4.11)
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for s > 0. The moment generating function of S’(b) is given by

B |0 = H (1 e (e - 1)),

1
where t* = exp(—kn~ 7). By Markov’s inequality and with log(1 4 2) < z
we get

b
log ]P’%( s5'(0) > 9g<n)) < _sgén) + glog (1 + e_tkm_l(eSA(k) — 1))

e—t’“lﬂfl (esA(k) o 1)

b
< _Sg(n) + slog Ze thgy—1
k=1

1
Since b = o(n 1+v), there is a constant ¢ > 0 such that

1

b b
Zexp ( - tk/ﬁ_l) < Z exp ( — k7t exp(—bn_m))

b
= Z exp (—ck’™1)
k=1

b
/ exp (— cx’Y)dzx

1

1 1

— IR X Lot U N -
o (=) ~r(=1)
O(1).
Thus for g(n) = log(n)loglog(n) and s := y/loglog(n)/g(n) this yields

IN

10gP€9( S0 > %) < —lm(‘g;og(m—i-O(loglog(n)l/Q).

The proof is complete. U

4.3. Proof of Theorem [M.4l In Remark[4.3 was mentioned that the bound
b = o(n1+7) is too small to study properties of the whole cycle count process
via the independent approximating Poisson random variables. However,
Theorem gives an example of how to exploit Theorem in order to
study the behavior of the small cycles. Recall that for x > 0 we define

x* = {xnﬁj and
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2
log(Og+) — —— 27 log(n Nt
B, (x) := ( ) Ll () .

2

a°
\/(1+7) log*(n) nTF
Proof of Theorem[1.4] First notice that

log(Yy+) —log(Og+) < log(Y;) — log(O,,)

and thus by means of Lemma it is sufficient to show that
2

log(Ys+) — maﬂ log(n) nT

i
iz log”(n) nTe

1
satisfies the required convergence. Since z* = o(n+7) and in a discrete
probability space dp(n) — 0 is equivalent to convergence in distribution of
(C1,...;Cy) to (Z1, ..., Zp), Theorem yields

Ee [eslog(Yx*)] —E, [ slog(P, )} (1+0(1))

where log(Py+) = Zf;:l log(m)Z,,. Thus we have to show

2

log(Py+) — 1i,y 27 log(n )nﬂj

22
i s
The convergence of the finite dimensional distributions is easily established.
By independence, the characteristic function of log(Py+) is given by

LN W(x").

*

E% [eislog(Pz*):| = exp ( Z m’y—ltm(eislog(m) o 1))

= exp (:; *) — —5( ")+ 5(s,w*))

where
Z m? 1™ log(m Z mY 1™ log? (m),

and

oo

S(s,a") = > mV‘lth'

|
j=3m=1 J:
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With computations similar to those in the proof of Lemma (3.1 we get

1 22 2
alz’) = T 27 nT log(n) + O(n™),
Y 22 72
Bx*) = mm” nTH log?(n) + O (n™ log(n)),
Y

2

x*
Z mY 1" log®(m) = O(nﬂTv log(n)).
m=1
This proves that for every fixed  we have
Bn(z) -5 N(0,27).

It remains to prove that the process En() is tight. We use the moment
condition given in [I0, Theorem 15.6], that is we have to show that for any
n>0and 0 <21 <2 < 29

Eo(z1,32) := Eo | (Bn(z) — Bn(x1))?(By(x2) — én(;c))ﬂ = O((w2 — 21)?).

To prove this we use the independence of the Z,,. Denote

*

y
log(P%) = Z log(m)Zy,.
m=x*+1
Then

-2 *

Eola1,x2) = o((aﬂ niE 1og2(n)) V@(log(P;{))V@(1og(P§3))>

(o ox2) " (000°) ~ 50 600 — 50

((x'y — ) (z) — x'y)) = O((xg — x1)2).
This completes the proof. O

O
O
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