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Abstract

Let (X,) be a balayage space, 1 € W, or — equivalently — let YW be the
set of excessive functions of a Hunt process on a locally compact space X
with countable base such that VW separates points, every function in W is
the supremum of its continuous minorants and there exist strictly positive
continuous u,v € W such that u/v — 0 at infinity. We suppose that there
is a Green function G > 0 for X, a metric p on X and a decreasing function
g: [0,00) — (0,00] having the doubling property and a mild upper decay
near 0 such that G = g o p (which is equivalent to a 3G-inequality).

Then the corresponding capacity for balls of radius r is bounded by a con-
stant multiple of 1/¢g(r). Assuming that reverse inequalities hold as well and
that jumps of the process, when starting at neighboring points, are related
in a suitable way, it is proven that positive harmonic functions satisfy scaling
invariant Harnack inequalities. Provided that the Ikeda-Watanabe formula
holds, sufficient conditions for this relation are given. This shows that rather
general Lévy processes are covered by this approach.
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1 Setting and main result

Our basic setting will be almost as in [7], but assuming that points are polar:

Let X be a locally compact space with countable base. Let C(X) denote the set
of all continuous real functions on X and let B(X) be the set of all Borel measurable
numerical functions on X. The set of all (positive) Radon measures on X will be
denoted by M(X).

Moreover, let W be a convex cone of positive lower semicontinuous numerical
functions on X such that 1 € W and (X, W) is a balayage space (see [2], [5] or [9,
Appendix]). In particular, the following holds:

(C) W separates the points of X, for every w € W,
w=sup{v e WNC(X): v <w},

and there are strictly positive u,v € WNC(X) such that u/v — 0 at infinity.



Then there exists a Hunt process X on X such that W is the set Ep of excessive
functions for the transition semigroup P = (F;);so of X (see [2, IV.7.6]), that is,

W ={v e B"(X): sup,.q Pv =v}.

We note that, conversely, given any sub-Markov right-continuous semigroup P =
(P;)i=0 on X such that (C) is satisfied by its convex cone Ep of excessive functions,
(X, Ep) is a balayage space, and P is the transition semigroup of a Hunt process
(see [, Corollary 2.3.8] or [9, Corollary A.5]).

For every subset A of X, we have reduced functions R‘', v € W, and reduced
measures ¢4, r € X, defined by

R :=influe W:v>uon A} and /udsf = R (z).

Of course, R4 < w on X and R? = u on A. The greatest lower semicontinuous
minorant f{{‘ of R{' (which is also the greatest finely lower semicontinuous minorant
of R%) is contained in W, and R = R% on A¢ (see [2, VI.2.3]). If A is not thin at
any of its points (see [2, VI.4]) for the definition), in particular, if A is open, then
R% € W. If A is Borel measurable, then

(1.1) Ri}(x) = P"[Ty < o0, r e X,

where Ty(w) := inf{t > 0: Xy(w) € A} (see [2, VI.3.14]) and, for every Borel
measurable set B in X,

e (B) = P*[Xp, € B; Ty < o0).

xT

For every open set U in X, let H*(U) denote the set of all functions h € BT (X)
which are harmonic on U (in the sense of [2]), that is, such that h|y € C(U) and

(1.2)  Hyh(z) ==Y (h) = /hdsgc = h(z) if Visopen and z € V CC U.

If, for example, A is a Borel measurable set in X and u € W, then, by [2, VI.2.6],
(1.3) R e HY(X \ A) provided u < w for some w € WNC(X).

We note that U — H*(U) has the following sheaf property: If U;, i € I, are

open sets in X, then
) = HT )
ﬂieIH (U:) =H <Uiel UZ)'

In fact, given an open set U in X, a function h € B*(X) which is continuous on U is
already contained in H*(U), if, for every z € U, there exists a fundamental system
of relatively compact open neighborhoods V of x in U such that ) (h) = h(x) (see
2, 111.4.4 and II1.4.5] or [5, Corollary 5.2.8 and Corollary 5.2.9]).

Moreover, let H*(U) be the set of all h € B*(X) such that h < co on U and
(1.2) holds. Then every function in H*(U) is lower semicontinuous on U, and

(1.4) H, (U) = Hy (V).
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Indeed, let V' be an open set such that V CC U. By (1.3), Hy1 = R}" is harmonic
on V. Moreover, for every f € B, (X) with compact support, the function Hy f is
continuous on V' (see [2, I11.2.8]). So, for every f € BT(X), the function Hy f is
lower semicontinuous. Assuming that f is bounded, both Hy f and Hy (|| f| — f)
are lower semicontinuous on V| and hence (due to the continuity of the sum) both
are continuous on V.

For our main result we shall assume that we have a metric p for X, a Green
function G on X, a decreasing function g on [0, 00|, and 0 < Ry < oo such that

G = gop,

¢ having the doubling property and weak upper decay on (0, Ry) (Assumption 2.1).
Defining balls B(x,r) == {y € X: p(y,x) < r}, 2z € X, 0 < r < Ry, we suppose
that, for some ¢y > 1, the corresponding capacities satisfy

(1.5) cap B(x,r) > cytg(r)™!

(Assumption 4.2; a reverse estimate is a consequence of the previous assumption).
Finally, we shall suppose (Assumption 5.1) that there are constants 0 < R; < oo,
¢y > 1and 0 < ag < 1 such that, for all x € X, 0 <r < Ry and y € B(z, agr),

(1.6) gBl@eon)® < ¢; 55(z’7)c on B(z,r)°.

Then our main result is the following (see also Remarks 2.2,6 and 6.2).
THEOREM 1.1. (1) For every open set U in X, H*(U) = H*(U).

(2) Scaling invariant Harnack inequalities: There exists constants a € (0,1) and
K € (1,00) such that the following holds: For all g € X, 0 < R < Ry AN Ry
such that B(zo, R) is a proper compact subset of X, and all h € B¥(X) which
are harmonic in a neighborhood of B(wo, R),

(1.7) sup h(B(xg,aR)) < K inf h(B(xy, aR)).

In Section 2 we shall shortly discuss a Green function for (X, ) and the related
capacity. In Section 3, the probability of hitting a subset A of a ball before leaving
a much larger ball is estimated in terms of the capacity of A. And in Section 4
we repeat basic facts on the relation between a lower estimate of the equilibrium
potential of a ball by the Green function and (1.5).

Having prepared it by two crucial lemmas in Section 5, the proof of Theorem 1.1
is given in Section 6. Sufficient conditions for the validity of (1.6) are discussed in
Section 7. In a final Section 8, we prove Harnack inequalities under intrinsic and
local assumptions.

2 Green function and capacity

By definition, a potential on X is a function p € W such that, for every relatively
compact open set V in X, the function Hyp = R;/ “ is continuous and real on V
(and hence harmonic on V') and

inf{R}": V relatively compact open in X} = 0.

3



By [5, Proposition 4.2.10], a function p € WNC(X) is a potential if and only if there
exists a strictly positive ¢ € W N C(X) such that p/q vanishes at infinity. Let P
denote the set of all continuous real potentials on X.

Unless stated otherwise we assume from now on the following:

ASSUMPTION 2.1. There ezists a Borel measurable function G: X x X — (0, o0
such that G = oo on the diagonal and the following holds:

(i) For everyy € X, G(-,y) is a potential which is harmonic on X \ {y}.

(ii) For every potential p on X, there exists a measure u on X such that
(2.1) p=Gu:= /G(-,y) du(y).

(iii) There exist a metric p for X (compatible with the topology of X), a decreasing
numerical function g > 0 on [0,00), and constants ¢ > 1, cp > 1,0 < ag < 1,
0<mn<1,0< Ry < oo such that

(2.2) clgop <G < cgop,
and, for every 0 < r < Ry,
(2.3) 9(r/2) <cpg(r) and  g(r) < nog(evor).

REMARKS 2.2. 1. Having (i), each of the following properties implies (ii).

e (G is lower semicontinuous on X x X, continuous outside the diagonal, the
potential kernel V; := fooo P, dt of X is proper, and there is a measure p on X
such that Vo f = [ G(-,y)f(y) du(y), f € BT(X) (see [12] and [2, IIL.6.6]).

e G is locally bounded off the diagonal, each function G(z, ) is lower semicon-
tinuous on X and continuous on X \ {z}, and there exists a measure v on X
such that Gv € C(X) and v(U) > 0, for every finely open U # () (the latter
holds, for example, if Vj(z, ) < v, x € X). See [8, Theorem 4.1].

2. The measure in (2.1) is uniquely determined and, given any measure p on X
such that p := Gpu is a potential, the complement of the support of u is the largest
open set, where p is harmonic (see, for example, [8, Proposition 5.2 and Lemma 2.1]).

3. For the special case X = R® with p(z,y) = |z — y| and isotropic unimodular
Green function, covering rather general Lévy processes, see [9, Section 6] and [6].

4. Of course, (2.3) implies that, for any n > 0, there exists a € (0, 1) such that
g(r) < ng(ar) for every 0 < r < Ry (it suffices to choose m € N such that ng* < n
and to take o := ). Moreover, we see that lim,_ g(r) = 0.

5. We may (and shall) assume without loss of generality that g is continuous
on (0, Rp). Indeed, if Ry = oo, let Z := {2": n € Z} and let § be the continuous
function on (0, 00) such that § = g on Z and § is locally affinely linear on (0, 00)\ Z.
Then g is decreasing, and it is easily verified that cBl g < g<cpg.

If Ry < 0o, we may proceed similarly using Z := {27"Ry: n € N} and defining
G(Ry) :=limg g, g(s).



6. Let us mention that it is rather easy and straightforward to show the following.
If all balls are relatively compact and the doubling property g(r/2) < ¢pg(r) holds
for all 0 < r < oo, then

supv(B(zo, R/2)) < (ccp)? inf v(B(xo, R/2))

for all v € W, 29 € X and R > 0 such that v is contained in H*(U) for some open
neighborhood U of B (x0, R). If, in addition, the function 1 is harmonic on X, then
every function in H*(X) is constant (Liouville property; see [7, Section 2]).

Suppose that A is a subset of X such that Ef is a potential. Then there is
a unique measure uy on X, the equilibrium measure for A, such that

R’f‘ = Gpa.

If A is open, then R = R € H(X \ A) and ju, is supported by A. For a general
balayage space this may already fail if A is compact (see [2, V.9.1]).
We define inner capacities for open sets U in X by

24)  cap.Us=sup{Jull: p € M(X), p(X\U) =0, G < 1}
and outer capacities for arbitrary sets A in X by
(2.5) cap* A := inf{cap* U: U open neighborhood of A}.

Obviously, cap* A = cap, A, if A is open. If cap, A = cap* A, we might simply write
cap A and speak of the capacity of A. It is easily seen that U +— cap U is subadditive
and cap U, T cap U, for any sequence (U,) of open sets in X with U, T U.

The capacity of open sets U is essentially determined by the total mass of equi-
librium measures for relatively compact open sets in U (see [7, Lemma 1.6]):

LEMMA 2.3. For every open set U in X,

capU > sup{|lpv|: V open and V' compact in U} > ¢~ cap U.

3 Hitting of sets before leaving large balls

Let us first recall the following simple fact (see [6]), where, as usual,
TU ‘= TUC.

LEMMA 3.1. Let A be a Borel measurable set in an open set U C X and v > 0.
If R{ <~ on U®, then

P*[Ty < 5] > R (z) — 7, for every x € U.

Using Lemma 2.3, this leads to a lower estimate for the probability of hitting
a subset of a ball before leaving a much larger ball (cf. [6, Proposition 4]).

PROPOSITION 3.2. Let n := (23¢%) ™ and let 0 < o < 1/2, 0 < 7 < Ry be
such that g((1 — 2a)r) < eng(ar). Then, for all xg € X, x € B := B(xo,2ar), and
Borel measurable sets A in B(xg,2ar),

(3.1) PU[Ta < Tp(em) 2 nglar) cap”(A).



Proof. To prove (3.1) we may assume without loss of generality that A is open (see
2, VI.3.14]). Let V be an open set such that V' is compact in A. Since p(z,-) < 4ar
on V', we have

RY(@) = [ 6(w,2)duv(2) = gtdan)lav] = 2%ng(ar) ],

If y € X\ B(x,7), then p(y,-) > (1 — 2a)r on V, and therefore

R (y) = /G(y, 2) dpv (2) < cg((1 = 2a)r) v || < *nglar)llpy].
So, using Lemma 3.1,
PU[Ta < TB(zo)) = P*[Ty < TBaem) = Englar)||pyv].
An application of Lemma 2.3 completes the proof. O

REMARK 3.3. Let us note that our probabilistic statements and proofs can be
replaced by analytic ones using that, for all Borel measurable sets A, B in an open
set U,

P*[ Xy, € B;Ty < 7] = 2 (B)

T

(see [2, VI.2.9]) and, for all Borel measurable sets B in X and B C A C X,
BC)B

(If x € B, then (3.2) holds trivially. If z ¢ B and p € P, then, by [2, VI.9.1],

(3.2) el =g+ (e

xr —

fif(:c) =R’ (z) = /R;)B de? = / pdel + fif de?)
B Be

4 Equilibrium potential and capacity of balls

The following estimates are [7, Proposition 1.7].

PROPOSITION 4.1. Let x € X, r > 0, and B := B(x,r). Then the reduced
function RP is a potential (in fact, bounded by a potential p € P),

G(,Jﬁ) < 2 g(p<7$))’ ||//JB|| Vcap B < CL?

g(r) = g(r) g(r)
RE>ctcapB-g(p(-,z) +7).

R’f<c

For the next three sections we assume, in addition, the following.
ASSUMPTION 4.2. There exists co > 1 such that, for allx € X and 0 < r < Ry,
(4.1) cap B(x,r) > cytg(r) .

Then, by Proposition 4.1, for all x € X and 0 < r < Ry,

-1 g(ﬂ('» ZE) + 7’)
g(r)

(4.2) RPET > (cey)



EXAMPLES 4.3. 1. Assume for the moment that (X, W) is a harmonic space,
that is, X is a diffusion. Moreover, suppose that X is non-compact, but balls are
relatively compact. Then (4.1) holds with ¢y := c¢*cp if 0 < r < Ry/2.

Indeed, let x € X, 0 <r < Ry/2, B := B(xz,r). Given ¢ > ¢, we have G(-,z) <
cg(r) < ég(r) on X\ B, hence, for some 0 < 7 < r, G(-,z) < ég(r) on X\ B(x,7), and
we see, by the minimum principle ([2, I11.6.6]), that G(-,z) < ég(r)RP on X\ B(z,T).
So G(-,z) < cg(r)RP on X \ B.

Choosing y € X \ B(z, 2r), we know that the potential G(-,y) is strictly positive
and harmonic on B(z,2r), hence 0B(z,2r) # (). Let z € 0B(x,2r). Then

Ry (2) = ¢'G(z,2)/9(r) = ¢ ?9(2r) /g(r) = (Pep) ™

Let a < RP(z). By [2, VI.1.2], there exists 0 < s < 7 such that V := B(z, s) satisfies
a < RY(z). Since p(z,-) > r on B,

RY(z) = / Gz, y) dpv(y) < cg(r)|uv]| < cgr) cap B.

Thus (c*cp)~tg(r)~! < cap B.

2. If X = R and p(z,y) = |z — y|, then Assumption 4.2 is satisfied provided
there exists C > 1 such that d [ s 'g(s)ds < Cerig(r) for all 0 < r < Ry,
since then the normalized Lebesgue measure Ag(, ) on B(x,r) satisfies GAp(yr) <
GAB(ayy)(x) < cCqg(r) (see [6]). So Assumption 4.2 is satisfied for rather general
isotropic unimodular Lévy processes.

5 Two crucial lemmas

In this and the following section, we assume the following on the jumps.

ASSUMPTION 5.1. There exist 0 < Ry < 00, ¢; > 0 and 0 < a < 1/2 such
that, for allz € X, 0 <r < Ry and y € B(x,ar),

(5.1) eBl@an)® < ¢, gyB(y’T)c on B(y,r)".

REMARKS 5.2. 1. If X is a diffusion or — equivalently — if (X, ) is a harmonic

@01 40 not charge

space, then Assumption 5.1 holds trivially, since the measures el
the complement of B(y, ).

2. If 0 < &/ < @, then B(x,ar)¢ C B(x,a'r), and hence, by (3.2),

(52) gf(x,o/r)c < Ef(a},ar)c‘

B(z,ar)c
Therefore we may replace « in (5.1) by any smaller o'
3. Similarly, (3.2) implies that, for every y € B(z,ar), ey ™" | ppan: < ep )"
and 2"/ 2)c| Blyr)e < eBW" Hence Assumption 5.1 is equivalent to the assump-

tion, where (5.1) is replaced by

(5.3) gBl@an® < ¢, 65($’T)C on B(z,r)°.

T



For a proof of Theorem 1.1, we employ essential ideas from [1]. However, not
assuming the existence of a volume measure and not having any information on the
expectation of hitting times, we shall rely entirely on capacities of sets.

A very similar approach has been used in [14], where the Lévy process on R,
d > 3, with characteristic exponent ¢(¢) = [£[2In"*(1 + |£]?) — 1 is considered, and
g(r) =~ r?~%n(1/r) as r — 0.

As in Proposition 3.2, let n := (2¢3¢%)~!. We may choose 0 < o < 1/4 such that
Assumption 5.1 holds with (5.3) in place of (5.1) and

(5.4) g(r) < ccp'ng(ar) for every 0 < r < Ry.

Since 1 — 2a > 1/2, we know that g((1 — 2a)r) < cpg(r) < cng(ar) for every
O<r< Ro.
Moreover, let

U 1 p m
= — == N —, =30y =
660 i 6 Cjy " 67 260

We choose jo, mg, m; € N such that

(1+B8)° >cp, 2™ >2j,,  2™a® > 1,
and define
(5.5) K =k tepotm,

Now we fix g € X and 0 < R < Ry A Ry such that B(zg, R) is relatively
compact. Since lim,_ g(r) = oo and g is decreasing and continuous on (0, Ry), we
may choose r; > 0, such that

(5.6) g(rj) =R (1 + By g(a’R), j€N.
The following two lemmas are crucial for the proof of Theorem 1.1.

LEMMA 5.3. The sum of all rj, j € N, is less than o*R.

Proof. If 1 < k < jo and m > 0, then g(rpmjorr) > €52 " g(aR) > g(27(MmotmaAR),
and hence 7,,j,+x < 2~ M+t R. Thus

S g2 et R = joa 'R < a'R.

]

LEMMA 5.4. Let h € H; (B(xo, R)) such that h(yo) = 1 for some yo € B(xo, @*R).
If j € N and x € B(xg,2a*R) such that

h(z) > (1+B)Y 'K,
then there exists ' € B(x,r;/a?) such that

h(z') > (1+ By K



Proof. Let j € N, r:=r;, and & € B(z,20?R) with h(z) > (1 + 3)’'K. Let
Uy := B(z,r)N{h >~h(z)} and Us;:= B(z,r)N{h <2yh(z)}.
Then U; and U, are open sets and Uy U Uy = B(z,r) C B(xg,2a?R). In particular,
(5.7) cap B(x,r) < cap Uy + cap Us.
If V is an open set with V' C Uj, then, by Proposition 3.2,
= hiyo) = ey P () = Ah(e)ey P (V)
> yh(z)PP[Ty < TBuear) = nYh(2)g(a”R) cap V.

So cap Uy < (nyh(z)g(a?R))~L. By Assumption 4.2, cap B(z,r) > (
g(a’R) < g(27™a’R) < cmlg( 2R), we conclude, by (5.6) and (5.5), that

cap Uy < cog(r) _ cp’(1468)'g(a'R)
cap B(z,r) ~ nyh(z)g(a’R) 2kh(z)g(a*R)

By (5.7), we obtain that

(5.8) cap Uy > (1/2) cap B(z, 1) > (2cog(r)) ™"

We choose an open set W such that W C Us, capW > (2cog(r)) ™", and define
L:=W, V= 5£UB(””’T/°‘)C.

Then, by Proposition 3.2,

V(L) = P*[TL, < Tazr/o)] = P*[Tw < TB(r/a)] = ng(r) cap W > % — 34.
0

By Lemma 5.3, 7/a? < o?R, and hence B(z,r/a?) C B(z,30’R) C B(zo, R).
We claim that H := 1p(;,/q2)ch satisfies

(5.9) eBlar/a)(H) < Bh(x).
Indeed, if not, then (5.3) implies that, for every y € B(z,r),
h(y) = ef 1o (h) = e (H) > o5 el (H) > e Bh(x) = yh(x),

contradicting the fact that U, is a proper subset of B(x, 7).
Finally, let a := sup h(B(z,r/a?)). Then

h(z) =v(h) < 2vh(z)v(L) + /X\B( / )hdu,

where
/ hdv < av(B(x,r/a*)\ B(x,r/a)) < a(l — v(L))
(z,r/a2)\B(z,r/a)
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and, by (3.2) and (5.9),

/ hdv = v(H) < B@T/ () < Bh(z).
B(z,r/a?)c

Therefore
h(z) < 2yh(x)v(L) + a(1 — v(L)) + Bh(x),
and
(5.10) 0> 2 _f__f(g(” hz) > (14 B)h(z) > (1 + BV K

completing the proof (since 1—2v > 2/3 and v(L) > 33, we have (1—2v)v(L) > 20,
hence 1 — 8 —2yw(L) > 1+ 3 —v(L) > (14 B)(1 —v(L)). O

Finally, we shall use the following little observation.

LEMMA 5.5. Let U := B(x,R), v € X, R > 0, such that U is a proper compact
subset of X. Then there exists a function h € H (U) such that h > 0 on U.

Proof. Let y € X \ U and let V be a relatively compact open neighborhood of U
such that y ¢ V. Then, for every n € N,

hy = Hy(G(y) An) e Hf (V) and  h, 1 HyG(y) = G(-y),

as n — oo. Since G(-,y) > 0, there exists n € N such that h,, > 0 on U. O

6 Proof of Theorem 1.1

Let us first give a complete statement of Theorem 1.1.

THEOREM 6.1. Let (X, W) be a balayage space, 1 € W, suppose that the As-
sumptions 2.1, 4.2, 5.1 are satisfied and let o, K be as in Section 5 (see (5.4), (5.5)).
Then the following hold.

(1) For every open set U in X, HT(U) = H*(U).

(2) Scaling invariant Harnack inequalities: Let 1y € X, 0 < R < Rg A Ry, and
B := B(xg, R) such that B is a proper compact subset of X. _Then, for all
functions h € BY(X) which are harmonic in a neighborhood of B,

(6.1) sup h(B(zg, @*R)) < K inf h(B(z¢, a*R)).

Proof. (a) To prove (2), let By := B(xg,a*R), and let us first consider h € H; (B)
with h(yo) = 1 for some point yo € By. Then

(6.2) h <K on B.

Indeed, suppose that h(z;) > K for some x; € By. Then, by Lemmas 5.3 and 5.4,
there exist points 2,3, ... in B(zg, 2a*R) such that h(z;) > (14 ) 'K, j € N.
This contradicts the boundedness of h.
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(b) Next let h be an arbitrary function in H; (B). By Lemma 5.5, there exists
ho € H; (B) such that hy > 0 on B. Let y € By and ¢ > 0. Applying (6.2) to
(h+ehg)/(h+¢cho)(y) we get that h+chy < K(h+¢chy)(y) on By. Thus (6.1) holds.

(c) Let us now consider an open neighborhood W of B and h € 7:(+(W)
By (1.4),

(6.3) hy == Hyw(h An) € HF (W),

n € N (the relation HyHy = Hy for open V. CC W is a special case of (3.2)).

By (b), sup h,(Bo) < K inf h,,(By). Clearly, h, T h as n — co. So h satisfies (6.1).
(d) To prove (1), let U be an open set in X, h € H*(U), and xo € U. We choose

0 < R < Ry A Ry such that the closure of B = B(zy, R) is a proper compact subset

of U. Let W be a relatively compact open neighborhood of B in U and let h,,
n € N, be as in (6.3). Then h — h,, € H* (W) for every n € N, and hence, by (c),

h—h, < K(h—hy)(x9) on By = B(z,a*R).

So the functions h,, (which are continuous on W) converge to h uniformly on Bj.
Therefore h|g, € C(By). Thus h|y € C(U) completing the proof. O

REMARK 6.2. The preceding proofs show that, given o € X and R > 0 such
that B(zo, R) is a proper compact subset of X, we still obtain (6.1) with some
K € (1,00), which may depend on xy and R, provided there exist cy,c; € (0,00)
and « € (0,1) such that (4.1) and (5.1) hold for all x € B(zg, R) and 0 < r < R.
For an application see Section 8.

7 Sufficient conditions for Assumption 5.1

For relatively compact open sets V' in X, let Gy denote the associated Green function
on V', that is,

GV('vy) = G<7y) o Rgz-,y)v y € V.
We shall need the following simple statement.

LEMMA 7.1. There exists 0 < o < 1/4 such that, for ally € X and 0 < r < Ry,

1
(71) GB(y,T)('7 y) Z 5 G(7 y) on B(ya 20”1)'

Proof. Let 0 < a < 1/4 such that g(r) < (2¢%cp) tg(ar) for every 0 < r < Ry.
Let y € X and 0 < r < Ry. Since G(-,y) < cg(r) on B(y,r)¢, we obtain that
Rgg;;))c < ¢g(r) < (2cep)~tg(ar), whereas G(-,y) > ¢ tg(2ar) > (ccp)tg(ar)
on B(y,2ar). So (7.1) holds. O

In this section, let us assume the following estimate of Tkeda-Watanabe type,
which by [11, Example 1 and Theorem 1] holds, with Cy = 1 and on X \ B(z, ),
for all (temporally homogeneous) Lévy processes.

ASSUMPTION 7.2. There exist a measure A\ on X, a kernel N on X, My > 3,
and Cy > 1 such that, for all z € X and 0 < r < Ry,

(7.2) CpteBl@En® < /GB(mvr)(x,z)N(z, VdX\(z) < CneB@° on B(x, Myr)©.
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PROPOSITION 7.3. Suppose that there exist C > 1, a > 3 and R > 0 such that,
forallz € X,0<r <R andy € B(x,r),

(7.3) N(z,) <CN(y,-) on B(y,ar)°

and

7.4 x,2))dNz) < C ,2))dN(2).
(7.4) / LA / L e A)

Then Assumption 5.1 is satisfied.

Proof. Let M > My V (a + 2) such that Lemma 7.1 holds with o := 1/M. Let
€ X,0<r <aRANRy,y € Blx,r), and let E be a Borel measurable set
in By, Mr)c. If z € B(y,2r), then E C B(z,ar)¢ and, by (7.3),

C'N(z,E) < N(y,E) < CN(z,E).

Since B(z,r) C B(y,2r), we obtain that
eBEn*(g) < C’N/G’B(x,r)(x,z)N(z,E) d\(z)

< CCyN(y, E) / 9(p(x,2)) dA(2)

B(z,r)

IN

cC*CxN(y, E) / 9oy, 2)) dA(2)

B(y,2r)

IA

202613C’N / GB(y,MT) (y7 Z)N<Zv E) d)\(Z)
< 2°CP0% eyB(y’M’")c(E).

Thus Assumption 5.1 holds taking Ry := R A Ry. O]

For simplicity, let us now assume that X = R%, p(z,y) = |z — y|, the measure
in Assumption 7.2 is Lebesgue measure (a case, where clearly (7.4) holds) and that
there exists a constant Cz > 1 such that

(7.5) GApr) < Cag(r), r e X,0<r<Ry.
We might recall that (7.5) implies that Assumption 4.2 is satisfied (see [7, (1.14)]).

PROPOSITION 7.4. Suppose that there exist a measure \ on R¢, a function
n: RYx RY — [0,00) and C > 1, a > 3 such that N(y,-) = n(y,-)\ for everyy € X
and, for allz € X, 0<r < Ry, y € B(x,r) and zZ € B(x,ar)C,

(7.6) n(x,z) < Cn(y, 2) provided |z — Z| > |y — Z|.

Then Assumption 5.1 is satisfied.

12



Proof (cf. the proof of [3, Proposition 6]). Again, let M > My V (a + 2) such that
Lemma 7.1 holds with o :=1/M,let x € X, 0 <r < a(RA Ry), y € B(x,r), and
let E' be a Borel measurable set in B(y, Mr)°¢. By (7.2),

eBEn™(E) < CCN/ / g(|x — z])n(z, 2) dN(Z) dA(2).
B(z,r) JE
Similarly, since B(z,r) C B(y,2r) and |y — z| < 2r for every z € B(x,r),

BEMY gy > Ot / Gyarn) (4. 2)N (2, E) dA(2)

Y

> (QC’N)l/ G(y,z)N(z, E)d\(z)
B(z,r)
> (QCCDCN)_lg(T)/ / n(z,2) d\(2) d\(z).
B(z,r) JE
Hence it will be sufficient to show that, for every Z € B(y, Mr)¢,

o L glle=Dn( A G < gt [ nzman

B(z,r)

(with some constant C' > 0). So let Z € B(y, Mr)°.
Let B := B(z,r/2). Since g(|x — z|) < g(r/2) < cpg(r) for every z € B¢,

/ 91z — 2)n(z 2) dA(2) < epg(r) / n(z, 2)dA(2).
B(z,r)\B

B(z,r)

Moreover, let

r and B’ :=B(2,r/4),

so that B C B(z,r)\ B. If z € B and 2’ € B’, then |z — Z| > |2/ — Z|, and therefore,
by (7.6),

'z /_Qd_C n(z', 2z 2
)\(B/)//n(z,z)d)\(z)—)\(B)// (2, 2) dA(2").

where
1
—/ g(lx — z]) dN\(z) < cGAp(x) < cCqg(r/2) < ccpCag(r).
ANB) Jp
Thus (7.7) holds with C" := ¢p(1 + 2%cCCq). O
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Ify € B(xz,r)and Z € B(x,2r)¢, then |z—2| < 2|x—y|+2|y—2|—|z—Z| < 2|ly—2Z|.
Hence we have the following result.

COROLLARY 7.5. Suppose that there exists a measure X on RY such that N(y,) =
n(y, )\, y € X, where n(x,y) = no(|x — y|), and that there exists Co > 1 such that

(7.8) no(s) < Cong(r), whenever 0 < r < s < 2r.
Then Assumption 5.1 holds.

Thus rather general Lévy processes may serve as examples for our approach (see,
for example, [3, 13, 14, 15, 16, 17]).

8 Harnack inequalities under intrinsic assumptions

In this section, let us assume that (X,)V) is a balayage space, 1 € W, and that
we have a Borel measurable function G: X x X — (0, 00| such that G = oo on the
diagonal and the following holds:

(i) For every y € X, G(-,y) is a potential which is harmonic on X \ {y}.

(ii) For every potential p on X, there exists a measure p on X such that
p=Gni= [ Gl.y)duty).

Moreover, we assume that there is a function w € WNC(X), 0 < w < 1, such that
each function G(-, x)/w, x € X, is bounded at infinity and G has the (w, w)-triangle
property (see [4]), that is, for some constant C,, > 1, the function

G: (z,y) = Glz,y)/(w(z)w(y))
satisfies
(8.1) G(z,2) NGy, z) < CoGl(z,y), z,y,z € X.
For x € X and r > 0, we define open neighborhoods V' (z,r) of « by
(8.2) V(z,r) :={G(-,x) > 1/r}.

We intend to prove the following result (where H*(U) has the same meaning as in
Section 1).

THEOREM 8.1. Let U be an open set which is covered by open sets V' having
the following property: There are real numbers Ry € (0,00], C,c; € (1,00) and
a € (0,1) (which may depend on V') such that, for all0 <r < Ry and x € V,

(8.3) RV > 071G a)r on Via,r)©
and, for ally € V(z,ar),
(8.4) gV @an® < CJSZ‘//(y’r)C on V(y,r)°.

Then HT(U) = HY(U) and, for every x € U, there ezists a compact neighbor-
hood L of x in U and a constant K > 1 such that

(8.5) sup h(L) < K inf h(L) for every h € H*(U).
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REMARKS 8.2. 1. Of course, similar properties as in Section 7, locally in x, will
be sufficient for (8.4).

2. If U is arcwise connected, then standard arguments show that, for every
compact L in U, there exists K > 1 such that (8.5) holds.

For a proof of Theorem 8.1, let us first recall that, defining
(8.6) W= {% u e W},

we have a balayage space (X, W) such that 1 € W and, for every positive function
f>0on X,

. —~ 1
(8.7) Ry :=inf{v € W: @Zf}:Ewa'

In particular, for all z € X and A C X, the reduced measure &7 with respect
to (X, W) is

(8.8) €, = wax.

Therefore a function A is harmonic on U with respect to (X, W) if and only if the

function h/w is harmonic with respect to (X, W) Moreover, it is easily verified
that G is a Green function for (X, W): a function p on X is a potential for (X, W)
if and only if p/w is a potential for (X, W). Clearly (1/w)Gu = G(wp) for every
measure [, on X.

Since G = 0o on the diagonal, (8.1) implies that G(y,z) < CG(z,y) and
plx,y) = Gz, y)™ " + é(y,x)_l, x,y € X, defines a quasi-metric on X which is
equivalent to G—'. By [10, Proposition 14.5] (see also [7, Proposition 6.1]), there

exists a metric d on X and v > 0 such that p ~ d”. So there exists ¢ > 1 with
(8.9) ¢l <G <ed,

For x € X and r > 0, let

(8.10) B(z,r) :={y e X:d(y,x) <r}.
Clearly,
(8.11) B(x,r) D {G(-,2) > er 7} D V(w, e 7).

Further, if V' is a relatively compact neighborhood of z, then, by assumption,
G(-,z)/w is bounded on X \ V; so there exists M > 0 such that {G(-,x) > M} C V,
and hence B(z,(Mc)~'/7) C V. Therefore d is a metric for the topology of X.

Thus Assumption 2.1 is satisfied for (X, W) and G taking

p:=d, g(r):=r"", Ry:=o00, cp:=27, n:=0q].
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Proof of Theorem 8.1. Let us fix o € U, and let V be a relatively compact open
neighborhood of o in U (with corresponding Ry, c;, &) having the properties stated
in Theorem 8.1. We choose 0 < R < Ry A (cRy)"7 such that B(zg,2R) is a proper
subset of V', and define a, 3 € (0,1) by

(8.12) a:=infw(V) and B:= (a/c)?".
Let z € B(zg,R), 0 <7 < R, B := B(z,r), 7 := ¢ 7. Then
(8.13) B(z,pr)Cc V(z,7) C BCV.

Indeed, of course, B C V, and, by (8.11), V(z,7) C B. And B(z,3r) is contained
in V(z,7), since, for every y € B(z,r) C BCV,

Gy, z) > a*G(y,z) > d’c Yd(x,y)™" > a*cH(Br) " = 1/7.
Since w < 1 and 7 < Ry, we see, by (8.7), (8.13), and (8.3), that
(8.14) RE = %Rf > aRY(I’f) >aC'G(-,z)F  on V(z, 7).
In particular, fixing z € V' \ B(xg,2R), we have
RY(2) > a*C7'G(z, 2)F > a*(*C) ' g(d(z, 2)) /g(r).

Given e > 0, thereis 0 < 7’ < r such that B" := B(z,1') satisfies RF (2)+¢ > RP(2),
where (denoting the capacity of B with respect to G by cap B)

Ry (z) = /é(z,y) dfip(y) < cg(d(z,x)/2) || || < ccpg(d(z,x))cap B,

since d(z,x)/2 < d(z,z) —r < d(z,-) on B (cf. the proof of [7, Proposition 1.10,b]).
So
cap B > a*(’cpC) tg(r) .

Next, let y € B(z, afr). By (3.2), (8.4), and (8.13) (applied to gr and ),

5f(x,a6r)c S €¥($’QF)C S cjgéf(ivf)c S cjef(:c,r)c on B(ZL‘,T)C-

Hence, by (8.8),

éB(x,oeﬁT’)c — L 8B(:I:,ozﬁr)c < CL_1

B(z,r)°
v w(z) " - <

Y

£ = a_chéyB(I’r) on B(x,r)°.

w(y)

Thus, by Remark 6.2, we conclude that there exist constants & € (0,1/4) and
K >1 _such that, for every function h > 0 which is harmonic on U with respect
to (X, W),
sup h(B(zo,aR)) < K inf h(B(xo, &R)).

Finally, if h € H*(U), then h/w is harmonic on U with respect to (X, W), and thus
sup h(B(zo, @R)) < a 'K inf h(B(zy, &R)).

Of course, we obtain as well that Ht(U) = HT(U). O
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