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ABSTRACT. We show that if p is an odd prime and G is a finite
group satisfying the condition that p? divides the degree of no
irreducible character of G, then |G : O,(G)|, < p* where O,(G) is
the largest normal p-subgroup of G, and if P is a Sylow p-subgroup
of G, then P” is subnormal in G. Our investigations suggest that
if p® is the largest power of p dividing the irreducible characters of
G, then |G : O,(G)|, is bounded by p/(® where f(a) is a function
in @ and Pt is subnormal in G.

1. INTRODUCTION

Throughout this paper, G will be a finite group and p will be a
prime. Let Irr(G) be the set of all complex irreducible characters of
G. The celebrated It6-Michler theorem says that p does not divide
x(1) for all x € Irr(G) if and only if G has a normal abelian Sylow
p-subgroup. Recently in [16], the first and second authors along with
Tom Wolf proved that if G is a finite solvable group and every character
X € Irr(G) satisfies x(1), < p, then |G : F(G)|, < p* where F(G) is
the Fitting subgroup of G and n, is the p-part of n. That is, n,
is the largest power of p that divides the integer n. An immediate
consequence of that result is that P’ is subnormal in G, where P is
a Sylow p-subgroup of G. In fact, the authors of that paper proved
the slightly stronger result that PF(G)/F(G) is an elementary abelian
p-group. The authors then asked if there is any version of their result
for nonsolvable groups.
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For p = 2, the first author had considered a stronger question in [15]
where he showed that if 4 divides no degree of a nonsolvable group G,
then G = Alt; x R for some solvable group R satisfying 2 divides no
degree in cd(R). Using this result, it is proved in [16] that if every
character x € Irr(G) satisfies x(1)2 < 2, then |G : F(G)|y < 23 and P’
is subnormal in G where P is a Sylow 2-subgroup of G. The simple
group Alt; shows that this bound is best possible.

In this paper, we consider the situation where p is an odd prime
and G is not necessarily solvable. In particular, we prove the following
theorem.

Theorem 1.1. Let G be a group, and let p be an odd prime. If every
character x € Irr(G) satisfies x(1), < p, then |G : O,(G)|, < p*. In
addition, if P is a Sylow p-subgroup of G, then P" is subnormal in G.

Note that |F(G)|, = |0,(G)|, so |G : O,(G)|, = |G : F(G)|,. Since
p-groups of order p* have derived length at most 2, this shows that if
p is an odd prime, P is a Sylow p-subgroup of G' and every character
x € Irr(G) satisfies x(1), < p, then P” is subnormal in G. This raises
the following question. If every character y € Irr G satisfies x(1), < p°,
then is it true that P(*1 is subnormal in G?

Restricting our attention to p-solvable groups, we obtain the follow-
ing stronger result. We write sol(G) for the solvable radical of G, this
is the subgroup generated by all normal solvable subgroups of G. Note
that for a finite group, it is the largest solvable normal subgroup in G.

Theorem 1.2. Let p be an odd prime and let G be a p-solvable group.
If every character x € Irr(G) satisfies x(1), < p, then |G/sol(G)|, < p
and |G/O,(G)], <

When G is p-solvable, we also obtain a stronger result regarding the
Sylow p-subgroups of G. Note that the condition that P/O,(G) is
abelian is equivalent to the condition that P’ is subnormal in G. We
note that in [10], Isaacs has studied the Sylow p-subgroups of a solv-
able group G satisfying the condition that every character x € Irr(G)
satisfies x(1), < p® showing that if P is a Sylow p-subgroup of G, then
P has derived length at most 2a + 1. Also, using the techniques in
Theorem B of [25], under this same hypothesis that G is a solvable
group and every character x € Irr G satisfies x(1), < p* and addition-
ally assuming that p > 5 one can show that |G : O,(G)|, < p***. To
see that a similar result probably holds for nonsolvable groups, note
that if S is a nonabelian simple group and p > 5, then there exists a
character x € Irr(S) such that x(1), = |S|, (this can be obtained from
Corollary 2 of [9]).
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To address the question of whether the Sylow p-subgroups of G/F(G)
are abelian, we turn to p-Brauer characters. As usual, let IBr,(G)
be the set of irreducible p-Brauer characters of G. There are some
significant differences between ordinary character degrees and p-Brauer
character degrees; for example, the Brauer degrees need not divide the
order of the group, and a Brauer character version of the Ito-Michler
theorem only holds for the given prime p. That is, if p divides no
p-Brauer degree of a finite group G, then GG has a normal Sylow p-
subgroup (see [19, Theorem 5.5]).

In 1990, Leisering [14] considered a similar variation of this result
by proving that if G is a finite solvable group with O,(G) = 1 and
p? does not divide 3(1) for every Brauer character 8 € IBr,(G), then
G has an elementary abelian Sylow p-subgroup and every character
x € Irr(G) satisfies x(1), < p. Now, by Theorem 1 in [16], we have
|G : F(G)|, < p? when G is solvable and every character x € Irr(G)
satisfies x(1), < p. However, since O,(G) = 1 and F(G) is a p'-group,
we deduce that |G|, = |G : F(G)|, < p? in this situation.

From [24, Corollary 2.6], we know that if G is a p-solvable group
with O,(G) = 1 and p? dividing no Brauer character degree, then
G has elementary abelian Sylow p-subgroups, so a similar result to
Leisering’s holds for p-solvable groups. If G is a p-solvable group and
¢ € IBr(G), then the Fong-Swan Theorem [21, Theorem 10.1] asserts
that ¢ = x°, the restriction to G°, the set of p-regular elements of
G, of some character x € Irr(G). Hence, if G is p-solvable and every
character y € Irr(G) satisfies x(1), < p, then every Brauer character
¢ € IBr(G) satisfies ¢(1), < p. Combining this with Wang’s result
[24], we deduce that if G is a p-solvable group that has the property
that every character y € Irr(G) satisfies x(1), < p and P is a Sylow
p-subgroup of G, then P/O,(G) is elementary abelian.

Turning to groups that are not p-solvable, Leisering’s conclusion does
not hold. For example, if one takes G = My, and p = 2, then O5(G) =
1 and every Brauer character § € IBr,(G) satisfies (1), < 2, but
|G|y = 27 and there exists a character y € Irr(G) with x(1), = 23.
However, if we make the additional assumption that the group has an
abelian Sylow p-subgroup, then we can make use of a recent result of
Kessar and Malle in [13] on Brauer’s height zero conjecture to prove
the following.

Theorem 1.3. Let p be a prime and let G be a finite group with
O,(G) = 1. If G has an abelian Sylow p-subgroup and every Brauer
character ¢ € IBr,(G) satisfies ¢(1), < p, then every character x €
Irr(G) satisfies x(1), < p.
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As a corollary, we deduce that for a p-solvable group G, the condition
that every character x € Irr(G) satisfies x(1), < p is equivalent to the
condition that every Brauer character ¢ € IBr(G) satisfies ¢(1), < p.

Corollary 1.4. Let p be a prime and G be a finite p-solvable group.
Then every Brauer character ¢ € IBr,(G) satisfies ¢(1), < p if and
only if every character x € Irr(G) satisfies x(1), < p.

Obviously, for arbitrary finite groups, we do not have such an equiv-
alence. We can obtain the following conclusion from knowing that p?
does divide any Brauer character degree.

Theorem 1.5. Let p be a prime and G be a finite group with O,(G) =
1. If every Brauer character § € 1Br,(G) satisfies (1), < p, then the
following hold.
(1) If p=2, then |G|y < 2°.
(2) if p > 5 orif p=3 and Alt; is not involved in G, then |G|, <
4

pt.
(3) If p =3 and Alty is involved in G, then |G|z < 3°.

It seems to us that the bounds in Theorem are probably not best
possible. We conjecture that the correct bounds in Theorem should
be 27 in (1), p* in (2), and 3 in (3). Notice every Brauer character
¢ € IBr(Mayy) satisfies p(1); < 2 and |Mag|p = 27. Returning to the
case of the ordinary character degrees, we know from [I6] that for
every odd prime p there is a solvable group H so that every character
x € Irr(H) satisfies x(1), < p and |H : O,(H)|, = p?, and there is a
simple group S so that p does not divide |S|. Taking G = H xS, we see
that G is a p-solvable group where every character x € Irr(G) satisfies
x(1), < pand |G : O,(G)|, = p*. Since we do not have any examples
where the p-part of the index of O,(G) is larger, we believe in both
Theorem and Theorem that the correct bound is p?, however, it
appears to be a daunting task to prove this. Note that the only non p-
solvable example where |G : O,(G)|, > p is G = Alt; and p = 3 which
has |G|, = |G : O3(G)|s = 9. Also, we would like to know whether
the hypothesis that G is p-solvable is necessary for G satisfying the
property that every character x € Irr(G) satisfies x(1), < p to imply
that the Sylow p-subgroups of G/F(G) are elementary abelian.

2. p-SOLVABLE GROUPS

Let ¢d(G) be the set of all (ordinary) degrees of G, that is, cd(G) =
{x(1) | x € Irr(G)}. In this section, we bound |G : F(G)|, when G is
p-solvable and a, < p for all a € ¢d(G) for some odd prime p. Consider
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a finite set Q. If H < Sym(Q2) and €,...,,, are subsets of {2, we
let Staby (Q4,..., Q) denote the subgroup consisting of all elements
in H that fixes each set 2;, 1 <7 < m, set-wise.

Lemma 2.1. Let Q2 be a finite set, and let H < Sym(£2) be a subgroup
of order divisible by p.
(i) There exist disjoint (possibly empty) subsets Qy, Qo of ) such
that p divides [H : Staby (2, Qa)].
(i) If H is solvable, then there exist disjoint (possibly empty) sub-
sets Qy, Qo of Q0 such that Staby (€, $s) is a 2-group.

Proof. Conclusion (i) is a partial case of [3, Lemma 8], and Conclusion
(i) is [5, Corollary 4]. O

We next consider a transitive subgroup of Sym(£2).

Lemma 2.2. Let Q be a finite set and let H < Sym(S2) be a transitive
subgroup of order divisible by p > 2. Suppose that H = O (H) is
p-solvable.

(i) Suppose that H is primitive, and either H is non-solvable or
p > 3. Then H has a regular orbit on the set of all subsets of
Q.

(ii) Suppose that p* divides |H|. Then there exist s disjoint (pos-
sibly empty) subsets 2y, ..., Qq of Q such that p* divides

[H : Staby (4, ..., Q)],
where s =3 of p >3 and s =4 if p = 3.

Proof. (i) The assumption implies that H % Alt(2). Now the main
result of [22] lists all the 46 cases where H fails to have a regular orbit
on the subsets of 2. Among them, there are 35 cases where the group
H is non-solvable, but either H is not p-solvable, or H # O (H). Next,
in 8 of the 11 solvable cases, H # OP (H). In the remaining 3 cases,
we have that p = 3 (and (||, H) is one of the following: (4, Alty),
(8, AT'L;(8)), (9,ASL2(3))). Hence, conclusion (i) follows.

(ii) First we consider the case H is primitive. If p > 3 or H is non-
solvable, we are done by conclusion (i) (taking s = 1), whereas if p = 3
and H is solvable then we are done by Lemma [2.1] (ii) (taking s = 2).

We may now assume that H is imprimitive, and so, permutes tran-
sitively k& disjoint subsets Ay, ..., A, of Q, with |A;| = |Q|/k and
1<k <9 Let

B = StabH(Al, ce ,Ak)
so that H/B is a transitive subgroup of Sym,. Choosing the smallest k
possible, we have that H/B is a primitive subgroup of Sym,,. Certainly
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H/B is p-solvable and H/B = O (H/B). Since k > 1, the latter
implies that p divides |H/B|. Again applying conclusion (i) and Lemma
[2.1] (ii) to H/B, we see that there are t disjoint subsets (..., of
(2, each being a union of some A;’s, so that

(2.1) pt|Stabg (1, ... Q).

Here we can taket = 1if p > 3 and t < 2 if p = 3. We may furthermore
assume that Ul_,Q; # Q. (Indeed, this is obvious if t =1 as p | |H/B|.
If t =2 and Q, UQy = Q, then Staby, (1) = Staby/p(Q1, ..., ),
and so, we can again take ¢ = 1.)

Now, if p? | |[H/ B, then we are done by (2.1), taking s = . We will
now assume that p? does not divide |H/B| (and so p | | B]), and consider
a Sylow p-subgroup @) of B. Then there must be some A; such that )
does not act trivially on A;. Since B << H and H permutes Ay, ..., Ay
transitively, replacing ) by an H-conjugate, we may assume that

A; SO\ UL Q.

Thus, the action of B on A; induces a subgroup B < Sym(A;) of order
divisible by p. By Lemma [2.1] (i), there are disjoint subsets €21 and
Q1o of A; such that p | [B : Stabg(Q441, ..., Q42)], whence

(2.2) pl[B : Stabg (i, ..., Quso)].

It remains to show that p? | |H : J|, where J := Stabg(Q4, ..., Qo).
Assume the contrary. Note that K/B = Staby, (£, ...,€) for K :=
Staby (4,...,8). As p | |H/B| we have by that p | |H : KJ.
Since K > J, it follows that p does not divide |K : J|, and so, p
does not divide |B : J N B|. But this contradicts (2.2), as J N B =
StabB(QH_l, .. 7Qt+2). O

The first two statements of the following lemma are well known:

Lemma 2.3. Let S be a finite non-abelian simple group that admits
an automorphism o of prime order p where p does not divide |S]|.

(i) Then S is a simple group of Lie type defined over a field F,
with ¢ =17, r # p a prime, and p | f.
(ii) If P € Syl,(Out(S)) then P < Z(Out(S)) and P is cyclic.
(ili) There exists o € Irx(S) such that p does not divide |Ipys)(r)].
In fact, P has at least two regular orbits of such characters.

Proof. (i) The condition on ¢ implies that S is a simple group of Lie
type defined over F, with ¢ = rf and r # p. Now, by [8, Theorem
2.5.12], we have that Out(S) = Outdiag(S) x A(S), where Outdiag(S)
is either cyclic or a Klein four-group, all prime divisors of which divide
|S], and A(S) = ®gI's is abelian. Here, ®g is a cyclic group of field
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automorphisms, and |A(S) : ®g| divides |S|. It follows that p | |Pg|
and so p | f.

(ii) We have shown in conclusion (i) that we can take P < ®g; in
particular, [P, A(S)] = 1 and P is cyclic. If Outdiag(S) is a Klein four-
group, then it is centralized by ®g by [8, Theorem 2.5.12(h)]. Assume
that Outdiag(S) = Cy is cyclic but not centralized by P; in particular,
p | ¢(d) (the Euler function of d). Since p does not divide d, it follows
that d is divisible by a prime s with p | (s — 1). As p > 2 by the
Feit-Thompson theorem, we have that s > 5. Using the description of
Outdiag(S) in [8, Theorem 2.5.12], we see that S = PSL{ (q) with € =
+ for S =2 PSL,(¢q) and € = — for S = PSU,(q), and d = ged(n, g —¢).
Clearly, n > s > p as s | d. As p does not divide ¢, we have that
p | ((eq)P~! — 1) and so p||S|, a contradiction. This proves conclusion
(ii).

(iii) Note that the cyclic group P acts coprimely and faithfully on
S. Hence, by [20], Proposition 2.6], P has at least two regular orbits on
Irr(S). Let o belong to such an orbit, and assume that p | [Iau(s)(@)|-
Then « is fixed by some automorphism 7 € Out(S) of order p. As
P <0ut(S), we have that 7 € P and a” = «, a contradiction. (Explicit
constructions of such « can be found in [18 §4] and [23| §6].) O

We now consider the case where G is p-solvable, satisfies a, < p for
all @ € cd(G), and has a nonabelian minimal normal subgroup N.

Proposition 2.4. Letp > 2 and let G be a p-solvable group and satisfy
a, < p for all a € cd(G). Suppose that G = O (G) and O,(G) = 1.
Suppose also that G admits a minimal normal subgroup N =T} X ... X
T, = T", where T is a non-abelian simple group. Then |G|, < p.

Proof. (i) Assume the contrary: |G|, > p*. Let K be the kernel of
the transitive action of G on Q := {T3,...,T,}. Then G/K < Sym,,
is p-solvable and G/K = O (G/K). Denote p® := |G/K|, and p® :=
|K/C|, = |K/CN|, for C := Cg(N). Note that a +b > 1. Indeed,
otherwise p does not divide |G/C|, and so, N < G = C as G = O¥ (G),
contradicting the assumption that N is non-abelian.

By Lemma [2.1] (i) and Lemma [2.2] (ii) applied to G/K, we can find
s > 1 disjoint, non-empty subsets €2y, . .., of 2 such that

(2.3) (G : Stabg (2, ..., Q)], > pmin@?).

Here, we can take s < 2ifa=1,s<3ifa>2and p >3, and s < 4
if « > 2 and p = 3. Note that a > 1if n > 1 as G/K = O’ (G/K). So
in the case a = 0, we have that Q = {71} and can then take s = 1 and
Q; = Q). We may also assume that 77 € €.
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Recall that T is a non-abelian simple p’-group. If p > 3, then we
can find at least 3 nontrivial characters a, ..., a3 € Irr(T) of pairwise
distinct degrees. If p = 3, then T 2 2By(q) for some ¢ = 2%/ (this
is a well-known result proved in unpublished work of J. G. Thompson)
and so we can find at least 4 nontrivial characters ag, ..., ay € Irr(7T)
of pairwise distinct degrees.

(ii) Suppose that a > 1. Consider
0 =01 X Py x...xpB, €lir(N),

where 3; € Irr(Tj), B;(1) = a;(1) if T; € ; for some i < s, and 3; = 17,
it T; ¢ Us_,€;. Then I5(0) < Stabg(€2y,...,€Q) and so implies
that p* divides |G : I¢(#)|. In particular, if @ > 2 then it follows by
Clifford’s theorem that any x € Irr(G | 0) has degree divisible by p?, a
contradiction. We have shown that a < 1.

(iii) Consider the case b > 1. Note that K/CN — Out(7)". Hence
the condition b > 1 implies that p | |Out(T")|, but p does not divide
|T'|. By Lemma (iii), one can find a character o € Irr(7) such that
p does not divide |Stabouyry(a)|. In the notation of (i), we can set
a1 = a. Using the transitivity of G on 2 and that K < G, we may
assume that the action of K on 77 induces a subgroup X of Out(7})
of order divisible by p.

Recall we now have a < 1, and so, s < 2 by our construction of §2;.
Consider

@ =P X Py X ...x B, €lr(N),

where BJ € II‘I‘(T}'), 51 = (O, Bj(l) = CYQ(l) if T} S Ql AN {Tl}a Bj(l) =
as(1) if s > 1 and T; € y, and f; = 1g, if T ¢ U;_;€2;. Then

J = 1Is(p) < H := Stabg (24, ..., Q).
We claim that
(2.4) P =[G:J], > pmin(atb2)

Assume the contrary: ¢ < min(a + b,2). Note that [G : H], > p* by
(2.3). Hence, if a = 1 then we obtain that p does not divide |H : J|
and so, as p does not divide |H/K]|, J contains a Sylow p-subgroup @
of K. By the construction of §, J normalizes T}, and so does (). As
Q € Syl,(K), the action of @ on T} must induce a (non-trivial) Sylow
p-subgroup of X; also, @ fixes oy = a. Thus, p divides | Stabouy ()],
contradicting the choice of av. So we must have that a = 0, whence n =
1 (as mentioned above) and G = K. As ¢ < b and G/CN — Out(Ty),
we again see that « is fixed by some outer automorphism of T" of order
p, again a contradiction.
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(iv) Now if @ + b > 2, then implies that p* | x(1) for any
x € Irr(G | ¢), a contradiction. Hence, we have that a+b = 1. Now, as
shown in (ii) and (iii), there is a character y € Irr(/V) such that p | |G :
Ic(7v)| (namely, vy =0 if a =1 and v = ¢ if b = 1). Since |G/C|, = p
and |G|, > p? we have that p | |C]. Also, O,(C) < O,(G) = 1. It
follows by the Ito-Michler theorem that p | §(1) for some § € Irr(C).
Clearly, G> NC = N x C, v x ¢ € Irr(NC), and Ig(y x 6) < Ig(7)
has index divisible by p in G. By the Clifford theorem, p* divides the
degree of any x € Irr(G | v x §), a contradiction. d

Denote by E(G) the subgroup of G generated by all components
of G, that is, quasisimple subnormal subgroups of G. Often, E(G) is
called the layer of G. Then the generalized Fitting subgroup of G is the
subgroup F*(G) = E(G)F(G) <G. It is well known that Co(F*(G)) <
F*(G). Note that this next result includes Theorem

Theorem 2.5. Let p be an odd prime, and let G be any p-solvable
finite group. If a, < p for all a € cd(G), then the following statements
hold.

(i) |G/s0l(G)], < p and |G/F(sol(G))[, < p°.
(i) |G/F(G)l, < p°.
(iii) Either |G/F(G)|, < p, or F*(O”(G)) = F(O¥(Q)).

Proof. Let L := O (G). Then |L|, = |G|,, sol(L) < sol(G), F(L) <
F(G), and F(sol(L)) < F(sol(G)). Furthermore, a, < p for all a €
cd(G) if and only if a, < p for all @ € cd(L). Hence, we may replace G
by L, and assume that G' = O (G).

(i) Let R := sol(G). Then G/R is p-solvable, G/R = O¥ (G/R),
and a, < p for all @ € cd(G/R). Furthermore, sol(G/R) = 1; in
particular, O,(G/R) = 1. We are done if G = R. So let N/R # 1 be
a minimal normal subgroup of G/R. As sol(G/R) = 1, we have that
N/R is non-abelian. Now we can apply Proposition and get that
|G/R|, < p. Obviously, R is solvable and a, < p for all a € cd(R).
Hence, |R/F(R)|, < p* by the main result of [16]. It follows that
G/F(R)], < 1"

(ii) This follows from (i) as F(sol(G)) < F(G).

(iii) Assume that E(G) £ F(G). Let Z := Z(E(G)) and let M /Z be a
(non-abelian) minimal normal subgroup of G/Z. Also, let L := M) <
G, so that M = LZ, L is perfect, LNZ =Z(L), and L/Z(L) = M/Z
is a non-abelian minimal normal subgroup of G/Z(L). Set P/Z(L) =
O,(G/Z(L)). Then PN L = Z(L), [P,L] < Z(L), and so by the
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three-subgroup lemma,
[P, L] =[P L, L]| <[[P,L],L] = 1.

In particular, [P,Z(L)] = 1. Writing Z(L) = O, (Z(L)) x O,(Z(L)),
we now have that P = Oy (Z(L))Q = Oy (Z(L)) x Q for Q € Syl (P),
and so ) < O,(G).

Now, we can embed L/Z(L) in G/ P as a non-abelian minimal normal
subgroup. As O,(G/P) =1, G/P = O”(G/P), and G/P is p-solvable
and a, < p for all a € ¢cd(G/P), we have |G/P|, < p. It follows that
G/F(G)), < p. .

3. NON p-SOLVABLE GROUPS

We continue to assume that a, < p for all a € ¢d(G), but we now
drop the assumption that G is p-solvable. All degrees in this section are
ordinary (complex) character degrees. We first begin with the following
result due to Gagola [7].

Lemma 3.1. Let S be a nonabelian simple group and let p be a prime
diving |S|. Then |S|, > |Out(S)|,.

Proof. If S is a sporadic simple group, an alternating group Alt,, with
n > 7 or the Tits group, then |Out(S)| divides 2. Since S is nonabelian
simple, we have |S|; > 4. Therefore, the inequality |S|, > |Out(S)|, is
trivially true for odd prime p and it also holds for p = 2. Notice that
Altg = PSLy(9) and Alt; = PSLy(5). Finally, if S is a finite simple
group of Lie type, then the result follows from Equation 3.3 in [7]. O

The next result is also due to Gagola [7] which can be proved directly.

Lemma 3.2. Let S be a nonabelian simple group and let G be an
almost simple group with S < G < Aut(S). Let p be an odd prime.
Suppose that p divides |S| and a, < p for all a € cd(G). Then either
S = Alty, p = 3, and |G|, = p*; or |G|, = p. In both cases, we have
G, =[S, < p*.

Proof. If S = Alt; and p = 3, then the result follows easily by using
[4]. Therefore, we can assume that (S,p) # (Alt7,3). Clearly, a, < p
for all @ € cd(S). Since p | |5], [T, Lemma 1.2] yields that | Aut(5)|, <
az < p? for some degree a € cd(S), and thus, |G, < [Aut(S)|, < p’
which forces |G|, = p. Since |S| divides |G| and p | |S|, we have
|G|, = |S|, = p as required. O

For a fixed prime p, we denote by sol,(G) the p-solvable radical of G
which is the unique largest normal p-solvable subgroup of G. Notice
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that by the Feit-Thompson Odd-Order theorem, we have soly(G) =
sol(G).

Lemma 3.3. Let G be a finite group, p be a prime, and L a normal
subgroup of G. Then the following hold:
(1) F(L) = LNF(G).
(i1) If p does not divide |G : L|, then |G : F(G)|, = |L : F(L)|,.
(73) sol,(L) = L N'sol,(G) and sol,(G/sol,(G)) is trivial.

The proof of this lemma is nearly trivial, so we omit it.

We are curious if one could mimic the proof of Proposition to
obtain a result in this next lemma when p does not divide |N/M]|.
In particular, we wonder if one could prove that |G/C|, < p in this
situation. Unfortunately, at this times we have not been able to prove
anything like that.

Lemma 3.4. Let p be an odd prime, and let G be a finite group with
0”(G) = G and a, < p for all a € cd(G). Suppose N/M is a
nonabelian chief factor of G with p dividing |N/M|, and set C/M =

(1) N/M is nonabelian simple.
(2) G/IM = C/M x N/M.
(3) C/M is an abelian p-group.

Proof. As N/M is nonabelian, N/M = S* for some nonabelian simple
group S and some integer k > 1. As p divides |[N/M| = |S|*, it
follows that p divides |S|, and thus, by the It6-Michler Theorem (|19,
Theorem 5.4]), p | 6(1) for some character § € Irr(S). Since 8¢ €
Irr(N/M) and (1) is divisible by p¥, we see that p* divides some
degree in cd(G). This forces k = 1. So N/M = S with S a nonabelian
simple group. It follows that G/C' is an almost simple group with socle
S. By Lemma B.2 |G/C|, = |S|, and G/NC is a p-group. Since
0¥ (G) = G, we deduce that G = NC, and thus, G/M = C/M x N/M
as C NN = M. Now, if p | A(1) for some character A € Irr(C/M),
then A x 0 € Irr(G/M) whose degree is divisible by p?, a contradiction.
Hence, p divides no degree of C'/M, and thus, C'/M possesses a normal
abelian Sylow p-subgroup, say K/M. Clearly, K <G, and thus, KN <
G. But then G/KN is a p’-group, so G = KN and C/M = K/M is
an abelian p-group as wanted. U

Studying the proof of Theorem D in [I7] carefully, one can see that
the authors only used the condition that 9 divides no degree of the
group. So, we obtain the following.
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Lemma 3.5. Let G be a finite perfect group and suppose that az < 3
for all a € cd(G). Suppose that G/M = Alt; for some solvable normal
subgroup M of G. Then G = Alt; or 3 - Alt;.

Recall that a group G is a central product of two normal subgroups
A and B, which we denote by G = Ao B, it G = AB and [A, B] = 1.

Corollary 3.6. Let G be a finite group with O%(G) = G. Suppose
that 3% divides no degree of G and that Alt; is involved in G. Then
G = NoC, where C is an abelian 3-group and N = Alt; or 3 - Alt;.

Proof. Let N be the last term of the derived series of G. Then G/N
is solvable. Also, N is perfect, and Alt; is involved in N. By Lemma
we have N = Alt; or 3 - Alt;. Let M = Z(N). Then M <G
and N/M = Alt; is a chief factor of G with p dividing |N/M]|. Let
C/M = Cgp(N/M). By Lemma[3.4) G/M = C/M x N/M and C/M
is an abelian 3-group. It follows that C' is a normal 3-subgroup of G
and G/C = N/M = Alt;. If M = 1, then the result follows. So, we
assume that M is nontrivial. Then N = 3 - Alt; and |M| = 3. We see
that NNC = M = Z(N). As [N,N] = N and [N,C] < Z(N), we
apply the Three Subgroups Lemma to obtain [N, C] = 1. We deduce
that G = N o C is a central product. It remains to show that C is
abelian. Suppose that C' is nonabelian. Then we can find a character
A € Irr(C) with A(1) > 1, hence 3 | A(1) since C is a 3-group. As C'/M
is abelian, there exists a character v with 1), # v € Irr(M) such that
A € Irr(C' | v). Using [], we can find a character ¢ € Irr(N | v) with
3 | ¢(1). Now, by the representation theory of central products (see
Lemma 5.1 of [I1]), x = ¢- A € Irr(G) and x(1) = ¢(1)A(1) is divisible
by 9, which is a contradiction. O

We now consider groups that are not p-solvable satistying a, < p for
all a € cd(G).

Proposition 3.7. Let p be an odd prime, and let G be a finite non
p-solvable group with a trivial p-solvable radical and OV (G) = G. If
a, < p for all a € cd(G), then either G is a nonabelian simple group
with |G|, =p orp=3 and G = Alt;.

Proof. Since sol,(G) = 1, we have F(G) = 1, and thus, F*(G) =
E(G) = Ty xTyx- - -x Ty, where Ty, . . ., T}, are nonabelian simple groups
with p dividing |7;| and Ce(F*(G)) = 1. For each ¢ € {1,...k}, we
have p | |T;| and T; is nonabelian simple. Thus, there exist characters
0; € Trr(T;) with p | 6;(1). Let v = 6y x -+ x ), € Irr(F*(G)). Then
(1) is divisible by p* and divides some degree in c¢d(G). This forces
k = 1. Hence, F*(G) is a nonabelian simple group, and thus, G is an
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almost simple group with socle F*(G). The result now follows from
Lemma [3.2] d

In the proof of Proposition 3.7, we can use the solvable radical sol(G)
rather than the p-solvable radical sol,(G). However, there are cases
when F*(G) is a product of nonabelian simple groups whose order are
coprime to p. For this, one would need to show that |G|, < p.

We are now ready to prove our main result. We say that H is a
section of a group G if there exist subgroup A and B in G so that B
is subnormal in G and A is normal in B with B/A = H. Observe that
if a, < p for all a € c¢d(G), then every section of G satisfies this same
property. By Theorem [1.2] we know that the hypothesis of this next
theorem will hold with v = 3. This will yield Theorem[I.1] However, we
believe that the correct bound in Theorem (1.2[is that |G : F(G)|, < p?,
this would allow the use of ¥ = 2 in the next theorem, and we would
obtain the conclusion that |G : F(G)|, < p®.

Theorem 3.8. Let p be an odd prime, and suppose that v is a positive
integer and G is a group such that every section H of G that is p-
solvable satisfies |H : F(H)|, < p”. If a, < p for all a € cd(G), then
|G F(G)], <p't.

Proof. If G is p-solvable, then |G : F(G)|, < p” < p'*” and we are done.
So, we assume that G is not p-solvable. If L = O (G), then O (L) = L
and by Lemma [3.3| |G : F(G)|, = |L : F(L)|,. By induction on |G|,
one may assume that G = O (G). Let R, be the p-solvable radical of
G. Then G/ R, has a trivial p-solvable radical and O” (G/R,) = G/R,.
Proposition |3.7 yields G/R,, = Alt; and p = 3 or G/R,, is a nonabelian
simple group with |G/R,|, = p. Assume that the first case holds. By
Corollary [3.6] we have G = NoC, where N = Alt; or 3-Alt; and C'is a
normal abelian 3-group. It follows that C' = R, = O3(G) = F(G), and
clearly, |G : F(G)|3 = |Alty|3 = 3% < 3. Now assume that the latter
case holds. Since F(G) < R,, we have F(R,) = F(G) N R, = F(G).
Now, R, is a p-solvable group and is normal in G and a, < p for all
a € cd(R,), so we obtain:

G F(G)‘p = |G : Rp|p ) ’Rp : F(Rp)|p <p-p'= p1+y-

4. BRAUER CHARACTERS

We now turn to the universe of Brauer characters and block theory.
We follow the notation in [21] for block theory. Fix a prime p, and let
G be a finite group. For a p-block (or just block) B of G, we denote
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by D = D(B) the defect group of B; also, we set Irr(B) = BN Irr(G)
and IBr(B) = BN IBr(G). The defect d(B) of B is defined by

p* B = min{x(1), | x € Irr(B)}
where p® = |G|,. The height h(x) of a character y € Irr(B) is defined
by the formula
pa—d(B)+h(X) _ X(l)p

By [21, Corollary 3.17], we have
B = min{p(1), | ¢ € IBr(B)}

and by [21, Theorem 4.6], |D(B)| = p¥®).
The following is the ‘if part” of the famous Brauer’s height zero con-
jecture which was recently proved by R. Kessar and G. Malle.

Lemma 4.1. ([13, Theorem 1.1]) Let p be a prime and G be a group.
Let B be a p-block of G with defect group D. If D is abelian, then the
degrees of the characters in Irr(B) all have the same p-part, which is

|G : D|,.
We now are ready to prove Theorem [1.3] from the Introduction.

Proof of Theorem[1.3. Suppose that p is a prime, G is a finite group,
and 5(1), < p for all g € IBr(G). Let x € Irr(G). If x(1), = 1, then
we have nothing to prove. Suppose that x(1), = p™ for some integer
m > 1. As Irr(G) is a disjoint union of Irr(B), where B runs over
the set of all p-blocks of G, we see that y € Irr(B) for some block
B of G. As G has an abelian Sylow p-subgroup of order, say p“, we
know that D = D(B) is abelian, and thus, by Lemma[4.1] x has height
zero. That is, x(1), = p*~¥5). This implies that a — d(B) = m > 1.
Since p?~4B) = p™ divides all 3(1) with 8 € IBr(B) and 8(1), < p,
we conclude that m = 1. Therefore, a, < p for all a € cd(G) as
desired. O

We next prove Corollary [1.4] from the Introduction.

Proof of Corollary[1.4} If p* does not divide x(1) for all x € Irr(G),
then p? does not divide (1) for all ¢ € IBr(G) since p = 1)° for some
¢ € Irr(G) by Fong-Swan Theorem [21, Theorem 10.1]. Conversely,
suppose that p? does not divide (1) for all ¢ € IBr(G). Since IBr(G) =
IBr(G/0O,(G)), we can assume that O,(G) = 1, and so, G has abelian
Sylow p-subgroups by [24, Corollary 2.6]. Now by Theorem [1.3] a, < p
for all a € cd(G). O
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We follow [21] for the notation of Brauer characters, and we refer
to [12] for the representation theory of symmetric groups. Let p be a
prime, let n be a natural number, and let A = n be a partition of n;
and write |A\| = n. The irreducible character of Sym,, labeled by the
partition X is denoted by x*. Let A@p) be the p-core of A obtained by
repeatedly removing all p-hooks. The p-weight w,()) is the number of
p-hooks we remove to obtain the p-core, and we have |A\| = |A¢)| +
pwy(A). Nakayama’s conjecture asserts that two irreducible characters
of Sym,, labeled by two partitions A and p of n belong to the same
p-block if and only if A and p have the same p-core. Now, the p-blocks
of Sym,, are labeled by the p-core and the p-weight w(B) of B which is
the common p-weight w,(\) for all partitions A - n with x* € Irr(B).
Finally, the defect group D = D(B) of B is the Sylow p-subgroup of
Sym,,,p- (See [2].) Given the pair (o, w), where a = (ay, a, -+, ax)
is a p-core partition and w € N, then A := (a1 + pw, a9, -+ , ) is a
partition of n := |a| 4+ pw with p-core A\, = o and p-weight w,(\) = w.

Recall that for a finite group GG and a prime p, an ordinary irreducible
character x € Irr(G) is said to have p-defect zero if x(1), = |G|,. [21]
Theorem 3.8] yields that x° € IBr(G) with x°(1) = x(1), where G° is
the set of all p-regular elements of G.

Lemma 4.2. Let p be a prime and let G be an almost simple group with
nonabelian simple socle S. Suppose that p divides |S| and (1), < p
for all B € IBr(G). Then the following hold.
(i) If p=2, then G =S = My, and |G|y = 2.
(ii) If p=3 and S = Alty, then |G|3 = |S|3 = 3°.
(i4i) If p >3 and (S,p) # (Alty, 3), then |G|, = |5, = p.

Proof. We observe first that if S has an irreducible character y with p-
defect zero, then x° € IBr(S) with x°(1) = x(1). Hence, x°(1), = |S/,-
From the hypothesis, we have |S|, = p. We consider the case p = 2
and p > 2 separately.

(1) p = 2. Since S is nonabelian simple, we know that |S|s > 4,
so S does not has any irreducible character of 2-defect zero. By [0,
Corollary 2], S = Alt, or S is isomorphic to Mis, Moy, Moy, Jo, HS,
Suz, Ru, Co;, Cos, or B. Assume that S is a sporadic simple group.
Except for the Baby Monster, one can use [4] to check that only My,
satisfies the hypothesis with [Mas|y = 27. As Mayy -2 does not satisfy the
hypothesis, we deduce that G = S = My, with |G|y = |S|2 = 27. For
the Baby Monster, using [0], B has a 2-block B with defect d(B) = 3.
Since |B|y = 24, we deduce that if ¢ € IBr(B), then 23 = 24173 divides
©(1). Thus, this case cannot happen.
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Assume that S = Alt,, with n > 5. Using [6], we can assume that
n > 12. From Proposition 5.2 and Corollary 4.2 in [I], Alt, has a 2-
Brauer irreducible character 5 which is the restriction of the irreducible
2-Brauer character D33 of Sym,, to Alt, with degree

%n( —2)(n—7) if n =0 (mod 4),

B %n(n —1)(n —5) if n =1 (mod 4),
Y=Y 1 m-2)n—6) ifn=2 (mod 4),
tn+1)(n—1)(n—06) ifn=3 (mod4).

Now, it is routine to check that 4 | 5(1) in any of these cases.

(2) pis odd. If (S,p) = (Alts, 3), then (ii) holds by using [4]. So,
assume from now on that (S, p) # (Alt, 3). We first claim that |S|, = p
If S has an irreducible character of p-defect zero, then we are done. So
assume that S has no such character. By [, Corollary 2], we have
p=3and S = Alt,, or S = Suz or Cos. If S = Alt, with 5 <n <19 or
S is one of the two sporadic simple group above, then the result follows
by using [4]. Thus we can assume that S = Alt,, with n > 20. Asp > 3
and Sym,, /Alt,, is a cyclic group of order 2, we deduce that p? does not
divide ¢(1) for all ¢ € IBr(Sym,,). Notice that if ¢ € IBr(Sym,, | 5)
for some /5 € IBr(Alt,,), then ¢(1)/5(1) divides 2 = | Sym,, : Alt,,| (see
[21, Theorem 8.30]) so ¢(1), = S(1),.

For each integer n, we can choose two 3-regular partitions A, u of n
such that the corresponding 3-cores A(s), fi(3) are as follow:

(a) (3,1) and (5,3,1%), if n =1 (mod 3);
(b) (3,1%) and (4,2,1?), if n = 2 (mod 3);

(¢) (4,2) and (5,3,1), if n =0 (mod 3).

Since A and p have different 3-cores, we know that they belong to
different 3-blocks, say B; and B, of Sym,,. Because 3w (B;) = n—|A)|
and 3w(B2) = n — || where |p@)| — [A@)| = 3 or 6, we deduce
that 3w(B;) = 3w(Bz) + 3 or 6. This implies that the orders of the
Sylow 3-subgroups of Symg,p,) and Symg,z,), namely, 35, which
are also the orders of the defect group of the block B;, are distinct
and strictly less than | Sym,, |, = p*. By [21], Corollary 3.7], we have
3974B) = min{p(1)3 | » € IBr(B;)}. As a > d(B;) > d(By) > 1, we
deduce that a — d(Bs) > a — d(By) > 1, and thus, a — d(B;) > 2. So
if 3 € IBr(By), then p? | (1), a contradiction.

We now claim that |G|, = [S|, = p. By Lemma [3.1} we have that
S|, > |Out(S)|, whenever p divides |S|. As |S|, = p, we deduce that
|G : S|, divides |Out(S)|,, where the latter is strictly less than p. This
forces |G : S|, = 1, and thus, |G|, = |S|, = p as desired. O
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Combining the results of Leisering [14] with those of Lewis, Navarro
and Wolf [16], we obtain:

Lemma 4.3. Let p be a prime and let G be a finite solvable group with
0,(G) =1. If (1), < p for all § € IBr(G), hen |G|, < p* and a Sylow

p-subgroup of G is elementary abelian.

Proof. Let P be a Sylow p-subgroup of G. By [14, Theorem]|, P is
elementary abelian and a, < p for all a € ¢d(G). Now, Theorem 1 in
[16] yields that |G : F(G)|, < p?. Since O,(G) = 1, we see that F(G)
is a p/-group, and thus, |G|, = |G : F(G)|, < p*. O

We see when O (G) = G and O,(G) = 1 = sol,,(G) that G is simple.

Lemma 4.4. Let p be a prime, and let G be a non-p-solvable group. If
0% (G) = G, 0,(G) =1 =s0l,(G), and B(1), < p for all B € 1Br(G),
then G is isomorphic to one of the nonabelian simple groups in Lemma

[Z2

Proof. Since sol,(G) = 1, we know that F*(G) = E(G) = 11 x Ty X
-+« X Ty, where T, . .., T}, are nonabelian simple groups with p dividing
|T;| for all 1 < i < k and Cg(F*(G)) = 1. By [19, Theorem 5.5],
for each i, there exists a Brauer character 0; € IBr(7;) with p | 6;(1).
Clearly, ¢ = 0; x -+ x ), € IBr(F*(G)) and (1) is divisible by p*. If
v € IBr(G | ), then p* divides v(1). This forces k = 1. Thus, G is an
almost simple group with the nonabelain simple socle F*(G). Lemma
now yields that |G|, = [F*(G)],. Since O (G) = G, we deduce
that G = F*((), and so, G is a nonabelian simple group appearing in
Lemma [4.2] O

We now prove Theorem [1.5| when p is odd. As with Theorem [3.8], we
know that v = 3 will hold, but this allows the possibility that v = 2.

Theorem 4.5. Let G be a finite group, and let p be an odd prime
with O,(G) = 1. Suppose that v is a positive integer so that every
p-solvable section H of G satisfies |H : F(H)|, < p”. If (1), < p for
all g € IBr(G), then the following hold:
(1) If p > 5 or p = 3 and Alt; is not involved in G, then |G|, <
1+v
pY.
(2) If p =3 and Alt; is involved in G, then |G|z < 3*t7.

Proof. We proceed by using induction on |G|. Notice that the hypothe-
ses of the theorem are inherited by normal subgroups. Let L = O (G),
and let R, be the p-solvable radical of G. We have that O,(R,) = 1.
If L <@, then O,(L) =1 and |G|, = |L|, since G/L is a p'-group.
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So L satisfies the hypotheses of the theorem, and by induction, ei-
ther |L|, < p™™ or p = 3, Alt; is involved in L, and |L|3 < 32*.
Since |G|, = |L|, and the fact that Alt; is involved in G if and
only if it is involved in L (noting that 3 | |Alt|), the conclusions
of the theorem hold. Therefore, one can assume that G = O (G).
If G is p-solvable, then |G|, < p” < p'*" and we are done. So
we assume that G is not p-solvable. Then G/R, satisfies the as-
sumption of Lemma and we deduce that either |G/R,|, = p or

= 3 and G/R, = Alt;. Assume that |G/R,|, = p. By hypothe-
sis since R, is p-solvable, we have |R,|, < p”, and we conclude that
G|, = |G/Ry, - |Rplp, < p” - p=p't. Assume now that G/R, = Alt;
andp:3. Then ’G|3: |G/R3’3 |R3|3 §32'3V:32+V. ]

Finally, we prove Theorem [1.5] for p = 2.

Theorem 4.6. Let G be a finite group with Oz(G) =1, and let P be a
Sylow 2-subgroup of G. If Po(1) < 2 for all B € 1Br(G), then PW =1
and |G|y < 2°.

Proof. By Lemma [£.3] we may assume that G is nonsolvable. Using
induction on |G|, we may assume that O*(G) = G. Let R be the
solvable radical of G. Lemmasandyield that G/R = Ma,. Since
0,(G) = 1, we have Oy(R) = 1, and so, by Lemma [4.3| |R|, < 22.
Hence, |G|, = |G : R|y - |R|]y < 2°. Finally, PR/R and P N R are
Sylow 2-subgroups of G/R = My, and R, respectively. From [4], we
know that PR/R has derived length 3 and P N R is abelian by Lemma
therefore, P < PN R and hence P® = 1. This completes the
proof. O

It would be desirable for one to obtain a detailed structure of groups
in Theorem [4.6]
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