GLOBAL WELL-POSEDNESS OF THE
ENERGY-CRITICAL DEFOCUSING NLS ON
RECTANGULAR TORI IN THREE DIMENSIONS

NILS STRUNK

ABSTRACT. The energy-critical defocusing nonlinear Schrédinger
equation on 3-dimensional rectangular tori is considered. We prove
that the global well-posedness result for the standard torus of
Tonescu and Pausader extends to this class of manifolds, namely,
for any initial data in H' the solution exists globally in time.

1. INTRODUCTION

Starting with Bourgain’s work in 1993 [1], the nonlinear Schrédinger
equation on rectangular tori have been studied quite intensively. Sev-
eral authors contributed to today’s knowledge about the equation on
this domain, e.g. |1, 9, 12, 10, 3, 19, 7, 17, 6, 4, 14] to list just a few. We
will briefly summarize some important known results of the nonlinear
Schrédinger equation on 3-dimensional tori: On arbitrary rectangular
tori, the author of the present paper proved a trilinear Strichartz es-
timate that is sufficient for achieving local well-posedness and global
well-posedness for small data in the energy-critical space in the focus-
ing and defocusing case [17, Proposition 3.3 and Theorem 1.1|. Global
well-posedness for the defocusing NLS with arbitrarily large initial data
in the energy space H! have been proved by Ionescu and Pausader on
the standard torus T? = (R/27Z)? [12, Theorem 1.1]. The strength of
their argument is that large parts of the proof hold true even for a gen-
eral smooth compact Riemannian 3-manifold such as for the domain
S? in [16]. Thomann [18, Theorem 1.4] proved (for a general analytic
manifold) that the Cauchy problem is ill-posed in H' for superquintic
nonlinearities. In the present paper, we show that Ionescu and Pau-
sader’s arguments in [12| can be extended to any rectangular torus,
where the periods may have irrational ratio. Hence, we obtain global
well-posedness for any initial data in H'. In view of Thomann’s result,
this will complete the local and global well-posedness in H' on this
class of manifolds.
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In the following, we consider a general rectangular torus, i.e. given
any o = (ay, s, a3) € (0,00)3, we define

T3 = R*/ (211 Z x 217 x 2masZ).
For notational convenience, we will use the standard torus T? := T‘E’l 11)

as base space: By a change of spatial variables, we rewrite the defocus-
ing nonlinear Schrodinger equation

0w+ 32 20 = ot
' Z]_l oz} ~| | (t,x) € (=T,T) x Ti
U|t:0 = ¢ € HI(T?O)L>7

as
0w+ Au = ulul* 3
{ U|t:0 — ¢ € ]’_[1(*’]P3)7 (t,l‘) € (_T7 T) x T ) (11)
where ¢(x1, z9, x3) = 5(041961,0429527043903)7 (z1,22,23) € T®. Here, A is

defined via

F(Af)(n) = =Qn)F(f)(n), Q(n):=0ini+ 0onj + Osn3,

for n = (ny,n9,n3) € Z* and 6; = ozj_?. Using this notation, the free
solution to (1.1) is given by

ztA Z¢ zn:vQ

nez3

We remark that by a change of variable in time, we may assume 6; = 1
without any loss of generality.

For s € R we define the Sobolev space H*(T?) := (1 — A)~2 L3(T3)
endowed with the norm

1 ey = D (™ IF(€) 2y, where () = (14 [2]*)%.

£ezd

The energy and the mass,

1 ~ 1
B(u) = 5 [ RuttoPdes g [ jutol i
’ ’ (1.2)
—5 [ lutta)P s
2 T3

are conserved in time, whenever u: (=T,T) x T¢ — C is a strong
solution of (1.1). Here V = (a;'0,,,a5"'0s,,a3'0,,). The scaling-
critical space to the corresponding problem in R? is H'(R?) and that is
why we call (1.1) H'-critical or, due to the same scaling, energy-critical.

The precise formulation of our well-posedness results is a follows:
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Theorem 1.1. If ¢ € H'(T?), then there exists a unique global solution
u € XY(R) of the initial-value problem (1.1). Moreover, the mapping
¢ +— u extends to a continuous mapping from H'(T®) to X' ([-T,T))
for any T € [0,00), and the quantities M (u) and E(u) defined in (1.2)
are conserved along the flow.

In order to point out the similarities and differences to [12], we or-
ganize the paper in the same way. We will fix some notation and state
the known Strichartz estimates in Section 2. In Section 3, we state
the large-data local well-posedness and stability results that, thanks
to [14, Theorem 1.1] and [17, Proposition 4.1], stays the same as in
[12, Section 3|. Section 4 is destined to study free and nonlinear so-
lutions to (1.1) with initial-data that concentrate to a point in space
and time. To this purpose, we prove a version of the extinction lemma
that applies to rectangular tori other than T as well, which replaces
[12, Lemma 4.3]. Statements about the profile decomposition that have
already been proved and used in [11, 12| are summarized in Section 5.
Theorem 1.1 may be proved by induction on energy along the lines of
[12, Section 6-7|, except of [12, Lemma 7.1]. A replacement for this
lemma is given in Section 6.

We want to point out that the paper is not self-contained but relies
heavily on [13, 11, 12].

Acknowledgments. The author acknowledges support from the Ger-
man Research Foundation, Collaborative Research Center 701. The au-
thor also would like to thank Benoit Pausader and Alexandru Ionescu
for helpful discussions.

2. PRELIMINARIES

Notation and some known results are collected in this section.

We write A < B if there is a constant C' > 0 such that A < CB. If
we want to emphasize the dependence of the constant, then we write
A <, B for A < C(s)B, where the constant C'(s) depends on s.

For a vector p € N", we denote by ©,, ., (a1,...,a,) a |p|-linear
expression which is a product of p; terms that are either equal to a; or
its complex conjugate @; and similarly for p;, a;, 2 < j < n.

We will use the following convention for the Fourier transform on T3

(]:f)(f) = (27_‘_—1)3/2 /T3 f(x)e—i:vf d!E, § c ZS
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so that we have the Fourier inversion formula

1 iz 3
f(@) =W€€Zzg(ff)(g)e ¢, zeT

We fix a smooth, non-negative, even function n*: R — [0, 1] with
n*(y) = 1 for |y| <1 and suppn' C (—2,2). Then, let n*: R® — [0, 1]
be defined via n3(x) = n*(x1)n* (22)n' (x3). For a dyadic number N >
1, we set

i = (5) - (B) tor =2 ae = e

We also define the frequency localization operators Py: L*(T%) —
L*(T%) as the Fourier multiplier with symbol 73,. Moreover, we de-
fine Pcy = > cyen Pu. More generally, given a set S C Z3, we
define Ps to be the Fourier multiplier operator with symbol 1, where
15 denotes the characteristic function of S.

2.1. Function spaces. We define the same resolution spaces X* and
Y* that were used in [12|. These spaces are based on the UP- and
VP-spaces, where we refer the reader to [8, 9, 10, 15| for more details.

Definition 2.1. Let s € R.

(i) We define X* as the space of all functions u: R — H*(T?)
such that t — eQE(Fu(t))(€) is in U*(R,C) for all £ € Z3,
endowed with the norm

. (Z<£>QSIIG“Q“) (fU(t))(é)\\Z2)2-

ez

[l

(ii) We define Y* as the space of all functions u: R — H*(T%)
such that t — @O (Fu(t))(€) is in VZ(R,C) for all £ € Z3,
endowed with the norm

v (Tl Funel.)

¢ezs

(iii) For time intervals I C R we define X*(I) and Y*(I) to be the
corresponding restriction spaces:

[l

X°(1 ::{uECI;HS u||xsny = su inf v ~S<oo},
(1 () ey = sup. kol
[7]<1
Y°(I Z:{UEC];HS Nullysny = su inf v ~S<oo}.
(1 (BHY) ey = sup - nf ol

|J]<1
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Note, that we have the following important properties.

Lemma 2.2. Let I C R be a time interval.
(i) We have X'(I) — Y(I) — L>(I, H(T?)).
(ii) In addition, assume that 0 € I. Let s > 0, ¢ € H*(T?), and
e be the linear solution fort € I, then ¢ € X*(I) and

€20 x=(ry < |18

Following [12, formula (2.3)], we introduce a critical norm Z that is
weaker than X', i.e. |lulzi) S ||lullx1(r), which follows essentially from
Proposition 2.5.

Hs(']I‘S) .

Definition 2.3. Let py = 4 + %, p1 = 100 and I C R be an interval,
then we define the norm

1

||u||z(1) = Z sup <Z N5_2HPNU||I[)/P(J><’]T3)) :
p€{po,p1} JCL, |1t N>1

2.2. Definition of solutions.

Definition 2.4. Let I C R be a time interval, and for f € L}
let 7;, be defined as

1%(fﬂ0i=t/‘4“_”Af@)ds

to

for t € I and Z;,(f)(t) :== 0 otherwise. We call u € C(I, H'(T?)) a
strong solution of (1.1) if u € X'(I), and u satisfies

u(t) = O5u(ty) — iZ,, (ulul) ()

(7, L(T°)l

loc

for all t,tg € I.

2.3. Dispersive estimates. The first (scale invariant) Strichartz es-
timates on both T3 and T2 have been obtained by Bourgain [1, 2|.
Recently, Killip and Vigsan [14, Theorem 1.1 and formula (1.8)] im-
proved Bourgain’s results, building on an earlier work of Bourgain and
Demeter [4].

Proposition 2.5 (Strichartz estimates, [14]). Let p > ¥, I C R be

any interval with |I| <1 and C C Z*® a cube of size N > 1, then

| Pee” ¢||L" 1xT3)NN2 b

holds true for any Pe¢p € L*(T®). In particular, for any e A Pou €
UP(I) we have

3.5, _.
[Peutl| e rxrsy S N27v [l Peullus(ry
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3. THE LOCAL WELL-POSEDNESS AND STABILITY THEORY

Large-data local well-posedness and stability results are obtained in
this section. This allows to connect neighboring intervals of nonlinear
solutions. The results obtained here extend the existence results for
general rectangular tori in [17]. This section is almost identical to the
standard torus case in [12, Section 3|, hence we omit the proofs.

The following proposition extends [12, Proposition 3.3| to arbitrary
rectangular tori. It is easy to see that, thanks to the known linear
(Proposition 2.5) and trilinear (|17, Proposition 4.1|) estimates, the
proof is identical to the one for T? in [12, Proposition 3.3]. However, we
want to point out that even the linear Strichartz estimate by Bourgain
[2, Proposition 1.1] that provides estimates of the LYLi-norm with
p > %, suffice to get the results in this section. That will be pursued
in the forthcoming PhD thesis of the author.

Proposition 3.1 (Local well-posedness). Let E > 1 and p € [—1,1]
be given.
(i) There exists 0g = do(E) such that if ||¢|| g sy < E and

e 26 ] 200y + (1T (€) | x21y < B

on some interval I > to, |I| < 1, then there exists a unique
solution v € X(I) of the approximate nonlinear Schrodinger
equation

10w+ Au = pulu|* + e (3.1)
with initial data u(ty) = ¢. Besides,

. . 3
Hu(t) . ez(tfto)A¢HX1(I) SE Hel(tfto)Aw@(I) + HIto (€)HX1(1).

If e =0 and p = 1, then are the quantities E(u) and M (u),
which are defined in (1.2), conserved on I.
(ii) Ifu € X'(I) is a solution to (1.1) on some open interval I and

lu||z(ry < 400,

then u can be extended as a nonlinear solution to a neighbor-
hood of I and

[l x1(r) < O(E(U)a HU||Z(1))~

Also, the following stability result may be obtain along the same
lines as for |12, Proposition 3.4].

Proposition 3.2 (Stability). Assume that I is an open bounded inter-
val, p € [—1,1], and uw € X*(I) satisfies the approximate Schridinger
equation

i0iu + Au = pulu|* +e on I x T
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Suppose in addition that
[l zery + Nl oo, sy < M,

for some M € [1,00). Assume that tg € I and that ¢ € H*(T?) is such
that the smallness condition

¢ — a(to) ||z crsy + 1 Zeo ()l x1(r) < €

holds for some 0 < & < &1, where ¢1 < 1 is a small constant de-
pending on M. Then, there exists a strong solution u € X'(I) of the
Schrodinger equation

i0wu + Au = pulu|* on I x T?
such that u(ty) = ¢ and

ullx1(ry + [[ul| x1 ) < C(M),
||U — anxl([) S C(M)E

4. EUCLIDEAN PROFILES

This section is devoted to prove estimates which compare Euclidean
and periodic solutions of both linear and nonlinear Schrodinger equa-
tions. This kind of comparison makes sense only for short time and in
the case of rescaled initial data that concentrate at a point (see Ty ).
In order to obtain the main result of this section (Proposition 4.4), one
may argue similarly as in [12, Section 4] if the extinction lemma [12,
Lemma 4.3] is replaced by Lemma 4.2.

Let n € C°(R?) be a fixed spherically symmetric function with
n(x) =1 for |x| <1 and n(z) =0 for |z| > 2.

Definition 4.1. For ¢ € H'(R?) and N > 1, we define

Tvo € HY(T?), Tno(y) = Non(N20~'(y))s(NT ' (y)),
where U: {x € R?: |z|o <7} — T3, ¥U(x) = z.

Note that the operator Ty : H'(R?) — H'(T?) is linear with the
property that ||Tn | mi(rs) < D] i1 (rs)-

The next lemma helps to understand the linear and as a consequence
(see Proposition 3.1 (i)) nonlinear solution beyond the Euclidean win-
dow. We want to point out that an argumentation like in the following
proof works for a general 3-dimensional manifold T x M. The difference
to the proof of [12, Lemma 4.3] is the weaker estimate (4.1) and the
observation that this still suffices.
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Lemma 4.2 (Extinction lemma). Let ¢ € H'(R®). For anye > 0,
there exists T = T'(¢,¢) and Ny = No(¢,€) such that for all N > Ny,
it holds that

"2 (Tnd) | zern-20-1) S €.
Proof. We modify the proof of [12, Lemma 4.3]. For M > 1 we have
that

(Pewe™(136)(t.2) = G [ Kl = )Twoty) dy

where K, is given by
Falt,r) = 3 ety (%)
gezd
Bourgain’s exponential sum estimate [1, Lemma 3.18] yields
3
Z ei(zlﬁl—tﬁf)nl é 2 < M
M a ‘ 1/2)

§1€Z - \/C_](l—i_M‘%_q
(4.1)

K (t,z)| S M?

provided that
t

a _
%=5+6, ge{l,....M},a€Z, (a,q) =1, |B] < (Mq)™".

Dirichlet’s lemma, see e.g. [1, Lemma 3.31], and (4.1) imply for 1 <
S <M,

| K ar || oo (psna—2,5-1)x13) S S~z M3, (4.2)

Indeed, assume that [¢] < <, and write .- = ¢+ 0. Since || < = < 1,

it follows that {g‘ < 2. Therefore, either |a| > 1, which implies ¢ > 2,

2

or a = 0, and hence, ¢ = 1 because of (a,q) = 1. In the first case, (4.2)
follows from (4.1):

Ky (t,2)| S q 2 M° < S5 M°.

t € [SM~2 571] that
|Ku(t,z)] S |t2 M2 < S5 M°,

Similarly as in [12, Lemma 4.3|, we compute for 1 < T < N and
p € {po, p1}

5_1 i s
> L3 Pr(Tw ) [y 1pepyy S T 00
L¢[NT—1/1000 N7T'1/1000]
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and

5_1 i
Z Z L(p 2)pH€ tAPL(TN¢)Hip([TN*Q,Tfl]XW))

pe{po 7p1} Le [NT— 1/1000 7J\ITI/IOOO}

<, T(%fg)po/woo n T*(%Jr%)pl/l()oo.

The result follows for 7' = T'(e, ¢) sufficiently large since both expo-
nents are negative. U

The next proposition describes nonlinear solutions of the initial-value
problem (1.1) with data that concentrates at a point.
Given f € L*(T?), ty € R, and zy € T?, we define

(Moo f) (@) = flw —w0) and (M0 f)(@) = (Mage™ "2 f) (2).

Definition 4.3. We define the set of renormalized Fuclidean frames
as

ﬁE = {(Nk,tk,xk)k21 : Nk > 1, Nk — 400, try — O, Tr € Tg,

and either ¢ = 0 for all k> 1 or lim N[t = +oo}.
—00

Proposition 4.4. Let O = (Ny, ty, Tx)x € Fp and ¢ € HY(R).

(i) There exist T = 7(¢) and ko = ko(p, O) such that for all k > ko
there is a nonlinear solution U, € X'(—7,7) of (1.1) with
initial data Ug(0) =114, 4, (TN, @) and

HUkHXl(fT,T) S z3 () L.

(ii) Let AR, = Z?:l 9]-;72]2. Then there exists a Euclidean solution

u e C(R, H(R?)) of
i0u + Afsu = ulul?

with scattering data ¢=° € H'(R3) such that the following
holds up to a subsequence: For any ¢ > 0 there exists Ty =
T(¢,e) such that for all T > Ty there is Ry = Ro(¢,e,T) such
that for all R > Ry there is kg = ko(¢, e, T, R) with the property
that for any k > ko it holds that

10 = Wl xr qre—epi<rnp2pnga<r—y) < €

where
- 1 N (g
(i) (t.2) = Nfn (22D

7 )u(N,f(t—tk),Nk\If’l(x)).
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In addition, up to a subsequence,

+o0
||Uk(t) - Htk_t7$kTNk¢ ||X1({i(tftk)zTN,JQ}ﬂ{|t\§T—1}) <e¢
for k > ky.

This may be proved along the lines of [12, Proposition 4.4]. Here,

one has to note that the global well-posedness result in |5, Theorem 1.1]

easily extends from Ags = Z?:l 66—; to Aﬂ% by scaling.
J

5. PROFILE DECOMPOSITION

The essence of this section is that for every given bounded sequence of
functions in H'(T?), we can construct suitable profiles and express the
sequence in terms of these profiles. This section is almost identical to
[12, Section 5]. We sum up the main results.

Definition 5.1 (Euclidean frames).

(i) The set of Euclidean frames is defined as
Jg = {(Nk:,tkaffk)k:21 i Ng > 1, Ny — 400, &, = 0, 1, € Tg}-

We say that two frames, (N, tg, 5 ) and (N}, ¢, ) )k, are or-
thogonal if

1 (’1 N
k—l>r-{loo nN’;

Two frames that are not orthogonal are called equivalent.
(i) If O = (N, tg, k) is a Euclidean frame and if ¢ € H*(R?), we
define the Fuclidean profile associated to (10, O) as the sequence

(o, )k in H'(T?):
/;Eok = Htkvxk (TNkl/})

(iii) A sequence of functions (f), € H'(T?) is absent from a frame

O, if for every profile (¢, ) associated to O,

+ NEIty — th] + Nl — 2] ) = +oc.

<fk7izok>H1xH1(1r3) — 0, ask— +oo.

The profile decomposition in the next proposition is the main state-
ment of this section. We omit the proof of this proposition because it
similar to [11, Proposition 5.5|.

Proposition 5.2. Let (fi,)r be a sequence of functions in H'(T?) sat-
isfying
limsup || fllrrsy S E

k—+o00
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and, up to a subsequence, fp — g € HY(T3). Furthermore, let I}, =
(=T, T*) be a sequence of intervals such that |Ix| — 0 as k — +oo.
Then, there exist a sequence of pairwise orthogonal Euclidean frames
(O and a subsequence of profiles (@%g)k associated to O% such that,
after extracting a subsequence, for every J > 0,

J
fe=g+Y U3 + R,
a=1

where Rg is absent from the frames O%, 1 < a < J, and is small in
the sense that

lim sup lim sup sup N2 (" Py R]) ()| = 0.
J—=+4o00 k=400 N>1,tely, z€T3

Besides, we also have the following orthogonality relations (here LP =

LP(T3)):
1£ellZ2 = llgllze + RN + or(1),

J
IV fell72 = IVgll72 + D I VEst®[F2sy + VR + 0x(1),

a=1

lim sup lim sup
J—=400 k—+oo

J

1FillGs = llallGe = > Ilo@ellts| =0,
a=1

where o,(1) = 0 as k — 400, possibly depending on J.

6. PROOF OF THE MAIN THEOREM

In order to prove Theorem 1.1, we see from Proposition 3.1 (ii) that
it suffices to show that solutions remain bounded in Z on intervals of
length at most 1. To prove this, we induct on the energy E(u) similarly
as in [12, Section 6] and [16, Section 5.

We define

A(L) = limsupsup{||ull%, : B(w) < L, 1] < 7},
7—0
where the supremum is taken over all strong solutions w of (1.1) with

E(u) < L and all intervals I of length |I| < 7. We also define the
maximal energy such that A,(L) is finite:

Frax =sup{L € R, : A,(L) < +o0}.
Hence, Theorem 1.1 is equivalent to the following theorem.

Theorem 6.1. We have that Ey.x = +00. In particular, every solution
of (1.1) is global.
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The proof is the same as in [12, Theorem 6.1] except of replacing
[12, Lemma 7.1 by

Lemma 6.2. Assume that B, N > 2 are dyadic numbers, and assume
that w: (—=1,1) x T> — C is a function satisfying

|ij| < Nj+%1{|x|§]vf1’ [t|<N-2}, ] = O, 1.
Then, for any f € H'(T?),

; _ 1 _ 1
D41 (w, € Pepn )l L1y, ey S (B720 + N 720 ) || £[| g o).

Proof. As one may see in the beginning of the proof of [12, Lemma 7.1],
the desired result follows from

1K p2009) 220y S N2(B™ 9 + N~109 ), (6.1)
where K: L*(T3) — L*(T?),

K(f)(z) = P>BN/Re_itAW(t, z)Pspne™ f(x) dt.

For the purpose of proving (6.1), we calculate the Fourier coefficients
of K: Let p,q € Z3, then

Cpg = (7%, K (") () 12 ¢ 12 (1)

- /R<P>BN€“A€W'$, Wi, x)P>BNeitA6iq‘z>L%XL%(T?’) dt

= C1=n") (3 ) (1 = 1) (5 ) (Fea?) QD) = QLa).p — ).

From the definition of W and scaling in ¢t and x, we may get the estimate

3 Q) — QN ", Ip—a\ "
ol SN 1(1+T =) Lus=smlid=sny-

(6.2)
Using Schur’s lemma, we see that
1K || 23y 22m3) S 8up Y lepl +sup D fepgl-
pez? q€Z3 qeZ? pEZ3

In view of (6.2), it suffices to prove

sup Z<1+ |Q(p)—Q(p+v)|)_10<1+m>—1o

2
pI>BN ‘2 N

to obtain (6.1).
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Let Opmax == max{l, 6y, 03} and O = diag(1, 65, 03), then we split the
sum over v € Z3 into three parts:

>+ > + >
[v|>N min(N,B)1/100 |v|<N min(N,B)!/100 [v|<N min(N,B)1/100,
|p-Ov|>0max N2 min(N,B)/10  |p-Ov|<Omax N2 min(N,B)*/10
Thus, it suffices the show (6.3), where we replace the sum by any sum
above. We will call these terms S7, So, and S3. One easily verifies that
S; < N3min(N, B)~1/1% because

—10
S < > (1 + %) < N'(Nmin(N, B)w) .

|0|>N min(N,B) T00
In order to treat S5, we observe that

Q(U) < 9max|v|2 < HmaXN2 min(N7 B)?lo < emaXN2 HliIl(N7 B)%7

and thus,
_ -1 2 2
(14190 Qpea
N 2lp- Ov[ = Q(v) ~ [p- O
We may bound S; by
N Z lp- v~ < min(N, B)™* Z 1
[v|<N min(N,B)1/100 [v|<N min(N,B)!/100

|p-©v|>0max N2 min(N,B)1/10
. __L
< N¥min(N, B) 10,

Finally, it remains to bound S;. To that purpose, we set p = ﬁ. Since
lp| > BN, it suffices to prove that

#{v e Z’: |v] < Nmin(N, B)T0, [P O] < Ouax N min(N, B)_l%}
< N®min(N, B) 10,
This point-set is covered by a rectangle in R? with two sides of length
N min(N, B)10 and one side of length <o N min(N, B)~16. Therefore,
the point-set is bounded by

1

(N min(N, B)10)?N min(N, B) ™1

o

2
<
=
=8
=
=

which proves (6.3). O
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