MAJORIZATION, 4G THEOREM AND SCHRODINGER
PERTURBATIONS
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ABSTRACT. Schrodinger perturbations of transition densities by singular po-
tentials may fail to be comparable with the original transition density. A typ-
ical example is the transition density of a subordinator perturbed by any un-
bounded potential. In order to estimate such perturbations it is convenient to
use an auxilary transition density majorant and the 4G inequality, which is a
modification of the 3G inequality, involving the original transition density and
the majorant. We prove 4G inequality for the 1/2-stable and inverse Gauss-
ian subordinators, discuss the corresponding class of admissible potentials and
indicate estimates for the resulting transition densities of Schrodinger opera-
tors. The connection of transition densities to their generators is made via the
weak-type notion of fundamental solution, and we prove a uniqueness result
for fundamental solutions in the generality of strongly continuous operator
semigroups.

1. INTRODUCTION AND PRELIMINARIES

Schrédinger perturbation consists in adding to a given operator an operator of
multiplication. On the level of inverse operators the addition results in perturbation
series. We focus on transition densities p perturbed by nonnegative functions gq.
Our main goal is to give pointwise estimates for the resulting perturbation series
p under suitable integral conditions on p and q. For instance, bounded potentials
q produce transition densities p comparable with the original p in finite time. In
a series of recent papers, integral conditions leading to comparability of p and p
were proposed which allow for explicit and rather singular potentials ¢ if p satisfies
the 3G Theorem [2, 4]. The integral conditions compare the second term in the
perturbation series, that which is linear in ¢, with p, the first term of the series. The
comparison is meant to prevent the instantaneous blowup and to control the long-
time accumulation of mass. The first property is more crucial and gets secured by
smallness conditions, like 0 < 17 < 1 below. The results are analogues of Gronwall
inequality [3] and they utilize p as an approximate majorant for p in finite time [4].
Similar estimates for Green-type kernels were recently obtained in [8], [11], [9].

The 3G Theorem, which is related to the quasi-metric condition [8], is common
for transition densities with power-type decay, e.g. the transition density of the
fractional Laplacian. However, already the Gaussian kernel fails to satisfy 3G. In
[5] and [3] a more flexible majorization technique is proposed, motivated by earlier
results of [17]. Namely, another transition density p* serves as an approximate
majorant for the perturbation series. Introducing p* is not merely a technical
device: for unbounded ¢, p may fail to be comparable with p in finite time. As we
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show below, this is always the case if p is the transition density of a subordinator.
Finding an appropriate p* is essentially tantamount to estimating p, cf. (10), and
may be hard, but occasionally p* suffices that is a dilation of p. So is the case
for the 1/2-stable subordinator, and the slightly more general inverse Gaussian
subordinator, which are the focal examples in this work. The p* majorization
technique involves an integral smallness condition for p, ¢ and p*, which is implied
by the familiar Kato-type conditions, provided p and p* satisfy 4G inequality.

In this paper we prove a 4G inequality for the transition density of the inverse
Gaussian subordinator, including the 1/2-stable subordinator, reveal a wide class
of unbounded Schrédinger potentials admissible for p, and estimate Schrodinger
perturbations series for this transition density using the framework of [5]. We thus
extend the scope of the p* majorization technique for Schrodinger perturbations
beyond the transition densities of diffusion processes discussed in [5]. We expect
4G to be valid quite generally, but at present it is even open for the a-stable subor-
dinators with @ # 1/2. We note that the methods of [4], which make assumptions
on potentials ¢ in terms of bridges (see also [2]), fail for unbounded ¢ in this case.
In fact, if p is the transition density of a subordinator and unbounded ¢ > 0, p and
p are never comparable, which is proved in Section 3. The above case study and
general results explain why we propose 4G and the framework of [5] as a viable
general method to deal with unbounded Schrédinger perturbations of transition
densities.

The structure of the paper is as follows. Below in this section we give nota-
tion and preliminaries. In Section 2 we present 4G inequality and applications to
Kato-type perturbations for the 1/2-stable subordinator and the inverse Gaussian
subordinator. In Section 3 we discuss unbounded perturbations ¢, when applied to
subordinators. In Section 4 we discuss the notion of the fundamental solution and
give application to Lévy-type generators.

Let X be an arbitrary set with a o-algebra M and a (non-negative) o-finite
measure m defined on M. To simplify the notation we write dz for m(dz) in what
follows. We also consider the Borel subsets B of R, and the Lebesgue measure,
du, defined on R. The space-time, R x X, is equipped with the o-algebra B x M
and the product measure dudz = dum(dz). We consider a measurable transition
density p on space-time, i.e. we assume that p : R x X x R x X — [0,00] is
B x M x B x M-measurable and the following Chapman-Kolmogorov equations
hold for all z,y € X and s <u < ¢:

(1) / p(s’x7u7 Z)p(u7 Z7t7 y) dz :p(87 ‘r7t7y)‘
X

All the functions considered below are assumed measurable on their respective
domains. We consider (nonnegative and B x M-measurable) function ¢g: R x X —
[0, 00]. The Schrodinger perturbation p of p by ¢ is defined as

(2) ﬁ(s,x,t,y) = an(S,I7t,y),
n=0
where po(s,z,t,y) = p(s,z,t,y) and, for n =1,2,...,

t
3) puls,a,t,y) = / / p(s, 2t 2)q(uts 2)pnr (2, 1, y)ddc.
s X

The above is an explicit method of constructing of new semigroups. In particular,
p satisfies the Chapman-Kolmogorov equations [2, Lemma 2]. Since ¢ > 0, we
trivially have p > p, and we focus on upper bounds for p. These may be obtained
under suitable conditions on py. In [4] (see also [2], [13] and [18, Lemma 3.1}), the
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authors assume that for all s < t, z,y € X,

(4) / /X pls, x,u, 2)q(u, 2)p(u, 2, t,y)dzdu < [n + Q(s, t)]p(s, z,t,y),

where 0 < 1 < oo and Q is superadditive: 0 < Q(s,u) + Q(u,t) < Q(s,t). The
following sharp estimates follow: for all s < ¢, z,y € X,

14+Q(s,t)/n
(5) ﬁ(s,x,t,y) ép(s,x,t,y)<1_n) )
provided 0 < n < 1, and for n = 0 we even have
(6) ﬁ(57 x? t’ y) < p(S7 x? t’ y)eQ(S’t) *

The condition (4) may be considered as property of relative boundedness of ¢, or
Miyadera-type condition for bridges [14, 2]. Tt is convenient to use (4), e.g., for the
transition density of the isotropic a-stable Lévy process because the so-called 3G
inequality holds in this case:

p(s,x,u,z) Ap(u, z,t,y) < const p(s,z,t,y), s<u<t, z,y,z € RL

3G simplifies the verification of (4) and essentially specifies the acceptable growth
of ¢, cf. [2, Corollary 11], [4, Section 4]. In general, however, condition (4) may be
troublesome. For instance the transition density of the Brownian motion fails to
satisfy 3G and (4) may be difficult to verify. Moreover, as we see below, for some
transition densities (4) holds for g(u, z) = g(z) only if ¢ is bounded. This explains
the need for modifications of [4]. The approach of [5] is based on the assumption
that for all s < t, z,y € X,

(7) / /Xp(s,x,u,z)q(u, 2)p*(u, z,t,y) dzdu < [n+ Q(s, t)]p* (s, z,t,y) .

Here, furthermore, it is assumed that 0 < 1 < oo, Q(s,t) is superadditive, right-
continuous in s and left-continuous in ¢, and p* is a majorizing transition density,
i.e. there is a constant C' > 1 such that for all s < ¢ and x,y € X,

(8) p(s,z,t,y) < Cp*(s,z,t,y) .

The above assumptions are abbreviated to ¢ € N(p,p*,C,n,Q). By [5, Theo-
rem 1.1], if ¢ € N(p,p*,C,n, Q) with n < 1, then for € € (0,1 —n),

1+ Q(jt)

(9) p(s,x,t,y) < p*(s,z,t,y) <1i5> , s<t zyeX.

For instance p*(s,x,t,y) = p(cs, z, ct,y) with ¢ > 1 is a convenient choice for the
Gaussian kernel [5]. In principle, (7) relaxes (4) and allows for more functions g.
This is seen in [5] and again in Section 3 below, where we consider applications
to transition densities of subordinators. We should note that the flexibility comes
at the expense of the sharpness of the resulting estimate, as seen from comparing
(5) and (6) with (9). Also, the methods of [5] and the present paper are restricted
to transition densities, while the methods of [4] handle general forward integral
kernels. Last but not least, it may be cumbersome to point out p* suitable for
p, which essentially requires guessing the rate of inflation in p for a given class of
perturbations ¢. In this connection we note that, trivially,

t
(10) / / p(s, 210, 2)mq(u, 2)p(u, 2, b, ) dz du < (s, .1, y)
s X

Thus, for perturbations of p by ng > 0 with 0 < 7 < 1 one may take p* = p, which
indicates that estimating p and finding an appropriate majorant p* are related.
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Comparing to the approach of [4] we finally note that p* should reflect the growth
patterns of p, which p is not always able to do.
We say that ¢: R x X — R satisfies the parabolic Kato condition if

s+h
(11) lim  sup / / (s,z,u,2)q(u, z) dzdu =0,
h—=0% scRze X
and
¢
(12) lim  sup / /p(u,z,t, y)q(u,z) dzdu =0,
h=0% teRyex Ji—n Jx

cf. [2, (29), (30)]. It is sometimes useful to strengthen (11) and (12) by adding
possible time change (see [17]): we say that ¢: R x X — R belongs to the parabolic
Kato class if for every ¢ > 0,

s+h
(13) lim  sup / /p(cs,x,cu,z)|q(u,z)\dzdu:0,
h—0+ seR,zeX X
and
t
(14) lim  sup / / p(eu, z, ct,y)|q(u, z)| dzdu = 0.
h=0% teR,yeX Ji—h J X

For time-independent ¢, i.e. when ¢(u,z) = ¢(z), both parabolic Kato conditions
are equivalent. For details of the relations between (4) and (11), (12) we refer the
reader to [2]. A similar discussion can be carried out for (7), and if we specify
p*(s,x,t,y) = p(cs, x, ct,y), then (14) will be involved.

Of particular interest is the special case of convolution semigroups of probability
measures {p; ;>0 on R? defined by the generating (Lévy) triplets (A,b,v) [15], and
generators

d

15 i) =5 Y Ajkax I Zb

jk=1

+/Rd UChs Zyﬂa )1y <1(y) | v(dy)-

Let P f(x fRd x)pi(dz), t = 0. Recall that P = (P,);»0 forms a strongly
contlnuous semigroup on (C’U (R%), ||||oe ), whose infinitesimal generator L coincides
with (15) on C2(RY). For all s € R, z € R? and ¢ € C° (R xR?) (smooth compactly
supported functions on space-time R x R%) we have

(16) /:O /Rd Du—s(dz) {auqS(u, x+2)+ Lo(u,xz + z)} dzdu = —¢(s,x).

The identity is essentially a consequence of the fundamental theorem of calculus and
is proved in the generality of strongly continuous operator semigroups in Section 4.
In particular we provide a uniqueness result for fundamental solutions. A special
case of L is the Weyl derivative of order 1/2 on the real line:

(a7 02 f(@) =2 [T 0, [ ClR).
We then have
(18) pe(dz) = (4m)"V2t273 2 exp {~t*/(42)} 1.50dz,
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the distribution of the 1/2-stable subordinator [15] (also called the Lévy subordi-
nator). More generally we let A > 0, 6 > 0 and consider

B 2
(19) p(t,z) = (4#)71/25152’73/2 exp {W} 1.-9, zeR, t>0.

We note that p(¢,z) is the density function of the inverse Gaussian subordinator
i.e. the process & = inf{s > 0 : B; + vs = ot}, where B is the standard one-
dimensional Brownian motion, ¢ = §/v/2 and v = v2X (cf. [1]). For f € C}(R)
the corresponding generator is calculated as

1/2
(20) Lf(z) = / / F'(2)Ta(=1/2,2 —z)dz

T(1/2)
Here T')(a,z) = fzoo e MWy~ ldy for \,z > 0, a € R, is the incomplete gamma
function. For the readers’s convenience we prove (17) and (20) in Section 4.
The generator L is the pseudo-differential operator with the Fourier symbol u —

(/7% + 2iu — v), and the Laplace symbol u — o(1/72% 4+ 2u — v), see, e.g., [1].

2. 4G INEQUALITY FOR THE INVERSE (GAUSSIAN SUBORDINATOR

Let A > 0, § > 0 and let p be the density function given by (19). This density
function may be obtained from the density function of the 1/2-stable subordina-
tor by the Esscher transform and time rescaling, see [15, Example 33.15] or [6,
Sec. 4.4.2]. Namely, the Lévy measure p of the inverse Gaussian subordinator is
obtained by the exponential tilting of the Lévy measure v of the 1/2-stable subor-
dinator:

12 _ _
V(dy) = 1-\(1/2) y 3/21y>0 dy and p(dy) =€ ny(dy)'
For ¢ >0,0<s<tand 0 <z <y we define the transition density
(21) pC(Samat7y) = Cp(C(t - S),C(y—.f))7
where p is given by (19). If 0 < a < b, then
(22) po(s,2.1,) < (0/a) " pa(s,.t.y).

We observe that the 3G inequality does not hold for p.. Indeed, let u—s =1t —u =
z—x=y—z=40, then

De(s, 2, u,2) A pe(u, 2, t,y) = (4#)71/25\@971/2 exp {—69(5 — \[\)2/4} ,
pe(s,z,t,y) = (4m)"1/26/c (20) "% exp {—209(6 - \5)2/4)} ,

and the second expression decays exponentially faster as 8 — oo.
We recall results of [5, Section 3] on the Gaussian kernel

(23) ge(s,2,1,9) = [Am(t — 5)/c] =" exp { [y — 2[*/[4(t - 5)/c]} ,
where ¢ > 0,0 < s <t, Z,y € R and d € N. Namely, let

i ln(cw)] ,
1+7

L(a) = max [1n(1 ) —

T>2aVl/a

/2
and for 0 < a < b denote M = (525) " exp [4L(;%;

)] Then,
(24) gb(s,i,u,é)ga(u,z,t,g) < M[gb*a(svfaU,Z) \ ga(u,i,t,ﬂ)]ga(s,f,t,y) )

where s < u < t and 7, 2,7 € R? [5, Theorem 1.3 and Remark 3.2]. Moreover, M is
the optimal constant in (24). This 4G inequality was used in [5] to obtain Gaussian
estimates for fundamental solutions of Schrodinger perturbations of second order
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parabolic differential operators. In this section we prove the similar inequality for
the transitional density p. defined in (21).

Theorem 2.1 (4G). Let 0 < a <b. Foralls <u <t and x < z <y the inequality

(25) pb(saxauaz)pa(uvzvtvy) < D[pb*a(saxauvz) \/pa(u,z,t, y)}pa(s,x,t,y)

3/2
holds with D = (525) " exp [3L (3% |-
Proof. We denote 7 = (r,0,0) € R3 for r € R. For ¢ > 0, s <t, < y we have
pc(sa z, tv y) = (47T5(t - S)/C) gc(xv 05 — 2\/X:Ev Y, 55_ 2\/X:U) .
By (24) for all s < u <t and z < z < y we have
pb(87 a:7 u? Z)pa(u, Z’ t7 y)
~ (4m0)* (u— s)(t — )
N ab
20 — _
< (4md)"(u bs)(t v D go(, 65 — 2V, y, 6 — 2V Afj) X
a

X [gp—a(x, 05 — 2VAZ, 2,00 — 2VAZ) V ga(z, 60 — 2VAZ, y, 61 — 2V A7)
<D {(t—u b;a)pb_a(s,x,u,z) Vv (u—s a) o(u, 2, ¢ y)} Da(8,2,t, 1)

t—s t—s b

gu(,05 — 2VAT, 2,00 — 2VAZ)ga(2, 00 — 2V AZ, y, 6T — 2V \)

< D |:pb—a(57:E7u7 Z) \/pa(u7 Zat7y):| pa(sax7t7y) .
U

Recall that the generator L of the process & with transition density p is given
by (20). Here is a connection of p with L + q.

Lemma 2.1. If g € N(p,pa, (1/a)*/?,Q,n), where 0 < a < 1, €[0,1) and p, p,
are given by (19) and (21) with ¢ = a, respectively, then

/:O /Rﬁ(s, x,u,2) {ﬁud)(u, z) 4+ Lo(u, z) + q(u, z)d(u, z)} dzdu = —¢(s,x),
for ¢ € C°(R x RY).
Proof. By (16)
/OO / p(s,x,u,z) {3u<b(u7 z) + Lo(u, z)} dzdu = —¢(s,x).
s Jr

The proof is similar to that of [4, Lemma 4]. O

By Lemma 2.1 and Chapman-Kolmogorov, for ¢ € C°(R x R) we obtain
/t /Rﬁ(s,x,u, z) [8u¢(u, z) + Lo(u, z) + qu, z)o(u, z)} dzdu
= /Rﬁ(s, x,t, 2)p(t,w)dw — (s, z), s<t, r€R,
and by choosing ¢ constant in time on (s,t), for ¢ € C*(R) we get

/Rﬁ(s,ac,t,z) (2)dz — ¢ // (s,x,u,2) L<p( )+ q(u, 2)e (z)} dzdu .

Similar relationships hold for strongly continuous operator semigroups. A detailed
discussion of the connection between p and L + ¢ is given in Section 4.
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We now investigate the class N (p,p*,n,Q,C), where p(s,z,t,y) = pp(s,z,t,y),
p*(s,z,t,y) = pa(s,z,t,y), C = (b/a)'/? and 0 < a < b. We only need to propose
conditions that lead to (7). We start with a direct consequence of Theorem 2.1.

Corollary 2.1. Let g: R x R — R and assume that for all s < t, x <y,
t
D [ [ [pr-atssziu.2) + patus 2.t b 2)| dodu < -+ Qo).
s JR

Then |q| € N (py, pa, (b/a)*/?,n,Q).
For V:RxR — R and ¢, h > 0 we let

s+h
fsup/ /pC s,xyu, 2)|V(u, 2 |dzdu+sup/ /pC u, z,t,9)|V (u, z)|dzdu.
t—h

Proposition 2.1. Let 0 <a <b and D' = (bjTa Vv ﬁ)l/ D. Ifg:RxR—Ris
such that

(26) N ) < /D

for some 0 < h < oo, then

la| € N (py, pas (b/a)?,0, Q)
where Q(s,t) =n(t — s)/h.
Proof. Follow the proof of [5, p. 165]. O

The condition limy, .o Ng(¢) = 0 for all ¢ > 0, defines the parabolic Kato condi-
tion, cf. Section 1, and if it is satisfied, then Proposition 2.1 applies. A thorough
discussion of the Kato condition for arbitrary Lévy processes on R? is given in the
forthcoming paper [10]. For the considered inverse Gaussian subordinator (19),
including the 1/2-stable subordinator, if g(u, z) = ¢(z) is time-homogeneous, then
the Kato condition is equivalent to

T+
lim sup/ q(2)||z — z|~Y%dz = 0.
r—0+ TxER

We refer the reader to [10] for this result. In the remainder of this section we only
consider the case A = 0, i.e. the 1/2-stable subordinator, with emphasis on honest
constants in estimates, which are directly available in this case.

Example 2.1. Let » > 2 and f: R — [0,00] € L"(R). We consider q(u, z) = f(2).
Observe that for s < u,

/ (s, z,u,2) dz =
R

where ¢ = (47)79/2(4/8)3%/271T7(36 /2 — 1) < [(477)_1/2(6/6)3/2]5_1. By Hélder’s
inequality, for h > 0,

/

(u—s)"20"D  §>1,

o0—

(r=1)/r
s o (c'r/o«—l))
sup/ /pc 8, x,u,2)q(u, 2) dzdu < sup / (u—s)"2/" du i N £1]»

S,T

(r=1)/r
=n'r [( ) N C_l/r”f"r/(l_?/r)} '

Thus for every ¢ > 0,
(r—1)/r
/
Cr/(H))
(1—2/r)ct/r

(27) Ni(q) < h'7%72 ( IIf]l-| =0, if h—o0t.
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(r=1)/r .
Notice also that (c;/(T_l)) < [(471-)—1/2(6/6)3/2} 1 Finally, by Proposition

2.1 we obtain that for all 0 < a < b, we have
q S N(pbapaa (b/a)l/zv 7, Q) )

with arbitrary n > 0 and Q(s,t) = n(t — s)/h, provided h satisfies (inequality (26)
by (27))

—a a 1/2 . 1/r
pl-2/r 2D (ba v m) {(477)1/2(6/@)5/2 /
(1-2/r) (b—a)Na

We keep investigating the class N (py, pa, (b/a)'/,n, Q) by estimating N¢(q) for
time-independent g. We prove an auxiliary lemma in a general case of a-stable
subordinator, a € (0,1). Let U: R — R and

Her:ﬁ-

U
L;(U):sup/ %dz, 0>0.
z€R J|z—2z|<d |£K Z|

Lemma 2.2. Forallc,r,7 >0 and 0 < a < 1,

s+7 1 T
. <|l——+ 2\ ().
[ e < (G ) 1o

Here p.(s,x,t,y) := cp(c(t — s),c(y — ) = p(c'=%s,x,ct =%, y) and p is the tran-

sition density of the a-stable subordinator.

Proof. Let ¢ > 0. Welet k(z) = [ pc(0,0,u,|z|)du, K(z) = [;° pc(0,0,,u, |z|)du =
|z]*=1/(c! 7T ()) in [5, Lemma 4.2] and observe that ¢; = 7 and c2 = r®/(c! ~°T'(a)).
(I

A direct consequence is that for any a-stable subordinator we have for all s < ¢,
r<tand h >0,

t
[ [ prmatsmu2) 4 patu )] la2) dedupa (5.2, t.0)
s JR

= Ihl/ﬂ (Q) |:F(10£) ¢ _[:(Z—(baila)a_a + Q(th_ S):l pa(&.’lﬁ,t, y) .

For @ = 1/2 we may use Theorem 2.1 to get for all s < ¢, <y and h > 0,
t
[ [ s 2t ) dzd
s JR

1 Va+vb—a 2(t—s)
I'(1/2) a(b— a) + A ]pa(s,x,t, ).

Corollary 2.2. Let g: R — R be such that I2(q) < oo for some h > 0. Then
gl € N'(po, pas (b/a)/2, 1, Q) with

n=Dlye(q) (Va+vo—a)/(r(1/2)Valb— ).
Q(s,1) = 2D Lz (q)(t — 5)/h.

= DIj2(q)

3. RELATIVE BOUNDEDNESS FOR SUBORDINATORS WITH TRANSITION DENSITY

In this section we consider an arbitrary transition density p of a subordinator.
Thus, p is space-time homogeneous, p(s,z,t,y) = 0 whenever s > t or y < z, and
p(s,x,t,y) > 0 otherwise. We first discuss time-independent functions ¢, aiming at
the condition (4).
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We denote, as usual, ||f|lcc = esssup,ep |f(2)]. Let functions (¢;);en be an
approximation to identity in L!(R), that is real-valued on R with the following
properties:

(28) ¢; =20 and /¢j(2)dz =1,
R
(29) Y5>03joen"jzjo  supp(9;) C (=0,9).
Lemma 3.1. Let f € L}, .(R). If sup,cy ||én * f|loo < o0, then f € L=(R).

Proof. We see that ¢, f is well defined. Let 0 < § < Rand M = sup,,cy ||dn* f||oo-
Choose jo € N according to (29). Since the functions f1.<g * ¢, converge to
flizj<r € L*(R) in the L' norm, a subsequence f1.|<g * ¢n, converges almost
surely to f1),/<g. For ng > jo,

Tlzi<r * Ony (2) = [ * O, (2) if Jx| < R-4.
Thus for almost all |z| < R — 4,
F@)] = lim £ % 6, < M
—00
Therefore |f(z)] < M for almost all z € R. O
Lemma 3.2. Let h > 0. Assume that for all0 <t —s < h and z € R,

/ [ ps.z,0.2)la(e) dedu < 01
s R
Then q € L}, .(R).

Proof. Let ¢ € Cy(R) be such that ¢ > 0, ¢ =1 on [0,1/2] and [, ¢(z)dx = 1.
For arbitrary fixed x¢ € R we have

> [ [ ot sl i) g

// Tu o ploo — 2)la(2)| dzdu > <a/2>/l0 OIS

where 0 < & < h is such that ||Ty¢ — ¢||e < 1/2 for u < e. O

Lemma 3.2 generalizes to arbitrary Lévy processes in RY, see [10].
Theorem 3.1. Let g: R — R. Assume that for some s < t,

t,
Sup// p(s, 7w, 2)p(u, 2, y)|(z)|dzdu<oo.

z<y 5 z tay)
y—x<1

Then g € L (R).
Proof. By the assumption there is M’ > 0 such that for some fixed s < ¢,

t
// p(s, 2, 2)p(u, 2, ’y)|q(z)|dzdu<M', r<y.

p(s,z,t,y)

By Lemma 3.2, ¢ € L}, (R). For s <t and n € N, we let
(bn(Z) _ 1 /t p(s,—l/n,u,—z)p(u, _Z7t71/n)du7
t—sJs p(57_1/n7ta l/n)

and ¢,(z) = 0 for |z] > 1/n. Obviously ¢, satisfies conditions (28) and (29).
Furthermore, for all z € R

|z| < 1/n,

p(s,z — 1/n u, 2)p(u, z,t,x + 1/n)
s,x—1/n,t,x+1/n)
Thus, sup,,cy ||¢n * quo < M’/(t — s) = M < oo. Lemma 3.1 ends the proof. O

* |q|(z lq(2)|dudz .
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Corollary 3.1. (i) A time-independent q > 0 satisfies (4) if and only if ¢ € L*=°(R).
(i1) Let ¢: R — [0,00]. Assume that there are s < t and C > 0 such that
p(s,x,t,y) < Cp(s,z,t,y), for allx <y. Then g € L*°(R).

If we allow g to depend on time, obviously the statements of the corollary are
no longer valid. Indeed, let g(u,z) = uI_l/Z, where uy = vV 0. Then for all s <t
and x < y,

t
/ / p(5, 2,1, 2) a(, 2)\p(us 2 £, y) dedu < 2t4 — 54)?p(s,2,t,7).
s R

We see that such unbounded time-dependent ¢ belongs to Kato class of all transition
densities p.

Corollary 3.1 means that the methods of [4] fail to deliver interesting pertur-
bation results for subordinator densities. On the contrary, as we see in Section 2,
methods based on auxiliary semigroup majorants and 4G have the potential to
handle such situations.

The next example builds on the ideas proposed in [13, Example 4].

Example 3.1. Consider the second term p; of the perturbation series (2) for p.
Let g(u,z) > 0 be such that
sup q(u,z) <n/(t—s),
s<ukt
TLZY
for some i > 0 and for all s < t, z < y such that (s, z), (¢t,y) € F := {(u,2): q(u,2z) >
0}. Then for all s <t and z < y,

(30) pl(S,I,t,y) gnp(sazﬂfv )
For the proof we consider a Borel non-decreasing function w: [s,t] — R, s < t, such

t
that w(s) = 2 <y = w(t) let T(w) = {u: s < u < ¢, (w,w(u) € F}. If T(w) is
empty, then

/ 4w, w(u)) du=0 <.

Otherwise we consider o = inf{u: u € T(w)} and 7 = sup{u: v € T(w)} and there
are s, < t, such that (s,,w(s,)), (tn,w(ty)) € F, s, | o and t,, T 7, hence

/ q(u,w(u)) du = /T q(u,w(u))du = lim ' q(u,w(u)) du

n—oo
Sn

< lim (¢, —sn)  sup q(u,z) < 7.
n—o0 sp KUty
W(Sn)<2<w(tn)
Finally, let {Y,}u>0 be the subordinator. Given s < ¢, * < y we denote by
{Z,}s<us<t the bridge corresponding to {Y,},>0, which starts from z at time s
and reaches y at time ¢. Since the trajectories of {Z,},>0 are almost surely non-
decreasing we have for all s < t, z <y,

t
p(s,.t,y)/p(s, 2,1, y) = EVY [ [ ot zu>] du <EY[n] =,
S

as claimed.

Typical applications are q(u, z) = n21(0,1/4)(2), cf. [13, Example 4], and q(u, z) =
nz?1p(u,z), where F = (J°_, (1/(n+1),n) x (n—1,n). Both functions tend to
infinity when time goes to zero and the space variable grows correspondingly.

In the next example we show that the estimate (30) may not be improved.
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Example 3.2. We concentrate on q(u,z) = nz1(0,1/4)(2), n > 0. Let v < 7. We
claim that there is no superadditive @) such that

(31) pi(s,z,t,y) < [v+Q(s,t)]p(s,z,t,y).

Indeed, it is clear from [5, Lemma 5.3] that we may assume that @ is regular
superadditive. Thus there is ¢ such that [v + Q(0,¢)] < (v +1)/2. On the other
hand for x = (1 4+ v/n)/(2t) < y = 1/t we have

t ry
pi(s, 2 t,y) = / / p(8, 2, u, 2)q(u, 2)p(u, 2, & y) dodu
0 x

t ry
> nw/ / p(s, @, u,2)p(u, 2, t,y) dzdu
0 T
> natp(s,x,t,y) = [(n+v)/2] p(s,2,t,y),
which is a contradiction.
4. APPENDIX: FUNDAMENTAL SOLUTIONS

In this section we prove (16) and its analogues in the setting of general semigroup
theory. We consider a Banach space (V.|| -||). Let T = (1});>0 be a strongly
continuous semigroup on Y. Let L be the corresponding infinitesimal generator
with domain D(L) [16, IX].

Theorem 4.1. Let £: R — D(L) be such that

(32) t — £(t) is differentiable in (Y,|] - ]),

(33) t — &'(t) is continuous in (Y,||-|]),

(34) t — LE(t) is continuous in (Y,||-|]),

(35) t — &(t) has compact support in R.

Then

(36) | e rswan=—¢).  ser.

where the integral is the Riemann type integral of a Banach space valued function.

Theorem 4.1 applies, e.g., to £(t) = f(t)& with & € D(L) and f € CL(R). We
may summarize (36) by saying that (T3):>o is the fundamental solution of 0, + L.
Theorem 4.1 follows from two auxiliary lemmas.
Lemma 4.1. If ¢ satisfies (32), then t — T3&(t) is differentiable in (Y,||-|]) and
d
T Tié(t) = Ti€' (t) + TLLE(), t>0.

For ¢ = 0 the derivative is understood as the right-hand derivative. The lemma
is a version of the differentiation rule for products.

Proof of Lemma 4.1. Let h #£0 (h > 0if t = 0) and h — 0. Clearly,

Ty n&(t+ h) — TiE(t)
h

= Tun(0)+ T (LI ) o (T2 T) g,

For some M,w > 0, we have ||T;|| < Me“!, t > 0 [16]. The lemma follows because

Tt+h <£(t + hf)L B f(t) _ fl(t)) H < Mew(t—i—h) g(t + h})L B g(t) _ f/(t)

— 0.
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Let a,b € R, a < b. We write £ € C*([a,b],Y) if &: [a,b] — Y and (32) and (33)
hold, with one-sided derivatives at the endpoints a and b. Here is the fundamental
theorem of calculus for Riemann type Banach space integrals (see [7, Lemma 1.1.4]
or [12, Lemma 2.3.24]).

Lemma 4.2. If ¢ € C'([a,b],Y), then fb L Tp(w)] du = P (b) — ¥(a).

Proof of Theorem 4.1. Let s € R. By Lemma 4.1, assumptions (33), (34) and (35),
and by Lemma 4.2, we obtain the result:

(37) KﬁTﬂgw+@+Lﬂu+$Pu:Awzﬂﬂﬂu+$Mu:—ﬂ@.

In fact, if s is fixed, the assumptions on £(t) only need to hold in [s, 00). O

We shall give a partial converse to Theorem 4.1 by showing that the infinitesimal
generator of T is the only operator L making (36) true. This addresses question
posed by Zhen-Qing Chen.

Theorem 4.2. Let A be a linear operator on a linear space D(A) C Y. Assume
&: R — D(A) is such that

(38) t — &(t) is differentiable in (Y,]|| - ]),
(39) t— &'(t) is continuous in (Y,||-|]),
(40) t — AE(t) is continuous in (Y,]| 1)),
(41) t — £(t) has compact support in R,

(42) /‘ () + At(w)|du = ~€(s),  sER.
Then &(t) € D(L) and Lf( ) = AE(t) for all t € R.
Proof. Let t € R and h > 0. By (42),

/WT@{ﬂw+Aawwu=[:nlmmnkwo+AawMu=—nanww

t+h
Subtracting this from (42) with s = ¢ we get

t+h
[ T [€/(u) + AG(w)|du = Ty (e + h) — €(0).

We get
Ty — 1 1 [t , t+h) =&t
(hh)awhl n4kaAwﬂmn(“+;“§.
By (38)-(40) the limit on the right hand side exists as h — 0" and equals
LE(t) = To (€'() + A&(t)) — To€'(t) = AL(2) -
In fact, the assumptions (38)—(42) only need to hold on [t,t +¢€), € > 0. O

Remark 4.1. We call £ satisfying (38)—(41) a path for A. Define

D(A,T) = {&(t): t € R, ¢ is a path for A satisfying (42)}.
If A is the infinitesimal generator of a strongly continuous semigroup S = (S¢)i>0
onY and D(A,T) contains the cores of L and A, then L = Aand T = S. Indeed, by
the comment following Theorem 4.1, for the infinitesimal generator L of T' = (T%):>0

we have D(L,T) = D(L). Theorem 4.2 means that D(A,T) C D(A) N D(L), and
A=Lon D(A,T). This identifies L with A and T with S.
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We now focus on Lévy semigroups and generators discussed in Introduction.

Proof of (16). Recall that C°(R9) c C2(R%)  D(L). We shall verify the assump-
tions of Theorem 4.1 for £(t) = ¢(¢,-). It suffices to justify (34). Recall that (15)
holds for f € CZ(R?) and L is continuous from C2(R?) to Co(R%) [15, p. 211]. We
note that ¢ — ¢(t,-) is continuous in CZ(R?). Therefore t — L(t,-) is continuous
in (Co(R?), || - ||oc)- By Theorem 4.1,

—£(s) = /:OPUS [ﬁl(u) + Lﬁ(u)} du

in Cp(R?). Recall that the Riemann integrals converge in norm. Evaluation at a

point is continuous on (Cp(R?), ||+||s), therefore the above identity holds pointwise,
i.e. (16) holds. The integral in (16) may be interpreted as absolutely Lebesgue
integral on R x R O

Theorem 4.3 (Uniqueness). Let C2°(R?) be a core of a closed linear operator A
with domain D(A) C (Co(R?), ||-||ec)- If for alls € R, x € R and ¢ € C(RxR?),

(43) /OO / Pu—s(dz) [(%(Z)(u, x+2)+ Ad(u, x + 2)|dzdu = —¢(s, x)
s Rd
then A = L.

Proof. For ¢ € C°(R?) and f € C(R?) we let £(t) = f(t)p. Then € is a path for A
and ((t) :== [Pu_¢[¢ (u) + A&(u)]du € Co(R?) converges in norm. By continuity
of evaluations and (43) with ¢(t,z) = f(t)p(x) we have {(t)(x) = —&(t)(x), t € R,
r € R% By Theorem 4.2, A = L on the joint core C°(R?). This ends the proof. [

Remark 4.2. If the Lévy process {X;} has (transition) density function, i.e.
pe(dy) = p(t,y)dy for t > 0, then (16) reads as

/00 / p(u—s,z—1x) [8u¢(u, z) + Lo(u, z)|dzdu = —é(s, ), seR, z e R,
s R4

We shall focus on the case when d = 1 and {X;} is a subordinator i.e. nonde-
creasing Lévy process. The Lévy measure v of X; is concentrated on (0, 00). Since
J(z A1)r(dz) < oo and L is a closed operator, (15) may be rearranged: we obtain
C¢(R) € D(L) and

oo
—0 L@+ [T (fery) - r@)ua). reci®.
x 0

Here b > 0 is the drift coefficient. Furthermore, for f € C!(R) we obtain

[ (st - s@)wtan = [ [ 1 +2yazvian)

—/Ooof’(x+z) (/:Ol/(dy)>dz.

Lf(x)

Let 7(z) = [.° v(dy). We thus have

o
@) L@ =@+ [ FEe-ad,  [eCi®).
x
Example 4.1. Let a € (0,1) and {X;} be the a-stable subordinator, i.e.
b=0 and wv(dy) = a Yy Mysody.

I'l-a)
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We see that the generator of {X;} coincides on C}(R) with the Weyl fractional
derivative (cf. (17) for the case « = 1/2). The potential operator for {X;} is the
Weyl fractional integral,

W f(z) = /Om Ty f () dt = ﬁ /Oo F() (=) Vdz, feCu(R).

We note in passing that W=29% = —I on C}(R). Schrédinger perturbations of
W~ were discussed in [4, Example 2 and 3|. The discussion was facilitated by the
fact that 3G Theorem holds for its kernel density (y — z)7 ' /T'(a).

Example 4.2. Since the inverse Gaussian subordinator is obtained by the Esscher
transform (tempering) of the 1/2-stable subordinator (cf. [6], Sec. 4.4.2), for f €
CL(R) the generator of the inverse Gaussian subordinator is given by (20).

Acknowledgements. We thank Tomasz Jakubowski and Sebastian Sydor for
discussions and Zhen-Qing Chen for a question motivating Theorem 4.2.

REFERENCES

[1] D. Applebaum. Lévy processes and stochastic calculus, volume 116 of Cambridge Studies in
Advanced Mathematics. Cambridge University Press, Cambridge, 2 edition, 2009.

[2] K. Bogdan, W. Hansen, and T. Jakubowski. Time-dependent Schrodinger perturbations of
transition densities. Studia Math., 189(3):235-254, 2008.

(3] K. Bogdan, W. Hansen, and T. Jakubowski. Localization and Schrédinger perturbations of
kernels. Potential Anal., 39(1):13-28, 2013.

[4] K. Bogdan, T. Jakubowski, and S. Sydor. Estimates of perturbation series for kernels. J.
Ewvol. Equ., 12(4):973-984, 2012.

[5] K. Bogdan and K. Szczypkowski. Gaussian estimates for Schrédinger perturbations. Studia
Math., 221(2):151-173, 2014.

[6] R. Cont and P. Tankov. Financial modelling with jump processes. Chapman & Hall/CRC
Financial Mathematics Series. Chapman & Hall/CRC, Boca Raton, FL.

[7] S.N. Ethier and T. G. Kurtz. Markov processes. Wiley Series in Probability and Mathematical
Statistics: Probability and Mathematical Statistics. John Wiley & Sons Inc., New York, 1986.
Characterization and convergence.

[8] M. Frazier, F. Nazarov, and I. Verbitsky. Global estimates for kernels of Neumann series and
Green’s functions. J. London Math. Soc., 90(3):903-918, 2014.

[9] A. Grigor'yan and W. Hansen. Lower estimates for a perturbed Green function. J. Anal.
Math., 104:25-58, 2008.

[10] T. Grzywny and K. Szczypkowski. Kato classes for Lévy processes. Preprint, 2014.

[11] W. Hansen. Global comparison of perturbed Green functions. Math. Ann., 334(3):643-678,
2006.

[12] N. Jacob. Pseudo differential operators and Markov processes. Vol. I. Imperial College Press,
London, 2001. Fourier analysis and semigroups.

[13] T. Jakubowski. On combinatorics of Schrédinger perturbations. Potential Anal., 31(1):45-55,
2009.

[14] F. Réabiger, R. Schnaubelt, A. Rhandi, and J. Voigt. Non-autonomous Miyadera perturba-
tions. Differential Integral Equations, 13(1-3):341-368, 2000.

[15] K.-i. Sato. Lévy processes and infinitely divisible distributions, volume 68 of Cambridge Stud-
ies in Advanced Mathematics. Cambridge University Press, Cambridge, 1999. Translated from
the 1990 Japanese original, Revised by the author.

[16] K. Yosida. Functional analysis, volume 123 of Grundlehren der Mathematischen Wis-
senschaften [Fundamental Principles of Mathematical Sciences]. Springer-Verlag, Berlin,
sixth edition, 1980.

[17] Q. S. Zhang. On a parabolic equation with a singular lower order term. II. The Gaussian
bounds. Indiana Univ. Math. J., 46(3):989-1020, 1997.

[18] Q. S. Zhang. A sharp comparison result concerning Schrodinger heat kernels. Bull. London
Math. Soc., 35(4):461-472, 2003.



MAJORIZATION AND 4G THEOREM 15

WROCLAW UNIVERSITY OF TECHNOLOGY, WYBRZEZE WYSPIANSKIEGO 27, 50-370 WROCLAW,
PoLaND
E-mail address: bogdan@pwr.edu.pl

BAUMAN M0OSCOW STATE TECHNICAL UNIVERSITY, 105005, 2ND BAUMANSKAYA STR. 5, MOSCOW,
Russia AND UNIVERSITY OF SAARLAND, P.O. Box 15 11 50, D-66041 SAARBRUCKEN, GERMANY
E-mail address: yanabutko@yandex.ru, kinderknecht@math.uni-sb.de

UNIVERSITAT BIELEFELD, POSTFACH 10 01 31, D-33501 BIELEFELD, GERMANY AND WROCLAW
UNIVERSITY OF TECHNOLOGY, WYBRZEZE WYSPIANSKIEGO 27, 50-370 WROCLAW, POLAND
E-mail address: karol.szczypkowski@math.uni-bielefeld.de, karol.szczypkowski@pwr.edu.pl



