SMALL DATA SCATTERING FOR SEMI-RELATIVISTIC
EQUATIONS WITH HARTREE TYPE NONLINEARITY

SEBASTIAN HERR AND ACHENEF TESFAHUN

ABSTRACT. We prove that the initial value problem for the equation
—i0u+Vm2 — Au= (

is globally well-posed and the solution scatters to free waves asymptotically as
t — oo if we start with initial data which is small in H*¢(R3) for s > %, and
if m > 0. Moreover, if the initial data is radially symmetric we can improve
the above result to m > 0 and s > 0, which is almost optimal, in the sense
that L2(R3) is the critical space for the equation. The main ingredients in the
proof are certain endpoint Strichartz estimates, L?(R'*3) bilinear estimates
for free waves and an application of the UP and VP function spaces.

e—rolzl

7] >k|u2>uin R¥3, m >0, uo >0
T

1. INTRODUCTION

We consider the initial value problem (IVP) for the semi-relativistic equation
with a cubic Hartree-type nonlinearity:

—idiu+vVm?2 — Au=(Vx|u?)u in R3
u(0,-) = f € H*(R?),
where vm? — A is defined via its symbol y/m?2 + |¢|? in Fourier space, the constant

m > 0 is a physical mass parameter, the symbol * denotes convolution in R3 and
V' is a potential, typically,

(1.1)

e holz]

(1.2) Vi(z) = Tl po = 0,
which is called a Coulomb potential if uop = 0 and a Yukawa potential if pg > 0.

Equation (1.1) is used to describe the dynamics and gravitational collapse of
relativistic boson stars and it is often referred to as the boson star equation; see
[12, 14, 22, 24] and the references therein.

It is well-known that equation (1.1) exhibits the following conserved quantities
of energy and L2-mass, which are given by

E(u(t)) = %/R av/m? — Audz + i /R (v * |u|2) | de,
M(u(t)) = /R3 lu|? da.
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2 S. HERR AND A. TESFAHUN

From these conservation laws, we see that the Sobolev space H %(R3) serve as the
energy space for problem (1.1). Furthermore, in the case of m = 0, (1.1) is invariant
under the scaling

u(t,x) — up(t,x) = )\%u()\t, Az)
for fixed A > 0. This scaling symmetry leaves the L%-mass M (u(t)) = M (ux(t))
invariant, and so equation (1.1) is L?-critical.

There has been a considerable mathematical interest concerning the low regu-
larity well-posedness (both local and global-in-time) and scattering theory of the
initial value problem (1.1) in the past few years. A first well-posedness result was
obtained by Lenzmann [21] for s > % using energy methods. Moreover, he showed
global well-posedness in H 3 for initial data sufficiently small in L?. There has been
further well-posedness and scattering results for equation (1.1) with a more general
potential, namely, V' (z) = |z|™7, v € (0,n); see eg. [5, 6, 7, 8]. Recently, Pusateri
[26] proved a modified scattering result in the case of the Coulomb potential in
dimension n = 3, if m > 0.

Recently, Lenzmann and the first author [17] proved local well-posedness for
initial data with s > i (and s > 0 if the data is radially symmetric). Moreover,
these results are optimal up to end points, i.e., up to s = i (and s = 0), in the
framework of perturbation methods. Strichartz estimates and space-time bilinear
estimates were the main ingredients. This is in contrast with previous results where
only energy methods and linear Strichartz estimates were used.

The aim of this paper is to prove global existence and scattering of solutions to
the IVP (1.1). Our main result is the following.

Theorem 1.1 (Main Theorem). Let ug > 0 in (1.2), i.e., V is a Yukawa potential.
Assume one of the following holds:
(a) m >0, s> 0 and f is radially symmetric,
(b) m>0ands>%.
Then, there exists 6 > 0 such that for all f € H*(R3) satisfying

1flae <9,
the IVP (1.1) has a global solution (spatially radial solution if f is radial)

u € C(R, H*(R?))

Moreover, the solution depends continuously on f and scatters asymptotically as
t — doo. Furthermore, it is unique in some smaller subspace of C(R, H*(R?)).

If m > 0, due to the modified scattering result in [26] (see also [5, Theorem 4.1]),
it is known that the scattering result in Theorem 1.1 does not carry over to the
case g = 0, i.e. if V' is the Coulomb potential.

Remark 1.2. Let us consider the IVP for the nonlinear Dirac equation with Hartree
type nonlinearity:

(—i0; + a-D+mpB)y = ANV * [¢*)p  in RT3

$(0,) = 4o € HY(RY),
where D = —iV, 1 : R'3 — C* is the Dirac spinor regarded as a column vector,
A € C, and 8 and a = (at,a?,a3) are the Dirac matrices. We refer the reader

to [2] for a representation of the Dirac matrices and a recent result for a related
problem with a cubic nonlinearity with null-structure.

(1.3)
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Equation (1.3), with a Coulomb potential V', was derived by Chadam and Glassey
[3] by uncoupling the Maxwell-Dirac equations under the assumption of vanishing
magnetic field. Then in two space dimensions they showed existence of a unique
global solution for smooth initial data with compact support. They also conjectured
[3, see pp. 507] equation (1.3) with a Yukawa potential V' can be derived by
uncoupling the Dirac-Klein-Gordon equations, see also [4, 1] for certain global and
scattering results in this context. Later, Dias and Figueira [10, 11] proved existence
of weak solution for (1.3) with a Yukawa potential in the massless case (m = 0).
We now comment on how to conclude a similar result as in Theorem 1.1b for the
IVP (1.3) with a Yukawa potential.

Following [2], we define the projections

Pa(©) = (1% gle-atma]).

where

(€)m = VIEI> +m2.
Then 9 = ¥4 + ¢_, where vy = Py(D)y. Now, if we apply Py(D) to (1.3), the
IVP transforms to

w {(iat+<D>m)w+P+<D> (Vs [P)g], 4(0,) = o € H(RY),
‘ (=i = (D)m)t— = P_(D) [(V * [¢[*)¢] . $-(0,") = ¢g € H'(R?),

where 1/)0i = P (D). Notice that these equations are of the form (1.1), and hence
an easy modification! of the proof of Theorem 1.1b will give the following result.

Corollary 1.3. Let g > 0 in (1.2) (i.e., V is a Yukawa potential). Assume m > 0
and s > . Then, there exists § > 0 such that for all (Yg 1y ) € H*(R3) x H*(R3)
satisfying

15 N1z <9,
the IVP (1.4) has a global solution

(¥4, 9-) € O(R, H*(R®) x H*(R?)).

Moreover, the solution depends continuously on (1/}0+7¢a) and scatters asymptoti-
cally as t — £oo. Furthermore, it is unique in some smaller subspace.

Recently, in [2, 1] small data scattering results for low regularity initial data have
been proven for the nonlinear Dirac equation and a massive Dirac-Klein-Gordon
system. These problems exhibit null-structure and a non-resonant behavior. Note
that there is also null-structure in (1.4), so we expect that the regularity threshold
in Corollary 1.3 can be lowered, but we do not pursue this here. We will use
some ideas introduced in [2, 1], in particular localized Strichartz estimates in the
non-radial case, but otherwise the analysis differs significantly.

The rest of the paper is organized as follows. In the next Section, we give some
notation, define the UP and VP-spaces and collect their properties. In Section 3, we
prove some linear and bilinear estimates for solutions of free Klein-Gordon equation.
In Section 4, we state a key proposition and then give the proof of Theorem 1.1.
In Section 5-6, we give the proof of the key proposition.

1One has to be careful in the radial case since the Dirac operator does not preserve spherical
symmetry in the classical sense (see e.g. [23, 25]). However, we do not consider this case here.
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2. NoTATION, UP AND VP-SPACES AND THEIR PROPERTIES

2.1. Notation. We denote the spatial Fourier transform by -~ or F, and the space-
time Fourier transform by . Frequencies will be denoted by Greek letters p and A,
which we will assume to be dyadic, that is of the form 2* for k € Z.

Consider an even function 5 € C§°((—2,2)) such that 81(s) =11if |s| <1, and

define for A > 1,
a6 =0 (5) -4 (%).

Thus, supp 81 = {s € R : |s| < 2} whereas supp ) = {s € R: § < |s| < 2A} for
A > 1. We define

Pyu:=uy = F, '(Br(|- ) Feu) and Py = Py + Py + Py,

For fixed m > 0, we denote S,,(t) = e~*P)m to be the linear propagator of the
Boson star equation (1.1) defined by

~

Fu(Sm(t)f) () = e & f(£).

2.2. UP and VP spaces. These function spaces were originally introduced in the
unpublished work of Tataru on the wave map problem and then in Koch-Tataru
[19] in the context of NLS. The spaces have since been used to obtain critical
results in different problems related to dispersive equations (see eg. [15, 16, 27, 18])
and they serve as a useful replacement of X*’-spaces in the limiting cases. For
the convenience of the reader we list the definitions and some properties of these
spaces.

Let Z be the collection of finite partitions —oo < tg < -+ < tg < oo of R. If
tx = 0o, we use the convention u(tx) := 0 for all functions v : R — L?. We use x;
to denote the sharp characteristic function of a set I C R.

Definition 2.1. Let 1 < p < co. A UP-atom is defined by a step function a : R —
L? of the form

K
a(t) = ZX[tk_l,tk)(t)¢k—17

k=1
where
K—-1
{titico € 2, {ohoy' C L? with Y [léwl?. = 1.
k=0

The atomic space UP(R; L?) is defined to be the collection of functions u : R — L?
of the form
(2.1) u= Z Aja;, where a;’s are UP-atoms and {\;},en € £',

j=1

with the norm
o0

lullgr == inf Z [Aj]-

tati 2.1
representation (2.1) =

Definition 2.2. Let 1 < p < 0.
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(i) define VP(R, L?) as the space of all functions v : R — L? for which the

norm
K H
(2.2) [v[lve :=  sup ( IIU(tk)—v(tk—l)lliz>
{tk'}kK:er k=1
is finite.

(ii) Likewise, let V*(R, L?) denote the normed space of all functions v : R — L2
such that lim; o v(t) = 0 and ||v||v» < 0o, endowed with the norm (2.2).
(iii) We let VE(R,L?) (V?,.(R, L?)) denote the closed subspace of all right-

—,rc

continuous VP (R, L?) functions (VZ(R, L?) functions).

We collect some useful properties of these spaces. For more details about the
spaces and proofs we refer to [15, 18].

Proposition 2.3. Let 1 < p < q < co. Then we have the following:
(i) UP(R, L?) is a Banach space.
(ii) The embeddings UP(R, L?) C U4(R, L?) C L*(R; L?) are continuous.
(iii) Every u € UP(R, L?) is right-continuous. Moreover, lim;_, _, u(t) = 0.
Proposition 2.4. Let 1 < p < q < co. Then we have the following:
(i) The spaces VP(R, L?), VE(R, L?), V'(R, L?) and V" , (R, L?) are Banach
spaces.
(it) The embedding UP (R, L?*) C V¥ (R, L?) is continuous.
(i) The embeddings VP (R, L?) C V4(R,L?) and VP(R,L?) C VI(R, L?) are
continuous.
() The embedding V? , (R, L*) C UY(R, L?) is continuous.

Lemma 2.5. [20] Let p > 2 and v € V2(R, L?). There exists k = r(p) > 0 such
that for all M > 1, there exist w € U?(R, L?) and z € UP(R, L?) with
v=w+z2

and .
2 lwlo + Mzl S oflve.

We now introduce UP, VP-type spaces that are adapted to the linear propagator
Sy (t) = eMP)m of equation (1.1):

Definition 2.6. We define UP (R, L?) (and V2 (R, L?), respectively) to be the
spaces of all functions u : R + L2?(R®) such that t — S,,(—t)u is in UP(R, L?)
(resp. VP(R, L?)), with the respective norms:

lullug, = [[Sm(=t)ullue,

lullve = [19m(=t)ullv.

We use V2 . (R, L?) to denote the subspace of right-continuous functions in V2 (R, L?).

re,m

Remark 2.7. Proposition 2.3, Proposition 2.4 and Lemma 2.5 naturally extends to
the spaces UP (R, L?) and V2 (R, L?).

Lemma 2.8. (Transfer principle) Let
T:L?x---x L*— L}, (R"C)
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be a multilinear operator and suppose that we have

k
||T(Sm(t)¢l7 ) Sm(t)d)k)HLfL;(RXR" H |¢]”L2 (R™)

for some 1 < p,r <oco. Then
k
HT(ula v ’uk)HLfL;(]Rx]R") S H HujHUf,)l'
j=1

3. LINEAR AND BILINEAR ESTIMATES

In this section, we prove linear and bilinear estimates for free solutions of the
Klein-Gordon equation both for radial and non-radial data, which are key to prove
our main Theorem.

1. Estimates in the radial case.
Lemma 3.1. Let m > 0. Consider u(t) = Sy, (t)f, where f is radial. Then
(3.1) ||U/\||L2Loo(R1+3) ~ /\||f/\||L2 (R3)-
Moreover, for all radial function uy € U2, we have
(3.2) lurllzzpoe mitsy S Allualluz -

Proof. For the proof of (3.1), see for example [28, Theorem 1.3]. Then (3.2) follows
from (3.1) by applying the transfer principle in Lemma 2.8. (]

The following Lemma extends the result of Foschi-Klainerman for m = 0 [13,
Lemma 4.4] to the massive case.

Lemma 3.2. Let m > 0 and consider the integral

1(6,0)(7,€) = / S()L(IE — 1) — (M) + 4 — 1)) .

Then
(33 16,08 = g [ Ho0lotr.)ollpln— ) do
where

o(r,p) = V({(p)m — 7)2 —m2.

Proof. The proof given here is a modification of the argument for m = 0 from [13,
Lemma 4.4]. For a smooth function g, define the hypersurface

S ={reR®: g(z) =0}
If Vg # 0 for x € SNsuppf, then

_ f(x)
(3.4) / F@)0(g()) da = /S e 45

For a nonnegative smooth function ~ which does not vanish on S, (3.4) also implies

(3.5) d(g(x)) = h(z)d (h(x)g(x)).
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Now using (3.5), we can write

5(T = (Mm + (€ =Mhm) = [=(T = (Mm) + (€ = Mm]d (—(7 = (Mm)* + E —)7)
=2((N)m — 7)6 (€7 — 7% + 27(n)m — 26 - 1),

where in the first line we multiplied the argument of the delta function on the left

by —(7 = ()m) + (€ — n)m.
Introduce polar coordinate 1 = pw, where w € S2. Then

Inl =p, dn=p°dS,dp.
If we also set a = w - £/[¢[, then
dS, = dSyida, dn= p?dS, dpda,

where w’ € S. In the change of variables, we obtain (£ —1), = () —7 = () —T,
which in turn implies |€ — 1|2 = ((p)m — 7)? — m2. With these transformations our
integral becomes

%) 1
Iwwwn@:[;/mewwhmnﬂ@mfﬂﬁm?ﬂﬂ+%@m—QMM)mw.

The delta function sets the value of a to
|6 =72 + 27(pm

2(¢|p ’

which implies a > \SLI’ and thus we are restricted to é < a < 1. This forces us to
integrate over

Tt
{p>0.p22}.

Using these facts and (3.4) gives the desired estimate. O

(3.6) a

Lemma 3.3. Let m > 0. Consider u™(t) = Sy, (t)f and v~ (t) = Sy(—t)g, where
f and g are radial. Then for any @, A1, A2 > 1, we have

1P (ul, o3 )z wivsy S mull Fx llez es)llons |l oz es)-
Then Lemma 2.8 and Lemma 3.3 imply the following Corollary.

Corollary 3.4. Let m > 0. Suppose uy, and vy, are radial functions such that
Ux,,Ux, € U2,. Then for any u, A1, A2 > 1, we have

[1Pu(una)llrz iy S pllua, oz v, lloz, -

Proof of Lemma 3.3. First assume min(A1, A2) = 1. By symmetry we may assume
A1 < Ay. Then by Hoélder, (3.1) and the energy inequality, we obtain
1Pu(uy, o3, )z, S lul e pee lox, ez
S llzz ®e)llgag oz ws)-

Therefore, we assume from now on that A1, Ao > 1. If f and g are radial, then

their Fourier transforms will also be radial. Let f(§) = ¢(|¢]) and g(&) = ¥ (|£]).
Applying the space-time Fourier transform, we write

Py (uy,v3,)(7,6) = Bu(l€]) /Rs B ([ d(n)Bxs (1€ = nD (1€ = D)o (r = (M + (€ = m)m) dn.
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Note that

oy e e [Pl = n? )7 _ (1€ 2lelinl cos(£(&,m)]’
= [ = (& =il = (77>m+<£—77>m] [ ST I
which implies

[E1TIE] + 2In]] <
My + € =mm ~

Then using Lemma 3.2, we obtain

7| <

1P (X, o312z sy

/R% /|T<M 62|§|£|
=[aof L

<u /ﬂg# ( e <p>p¢<p>|2dp) ( L1886 = 710 (7. 0) |2dp) dr.

where to get the third line we used the change of variable ¢ = rw, for w € S2, and
to obtain the fourth inequality we used Cauchy-Schwarz with respect to p and the
fact that [;° 82(r) dr S p.

We now use the change of variable p — o = (7, p), which implies

/W 93, (0)p8(o) B (2 ) (D) — T)lp(r. p))) d| i

B (0)po(o))[Brs (2. p)) (0 — Tl )] dp| drdr

s _ 9o,
(P =7 = (Ghmydp = = o,
(where p ~ Ay, since A\; > 1) to write
[ saetm ) (o = 0 (el ) P = e [ @)t (@ S
=B [ 15,000 ) P22 do

A1)
—“ﬁ/%’& Yo (o) |* do

‘We thus obtain

HP;L(“;UA72)||2L§I(R1+3) S 1218, (P)P¢(P)||%3(R) 1183 (P)PWP)H%;,(R)
= 12| Fx 12 oy lgna 12 ro)

where to get the last equality we used the identities

183 (P)pd(P) | z2®) = a2z ey 1Bx. (P)p¥(P)ll2(m) = ll9n2 Nl 22 R2)-
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3.2. Estimates in the non-radial case. The first part of the next Lemma is
well-known.
Lemma 3.5 (KG-Strichartz). Let m > 0 and u(t) = Sp(t)f. Then

5
(3.7) lurllzzre @ivsy S AC[[fallzz rs)-
Moreover, for all uy € U2, we have
5

(3.8) lurllzzre @ivsy S A8 [lualluz -

Proof. For the proof of (3.7), see for example [9]. The estimate (3.8) follows from
(3.7) by applying the transfer principle in Lemma 2.8. |

Lemma 3.6 (KG-Localized Strichartz). Let m > 0. Consider uy ,(t) = Spm(t) fa,pu,
where fy ,, is supported in a cube of side length p at a distance ~ X from the origin,
with 1 < S . Then for all e > 0, we have

1ye
(3.9) lurpullLzose @ivsy S (BA)ZAT| faullzz me)-
Moreover, for all uy, € U2, we have
1
(3.10) gl L2 oo mivey S (BA) 2 A% [Jun vz, -

Proof. The estimate (3.10) follows from (3.9) by applying the transfer principle in
Lemma 2.8. So we only prove (3.9).

Without loss of generality, we take m = 1. By a standard TT* argument, (3.9)
is equivalent to the estimate

(3.11) ([ x> F||L$L§(R1+3) S M)\HQEHFHLfL;(RHs),
where
(3.12) Kaulti) = [ =105, (0 dg

and % defines the space-time convolution. The kernel K , satisfies the following
estimates (see [2, Lemma 2.2. Eq. (2.8)] and [1, Eq. (3.2)]):

[Eu(t,)] S A (L4 AJt])

-1
Kapt0)l S (14 ’;ﬂ) |

We then interpolate these estimates, for 6 € (0,1), to obtain

_3
2

2 —(1-9)
0. 4% (0 )55 (14 501

) —6-2

< ,,3-3646 [ ’

ST T4 =t ,
A

where we used p < A. Hence
1Roslizzs w2 [ ( ) at
< //['3 30A49 < )\1—&-49
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which implies (applying also Young’s inequality in ¢ and x)
||K/\,u *FHLngc S ||KA,u||Lngc HFHLgL; < M>\1+49||F||L§L;~
Choosing 6 = § yields the desired estimate (3.11). O

Remark 3.7. Let C, = uz + [0,u)3, z € Z3, be the collection of cubes (as in [17])
which induce a disjoint covering of R3. Then we have

S IPe.urls 00 S (A uslZ
z€Z3

4. PROOF OF THE MAIN THEOREM

Similarly to [15, 19], we define X* to be the complete space of all functions
u: R — L? such that P,u € U2 (R, L?) for all 4 > 1, with the norm

2

lullx- = | S p | Paull?s | < oo,
n=>1

where
[ flluz, = [1Sm(=1) fllv2-

We also define by Y* the corresponding space where U2, is replaced by V2 with a
norm

[fllvz = I1Sm(=t) fllv=-
On the time interval I = [0, 00), we define the restricted space X3 by

X3 = {u € O(I,H*) | i = x1(t)u(t) € XS}

with norm
ullx; = lIxrullxs,

and define Y7 analogously. Note the embedding

X°Ccyes.
The Duhamel representation of (1.1) is given by
(4.1) u(t) = Sm(t)f — iJm(u)(t)
where
(4.2) o () (£) = /0 St — Y[V * [ul2)u] (¢)dt'-

The linear part satisfies the following estimate (m > 0):

1S (8 f 13 = D 1 Xt S () Puf 2

pu>1

= > il Pulfe ~ 11l
p>1

Theorem 1.1 will follow by contraction argument from the above linear estimate
and following nonlinear estimates.

Proposition 4.1. For J,,(u) as in (4.2), we have the following:
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(a) Let m >0 and s > 0. For all spatially radial v € X7,
Wm0l S lulls.
(b) Let m >0 and s > L. For allu € X3,
@)l S lulls.
The proof for this proposition is given in the last section.

Proof of Theorem 1.1. We solve the integral equation (4.1) by contraction map-
ping techniques as follows. Define the mapping

(4.3) u(t) = ®(u)(t) == S () f + iJm(u)(2).
We look for the solution in the set
Ds={ueXj: Julx; <3}
For u € Ds and initial data of size || f| s < & < §, we have by Proposition 4.1,
Ie(u)llx; Se+0° <o

for small enough §. Moreover, for solutions v and v with the same data, one can
show the difference estimate

[®(u) = @(v)]lx; < (lullx; + vllx)?u—vllx;
2
S 0%l —vl|xs
whenever u, v € Dgs. Hence ® is a contraction on Ds when § < 1, which implies
the existence of a unique fixed point in Djs solving the integral equation (4.3).

It thus remains to show scattering of solution of (4.3) to a free solution as ¢t — oco.
By Proposition 2.4 and Proposition 4.1, we have for each p

Sm(it)[jl“]m (U) € V—2,rc

and hence the limit as t — oo exists for each p. Combining this with

Y 1 Pudm ()l S

pn>1
implies that
tli}m S (—t)Pydm(u) =: ¢ € H®.
Hence for the solution u we have that

1S ()T — u(t)||gs — 0 ast — oco.

5. PROOF OF PROPOSITION 4.1
We may assume that u(t) = 0 for —oo < ¢t < 0.
By duality (see e.g. [15]),
t
[Pxdm (u)llvz, = [1Sm (=) PxJm (u)]lu> = ||PA/ S (=) [(V * [u*)u] (t')dt' || 2

~ sup ‘// (V » u?)ul(t) SO Pyo(t) dida

lvlly2=1

= swp | [ [l s uPyuloma ) deds).

loally2 =1
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Then
(5.1)
[T (W) 3s =Y A2 PaTon ()|,
A>1
:Z)\QS sup ‘/ [V« (ut)]u Uy dtdx’
A>1 |7JA||V2 =1
2
< Z)\25 sup ’// [V (ux, T, )] urg Ua dtdx
a>1 o lleallvz =1 |y A2,A3>1

To finish the proof of Proposition 4.1 (a), we use the following Lemma which we
shall prove in the last section.

Lemma 5.1. Let A\pin and Amea denote the minimum and median of (A1, A2, A3).
(a) Let m >0, € > 0. For all spatially radial uj, € UZ,, vx € V2 and X\j, A\ > 1,

[V i, o dtda] £ Ormin ) T s e sl

m

j=1
(b) Let m > 0 and assume ujy; € U2 and v € V2. Then, for all \j,\ > 1 and
e >0,
3
‘// (1,0, T2,0, ) U3, 25 U dtdw‘ < CaminAmea) 27 [T g, oz, [loallvz -
Jj=1

We now finish the proof of Proposition 4.1a by using Lemma 5.1a. The proof of
Proposition 4.1b follows from a similar argument using Lemma 5.1b.
Applying Lemma 5.1a to (5.1), we obtain

3
HJm(u)”?Xb 5 Z )‘28 sup Z ()‘min)\med)E H Hu)\j|
j=1

a1 ol =1 ] x x>t
=51+ 82 + 53,
where
Sl = E ) S2 = E ) 53 = E
A A1,A2,A32>1 A A1,A2,A32>1 AA1,A2,A32>1
Az~ Az A3

First Consider S;. We have

SLSY N Y el llunlloz s lus g s,

A>1 A1,A2,A32>1
Az~ A
2
S Nl e llua e Y A% [Z ||UA3||U37]
A>1 AgA
S el el el

where to obtain the second inequality, we used Cauchy-Schwarz in A\; and in Ao,
and the fact that >5, -, A A72678) <1 if we assume s > €.
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Next we consider Ss. We have Sy < Sy1 + Soo + So3, where

So1 = Z, Sag = Z, Saz = Z

A1 A2 A1 A2 A1~ Aa
Az A Az <A Az <A

If A1 < Az, then Ay ~ A\. Then we can apply Cauchy-Schwarz in A\; and in A3
to obtain

2

Sor~ D N LY T (Mada)Tlun, [luz, [Jua, oz, s, oz,
A A1 <K A
Az KA~ A2
2
S Nl lulldes Y A% [Z |U/\2||U§L‘|
A Ao~ A

< NullZeo lull s el

The estimate for Soo is similar.
If A\ ~ Ag,then A < Ay ~ Ay. We apply Cauchy-Schwarz in Ay ~ Ay and in A3
to obtain

Sz S Z A% Z (A1 A3)% [lun, oz, lluns oz, [|uxs oz,
A>1 A1~Ao
A3<AS A

u”%(* Z )\25 [/\5—25]2

A>1

ull%-

< llullk-

ull-.

ull%-

< llullk-

Finally, we consider S3. As in the previous case, we have S3 < S31 + S32 + S33,

where
S31 = E , S = E , Sz = E
A1 <K Aa A1> Ao A1~ Ao
Az>A Az>A Az>A

If A1 < A, then Ay ~ A3. We apply Cauchy-Schwarz first in A\; and then in
A2 ~ A3 to obtain

2

Sa SO N YT (M) llua, oz lu, oz, s, lloz,
A>1 A <As
AL Az~ A2
_ 2
Sl sl lull3es D A% [A72]
>\
S el el el

The estimate for S3o is similar.
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If A1 ~ Ag, then A3 < Ao. We apply Cauchy-Schwarz in A\; ~ Ay and in A3 to
obtain
2

u>\2‘ U2, [[Uxg ”U,%L

m

Sa3 SN YT (Ads) flua, oz,
A

A1~ A2
A3>A

UH‘%(S Z )\23 [)\5—23]2

A>1

< llullxes -

ull %

< lullxes llull%-

6. PROOF OF LEMMA 5.1

6.1. Proof of Lemma 5.1a. First, we claim the following estimates for spatially
radial functions u; x, € U2, vx € V2 and A\,\; > 0, ¢ >0 and p > 2:

3
(6.1) \//[v % (U1 2 T2 ) UsNg T dtdm’ < min(A, o) [ g, oz lloalloz
j=1

3
©2) | [V mars s, o dtda] € miaoea [T s o s,
j=1
where € > 0 and p > 2.
Let us for the time being assume that the claims (6.1) and (6.2) hold. Given
M > 1, we use Lemma 2.5 to decompose vy into vy = w)y + z), where w) € Ufn
and z) € UP, such that

K
(6.3) o lwallez, + eMllzalluz, < lloallvz

for some k > 0. We can assume that 13)\10)\ = w) and ﬁ)\zA = z).
We then use (6.1)—(6.3) to obtain

’//[V * (ul,,\lﬂg,,\Q)]u37)\3 U dtddf‘ < ‘//[V* (u17)\1ﬂ17)\2)]u17,\3 w)y, dtdx
+ ’ //[V * (ul7)\1ﬂ1,)\2)]ul7)\3 Zy dtdx
3

S min(Ar, A2)* [ llugn, oz lwalloz,
j=1

3
+ Arnin)\med H ||uj,/\j ‘

j=1

Uz l1Z2x HU%

3

S Ot [T lwins oz luallvz,
j=1

where
M . e M
C,\)M = ; Il’llIl()\l7 )\2) +e AminAmed ( -

Now if we choose
M =1In ()\min>\mcd) )
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then
1
C/\,K,M = E In ()\min)\med) min()\la )\2)6 +1 5 ()\min)\med)ga

and therefore the desired estimate follows.
So it remains to prove (6.1) and (6.2), which we do in the following subsections.

6.1.1. Proof of (6.1). In R3 convolution with V is (up to a multiplicative constant)
the Fourier-multiplier (D)2 with symbol (¢)~2. Using Littlewood-Paley decompo-
sition and Cauchy-Schwarz, we obtain

LHS of (6.1) £ (1) 2|1 Pu(ua n,W2,0,) | 22 | Ptz g T2l 2
p=>1

=51 + 59 4+ 53,

where

51: Z ) 52: Zv S3227

1<p<A 1<p~A u>A1

We now use Corollary 3.4 to obtain

2 3
"
515 E e | | [l |
j=1

1<p<A

U2 U)\|

m

U,2

m

3
ST g lloz lloalloz,,
j=1

2 3
u
25 D0 g L Iwasloz sl
=1

1<pu~Aq J
3

S T i, oz loalloz,,
j=1

where in the case of u < Ay we used

Yo A <)+ 1S
1<p<A <U>

whereas if 4o ~ A1 the sum is finite, L.e., >3, 5 ﬁ < 1. Similarly,
3
S5 S T lwjns oz, loalloz,
j=1

6.1.2. Proof of (6.2). By symmetry (we do not exploit complex conjugation), we
assume A1 < Ay < A3. Since V' is bounded in Ll(].R3 ), we have by Holder inequality,
(3.2) and Proposition 2.3, we have for all p > 2,

LHS of (6.2) < llui,n llzzree luznllznee lusas ooz lvall ez -

S MAellun oz [luzxs loz lus s oz, loallu, -
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6.2. Proof of Lemma 5.1b. Let m > 0 and assume u; x, € Uz, and v € V2
Using Littlewood-Paley decomposition, we get

‘// V* U1 )\IUQ Az)]u3 A3 U dtdl" <K := Z

pn>1

where
Ky = (1 Pu(ua, T2, ) Pu(usa,Ua) |-

By symmetry, we may assume A; < Ag.

6.2.1. Case 1: )\1 § )\2 S )\3.
(a) Assume A\; < 3. Then p ~ A\g. By Sobolev, Holder, (3.10) and Lemma 2.8,

Ky S Puun i @20,) || pee lus agll pee 2 loall nos e

S mllwaa e e lluz s [l Lz s lus xg e 2 [oall oo 2

3
5
S (A1Ag)e H o, loz loallve

Then (using p ~ Az)

3
K S 307212 ()5 [T g oz, ol
=1 =t
3
< 3te
< (A1Ag)® H [l oz loallvz -

j=1
(b) Assume \; ~ Ay > p. In this case, we consider (as in [17]) the collection of

cubes C, = puz +[0, )%, z € Z3, which induce a disjoint covering of R®. By the
triangle inequality, we have

Ky S Y I1Pu(Posun s, Pe, T ) Pu(us a0 s
z,2' €13

The point of this decomposition is that the term P, (Pc, u1x, Pc_, Uz,z,) is zero
for most of 2,2’ € Z3, i.e., for each z € Z3, only those 2’ € Z3 with |z — 2/| <1
yield a nontrivial contribution on the sum. We use this fact, Holder, (3.10) and
Remark 3.7 to obtain

Ky 3 Z | Pc. iz, ||L$L;oHPCz,uz,/\gHLngo||U3,/\3||Lg°L§HUA||Lg°Lg

2,2 €73
1 1
2 2
s(ZnPczumiw) (Z ||Pc,uQ,A2||ingo> s rallo loallva
2€Z3 2/ €73

1(A1A2) +E1_[||UM vz lvallvz .-

m
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Hence

Uz U)\”Ufn

m

3
K< 7 2nare) = ] llu, |

p>1 j=1

3
1
< (Mag)2te H i, loz loallve
j=1

3
< Ma2)2 [T Mg, |

j=1

U/\‘VQ-

m

2
U‘Vﬂ

6.2.2. Case 2: A1 < A3 < Xy or A3 < A1 < X\y. First assume \; < A3 < A\, If
A3 < Az then we follow the same argument as in Case 1 (a). If A3 ~ Ay, then by
following the same argument in Case 1 (b), we can obtain a maximum of (A Ag)2 ¢
factor in the estimate for K.

Next assume A3 < A\; < Ag. The only issue in this case is when A3 < A1 ~ Ao
If A3 < p, we can then use the same argument as in Case 1 (a) by putting both
ug y, and ug )y, in L?LS and the others in L{°L2. Tt remains to consider the case
A3 > p, which also implies A ~ A3 < A1 ~ Ag. Let ¢/ > 0. Arguing as in Case 1
(b) (i.e., using the fact Ay ~ A2 > p ), we have

3
(6.4) K < Max2) 24 I g, oz, loallvs -
j=1

Similarly, we apply the decomposition in Az ~ A as in Case 1 (b) by putting
both us y, and vy in L?L2°, whereas u; ), and ug y, in L L2. Doing so we obtain

3
1 ’
(6.5) K < ()2 I llugn, oz, lloalloz,-
=1

Now we argue as in the proof of Lemma 5.1a by decomposing vy = wy + 2z,
where wy € U2, and z, € UP, such that (6.3) is satisfied. Then using (6.4)—(6.5),
we obtain

3
K S Coonr [T lwin, oz, luallvz,

j=1

where
M 1yg M Ly
Cym = ?()\/\3)2 +e (A Ag)?

Now if we choose

1

M = (2 + 5’) In (A1 A2),

and ¢’ = ¢/2, then

1 *; lIn (A Aa)] (Mg) 5°

1+
S AT

+1

C/\,K,M =

which is in fact better than the desired estimate.
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