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ABSTRACT. We prove the existence and uniqueness of solutions to a class of
stochastic scalar conservation laws with joint space-time transport noise and
affine-linear noise driven by a geometric p-rough path. In particular, stability
of the solutions with respect to the driving rough path is obtained, leading to
a robust approach to stochastic scalar conservation laws. As immediate corol-
laries we obtain support theorems, large deviation results and the generation
of a random dynamical system.

1. INTRODUCTION

We develop a rough path approach to a class of stochastic scalar conservation
laws of the type
N
(1.1) du + Divf(t, z,u)dt = F(t,x,u) + Z Ap(z,u, Vu) o dBF,
k=1
u(0) = uy,

on [0,T] x R, where f, F are continuous, Ay = Ay(z,r,p) is affine-linear in r, p,
that is
Ag(z,m,p) =p - Hi(x) + rvg + gi(2)
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and B are real-valued Brownian motions. More generally, we will give mean-
ing to when [ is replaced by a general geometric p-rough path z. The
Stratonovich type solution to is then obtained by applying this to Brown-
ian motion enhanced to a rough path. Further justification for the Stratonovich
notation in is provided by a Wong-Zakai type limit theorem which becomes
an immediate consequence of our main Theorem (part iii) together with well-
known rough paths convergence of piecewise linear (and many other) approxima-
tions to (enhanced) Brownian motion. For background on rough paths we refer
to [Lyo98,[LQO02, LCLO7[FV10,HF14]. Roughly speaking the main results reads

Theorem 1.1. Given sufficient regularity of ug, f,F,A; there exists a unique solu-
tion to
N
(1.2) du + Divf(t,z,u)dt = F(t,x,u) + Z Ag(z,u, Vu) o dz¥,
k=1
u(0) = uo,

for every geometric rough path z, in the following sense: There exists a unique
u=u?¢€ L>®([0,T] x RY) such that for every sequence z™ € C1([0,T]) with 2" — =
in rough path metric the (unique) weak entropy solutions to
N
O™ + Divf(t,z,u") = F(t,xz,u") + Z Ap(z,u”, Vu) 2"
k=1

1

L (RY). The solution map (z,uq) — u® is contin-

converge to u in in L>°([0,T]; L
uous in appropriate norms.

As immediate benefits of taking a rough paths approach to stochastic scalar
conservation laws and the resulting continuity of the solution map (z,ug) — u?
one obtains support results, large deviation results and the generation of a random
dynamical system as simple consequences (cf. [FO14/CFO11] for details). Moreover,
we should note that the range of driving signals covered by Theorem goes far
beyond Brownian motion. In particular, this includes fractional Brownian motion
with Hurst parameter H € (1, 3).

In the construction of solutions we combine stability results from the theory of
rough paths with stability of weak entropy solutions to space-time inhomogeneous
scalar conservation laws. Due to the irregularity of the driving rough path z,
the coefficients of the corresponding inhomogeneous scalar conservation laws only
satisfy little regularity (especially in the time variable) and related stability results
have only recently been developed in [LM11] in an L' framework. In order to
combine such stability estimates with the L°°-stability estimates from rough paths
theory we prove localized versions of the estimates derived in [LM11], thus leading

to an L}, stability theory applicable to the situation at hand.
In the case of pure transport noise, i.e.
N
(1.3) du + Divf(u)dt = Z Ag(z, Vu) o dz¥,
k=1
u(0) = ug

with Ag(x,p) = p - Hi(x) we derive a rate on the convergence u* — u proven in
Theorem Roughly speaking, as a second main result we obtain

Theorem 1.2. For two rough paths z',z° let u',u? be the corresponding solutions

to (1.3) with initial data ul,ud respectively. Then

sup [t (8) = w? ()| 1 ey <llug — gl ey + KTV (ug)p(z", 2°),
te|0,
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where K can be chosen locally uniformly with respect to z',z?

p-

in rough path metric

As it is well-known, scalar conservation laws of the general type do not
belong to the class of (fully-)nonlinear PDE that may be treated by the theory
of viscosity solutions. In particular, is out of reach of the results developed
in [CF09/CFO11FO14,LS98blLS98alL.S00a,L.S00b|. Notably, our results are based
on the notion of weak entropy solutions to ([1.1)) rather than viscosity solutions. We
should also point out that is of quasilinear type, so that the methods developed
in [DGT12,|GALS11| and applicable to semilinear SPDE do not apply.

Many works have been devoted to the study of stochastic and random scalar
conservation laws. Noise entering scalar conservation laws via randomness in the
initial condition has been studied for example in [AE95|/Sin92,Rya98,Bur74]. For
stochastic scalar conservation laws driven by additive noise, also including boundary
value problems, we refer to [Nak82/EKMS00,SS12Kim03VWO09| and the references
therein. The case of multiplicative noise, i.e. SPDE of the form

du + O, f(w)dt = g(x, u)dWy,
has attracted considerable interest in recent years (cf. e.g. [HR97,[FN08,[DV10,
[Hof13[|CDK12BVW13|[DHV13]). All of the above mentioned works consider semi-
linear stochastic scalar conservation laws in the sense that the diffusion coefficients
do not depend on the derivative(s) of the solution. In contrast, in the recent

works |[LPS12,[LPS13| stochastic perturbations of the flux f are considered, which
in general leads to SPDE of the type

N
du="" 0 fi(u)odBf
k=1

and well-posedness to such SPDE is proven by a kinetic approach. This corre-
sponds to with nonlinear, spatially homogeneous Ay(z,7,p) = f;.(r)pr. We
emphasize that for the results obtained in [LPS13] it is crucial that the random flux
A = (Ag)Y_, is spatially homogeneous (i.e. does not depend on ), which would
correspond to H = (Hy)_, being a constant matrix in our framework . Very
recently, in the case of one driving Brownian motion, i.e.

N
(1.4) du = Zakfk(LU)Odﬂt’

k=1
where [ is a real-valued Brownian motion, a generalization of the results from

[LPS13] to the spatially dependent case has been obtained in |[LPS14]. Due to

the restriction to one-dimensional noise no rough paths techniques are required to

handle (1.4).

1.1. Notation. We will now very briefly recall the elements of rough paths theory
used in this paper. For more details we refer to [FV10]. Let TN(R?) = R @
RI@ (RT@RY) @ ...¢ (RY)®N be the truncated step-N tensor algebra. For paths
in TV (R?) starting at the fixed point e := 1 + 0+ ... + 0, one may define (-
Hoélder and p-variation metrics, extending the usual metrics for paths in R starting
at zero: The homogeneous [-Holder and p-variation metrics will be denoted by
dg—_1s1 resp. dp_var, the inhomogeneous ones by pg_ms TeSp. pp—var respectively.
Note that both g-Holder and p-variation metrics induce the same topology on the
path spaces. Corresponding norms are defined by || - ||g—ms1 = dg—mai(-,0) and
Il lp—var = dp—var(-,0) where 0 denotes the constant e-valued path.

A geometric S-Holder rough path x is a path in 7'L1/8) (R9) which can be ap-
proximated by lifts of smooth paths in the dg_ps metric; geometric p-rough paths
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are defined similarly. Given a rough path x, the projection on the first level is an
R?-valued path and will be denoted by m(x). It can be seen that rough paths
actually take values in the smaller set G (R?) C TV (R9), where GV (R?) denotes
the free step-N nilpotent Lie group with d generators. The Carnot-Caratheodory
metric turns (GV (R?),d) into a metric space. Consequently, we denote by

Cg,ﬁ—Hél(I’ Gl (RY)) and C’g’p*"ar(f, leltd (RYY)

the rough paths spaces where 8 € (0, 1] and p € [1,00). Note that both spaces are
Polish spaces.

2. DEFINITIONS AND NOTATION

For a matrix A = (a; ;)i j=1,..a We write Ag = a;;, Al = (@i j)i=1,...,
Ai = (aij)ioy 4 Let H = (H',...,HN') be a collection of C*'(R%R?) vector
fields. We define

divH := (divH", ..., divE™)
and assume divH = 0. In the following we let Div denote the total divergence, i.e.
for a vector-valued function f = f(z,u) € C1(R? x R) and for u € C1(R?) we set

while divf(z,u) = Zzzl(awkfk)(x,u). Moreover, we let Vf denote the partial
gradient, that is V f(x,u) = (8, f7)(z,u)), g Foral R,M >0,t¢€l0,T],
xo € R? we define time-space cones by

KR7M(t,.’L‘0) = {(T,I)| T € BR+M(t7T) (.130)}

We let C*(R?) be the usual spaces of k-times continuously differentiable functions
on R? and let le (R?) denote the subset of bounded functions. Analogously, we
define Lip; to be the bounded ~-Lipschitz continuous functions.

=1,

2.1. Definition of a weak entropy solution. The replacement of Brownian mo-
tion in ([L.1)) by a continuously differentiable path z leads us to the study of the
following evolution equation

(2.1)  Qu+Divf(t,z,u) = F(t,z,u) + Vu- H(z)3 +uv(t,z)i + g(t,z)%}
u(0) = ug € L=®(R?)
on [0,T] x R? with f, F continuous, d, N1, Na, N3 € N,
2= (24,22, 2%) eCH([0, T); RN +N2+Ns),
H €(C2 N Lip)(R% RN
v €CO([0, TI; (C2 1 Lip) (R RM)),
g €C°([0, TI; (C2 1 Lip) (R% RM))
and assuming div(H) = 0. Since (informally)
Vu- Hz = Div(uH3%}),
we may rewrite as

(2.2) dyu + Divf(t,z,u) = F(t,z,u)
with
(2.3) ft,z,u) = f(t, 2, u) — uH(z)z}

F(t,z,u) = F(t,,u) + uv(t, z) 2 + g(t, x) .
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Thus, (2.1) may be rewritten in terms of an inhomogeneous scalar conservation law
(2.4) Opu + Divf(t,z,u) = F(t,z,u)
u(0) = ug € L=®(R?)

for which the well-developed deterministic theory of entropy solutions and their
stability may be applied, provided z € C1([0,T]; RN++N2+Ns) " The removal of this
regularity assumption on the driving signal z is the main point of this paper.

Definition 2.1. We call u € L>([0, 7] x R%; R) a weak entropy solution to (2.4) if
i. Forall k € R, p € C((0,7) x R4 RY)

T
| [ u ko + sentu = 07 (t0,0) = Fit,2,0) Ve
o Jr
+sgn(u — k)(F(t,x,u) — divf(t, =, k))edzdt > 0.
ii. There exists a zero set £ C [0,7] such that for ¢ € [0,7]\ £ the function
u(t,z) is defined for a.e. x € R? and for all » > 0

lim / lu(t, ) — uo(x)|dz = 0.
~(0)

t—0,teRL\E B

Moreover, a function u is said to be a weak entropy solution to ([2.1)) if u is a weak
entropy solution to (2.2))

As concerning the well-posedness of (2.1)) we will work with the following set of
assumptions

Hypothesis 2.2. (H1) f,F are continuous, 9, f, 0,V f,V>f,0,F,VF exist con-
tinuously and

duf € L=([0,T] x R? x [-U,U)),
F —divf,0,(F — divf) € L=([0,T] x R? x [-U,U)),
for allU, T > 0.
(H2) For all U,T > 0: VO,f € L=([0,T] x R¢ x [~U,U)), 0,F € L>=([0,T] x
Re x [-U,U]) and
T
/ / IV (F — divi)(t, 2, )| o o0y dadt < oc.
0 R
(H2*) For allU,R, T > 0: VO,f € L®([0,T] x R x [~U, U]), 8,F € L>=(]0,T] x
R? x [~U,U]) and
T
L[ 19 =il vndadt < o
0 Br(0)

(H3) (divf—F)(-,-,0) € L=([0,T] xRY) and 9,(divf—F) € L=([0,T] x R% x R).
We recall
Definition 2.3. Let u € L}, (R?). Define

TV (u) = sup {/ udivpdz| ¢ € CHRERY) and |90 < 1}
Rd
BV (R = {u € L,.(R")| TV(u) < oc}.
From [Kru70,LM11] and Appendix [B| we obtain

Proposition 2.4. Let uy € L=(R%).

i. Suppose that f, F satisfy (H1),(H2) and ug € (L= NL*NBV)(RY). Then
weak entropy solutions to (2.4) are unique.
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ii. Suppose that f, F satisfy (H1),(H3). Then there exists a weak entropy
solution u to (2.4). Moreover, u may be chosen such that t — u(t) is right-

. . 1 d
continuous in L, (R®).

iii. Suppose that f, F satisfy (H1), (H2*), (H3) and ug € (L*NL'NBV)(R?).
Then there exists a unique weak entropy solution to (2.4)).

Proof. (i): Follows from [LM11, Theorem 2.5]. (ii): Proven in [Kru70]. (iii): Follows
from Theorem [B23]in Appendix [B] below. U

For simplicity we will assume weak entropy solutions to be right-continuous in
L} .(R%). Due to Proposition (ii) this does not restrict the applicability of our
results.

Note that (H2) for f, F does not imply (H2) for f, F defined in while this
is the case for (H2*). In order to have well-posedness for it is thus important
to work with the localized condition (H2*) instead, as in Proposition (ii).

3. TRANSFORMATION FOR SMOOTH NOISE

In this section we consider

(3.1) O+ Divf(t,z,u) = F(t,x,u) + Vu- H(x)2} +uv(x)i} + g(z)3},
u(0) = uy,
on [0,T] x R? with d, Ny, No, N3 € N, f, F satisfying (H1), (H2*), (H3),
2= (24,22, 2%) eC ([0, T]; RN HN2HNay
H €(Cp N Lip) (R RPN,
v,g €(Cj N Lip)(RY),

and div(H) = 0.

We emphasize that Proposition fails when z = (z',22,23) ceases to be
CL([0,T]; RN1+N24Ns) I particular, the case of z being Brownian motion is not
covered. In the following we will show how to transform into a scalar conser-
vation law in “robust” form, which will in turn allow the development of a rough
pathwise theory for . The point is to find a view on which (to the extend
possible) does not involve derivatives of the driving noise z.

In order to do so, we split the presentation into two parts, first dealing with pure
transport noise Vu - HZ} then with affine-linear noise uv(x)z2 + g(z)z;. Finally, in
Section below, both of these transformations will be applied to to yield its
robust form.

3.1. Transport noise. In this section we consider
(3.2) Owu + Divf(t,z,u) = F(t,z,u) + Vu- H(z)2},
on R? with 2! € C1([0,T);RM), H € (C? N Lip)(R%;R>*M) div(H) =0 and f, F
satisfying (H1). Let ¢ be the flow of C?-diffeomorphisms induced by
di(w) = —H(i(2))2)
Yo(x) = .

Note that 1, is volume preserving, since div(H) = 0. We aim to transform (3.2)
into its “robust” form by setting v(t, z) = u(t,¥:(2z)). In the context of viscosity
solutions an analogous transformation has been studied for example in [CFO11]
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LS98b,[FO14]. An informal computation reveals
Opu(t, ) =(Oru)(t, i () + (Vu)(t, ¢ () - Oppr ()
=(=Divf(t, z,w))(t, ¥ (x)) + F(t, 2, u)(t, (7))
+ (V- H)(t,9(2) 2 + (V) (t,9e(2)) - Ot (a)
=(=Divf(t,z,u))(t, P(x)) + F(t,(x),v).
By Proposition at least for u € C1(R?Y) we have
(Divf(t, @, u)) (¢, (x)) = Div ((De) " F(t, v, u(t, ) (t, ).

(3.3)

Hence,
(3.4) dpo(t, ) + DivfY (t, z,v) = F¥(t, x,v),
with
POt ,0) = (DU oo (800 (@), ),
FY(t,x,0) = F(t,(x),v).
This informal calculation may be made rigorous

Proposition 3.1. A function u is a weak entropy solution to

(3.5) Opu + Divf(t,z,u) = F(t,x,u) + Vu - H(x)%},
iff v(t,x) = u(t, i (x)) is a weak entropy solution to

(3.6) dpo(t, ) + Divf¥(t,xz,v) = F¥(t,z,v)
where

fw(t,I,U) = (Dwt_l)\wt(w)f(tawt(x)?U)v
FY(t,z,v) = F(t,(z),v).

Proof. Assume that u € L>=([0,7] x R?) is a weak entropy solution to (3.5)) (in the
sense of Definition [2.1)). Hence,

T
/ / lu — k|Oy + sgn(u — k) (f(t,z,u) — f(t,z, k) - Vo — |u—k|H" Vo
0 Jra
+sgn(u — k) (F(t,z,u) — divf(t, z, k))pdxdt > 0,
for all k € R, ¢ € C°([0,T] x RY). Substituting t; *(z) yields

/OT /RJ” — kl(0ep) (t, 41 (2))

+sgn(v —k)(f(t, (@), ) — f(t, (@), k) - (V) (t, te())
— v — k|H(¥e(2))2" - (V) (t,ve(2))

T sgn(o — B)(F (L vo(x), v) — (div ) (t Yo(@), K)ot (@) )dadt > 0,
where we use that v; is volume preserving. We note

Oelp(t, ve(x))] = (Orp) (t, ¥e(2)) + (V) (£, Y () - Optpe()

= (0e0)(t: (@) — (Vo) (t, (@) - H(e ()2
and
(Vo) (t, () = V(p(t, e(2)) - DUy a9
= (Dzﬂfl)t\wt(m)v@(t,wt(x»
By Proposition we have
(divf)(t, ¥e(2), k) = div ((Dw_l)\wt(x)f(ta Yi(z), k)) :
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Hence,

T
| o= ot
+sgn(v — k)(f (8,0, v) = F(8,500, k) - (DY 1)1y, V((t, r)

+ sgn(v — k) (F(t, ¢, v) — div((DY ™) 1y, f(t 01, k)))o(t, ¥y dadt > 0,
for all k € R, ¢ € C2°([0,T] x R?). This is equivalent to

T
/ |U — k|6tga
0 R4

+sgn(v — K) (D), £ (8160, 0) — (DY), F(E 0, 1)) Vi
+sgn(v — k) (F (£ 4be, v) — div((D¥) 1, £ (1 0, ) pdadt > 0,

for all k € R, p € C®(R; x RY). Hence, v is a weak entropy solution to (3.6)).
Following the above calculations in reverse order yields that u is a weak entropy
solution if v is. O

Remark 3.2. i. Another way to rigorously justify the informal calculations
leading to (3.4]) would be to argue via a vanishing viscosity approximation,
i.e. first approximate (3.2) by

Opuf + Divf(t,z,u’) = eAu® + F(t,x,u®) + Vu® - H(x)z}

then compute the transformed equation by classical calculus and take e — 0.
In order to guarantee that u® indeed converges to the (unique) weak entropy
solution u more restrictive assumptions on f, F' would be necessary.

ii. We emphasize that Proposition does not yield any claim on the exis-
tence and uniqueness of the concerned weak entropy solutions. Again, more
restrictive assumptions on f, F' would be necessary.

3.2. Affine linear space-time noise. We consider
(3.7) Ou + Divf(t,z,u) = F(t,z,u) +uv(t,z)2 + g(t,z)2}
w(0,2) = up(x)
on R? with Ny, N3 € N,
(2, 2%) €C([0, T RV+%),

v,g €CO((0,T}; (C2 N Lip) (RY),

and f, I satisfying (H1), (H2*), (H3). It is then easy to see that also f and
F(t,z,u) := F(t,z,u) + uv(t, )22 + g(t,z)3}

satisfy (H1),(H2*),(H3) and thus there is a unique weak entropy solution u to
by Proposition
Remark 3.3. We note that (H2) for f, F does not necessarily imply (H2) for f, F
as defined in since

VF =VF +uVvi? + Vgz®
is not known to be in L*([0, 7] x R%). The localization of (H2) in form of (H2*)

thus becomes crucial at this point.

Let ¢ be the flow of C2-diffeomorphisms corresponding to

¢(t, x) = ¢(t7 .%')V(t, x)ZtQ
¢(0, 3'}) = Id]R,
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. 't 52 . .
ie. ¢(t,x)r = relo V(m®)2dT For notational convenience we set

ltz) = — / (2 2dr

0
Moreover, let o be the flow of C2-diffeomorphisms to

ot, ) = e g(t,x) 22,
ie. o(t,r) = fot et ) g, x)23dr.

Proposition 3.4. Let uy € (L N L' NBV)(R?). A function u is the unique weak
entropy solution to

(3.8) Owu+ Divf(t,z,u) = F(t,x,u) +uv(t,x) 2 + g(t,z) 2
u(0) = ug
iff v(t,x) = eGPyt ) — o(t, x) is the unique weak entropy solutio to
(3.9) Opv + Div(gf(t7 zT,v) = Z’F(t, z,v),
v(0) = ug
where

CF(t,v) =e! ) f(t e ) (0 + gt )
¢ — t,x —u(t,x
SF(t,z,v) =B Ptz e ) (v 4 p(t, 1))
+ f(t, @, e "B (v + o(t, z))) Vel b,

Proof. For this so-called “outer transformation” (cf. [FO14]) it seems more con-
venient to argue via a vanishing viscosity approximation than to work with the
entropy formulation directly as it was done in Proposition In order to obtain
the existence and uniqueness of a weak entropy solution to we shall first con-
sider an approximation via localization of f, F,v,g. As a second step we consider
smooth approximations of these localizations. We then consider vanishing viscos-
ity approximations which allow to calculate the transformation explicitly. We may
then recover the general cases by stability of solutions to scalar conservation laws.

Step 1: Smooth, compactly supported data

We start with the case of smooth, compactly supported data, i.e. assume in
addition f, F,v, g, z,up to be smooth with

(3.10) f(t,z,u) = F(t,z,u) =v(t,xz) =g(t,x) =0, Vx| >m,(t,u) €[0,T] xR,

for some m > 0. In particular, f, F' satisfy (H1),(H2),(H3). We then consider a
vanishing viscosity approximation, i.e.

(3.11) Ot + Divf(t,z,u®) = eAuf + F(t,x,u) + uv(t,x):2 + g(t,z)2
u®(0) = up.

The existence of a unique classical solution to (3.11)) follows from standard theory
(cf. e.g. [LSUGT]) and from [Kru70, Theorem 4] we know that

(3.12) u® —u in L*([0,T]; Li,.(RY))

and dt ® d¢ almost everywhere (selecting subsequences if necessary). Due to (H3)
and the maximum principle (cf. also Lemma below) w* is uniformly bounded
in L>=([0,T] x R?). Setting

vt x) = e BPuE (L, x)

IWe note that ¢ £, F' do not necessarily satisfy (H2) nor (H3) anymore. Existence and unique-
ness of a weak entropy solution to (3.9) is part of the proof.
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we obtain
st =eP )9 (8, 1) — v(t, x) 22! EDE (¢ 1)
=BT (e Auf — Divf(t, z,uf) + F(t,z,uf) + us(t,z)v(t, 2)32 + g(t,z)3})
—v(t,x)Zv(t, x)
—etbB) g AemHEE) o1 e“(t’w)Divf(t, x, e*“(t’w)vg’l)

+ et D Btz e B oy er(B8) g (¢ )22,
We now set o(t,z) = fg M8 g(r, x)£3dr and

v (t,x) = va’l(t, x) — o(t, ).

Then
9 =0t — e“(t’m)g(t,x)éf’
=et D e AemH D) (0 4 o) — B Div f (L, x, e BT (1 + )
+ e”(t""“’)F(t7 z, e HbT) (v + 0)).
Since
DIy f(t, x,u) = Div(et B f(t, 2, 1)) — f(t, 2, u) Vet B
we have

O + Div?f(t, x,v%) = 5(§Lv5 + ij(t, x,v),
where the linear, strongly elliptic operator $L : H*(O)NHg(O) — L*(O) is defined
by
— - _ 2 —
Z;Lv =elAe v+ ) = Av—2Vu - Vo+o(|Vul|® — Ap) + e A(e ).
Due to (3.12) we have
v® — v := ety in LY([0,T); L},.(RY))

which is easily seen to imply that v is a weak entropy solution to (3.9)).
Step 2: ug € (L N L' N BV)(RY) and f, F,v, g having compact support in z,

i.e. satisty (3.10]).

Let u be the unique weak entropy solution to (3.8]). We aim to remove the addi-
tional smoothness assumptions on the data required in step one. Let f0, F° 19 g% 2° u
be smooth approximations of f, F, v, g, z, ug respectively, obtained by mollification.
Since f, F satisfy (H1), (H2),(H3) so do f?, F%. We have

||u8 — uo || L1 (ra)
Haufé - auf”LOO([O,T]deX[—U,U])
FO —divf® — (F — divf)| g Ayl
| (5 N Lo ((0.7) xR x[~U,0]) L0, ford—0
[v° — V||CO([0,T]de)

H96 - 9||CO([0,T]x1Rd)

)
12° = zllcr o,
for all U,T > 0 and consider the sequence of unique weak entropy solutions u’

corresponding to
dyu’ 4+ Divfo(t,x,u’) = FO(t, 2, u’) + ul10(t, )07 + ¢° (¢, 2)30°

u® (0) = u)).
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We note
F(t,m,u) - F‘S(t,m,u) =F(t,x,u) — Fo(t,x Ju) +uvi? — uu‘sz"f’g
+ 9t 2)2 — g (1, 2)2%,
By step one we have that
V(t, x) = e“s(t’x)u‘s(t,x) —0°(t, x)
is a weak entropy solution to
O’ +Dive, 13t 2,0%) = % FO (¢, 2,0°),
We note that f°, F'? satisfy (H3) with uniform bounds. By Lemmathis implies
V= |[ull o (0,17 xR V([0 ]| Lo (0.1 xRe) < C < 00

Due to Theorem we have (with M, k§, x* defined as in Appendix :

sup / lu(t, z) — u®(t, z)|dx
t€[0,T] J Br(zo)

<7 / o) — ud(«)\dx
Brymr (o)

+ T T YD, (f = FO) | Loo (5mne (T00) % -V V)

T
X (TV(UO) + C/ / IV(F —divf)(r, «, ')HLOO([,V’V])dxdT)
0 R4

T
e T/ /B o IOE = ) = div(f = fO)) ) = ey
R+MT(Z0

and thus

sup [[u’ () = u(t)]| 1) = 0
t€[0,T]

for all compact sets K C R%. With v := e#u — p we thus obtain

)
sup [[v°(t) —v(®)|lpr ) = sup [le” Dl (t) — e Du(t) + 0° () — o(t) || 12 (1) — O,
te[0,T] te[0,T]

for all compact sets & C R?. Tt easily follows that v is a weak entropy solution to
B9).

Step 3: up € (LN L' N BV)(RY)

We argue as in the last step, approximating f, F), v, g by localized approximations
obtained by multiplication with a smooth cut-off function in the z-variable, i.e. set

fm(th’U) 0™ (@) (¢, 2, u)
F™(t,2,u) =" () F <twu>+w (2) - f(t, )
V™ (t,2) =" (@)t @)

g"(t,z) =n ()g(t,x)

where 7™ is a smooth function satisfying

18,0 <n" <1p,. .. (0
We note } .
F™ —divf™ =™ (F — divf)
and thus f™, F™ satisfy (H1), (H2*), (H3). Let u™ be the corresponding weak
entropy solution. Since f, F™ satisfy (H3) with uniform bounds we have

= [[u™ || oo (jo, 17 xRy < C < 00,
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by Lemma By Theorem we obtain:

sup / lu(t, ) — u™(t, z)|dx
te[0,T] J Br(xo)

< TR t=IT 9, (f — T Loo (K gt (T,20) xR)

T
X (TV(uo) + C'/ / IV(F™ — divf™)(r, z, -)HLoo([,v,V])dxdr)
0 BryuT(%0)

T
+e" T/o /B (z0) [((F = F™) = div(f — f™))(r, @) || oo (—v,vp dadr,
R+MT(Z0

for all R > 0,z € R%. We observe

F—F™=(1—n")(F +uvz? + gz°).
Hence, for all R > 0,29 € R? and m large enough we obtain
(3.13) u™ =u, on [0,T] x Br(xo).

Moreover, obviously

0" =po, on[0,T] x Br(zo),
for m large enough. By step two,
" = M ™ o™
are weak entropy solutions to (3.9)) with ‘Zf 1, ‘gF replaced by

(gm Mty v) =et GO e g e O (y 4 o™ (t, 1))
ﬁm F™(t,x,v) i=et" GO E™ (¢ g e B0 (y 4 o™ (¢, 1))

+ [t @, e P BT (o 4 g (1)) Vet (B,
Equation then implies that v := e*u — p is a weak entropy solution to .

Step 4: Uniqueness for (3.9)
In step three we have obtained the existence of a weak entropy solution v to

(3.9) as an L1([0,T7]; L}, .(R?)) limit of weak entropy solutions v™ corresponding to
B™ + Divin f(t,x,v) = D F™(t, 2, v),
v(0) = ug

(3.14)

where Z;:: fm, Z,);? F™ are as in (3.14). Note that since 4™ is uniformly bounded in
L>([0,T] x R?) so is v™. We observe that g: fm o Fm

s om have compact support in
x and

?:: m(t,x,v) = Z’f(t,a?,v) on [0,T] x Br(0) x R

for all m > 0 large enough. Hence, uniqueness of weak entropy solutions to (3.9))
follows from Corollary O

3.3. Full transformation. We now subsequently apply both of the transforma-
tions considered above. As before, let d, N1, Ny, N3 € N, f F satisfying (H1),
(H2%), (H3),

2= (2",2°,2%) eC' ([0, T); RN N2ty
H €(C}? N Lip)(R%; RPN,
v,g €(C N Lip)(RY),

and assume div(H) = 0.
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We define 9 to be the flow of C3-diffeomorphisms induced by
e = —H($)%
Yo = Idga,
and ¢ the one for
b = G (i ()5

po(z) = Idg.
Furthermore, we set o(t, x) fo ¢g¥ (r, x)3dr, where
¢g”’(t SC) = ¢y H(2)g(thi(z)) = eI g(ehy (),
with p(t,z) = —fo )22dr. We obtain

Proposition 3.5. Let ug € (L°° NL*NBV)(R?). A function u is the unique weak
entropy solution to

(3.15) Owu + Divf(t,z,u) = F(t,z,u) + Vu - H(z)2} +uv(z)i + g(x)3},
u(0) = up,
iff v(t,x) == eP BB u(t, oy (x)) — o(t, ) is the unique weak entropy solution to
oyv + Div‘fow(t7 x,v) = ng(t, z,0)
v(0) = ug
with
gfw (t,x,v) ::eu(t,gj)Dwgl\wt(z)f(tv Ye(x), e_u(tw)(v + o(t, 2)))
CFY(t,z,v) =BT F(t, (), e ") (v + o(t, 7))
(3.16) DU o f (b 01(2), €D (0 + ot 2))) Ve )
=PV P(t, 1y (), e (0 + o(t, @)
+ ?fdj(ta z, U) : V:u(tv J})
Proof. We will successively apply both of the transformations introduced in the
last sections. First we will deal with transport noise, then with affine-linear multi-
plicative noise. The crucial point is that along these transformations the equation
remains in the class of inhomogeneous scalar conservation laws with source.
We first note that there is a unique weak entropy solution u to (3.15)) since f, F’
satisfy (H1), (H2*), (H3). Let v'(t,z) := u(t,11(z)). Then, by Proposition vl
is the unique weak entropy solution to
atvl + Dinl (t,.’E, Ul) = UIV(wt( ))Zt + g('l/}t( ))Zta
with
fl(t7 Zz, U) = Dw;1|¢t(m)f(t7 wt($)7 U).
We note, thanks to divH = 0, 9 being the flow associated to H and Proposition
A2
divfi(t, @, v) = (divf) (¢, (), v)
and thus f' and
F(t,@,0) = F(t, (), 0) + ov (9 (@) + g(vi(2)) 2]
satisfy (H1), (H2*), (H3). Now let v(t,z) = e*®®)yl(t ) — o(t,x). Then, by
Proposition v is the unique weak entropy solution to

Ov + Divgfw(t, x,v) = ?Fw(t, x,v)
with fow,ng as in (3.16]). d
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4. ROUGH DRIVING SIGNALS

We now aim to give meaning tcﬂ

(4.1) du + Divf(u)dt = Vu - H(z) o dz* + uv o dz* + g(x) o dz*

for z = (z',22,23) being a geometric p-rough path, recalling that the prototype of

a (random) geometric p-rough path (with p = 2 + ) is given by Brownian motion
plus its Lévy area. We will do so by considering smooth approximations z" of z
in rough path metric and proving convergence of the associated approximants u™
to a limit independent of the approximating sequence. We assume that there are
~ > p > 1, such that

feC*(R),

H eLip, (R4 RM), v € RM2 g € Lip] T (R4 RYM).
Note that we now assume v to be constant, which will be needed in order to establish
a uniform L bound for the approximants u™ introduced above. Due to [FV10] for

any geometric p-rough path z € C5~"" ([0, T]; GP/(R9)) we may consider the flow
of diffeomorphisms

(4.2) Ay () = —H(Y7(x)) o dzy,  ¥(z) =,
dgi(r) = ¢ (r)v o dzi,  Gf(r) =,

ie.
o2 (r) = rev (@ =20 —. pe=hi
and
t
(4.3) ta) = [ o) o dad
0

In order to obtain rough path stability of these diffeomorphisms we need to consider
(4.2), (4.3) “simultaneously” as a rough differential equation (RDE). Combining
[FO14, Lemma 13] and [CDFO13| Lemma 13] we obtairﬁ

Lemma 4.1. Let v > p > 1. Assume
H € Lip"™3 (R4, RNy e RM2) g € Lip? (R, RM?).
Then for all R > 0 there em’sﬁ
C = C(R, | H|Lipv+s, ], 19l Lipy+2)
K = K(R,|[H| Lipr+3, V], [|9]| Lipr+2)
such that for all geometric p-rough paths y,z € CE~"*"([0,T]; GP/(R?)) satisfying
17 llp—varsjo, 77> 12l p—varsjo,r) < R we have
D" (¥ = ")l p—vars0,1] < CPp—var(¥,2)
D™ (%)™ = (*) ™) lp—varo.1) < CPp—var(y,2)
for allm € {0,1,2,3} and
D" Y|l p—varso,1) < K
ID™(¥) Mlp—varso,r) < K
for alln € {1,2,3}. Analogous properties for ¢¥ (and trivially for ¢¥ ) are satisfied.

2For simplicity of the presentation we consider the case of f being independent of (¢,z) and
F = 0 in the following. The treatment of the general case, however, proceeds completely analogous.

3In fact, [CDFO13, Lemma 13] is formulated in the Holder framework. It is, however, a simple
exercise to see that an analogous result holds true also in the p-variation case.

4The constants C, K are non-decreasing in all arguments.
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Theorem 4.2. Let T > 0, ug € (L* N L' N BV)(RY) and z = (z',2%,2°) €
CoP =" ([0, T); GWH (RN +NatNa)) | [f g 5 0 assume
02 f(u)] < Cp < o0, VYueR

for some constant Cy > 0. Further, let 2" = (257, 22", 23") € C1([0, T); RN1+N2+Ns)
with z™ — z in p-variation rough path metric for n — oo. Let u™ be the unique
weak entropy solutimﬂ to

Opu™ + Divf(u™) = Vu™ - H(x)z"" +u"vi®™ 4 g(z) 23",
Then:
i. (u™) is a Cauchy sequence in L>=([0,T]; Li,,(R?)) with limit u. The limit u

loc
does not depend on the particular approrimating sequence z™ and t — u; is

right-continuous in L} _(R?). We write

du + Divf(u)dt = Vu - H(z) o dz' + uv o dz* + g(z) o dz®
u(0) = ug.
ii. Moreover, we have u € L>=([0,T] x RY). If v,g =0 then
lull oo (0,71 x ) < lUoll oo (Ra)-
The function u has the representation
(4.5) u(t,x) == e " OuZ(t, ) 4 e O g2(t, )
[=(t,z)
where v* is the unique weak entropy solution to
(9tvz(t, .’17) + DdiSZ fz)p: (t, x, ’U) =0
v%(0) = ug
with
L (1 w,0) = O D) o Fe O + (8 2))).
iii. The solution map (z,up) — u as a mapping
CoP ([0, T); GPHRN)) x (L= N LY N BV)(RY) — L=([0, T] x RY)
endowed with the norms

[ - ||cgvp—“<" X |- lLr@ay = I lpoe om0 (ReY)

loc

18 continuous on balls of initial conditions with bounded total variation and
bounded L™ norm.

Proof. Step 1: Stability for the transformed solutions

We start by proving a stability estimate on the level of the robust transformation.
For smooth paths y,z € CY([0,T];RN1+N2+Ns) et 4¥ u* be the corresponding
weak entropy solutions to (4.1). By Proposition (ii) we may choose u¥,u?
to be right-continuous in L}, (R?). By y, z we will denote the canonical lifts of
y,z into geometric p-variation rough paths in Cg*~"*"([0, T]; GIP/(RN)) and by
(¥, 0¥, oY), (¢*, 9%, 0%) the corresponding flows of diffeomorphisms introduced in
the beginning of this section. Let

Ry,z = ”y”p—var;[O,T] \4 HZHp—var;[O,T]

and K be a generic constant (i.e. it may change its value from line to line) depending
on y, z only via Ry 5, i.e. K = K(Ry ,) non-decreasing. The dependence on further

SRecall that we may choose u” right-continuous in L}, (R%).
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data (such as Cf, ||ug||c) will be suppressed. From Proposition [3.5( we know that
the transforms
(46) ’Uy(tax) L= e#y(t)uy(tva(t7x)) - Qy(t7x)

vi(tx) s = e Dud(t g7 (tx)) — o (t, @)

are solutions to

(4.7 O(t,x) + Div‘i’fg’(t, z,v) =0
with (¢,%, 0) = (¢¥, 0¥, 0¥), (6%, 19, 0¥) respectively. From (3.16]) it follows
(4.8) qi’FZf’(t,x,v) =0

since Vu = 0, due to v being constant. For notational convenience we set
fre= =
and we compute
. — ; —Y
lefy(t, x, U) = D(’(/)il) 1|wé’(z)f(e no () (U + Qy(ta ‘T))) : Vzgy(t7 .13)

and analogously for f?. Note that the L bound on ¥ following from Lemma [B5|
(and thus the one obtained for v¥ based on this) is given in terms of (cf. (2.3]) with
F=0)

||F('7'70)||L°°([O,T]><Rd) = 1l99° [l

which is unstable in y in rough paths metric (similarly for u?*). Instead we need
to derive an estimate on the L°° norm of vY,v* based on the robust form .
For this we note that f¥, f# satisfy (H1), (H2*) with F =0 and to check (H3) we
compute

[divf¥ (-5 0) | oo o,y = DY) F €7 0Y) - V¥ || oo
< ID@Y) ool Fe™ @) ool V@Y [loo
< K < oo.
an(ﬂ (with @ = v € R)
100 div f¥]| oo (jo. 1y wraxmy = €™ DY)y fle™ (0 + ) - Vo'l oo
< e oo DY) yulloollF (€™ (0 + 0D loo V0¥ [loo

< Cplle™ oI D@*) ™ o lloo | V0l
< K < 0.

Hence,

[div f4 (s -5 0)lloo + [[Opdiv f¥]loe < K < 00
and similarly for z instead of y. From Lemma we concludeﬂ
(4.9) Vi=[[vYloo V [t7]|eo < K < 00

as required. Set
Qy = [0,T] x R x [-V, V).

6At this point we require the assumption |02 f| < Cy. If g =0 then ¢¥ = 0 and thus divf¥ =0
so that this condition may be dropped.
"Note that at this point (£.8) and thus v being constant is crucial.
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In order to apply Theorem we first verify that the constants x*, k{; appearing
therein are bounded in terms of K. We observe (with ¢ =v € [-V,V)])

100 £* || Lo= (021)
= [ D) e fe™ (04 07)) 1=

<D e ool F (e (0 + 7))l
<K <o

and
(2d + 1)||Vavfy||L°°(Qv)
= @d+1) |V (D) fle (01 0))|
< K < oo.

oo

Since fY, f* satisty (H1), (H2*), (H3) we may apply Theorem [B.3| (ii) to obtain

sup / [v¥(t, x) — v* (¢, z)|dx
te[0,T] J Br(zo)

<[ )~ (o)l
Bryxr(x0)
(4.10) + TeKTHa”(fy - fz)||L°°([0,T]><BR+KT(I0)X[*V,V])

T
X TV(’LL%) + C/ / Hleny(t, Z, ')||Loo([_v7v])dxdt
0 JBprykT(0)

T
+eKT/O /B - Idiv(fY _fz)(t7x')llLOO([fv’v])dxdt
Rt KT(T0

for all R > 0,29 € R%. In order to bound the right hand side we note
DoV (t,2,0) = DY) " oy (e (v + 0¥t 2))).

Hence, using crucially the rough paths estimates collected in Lemma (with
e —ve[-VV)

100 (£ = F2) | Lo ([0,11% Brs s (w0) x -V, V])
=[D@¥) " fle T (04 0Y) = D)y fle™ (04 07)) oo
<D yullsolf (e (0 4 0%)) = fle™ (o + 0%)) o

H D@y = D) e sl F (67 (0 + ) loo
SKCy[(e7 —e ) o te 0¥ — e 07

T+ KID@) ™y — D) e e
<Kpp—var(y.2).

Similarly,
[div(fY = f2) L (0,71% Bryrer (o) x [V V)
DY) FeH (0 4 07)) - Vo — D) e fle (0 + 0%)) - Vo oo
<Kpp—var(y,2)-
Due to Lemmawe further have (recall K = K(Ry ,))

[VAiv Y| oo ([0, 1) xR x [—v,v]) < K < oc.
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We obtain from (4.10))
(4.11) sup / [v¥(t, z) — v* (¢, x)|dx
t€[0,7]J Br

< [ o) - ujo)lds
BryKkT

+ TR py v (3, 2) (V) + [ Brsscr (0)])

Step 2: Proof of (i)
Letz = (z',2%,2%) € CJP7" ([0, T]; GPH RN +N24N3)) and 2™ = (217 227 237 €
CL([0,T]); RN1+N24Ns) with 2" — z in p-variation rough path metric for n — oco.

Let u™ be the unique weak entropy solution, right-continuous in L}Oc(Rd), to

Owu™ + Divf(u™) = Vu™ - H(x)2"™ + u"vi*" + g(x)2>"
n __
UO — UO.

As in (4.6) we define the transforms v™, that are solutions to scalar conservation
laws of the type (4.7)). From (4.11]) we obtain

sup / [o™ (¢, ) — o™ (¢, x)|dx < eKTTpp_vm(z",zm)(TV(uo) + |BR+KT(0)|>7
te[0,T]J Br

for all n,m € N, where K is a constant independent of n,m. In particular, the
sequence v™ is a Cauchy sequence in L°°([0,T]; L{,.(R?)). Hence, there is a v €
L>=([0,T); L}, (R%)) such that

loc

sup / [v™(t) — v(t)|dz — 0, for n — oo,
t€[0,T] J Br

for all R > 0. Since ¢ — v is right-continuous in L}, (R?) so is ¢ + v;. It remains
to be proven that this implies L>([0, T]; L}, .(R%))-convergence for u™. Let u be as

in (4.5) and recall
’U,n(t7 .'L') — |:€—H2" (t)UZ" (t, ) + e_ﬂzn (t) QZ" (t7 )i|

V=" (ta)
Since
ult, (8 @) — u™ (8,97 (t, 7))
—e O (v*(t,2) + o*(t,z) — e O (vzn (t,2) + 0™ (¢, w))
=0 (vt 2) — o7 (t2) + o (@) — 07 (1))
(e 0 — e 0) (o7 (4, 2) + 07" (1))
we have

u' (8,07 (£ 7)) = ult, Y7(t, 7))
in L>=([0, T]; L}, .(RY)). Since ¥*" — 1 in the sense of homeomorphisms we obtain

loc

sup /BR |u™(t,x) — u(t,z)|de = sup /BR lu™ (t, 7 (x)) — w(? (z))|dz

te[0,T] te[0,T]

< sup /B ™ (1,97 (2)) — w(? (2))|de

te[0,T]

© sup /B fu(t, 7" (2)) — ult, 62 (2))|da

t€[0,T
—0,

for n — oo for all R > 0 and the convergence is locally uniform with respect to R.
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Step 3: Proof of (ii)

The claimed L°°-boundedness of u follows from , the uniform upper bound
and Lemma If v,g = 0 then divf*" = 0 and it is easy to derive the
claimed bound by methods similar to Lemma [B-5|

Step 4: Proof of (iii)

Let now y,z € CoP~ " ([0, T]; GPH RN +N24N3)) and 4™, 2" € C1([0, T]; RN1+N2+Ns)
with y™ — y, 2" — z in p-variation rough path metric for n — co. From we
obtain

sup / " (t, ) — v* (¢, 2)|dx
t€[0,T] J Br

<[ b~ B @)ldn + Ko (5" 2) (TV (W) + [ Brearr O0)])
BrymT
Taking the limit n — oo we obtain

sup / [vY (¢, x) — v*(t, x)|dx
Br

t€[0,T]
< / \u(l)(x) - Ug(x)‘dx + Kppfvar(y?z) (TV(U%) + |BR+MT(O)|)7
BrimT

which implies the claimed local uniform continuity, but for u¥ replaced by vY.
Arguing as in step two this finishes the proof. O

As immediate consequences of the continuity of the solution mapping with re-
spect to the driving rough path we obtain support results, large deviation results,
stochastic scalar conservation laws driven by fractional Brownian motion with Hurst
parameter H, covering the rough regime H € (%, 3). For more details on this we
refer to [FO14,/CFO11].

5. RATE OF CONVERGENCE

In Theoremwe have obtained the convergence u™ — u in L>([0, T]; L}, .(R%))
under the assumption of rough paths convergence of the driving rough paths. How-
ever, no estimate on the speed of convergence, as it would be crucial for any nu-
merical approximation based on smoothing the noise, was derived. In this section
we provide such a quantitative stability estimate. For simplicity we restrict to
pure transport noise and Holder rough paths, i.e. we consider stochastic scalar
conservation laws of the type

(5.1) du + Div f(u)dt = Vu - H(x) o dz,

u(0) = ug
for z being a geometric I%—H('jlder rough path and f, H as before.
Theorem 5.1. For any two rough paths z',z% we let u',u? be the corresponding
solutions to (5.1) with initial data ud,u? € (L N L' N BV)(R?) respectively as
constructed in Theorem , For each R > 0 there is a K = K(R) > 0 such that

s lu (8) = w?(®) | 1 ey llug = wdll L @ay + KTV (ug)pp—var (2", 2°),
telo,

whenever max;—1 2 HziﬂifHél;[OyT] <R.

Proof. Let u',u? be the solutions to (5.1)) with initial conditions ug, u3 driven by
z',z? and let
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as in (4.6). As in the proof of Theorem we let
Ry g2 = ||zl||%—H6l;[O,T] v ”ZZH%—H(')'Z;[O,T]

and K be a generic constant depending only (increasingly) on R,1 ,2. Again, de-
pendence on further data will be suppressed. Moreover, we set

Fit,w,0) = 177 (6,,0) = DWE) oy F0) i=1,2.

We note that divf® =0, i = 1,2. Hence, with F' = 0 the assumptions (H1), (H3)
and the estimates in (H2), (H2*) are trivially satisfied. Moreover, the other regu-
larity assumptions contained in Hypothesis are also easily seen to be satisfied

using Lemma Taking the rough paths limit in (4.10) (noting divf* = 0) yields

/BR(;EO) v (8, 2) = v (¢ 2)|dw S/ lug(z) — ug(z)|dx

Br4mr(x0)
+ Te"T0u(f = )| pos (0.1 xR x [—v) TV (1),
for all t € [0,T]. Noting

10u(F" = £l e o.tymax v =IDE@™ )™yt f = D)1 ar floo
<Al o IDE) Tt = D) e e
<Kpp—var(z',2°)
we obtairEl
[ W) =it < [ juble) = wd(@)lde + T TV @)y or(a ),

for all t € [0,T]. Hence, by R — oo and since wzi are volume preserving flows we
have

sup [Jul(t) — w?(t)[| g1y = sup ol (t, (@2) 1) = 02 (6, (WF ) o may

te[0,T] te[0,T]

< sup [Jot(t, (02 )7 = o2t (WF) ) @y

t€[0,T
(5.2) +osup ot (t (@F) 7Y = 02t F) )| @y
t€[0,T
< sup [t ()Y — o (8 WF) I p ray
te[0,T)

+ Hu(l) - ug”Ll(Rd) + TeKTTV(u(l))pp—var(Zla Zz)-

We now aim to estimate the first term on the right hand side. To do so, we first
replace v! by some smooth function v € (L' N BV N C1)(R?). Carefully choosing
an approximating sequence for v! will then yield the required estimate. Using that
d)zl is volume preserving and setting &, = (1/1?2)*1 o wtzl we observe

o((@2) 1) = o((WF )o@y = [od) = o((¥F )™ 0 )| 11 (gay

N
(53) = H ZU L+1 (I)t )HLl(le)
=1

N
Z [v(Ptiys) = v(Pe) 21 (Ra)

i=1

IN

8We note that we may consider global L! estimates here since there is no affine-linear noise
present. In order to include affine-linear noise one would have to rely on L} = estimates as in
Theorem

loc
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and

”U q)tH»I) (q)t ) (R9)

= [ 0@ @) = o(@ @) e
(5.4) < / VoA (@) + (1= AP, ()] Dr,,, () — B, (2)|dadA
0o JR
1

< [0, — Bl / / VoA, (@) + (1= N, (2))|dad,
for any partition 0 =tg < t; <--- <ty =t. By Lemma“ (cf. |CDFO13, Lemma
13] for its Holder version) we have

1] ,1-sen < Kpp—var(2',2%),

cr 7 ([0,TCH(RY)) T
We now aim to prove that
(5.5) T = Ay (2) + (1 = APy, ()
is a diffeomorphism on R¢. Since ®;, is volume preserving we have
det (D®y,(z)) = 1.
Local Lipschitz continuity of the determinant mapping then implies
det (/\DCI)tZH( )+ (1 —X)Dd,, (:z:)) = det (D<I>ti () + MDDy, (x) — DDy, (:c)))
> 1-AK|D®,,, (z) - DB, (x)
> 1~ Kpp—var(z',2%)|tiz1 — t7,|%
and

HD [(q)ti+1 - (bt ) ] Hoo < ||D(I) 1”CO ([o, T]de)H(I)H Hol([

< Kppvar(2',2°)|tir — ] .

1
o715 rayy B+ Bl

Hence, choosing t; = T% with
N = [TQE) oy (2, 72)]

we have

(5.6) det (AD®,,..,(x) + (1 — \)DBy, (z)) = %
and

(5.7) 1D @1y — @) 08, "] oo < %

Note that is injective iff Id 4+ NPy, — Py,) 0 Py is. This easily follows from
Wthh proves that (5.5)) is a diffeomorphism. Duc to we obtain

[o@r,12) = 0@ a1 aey < APy =Pl [ [Volde

1
< Kppvar(2',22)|tiss — ] / Volda.
R
Using this in (5.3)) yields (note that K is a generic constant)

(58) (@)™ = o(@F) @ < NKpp-var(a' 2°) / Volda.

< Kppvar(z',2%) /d |Vu|dz.
R
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We now aim to choose v*™ to be suitable approximations of v!(t) so that we may
pass to the limit in (5.8). Theorem allows us to estimate TV (v!(t)) in terms
of TV(ug). Since we will need the right hand side, ie. [, Vo™ (t,z)|dz, to be
uniformly bounded in n, the approximations v''™ have to be chosen with some care.
The appropriate concept is given by intermediate convergence: Due to [ABMOG,
Theorem 10.1.2] we may choose smooth approximations v*" € (L*N BV NC*>)(R?)

such that
/ Vo™
Rd

Since % , 9% are volume preserving, this implies v1™((¢2 )=1) — vl(¢, (1= )~1)

and vl’"((wf2)_1) — vl(t, (wtzQ)_l) in L'(RY). Passing to the limit in (5.8) we
obtain

o = 0l(t)  in LY(RY)

(v (t)) for n — oo.

1 22—
||Ul(t, @) 1) - Ul(t’ W) 1)||L1(]Rd) < Kpp—var(zlaz2)TV(vl(t))-
Employing Theorem to estimate TV (v!(¢)) in terms of TV (u$) and inserting

in (5.2) yields

6.9 s ! () = Ol < b = ey + KTV sor s 5).
te|0,

O
APPENDIX A. A TRANSFORMATION FORMULA FOR THE DIVERGENCE OPERATOR

For a C! matrix-valued function F' € C*(R%;R?*?) we define the divergence to
act column-wise, i.e.

(divF)! = divF? = 28 FJ

In case of F = Dy for a function ¢ € C? (Rd,Rd) this means that divD1 is the
row-vector

d d d
(divDyp) =" 0i(Dy)] =D 0:(059") = 0;0:0" = 9;divep.
=1 1=1 i=1
Lemma A.1. Let g € CY(R%RY) and o € C?(RY;RY). Then
div(g(¥)) = div((DY)y-19)(¥) — div((D)y-1) (1) g(¥).

Proof. We compute

d
le Z 8 gl = Z(ng -0 = Z ]91 2"/’J )(w)
d
Z (9:(0i5)y — > (9:0;(itby)y1) ()
e “5 .
= >~ 05(0y)y-190) () = D 0i®) D_(05(0uy)y-1)(¥)
o .
=" 0,((DY) y-19); (W) = 3 g:(w) S (95(Dh) 1) ()
=1 =1 =1
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Proposition A.2. Let ¢ € CQ(Rd;Rd) be a volume-preserving diffeomorphism,
i.e. det D = 1. Then
diV((DQ/))W—l) =0.
Moreover, for g € C*(R%;R9)
div(g(+)) = div((Dy)y-19)(¢).

Proof. Let g € C°(R%RY) and ¢ € C°(R%R). We compute

[ aivtowode == [ o(w)- Vods

=

Rd

=

= [ g (Vo) da
== [ o (Ve ) e
Since V(i1 (1)) = (DY) (Vo (v))(#) we conchude
| aivto@pde == | g+ (e Vot )da
= [ (i)t o

= [ (o) )0)eds.

On the other hand div(g(t)) = div((Di)y-19)(®) — div((D)y-1)()g(¥) by
Lemma Since ¢ and g can be chosen arbitrarily this implies div((D))y-1)(v)
0.

]

APPENDIX B. DETERMINISTIC ENTROPY SOLUTIONS FOR HYPERBOLIC
CONSERVATION LAWS

In this section we consider (deterministic) scalar conservation laws of the type
Owu + Divf(t,z,u) = F(t,z,u), on [0,T] x R?
u(0,z) = ug(z), on R%L

Recall the definition of weak entropy solutions to (B.1)) from Section [2l The main
purpose of this section is the proof of a localized stability estimate for weak entropy
solutions.

(B.1)

B.1. Localized stability of entropy solutions to hyperbolic conservation
laws. In addition to the conditions put forward in Hypothesis we will require

Hypothesis B.1. (H4) For all U,T > 0:
T
/ IE = A )12, ) vy < oo,
o Jr

We now introduce some notation. For any function u € L°°([0,7] x R) such
that ¢~ u(t) is right-continuous in L} ,(R%) and T > 0 we define

loc
Up = [lu@®)]| Lo re),
U = [Jull o (jo,17xR4Y 5
Sr(u) = U supp (u(t)),
t€[0,T]
4 =10,T] x Sr(u) x [-U,U],
K5 = (2d + D[IVOu fl Lo (nuraxay + |0uF || Lo (s).-
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In the following we will assume that weak entropy solutions are right continuous as
mappings from [0, 7] into L}, (R?). Due to Proposition (ii) such weak entropy
solutions exist. From |[LM11}, Theorem 2.2, Remark 2.3] we recall

Theorem B.2. Assume (H1), (H2). Let up € (L= N L* N BV)(RY) and let u be

a weak entropy solution of (B.1)). Then u satisfies u(t) € BV (R?) for all t € [0,T]
and

TV (u(t)) < TV (ug)eto?

t
e [ [ SN ~ div )Y, o dodr,
0 R4

d.

for all t € [0,T] and some constant C = C(d) = §

We will now recall and extend stability results for weak entropy solutions as ob-
tained in [LM11]. Let ug,vo € L>°(R?) with corresponding weak entropy solutions
u,v (right-continuous in L} (R?)). We define

loc

Vi = [[u(t)[| Lo ray V [()] oo (me)
V = |lull oo (jo,77x Ry V|Vl oo (0,77 x %)

Sr(u,v) = U ('supp u(t) U supp v(t))
t€[0,T]

Y7 =10,T] x Sr(u,v) x [-V,V]
K= [|0uF || poo sy + [[0udiv(g — f)| Lo (mv)
M = ||aug||L°°([O,T]><]Rd><[7v,v]).

We prove a localized version of the stability estimate for scalar, inhomogeneous
conservation laws obtained in [LM11].

Theorem B.3. Let (f,F), (9,G) satisfy (H1), ug € (L= N L* N BV)(R?),v, €
L>(R%) and let u,v be two weak entropy solutions with respect to the initial condi-
tions ug, vy, the fluxes f,g and forces F, G respectively.

i. Suppose (f,F) satisfies (H2). Then

/ |u(t, ) — v(t, z)|dx
BR(QIQ)

< e”*t/ |ug(z) — vo(x)|dx
Brymie(zo)

emst _ en*t

+ 10u(f = 9l Lo (22K R s (t,20) xR)) TV(uo)

* ok
Ky — K

t emé(tfr) _ en*(tfr) ]
—|—C/ " ” / IV(F —divf)(r,z,)||Le-v, v, dxdr
0 K/O — K Rd

t
+/ ¢ (H)/ I(F — G) = div(f — 9))(r, )| Lo (v, v,y dadr,
0 Briy(t—ry(z0)

for all t € [0,T],R > 0,29 € R? and some constant C = C(d) = %d.
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ii. Suppose (f, F) satisfies (H2*),(H3). Then

/ lu(t, z) — o(t, 2)|dz
Br(zo)

<er t/ |uo(x) — vo(x)|dx
Br4ai(xo)

Kot ere*t
TV (uo)

* %k
Ky — K

€
+ 10u(f — 9)||L°°(zgm(KR,M(t,xo)xR)) [

+C

* ok
Ky — K

/ IV(F —divf)(r,z,-)||Le-v,,v,))dzdr
Brym(t—r)(%0)

t ena(t—r) _ eﬁ*(t—r)
0
t

+ / e (=) / I((F = G) — div(f — 9))(r )| = (v, iy,
0 Br4M(t—r)(T0)

for all t €[0,T], R > 0,z0 € R%.

Proof. (i): We are in the setting of [LM11, Theorem 2.5] except for Hypothesis
(H4) which we do not assume. We essentially follow the same proof, except
for the estimate on K5 on page 752. We will therefore restrict to some comments
on the modifications of the proof. In particular, we will employ the notations
introduced in the proof of [LM11, Theorem 2.5]. We note that ¢(r,z,s,y) =
O(r,z)¥(r — s,x —y), with & = x*(r)¢?(r,z) and ¥(r,z) = v"(r)u*(x). Here
X (r), ¥¥(r,x) are appropriate approximations of Lio,¢ 1k ps(T,20) and V", are
standard Dirac sequences. In particular, we have

0< 1/)9(73 Z‘) < 1KR+9‘JVI(T;CEO)

0 < X°(r) < Ljo,p4e]
and thus also

supp @ (-, 8,y) € ([0, ¢ +¢] x RY) N Kgyo,m (T, z0).

Hence,

t+e+n
Ko< [ [ 100 = D0l ot
0 Rd JR,

< | Vug(s,9) lv(r - s)dydsdr

t+e+n
S/ / ||8u(f - g)(’r>||LOO(DO(BR+JM(T—7‘)+9(IO)XR))
0 Ry
x TV (Vug(s))v(r — s)dsdr.

All the other terms are estimated precisely as in [LM11, Theorem 2.5] and we
may conclude the proof as in [LM11, Theorem 2.5]. Moreover, we note that the
assumption Hypothesis (H4) supposed in [LM11] Theorem 2.5] is superfluous,
since it is only required on balls Brya(7—r)(z0) in the proof. On balls, however,
it follows from the regularity assumptions on F,G, f, g supposed in (H1).

(ii): We now define a sequence of cut-off fluxes and sources: Let n° be a smooth
cut-off function of Kr s(t, xo) satisfying

1KR,M(t,xo)(r7 x) < ng(r’x) < 1KR+E,1\/I(taIO)(T7 m)
and define

feryzyu) = f(ryz,u)n®(r, z)
Fe(r,z,u) : = F(ryz,u)n(r,x) — f(r,z,u) - V& (r, z).
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Note

(B.2) F* —divf® = (F —divf)n®

and thus

(B.3) |F* = divf®| < [F = divf|lgp, . a(to)

Then f¢, F© satisfy all the assumptions of case (i) as well as (H3) with uniform
bounds. By Proposition (ii) there are unique weak entropy solutions u® to

Opu® + divfe(t, z,u®) = F(t, x, u®)
u®(0, ) = ug(x).

The point of cutting-off f, F' is that now step (i) may be applied with f, F' replaced
by f¢, F*°. From (i) we then obtain (for £ > 0 small enough)

sup / |u(t, ) — u(t,x)|dz = 0.
te[0,T] J Br(zo)

From (i) we conclude

/ lult, z) — v(t, 7)|dz

Br(zo)

= / |uf(t, z) — v(t,x)|dx
Br(zo)

< e”*t/ |ug(z) — vo(x)|dx
Brymi(xo)

Kot _ k¥t
T TV(up)

F 10u(f = 9l Lo (2rn(K g s (t.20) xR)) [/‘i{'}—lﬂ*

t emg(tfr) _ en*(tfr) . e
—|—C/ - ” / |IV(F¢ —divf®)(r,z, ')HLOO([_UTJ]T])dde
0 KJO — K R4

¢
+ oo | I((F* = G) = div(f* = 9)) )l vz vy
0 Brym—r) (o)
Since f¢ = f on Kr a(t,x0) and using (B.2)), (B.3]) we obtain
/ |u(t,x) — v(t, z)|dx
BR(I())

< e"‘*t/ |uo(x) — vo(x)|dz
Bryai(zo)

elsgt o en*t
H1|0u(f = 9l Lo (Srn (K goar (t,20) xR)) TV (ug)

* *
Ky — K

t eng(tfr) o em*(tfr) .
wof / [V(F — divf)(r.e, )| e (v,
0 BRr4M(t—r)+e(T0)

* ok
Ky — K

t
+ / e (=) / I((F = @) — div(f — 9))(r )| 1= (v, vy dedr,
0 Brim(t—r)(T0)

Taking € — 0 implies the claim. O

Corollary B.4 (Uniqueness of weak entropy solutions). Assume that f, F' satisfy
(H1), (H2*) and that there is a weak entropy solution u to (B.1) obtained as the
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LY([0,T); L}, (RY)) limit of uniformly bounded weak entropy solutions u® to
ot + Divfe(t,x,u’) = Fe(t, z,u®)
u®(0,z) = ug(x)
where [, F° satisfy (H1), (H2) and for all R > 0 there is an ¢ > 0 such that
ff=f, FF=F, ui=wuy on[0,T] x B5(0) x R.
Then u is the unique weak entropy solution to .

Proof. Let v be a weak entropy solution to (B.1)). By Theorem [B.3| (applied with
[ F=f¢ F°¢and g,G = f,F) we have

/ lu®(t, x) — v(t, x)|dx
BR(ZEQ)

<ot | 45 () — v ()
Bryai(zo)

emat o en* t
TV (ug)

* ok
Ko — K

+ ||au(f6 - f)||L°°(KR,1\4(t7xO)><R) [

torg(t—r) _ or™(t—T) _ L
+ C/ /d IV (F® = divf)(r, @, )| Lo ((—v,,v,)) dedr
0 R

* *
Ky — K

t
+/ e (=) / I((F* = F) = div(f* = f))(r, @) | Lo (-v,..v,py daedr,
0 Brim(t—r)(x0)

with coefficients §, x* possibly depending on €. Note that M, however, is inde-
pendent of ¢ since sup,.q [|u°|| Lo (jo,7]xre) < C. Choosing & > 0 small enough we

obtain
T
/ / lE (1, 2) — v(t, 2)|dadt <0,
0 JBr(zo)

Condition (H3) in Proposition is required in order to obtain uniform bounds
on the vanishing viscosity approximants used to construct weak entropy solutions.
Since we will require uniform control on the L® norm of weak entropy solutions
we note

Lemma B.5. Assume that f, F satisfy (H1), (H2*), (H3), let ug € (LN L' N
BV)(RY), u be the corresponding weak entropy solution to (B.1) and define

M = [|(divf — F)(-, -, 0)[| Lo o, 71 xre) + [10u(diV = F)|[ oo (0,7] xR xR)
Then

O

llull oo (jo,77x ) < ([wollLoo (re) + 1)e*MT.

Proof. The weak entropy solution u is constructed in [Kru70| by first cutting-off
f, F, then mollifying the coefficients and then applying a vanishing viscosity ap-
proximation. Since the conditions (H1), (H2*), (H3) are preserved (with uniform
bounds) under these cut-off and mollification procedures, it is enough to prove the
claimed uniform bound on the level of the vanishing viscosity approximations

Owu® + Divf(t, z,u’) = eAu® + F(t, z,u")

u®(0, ) = ug(x).
Since comparison holds for (B.4)) it is sufficient to construct appropriate sub- and
supersolutions. For this we rewrite (B.4]) in the form

O’ + Oy f(t, x,u%)Vu' = eAu® + (F — divf)(t, x, u®).

(B.4)
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We set My := ||uo||o and

Then

and

K(t) := (M + 1)e*Mt.

Ouf(t,z, K)VK =eAK =0

(F —divf)(t,z, K) = (F —divf)(t,z,K) — (F — divf)(t,z,0) + (F — div ) (¢, z,0)

Since

K
:/0 Ou(F — divf)(t,z,u)du + (F — divf)(t,z,0)
< (K+1)M.

O K = 2M (M + 1)e*M?
= M(My + 1)e*M 4 M (M + 1)e*M?

> (K+1)M,
we observe that K is a supersolution to (B.4]). The construction of a subsolution
proceeds analogously. O
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